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Cofibration category of digraphs for path
homology

Daniel Carranza, Brandon Doherty, Krzyzstof Kapulkin,
Morgan Opie, Maru Sarazola & Liang Ze Wong

ABSTRACT We prove that the category of directed graphs and graph maps carries a cofibration
category structure in which the weak equivalences are the graph maps inducing isomorphisms
on path homology.

1. INTRODUCTION

Homology theories, among other homotopy-theoretic invariants, play an important
role in graph theory. Examples of such homology theories of graphs (cf. [5, §2.4])
include the clique homology, which is the homology of the clique complex associated
to a graph; CW-homology, i.e. the homology of the graph viewed as a 1-dimensional
CW-complex; and cubical homology, which is the homology of the 1-coskeletal cubical
set associated to a graph [4]. Path homology, introduced by Grigor’yan, Lin, Muranov,
and Yau [15], is yet another such invariant, however it is fundamentally an invariant
of directed graphs, or digraphs. It is most closely related to magnitude homology [19],
as shown recently by Asao [1].

Path homology has seen significant development over the last 10 years. On the
foundational side, this includes the development of the corresponding homotopy the-
ory [16], which in turn allows for the statement and proof of the Eilenberg—Steenrod
axioms [14]. On the computational side, a Kiinneth-style theorem was proven in [18].
Finally, these techniques found applications both within mathematics, e.g. a new proof
of the classical Sperner Lemma [16, §5], and outside, e.g. in directed network analysis
[11, 10].

Since its introduction, path homology has been vastly generalized. First, from di-
graphs to path complexes [17], which are combinatorial objects similar to, yet more
general than, simplicial complexes. In particular, both digraphs and simplicial com-
plexes are canonically examples of path complexes and path homology of path com-
plexes specializes both to path homology of digraphs and to simplicial homology of
simplicial complexes. The second generalization [21] was to the category of path sets,
a presheaf category similar to that of simplicial sets.

The goal of the present paper is to investigate path homology using tools from
abstract homotopy theory, in particular, the framework of cofibration categories. Our
main theorem is:
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THEOREM (cf. Theorem 5.1). The category of directed graphs carries a cofibration
category structure in which the weak equivalences are the graph maps inducing iso-
morphisms on path homology groups.

(Co)fibration categories were developed by Brown [7] under the name ‘categories
of fibrant objects,” as a framework for studying generalized cohomology theories, but
have since found many other applications, e.g. in formal logic [2]. Cofibration cat-
egories are a slight weakening of a more common notion of a model category, as
developed by Quillen [24]. More precisely, a cofibration category structure on a cate-
gory C consists of two classes of morphisms in C: cofibrations and weak equivalences,
subject to some axioms making it possible to speak of and conveniently work with
homotopy colimits in C [27, 22].

To define our cofibration category structure, we build on the development of path
homology, especially in papers [14] and [18]. In particular, our definition of cofibration
(Definition 3.9) is a strengthening of the ‘no-outgoing-edges condition’ used in [14,
§5]. However, as explained in Remark 3.11, this would not be sufficient and hence we
require the existence of a projecting decomposition, introduced in [23].

Our work provides additional insight into the structural properties of path homol-
ogy. For instance, the fact that the class of cofibrations in Definition 3.9 is not the
saturation of a small set (Proposition 3.20) suggests that additional axioms will be
required, as indicated in [14, Rmk. 5.3], to uniquely determine path homology.

1.1. RELATED WORK. While we are unaware of similar work in the category of di-
graphs, considerations similar to ours are not without precedent in the category of
(undirected) graphs. In [9], a fibration category structure is constructed on the cate-
gory of simple graphs in which the weak equivalences are the weak homotopy equiv-
alences of discrete homotopy theory [3]. On the other hand, in [13], it is proven that
no model category structure exists in the category of undirected graphs with loops in
which weak equivalences are the x-homotopy equivalences of Dochtermann [12] and
cofibrations are a subclass of monomorphisms.

1.2. ORGANIZATION. This paper is structured as follows. We begin by recalling the
necessary notions related to digraphs, path homology, and cofibration categories in
Section 2. In Section 3, we introduce our notion of cofibration of digraphs and study
their basic properties. The technical heart of the paper is contained in Section 4, where
we prove the excision property, i.e. that relative homology induces isomorphisms on
homotopy pushouts. Finally, we assemble all of these results together in Section 5,
proving our main theorem.

2. PRELIMINARIES

In this section, we review and establish the necessary background for the results of
Sections 3, 4 and 5. We begin by defining (the category of) digraphs and establishing
a few facts about colimits therein. We then review the notion of path homology of
a digraph, following [15, 16, 17], computing path homology of a few small graphs
and referencing our Python script [8] for computations of larger examples. Finally, we
review the requisite background on cofibration categories in preparation for our main
theorem asserting the existence of a cofibration category of digraphs.

2.1. THE CATEGORY OF DIGRAPHS. We begin by defining the category of directed
graphs, or digraphs, as a reflective subcategory of a presheaf category.
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Cofibration category of digraphs for path homology

DEFINITION 2.1. Define the category G to be generated by the graph

S
—
Ve; E

subject to the relations rs = rt = id.

DEFINITION 2.2. The category of directed multigraphs Set®” s the category of func-
tors G°P — Set.

Explicitly, a directed multigraph X consists of a set Xy of vertices and a set Xg
of edges, together with functions (which we denote with a slight abuse of notation):

s,t: Xgp— Xy 1 Xy — Xg

where s and t pick out the source and target vertices of each (directed) edge and
r: Xy — Xg sends a vertex to a “degenerate” self-edge. A morphism f: X — Y of
directed multigraphs is a natural transformation, i.e. a pair of functions (fy: Xy —
Yv, fe: Xg — Yg) which preserve sources, targets, and “degenerate” self-edges. That
is, for e € Xg and v € Xy,

s(fe(e)) = fv(s(e)) t(fele)) = fv(t(e)) r(fv(v)) = fe(r(v)).
We denote an edge of a directed multigraph e € Xg with source v € Xy and target
w € Xy by v — w.

DEFINITION 2.3. A directed graph (or digraph) is a directed multigraph X : G°P — Set

such that the function

Xp U Xy x Xy

is injective; i.e. there is at most one edge v — w for any pair of vertices (v, w).

Let DiGraph denote the full subcategory of Set®” spanned by digraphs. For a
morphism f: X — Y between digraphs, the function fg: Xgp — Yg is uniquely
determined by fy: Xy — Yy . Thus, the data of a digraph map consists of a function
Xy — Yy between vertices such that if v — w in X then either f(v) = f(w) (as
every vertex has a self-edge) or f(v) = f(w) in Y.

REMARK 2.4. One may equivalently define a digraph as a set with a reflexive binary
relation and a digraph map as a function which preserves this relation.

To fix the notation for specific digraphs used later in the paper, we now discuss
several examples of digraphs.

EXAMPLE 2.5. The empty digraph & is given by the functor X: G°® — Set with
Xy = Xg = @. This is an initial object in DiGraph.

DEFINITION 2.6. For each n > 0, the digraph I,, has vertices 0,1,...,n, and a unique
edge i — i+ 1 for each 0 < i < n. It can be depicted as

In particular, the graph Iy consists of a single vertex; it is a terminal object in
DiGraph. Note that maps Iy — X are in a one-to-one correspondence with vertices
of X, i.e. the functor (—)y : DiGraph — Set taking a digraph to its set of vertices is
representable, represented by Ij.

Similarly, the functor (—)g: DiGraph — Set taking a digraph to its set of edges
is representable, represented by I;. Indeed, maps I; — X correspond bijectively to
edges of X (including degenerate edges).
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DEFINITION 2.7. For each n > 0, the oriented n-cycle C,, is the digraph with vertices
0,1,...,n—1, edges i = i+ 1 for each 0 <i<n—1, and an edge n — 1 — 0. For
example, the cycle Cs may be depicted as

6 o o 1
| |
5 e ° 2
P
DEFINITION 2.8. For each k > 1, the alternating n-cycle Cor has vertices 0,1, ..., 2k—

1 and edgesi — i+1 for each 0 < i < 2k—1 even, andi+1 — i for each 0 < i < 2k—1
odd (where vertices are taken modulo 2k as needed). For example:

1] e<——e 2
0 e—e 1 — N
[T NS
3 e<+——e 2 5 e«———e 4
(a) C4 () Co

FIGURE 1. Depictions of alternating cycles

DEFINITION 2.9. For each m,n > 0, the (m,n)-cycle Cy, ,, is the digraph with vertices
0,1,....m+n—1, edges i - i+ 1 for each 0 < i < m, edges i +1 — i for each
m<i<m+n—1, and an edge 0 = m +n — 1. For example, the cycles Cs 1, C31
and Cs3 o may be depicted:

PN

R 0O e——e 1 4 e o 1
N | [
0 e——e 2 3 ec—e 2 3 e o9
() C2 (B) Cs,1 (©) Cs,2

FIGURE 2. Depictions of Cy, ,, cycles

The inclusion DiGraph < Set®” admits a left adjoint taking a directed multigraph
to the digraph obtained by collapsing all parallel edges. It follows that the category
of digraphs admits all small limits and colimits. Moreover, the limits are computed
separately on vertices and edges, while the colimits are first computed in the category
Set®™ of directed multigraphs and then reflected using the left adjoint.

The following results provide a convenient characterization of pushouts in DiGraph
of induced subgraph inclusions.
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LEMMA 2.10. Let A — X denote an inclusion of directed graphs, with A an induced
subgraph of X, and let B — Y denote its pushout along a map f: A — B, as depicted
below.

A1, B
|-
X —Y

Then the vertex set of the pushout object Y is given by Yy = (Xv \ Ay)U By. Edges
of Y are determined as follows.

e Forx,y € Xy \ Ay, there is an edge x — y in' Y if and only if there is an
edge x — y in X.

e For a,b € By, there is an edge a — b in Y if and only if there is an edge
a—bin B.

e Forx € Xy \ Ay and a € By, there is an edge x — a if and only if there
is an edge x — @ for some @ € Ay with f(a) = a. Similarly, there is an edge
a — x if and only if there is an edge @ — x for some @ € Ay with f(a) = a.

The map X — Y acts as the identity on the complement X ~ A and restricts to
f on A. O

COROLLARY 2.11. In the situation of Lemma 2.10, the map X — Y restricts to an
isomorphism of complements X N\ A =Y ~\ B. Moreover, a vertex y € Yy \ By admits
a path to some vertex of B if and only if the verter x € X ~ A corresponding to y
under the above isomorphism admits a path to some vertex of A. In this case, the
minimum length of a path in'Y from y to a vertex of B is equal to the minimum
length of a path in X from x to a vertex of A. a

We will also use the following construction:

DEFINITION 2.12. The box product of two graphs X and 'Y is the graph X OY with
vertices Xy X Yy and an edge (z,2') — (y,y’) when either of the following conditions
holds:

e there is an edge x — y in X and ¥’ =y, or
e there is an edge x' — ' inY and x = y.

2.2. PATH HOMOLOGY. We now define path homology of digraphs, following [15, 16].

DEFINITION 2.13. Let X be a digraph, and let R be a commutative ring. Define the
following R-modules

K, (X;R) = R{Xp1},
DK, (X;R) = R{(z0,%1,...,%,) € XpT |2 = 2441 for some 0 < i < n},
Co(X:R) = K, X/ DK, X.

A generator of K,,(X; R) can be thought of as a path of length n in the complete
digraph on the vertices of X. The generators of the submodule DK, (X; R) can be
thought of as degenerate paths of length n that contain self-loops  — x, which are
referred to as non-regular paths in [15, §2.3]. The quotient C,, (X; R) is then generated
by the regular paths, which are paths that do not contain self-loops.

There are differentials on K,,(X; R) given by the usual alternating sum formula:

n

On(V0y -y 00) = Y (=1 (vg, ..., Gy ..,00).
i=0
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These differentials satisfy > = 0 (i.e. 9,_10, = 0). Further, 9,, restricts to a map
DK, (X;R) - DK,_1(X;R), and thus passes to the quotient, resulting in a well-
defined map:

DEFINITION 2.14. Let 0y: Cp(X;R) — Ch_1(X;R) be the map induced by
On: Kn(X5R) = Kp—1(X; R).

LEMMA 2.15 ([15, Lemma 2.4]). With the definitions above, (Ce(X; R),Ds) is a chain
complez. O

DEFINITION 2.16. Let X be a digraph, and let R be a commutative ring. Define the
R-modules:

A, (X; R) = R(DiGraph(I,, X)),
Dgn(X;R) =R{f: I, — X | f factors through a map I, — I,,_1},
An(X; R) = Ay(X; R)/DA,(X; R).
In the nomenclature of [15], the elements of DiGraph(I,,, X) are called allowed paths,

and consequently Zn(X; R) is the R-module of allowed paths. The quotient A, (X; R)
is then the R-module of allowed regular paths.

Since A, (X;R) is a submodule of C,(X;R), we may restrict d,,: Cp(X;R) —
Cn-1(X;R) to A,(X; R) obtaining 0y, : A,(X;R) — Cp_1(X; R). However, the re-
stricted map need not have image in A,_1(X;R) (e.g. consider X = I). Hence,
A4(X; R) does not naturally form a chain complex. The next definition explains how

to remedy this issue.

DEFINITION 2.17. Let t,, denote the inclusion An,(X; R) — Cn(X; R). Let Qo(X; R) =
Ao(X; R). For alln > 0, define Q,(X; R) to be the pullback of the diagram:

Q. (X;R) —— A,_1(X;R)

| v

Ap(X;R) —2°" s ¢\ _1(X;R)

Explicitly, the elements in €Q,(X;R) consist of pairs (a,b) € A,(X;R) x
Ap—1(X; R) such that (Optn)(a) = tn—1(b) in Cp—1(X; R).

DEFINITION 2.18. For each n > 0, let 0p: Qn(X;R) — Qp_1(X; R) be the map
On(a,b) := (b,0).

LEMMA 2.19 ([15, §2.4]). With the definitions above, (Qe(X; R),0s) is a chain com-
plex.

Proof. We have 0,,_1(0n(a,b)) = 0,,_1(b,0) = (0,0) i.e. 9 = 0. O

DEFINITION 2.20. The path homology of a digraph X with R-coefficients, denoted
Ho(X;R), is the homology of the chain complex (Qe(X; R), ).

DEFINITION 2.21. Given a ring R, a digraph map f: X — Y is an R-homology
isomorphism if for all n > 0, the induced map f.: H,(X;R) — H,(Y;R) is an
isomorphism of R-modules.

If the ring R is clear from context or the statement is true for an arbitrary coef-
ficient ring, we will speak of just homology isomorphisms. Likewise, we often write
0, (X), Hy(X), etc. when the coefficient ring R is clear from context. Our main goal
(Theorem 5.1) is to show that homology isomorphisms (for any ring R) are a ‘con-
venient’ class of weak equivalences in that they are a part of a cofibration category
structure on DiGraph.
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For the benefit of the readers unfamiliar with path homology, we now compute
some examples of path homology by hand. Coefficients are in a general ring R.

EXAMPLE 2.22. Let Is be as in Definition 2.6. The regular allowed paths in I5 as well
as representatives for elements in Q4(/2) can be found in the table below. Although
012 is present in As, its boundary is 12 — 02 4+ 01 which does not land in A; since 02
is not an allowed path in A;. Thus Q5 = 0.

il A [ & [#]
1 0 o1 2[012[R
. 1 o1 12701 12] 0
2 012 ] 0
> o Z; 0

The previous example is a simple case of the following general result:

LEMMA 2.23 ([17, Cor. 4.6]). If the underlying graph of X € DiGraph is a tree, then
Q(X) =0 for alll > 2, and X has trivial path homology above degree 1.

EXAMPLE 2.24 (Oriented triangle). Consider the cycle graph C3 as in Definition 2.7.

N

L I e — ]

0 2
[ L] A o A
0 01 2 01 2 R
1 01 12 20 01 12 20| R
2 012 120 201 %) 0
3 0120 1201 2012 %] 0
l>4]01---7 12---141 20---142 7] 0

The image of 91 : Q1(C5) — Qo(C3) is generated by 0 — 1, 1 — 2, and the kernel
of 0; is generated by 01 4+ 12 + 20. To see that €; is zero for I > 2, note that the
boundary 9, of (i, 4+ 1,4+ 2,...,i+ 1) includes a nonzero summand

(i,i+2,...,i+1) € R{(C3)}},
which is not an allowed path and is not a summand of the boundary of any of the
other generator (j,j+ 1,7+ 2,...,5 +1) for A4;(Cs).

ExAMPLE 2.25 (Commuting triangle). Consider Cs; as in Definition 2.9.

i) A o [H]
0 01 2 01 2 R
1 01 12 02|01 12 02| O
2 012 012 0
> Z] IZ; 0

Algebraic Combinatorics, Vol. 7 #2 (2024)
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The image of 0 :

(Ca,1) = Q0(Ca,1) is generated by 1 —0,2 — 1 so the kernel of
0o on Qe(Co,1) is one-dimensional. Its generator is given by 02(201) = 12 — 02 + 01.

ExAMPLE 2.26 (Commuting Square). Consider Cs 5 as in Definition 2.9.

|

e—— o

|

e—— o

[ T I
0 0123 0123 R
1 JJo1 13 02 23|01 13 02 23] 0
2 013 023 013 - 023 0

>3 @ o 0

Despite looking like a the topological circle S*, H; of this graph is 0. Individually,

the boundaries of the allowed paths 013 and 023 are not in Ay, since A; does not
contain 03. However, the boundary of the linear combination 013 — 023 does land

in A;. We thus have a single non-zero element in 5 whose boundary generates the
kernel of 7 and H; = 0.

ExXAMPLE 2.27. Consider the cycle C'3 1 as in Definition 2.9.

R L L o]
0 01 23 01 2 3 R
101 12 23 03|01 12 20 03| R
2 012 123 %) 0

3 e&—— o 3 0123 %) 0

Unlike the previous example, for [ > 2, there are no linear combinations of elements
in A; whose boundaries lie in A;_1. Hence €; = 0 for [ > 2. The kernel of 0, is 1-
dimensional and the image of 05 is 0, so H; = R.

REMARK 2.28. Example 2.24 Example 2.25, Example 2.26, and Example 2.27 are
explicit cases of [17, Prop. 4.3]. A cycle graph with at least three vertices and any
orientation on edges has the homology type of S! unless it is the commuting triangle
(Example 2.25) or the commuting square (Example 2.26).

The previous examples may give the impression that the homology of a digraph is
always trivial above degree 1, but this is not the case.

EXAMPLE 2.29. Let SC, denote the digraph with vertices a,0,1,2,3,b as depicted in
the diagram below, where 1 and 3 are the two unlabelled vertices (it does not matter
which):
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L] A Ql E
0 a 01 23b a 0123b R
a0 al a2 a3 a0 al a2 a3
1 01 21 23 03 01 21 23 03 0

b0 bl b2 b3 b0 bl b2 b3
9 a0l a21 a23 a03 | a0l a21 a23 a03 R
b0l b21 b23 b03 | b01 b21 b23 b0O3

>3 o] o) 0

Note that all length two allowed paths contribute to €23 in this case. The image
of 01 is 5-dimensional so the kernel of 9; is 7-dimensional. The image of 0, is also
7-dimensional, so H; = 0. The kernel of J5 is generated by a01 — a21 + a23 — a03 —
b01 4 b21 — 23 + b03 and, since Q3 =0, H, = R.

REMARK 2.30. The graph of Example 2.29 above can be thought of a suspension of
C4 and the result of the computation is closely related to [17, Prop. 5.10].

We have written a Python script to compute the dimensions of path homology over
R, which may be found at [8]. The script first generates the matrix representing the
map:

ApX Lo o X TS O X Ay X

It then computes a basis for the nullspace of this matrix, which is a basis of ,, by
the following lemma:

LEMMA 2.31. Q, X is the kernel of the map A, X — Cp—1X/A,_1X, i.e. we have an
exact sequence:

0— QX — A, X — C1 X/A, 1 X

Proof. We first note that we have an exact sequence

Tn—1

0 —— Ay 1 X 5 0 X 228 Ch1 X/Ap 1 X —— 0

This implies that the square on the right in the following diagram is a pullback (and
a pushout, but we will not need this fact):

Qn An—l 0
[l ]
An By ot Cn—l M1 On—l/An—l

We thus have a composite of two pullback squares, which is itself a pullback. The
outer pullback square gives our desired exact sequence. O

The matrix representing the differential 9,,: 2, X — Q,,_1 X is given by restricting

the map A4, X = C,, X On, Cn_1X to 2, X — Q,_1X and expressing its matrix in
terms of the bases for ,X and 2,_1X. We compute the rank and nullity for the
matrices of 91,0s,...,0K, where K is some pre-defined cut-off. The nullity of Jy is
defined to be dim Q¢ X. The dimensions of H,(X) for 0 < n < k are then given by

dim H,,(X) = nullity 9,, — rank 9,,41.
EXAMPLE 2.32. Consider the subgraph obtained by removing the central vertex of

IQ DIQDIQZ
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A
ST e
B N e T o
S SO Y e e
e .“%o y e 1 0 0

. ® %o/o/

Using our script, we calculate the dimensions of €24 and H,, which are displayed in
the table above. The 24 small square faces assemble to form a 2-dimensional “hole”
that remains unfilled, since Q3 is 0. This is witnessed by the non-zero H,. By contrast
Hy(I,OLOL)=0.

2.3. COFIBRATION CATEGORIES. We now introduce cofibration categories, a categor-
ical framework for studying abstract homotopy theory. The origin of this notion, or
more precisely its formal dual, goes back to Brown’s categories of fibrant objects [7], a
notion that was introduced to study generalized sheaf cohomology. Many variations on
the definition have appeared since, notably in Baues’ book [6] and Radulescu-Banu’s
Ph.D. thesis [25].

Cofibration categories provide a way of speaking about homotopy theories with
(finite) homotopy colimits. This statement was made precise by Szumito [27], who
showed that the homotopy theory of cofibration categories is equivalent to the homo-
topy theory of (finitely) cocomplete (oo, 1)-categories.

DEFINITION 2.33. A cofibration category consists of a category C together with two
classes of maps in C: cofibrations, denoted ~—, and weak equivalences, denoted —,
subject to the following conditions (where by an acyclic cofibration we mean a mor-
phism that is both a cofibration and a weak equivalence):

(C1) For any object X € C, the identity map idx is an acyclic cofibration. Both
cofibrations and weak equivalences are closed under composition.

(C2) The class of weak equivalences satisfies the 2-out-of-6 property, i.e. given a
triple of composable morphisms f: X =Y, qg:Y = Z, and h: Z — W if gf
and hg are weak equivalences, then so are f, g, h, and hgf.

(C3) The category C admits an initial object @ and for any object X € C, the
unique map & — X is a cofibration (i.e. all objects are cofibrant ).

(C4) The category C admits pushouts along cofibrations. Moreover, the pushout of
an (acyclic) cofibration is an (acyclic) cofibration.

(C5) For any object X € C, the codiagonal map X U X — X can be factored as a
cofibration followed by a weak equivalence.

(C6) The category C has small coproducts.

(C7) The transfinite composite of (acyclic) cofibrations is again an (acyclic) cofi-
bration.

The above definition most closely resembles the one given in [27] and is a slight
strengthening of what might be found in [7, 6]. For instance, we require in (C2)
that weak equivalences satisfy the 2-out-of-6 property instead of the (perhaps more
common) 2-out-of-3 property. We recall that 2-out-of-6 implies 2-out-of-3.
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LEMMA 2.34. Weak equivalences in any cofibration category satisfy the 2-out-of-3 prop-
erty, i.e. given a composable pair of maps f: X =Y and g: Y — Z, if any two of f,
g, gf are weak equivalences, then so is the third. O

Furthermore, in the presence of axioms (C1), (C3), (C4), and (C5), 2-out-of-6 is
equivalent to 2-out-of-3 with an additional requirement that the class of weak equiv-
alences is saturated, i.e. that maps inverted when passing to the homotopy category
are exactly the weak equivalences (this result is due to Cisinski, cf. [25, Thm. 7.2.7]).

The seven axioms presented above fall into two categories: axioms (C1)—(C5) cor-
respond to finite homotopy colimits, whereas axioms (C6) and (C7) say that the
homotopy theory additionally admits infinite homotopy colimits.

Before discussing examples of cofibration categories, we briefly record two conse-
quences of the axioms. The first shows that the axiom (C5) can be strengthened to
ask for factorizations of arbitrary maps rather than just the codiagonal morphism.

LEMMA 2.35 (Factorization Lemma, [7, p. 421]). Every map f in C can be factored as
f = wi where i is a cofibration and w is a weak equivalence.

LEMMA 2.36 (Left Properness, [7, Lem. 1.4.2]). The pushout of a weak equivalence
along a cofibration is again a weak equivalence.

Readers familiar with homotopical algebra may recognize that a large class of ex-
amples of cofibration categories come from model categories. The latter, introduced by
Quillen [24], were the first known way of abstractly capturing what a “homotopy the-
ory” is. In brief, a model category is a complete and cocomplete category C equipped
with three classes of morphisms: cofibrations, fibrations, and weak equivalences sub-
ject to axioms similar to, although stronger than, the ones of a cofibration category.
Given a model category C, its full subcategory of cofibrant objects (i.e. objects X for
which the map @ — X is a cofibration) is a cofibration category. However, we shall
not be concerned with model categories in this paper.

EXAMPLE 2.37. The category Top of topological spaces and some of its subcategories
carry several interesting cofibration category structures:

e The Hurewicz cofibration category structure is defined on the category of all
spaces. Its weak equivalences are the homotopy equivalences and its cofibra-
tions are Hurewicz cofibrations, i.e. maps i: A — X such that, for any space
S, any commutative square of the form

A —— sl

[

X — S5

where the right hand map is the evaluation at 0 admits a diagonal filler, i.e.
there is a map X — S making both triangles commute. (This cofibration
category structure arises from the Hurewicz model structure on Top, cf. [26,
Thm. 3].)

e The Serre cofibration category structure is defined on the category of retracts
of CW-complexes. Its weak equivalences are weak homotopy equivalences, i.e.
maps inducing isomorphisms on homotopy groups, and its cofibrations are
retracts of CW-inclusions. (This cofibration category structure arises from
the Serre model structure on Top, cf. [20, Thm. 2.4.19].)

e The Dold cofibration category structure is defined on the category of all spaces.
Its weak equivalences are the homotopy equivalences and its cofibrations are
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Dold cofibrations, i.e. maps A — X satisfying the following weak homotopy
extension condition: for any space S, every commutative square of the form

A —— SO

[

X — S5

admits a diagonal filler making the upper triangle commute strictly and the
lower triangle commute up to a homotopy relative to A. (This cofibration cat-
egory structure does not arise from a model structure, cf. [27, Thm. 1.32.(2)].)

EXAMPLE 2.38. For chain complexes Chg over a unital ring R:

e The injective cofibration category structure is defined on all chain complexes
Chpg. Its weak equivalences are quasi-isomorphisms, i.e. maps inducing iso-
morphisms on all homology groups, and its cofibrations are monomorphisms
(cf. [20, Thm. 2.3.13]).

e The projective cofibration category structure is defined on chain complexes of
projective R-modules Ch%?. Tts weak equivalences are once again the quasi-
isomorphisms and its cofibrations are monomorphisms with degree-wise pro-
jective cokernels (cf. [20, Thm. 2.3.11]).

DEFINITION 2.39. A functor F': C — D between cofibration categories is exact if it pre-
serves cofibrations, acyclic cofibrations, the initial object, pushouts along cofibrations,
coproducts, and transfinite composites of cofibrations.

REMARK 2.40. Tt follows by Ken Brown’s Lemma [20, Lem. 1.1.12] that exact functors
preserve weak equivalences.

EXAMPLE 2.41. The inclusion Ch%oj < Chg is an exact functor from the projective
cofibration category of chain complexes to the injective one.

ExXAMPLE 2.42. The singular chain complex functor C4: Top — Chy taking a topo-
logical space to its singular complex is an exact functor. Here, Top is considered with
the Serre cofibration category structure and Chy, is considered with the injective cofi-
bration category structure. It can also be noted that the functor takes values in the
category ChY® and could also be considered as an exact functor into the projective
cofibration category structure.

3. COFIBRATIONS OF DIRECTED GRAPHS

In this section, we define a suitable notion of cofibration of directed graphs (Defini-
tion 3.9) and prove some closure properties of these cofibrations (Proposition 3.12
through Proposition 3.18). Many of these properties correspond to cofibration cate-
gory axioms. Stability of acyclic cofibrations under pushout requires a proof of the
excision axiom, to which we dedicate Section 4. We defer the full proof that our cofi-
brations and weak equivalences comprise a cofibration category structure on DiGraph
until Section 5. Unless otherwise noted, X and A (resp. Y and B, X' and A’) will
refer to a graph and an induced subgraph, respectively.

3.1. PROJECTING DECOMPOSITIONS. We begin this section by adapting the notion of
projecting decomposition (cf. [23, Def. 4.6] and [19, Def. 26]) to the setting of directed
graphs.

DEFINITION 3.1. For a directed graph X with an induced subgraph A, let X* denote the
induced subgraph on the set of vertices of X which admit a path to some vertex of A.
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DEFINITION 3.2. For a vertex x of X, the height of z, denoted h(x), is the minimal
length of a path from x to a vertex of A.

DEFINITION 3.3. A projecting decomposition of X with respect to A is a function
T X{;‘ — Ay such that, for any x € Xy and any a € Ay admitting a path from x,
there is a path from x to a of minimal length which passes through wzx.

EXAMPLE 3.4. Let X be the cycle Cs; from Definition 2.9. If A is the edge 0 — 1
(Figure 8a), the only vertices in X admitting a path to A are those in A itself, so
X{;x = Ay and the identity function is a projecting decomposition.

If A is the edge 1 — 2 (Figure 8b), X4 is the induced subgraph on the vertices 0, 1
and 2, with a projecting decomposition sending 0 and 1 to 1, and 2 to itself.

If A is the edge 2 — 3 (Figure 8c), X4 is the whole of X. However, X admits no
projecting decomposition 7 to A: if w(0) = 2, the unique path of minimal length 1
from 0 to 3 does not pass through 2; and if 7(0) = 3, the unique path of minimal
length 2 from 0 to 2 does not pass through 3.

FIGURE 8. The graph X = C3; with induced subgraphs A (in red)
and corresponding X4 (circled in blue). Only the first two examples
admit projecting decompositions.

We now explore some basic consequences of the definition of a projecting decom-
position.

LEMMA 3.5. If X admits a projecting decomposition with respect to A, then for any
T € X{j‘, wx is the unique vertex of A which is closest to x, i.e. the unique vertex of
A admitting a path of length h(x).

In particular, if x € Ay, then mx = x, while if h(x) = 1 then wx is the unique
vertex of A admitting an edge from x.

Proof. Suppose that a € Ay admits a path of length h(z) from z to a. By the
definition of a projecting decomposition, there exists a path of length h(z) from z to
a which passes through wz. As 7z € Ay, the minimality of h(x) implies that 7z must
be the final vertex of this path and in fact 7z = a. O

COROLLARY 3.6. If X admits a projecting decomposition with respect to A, then it is
unique. O

REMARK 3.7. We will sometimes view a projecting decomposition 7 as a function on
X{;‘ ~ Ay rather than X{j‘, when this suits our computational purposes. This abuse
of terminology is justified by Lemma 3.5, which implies that a function on X é N Ay
satisfying the criteria of Definition 3.3 extends uniquely to a projecting decomposition
of X with respect to A, by setting ma = a for all a € Ay.

LEMMA 3.8. Suppose X admits a projecting decomposition with respect to A. Let x — y
denote an edge of X, with both x and y admitting paths to A, and h(z) > h(y). Then
one of the following conditions holds:
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(1) h(z) = h(y) and there exists an edge mx — TY;
(2) h(z) =h(y)+1 and 7z = 7y.

Proof. If x = y then condition 1 is trivially satisfied, so assume otherwise. We first
note that by Lemma 3.5, there exists a path of length h(y) from y to my. Concatenating
this path with the edge x — y, we obtain a path from z to 7y of length h(y) + 1. It
thus follows that h(x) < h(y) + 1.

Moreover, by the definition of a projecting decomposition, there is a path of minimal
length from x to my which passes through 7x; the length of this path must be less
than or equal to h(y) + 1. The assumption that h(z) > h(y) then implies that its
length is either h(y) or h(y) + 1.

First, suppose the length of this path is h(y). Then h(x) < h(y); together with our
assumption on h(z) this implies h(x) = h(y). By Lemma 3.5 we see that 7z = 7y, so
that condition 1 is satisfied in this case.

Next suppose the length of the chosen path from x to 7y is h(y)+1. If 7 = 7y, then
this implies that h(x) = h(y) + 1, so that condition 2 is satisfied. Otherwise, consider
the initial segment of this path from x to wz. As the path’s length is minimal, this
initial segment must have length h(x). By our assumption that ma # my, this initial
segment is not the entire path; thus we see that h(z) < h(y), once again implying
h(z) = h(y). As the length of the entire path is h(y) + 1, the path consists of this
initial segment concatenated with an edge from 7wz to my. Thus condition 1 is satisfied
in this case. d

3.2. DEFINITION OF COFIBRATIONS. We now define the cofibrations which will be
our objects of study.

DEFINITION 3.9. A cofibration of directed graphs is an induced subgraph inclusion
A — X satisfying the following two conditions:

e there are no edges out of A, i.e. no edges from the vertices of A to those not
contained in A;
o X admits a projecting decomposition with respect to A.

EXAMPLE 3.10. The inclusion of the edge 2 — 3 in the commuting square Cy 2 is a
cofibration: there are no edges out of 2 — 3, and the map 0 — 2,1 — 3 is a projecting

decomposition.
[ ) [ )
[ ) [ )

FIGURE 9. The inclusion of the edge 2—3 (in red) into the commuting
square X = (5 is a cofibration.

0O e——

1

2 o ——

3

REMARK 3.11. One might ask whether a simpler cofibration category for path homol-
ogy can be obtained using only one of the two conditions of Definition 3.9 to define
cofibrations. In fact, both conditions are necessary.

To see this, consider the inclusion of the edge 0 — 1 or the edge 2 — 3 into the
(3,1)-cycle C's 1. The edge 0 — 1 (Fig. 8a) admits a projecting decomposition, as we
saw in Example 3.4, but also admits edges out of itself. Meanwhile, the edge 2 — 3
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(Fig. 8¢) does not admit edges out of itself, but also does not admit a projecting de-
composition. These examples would be cofibrations if we omit either of the conditions
in the definition.

In each case, consider the pushout of the inclusion of the edge in question along the
homology isomorphism I1 — Iy (see Lemma 2.23). The pushouts are both isomorphic
in DiGraph to Cy; of Definition 2.9. The map from C3; to the pushout cannot be
a homology isomorphism (Examples 2.25 and 2.27). Thus the proposed cofibration
category structure does not exist, as it fails left properness (Lemma 2.36).

The remainder of this section will be concerned with proving certain useful prop-
erties of cofibrations. In particular, many of these results will be used in Section 5
to establish a cofibration category structure on DiGraph, with cofibrations as defined
above and path homology isomorphisms as the weak equivalences.

PROPOSITION 3.12. The class of cofibrations contains all identities and is closed under
composition.

Proof. To see that all identities are cofibrations, we note that in the case A = X, it is
trivially true that there are no edges out of A and a projecting decomposition given
by the identity on Ay .

Now let A — X and X — Y be a composable pair of cofibrations; we must show
that the composite inclusion A — Y is a cofibration.

First, let y denote a vertex of Y\ A and let a denote a vertex of A; we will show that
there is no edge from a to y. If y € Xy then this follows from the fact that A — X is
a cofibration, since there are no edges out of A in X ; similarly, if y € Yy ~ Xy then
this follows from the fact that X »— Y is a cofibration.

Now we construct a projecting decomposition of Y with respect to A. Note that
we already have projecting decompositions of Y with respect to X and of X with
respect to A; denote these by mx and 74, respectively.

For a vertex y € Y‘}“, let a denote a vertex of A admitting a path from y. Then
since a € Xy, there is a path from y to a of minimal length passing through mxy.
Observe that the terminal segment of this path beginning at 7xy defines a path in X
of minimal length from 7xy to a; thus we may replace this segment with one of equal
length passing through m4mxy. We can therefore define my to be m4mxy. Note that
this definition does not depend on the choice of a € Ay admitting a path from y. It
follows that 7 is a projecting decomposition of Y with respect to A, as for any vertex
a of A admitting a path from y, we have defined a path of minimal length from y to
a which passes through 7y. U

PROPOSITION 3.13. For every directed graph X, the unique map @ — X is a cofibra-
tion.

Proof. 1t is trivially true that there are no edges out of the empty subgraph of X.
To obtain a projecting decomposition, we note that both @y and A‘Q, are empty, so
a suitable function 7 is given by the identity on the empty set. 0

3.3. CLOSURE PROPERTIES OF COFIBRATIONS. In this subsection, we prove that cofi-
brations are closed under several natural operations: box products, pushouts, and re-
tracts. Several negative results are provided as well, including the failure of monoidal-
ity and non-existence of a small generating set of cofibrations.

PRrROPOSITION 3.14. A box product of cofibrations is a cofibration.

Proof. Let A — X and B — Y be a pair of cofibrations. Consider the box product
AO B — X OY. By the definition of the box product, we may observe that the
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vertices of X OY consist of all pairs (z,y) with x € Xy,y € Yy, and that AO B is
the induced subgraph on the set of such pairs for which x € Ay, y € By. Given two
vertices (x,y), (2',y'), there is an edge (z,y) — (¢/,%') if and only if there are edges
x— ' in H and y — ¢’ in Q, with at least one of these edges being degenerate (i.e.
either x = 2’ or y = ¢/).

It follows that a path from (x,y) to (2',y’) is equivalent to an interleaving of a
path from z to 2’ in X with a path from y to ¥’ in Y. More precisely, such a path
consists of a sequence of edges of X Y, each necessarily of the form (e;,id) for e;
an edge of X or (id, e}) for e, an edge of Y, where the sequence of edges (e;) forms a
path from z to y in X and the sequence of edges () forms a path from z’ to 3’ in
Y. The length of such a path is the sum of the lengths of its component paths. This
characterization of edges in X [JY shows that there are no edges out of A B.

Now we define a projecting decomposition of X (1Y with respect to A B. For
(z,y) admitting a path to a vertex of A B, we define 7(x,y) = (7x,wy). To see
that this is a projecting decomposition, consider a path in X OY from (z,y) to (a,b)
where a € Ay,b € By. The characterization of paths above shows that this path
is obtained by interleaving a path from x to a in X with a path from y to b in Y.
From these we obtain paths of minimal length from = to a through 7z, and from y
to b through 7wy. Choosing a suitable interleaving of these paths, we obtain a path
of minimal length from (x,y) to (a,b) passing through (7, 7y). Concretely, we may
construct the desired path as follows:

e proceed from (z,y) to (mz,y), moving at each step along the chosen path
from x to a in the first component while keeping the second component fixed;

e proceed from (7wz,y) to (wx, 7y), moving at each step along the chosen path
from y to b in the second component while keeping the first component fixed;

e proceed similarly from (7z, 7y) to (a,7y);

e proceed similarly from (a,7y) to (a,b)

Thus we see that 7 is indeed a projecting decomposition. O

PrOPOSITION 3.15. Cofibrations are stable under pushout.

Proof. Consider a pushout diagram of directed graphs as depicted below, with A — X
a cofibration.

A fla A

[ -

X — X’

Applying Lemma 2.10 and Corollary 2.11, we see that there are no edges out of A’
in X’ (as there are no edges out of A in X), and that the complement of A’ in X’ is
isomorphic to the complement of A in X.

We now define a projecting decomposition 7 of X’ with respect to A’. Note that, by
Corollary 2.11, a vertex of X'\ A’ admits a path to A’ if and only if the corresponding
vertex of X \ A admits a path to A. Thus we define 7’ as follows: for a € A}, we set
7'a = a, while for z € (X')& \ A}, we set 7'z = f(nx).

It remains to show that 7’ is in fact a projecting decomposition. Take x € (X’)él ~
Aj, and let p be a path in X’ from x to a € A’. Without loss of generality assume
that p is of minimal length among such paths. Since there are no edges out of A’, the
path p may be depicted as in the following diagram, where y; € X{, \ A}, for all ¢
and b; € A, for all j:
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x Y1 Ym by bn a
Y ° ° ° (] [ ]

By Lemma 2.10, the existence of the edge vy,, — b1 implies the existence of an
edge Yy, — by in X, with by € Ay, such that f(b;) = b;. By the fact that 7 is a
projecting decomposition, it follows that there is a path of minimal length from z to
by in X which passes through 7. In fact, the assumption that p is of minimal length,
together with Lemma 2.10, implies that the minimal length of a path from x to b; in
X is precisely m + 1, as any shorter path in X would induce a shorter path in X’.
Thus we may write this path from x to b; as:

21 2k T c1 c b1
[ ] [ ] e [ ] [ ] [ ] e [ ] [ ]

where z; € Xy N\ Ay for all 4, ¢; € Ay for all j, and k+ 1+ 1 = m. Thus we obtain
the following path in X’:

21 ze  f(rx) f(er) fler) f(br) =b bn a

° ° ° ° . e 0o —35... — e ——e

The length of this path is at most £k +1 4+ n + 2 = m + n + 1, the length of the
original path p. As p was assumed to be of minimal length, we have thus constructed
a path of minimal length from z to a passing through 7'z = f(7z). O

As an aside, we mention that our cofibrations are not stable under the operation
of taking pushout-(box) products, meaning that the cofibration category structure of
Theorem 5.1 is not monoidal with respect to the box product. (Since this is only
a comment, we do not recall the definition of a monoidal cofibration category in
full detail.) This sets our cofibration category of directed graphs apart from many
familiar cofibration category structures, e.g. the Serre cofibration category structure
on topological spaces of Example 2.37, which is monoidal with respect to the cartesian
product.

PROPOSITION 3.16. Let A — X and B — Y be cofibrations such that X . A contains
a vertex admitting a path to A, and likewise Y ~\ B contains a vertex admitting a path
to B. Then the pushout box product X D BU o AOY — X OY is not a cofibration.

Proof. By assumption, we have a vertex z € Xy, not contained in A, admitting an
edge to a vertex a € Ay, and likewise we have a vertex y € Yy, not contained in B,
admitting an edge to a vertex b € By . The vertex (z,y) of X OY is not contained in
X OB U o AOY. However, this vertex admits edges to the two distinct vertices
(a,y), (z,b) of X OB Usgp AOY. By Lemma 3.5, it follows that A Y does not
admit a projecting decomposition with respect to X 0 B U g AOY. O

We next prove that our cofibrations, like the cofibrations of a model category, are
closed under retracts and transfinite composition.

PROPOSITION 3.17. Let A — X be a cofibration and let B — 'Y be a retract of A — X,
as depicted below:

f
9

o
<— W

i
J
—

<—
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where fi =1idg and gj = idy. Then B =Y is a cofibration.

Proof. The fact that A — X is a cofibration implies that all maps in the left-hand
square are inclusions on vertices, so we will consider vertices in B as vertices in A,Y,
or X without relabeling.

We first show that B — Y is an induced subgraph inclusion. Consider vertices
b,b" € By such that there is an edge b — b’ in Y. Then there is an edge b — ¥’ in
X, hence also in A as A is an induced subgraph of X. Taking the image of this edge
under the retraction f: A — B gives an edge b — b’ in B.

A similar argument shows that there are no edges out of B in Y. Explicitly, consider
a pair of vertices b € By,y € Yy with an edge b — y. Then b € A, implying that
y € A as well since there are no edges out of A in X. It follows that g(y) = y is
contained in B, as f: A — B is the restriction of g to A.

Finally, we will show that Y admits a projecting decomposition with respect to B.
Let m denote the projecting decomposition of X with respect to A; we will show that
7T|YVB is a projecting decomposition of Y with respect to B.

Let y be a vertex of Y admitting a path to some vertex b of B. We first note that
by Lemma 3.5, 7y is the unique vertex of A admitting a path from y of length hA(y) in
X. The image of this path under g defines a path from y to fry in Y C X of length
less than or equal to h(y); by the minimality of h(y) and uniqueness of 7y, it follows
that fry = wy. This in turn implies that 7y € B.

Now observe that by the definition of a projecting decomposition, there is a path
in X from y to b, of minimal length among such paths, which passes through 7.
Denote the length of this path by n; then the image of this path under g defines a
path from y to b in Y, passing through fry, of length less than or equal to n (hence
equal to n by minimality). Moreover, as n is the minimum length of a path in X from
y to b, it is likewise the minimum length of such paths in Y C X. Thus 7|y is indeed
a projecting decomposition of Y with respect to B. O

PROPOSITION 3.18. The class of cofibrations is closed under transfinite composition.

Proof. Let o be an arbitrary limit ordinal. Consider a diagram X : ao — DiGraph as
depicted below:

Xo— X1 — ...

in which each map Xg = X311 is a cofibration. For every limit ordinal § < «, let
X3 denote the union of all X, for v < 3, i.e. the colimit of the restricted diagram
X|s. Let X, denote the colimit of this diagram, so that the map X, — X, is the
transfinite composite of the maps Xz — Xgy1. We will show, by induction on 8 < a,
that for each v < § the map X, — Xg is a cofibration; in particular, this implies
that Xy — X, is a cofibration.

In the base case § = 0, there is no v < 3, so the statement is vacuously true.

Let 8 > 0 and suppose the statement holds for all 8 < 3. In the case of a successor
ordinal § = '+ 1, the transfinite composite factors as X, — Xg — Xgryq1. If v = p’
then the map X, — Xg is the identity, while if v < 8’ then X, — X’ is a cofibration
by the induction hypothesis. The map X ~— Xg/4; is a cofibration by assumption
and so the composite is a cofibration by Proposition 3.12.

Now we consider the case of a limit ordinal 3, so that X is the union of all the
directed graphs Xg for 5’ < 5. We first show that X, — X is an induced subgraph
inclusion. Let x, 2’ be a pair of vertices of X, such that Xz contains an edge x — 2.
Then there is an edge x — ' in X for some v < ' < . Since X, — Xp is a
cofibration by the induction hypothesis, and hence an induced subgraph inclusion,
there is an edge  — 2’ in X, as well.
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Next let 2 be a vertex of X, and 2’ a vertex of X3 not contained in X,; we will
show there is no edge ' — x in Xg. Note that 2’ is a vertex of Xg for some 5’ < 3,
and X, — Xpg/ is a cofibration by the induction hypothesis. Thus there is no edge
' — x in Xpg; since we have just proven that Xz — Xjz is an induced subgraph
inclusion, the same is true in Xg.

Finally, we show that Xz admits a projecting decomposition m with respect to X,.
By Remark 3.7, it suffices to define 7 satisfying satisfying the criteria of Definition 3.3
onzx € (Xg)ff” N (X5)v. Let 8’ be minimal such that x € Xg. We must have that
v < " < . By the induction hypothesis, the inclusion X, — Xgz is a cofibration
and thus admits a projecting decomposition wg/. We define 7z = 7g .

Note that any path in Xg from = € (Xg/)y to y € (X,)y must be contained in
Xp, since there are no edges from Xz to X3. Therefore a minimal length path from
x to y in X which passes through mg/x is also of minimal length in X3 and passes
through 7z = g 2. O

In view of the results above, given a set of cofibrations, we may consider the class
of cofibrations which it generates under pushout, retract, and transfinite composition.
We might naturally hope to find some set of cofibrations which generates the entire
class of cofibrations in DiGraph via the procedure outlined above; however, Propo-
sition 3.20 below shows that this is not possible. Since we are not working with a
model category structure, we must first define our concept of generation under these
operations precisely.

DEFINITION 3.19. Let C' denote a set of cofibrations in DiGraph. For each ordinal
we define a class of cofibrations Gen, (C) by transfinite induction on « as follows.

e Geng(C) =C;

o for a successor ordinal o = B+1, Gen,(C) is the class of all retracts, pushouts,
and transfinite composites of maps in Geng(C'). In particular, this implies that
Geng(C) is contained in Gen, (C);

o for a limit ordinal o, Geny(C) is the class of all maps contained in some
Geng(C) for B < c.

Note that in general, Gen,(C) will be a proper class for a > 0.
We then define Gen(C'), the class of cofibrations generated by C, as the union of
all the classes Gen,(C), i.e. the class of all maps contained in Gen,(C) for some «.

PROPOSITION 3.20. There is no set of cofibrations C such that Gen(C) is the class of
all cofibrations.

Proof. Let C denote an arbitrary set of cofibrations. Let S denote a set whose cardi-
nality is greater than that of the vertex set of the codomain of any map in C' and let
K denote the complete directed graph having S as its set of vertices. Given A — X,
let X — A denote the induced subgraph on Xy \ Ay.

By transfinite induction on ordinals o, we will show that Gen, (C) does not contain
any cofibration A — X such that X — A contains Kg as a subgraph. (For instance,
we may consider A = &, X = Kg.)

In the base case a = 0, this is immediate from the definition of S.

Now suppose that the statement holds for all § < «. If « is a limit ordinal, then it is
immediate from the induction hypothesis that the statement holds for o as well. Now
consider the case of a successor ordinal & = § 4+ 1. Given a cofibration A — X with
an induced subgraph inclusion Kg C X — A, to show that A ~— X is not contained
in Gen,(C), we must show that it is not a retract, pushout, or transfinite composite
of maps in Geng(C).
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For the case of retracts, suppose that A — X is a retract of some cofibration
B — Y, as depicted below.

Then we have a subgraph inclusion Kg C X C Y. If some vertex s of Kg is contained
in B, then f(s) = s is contained in A. This contradicts our assumption that Kg is
contained entirely in X ~\ A. Thus we see that Kg is contained in the complement
Y \ B. By the induction hypothesis, it follows that B ~— Y is not contained in
Geng(C).

Next suppose that A — X is a pushout of some cofibration B — Y, as depicted
below.

— A

i

Yy — X

By assumption, no vertex of Kg is contained in A, so Kg is contained entirely in the
image of Y — X. Thus, by Lemma 2.10, Y contains Kg as a subgraph. Moreover, no
vertex of K¢ C Y can be contained in B, as this would imply that the corresponding
vertex of X was contained in A by the commutativity of the diagram. It follows that
Kg is a subgraph of Y \ B, implying that B — Y is not contained in Geng(C) by
the induction hypothesis.

Now suppose that A — X is a transfinite composite of some family of cofibrations
Xy — X,41, indexed by v < 0 for some ordinal §, with Xy = A. Then for each such
v we have X, C X, and X is the union of all the X;; in particular, each vertex of
X is contained in some subgraph X.. Moreover, for p < <y there are no edges from
the vertices of X, \ X, to those of X,, as the map X, — X, is a cofibration by
Proposition 3.18.

Let s denote an arbitrary vertex of Kg C X, and let 7 be minimal such that s
is a vertex of X,. If v were a limit ordinal, then X, would be the union of all X,
for p < =, contradicting minimality. Thus 7 = 4’ 4+ 1 for some ' such that s is not
contained in X;/. As every other vertex of Kg admits edges to and from s, all vertices
of K¢ must also appear in X, and not in X.». As X, ~— X is an induced subgraph
inclusion, it follows that Kg is a subgraph of X, \ X.,. By the induction hypothesis,
the cofibration X, — X, is not contained in Geng(C).

Thus we see that A — X is not a retract, pushout or transfinite composite of any
map in Geng(C'), so it is not contained in Gen,(C).

By induction, no cofibration A ~— X such that Kg is a subgraph of X ~ A is
contained in Gen(C'). Thus Gen(C') is not the class of all cofibrations. O

4. EXCISION

In the present section, we formulate and prove the excision axiom for path homology
in terms of the cofibrations of Definition 3.9. This plays a crucial role in Section 5
when we establish a cofibration category structure on DiGraph (Theorem 5.1).

We now turn our attention to the relative homology modules H, (X, A) associated
to a cofibration A — X. Throughout this section, we fix a commutative coefficient
ring R.

As our analysis of these groups will involve several constructions which are func-
torial with respect to commuting squares of cofibrations, we define DiGraph, to be

Algebraic Combinatorics, Vol. 7 #2 (2024) 494



Cofibration category of digraphs for path homology

the category with cofibrations in DiGraph as its objects and commuting squares as
its morphisms. Let DiGraphgO denote the subcategory of DiGraph, which contains
all objects, but with only pushout squares as morphisms. Throughout this section, a
diagram of the form

fla
—

A B
x 1y
i.e. a morphism in DiGraph, or DiGraphgo7 will be denoted by f: (X, A) — (Y, B).

4.1. STATEMENT OF EXCISION AXIOM. The goal of this short subsection is to give a
statement of the ‘excision axiom’ (Theorem 4.5), namely that relative homology takes
homotopy pushouts to isomorphisms.

DEFINITION 4.1. Given a subgraph inclusion A C X, the n*® relative homology module
H, (X, A) is the n'" homology module of the factor complexr Q(X)/Q(A).

Given a cofibration A — X, we let X — A denote the complement of A in X, i.e.
the induced subgraph on the vertices of X not contained in A. We define (X — A)4
to be the induced subgraph of X — A on the vertices which admit paths to A. We
let (X — A); denote the induced subgraph of X on the vertices of height 1, i.e. those
vertices not in A which admit edges into A.

DEFINITION 4.2. Let Q: DiGraph, — Chg denote the functor which sends a cofibration
A — X to the factor complex Q(X)/QA), and a morphism of cofibrations to the
induced map between their factor complezes.

We observe that the composite of (Q with the homology functor H,: Chr — Mod%
sends each cofibration to its family of relative homology modules, and each commuting
diagram to its family of induced maps on relative homology modules.

PROPOSITION 4.3 ([14, Thm. 3.11]). For any subgraph inclusion A — X, there is a
relative homology long exact sequence:

o= Hpy(X) > Ho(X,A) = Hy1(A) = -+ = Ho(A) = Ho(X) = Ho(X,A) — 0.

COROLLARY 4.4. A subgraph inclusion A — X is a homology isomorphism if and only
if all relative homology modules H, (X, A) are zero. O

Our main goal for this section is to prove the following.

THEOREM 4.5. Given a pushout diagram f: (X, A) — (X', A’) in DiGraph5©, the
induced map of relative homology modules H,, (X, A) — H, (X', A’) is an isomorphism
for alln > 0.

In Section 5, we will use this result to prove that cofibrations and homology iso-
morphisms form a cofibration category structure on DiGraph.

4.2. THE COMPLEMENT CHAIN COMPLEX. Note that Theorem 4.5 is equivalent to
the statement that the composite functor H,.Q: DiGraphy, — Mod% sends all pushout
squares to isomorphisms of Modﬂi. Our strategy for proving the latter is as follows:
we first define the ‘complement chain complex’ functor 0: DiGraph, — Chg, and
establish a natural isomorphism @ = Q. In the next subsection, we define another
functor M : DiGraph5® — Chg, show that M sends all morphisms of DiGraphb® (i.e.
eill pushout squares) to isomorphisms of Chg, and establish a natural isomorphism
Q|DiGraphgo =M.

We begin by defining the intermediate functor Q.
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DEFINITION 4.6. Let A — X be an induced subgraph inclusion. For n > 0, the R-
module En(X, A) is the submodule of A,(X) generated by the paths which intersect
the complement X — A. The R-module Q,, (X, A) is defined as the intersection Q,(X)N
A, (X, A). The R-modules Qn(X) assemble to a chain complex ﬁ(X, A) as follows: for
w € ﬁn(X, A), the boundary Ow is computed by first computing the boundary of w as

an element of Q,(X), then setting any terms corresponding to paths not intersecting
X —Ato0.

LEMMA 4.7. Let A — X be a cofibration of directed graphs. Then for each n > 0, the
inclusion Qp(A) <= Qn(X) is isomorphic to the direct summand inclusion Q,(A) —

Qn(A) ® O (X, A).

Proof. This statement is essentially a strengthening of (the dual of) [14, Lem. 3.10].
The proof supplied in that reference shows that any linear combination w € Q,(X)
decomposes uniquely as p(w) + ¢(w), where p(w) € Q,(A) and g(w) € ﬁn(X, A),
and the maps p and ¢ thus obtained are R-module homomorphisms. Thus we obtain
an isomorphism Q,(X) — Q,(A) @ Q,,(X, A) sending each w to (p(w),q(w)). The
pre-image of the summand 2,,(A) under this isomorphism is precisely €2,,(A) viewed
as a submodule of Q,(X); it thus follows that the inclusions €, (A) — Q,,(X) and
Qn(A) < Q,(A) B O, (X, A) are isomorphic. O

COROLLARY 4.8. Given a cofibration of directed graphs A — X, for n > 0, the quo-
tient module 2, (X) /U (A) is isomorphic to Q, (X, A). Moreover, these isomorphisms
define an isomorphism of chain complexes Q(X)/Q(A) = Q(X, A).

Proof. The stated isomorphisms of R-modules are immediate from Lemma 4.7. That
these isomorphisms commute with the boundary operations of Q(X)/Q(A) and

(AZ(X , A) follows from a routine calculation. O

REMARK 4.9. Note that the proofs of Lemma 4.7 and Corollary 4.8 do not require
the condition that A — X admits a projecting decomposition, only that there are
no edges out of A in X. Indeed, [14, Lem. 3.10] assumes only (the dual of) the latter
condition.

DEFINITION 4.10. We define a functor Q: DiGraph, — ChR as follows. Given a cofi-
bration A — X, its image under Q) is the chain complex Q(X A) Given a commut-
ing square f: (X,A) — (Y, B), each R-module homomorphism Qn(f) Qn(X, A) —
Qn (Y, B) is the composite of the restriction of Qn(f): Qn(X) = Q. (Y) with the quo-

tient map Q,(Y) = Q,(B) & Qn(Y, B) = O, (Y, B) which sends the summand 0, (B)
to 0.

PROPOSITION 4.11. The functors Q, 0: DiGraph, — Chg are naturally isomorphic.

Proof. Given a cofibration X — A, its images under ) and Q are isomorphic
by Corollary 4.8. To see that this isomorphism is natural, consider a morphism
f:(X,A) — (Y, B) in DiGraph,. Given w € Q,(X, A) the composites Q, (X, A) =

0 (X) /0 (4) 2L 0 (V)/(B) and (X, 4) 29N B, (v, B) = 0, (V)/20(B)
both send w to the equivalence class of f(w) modulo ©,,(B) in Q,(Y). O

We next construct the functor M : DiGraph® — Chp.

DEFINITION 4.12. Let A — X be a cofibration. For n > 0, let AL (X, A) denote the
submodule of A, (X — A) generated by the paths whose last vertices are in the subgraph
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(X — A)1. The R-module Q}L(X, A) is defined by the following pullback diagram:
(X, 4) —— A} (X, )
[ |
AL(X,A) =2 Cpa (X - A)

In other words, Q}L (X, A) is the submodule of 0, (X) consisting of linear combinations
of allowed paths with their last vertices in (X — A)1, whose boundaries again have their
last vertices in (X — A)1. Similar to the definition of (AZ(X, A), the boundary map on
Cn(X) restricts to a map Q}L(X, A) — Q}%l(X, A) for each n; we thus obtain a chain
complez Q1 (X, A) C Q(X, A).

Now consider a morphism in DiGraphgo, i.e. a pushout diagram in which the ver-
tical maps are cofibrations, as depicted below:

Al p
[ ]
X —Y

By Corollary 2.11, for eachn the map C,(X) — C,(Y) restricts to an isomorphism
Cn(X — A) = C,(Y — B), and these in turn restrict to isomorphisms AL (X, A) —
AY(Y, B) which commute with boundaries. Thus we have a natural isomorphism of
cospans:

a1
Anfl

(X7A) — Cnfl(X_A) <L A\}z(XvA)

|= F |=

A\}zfl(ya B) — Cnfl(Y - B) <L A\,}l(}/, B)

This yields a natural isomorphism between pullbacks ﬁ}l(X, A) = QI(Y, B). As this
map commutes with boundaries by construction, it defines a chain complex isomor-
phism QY (X, A) = QL(Y, B).

We thus define a functor Ol DiGraph2PO — Chy sending each object A — X to the
chain complex inclusion ﬁl(X7 A) — Q(X — A) and each morphism (X, A) — (Y, B)
of DiGraphgO to the commuting square below:

QL(X,A) —— Q(Y,B)

QX —A) —— QY — B)
It is straightforward to verify that this construction is functorial.
4.3. MAPPING CONE COMPLEX OF A COFIBRATION.

DEFINITION 4.13. Let M : DiGraph2Po — Chg denote the composite of the functor ﬁl,
defined above, with the mapping cone functor Chy — Chgr. We refer to M (X, A) as
the mapping cone complex of A — X.

More explicitly, the functor M may be described as follows:
o forn >0, My(X,A) =0 (X, A)®Q(X — A);
o for (p,q) € My (X, A), 9(p,q) = (=0p,0q — p).
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e given a pushout square f: (X, A) — (X', A’), M f acts in each degree n as the

direct sum of the isomorphisms Q! (X, A) = Q}L_l(X’, A’)and Q,(X—A) =
Q,(X’' — A’) induced by f.

The following result is then immediate.

LEMMA 4.14. The functor M : DiGraph2Po — Chpg sends all morphisms of DiGraphSO
to isomorphisms of Chg. O

Our next goal is to establish a natural isomorphism E from M to the restric-
tion of ) to DiGraph5©. (For ease of notation, we also write Q for the restriction of
0: DiGraph, — Chpg to DiGraphgo, relying on context to remove ambiguity.)

The definition of FE is fairly involved and will only be given in Definition 4.24,
since its well-definedness (Proposition 4.25) depends on preceding results. To pro-
vide a roadmap, let us briefly summarize the strategy. We begin by defining linear
maps L’ acting on chain complexes associated to the cofibration 4 ~— X. Although
at that point we could state the definition of F, since the required formula only in-
volves the function L°, we defer the definition, by first proving a sequence of lemmas
(Lemmas 4.16 - 4.23) that establish well-definedness of E.

From here on, let A — X denote an arbitrary cofibration. We will regularly write
an arbitrary path in X as x = ¢ - - - x,, and will write a; for the vertex mx; € Ay .

DEFINITION 4.15. Forn > 1, we define a family of linear maps L7 : Cp,_1 (X —A)4) —
Cn(X) for 0 < j <n—1. Given a generator t = xo---x,_1 € Cp_1((X — A)A), let
n—1
Li(z) = Z(—l)izo ST Q-
i—j
This definition extends by linearity to define each L7 on all of Cp,_1((X — A)4).

As the definition above may appear very technical, we will briefly discuss some of
the intuition behind it. Suppose we are given a path © = xg - - z,_1 lying entirely in
(X — A)y, i.e. such that h(x;) =1 for all 4. Then by Lemma 3.5 and Lemma 3.8, the
graph A contains a grid of squares formed by the path x, its projection to A, and the
edges x; — a;, pictured below for a path of length 4.

Zo I T2 T3 Tyq
[ ] [ ] [ ] o [
[ ] [ ] [ ] [ [ ]

ap ay as as ay

The element LO(z) € C,(X) is the alternating sum of all paths from the upper
left corner (i.e. zg) to the lower right corner (i.e. a4) of this grid. It can be seen as a
generalization of the generator of 2(Cs2) of Example 2.26. Our strategy for prov-
ing the desired isomorphism, roughly speaking, involves showing that the cofibration
conditions are sufficiently restrictive that any path in X which forms part of a linear
combination in ﬁn(X , A) must either be contained entirely in (X — A), or arise from
a grid construction similar to the above (suitably generalized for paths not contained
entirely in (X — A)p).

LEMMA 4.16. Forn >1 and 0 < j <n — 1, the map L7 : Cp,_1((X — A)?) — Cn(X)
18 injective.
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Proof. We first prove this result in the case j = n — 1. Here we may note that for
any generator (i.e. any non-degenerate path) z = zo-- 2,1 of C,_1((X — A)4),
we have L 1(x) = (=1)""txg - 2,_1a,_1. This is necessarily non-degenerate: the
assumption that z is non-degenerate implies z; # x;41 for 0 < ¢ < n — 2, and
Tp—1 7# Qp_1 since x,_1 is not in A. Taking as a basis for C,,(X) the set of elements
(—1)""1y for all non-degenerate n-paths y in X, we thus see that distinct generators
of C,—1((X — A)?) are sent to distinct elements of this basis. It follows that L™~ is
injective.

Now consider an arbitrary 0 < j < n — 2. Suppose that for some p € C,,_1((X —
A)4) we have L7(p) = 0. We may rewrite this equation as L’(p) — L""!(p) =
—L" !(p). Now note that for any generator x as above, we have L/ (z) — L""(z) =
Z;:jz(fl)ixg -+~ x;a; -+ - ay_1. Thus each nonzero term of L’ (p)—L"~1(p) corresponds
to a path including at least two vertices of A, while each nonzero term of L™~ !(p)
corresponds to a path including exactly one vertex of A. Thus this equality can only
hold if both sides are equal to zero. In particular, we have L™~ !(p) = 0; as shown
above, this implies p = 0. O

LEMMA 4.17. For n > 2, let © = -+ 2n_1 denote a generator of AL (X, A).
Suppose that for some 0 < j < n — 2, we have aj = ajr1. Then L7 (z) = LO(x)
for all 3 < 7.

n—1
Proof. By definition, L°(z) = > (=1)'zg---x;a; - a,_1. Thus we must show that
all terms of this sum for whichz_z'o< j are zero. This follows from the fact that each
such term includes the substring a;ja;+1, and is therefore degenerate. O

LEMMA 4.18. Forn > 2, let © = z¢---x,—1 denote a generator of /Alil_l(X, A). Let
0 <j <n—1 be minimal such that h(z;) =1 for alli > j. Then L°(z) = L’ (z).

Proof. If j = 0 then the statement is a tautology, so assume otherwise. Furthermore,
we may note that because x is an allowed path with its last vertex in (X — A)q, we
have h(x,—1) = 1, so that j <n — 1.

By the minimality of j, we have h(z;_1) # 1; as x;_1 is not in A, it follows that
h(xzj—1) > 2. As there is an edge z;_; — z;, Lemma 3.8 implies that a;_1 = a;. The
stated result thus follows from Lemma 4.17. O
LEMMA 4.19. For alln > 1 and p € Cp_1((X — A)4), we have L°(p) € A, (X, A) if

~.

and only if p € AL _ (X, A).

Proof. We first show that if p € AL (X, A) then L°(p) € A, (X, A). It suffices to
show that, for all generators =z € Z}L(X ,A), LO(x) is allowed and intersects X — A.
By Lemma 4.18, to show that L°(x) is allowed, it suffices to show that each path
X1 X ap—1 is allowed for ¢ > j, where j is minimal such that h(x;) = 1 for all
i > j. Therefore, let x = xg---x,_1 be an allowed path in X with its last vertex in
A, and consider the path
Lo Ti gy

for some ¢ satisfying j7 < i < n — 1. For each such 0 < k < ¢ — 1, there is an edge
T — Zr41 by the assumption that p is allowed. Similarly, for « < k < n — 1, the
assumption that p is allowed implies that there is an edge xx — xg41. Furthermore,
the assumption that j < ¢ implies that h(xg) = h(zr41) = 1; these two facts imply
the existence of an edge ar — ap+1 by Lemma 3.8. It remains to be shown that
there is an edge x; — a;; this is immediate from the assumption that h(z;) = 1 and
Lemma 3.5.
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Now suppose that L%(p) € Xn(X ,A). We may write p as a linear combination of
generators > -, cxx®, where each ¢y, is a coefficient and each z* is an allowed path in
(X — A)A. Then the sum of all terms of L°(p) corresponding to paths which include
exactly one vertex of A is

m
L' (p) = Z (1) rag - _qal
k=1

where af_; = 7xk_,. Since the generators 2" are distinct, the terms of this sum are

distinct as well. Thus there are no cancellations among these terms. As all remaining
terms of LY(p) correspond to paths including at least two vertices of A, none of these
terms can cancel with those of the sum above either. Therefore, since L%(p) is allowed,
it must be the case that each path z&---2%_,a, 1 is allowed. In particular, this

implies that zf - -- 2% _, is allowed. Furthermore, the presence of an edge zX_; — af_,

implies that h(z%_,) = 1. Thus p € AL (X, A). O

k

DEFINITION 4.20. For n > 0, we define a linear map m: C,,((X — A)A) — C,(A) by
sending each generator x = xo--- T, to ag---ay.

LEMMA 4.21. If p € AL (X, A), then mp € A,(A).

Proof. Tt suffices to consider the case where p is a generator, i.e. an allowed path
T = Xg---Ty; in this case we have mx = ag - - - a,,. Our assumption that = € A\}L(X, A)
implies h(z,) = 1, and that h(x;) > 1 for all 4, since z,, is not in Ay and there are
no edges out of A.

If h(z;) = 1 for all ¢, then 7z is allowed by Lemma 3.8.(1). Now suppose that
h(xz;) > 1 for some j; without loss of generality we may choose j to be maximal, so
that h(z;41) = 1. Then by Lemma 3.8.(2), we have a; = a; 1. Thus 7z is degenerate,
and hence equal to zero. O

LEMMA 4.22. Forn>1 and p € 2;71()(, A), we have OL°(p) = —L°(0p) — p+ 7(p).

Proof. Tt suffices to show the given equality when p is a generator x = zg---xp_1. In
this case we compute:

=0
n—1
= (=1)*0x0 - x5a; - apn-1
=0
n—1 [
i
= (-1 ( E (=) xo--Zj - mia; - - a1
i=0 §=0
n—1
i+1
+ E (—1)7 1z Tia; - - Q; an1>
Jj=i
n—1 1
_ +
= g E (1) zg-- Ty xiai A
i=0 j=0
n—1ln—1
i
+ E E (—=1) 7 H g, TiGiAj Gy
i=0 j=i
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At this point, we may note that for each 1 < ¢ < n — 1, the (i,7)-term of the left
summation is g - - - 2;—1a; - + - an—1, while the (i—1,7—1)-term of the right summation
is =g+ x;i—1a; - - ap—1. Thus these terms cancel. Furthermore, the (0, 0)-term of the
left summation is ag - - - a,—1 = 7z, and the (n —1,n—1)-term of the right summation
is equal to —zg---z,_1 = —1.

For the sake of readability, we will set these terms aside and show that the remaining
part of the sum is equal to —L°(dx). We are thus left to consider:

n—114i-1 n—2 n—1

7 4741 ~
g E (=) g ST Ap—1 T+ E E (=) e mia A an—.
i=1 j=0 i=0 j=it+1

We reverse the order of summation in both terms, summing first over j, then over 1.
Thus we obtain:

_ _ n—1j5—1
Z Z Dt wg T 40 1+ZZ D ey iag @ an g
7=01i=75+1 j=1 =0
n—1 n—1 n—17—1
= Z (—1)"Mpg Ty mia; a1 + Z Z(fl)“”“xo i@ A Ay
=0 i=j+1 §j=0 i=0
n—1 n—1
= (_1)J( Z (=1)'mg - ‘Tj T LAyt Qp— 1+Z H—l 'xiai"'aj"'anfl)~
=0 i=j+1
For each 0<j<n—1, let Y = 0;jz. That is, for 0 < 7 < j, we have yl = x;, while
forj<i<n-— 2 we have y] = x;41. For each j,i let bJ = 7ryJ Then we may rewrite
the expression above as:
n—1 n—1 ) ) ) . j—1 )
U/ U ylabl b+ ) (F) T gyl b))
=0 i=j+1 i=0
n—1 n—2 i o o )
= (O (=) ylbl b, +Z D yd eyl bl )
=0 i=j
n—1 n—2 ] o ]
=D (D (=0Tl ylb] b
j=0 i=0
n—1
=) (=17 (=L°(y"))
§=0
n—1
— - (1)
§=0
=—L%0x)
Thus the statement is proven. O

LEMMA 4.23. Forn > 1, if p € QL _ (X, A), then L°(p) € 0, (X, A).

Proof. From Lemma 4.19, we have that L%(p) € A, (X, A). To see that OL°(p) is
allowed, recall that by Lemma 4.22, dL°(p) = —L°(9p) — p+ 7p. We consider each of
these terms individually.

e Op is allowed by assumption, hence L°(dp) is allowed by Lemma 4.19.
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e p is allowed by assumption.
e 7p is allowed by Lemma 4.21. O

From Lemma 4.23, it follows that L restricts to define a linear map
ﬁ’}b—l(X7 A) - ﬁn(Xa A)

DEFINITION 4.24. For n > 0, we define a linear map E: M,(X,A) — (Aln(X7 A),
sending an element (p,q) € M, (X, A) = QL (X, A) ® Q, (X — A) to L°(p) + q.

PROPOSITION 4.25. The maps E: M, (X, A) — (AZn(X, A) of Definition 4.24 define
a map of chain complexes E: M(X,A) — Q(X, A). Moreover, these maps define a

natural transformation E: M = ().

Proof. Consider an arbitrary element (p,q) € M, (X, A) = QL (X, A) @ Q,(X — A).
We will show that 0E(p, q) = E(9(p,q)).

First, consider OF(p,q) = O(L°(p) + q). Applying Lemma 4.22, and recalling that
terms corresponding to paths contained entirely in A are set to zero when computing
boundaries in (AZ(X, A), this is equal to —L°(dp) — p + dq. Now consider E(I(p,q));
by definition, this is E(—dp,dq — p) = —L(dp) + Oq — p. Thus we see that the two
terms are equal.

To prove the naturality of F, we must show that the following square commutes,
for any pushout square f: (X, A) — (Y, B).

M(X,A) —E5 Q(X, A)

| !

M(Y,B) —2- Q(Y, B)
This follows by a straightforward computation. O

PROOF OF EXCISION AXIOM. Our next goal will be to prove that E: M = Qis a
natural isomorphism, from which the proof of Theorem 4.5 will follow. For this, we will
require some further lemmas characterizing the elements of ﬁn(X ,A). As the proofs
of these lemmas are very long and technical, we will first discuss a simple example to
illustrate some of the essential ideas behind them.

Suppose that an element w € Q3(X, A), viewed as a sum of non-degenerate allowed
paths, contains a term of the form cxrgxiaias, where ¢ is a non-zero element of R,
zg,21 € (X — A)y and ay,ay € Ay. For brevity, we let z denote the path zozia;as.

Consider the boundary of z: its 2-face, in particular, is cxgzias. The assumption
that the original path was non-degenerate implies that a; # as. Applying Lemma 3.5,
we see that mx1 = a1 (because there is an edge x1 — a1), but that because a; # as,
there is no edge x1 — as. Thus zgzias is not allowed.

By assumption, the boundary of w is allowed, so there must be some other terms of
Ow, arising from the boundaries of other terms of w, which will cancel this one. Thus
the linear combination w must contain some sum 2211 ¢;z; such that we can obtain
xoriaz from each path z; by omitting a vertex. Because all terms of w correspond
to allowed paths, and there is no edge x1 — as, for each z; the vertex to be omitted
must appear in between x; and as, i.e. we must have z; = xgriv;a9 for some vertex
v;. Thus xgxrias is again the 2-face of each z;, and hence appears in their boundaries
with positive sign; it follows that Zzl ¢; = —c, so that these terms, when added
to crorias, will give 0. We may assume that we are working with a non-redundant
presentation of w, so that the z; and z are all distinct; in particular, this implies
v; # a; for all 7 as z and z; can differ only in this vertex. By Lemma 3.5, it follows
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that no v; is a vertex of A, as each one admits an edge from x1, and the only vertex of
A admitting an edge from z; is a;. Thus each v; is a vertex of X — A for which there
exist edges 1 — v; and v; — as. Applying Lemma 3.5 again, it follows that wv; = as
for all i. If we then let x5 = v; for all i, we can rearrange the sum cz + er;l Ci%; as
follows:

m m
cz + E CiZi = CTox1a102 + g CiZi
i=1

i=1

m m
— g C;ToT1a1a9 + g CiTOT1THA

i=1 i=1
m

E (—cixorra1a2 + CiToT1THA2)
i=1

m
Z ciLl(a:Oxlx’Q)
i=1

= cL' (zoz12h).

Thus z appears in the linear combination w as part of an ‘L-term,’ that is, a term in
the image of some L7.

In Lemma 4.26, we will generalize the reasoning of this example to show that the
terms of any element of ﬁn(X ,A) which correspond to paths intersecting A can be
grouped into L-terms. Then, in Lemma 4.27, we will apply similar reasoning to show
that any such element may be expressed as a sum of terms in Q, (X — A) and terms
in the image of L0.

LEMMA 4.26. For n > 0, every element w € (AZTL(X, A) can be written as

m
w=q+Y el (¥
k=1
for some g € A, (X —A) and some set of indices 0 < k < m and 0 < jp < n—1, where
xk = k.. 2k | are distinct non-degenerate allowed paths satisfying h(zk_,) =1 and
¢ € R are nonzero.

Proof. We first note that any element w € ﬁn(X ,A) may be expressed as

m S
(1) w=g+ Y L@+ Yy
k=1 r=1
where:
o g+ > " cp L’ (x*) satisfies the conditions given in the statement;
e 5 > 0, each d, is a nonzero element of R and each y" is a distinct allowed
path in X intersecting both X — A and A.

To obtain an expression as in Eq. (1) for an arbitrary element w, we group its terms
which do not intersect A together as ¢, and take the sum of the remaining terms to
be >°7_, d,y", setting m = 0. Furthermore, we may assume without loss of generality
that our chosen presentation of w is non-redundant, i.e. that the terms y” and those
of ¢ all represent distinct non-degenerate paths.

The form of Eq. (1) essentially represents an intermediate state between an ar-
bitrary expression for w and an expression of the form given in the statement of
the lemma. The sum Y ", ¢, L7*(z*) consists of those terms of w which have been
grouped together into L-terms as required by the statement, while " _, d,y" consists
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of those terms intersecting A which remain ungrouped. Though we will proceed by a
multi-stage induction over several variables, the core of our approach will be to group
the terms d,y" together into L-terms.

Given an element w € (AZ,,L_l(X , A) expressed as in Eq. (1), we will show by induc-
tion on s that w may be expressed in the form given in the statement. The base case
s = 0 is trivial, as this is precisely the case in which the two forms coincide.

Now let s > 1 and suppose the result is proven for all 0 < s’ < s. Choose an
arbitrary term d,y"; for ease of notation we will rename d, to e and y" to z. Note
that because ez is not a term of ¢, some vertex of z must be contained in Ay . Because
there are no arrows out of A, there exists 0 < j < n — 1 such that z; € (X — A)y
for 0 < i < j, while 2; € Ay for j+1 < i < n. Write 2 = 29+ 205+ b,—1 for

€ (X — A)y and b; € Ay. This path is allowed, so by Lemma 3.5 we conclude that
h(zj) =1 and 7z; = b;.

We now show that for any t with 7 <t <n— 1, w may be expressed as

u

t
q+icijk +Zdryr+zz [ AL R I L
k=1 I=1 i=

=Jj

for some s’ < s and some family of paths 2 --- z! and coefficients ¢! € R indexed by
1 <1 < ufor some u > 1, such that h(z!) = 1 for all i between j and ¢ inclusive, where
bl denotes mz! for each (I,7). We assume that the terms of the double summation are
distinct from those of the other summands in this presentation of w, but not necessarily
from each other, i.e. we may have 2! = 2 for some [,I!. In the case t = n — 1 the
double summation will simply become a sum of L-terms, allowing us to apply the
induction hypothesis on s to conclude the overall proof.

We proceed by induction on ¢. In the base case t = j, we set u = 1, so that the
given double sum is simply a single term elzf - - zébé ---bl_,. To express w in this
form we may separate out the chosen term ez, designate it as e'z!, set s’ = s — 1,
and re-index the remaining terms.

Now suppose the statement holds for some j < t < n — 2; we will prove it for
t + 1. For each [, consider the final term of the corresponding alternating sum,

(=1)=telzl .- 2lpl - - - bl ;. The boundary of this term contains a term of the form
(—1)+lelzd - z,lfbt+1 bn 1, obtained by omitting the (¢ + 1)** vertex of the path.
Our assumption that the path z}--- zlb! e --bl,_, is non-degenerate implies that

bl # b, ., and hence that w2} # b} ;. By Lemma 3.5, it follows that there is no edge
from z{ to bl ;; thus this path is not allowed.

Because the boundary of w is allowed, this term must therefore be cancelled by
some set of other terms of Ow. In other words, the linear combination Ow must

contain some sum Y., rwzh - zibl - b4, where > 1 = (—1)7e!, with each
term rwzo zibl, -+ bl,_, arising as a face of a term of either ¢, >, cx L% (z%),
Yoo, d ,Or >y Z (=1)77elzd - 2tl - bl . Because the paths z! are not

assumed to be distinct, if there is more than one such term we may re-express the
sum indexed by [ as follows:

t

t
Z(—l)j_ielzl bbbl = —ZZ(—I)j Fwzh -2k bl

i=j w i=j
Thus we obtain a new expression for w in the given form for a 1arger value of u. We
may therefore assume without loss of generality that (—1)7Ttelz, Zibl bl s
canceled by a single term (—1)Jelz} - zlbl | ---bl,_; arising in one of the four ways
described above.
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We may note that, because there is no edge z! — bl 11, the only way in which
(—1)Telzd - ngtﬂ -bl,_, can arise by omitting a vertex of an allowed path is if the
vertex to be omitted appears between z! and b 41 Thus our given presentation of
w contains a term (—1)7=*~telzl. .. 2lobl | -+ bl _| from which this boundary term
arises. We first note that this term cannot be part of ¢, as the vertices b} are all
contained in A.

Next we consider the case in which (— e ztobl g bl is a term of
the double summation y ;. Zf:J( 1) —telzf - lbl bl
index I (necessarily distinct from [ as e! appears here with opposite sign). Then we
must have v = 7wzl = bl by construction of the double sum; it follows that 2! =
zl/, el = —el/, so that the two terms cancel; by removing these terms and re-indexing
for a smaller value of u, we may assume without loss of generality that this case does
not occur.

It remains to consider the cases in which (—

of S0t e L% (z*) or Zi:zl dyy”. As the terms of both of these sums are assumed
to correspond to paths distinct from those of the double summation, we cannot have
v = bl in these cases. As there is an edge z! — v, we must therefore have v equal
to some vertex z!,; of X — A admitting an edge from 2} and an edge to b} ;. In
particular, this implies h(z{,,) =1 and 7z}, = b,

Of these two, we first consider the case in which (—1)77""telz} - 21 b} 4 -+ bl

)jftfl l l

n—1, corresponding to some

1yd=t=telzl o 2lobl ) - Bl is aterm

is a term of Y7, _; dr/yr,. In this case we may simply group the term
j—t—1 11 1l l
(-1)/ €2y Zipbppr b

together with the summation Z ( 1)7~elyg - - - y;b; -+ - b1 to form:

(—1)77 1 telsh zt+1bt+1 bln_1+2(* ) etz 2 b

t+1

jlll o lpl ool
—E Zibi -+ by g

Thus we have extended the sum with index [ by adding a suitable (¢ + 1)-term.

Finally, we consider the case where (—1)7="=telzl ... 2L ol ;- bl _, is a term of
n—1
—_— ,
e L% (27) = E (=D)'erwo - wia; - an—1
1=Jk

for some k; it is then necessarily the (¢ + 1)-term of this sum, because 2z} , €
(X — A)y while b}, € Ay. Note that for i > ji + 1, the i-term of such a sum
has as its i face cxwo--- 24 1a; - an,_1, while the (i — 1)-term has as its i*" face
—CRTo " Ti_1a; * - - an_1. Thus these two faces will cancel each other. As we are seek-
ing the term of w whose (t+1)3* face will cancel that of the (—1)7~telz{ - zlbl - bl
term which we identified earlier, we may therefore assume without loss of generality
that (—1)77t~ 1z3 +2fyqbh g+ --bl_q is the jg-term of the sum, i.e. that jp =t + 1
and ¢ = (—1)7e'. Thus we may perform the following rearrangement to remove this
term from ¢ L+ (2%) and group it with Zzzj(—l)j_ielz{] coozbbboopl
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j 1
(—1) e L (z _,_Z Dy S
n—1 t
= Z (- 1)l+]el$0 l'za""anfl+Z(—l)]_lelz(l)"'Zﬁbli"'bih1
i=t+1 i=j
n—1
l t+145 1 1 l
- Z (—)"Helwg - wia; - apy + (=) el oz by b
i=t+2
t
B SR
n—1 t+1
= Z (— 1)’L+j€l$0 N TERRY, +Z(*1)j+lelz(l)"'zll‘bé"'bn—l
i=t42 i=j
t41
= (—1)7e' L2 (2" —|—Z 1)dtielad o zhel bl

Therefore, in this case as WelL we have extended the summation with index [ by
adding a suitable (¢ + 1)-term.

Thus w may be expressed as a sum of the given form for 7 ranging from j to ¢
for any j <t < n — 1. Considering this result in the case ¢ = n — 1, we note that
P Z?;jl(fl)j”z(l) czlbb bl =300 L (2 - 2L ). Moreover, if 2! = 2! for
any distinct [,!’, we may at this point sum the corresponding L-terms to obtain a
single term with coefficient e! + el/; thus we may now assume that the paths z! are
all distinct from each other, as well as from the *. Thus we may group this term
together with the sum Y~ ¢, L7* (z¥). After suitable re-indexing, we thus obtain an
expression for w of the form

m s’
g+ Y el (@) + Y duy”
k=1 r=1
where s’ < s. Applying induction on s, we see that
m
w=q+ Z cp L% (z*)
k=1

for a suitable choice of indices. Thus any w € QH(X , A) may be expressed in the form
given in the statement. O

LEMMA 4.27. For n > 0, every element w € ﬁn(X, A) may be written as
w=q+L(p)
Jor somep e AL (X, A),q € A, (X — A).

Proof. We begin by expressing an arbitrary element w in the form given by
Lemma 4.26:

m
w=q-+ Z e L% (2%)
k=1
We will assume that each lower limit jj, is minimal, meaning that there is no jj, < jg
such that Lix(z¥) = L7* (2*). Let m denote the number of lower limits jj, which are
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nonzero. We will prove the statement by induction on m. By linearity of L?, it suffices
to show that w can be expressed in the form of Lemma 4.26 with all j; = 0.

The base case m = 0 is trivial. For the inductive step, we let m > 1 and suppose
the statement is proven for all m’ < m. Choose some arbitrary k for which j; > 1,
and consider the term cyL7*(2*). For ease of notation, we let ¢, = ¢, * = ¥ and
J = Jk- ‘ ‘

The j-term of the sum cL?(z) = E?;jl(—l)lcxm-miai---an,l is given by
(=1 cxg---zjaj -+ an—1. The j-face of this term is cxg---xj_1a;j---an—1. Recall
that by assumption, 7x;_1 # a;; Lemma 3.5 thus implies that this path is not allowed.
Similarly to the proof of Lemma 4.26, the fact that the boundary of w is allowed im-
plies that some set of other terms of Ow must combine to cancel cxg - - zj_1a; - - - ap_1.
Once again, the fact that there is no edge ;1 — a; and all terms of w are allowed
implies that each of these terms is of the form ry,xo---z;_1v4a; - -an—1 for some
vertex v, of X, and > 7, = —c. Likewise, we may break up the term cL’(z) as
a sum — Y. r,L7(z) and consider each of these L-terms individually. We will also
assume, without loss of generality, that no subset of the r, adds to 0 — otherwise
we may simply consider the complement of this subset to obtain a smaller set of
cancelling terms.

First we consider the case in which v, is a vertex of A; then Lemma 3.5
implies that 7z;_1 = vy, so let a;_1 = vy,. Then ryxo---2;_105-10; - -apn_1
is necessarily the (j — 1)-term of ¢ L%’ (gck/). We note that the j-term of
Lo (z%') is (=1)izy - - Tj175a; - an—1, for some vertex zj of X — A. Thus
the j-face of this term is zp---x;_1a;--a,—1, which cancels with the j-face of
(1) gy mjq1aj-1a5 - ap_1. AS ryxo- - Tj_qva; - a,—1 is meant to be the
term whose j-face cancels that of —r,xo---zj_12;a; - an—1 which we initially
identified, we may therefore assume without loss of generality that v, is not a vertex
of A.

Let us therefore assume that v, is a vertex of X — A, and let x; = wy; then

Lemma 3.5 implies that 72’ =

the j-term of cp L% (2*"), implying ry, = (=1)7¢pr.

If ji < j, then the (j — 1)-term of —L (z*") is (=1)izg---2j_1a;_1aj - ap_1.
The j-face of this term is xg---2j—1aj—1---an—1, which cancels the j-face of
(71)j+1x0~~xj_1z3aj~~an_1. Since the term of w whose j-face cancels that of
—TwXo " Tj—1TjGj - Ap—1 is the term TwZo " ‘ij,l.’E-Ijaj ot lp—1, WE Inay assume
without loss of generality that this case does not occur, i.e. that ji = 7.

For ease of notation, denote zF by z’; then we have shown that w contains terms
of the form —r,, L7 (z) and r,, L7 (z'). Moreover, by comparing the j-terms of the sums
LI(z) and L7 (2") we see that for 0 < i < j —1 we have ; = 2/, and for j <i<n—1
we have mx; = ma} = a;, and hence

aj. The term 7, - - -a:j,lx;aj -+ Qp_1 is necessarily

j—1 Jj—1
i i,/ /
o E (=1)'mo - 240 Apo1 = Ty E (—=D'xg - x50 ap_1.
i=0 i=0

We may therefore add their difference to w without changing its value. Regrouping
our terms, we obtain:

j-1 e
( (=) 'y hag - an_1 —|—Lj(a:’)) - (

1=0 =

=r,L0(z") — r,L°(x).

=

(=1)'rpxo - T Ap1 + Lj(sc))
0
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Repeating this procedure for all w, we obtain an expression for w as a sum of ¢
with a set of L-terms, in which fewer than m of the lower limits of the L-terms are
nonzero. By induction, it follows that w can be expressed in such a form with all lower
limits equal to zero. O

We are finally equipped to prove the following:

PROPOSITION 4.28. The map E: M(X,A) — ﬁ(X, A) is an isomorphism of chain
complezes.

Proof. We first show that each map E: M, (X,A) — fAln(X, A) is injective. To see
this, let (p,q) € QL (X, A) & Q(X, A) such that ¢ + L°(p) = 0. Rearranging this
expression, we obtain ¢ = —L%(p). Since every nonzero term of L°(p) contains a
vertex of A while no nonzero term of ¢ contains a vertex of A, it follows that both ¢
and L°(p) are zero. Thus p = 0 by Lemma 4.16.

We now prove surjectivity of E. For some n > 0, let w € (AZ(X, A). By Lemma 4.27,
w=Lp) +q
for some p € AL (X, A) and q € A, (X — A). To prove that w is in the image of E we

must show tha‘: ple ﬁ}ifl(X, A) and q € Q,(X — A), i.e. that the boundaries of both
p and ¢ are allowed, and that all terms of the boundary of p have their last vertices
" \f}\}e now proceed analogously to the proof of [14, Lem. 3.10]. By Lemma 4.22

Ow = —L°%3p) — p+ 7(p) + dq.
Rearranging this equation, we obtain:

Ow +p —m(p) = —L°(9p) + dq.

On the left-hand side of the equation, the terms dw and p are allowed by assumption,
while 7(p) is allowed by Lemma 4.21. Thus we see that —L°(9p) + 9q is allowed.
Now we may note that every nonzero term of —L°(0p) includes at least one vertex of
A, while this is not the case for any term of dq. Thus there can be no cancellations
between that terms of —L°(9p) and dq, implying that L°(p) and dq must each be
allowed. Thus ¢ € Q,(X — A). Furthermore, by Lemma 4.19, the fact that L°(9p) is
allowed implies dp € AL _,(X, A). O

COROLLARY 4.29. The functors Q,ﬁ: DiGraph, — Chgr send all morphisms of
DiGraphgO to isomorphisms.

Proof. This follows immediately from Proposition 4.11, Lemma 4.14, and Proposi-
tion 4.28. g

We can now prove the main result of this section.

Proof of Theorem 4.5. The relative homology maps H, (X, A) — H,(X’, A") are in-
duced by the map Q(X)/Q(A) — Q(X')/Q(A’), i.e. the image of (X, A) — (X', A7)
under the functor @: DiGraph, — Chg. This is an isomorphism of chain complexes
by Corollary 4.29. O

5. MAIN THEOREM
In this section, we prove the main theorem of the paper:

THEOREM 5.1. For any ring R, the category DiGraph of directed graphs admits the
structure of a cofibration category, with the cofibrations as defined by Definition 3.9
and R-homology isomorphisms of Definition 2.21 as the weak equivalences.
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Most of the axioms of Definition 2.33 have already been proven in Sections 3 and 4;
those which remain to be proven are the factorization of codiagonal maps and the
closure of acyclic cofibrations under transfinite composition. We first consider the
factorization axiom. As a preliminary, we note the following:

PROPOSITION 5.2. A box product of homology isomorphisms is a homology isomor-
phism.

Proof. This is immediate from [18, Thm. 4.7]. O

PROPOSITION 5.3. For every X € DiGraph, the codiagonal map X U X — X factors
as a coftbration followed by a path homology isomorphism.

Proof. Let J denote the directed graph pictured below:

Let 0J denote the subcomplex of J consisting of the two endpoint vertices —2 and
2. The inclusion dJ — J is a cofibration, with projecting decomposition given by
m(—1) =n(—-2) = —2,7(1) = 7(2) = 2. Furthermore, J has trivial path homology by
Lemma 2.23.

Now observe that for any directed graph X, the codiagonal map X L X — X is
isomorphic to the box product of the identity on X with the unique map 9J — Ij.
Thus the codiagonal may be factored as:

X00J—-X0OJ—>X

The map X9J — X [J is the box product of the identity on X with the cofibration
0J ~— J, hence a cofibration by Proposition 3.14. Similarly, the map X O J — X is
the box product of the identity on X with the homology isomorphism J — Iy, hence
a homology isomorphism by Proposition 5.2. 0

Next we consider the stability of acyclic cofibrations under transfinite composition.

PROPOSITION 5.4. For any ring R, the functor §2: DiGraph — Chg preserves filtered
colimits.

Proof. As colimits of chain complexes are computed component-wise, it suffices to
check €, : DiGraph — Modpg preserves filtered colimits for each n € N.
For a graph X, the R-module ©,,X is the pullback:

QX —— A,_1(X)
l 3
An(X) — Cn;[(X).
As filtered colimits commute with finite limits, it suffices to show the functors
Ap—1(—): DiGraph — Modg
A, (—): DiGraph — Modgr
Cp—1(—): DiGraph — Modpg

preserve filtered colimits. This follows since the sets {0,...,n—1},{0,...,n} are finite
and the graph I, is finite. O

COROLLARY 5.5. For any ring R, the path homology functor H,: DiGraph — Modlj\%
preserves filtered colimits.
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Proof. This is immediate from Proposition 5.4, together with the fact that the ho-
mology functor on chain complexes H,: Chp — ModI}i preserves filtered colimits. [J

PROPOSITION 5.6. A transfinite composite of weak equivalences is a weak equivalence.

Proof. By definition, weak equivalences are maps which become isomorphisms un-
der the path homology functor H,: DiGraph — Mod%. The result then follows from
Corollary 5.5. O

Proof of Theorem 5.1. We consider each of the axioms of Definition 2.33.

(C1) The class of cofibrations contains all identity maps and is closed under com-
position by Proposition 3.12. The analogous results for weak equivalences are
immediate from the functoriality of path homology.

(C2) The 2-out-of-6 property for weak equivalences is immediate from the corre-
sponding property for isomorphisms and the functoriality of path homology.

(C3) All objects of DiGraph are cofibrant by Proposition 3.13.

(C4) The existence of pushouts of cofibrations is trivial, as DiGraph is cocomplete.
Stability of cofibrations under pushout is given by Proposition 3.15. Given a
pushout square

A—— B
X —Y
with A — X an acyclic cofibration, we can view it as a morphism in DiGraph,.
It follows by Proposition 3.15 that B — Y is a cofibration as well. By Corol-
lary 4.4, each relative homology group H,(X,A) is trivial; and by Theo-
rem 4.5, so is each relative homology group H, (Y, B). Thus B — Y is a weak
equivalence by Corollary 4.4.
(C5) Factorization of codiagonal maps is given by Proposition 5.3.
(C6) The existence of small coproducts is trivial, as DiGraph is cocomplete.
(C7) The closure of (acyclic) cofibrations under transfinite composition follows from
Proposition 3.18 and Proposition 5.6. O

Our results also allow us to compare our cofibration category structure on DiGraph
with the cofibration categories of chain complexes defined in Example 2.38.

THEOREM 5.7. For any ring R, the functor £): DiGraph — Chpg factors through the full
subcategory of chain complexes of projective R-modules, and is exact when considered
as a functor from the cofibration category of Theorem 5.1 to either Ch%® or Chpg.

Proof. To see that Q factors through Ch%c’j7 we note that for any directed graph X,
each abelian group ,,(X) is free, as a subgroup of the free abelian group C,,(X).

Now we consider exactness of €. It suffices to prove the statement for Ch';?:oJ; the
statement for Chi{,—::j will then follow by Example 2.41.

That €2 preserves weak equivalences is immediate, as the path homology iso-
morphisms of directed graphs are by definition the maps which € sends to quasi-
isomorphisms. To see that { preserves the initial object, we observe that Q(2) is zero
in each degree.

For €2 to preserve cofibrations means that it sends cofibrations of directed graphs to
inclusions of chain complexes with degreewise projective cokernel. This follows from
Proposition 4.11 and the fact that for any cofibration A — X, the abelian group
Q,(X, A) is free as a subgroup of the free abelian group C,(X). That € preserves
transfinite composites of cofibrations is immediate from Proposition 5.4.
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To see that ) preserves pushouts of cofibrations, consider a pushout square
f:(X,A) - (X', A"). To show that  sends this diagram to a pushout, it suffices
to show that each functor 2, for n > 0 sends it to a pushout of abelian groups. By
Lemma 4.7 and Corollary 4.29, the image of this diagram under 2,, is isomorphic to:

Q,.(4) (A7)

l l

Q,(A) ® 0 (X) —— Q,(A4) B 0, (X)

(Note that this is isomorphic to, yet distinct from, the diagram appearing in the
proof of Lemma 4.7: in the first component of the bottom map we have replaced the
isomorphism €, (X, A) = Q,, (X', A’) with the identity on €, (X, A).)

Now consider the following composite diagram:

0 —— 0, (G) ———— 0, (G))
O (H) —— Q(G) @ Q7 (H) —— Q(G") @ Q (H)
The left square and the composite rectangle are pushouts, as the direct sum is the

coproduct in the category of abelian groups. It follows that the right square is a
pushout by the two pushout lemma. (]

It is natural to ask about the compatibility of our cofibrations with other classes
of equivalences; for instance, we might ask whether they comprise part of a category
structure whose weak equivalences are the homotopy equivalences of directed graphs.
We next show that this is not the case. Preceding the proof, we recall the notions of
homotopy and homotopy equivalence as in [16].

A line digraph of size n is any graph I whose vertex set is 0, 1, ..., n and such
that for any ¢ = 0,1,...,n — 1, we have either i — i+ 1 or ¢ + 1 — 4. All digraphs
I, of Definition 2.6 are examples of line digraphs, but line digraphs also include the
graph J used in the proof of Proposition 5.3 and, for example,

0 1 2
[ — )

Given digraph maps f,g: X — Y, a homotopy from f to g, denoted a: f ~ g, is a
digraph map a: X O — Y for some line digraph I of size n such that a(—,0) = f
and a(—,n) = g. A digraph map f: X — Y is a homotopy equivalence if there exists
amap ¢g: Y — X and homotopies a: gf ~idx and B: fg ~ idy.

By Lemma 2.23, all line digraphs are homotopy equivalent to the point, i.e. con-
tractible. On the other hand, the cycle graphs of different length are not homotopy
equivalent. Indeed, any map from a cycle of smaller size to a cycle of larger size is
homotopic to a constant, while the identity map from a cycle to itself is not.

PROPOSITION 5.8. There is no cofibration category structure on DiGraph in which the
class of cofibrations includes the maps of Definition 3.9 and whose weak equivalences
are the homotopy equivalences.

Proof. Consider the following pushout of digraphs:
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Note that the left vertical map is a homotopy equivalence and the top horizontal
map is a cofibration. If the proposed cofibration category structure were to exist, the
right vertical map would be a homotopy equivalence by left properness (Lemma 2.36).
However, since it is a map between cycles of different sizes, it cannot be a homotopy
equivalence. Hence, the proposed cofibration category structure does not exist. ]
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