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Triangulations of root polytopes

Paola Cellini

ABSTRACT Let ® be an irreducible crystallographic root system and P its root polytope, i.e.,
the convex hull of . We provide a uniform construction, for all root types, of a triangulation of
the facets of P. We also prove that, on each orbit of facets under the action of the Weyl group,
the triangulation is unimodular with respect to a root sublattice that depends on the orbit.

1. INTRODUCTION

Let ® be an irreducible crystallographic root system in a Euclidean space E, &1 a
positive system of ®, and W the Weyl group of ®. Then, let P be the root polytope
associated with ®, i.e. the convex hull of all roots in .

In [6], Marietti and the author have studied a natural set of representatives of
the faces of P modulo the action of W, the standard parabolic faces of P. The set
of all roots contained in a standard parabolic face is an abelian ideal of ®T (see
Subsection 2.3 for a definition). We call face ideals or facet ideals the abelian ideals
of & corresponding to the standard parabolic faces or facets of P.

In [4], for ® of type A, and C,,, the same authors have constructed a triangulation
of the standard parabolic facets whose simplexes have a natural interpretation in
terms of the corresponding facet ideals. The construction is formally equal for both
root types, though the proofs are distinct and based on the special combinatorics of
these two root systems and their maximal abelian ideals. Through the action of W, a
triangulation of all the standard parabolic facets can be extended to a triangulation
of the boundary of P. Such an extension corresponds to an appropriate choice of
representatives of the left cosets of W modulo the stabilizers of the standard parabolic
facets. The triangulations of the boundary of P are also studied in [1] for all classical
root types, using the coordinate description of ®. In [12], the triangulations of the
positive root polytope P, i.e the convex hull of the positive roots and the origin, are
studied for ® of type A,,. The triangulations of PT are also studied in [18, 19] for A,,
and C,,.

In this paper, we give a uniform construction of a triangulation of the standard par-
abolic facets, for all finite irreducible crystallographic root systems. The construction
coincides with the one of [4] for the types A, and C,,. We also obtain unimodularity
results similar to those obtained for A,, and C,,.
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We need some preliminaries for describing the results in more detail. If 57, B2,
Y1, 72 € @1 are such that 81 + B2 = v1 + 2, we say that {31,582} and {v1,72} are
crossing pairs. We first prove that if {81, 82}, {71,772} are crossing pairs contained in
a (common) abelian ideal, then, for all ¢, j in {1, 2}, the differences 8; — -y, are roots,
in particular ; and «y; are comparable. This implies that the set {81, 82,71, 72} has
a minimum and a maximum, more precisely, one of the two crossing pairs consists of
these minimum and maximum, i.e., either 81 < ; < B2 for both ¢ = 1 and 2, or the
analogous relation with § and ~ interchanged holds. We define the relations < and ~
on &+ as follows. For all 81, B2 in @, we write 31 < 3o if there exist v, 2 such that
B14 B2 =71+ 72 and B < y; < B2 for both ¢ = 1 and 2. Moreover, we write 51 ~ (2
if 81 < By or B2 < 1. Finally, we say that a subset R of &7 is reduced if 51 + B2 for
all ﬁl» 52 € R.

The first main result in this paper is that the maximal reduced subsets in a facet
ideal provide a triangulation of the corresponding standard parabolic facet. For each
standard parabolic facet F' of P, let Ir be the corresponding facet ideal:

Ir=FNo,

and
Tr = {Conv(R) | R C Ir, R maximal reduced },
where Conv(R) is the convex hull of R. Then the following result holds.

THEOREM 1.1. For each standard parabolic facet F' of P, Tr is a triangulation of F'.

Clearly, the set of vertexes of the above triangulation is the set of all roots contained
in F.

Theorem 1.1 implies, in particular, that the maximal reduced subsets in Ir are
linear bases of E. Let IT and 6 be the simple system and the highest root of ®*. Then,
{—0} UII is the set of vertexes of the affine Dynkin diagram of ®. For each « € II, let
&, and &, be the root subsystems of ® generated by II~ {a} and {0} U (II {a})
respectively, and ®}! and <I>‘L their positive systems contained in &*. Clearly, ®
has the same rank as ®. We call the <I>a, for all a € II, the standard equal mnk
subsystems of ®. The standard parabolic facets of P naturally correspond to the
irreducible standard equal rank root subsystems of ® [6]. Precisely, for each « € II
such that </I;a is irreducible, let

I, =3\ ®,.

Then I, is a facet ideal of ®*, and each facet ideal of ®¥ is obtained in this way (see
Subsection 2.5). We prove the following result.

THEOREM 1.2. Let a € 11 be such that EI;a is irreducible. Then, each maximal reduced
subset contained in the facet ideal I, is a Z-basis of the root lattice of ®,,. In particular,
all the simplexes of the triangulation Ty have the same volume.

Part of the proofs require a case by case analysis. The cases to be considered can be
restricted to a special, proper subset of facet ideals. Indeed, the results of [6] imply that
the facet ideal I, (o € II, B, irreducible), is an abelian nilradical (see Subsection 2.4)
in the root subsystem @I Hence, we may reduce to the case of abelian nilradicals.

The case by case analysis is contained in the proof of Proposition 5.11. This proof
also provides an algorithm for the explicit computation of the triangulations for each
root type, which will be done in a future paper.
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2. PRELIMINARIES

In this section we fix our main notation and recall some preliminary results. For the
basic preliminary notions, we refer to [2] and [14] for root systems, and to [3] and [13]
for Lie algebras.

2.1. BASIC NOTATION. General. We sometimes use the symbol := for emphasizing
that equality holds by definition or that we are defining the left term of equality. We
denote by E a Euclidean space, with scalar product (-, -) and norm |- |. We identify E
with its dual space, through (-, -). The null vector of E is denoted by 0. For any S C E,
Span(S) is the vector subspace generated by S over R (the field of real numbers), and
rk(S) := dim Span(S).

Root systems. We denote by ® a reduced irreducible crystallographic root system
in E and by &1 a fixed positive system of ®. The simple system of ® corresponding
to ®* is denoted by II, while QY is the set of fundamental co-weights of ®, i.e., the
dual basis of IT in E. For each a € II, @, is the fundamental co-weight defined by the
conditions (a, @,) = 1 and (a/,ds) =0 for all o € I\ {a}. Foralla € Il and g € P,
we set ¢ (8) = (8, %a), so that

B = Z co(B)a.
acll
The support of 5 is the set of simple roots with non-zero coefficient in the expression
of 3:
Supp () = {a € I | ca(B) # 0}
The highest root in T is denoted by 6 and its coefficients with respect to II by mq,

thus
0= Z Mo Q.

We call m,, the multiplicity of o in ®T.

For all 8 € ®, 8V is the corresponding coroot, i.e., 8Y = (5%).

For each root subsystem ¥ of ® we set ¥* = ¥ N &7, It is well known that ¥+
is a positive system for U: we call it the standard positive system of W. Moreover,
we denote by L(¥) and L*(¥) the root lattice and positive root lattice of ¥, i.e.
the Z-span of ¥ and the N-span of ¥, respectively, where Z and N are the sets of
integers and non-negative integers.

For any S C ®, we denote by ®(S) the root subsystem of ® generated by S, i.e.,
the minimal root system containing S, and we write ®*(S) for ®(9)".

A root subsystem U of & is called parabolic if ¥ = & N Span(¥). For any linear
subspace H of E, the intersection ® N H is a parabolic root subsystem. Hence, W is
a parabolic subsystem of @ if and only if there exists a linear subspace H of E such
that Y =dNH.

Posets. As usual, < denotes both the order of R and the partial order of E associated
to ®T: for all z,y € E, x < y if and only if y — 2 € LT (®). We call this last order the
standard partial order. We will need only the restriction of the standard partial order
to ®T. For any S C &1, we denote by Min S and Max S, with capital M, the sets of
minimal and maximal elements of S, and by min .S and max .S its possible minimum
and maximum, with respect to <. The analogous objects with respect to any other
order relation <, will be distinguished by adding the subscript <. The elements in
Min S U Max S are called the extremal elements of S. We say that S is saturated if
it is saturated with respect to the standard partial order, i.e., for all 1, B2 € S such
that 51 < fo, all the interval [B1, 82] := {v € ® | f1 < v < B2} is contained in S. Any
subset S’ of S is called an initial section of S if for all 8 € S” and v € S, if v < 3,
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then v € S’. The final sections are defined similarly. Then, S’ is an initial section of
S if and only if S\ S’ is a final section of S.

For any order relation < on ®* and for all 8 € T, we denote (%) the <-upper
cone of B, i.e.,

(B3 ={yeo* 8=}
Clearly, this is a dual order ideal, or filter, in the poset (&7, ).

2.2. BASIC LEMMAS ON ROOTS.

2.2.1. General facts. We first recall some basic facts that we will use also without
explicit mention. Since we are assuming ¢ irreducible and reduced, the lengths of
roots in @ are at most 2 [2, Ch. VI, § 1.4]. We denote by @, the set of roots of maximal
length (long roots), and set @5 = ® \ D, (the set of short roots). By definition, if only
one length occurs, all roots are long. Results (1) to (4) below can be found in [2,
Ch. VI, § 1, n. 3, 4, 5].

(1) For all 8,y € @, if (5,7) < 0 and 8 # —v, then 8 + v € ®. Equivalently, if

(8,7) >0 and 3 # ~, then B —~ € ®.

(2) For all 5,7 € @, if § # ~ and either v € &y, or |ﬁ\ |fy|, then
(B,7") € {0, £1}. T [8] > |y, then £23 € {2,3} and (8,7") = L2 (8Y,7) €

{0, 42, £3}.
(3) For all 8,7 € @, theset I ={k € Z | § + ky € ®} is a an interval of Z.
(4) For all o,/ €11, (o, 0’) < 0.
We note that in (2), since the root lengths are at most two, we have either Eg 5 3 =2

and (8,7") € {0,£2} for all 3,7 € ® such that 5| > |7, or =2 v% =3 and (8,7") €
{0,£3} for all 8, € ® such that |3] > |v|.

2.2.2. Summable roots. Next proposition contains a less known result. The proof re-
quires some basic notions and results from Lie theory. Let g be a complex simple Lie
algebra with root system ® with respect to the Cartan subalgebra b (see e.g. [13,
§18]). Thus, g = (®ae® ga) @ b, where g, is the root space of «, for all & € ®, and
(Spang(®)) = b*, the dual space of b.

We say that two roots are summable if their sum is a root. It is well known that if
a and B are summable roots, then [gq, 3] = ga+3, while if @ and § are not summable

and o 7é _65 then [gavgﬁ] = {Q}

PROPOSITION 2.1. Let B1, B2, B3 € @ be such that 81 + P2+ B3 € © and §; # —f; for
alli,j € {1,2,3}. Then at least two of the three sums B; + B;, with ,j € {1,2,3} and
i # 7, belong to .

Proof. For all i € {1,2,3}, we have 81 + 2 + B3 # [;, otherwise, for {j,k} =
{1,2,3} ~{i}, we have §8; + 85 = 0, contrary to the assumption. Moreover, for at least
one i € {1,2,3} we have (81 + B2 + 83, 5;) > 0, since (81 + B2+ B3, 01 + B2+ B3) > 0,
hence 1 + 2+ 3 — ;i € ®. Assume for example 81 + B2 € ©. Then, [[gs,,98,], 98;] =
[08,48:-085) = 0814848, # 10}, hence, by the Jacobi identity, at least one of
[[95,,98,], 98,] and [gs,, [85,,9s,]] is non zero. It follows that at least one of 51 + B3
and By + (3 is a root. O

As we have recalled, if two roots have strictly negative scalar product, then they are
summable. The reverse implication holds if ® is simply laced, but is false in general,
as we see in the following lemma, where the Cartan integers of pairs of summable
roots are classified.
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LEMMA 2.2. Assume 3,7v,8+~ € ®.
(1) If |8l = [y = |8+l then (8,7") = —1.
(2) If 18] = |v| # |8+ 7], then either Iﬁlgglz =2 and (8,7V) =0, or 1B+y” _ 3
and (B,7Y) = 1. In any case, || = |y| < |8 + 7.
(3) IF18] < I, then |B+~] = |8, (8¥.7) = — Bz € {~2, -3}, and (8,7") = —1.

Proof. (1) and (2). Since |8 = ||, we have lﬁlJﬂl (B2 N+ — 9 4 ((6 7))

2 + (B,v"). Moreover, in case (1) we have % =1, W(IZJ; in case (2) we have
lﬁljyrlzl = ‘Bl?;é‘ € {2,3}. In all cases, the claim follows directly.

(8) I£[B8+7] = Il we get 1 = Il — 8804 (8,7V) 41, hence {25 = —(8,7") €
Z, contrary to the assumption. Hence, |5+v| = |3], and 1 = Iﬁlg‘l‘ =1+(8Y,v)+ m2
Hence, (8Y,7) = mz € {-2,-3}. Finally, since (3,7") = mz (BY,7), we have
(B8,77) = -1 0

The assumptions of parts (1), (2), and (3) of Lemma 2.2 are mutually exclusive
and cover all possibilities for the relations among |3|, ||, and |8 + v|. In particular,
if 8 and v have nonnegative scalar product, then, by parts (1) and (3), we obtain
that the assumptions of part (2) holds. Similarly, if v is long, then the assumptions
of parts (1) or (3) hold. Hence, we obtain the following proposition.

PROPOSITION 2.3. For all 5,7 € ®, the following results holds.

(1) If 8 and v are summable, then we have (8,v) = 0 if and only if |B]| = |y| <

18+ 1.
(2) If v € @y, then B and v are summable if and only if (8,7Y) = —1.

2.3. AD-NILPOTENT AND ABELIAN IDEALS. Let g be as in Subsection 2.2, b be the
standard Borel subalgebra of g associated to ®*, and n its nilpotent radical, i.e.,
b= (®a€q>+ ga) 2] b and n = @a€<b+ Ja-

An ad-nilpotent ideal of b is a (nilpotent) ideal of b contained in n. Being h-stable,
such an ideal is a sum of root spaces. For any I C ®T, the sum of root spaces Docr da
is an ad-nilpotent ideal of b if and only if, for all o,3 € ®T, if & € I and o < B,
then 8 € I. A subset I of ®* with this property is called an ad-nilpotent ideal of
®*. Thus, an ad-nilpotent ideal of ®* is a filter in (®T, <), i.e. a dual order ideal. Tt
is easy to see that an abelian ideal of b must be ad-nilpotent. For any I C ®*, the
subspace @, 9o is an abelian ideal of b if and only if I is an ad-nilpotent ideal of
®T with the further property that, for all o, 8 € I, a + 8 & ®. Such an I is called
an abelian ideal of ®T. The abelian ideals of ®T are studied in several papers, both
for their implications in representation theory and for their algebraic-combinatorial
interest. The main representation theoretic motivations can be found in [16, 17] (see
also [7]); the basic algebraic-combinatorial results can be found in [8, 9, 20, 21].

2.4. ABELIAN NILRADICALS. An ad-nilpotent ideal of ®7 is called principal if it has
a minimum, i.e. if the corresponding b-ideal is principal. For all 3 € ®*, the upper
<-cone of 3, (BS) = {y € ®* | B < 7}, is also called the principal ad-nilpotent ideal
generated by f3. It is clear that if 3 € @7 is such that c,(8) > %= for some a € II,
then (8S) is abelian. In particular, this happens if 3 is a simple root of multiplicity
1 in ®*. Indeed, the following well known result holds. For completeness, we include
a proof.
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PROPOSITION 2.4. Let S C II and I = ®* \ ®(S). Then I is an ad-nilpotent ideal.
Moreover, I is abelian if and only if either S =11, or S =11 \ {a} for a simple root
a such that mg, = 1. In this case, I is equal to (o) and is a mazimal abelian ideal.

Proof. Tt is immediate that I is an ad-nilpotent ideal. If S = II, then [ is the empty
root ideal, hence it is abelian. Let S = II \ {a} with a € II and m, = 1. Then, by
definition we have I = (a<), which is abelian since m, = 1. We prove that (aS) is
maximal abelian. If S = &, i.e. Il = {a}, then I = ®* and the claim is obvious. Let
S # @ and let J be an ad-nilpotent ideal that strictly contains (a<). We have to
prove that J is not abelian. By definition, there exists 8 € J such that a € Supp(5).
Let Uy,..., U be the irreducible components of ®(II \ {a}). Assume, for example,
B € Wy. Then, if 6; is the highest root of ¥, we obtain 6; € J. Let S; = U1 NI~ {a}).
It is easily seen that, since @ is irreducible, o cannot be orthogonal to the whole S .
Hence, since (a,a’) < 0 for all o/ € S, there exists o' € Sy such that (o/,a) < 0.
But Supp(61) = S1, hence (01, @) < (¢, ) < 0. It follows that 6; + « € @, and hence
J is not abelian.

It remains to prove the “only if” part. For all § € @, let htp.s(8) = > ca(f).
a€lINS

We have S = II if and only if max {hti.s(8) | 8 € ®} = 0. Similarly, we have
S =TI\ {a} and m, = 1 if and only if max {hti. s(8) | 8 € ®} = 1. In order to
conclude the proof, we assume max{htrg.s(5) | 5 € ®} > 1 and prove that in this
case I is not abelian. By definition, we have 8 € I if and only if htys(8) > 0. Let
g* € Min{ € ® | htpp s(B) > 1}. Since (8*,5*) > 0, there exists a € Supp(S*)
such that (6*,a) > 0, hence f* — « € &, by 2.2.1(1). Such an « cannot belong to
S, otherwise htrrs(8* — @) = htrp s(8*), contrary to minimality of 5*. It follows
a € IIN S, hence a € I. Now, * —«a € I, too, since htr s(8* —a) = ht(8*) —1 > 0,
hence we obtain that I is not abelian since a and f* — a are summable. O

For each S C II, the ideal @D g, isthe nilradical (the largest nilpotent ideal)
a€PT\P(S5)
of the standard parabolic subalgebra associated to S (see [3, Ch. VIII, § 3.4]). Hence,
we call the maximal abelian ideals (aS) with m, = 1, together with the empty root
ideal, the abelian nilradicals.

2.5. THE FACES OF THE ROOT POLYTOPE. We recall some ideas and results from [6].
For all a € II and all nonempty S C II, let
Hom, ={z € E| (z,04) = Mma}, Fo=Ham, NP, Fs= N Fa.
a€sS

By definition of m,,, we have (5,0,) < my, for all 8 € ® and, therefore, (z,0,) <
m, for all x € P. Hence, the affine hyperplanes H, ., are supporting hyperplanes of
P, and the F, and Fg are faces of P. We call them the standard parabolic faces. In
fact, the set of all standard parabolic faces is a set of representatives of the orbits of
the action of the Weyl group W on the set of proper faces of P [6] .

For each standard parabolic face F, let

Ir=FnNo.

By definition, for each nonempty S C II, Ir, is the set of all roots S such that
ca(B) = Mg, for all @ € S. Tt is easy to see that P is the convex hull of the long roots
(see e.g. [5]), hence the long roots in Iy, are the vertexes of the face Fg.

We recall that the extended Dynkin graph of @ is obtained from the usual Dynkin
graph by extending the vertex set II with —6 and completing the edge set according
to the scalar products and the relative lengths between —# and the roots in II, with
the same rules used of the usual Dynkin graph. For our purposes, it is convenient to
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consider the extended Dynkin graph on the opposite vertex set, i.e., {6} U —II. This
does not change the edges. We call the resulting graph the opposite extended Dynkin
graph.

For each ¥ C II, we set

¥ ={0}u-X.
Let ®(X°) be the root subsystem of ® generated by €. For studying the face Fs, we
need considering ®(X°) with ¥ = II \ S. In this case, ¥ G I, since S is assumed to
be nonempty. (We point out that, contrary to what is done in [6], we are not making
use of the affine root system associated to ® and all root subsystems we are defining
are inside ®.)

It is well known that, if ¥ G II, then ¥° is a simple system for ®(X°) [11,
Ch. I, § 5].

In general, ®(X°) is not irreducible. Let X§ be the subset of X¢ defined by the
condition that ®(X§) is the irreducible component of ®(X°) that contains #. Finally,
let £g = 2§ \ {0}. We denote by I'(X°) and I'(2§) the subgraphs induced by 3° and
¥§ in the opposite Dynkin graph oh ®. Then for ¥ G II, we have that I'(X°) is the
Dynkin graph of ®(X¢), and I'(X§) is the connected component of 6 in I'(X°).

The following proposition contains the preliminary results on the standard para-
bolic faces that we need. We note that the proposition also precises that the face Fg
does not determine S. In fact, by parts (1) or (2), for all S, 5" C II, we have Fg = Fg/
if and only if @T((II\ S)§) = @T((II\ 5)§), i.e., Fg is uniquely determined by the
irreducible component ®*((II\ S)§). In particular, the standard parabolic faces, and
therefore the W-orbits of faces, are in bijection with the proper connected subgraphs
of the opposite extended Dynkin graph that contains the vertex 6 [22].

PROPOSITION 2.5 ([6]). Let S C1I, S # @.
(1) Ip, =P ((IINS)°) NPT\ S) =T ((TI N 9)5) ~ D((TL . S)p).
(2) Let us be the highest root of ®((II\ S)§), with respect to the simple system

(II\ S)§. Then, Ipg is the principal abelian ideal of @ generated by ps.
(3) dim(Fg) = [(IL\ S)g|.

By definition of Ir,, part (2) says that ug is the unique minimal root such that
ca(ps) = my for all & € S. Both (1) and (2) implies that we have ¢, (ug) < mq if
and only if a € (IT \ S)g. Hence, for all 3 € ®T, the condition c,(8) = m, for all
a € S implies ¢, () = m, also for all a € II \ (IT \ S)g, which in general is greater
than S.

DEFINITION 2.6. We call the ideals Ivg, for all nonempty S C I, face ideals. The face
ideals corresponding to the facets are also called facet ideals.

DEFINITION 2.7. We denote by &((H\S’)e) the positive system of ®((II\.9)°) relative
to the simple system (II\.S)®. Similarly, we denote by +((IIN.S)§) the positive system
of ®((II N S)§) relative to the simple system (IL \ S)§.

REMARK 2.8. For each S # @, the positive system <I>~+((H N 9)°) is different from
&1 ((IT \ 9)°), which is the intersection ®(IT \. §) N &, by definition. However, we
have ®T((IT\ 8)°) N ®(II\ S) = ®+((TT\ S5)®) \ ®(II \ S). The same considerations
hold for (IT \ S)p in place of II . S. Therefore, in Proposition 2.5(1) we may replace
&F with &+,

By the above remark, Proposition 2.5(1) is equivalent to the following corollary.

COROLLARY 2.9. The set Irg is the principal ideal generated by 6 in the positive
system ®F((II\ S)§) of the irreducible root system ®((II\ S)§).
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2.6. THE ORDER INVOLUTION OF FACE IDEALS. For all w € W, let
N(w)={p € ®" |w(B) <0}

For all ¥ C II, let wo x be the longest element in the standard parabolic subgroup
of W generated by {s, | @ € ¥}. It is well known that wp y is an involution and is
determined by the condition N(wgx) = ®*(X).

PROPOSITION 2.10. Let @ # S C Il and wg = wq (1s). Then, the restriction of w§
to Irg is an anti-isomorphism of the poset (Irg, <). In particular, w§ exchange 6 and

Hs-

Proof. We observe that, by definition, Iry = (04 L(®(IIN\ S)))N®. For all « € TIN5,
we have s4(0) € 0 + L(®(II \ 5)), hence we easily obtain s,(Ipy) = Ipg. It follows
w:g'(IFs) = Ipg.

It remains to prove that w} reverses the standard partial order on Ir,. Let 3, 3" €
Iy, and 8 < B'. Then ' — 3 € LT (®(II\S)), and since w}(a) < 0 for all @ € (II\.9),
wi(B) —wi(B) = ws(B—p") € —LT(P(IIN9)), i.e. wi(8') < wi(B), as claimed. O

We note that, by Proposition 2.5(1), the above proposition holds also with
wo,(11~.5), 10 place of wg. In particular, the restrictions of wy 1.5y, and of wg on
Iv, coincide.

DEFINITION 2.11. We call wg the face involution of Fs and the restriction of wg to
I, the order involution of Ir,.

3. FACE IDEALS AND ABELIAN NILRADICALS

In this section we prove that the abelian nilradicals of ®* are facet ideals and that
all face ideals are abelian nilradicals in some irreducible subsystem of ®.

By Proposition 2.5, the standard parabolic facets of P are the faces of type F,
with a € II such that ®((II \ {«})®) is irreducible. Equivalently, F,, is a facet if and
only if o does not disconnect the extended Dynkin diagram, when removed. For type
A, D((II\{a})?) is irreducible for all a € II. For all other root types, ®((II \ {«a})®)
is irreducible if and only if « is a leaf of the extended Dynkin diagram.

In the next proposition we see that if m, = 1, then ®((II \ {a})°) is irreducible,
hence Ir, is a facet ideal. We note that in this case Ir, = (a<).

PROPOSITION 3.1. Each nonempty abelian nilradical of ®T is a facet ideal.

Proof. Tt is well known that if « is any simple root such that m, = 1, then the
subgraph of the extended Dynkin graph obtained by removing « is isomorphic to the
(ordinary) Dynkin graph of ® [15]. In particular, ®((II \ {a})°) is irreducible, hence
(I~ A{a})§ = (II\ {a})® and (I~ {a})s = I\ {a}. By Proposition 2.5(3), we have
dim(Fo) = |IIN {a}| =n—1, ie., F, is a facet. O

If mq = 1, then « is the minimum of Ir_, hence, the order involution wg 1 {a}
maps « onto 6. Since it also maps II \ {a} onto —(II \ {«}), it maps II onto the
nodes of the opposite extended Dynkin graph minus the node —«a. Hence, the fact
that ®((II \ {a})°) is isomorphic to ® for all @ with m, = 1, is a consequence of
Proposition 2.10.

By a direct check, we can see that, for the root types A,,, C,,, D,,, and Eg, we have
that ®((II \ {«a})®) is irreducible if and only if m, = 1. For the other root types,
there exists at least a leaf a € II of the extended Dynkin diagram such that m, > 1.
Then, F,, is a facet, but Ir_ is not an abelian nilradical in ®. Thus, the converse of
Proposition 3.1 is not true. However, the following result holds.
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PROPOSITION 3.2. Each face ideal in ®T is an abelian nilradical of some irreducible
root subsystem of ®.

Proof. By Corollary 2.9, any face ideal Ir, (& # S C II) is the principal ideal
generated by 6 in the positive system &+ ((IL \ 5)5).

By Definition 2.7, the simple system of ®+((II\S)g) is (II\S)5, and (IINS)§ =
{0} U (I \ S)g, where (Il N\ S)g is a certain subset of —(II \ .S). Hence, for all

B e (i;*((H N S)%)g, we have B =cgf — Y. cqq, for some nonnegative cg, ¢, This
a€llINS

implies that, for all & € S, ¢,(8) = com, and, hence, ¢y < 1. In other words, the

multiplicity of 6, as a simple root in the positive system ®+((II \ .5)°), is 1. Hence,

the principal ideal generated by 6 in &((H N 9)¢) is an abelian nilradical. O

REMARK 3.3. Let a € II be such that F, is a facet. By Proposition 2.5, Iy, is also
equal to (p{i}), where fif4} is the unique root in @ such that ca(p{a}) = Mo and
o’ (H{a}) < ma for all o' € IT\ {a}. By Proposition 2.10, the face involution wy,,
maps (I~ {a})® onto {p(ay} U (IT\ {a}), therefore, this last set is a simple system
for ®((II \ {a})®). In fact, {ufay} U (IT\ {a}) is the simple system of the positive
system &1 ((II \ {a})®).

Since wf{‘a}(G) = lt{a}, Dy the proof of Proposition 3.2 we obtain that the multi-
plicity of jif41, as a simple root in ®*((IL \ {a})®), is 1. Hence, I, is the abelian
nilradical generated by 1o} in the positive system ®*((IL~\ {a})®).

The definition of ad-nilpotent and abelian ideals makes sense also in the reducible
case. Let U be any finite crystallographic root system, Wy,..., Uy be its irreducible
components, \I/j' a positive system for ¥;, for i = 1,...,k, and ¥+ = \I/T U---u \I/;:
Then, by definition, I is an ad-nilpotent, or abelian, ideal of ¥ if and only if I N \If;r
is an ad-nilpotent, or abelian, ideal of \Il;F for all « € {1,...,k}. Moreover, I is an
abelian nilradical of U if and only if I N ¥, is an abelian nilradical of \I'j' for all
i €{1,...,k}. This means that I N \I!;r is either empty or a principal ideal generated
by a simple root with multiplicity 1.

PROPOSITION 3.4. Let I be an abelian nilradical of ®* and ¥ a root subsystem of ®.
Then I N is an abelian nilradical of .

Proof. Let Uy ..., Uy, for ¢ =1,...,k, be the irreducible components of ¥. We have
to prove that I N ¥, is an abelian nilradical of \I/j for i = 1,...,k, hence we may
directly assume that ¥ is irreducible.

Let I = (aS), with o € IT and m, = 1. Let IIg be the simple system of ¥T, and
Oy = Zﬁen\p m’ﬂﬁ be the highest root in V.

If IN¥Y =2 we are done.

If there exists some 8 in INW, then 8 < Oy and hence Oy € I, i.e., ¢, (fy) = 1. Let
Iy (o) = I NIly. By definition, we have ¢, (3) = 1 for all § € IIy (). Moreover, since
Iy € @7, we have ¢, (8) =0 for all 8 € Iy \ I. Hence, 1 = ¢, (0y) = EBGH\I/(OL) me.
Since all coefficients m;g are strictly positive, we obtain that there exists a unique root
B* such that Iy () = {*}. Moreover, we have mg* = 1, i.e., by definition, 5* has
multiplicity 1 as a simple root of W. Finally, for all v € ¥, let v =35 cj(7)B be
the decomposition of v with respect to the basis ITy. Then, ca(y) = cj.(7), hence,
v € INV if and only if ¢j. () = 1. It follows that 7NV is the principal ideal generated
by B* in ¥+, and hence it is an abelian nilradical of ¥, O

From the above proof, we obtain also the following refinement of Proposition 3.4.
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PROPOSITION 3.5. Let I be an abelian nilradical of ®+, ¥ an irreducible root subsystem
of ®, and Iy be the simple system of U+. Then:

(1) INY # & if and only if I N1y # &;

(2) if INIly # &, then I N1y consists of a single element;

(3) if INTLy = {B*}, then B*, as a simple root of ¥, has multiplicity 1, and INY
is the abelian nilradical generated by B* in O, i.e. INY = UT\®(Ily~{5*}).

4. CROSSING PAIRS

In this section we analyze the properties of crossing pairs contained in abelian ideals.
In the simply laced case, many of the results that we are proving could be proved in
a very simpler way.

DEFINITION 4.1. Let 8;,v; € ®, i = 1,2, with §; # y; for alli,j € {1,2}. We say that
{B1, B2} and {~1,v2} are crossing pairs if B1 + B2 = y1 + Y2. In this case we call the
equality 81 4+ B2 = v1 + Y2 a crossing relation. We do not assume that 81 # B2 and
Y1 # Y2, hence (at most) one of the pairs {51, B2} and {y1,7v2} may be a multiset of
a single root with multiplicity 2.

LEMMA 4.2. Let I be an abelian ideal in ®*, and B,y € I.

(1) If e ®s, x € P, and B+ x € I, then x € Ds.
(2) If 5— € B, then (5,7) > 0.

Proof. (1) We prove that |3| > ||, which yields the claim. By contradiction, let || <
|z|. Then, by Lemma 2.2(3), (z,8Y) € {—2,—3}. It follows sg(z) = = — (z,8Y)5 >
r + 203, hence x 4+ 28 € ®, which is contrary to the fact that I is abelian, since
z+28=0+(x+p)and B,z +p € 1.

(2) By Proposition 2.3(1), applied to the summable roots 5 and —v, we have
(8,—v) = 0 if and only if 8,7 € 4 and § — v € ®,. By part (1) this cannot happen.
Indeed, since v+ (8 — ) € I, if v € &5, we must have 8 — v € ®,. Therefore,
(8, —v) < 0, which gives the claim. O

PROPOSITION 4.3. Let I be an abelian ideal in ® and {B1, B2}, {71,72} be crossing
pairs contained in I such that By # B2. Then:

(1) for alli,j € {1,2} we have (B;,7;) > 0, in particular B; —v; is a root;
(2) either {B1,02}, or {y1,72} is the pair of the minimum and mazimum of
(3) (B1, B2) = 0 unless both of B1, B2 are short and 1, 2 have different lengths.

Proof. (1) If {i,7'} = {1,2}, we have 51 + B2 — 7 = v € ®. Moreover, since I is
abelian, 81 4+ B2 ¢ ®. By Proposition 2.1, applied to the summable triad (1, B2, —;,
we obtain ; —v; € ® for j € {1,2}. By Lemma 4.2(2), it follows (3;,7;) > 0 for
i,j € {1,2}.

(2) Weset x =7 — 1 = B2 — 2 and y = v2 — 1 = B2 — 71. By part (1), z and
y are roots. If z and y are both positive or both negative, we directly obtain that
{1, B2} is the set of the minimum and maximum of {3;,7; | ¢ = 1,2}. Similarly, if
one of x,y is positive and the other is negative, {71, v2} is the set of the minimum and
maximum {3;,v1 | ¢ = 1,2}. (In the picture below we illustrate the Hasse diagram of
the quadruple {81, B2,71,72} in the cases z,y > 0 and = > 0,y < 0.)
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(3) We keep the notation of part (2). First, we assume that at least one of 31, fa,
is long and prove that then (81, 32) = 0. Let 8 be long. Then, by Proposition 2.3 (2),
applied to the two pairs of summable roots 81, —y2 and 831, z, we have —(8Y,72) =
(8Y,x) = —1. Hence, (Y, B2) = (8Y,7v2 +x) = 0, which yields the claim. The case (2
long is similar.

Now, we assume f31, B2 € @5 and (01, f2) # 0, and we prove that |y1| # |y2|. Since
I is abelian, 81 and (2 are not summable, hence cannot have negative scalar product.
Therefore (81,82) > 0, and since |81| = |B2|, by 2.2.1(2) we have (8Y,82) = 1. By
definition, we have 2 = v1 +y = f1 + 2z + g, hence 1 = (8Y,52) = (8Y,61) +
(5¥7x) + (5¥’y) =2+ (ﬁi/?x) + (5¥7y) It follows (ﬂi/,l‘) + (/Bi/vy) = —1. But, by
Lemma 4.2(1), z and y are short, hence (8Y, ), (8Y,y) € {0,£1} (by 2.2.1(2), again).
Therefore {(8Y, ), (8Y,vy)} = {0,—1}. We may assume (5, 2) = 0 and (58Y,y) = —1,
without loss of generality. Then, by Proposition 2.3(1), applied to the two summable
pairs of short roots 51,2 and Bi,y, we obtain |51 = |z| < |f1 + 2| = ||, and
1B1] = |y| = |81 + y| = |12|- Hence, 71 is long and 72 is short. O

NOTATION 4.4. We write 81 < {71,772} < B2 for f1 < ~; < B2 for both ¢ € {1,2}.

Let {51,052} and {7y1,72} be crossing pairs. Up to exchange $; and (2, we may
assume fo £ (1. Similarly, without loss of generality, we may assume 72 £ 1. Then,
by Proposition 4.3(2), either 81 < {y1,72} < B2, or v1 < {B1, B2} < 2.

DEFINITION 4.5. We define the relations < and ~ on @ as follows:

B1 < Bo if and only if there exists y1,72 € @ such that {B1, B2} and {y1,72} are
crossing pairs with 81 < {v1,7v2} < B2;

p1 ~ Bz if and only if either By S B2 or B2 S B1-

If {1, B2} and {v1,72} are crossing pairs with f1 < {y1,72} < B2, we also say
that {v1,v2} s a middle pair between 51 and By and that {B1, B2} is a raising pair
through v1 and ~ys.

In the next corollary we study the order relations among different raising pairs
through a common middle pair and different middle pairs between a common raising
pair.

COROLLARY 4.6. Let I be an abelian ideal, {B1, B2} and {y1,72} be crossing pairs in
I with 81 < {v1,72} < Ba.
(1) If{B1, B4} is any other raising pair through {y1,v2}, with 8] < B4, then either
B1 < By < By < B2, or B < P1 < B2 < Bhy. Moreover, B; — 8. € @ for both
i=1,2.
(2) If {71,723} is any other middle pair between {1, B2}, then v; —v; € @ for all
i,7 € {1,2}. Moreover, one of the following four cases occur: v} < {y1,72} <
Vi v < {v7e) < v (with {i, 5} = {1,2}). In particular, there exists at
most one incomparable middle pair between 31 and Bs.

Proof. Under the assumption of (1), we have 8]+85 = v1+72 = S1+02, hence {51, 84}
and {f1, B2} are crossing pairs. Similarly, under the assumption of (2), {v1,74} and
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{71,772} are crossing pairs. Hence, the claim follows directly from Proposition 4.3(2).
O

In the next lemma, we see that the possible lengths of roots and root differences
in a crossing pair are very limited.

LEMMA 4.7. Let I be an abelian ideal in ®F, {B1, B2}, {71,722} be crossing pairs con-
tained in I, 1 < {y1,7%2} < P2, x =P2 —v2 =71 — P1, and y = P2 — 11 = 2 — B1.
(1) If either one of z, y is long, then x,y, f1, B2, 11, Y2 are all long.
(2) If any one of x, y, B1, B2, Y1, Vo is short, then x and y are short and at most
one of B1, B2, v1, V2 s long, except when 1 = 7y, in which case vy is short
and 1, B2 are long.

Proof. We first prove that:

(a) if any one of 81, B2, 71, Y2 is short, then x and y are short.

We provide the details for the case 7o € ®,. The other cases are similar. We have
Yo + & = (s, in particular 75 + 2 € I, hence by Lemma 4.2(1), we obtain z € ;.
Similarly, since v2 4+ (—y) = 81 € I we obtain —y € P, hence the claim.

Now we prove that:

(b) z and y are either both short, or both long.

It suffices to prove that if either one of x, y is short, then the other one is short,
too. Assume, for example, x € ®. By (a), it suffices to prove that at least one among
Bi,vi (i =1,2),is short. If §; € ®,, we are done. Then, let 31 € ®,. By Lemma 2.2(3),
the sum of two roots of different lengths is always short, hence v; = 81 + z is short
and we are done. The case y € @, is similar, hence (b) is proved.

Now we conclude the proof of part (1). If either one of x,y is long, then, by (a), §;
and ~; are long, for ¢ = 1,2. Moreover, by (b), both of x and y are long.

It remains to conclude the proof of part (2). So, we assume {z,y, 81, B2, 71, V2} €
®y. Then, by part (1), z,y € 5. We distinguish the two cases y; # 72 and 1 = 2.

Let 1 # 2. We have to prove that if any root in {51, 82, 71,72} is long, then the
three remaining roots are short.

Let 8 € ®y. By Lemma 2.2(3) the sum of a long and a short root is short, hence
we obtain 1,72 € @y, since y; = 1 +x and 5 = 1 +y. Then, we have v, —x € Py,
while v, + (—z) = 1 € ®4. By Proposition 2.3(1), this implies (1, —z) > 0.

If By € @y, arguing in a similar way, we obtain v, v2 € ®,. Moreover, (v1,y) = 0.

Now, if both 1,82 € @, we deduce (7, %) = (Y, 1 —x+y) = (WW,71) = 2.
Since |y1| = |72, by 2.2.1(2) this implies 3 = 72, contrary to the assumption.

By a similar argument, taking into account that 5; # 2, we obtain that if one of
Y1, ¥2 is long, the three remaining roots in the crossing pairs are short, as claimed.

Now, let 73 = 2. We have to prove that v1 € ®5 and {f1, 52} C Py. Indeed,
we have 81 + B2 = 271, hence (81 + B2,7) = 4. By 2.2.1(2), it follows that either
(B1,7) = (B2,7Y) = 2, or (B1,7) =1 and (B2,7)) = 3. In the first case we obtain
v1 € &5 and B, 82 € Py, as claimed. The latter case cannot happen, otherwise we
obtain s, (—f82) = —f2+ 371 € ®,and —f2 4+ 31 = (—=f2+20) + 1 = b1 + 71,
contrary to abelianity of I. O

In the next proposition, we prove that, for any pair of comparable roots 81 and S5
in an abelian ideal I, if 1 — (5 is not a root, then 8; ~ (2. Moreover, we analyze
when the reverse implication holds. We need the following well known result.

LEMMA 4.8 ([2, Ch. VI, § 1.9, Proposition 19]). Let 1, ..., Ym € ®T. If y1+- - -+7m €
O, there exists a permutation (Y, ..., Ym) of (V1,--.,¥m) such that vi+---+~;, € ®
forallh e {1,...,m}.
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PROPOSITION 4.9. Let I be an abelian ideal in ®* and B1,52 € I.

(1) If B1 < B2 and B2 — B1 & @, then B1 S Ba.

(2) If B1 S B2, {B1,B2} C @5 and there exists a middle pair {y1,72} between
B1, B2 such that v, € 5 and y2 € Oy, then Py — [ € Ps.

(3) If B1 < Bo, then Bo—P1 & P if and only if either one of the following conditions
is satisfied:
(a) at least one of By, P2 is long,
(b) {B1,B2} C Ps and there exists a middle pair {y1,72} C @5 between

BhﬁQ-

Proof. (1) Let 1 < f2 and P2 — B1 € ®. By definition, 3 — 51 is a sum of positive
roots. Let

k=min{h € N|3ny,...,n, € &' such that By — B =n1 + -+ + 11},

and n1,...,m, € ®* be such that 8o = 81 + 11 + --- + ni. By assumption, k& > 2.
Moreover, by minimality of k, no partial sum 2?21 ni; with 1 <i; <kand h > 1is
a root.

By Lemma 4.8, we may find a permutation (71, ...,~,,) of the sequence (81,711, ..,
ny,) such that all partial sums ] +- - -+, are roots. By the above discussion, £ must
be either 1, or «4. In both cases, we easily obtain that there exists a permutation
(M- ->mp.) of (..., mi) such that By + > nj; € ® forall h € {0,...,k}.

1<5<h
Now, we prove that also 2 —n; = f1 + >, 7 € ®. This yields the crossing
2<j<k
relation 81 + B2 = (81 +11) + (B2 — 1), which concludes the proof of (1).

Let v, = B1+ > 7, so that v, = [2. We prove, by induction on h, that
1<ish
v —m € ® for all h € {1,...,k}. For h = 1, the claim is clear, since y1 = 1 + 11,
by definition. Assume 1 < h < k and v, — 7} € ®. We have

Yol =Vh + Mhyr = (W — 101) + 11 + Mhgr -

By our assumption, nj +1), 41 & @, hence, by Proposition 2.1, applied to the summable
triad (v, —n1), 71, M), 41, Wwe obtain that (v, —n})+n),, is a root (and also (v, —n1)+n)
is a root). Since (yn —ny) + M1 = Vhy1 — M1, We get the claim.

(2) Let 1 + B2 = 71 +72, B1 < {71,7%2} < B2, Bi1,02,71 € Py, and 7, € Py.
We have to prove that 3y — 31 € @,. First, we see that the condition (82,3)) > 0
implies the claim. Indeed, by 2.2.1(1) if (82,8)) > 0, then 83 — 81 € ®. Moreover,
B2 — 1 € Py, otherwise, by Proposition 2.3 (1), we should have (82, —3y) = 0.

Thus, we prove that (82, 3)) > 0. Let £ = 83 — 72 = 71 — $1. We recall that z is
short, by Lemma 4.7 (1). Then, (52,8Y) = (72,8Y) + (z,5Y), and our assumptions
on lengths imply (z,38)) € {0,£1} and (v2,8Y) € {0,+£2,+3}, by 2.2.1(2). Moreover,
(72, B3Y) is positive, by Proposition 4.3(1), hence, (y2,8)) = 2and (32, 5)) = 2—1 =1,
as claimed.

(3) For proving the “if” part, it suffices to prove that if neither (a), nor (b) hold, then
the assumption of (2) holds. First, we assume that (a) does not hold, i.e., 81,82 € ®s.
Then, by Lemma 4.7 (2), for all middle pairs {v1,7v2} between 1, 52, at most one of
1,72 is long. It follows that either (b) holds, or all middle pairs {v1,v2} satisfies the
assumption in (2).

It remains to prove the “only if” part. Let 1,2 € ® be such that 51+ F2 = y1+72
and 1 < {y1,72} < fa.

(a) Assume 5 € Oy and, as before, let t =y, — 51 = —ypand y =y — B =
B2 — 1. Since the pairs of 8y, —x and B3, —y are summable, by Proposition 2.3(2) we
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obtain (z,8y) = (y,85) = 1. Hence,

(%) 2= (B2, 85) = (B +a+y.55) = (B1, B5) + 2.

It follows (81, 3y) = 0 and, by Proposition 2.3(2), 82 — 81 € ®. If 31 € ®y, we may
argue in a similar way and find again 8o — 81 & .

(b) Let 1, 82 € ®,. By Proposition 4.7 (1), we have z,y € ®,, hence, by applying
Lemma 2.2 (1) to the summable pairs Sy, —x and Sz, —y, we obtain that equalities
() still hold. Hence, also in this case we have 8y — 81 & ®. d

The following corollary follows directly from parts (1) and (3) of Proposition 4.9.

COROLLARY 4.10. Let I be an abelian ideal in ®T, and 81, 82 € I. If either one of 31,
B2 is long, then B1 < Bo if and only if 51 < P2 and By — 51 & P.

If we combine parts (2) and (3) of Proposition 4.9, we obtain that the root lengths
of all middle pairs between two fixed short roots (1, 82 are uniquely determined by

61752-

COROLLARY 4.11. Let I be an abelian ideal in ®F, B1,62 € IN®,, and B1 < Ba.
Then either y1,v2 € @ for all middle pairs {y1,72} between 31, B2, or v1 and 2 have
different lengths for oll middle pairs {y1,72} between 31, Ba.

Proof. Let {71,7v2} and {~], 74} be middle pairs between 81, f2. By Proposition 4.7(2),
at least one of 1, 2 and at least one of v, 4 are short. If {~1,v2} Z @ then, by part
(2) of Proposition 4.9, we have 33 — 51 € @, while if {71,754} C @4, then, by part (3)
we have B — 81 € ®. Hence the two possibilities mutually exclude each other. O

DEFINITION 4.12. For any S C ®T, we say that S is reduced if, for all 3,3 € S,
BAp.

For all § € &1 we set
Red(B) = {8 € @ |3 # B and B+ 8'}.

REMARK 4.13. By Proposition 4.9(1) and Lemma 4.2(2), if I is an abelian ideal,
B €I, and I(8S) = {v € I'| v is comparable with 8}, then

(1) RedB)NI(BZ)C{yelly-pe® }={yel~{B}|(7.5)>0}

If B € ®y, in particular in the simply laced case, the inclusion is an equality, by
Corollary 4.10. Moreover, if 3 € ®,, we have (v,8") € {0,£1} for all v € ® \ {3},
hence

(2) Red(8) NI(B5) ={y €| (y,8Y) =1}

In general, the inclusion in (1) is proper. As an example, for ® of type C,, if we
number the simple roots as in [2] and take I = (aS), B1 = qn + apn_1, P2 = ap +
20,1 + Qp—2,71 = Qp +Qp_1+Qp_2,72 = Qpn + 20,1, We have: ﬁl +ﬂ2 =71 +72,
hence 81 < B2, but B2 — f1 = a1 + an—2 € P,. This is an example of case (2) of
Proposition 4.9.

5. TRIANGULATION ORDERS

In this section we define some special orderings of abelian ideals, which we call trian-
gulation orders, and prove that all facet ideals have a triangulation order. Throughout
the section, let I be an abelian ideal of ®* such that rk(I) = n. By “hyperplane”, we
mean “linear hyperplane”.
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DEFINITION 5.1. Let J C I. We say that J is bipartite if it has an initial section J;,
and a final section Jy such that
(1) J=J;UJg;
(2) for all p1 € Ji N Jr and Pa € Jr \ Ji, we have $1 < Bo;
(3) there exists a hyperplane H in E such that J;NJ; C H and H strictly separates
Ji N Jg from Ji N Jg.

If the above conditions hold, we say that {Ji, Je} is a bipartition of J. If, moreover,
both J; and J; are proper subsets of J, we say that {J;, Jr} is a proper bipartition. A
hyperplane H as in (3) is called a separating hyperplane, for the bipartition {Ji, Ji}
of J.

Note that, by definition, if J has a proper bipartition, then it has at least two
elements. If J is also saturated, then it contains two crossing pairs and these provide
at least three elements in J. The definition also implies that, if {J;, Jr} is a bipartition
of J, then J; \ Jr and J; \ J; are an initial and a final section of J, respectively, since
the complement of an initial section is a final section, and vice-versa, and we have
J=(Ji~ Jr)UJr = J; U (Js \ Ji), where by Ll we denote disjoint union. Finally, we
note that if J is saturated, also all the subsets .J;, J¢, J; ~ J¢, Jr \ Ji, and J; N J; are
saturated.

DEFINITION 5.2. For each subset S of ®T, we define the restricted relations <g and
~g on S as follows. For all B1,P2 € S we set: (1) B1 Sg P2 if there exists a middle
pair {v1,72} between B1 and B contained in S; (2) By ~g B2 if either 81 Ss Po,
or By g B1. We say that S is ~closed if, for all 31,82 € SN ®*, B1 < Bo implies
B1 Ss Ba.

Obviously, for any S C ®T and £y, 82 € S, the relation 31 <g B2 implies 51 < Ba.
Hence, if S is ~closed, then, for all 31, 82 € S, we have 31 ~ (35 if and only if 51 ~g Bs.
The first of following lemmas is clear, hence we omit the proof.

LEMMA 5.3. Let S C ®*. If S is saturated, then S is ~closed.

LEMMA 5.4. Let I be an abelian ideal in ®, ¥ a root subsystem of ®, and Vq,..., Uy
be the irreducible components of V. Moreover, let J be a ~closed subset of ® such that

JCINY, and let R C J. Then, R is reduced in ® if and only if RN Y; is reduced
in U, for allie {i,..., k}.

Proof. The “only if” part is obviuos. Conversely, we assume that RNV, is reduced in
U, for all i € {4, ..., k} and prove that R is reduced in ®. By contradiction, let 51 < 52
for some 1,82 € R. Then, since J is ~closed, there exists a middle pair {v1,72},
between (1 and [, contained in J, hence in ¥. By Proposition 4.3(1), (5;,7;) > 0
for all j,5" € {1,2}, hence, there exists ¢ € {1,...,k} such that 3;,7; € ¥, for all
j € {1,2}. Thus, we have 51 Sy, 2, contrary to the assumption. O

LEMMA 5.5. Let I be an abelian nilradical of ®F, U a parabolic root subsystem of ®,
and Iy the simple system of +. Assume that the following conditions hold:

(a) Ty ~ I CII;
(b) if O, " are distinct irreducible components of ¥, then INY’ and INTY" are
element-wise incomparable.

Then I NV is saturated, hence ~closed.

Proof. Let 1,72 € INWY with 77 < 2. Then 75 — 71 is a linear combination of roots
in II with non-negative, integral, coefficients.
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Let Wq,..., Uy be the irreducible components of ¥ and Ily, the simple system
of ¥;, for i = 1,...,k. By assumption (b), there exists ¢ € {1,...,k} such that
7,72 € s

By Proposition 3.5, I N ¥; # @ if and only if there exists 5 € I NIly,. Moreover,
in such a case, we have I NIly, = {8}, and IN¥,; = U \ &(ILy, ~ {B;}). It follows
that 72 — ;1 is a Z-linear combination of roots in Ily, \ B7.

By assumption (a), IIy, ~ 8; C II, hence, being II a linear basis of E, y2 — 71 is a
linear combination of roots in Iy, \ B with non-negative integral coefficients. Since
¥, and hence V,, is parabolic, we obtain that all v € ® such that v; < < 2 belong
to ¥;, hence to I N ;.

This proves that I N VU is saturated and hence, by Lemma 5.3, also ~closed. g

We recall that we have defined the set Red(8), for § € ®*, in Definition 4.12.

DEFINITION 5.6. Let J C I, and 3 € J. We say that B is a detachable element in J if
the following conditions hold:
(1) B is an extremal element of J (with respect to the standard partial order);

(2) there exists a hyperplane H such that:
(a) JNRed(B8) = JNH and H strictly separates B from J~ ({8} URed(B));

(b) INH is ~closed.
We call such a hyperplane H a detaching hyperplane for [ in J.

LEMMA 5.7. Let I be a facet ideal, B € IN®y, and [(BS) ={y € I|v< B or B <~}
Then, there exists a hyperplane H such that I N H is ~closed and I(85) N Red(B) =
INH.

Moreover, if J is such that J C 1(3S), and 3 is an extremal element of J, then H
is a detaching hyperplane for 8 in J.

Proof. By Remark 4.13, I(85) N Red(B) = {y € I | (7,B8Y) = 1}. Let a; be the
(unique) simple root such that I = {y € ® | ¢,,(7) = Mmaq, }. Recall that &y, is the
fundamental coweight such that (ar,dq,) =1 and (o, @y, ) = 0 for all & € IT \ {ay}.
We set v = mg,, 3" —@a, and H = vt. Then, for all v € I, we have (v,7) = 0 if
and only if (8Y,7) = 1, hence I N H = I(85) N Red(p).

Now, we prove that I N H is ~closed. Let 81,82 € ®* N H, B1 ~ B2, and {v1,72}
be a middle pair between 8; and B. Then (1 +72,8Y) = (81 + B2, 8") = 2. Since 3
is long, this forces (71, 8Y) = (y2,8") = 1, hence {y1,72} C I N H, which implies the
claim.

It remains to prove the second assertion. Let J C T (5§) and § be an extremal
element in J. Then, by the previous part, JNRed(8) = JN H. In order to prove that
H is a detaching hyperplane for § in J, it remains to prove that H strictly separates
B from J~ ({f}UH). We prove that H strictly separates 8 from I\ ({f}UH), which
implies the claim. Since I is abelian, we have (8Y,v) > 0 for all v € I. Moreover, we
have (8Y,v) € {0,£1}, since 8 € ®,. Therefore, for all v € I\ H, we have (8Y,~) =0,
hence (v,v) = —my,. Moreover, we have (8,v) = my,, hence the claim is proved. O

DEFINITION 5.8. Let < be a total order relation on I, and
Sr<={Bel|1k(3~)=n}.
We say that < is a triangulation order if the following conditions hold:

(1) I\ S;< is saturated;

(2) for each B € Sy.<, (B%) is saturated and either one of the following conditions
holds:
(a) B is detachable in (B%),
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(b) (BY) has a bipartition {J;, Ji} such that, for both J = J; and J = J;, 8
is detachable in J.

REMARK 5.9.

(1) The definition directly implies that, for any total ordering < on I, the subset
S1 < is an initial section of the ordered set (I, =). Moreover, we have rk(I \
517_4) <n.

(2) The set I \ S7,< may be properly contained in I N Span(I \ St ). For the
triangulation orders that we will construct, this happens exactly in one case,
namely for type E;.

(3) The above definition does not contain any condition on the restriction of <
to I \ Sr<. Hence, if < is a triangulation order, any other total order <’
such that S; < = Sr <, and < and <’ coincide on the initial section Sy <, is
a triangulation order, too.

We will prove the existence of triangulation orders for all facet ideals. The proof
requires a case by case analysis. By Proposition 3.2, we may restrict the analysis to
the abelian nilradicals.

DEFINITION 5.10. We say that the facet ideal I of ®* is an abelian nilradical of type
Xk, and we write I = X,, i, if there exists an irreducible root subsystem ¥ of ® and

a positive system A of ¥ such that:

(1) I is an abelian nilradical of U ;

(2) W is of type Xn;

(3) if {a),...,al} is a simple system of UT, numbered according to Bourbaki’s
conventions [2], then I is the principal ideal generated by o in WT.

It is implicit in the definition that the above «j, has multiplicity 1 in .

We note that the type of a facet ideal may be not unique, if the root system ¥ has
nontrivial Dynkin diagram automorphisms. We identify the types X, ; and X,, s if
there exists a diagram automorphism that maps aj into ay/. By a direct inspection
of the highest root in all root types, we see that the possible abelian nilradicals types,
in an irreducible root system of rank n, are the following:

An,k for k = 1, e,y Bn,la Cn,na Dn,k for k = 177’L - 177’L, E671, E6,6a E777.

Among them, we have the identifications: A,y = Ay, for k+ % =n+1; D, 1 =
Dn,n for all n 2 4 and D471 = D473 = D474; E671 = E6,6~

By Proposition 3.2, the facet ideals that are not abelian nilradicals of ®* are in
any case abelian nilradicals of some type. Their type X,, ;. is explicitly obtained as
follows.

If the type of ® is A,,, all the facet ideals are nilradicals of ®*, hence we may
assume that the extended Dynkin graph of @ is a tree. Then, Iy, is a facet ideal of
&1 if and only if «; is a leaf in the extended Dynkin graph. By Corollary 2.9, the
Dynkin graph obtained by removing «; from the extended Dynkin graph of ®, gives
the root type X,,. Moreover, the position of —@ in the new Dynkin graph gives the
index k of the abelian nilradical type X,, x. Below, we write the resulting type for the
facet ideals that are not abelian nilradicals of ®T itself. If the root type of ® is Y,
we write Ip(Y,, ;) in place of If,, .

Ir (B, o) = Dy g, Ir(Fy,a4) = By, Ir(E7,a0) = A7y,
Ir(Es,a1) = Dg 1, Ir(Es,a2) = Ag 1.

In proving the next proposition, we will consider, case by case, the seven possible
distinct sporadic or classes of abelian nilradical types. The main points of the proof
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are illustrated in Figures 1-9. We first give some explanation of these figures. We may
arrange the roots of any facet ideal I in a matrix (; ;), in such a way that adjacent
entries differ by a simple root. The label ¢ on a certain edge means that the difference
between its vertexes is the simple root a;. We choose the matrix arrangement of roots
so that the standard partial order is compatible with the reverse lexicographic order
of row and column indexes, starting from 3;; = 6. In this way, the matrix yields a
Hasse diagram of I in which the order ascends toward northwest. We note that this
condition does not determine a unique possibility. The figures illustrate the proof on
such Hasse diagrams for all the abelian nilradicals.

PROPOSITION 5.11. Fach facet ideal has a triangulation order.

Proof. By the above discussion, we may assume that I is an abelian nilradical of ®.

By Remark 5.9, it suffices to define a subset S; < of I and a partial order < on
I that is total on Sy < and has S; < as an initial section, in such a way that all
conditions of Definition 5.8 are satisfied. (In figures 1-9, the circled nodes correspond
to the elements in Sy <.)

Henceforward, we write S; in place of S; < and we intend that Sy is an initial
section of <. We will define the restriction (S7,<) as a sequence (f1,...,08k) (so
that (ﬁf) ={Bi,..., Bk} U(I ~ S5)). Then, we will find a hyperplane H; such that
Span(I \ S;) = H; and B ¢ Hj: this ensures that Sy is well defined, i.e. S; = {8 €
I'| tk(B%) = n}. Moreover, we will prove that I \ S; is saturated (condition (1) of
Definition 5.8).

In all cases, the sequence (Bi,...,58;) will be such that, for i = 1,...,k, f3; is
extremal in (ﬂf ), with respect to the standard partial order. Since I\ S} is saturated,
this implies that (BE) is saturated and, by induction on k — ¢, that (,Bf) is saturated,
for i = 1,..., k. Therefore, in order to prove condition (2) of Definition 5.8, it will
remain to prove that either condition (a), or (b), holds for all j;.

If §; is long and B; = min(87), or B; = max(B7) (with respect to the standard
partial order), then §; is detachable in (,Bf) by Lemma 5.7 applied with J = (,Bf ),
and we have nothing to prove. In the remaining cases, we will directly prove that
conditions (a) or (b) of Definition 5.8(2) hold.

Finally, since f3; is extremal in (ﬂf ), in order to prove that 3; is detachable in (,Bf ),
or in a subset of its, it will suffice to check that condition (2) of Definition 5.6 holds.

Now we can give the details of the proof for each abelian nilradical. Throughout
the rest of the proof, we use the following notation: for h, k € Z, [h, k] is the interval
{i€eZ|h<i<k} Forall he[l,n]and S C[1,n], &p = Dq, and ag = Y a;.

€S
AT = Any, [3] <k < n. Werecall that @ = {aj;; | 1 <i < j < n}, whence

We define (S7,<) = (oqkjli =Fk,...,n). Then, I \ S; is the principal ideal
(ops—1,S) of ®*, in particular is saturated. Let H; = (@5 \ dp—1)>. It is easily
seen that Span(I \ Sy) = Hy and Q[k,n) & Hr, hence St is well defined.

It remains to prove that 3 is detachable in (3%), for all 3 € S;.

Let 3 = ap. ;) (j € [k,n]) and H = (O — @p—1 — ©j41) (where dpqq = 0). It is
easy to check that 8 is minimal in (3<). We prove that H is a detaching hyperplane
for B in (B¥). Let II; = {O{l,...7()[]{;_27(1[]@,1}]9]7(1]4;4'_1...,Oéj} and, if j < n, IIs =
{a[k7j+1], Qi ...y an}, while, if j = n, II; = @. Then, IT; UII; is the simple system of
(PNH)T, and PNH = &(II;) UP(II3) is a decomposition into irreducible components
(both of type A). We have that I N ®(II;) is the principal ideal generated by ap,_1 4
in ®(II;). Similarly, for j < n, I N ®(Ily) is the principal ideal generated by oy j11)

Algebraic Combinatorics, Vol. 1 #1 (2018) 132



Triangulations of root polytopes

in ®(II). It follows easily that I N ®(II;) and I N ®(IIz) are pair-wise imcomparable.
Hence, we may apply Lemma 5.5 (with ¥ = &N H) and obtain that I N H is ~closed.

It remains to check that condition (2a) of Definition 5.6 holds. Let v € (B8%).
Looking at II; and Ils, we see that, if v € H, then either v and § are incomparable
for the standard partial order, or v — 8 € ®*. If v € H, then v = api ) with @ < k
and ¢’ < j, hence v > 8 and v — 8 € ®. By Corollary 4.10, we obtain that v ~ 3 if
and only if v ¢ H, which is the claim.

1 2 3 4 5
0 @
9 9 9 9 9 9
1 2 3 4 5
@
8 8 8 8 8 8
1 2 3 4 5
@ B
7 7 7 7 7 7
1 2 3 4 5004
6

FIGURE 1. I = Agg, 3 = «ajg,77- The gray boxes cover the roots in
H = (0 — w5 — wg)™*.

C. I = Cy,. We recall that ®* = {oy; 1, pin] + jn_1] | 1 <4 < j < n}, hence
I'={ajn +ayn|1<i<j<n} (with ap 1) = 0).

We define (S1,<) = (ain)li =n,n —1,...,1). Then, I \ Sy is the principal ideal
(an +20,_1S) of @ in particular it is saturated. Let H; = (2w, — &p_1)*. It is
easily seen that Span(I \ Sy) = Hy and a; ) € Hy, hence S; is well defined.

Now, we prove that 3 is detachable in (3%), for all 3 € S;.

Let B = apjn), with j € [1,n], H = (20, — Q1 — @j_1)t. Tt is easy to check
that B is minimal in (8~). We prove that H is a detaching hyperplane. Let II; =
{an+2an-1}U{a; | j<i<n—-2}if j<n—1,and II; = @ if j = n. Moreover, let
Oy = {ajj_1mU{a; | 1 <i < j—2},if j <2, and [Ip = & for i = 1. Then, IT; UTI; is
a simple system for &N H. Moreover, ® N H = &(II;) UP(II,) is a decomposition into
irreducible components (of type C and A, respectively). It is easily seen that 7TN®(I1;)
and I N ®(I1y) are element-wise incomparable, hence, the conditions of Lemma 5.5
are satisfied, with ¥ = & N H. It follows that I N H is ~closed.

If v € I, then v = app ) + Qpp,p—1) for some 1 < h < k < n. Hence, v € H if
and only if either h < j—1and k =n,or j < h <k <n— 1. In these cases, either
~ and B are incomparable for the standard partial order, or v — 8 € ®*. Moreover,
if v — 3 € &7, then all 4/ such that v < 4/ < [ are short roots. Hence, in any
case, v 7¢ 3, by Proposition 4.9(3). If v € (85) \ H, we have v = o, n] + O[pe,n—1]
with h < j—1 <k <n—1 Then, 8+ ap,—1) € ¢ and we obtain the crossing
relation 3+ = (8 + qp,n—1]) + Q[pn)- It follows that H satisfies the conditions of
Definition 5.6, hence 3 is detachable in (%) (see Figure 2).

Bl and D1. I = B,, 1, or I 2D, ;. In case B, 1, we have
I={apg|1<i<n}U{apn+apa.|2<i<n}
In case D, 1, we have

I= {a[l’i] [1<i<n}U {&[M]} U {(X[l’n] + jin) |2 <j<n—2}
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FIGURE 2. I = Cy77, B = ap7. The gray boxes cover the roots in
H = (207 — @3 — wg)*

where Q1 n) = Q10 — Op-1-

We define (S7,<) = (a1,0). Let Hy = (09 — w1)*. Then Span(I \ S;) = H; and
0 ¢ Hj, hence Sy is well defined. Since S} consists of the minimum and the maximum
of I, we have that I . Sy is saturated.

Finally, for each 8 € Sy, 3 is either the minimum, or the maximum of (5%), with
respect to the standard partial order, hence 3 is detachable in (3¥) by Lemma 5.7.

2 3 4 5 6 6 5 4 3 2
9@—0—0—0—0—0—0—0—0—0—@0&1
0

5 4 ° 3 ° 2 @041

FIGURE 3. I 2 Bg and I = Dg 1. In both cases, St = {aq,0}. The
gray boxes cover the roots in I\ S; = I'NH, with H = (& — )t

Dn. I =D, . Let ajjn) = apjn) — an-1, for 1 <j <n — 1. Then,

I={a;n,l1<j<n—1}U{ay,|1<j<n—-2}U
{apim Fapn_g |1<i<j<n—2}
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We define (S7,<) = (@[jnlj = n,n —2,...,1) and take Hy = (&n \ On—1)". Then,
I ~. Sy is the principal ideal (a[n_zn]g) of ®T, hence it is saturated. Moreover, we
have Span(/ \ Sr) = Hy and a[y ») € Hy, hence St is well defined.

It remains to prove that, for all 5 € S;, either one or the other of conditions (a)
and (b) of Definition 5.8 (2) is satisfied. If 8 = «a,, or 8 = ay, + @, —2, then § is the
minimum of (8%), hence it is detachable in (3¥) by Lemma 5.7. Then, let 8 = Qljnls
with j € {1,...,n — 3}. Let J; = (BS). For j > 1, let 0;_; = Qpj—1,n] + Qjn—2]
and J; = (8%) ~ (9;71) (see Figure 4). For j = 1, let J; = (8): in this case J; C
Ji. We prove that, for j > 1, (8¥) = J; U J; is a proper bipartition. Indeed, we
have: (85) = {y € I | ca,(7) = 1orca, ,(v) 21}, inJr={y eI |ca(n) =
0 and ca, ,(7) =1}, and Jp N J; = {y € I | cq,(7) = 2} (note that cq, () = 2 forces
Can—1(7) = 1). Hence, if we set H = (@, — w;)1, H strictly separates J; \ J; from
Je N Ji, and Jy N Jyp = I N H. Moreover, for any v, € J; \ Jr and v5 € Jr \ J; we have
Ca; (72 —71) =2 and cq,_, (72 — 1) = 0. This implies 2 — 71 ¢ ®, hence 71 < 72 by
Proposition 4.9(1).

By definition, we have 8 = min J; hence we may apply Lemma 5.7 with J = J;
and obtain that (3 is detachable in J;.

The proof that /3 is also detachable in J; is very similar to the proofs of cases A,, and
C,,. We take H' = (&, —tp—1—0;j—1)T, with &g = 0. Then, for each v € (8%), ify ¢ H'
and v # 3, we have v > 8 and (v,3) = 0. If ¥ € H', then either v is incomparable
with 3, or v — 3 € ®. Hence, by Corollary 4.10, v ~ J3 if and only if v ¢ H'. It remains
to prove that I N H' is ~closed. Indeed, let II; = {apoimt U{ai [ J <i<n—2}
and Ty = {aj_1n} U{as | 1 <i < j—2} (Il = @ for j = 1). Then, IT; UTI, is
a simple system for ® N H', and ® N H' = ®(II;) U ®(Il;) is a decomposition into
irreducible components (of types D and A, respectively, for j > 1. For j = 1 we have
only the component ®(II;), which is irreducible of type D,,_1). It is easy to see that
IN®(;) and I NP(T]y) are pairwise incomparable, hence we may apply Lemma 5.5
with U = ® N H' and obtain that IN¥ = I N H' is ~closed.

>
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FIGURE 4. I = Dgg, 3 = Q4. The gray boxes cover (8%), parti-
tioned according to the bipartition described in the proof.
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FIGURE 5. I = Dgg, 3 = dys. The diagram represents (3<). The
big rectangle contains the roots in J; and the gray parts cover the
roots in I{i = ((1)8 — (:J7 — (I)g)J‘

E6. I = Eg 6. We choose

(51,%) = (a6, 0, ags.61,0 — a2, qa 56,0 — 2,4y, 42,456, 0 — q2,45)) -

The roots in (Sy, <) are all the v € I with ¢4, () = 0, alternated with their symmetric
roots with respect to the order involution, which are all the v € I with cq,(7y) = 2.
Hence I ~. S} is saturated.

Let Hy = (&g — ws)*. Then, Span(I \ S;) = Hy and 6 — oz 45y € Hp, hence S;
is well defined.

Let T = {a3,6) }UII\ {a3, as}. Then ®(II') is irreducible, of type As, and I ~\.57 is
the abelian nilradical generated by a3 ¢ in ®(II'), of type A5 2. Hence, INSpan(I~.S7)
is ~closed by Lemma 5.5 applied with ¥ = ®(IT").

The first six 8 in (S}, <) are detachable in their (3¥) by Lemma 5.7, being either the
minimum, or the maximum of (8~). Hence, it remains to prove that the last two roots,
B = ag456) and ' = 0 — s 4,5y are detachable in their <-cone. We will prove that,
in both cases, H; is a detaching hyperplane. We have (3%) = {B}U(I~S;)U{3'}. It is
easy to check that, for all v € I \ Sy, either 3 is incomparable with v, or v — 8 € ®*.
Hence, by Corollary 4.10, 8 # ~ for all v € I ~\ S;. For 3, we have § < ' and
B — B & @, hence 8 < B'. Now, Hj strictly separates § from 8’ since cq4(5) = 0
and cq,(B8") = 2. Morever, we have already seen that I ~ Sy is equal to I N H; and
is saturated, hence ~closed. It follows that 3 is detached in (8¥), with detaching
hyperplane H;. For 8’ the proof is similar (see Figure 6).

E7. I = E7 7. We recall that 0 = 2a; + 2a2 + 33 + 4as + 35 + 2066 + a7. The order

involution maps s and a4 onto their opposite roots, ay onto 6, and the sequence
(a1, a3, a5, 06) onto (—ag, —as, —ag, —a1).
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0 3 1
5/ 3 1
1 3 ﬁ
1 3 g

FIicure 6. = EG,G) ﬁ = ({2,456} and ﬁ/ =60- Qf2.45}- The gray
rectangle covers the roots in Hy = (&g — ng)l

For any v € I, we denote by ' the symmetric of v with respect to the order
involution and we define
(51,4) = (017, 0/77 al6,7}5 af{ﬁj}a Q15.6,7}> 0/{5,6,7}7 14.56,7}> 0/{4,5,6,7}a Q12.4,5,6,7}s

0‘{{274,5,6,7}7 ®{3,4,5,6,7}» ai{374,576,7}’ {1,3,4,5,6,7}> 0‘{{1,3,4,576,7})
By definition, (S, <) consists of all 5 in I such that ca,(8) + ca,(8) < 1, together
with their symmetric roots (see Figure 7). Then, we have min(I \ S;) = app 77, hence
max (I \ Sy) = ai2,7]' In particular, I ~\ St is a root interval, hence it is saturated.

Let Hy = (07 — o)t and let B = Qf2.4,5,6,7}- We can directly check that H; N1 =
(I~ Sr)U{B,p'}. We have 3, " € St, nevertheless, Span(I \. S;) = H;. Moreover,
maxg St = af{l’31475’677} =0—aq1 3456 & Hy. Hence, Sy is well defined (see Figure 7).

All roots in Sy, except 8 = 24,567}, 1 = {1,3,4,5,6,7} and their symmetric roots,
are either the minimum, or the maximum of their <-upper cone, with respect to the
standard partial order, so they are detachable in it by Lemma 5.7. It remains to
consider 8, 3,0, 7.

First, we find a bipartition of (3%) that satisfies the requirements of Defini-
tion 5.8(2). Let J; = (8%) 0 (8%) = {7 € (8%) | cay(7) > 1} and J; = {7 € (8) |
Car(7) < 1}. It is easily seen that J; N Jr = I N Hy and that H; strictly separates
Ji N Jg from J; N J;. Moreover, we can directly check that, for all y; € J; \ Jr and
v2 € Jg N J;i, we have y2 — 1 € LT(®) . @1, hence 71 < 2. It remains to check that
B is detachable in J; and J¢. For J¢ this follows from Lemma 5.7, since 5 = ming J;.
For .J;, we prove that the hyperplane H' = (&7 — 3)* is a detaching hyperplane.
Indeed, (® N H') is an irreducible root subsystem of type Ag, with simple system
{ant UIL N {ar,as}. Hence, we may apply Lemma 5.5, with ¥ = &N H', and find
that I N H' is ~closed (see also Figure 8). Moreover, we can directly check that, for
all v € J;N H', either v and J are incomparable, or v — 3 € ®*, hence v # 3. Finally,
for all v € J; ~ H!, we have v > 8 and v — 8 € ®, hence, by Corollary 4.10, v ~ 3.
Hence H' is a detaching hyperplane for 3 in J; (see Figure 8).

The case of 8’ is similar to the previous one, by symmetry.

It remains to deal with 1 and 7’. In this case, Hy is a detaching hyperplane for 7
in (n3) as well as for ' in (7’Y) (see Figure 9). Indeed, it is easily checked that for
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FIGURE 7. I 2 E77, B = ay2456,7,)- The gray rectangles illustrate
the bipartition of (8<). For the symmetric root §' = 0 — ajy 4, the
bipartition of (8'<) is similar.
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FIGURE 8. I = E7 7, 8 = af2,456,7,}- The diagram represents (5¥).
The big rectangle contains the roots in J; and the gray part covers
the roots in H' = (&7 — w3)*
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all v € ()N Hy, either v is incomparable with  and 7/, or v —n, v — 7' € ®. Hence
v # n,n'. Moreover, (n¥)~ Hy = {n,n'}, H; separates n from 7/, and n ~ 7. Finally,

(<)~ H; = {n'}. This concludes the proof. O
4 ® 3 ® . ®
4 4 4
77/ @ 2 4 ® 3 ® 1 Py
3 3 3
@ 3 1
n

FIGURE 9. I = E7 7,7 = aq1,34,5,6,7,)- The diagram represents (n<).
The gray square covers the roots contained in Hy = (7 — @g)~+

6. TRIANGULATIONS OF STANDARD PARABOLIC FACETS

In this section we prove Theorems 1.1 and 1.2.
Let I be a face ideal of ®* and F; = Conv(I) be the corresponding standard
parabolic face. For all J C I, let

Rj={R C J| R reduced}.

Then, let
Tr = {Conv(R) | R € Ry, R maximal in Rr}.

We will prove that 77 is a triangulation of F;.

By Propositions 3.1 and 3.2, it suffices to prove the claim when I is an abelian
nilradical of ®*. Henceforward, we make this assumption. So, there exists a unique
simple root a; € II such that m,, =1 and I = (af). In particular, I is a facet ideal
and F7y is a facet of P.

The proof is by induction on rk(®) and is based on the existence of triangulation
orders for all facet ideals. We start with two key lemmas.

For each J C I let Cone(J) be the positive cone generated by J, i.e. the set of
linear combinations of elements in J with nonnegative real coefficients. Moreover, let
[J] be the saturation of J, i.e.

[J]={zel|Jy,zeJy<x<z}
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LEMMA 6.1. Let J be a saturated subset of I, and {Ji, J} be a bipartition of J. Then
Cone(J) = Cone(J;) U Cone(Js).

Proof. The claim is obvious if the bipartition is not proper, in particular if |.J| < 2.
The inclusion Cone(J;)UCone(Jr) C Cone(J) is clear in all cases. We prove the reverse
inclusion by induction on |J|. It is easily seen that, for any K C J, {K N J;, K N J¢}
is a bipartition of K. Therefore, it suffices to prove that if the bipartition {J;, Jr} of
J is proper, there exists a proper saturated subset K of J such that « € Cone(K).
So, let Ji, Jy & J, x € Cone(J), and z = ﬂ%:J cgf, with cg nonnegative real co-
efficients, be a fixed expression of z. If {8 € J | ¢g > 0} is included in J; or J;
we are done. Also if the saturation [{8 € J | ¢ > 0}] is properly included in J
we are done. Hence, we assume J = [{# € J | ¢g > 0}]. This means that, for all
B € MinJ UMaxJ, cg > 0. Since J; \ Jr and J; \ J; are an initial and a final
section of J, we have Min(J; ~ Jf) € MinJ and Max(J; N\ J;) € MaxJ. We fix
B1 € Min(J; N\ J¢) and Bz € Max(Js \ J;). By Definition 5.1, and since J is satu-
rated, there exist v1,v2 € J such that 51 + B2 = 71 + 72 and 51 < {11,72} < Ba.
Hence, cg, 81 + cg, P2 = (¢, — g,)B1 + ¢, (71 + 72) = (¢, — ¢5,)B2 + ¢, (71 + 72)-
We obtain that, if ¢g, > ¢g,, then x € Cone(J \ {B2}), while, if cg, > cg,, then
z € Cone(J \ {f1}). Since 1 and By are extremal elements in J, J \ {01} and
J ~ {B2} are saturated, hence the claim is proved. O

LEMMA 6.2. Let J be a saturated subset of I, B* € J, B* detachable in J, and Jg- =
{B*} U (Red(5*) N J). Then, Cone(J) = Cone(Jg«) U Cone(J \ {5*}).

Proof. Let J' = J ~ Red(8*). Then, Cone(J) = Cone(J’) + Cone(Red(8*) N J) C
Cone(J’) + Cone(Jp+). Hence, it suffices to prove that Cone(J’) C Cone(Jg+) U
Cone(J ~ {8*}).

Let € Cone(J'), K ={K C J' | z € Cone(K)}, and d = min{|[K]| | K € K},
where [K] is the saturation of K and |[K]| its cardinality. Then, fix a K € K with
|[K]| =dand let z = ) cgf, with cg > 0, be a fixed expression of z.

BeK

If * ¢ K, K C J~ {#*} and we are done. Hence, let 8* € K. We will prove
that then K = {$*}, which yields the claim, since {8*} C Jg-. By assumption, 8* is
extremal in J hence in K. By symmetry, we may assume, without loss of generality,
that §* is minimal in K. Then, let 8 be a maximal element in K. If 8 # *, then, by
definition of J’, we have 8* < 3, hence there exists a middle pair {71, 7v2} between 5*
and f. If cg+ > cg, we have cg= 8* + ¢ = (cg» —c3)B* +cp(8*+ B) = (cp+ —cp)B* +
cg(m + 72), hence x € Cone([K] \ {8}). This contradicts the minimality of |[K]|,
since [K] \ {8} = [K \ {B}]. Similarly, if csg- < cg, we obtain x € Cone([K] \ {8*}),
contrary to the minimality of |[K]|. O

PROPOSITION 6.3. For all J C I, if J is saturated, then
Cone(J) = J{Cone(R) | R C J, R reduced}.

Proof. The claim is obvious if rk(®) = 1. We assume rk(®) > 2 and the claim holds
for any abelian nilradical in any irreducible root system of rank strictly lower than
rk(®).

Let J C I be saturated. The inclusion “2” is clear, so it suffices to prove the reverse
one. We assume = € Cone(J) and prove that there exists a reduced subset R of J
such that x € Cone(R).

Let < be a triangulation order on I. We distinguish two cases.

(a) First, we consider the case J C I \ Sy <. Let {cg | B € J} be a fixed set of

nonnegative real coefficients such that © = 3 ¢gf. Let ¥ = ® N Span( \ S; <),
peJ
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Wy,..., ¥, be the irreducible components of ¥, I, = INY;, J, = JNV,. Let z; =
> epB, fori=1,...,k Then, foralli € {1,...,k}, I; is an abelian nilradical of ¥;
eJ;

gnd J; is saturated in ¥;. Hence, by the induction assumption, there exists a subset

R; of J;, reduced relatively to ¥, such that x; € Cone(R;). Let R = Ry U--- U Ry.

Now, R C J and J is ~closed, being saturated, hence, by Lemma 5.4, R is reduced

in ®. Since x € Cone(R), we are done.

(b) Now, we consider the case J Z I NSy . Let

Bo = maxg{B € J | x € Cone(J N (B))}.

If By & Si <, then x € Cone(J N (I \ S;,5)). Since J N (I \ St ) is saturated, being
the intersection of two saturated sets, we are reduced to case (a).

Then, we assume 3y € S <. In this case, (o) is saturated (by Definition 5.8 (2)),
hence, J N (B(ﬁ) is saturated. It suffices to prove that there exists a reduced subset R
contained in J N (By™) such that 2 € Cone(R). By definition of triangulation order,
either By is detachable in (8p~), or (8o~) has a bipartition {B;, By} such that S, is a
detachable element in both of B; and By. In the first case, we set B = (f;)<. In the
latter case, {J N By, JN By} is a bipartition of J N (8p~) and, by Lemma 6.1, we may
choose a B € {Bj, Bt} such that « € Cone(J N B).

In both cases, we set J' = JNB. Then J' is saturated, since J and B are. Moreover,
Bo = ming J’, hence, by definition of [y, in any expression of x as a nonnegative
linear combination of elements of J’, the coefficient of By is strictly positive. Since
Bo is detachable in B, there exists a detaching hyperplane H for By in B. Then,
such an H is a detaching hyperplane also for 8y in J’. By Lemma 6.2, we obtain
Cone(J') = Cone({So}U(J'NH))UCone(J' ~{B0}), hence x € Cone({So}U(J' NH)).

Thus, there exists a positive real ¢y such that x — ¢p8y € Cone(J' N H). Now,
J' N H is contained in the abelian nilradical I N H of (® N H)". Let ¥y,..., ¥y be
the irreducible components of ® N H. Arguing as in case (a), we find Ry, ..., Rj such
that R; C J'N¥,, R; is reduced relatively to ¥;, and z — ¢gp € Cone(R3U---U Ry).
Let R' = R{U---URy. Then, since R' C INH and I N H is ~closed, we have that R’
is reduced in @, by Lemma 5.4. Moreover, by definition of 3y, we have R’ C (3,~),
hence R’ C (6o™) N H. By Definition 5.6, (60~) N H C Red(B), hence R = {fy} UR’
is reduced. This proves the claim, since € Cone(R). O

REMARK 6.4. For each face F,, and J C Ip,_, we have Cone(J)NF, = Conv(J), since

(Y epB,0a) = Y (B, 0a,) = >, cgmg =myg if and only if > ¢z = 1.
BeJ BeJ BeJ BeJ

COROLLARY 6.5. Let
T/ ={Conv(R) | R € Ry, tk(R) = n}.
Then T] is a covering of Fy.

Proof. By Proposition 6.3 and the above remark, the set of all Conv(R), with R C I
and R reduced, is a covering of Fj. By standard topological arguments, we obtain
that also 7/ is a covering of F;. O

Our next step is to prove that the set 7; defined in Corollary 6.5 is a triangulation
of the standard parabolic facet F;. For this, it remains to prove that each T' € T/ is a
simplex, and that the intersection of any two 17,75 € Ty is a common face of 77 and
T5. This is proved in next two propositions.

PROPOSITION 6.6. Let R be a reduced subset of I. Then R is linearly independent.
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Proof. We prove the claim by induction on rk(®). The case rk(®) = 1 is obvious. We
assume rk(®) > 1 and the claim true for irreducible root systems of rank less than
rk(®). Let < be a triangulation order on I and § = ming R.

First, we consider the case rk(3¥) = n and 8 detachable in (3%). Let H be a
detaching hyperplane for 3 in (8¥), ¥y,..., ¥y be the irreducible components of
®NH,and R; = (R~ {8})NV;, for i = 1,..., k. Then, R; is contained in the abelian
nilradical INW¥; of \IJ;Ir and is reduced, relatively to W;. By the induction assumption,
R; is linearly independent, for ¢ = 1,..., k. Since R\ {f} = R1U---URy and 8 & H,
we obtain that R\ {8} and R are linearly independent, too.

If rk(8~) = n and B is not detachable in (8%), there exists a bipartition {.J;, J;}
of (8¥) such that 3 is a detachable element both in J;, and in J;. By Definition 5.1,
either R C J;, or R C J, hence we can argue as in the previous case.

If rk(8¥) < n, then R is contained in the abelian nilradical I N Span(f \ S; <), in
® N Span(] \ S7.<) and we may argue by induction as above. O

PROPOSITION 6.7. Let Ry, Ro be reduced subsets in I. Then, Conv(R;)NConv(Rs) =
Conv(Ry N Ry). In particular, Conv(Ry) N Conv(Rs) s a common face of Conv(Ry)
and Conv(R3).

Proof. By Proposition 6.6, Conv(R;) is the simplex with set of vertexes R;, fori = 1,2,
hence Conv(R; N Ry) is common face of Conv(R;) and Conv(R3). Hence, it suffices
to prove the first statement. The inclusion Conv(R;) N Conv(R2) 2 Conv(R; N Re) is
clear. We prove the reverse one, by induction on rk(®).

If Cone(R;) N Cone(Rz) C Cone(Ry N Ry), then, by Remark 6.4, the analogous
relation for the convex hulls holds. So we work with cones.

For rk(®) = 1 the claim is obvious. Let rk(®) > 1, < be a fixed triangulation order
on I, and f = ming(R; U Ry). We may assume 3 € R;.

(a) If tk(B~) < m, then Ry, Ry C I~ S;<. Let Wq,..., ¥, be the connected
components of ® N Span(I \ Sy <), and R;; =R;N¥,;, for j=1,2andi=1,...,k.
Each R;; is a reduced subset in the abelian nilradical I N ¥; of \IIZT", hence by the
induction assumption Cone(R; ;) N Cone(Rz;) C Cone(R;; N Ra,;), for each i in
{1,...,k}. This easily implies the inclusion Cone(R;) N Cone(Rz) C Cone(R; N Ry).

(b) Next, let rk(8¥) = n, 3 be detachable in (3%), H be a detaching hyperplane,
and R; = R, N H for i = 1,2. Let Ht and H+, H~ and H~ be the open and closed
half spaces determined by H in E. By Definition 5.6, 38 belong either to H™, or to
H~. We may assume € HT, without loss of generality. Then (55) ~ {8} € H~
and, if v € (B5) N H~, then 8 ~ 4. It follows that, for a fixed i € {1,2}, either
R; C HT, or R; C H~. This implies Cone(R;) N H = Cone(R;). Moreover, since
we are assuming # € Ry, we have then Ry C HT, and R; ~ {8} = R;. Now, we
distinguish two subcases.

(b1) Let 8 = ming Ry < ming Ry. Then, Ry C H-, hence R; and Ry are weakly
separated by H. It follows easily that Ry N Ry = Ry N Ry and Cone(R;) N Cone(Ry) =
Cone(R;)NCone(Ry). Arguing as in case (a), with ® N H in place of ®NSpan(I~.S; <)
and R; in place of R;, by the induction assumption we obtain Cone(R;)NCone(Rs) C
Cone(R; N Ry), and hence the claim.

(b2) Let 8 = ming R; = ming Ry. Then both Ry and Ry are contained in H+,
and, for all 2 € Cone(R;) N Cone(Ry), there exist ¢; € R and T; € Cone(R;) (i = 1,2)
such that x = ¢1 4+T1 = cof+T2. Since T1,T2 € H and § ¢ H, we must have ¢; = ¢
and hence T; = Zy. It follows T; € Cone(R; N Ry) and hence x € Cone(R; N Ry).

(c) Finally, let rk(3¥) = n, 8 not be detachable in (3~), and {J;, J;} be a biparti-
tion of (3%). By definition, each of R; and Ry is contained in exactly one of .J; and Jg. If
both are contained in J;, or both in J;, we are reduced to case (b). Otherwise, we may
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assume Ry C Ji, Ry C Jg, RiN(JiNJ) # 9, angRgﬂ(Jf\Ji) # &. Let H be a separat-
ing hyperplane for the bipartition {J;, Js}, and R; = R;NH, for i = 1,2. For a fixed i in
{1,2}, Conv(R;) is contained in one of the half-spaces determined by H in E, hence

H N Cone(R;) = Cone(R;). Moreover, Cone(R;) and Cone(Rz) belong to opposite
half-spaces with respect to H, hence, Cone(R;) N Cone(Rs) = Cone(R1) N Cone(Ry).
Moreover, Ry N Ry = R; N Ry. Arguing by induction as in case (bl), we obtain

Cone(R;) N Cone(Rz) C Cone(R; N Ry), hence the claim. O

Corollary 6.5 and Propositions 6.6 and 6.7 imply directly the following theorem,
which is Theorem 1.1.

THEOREM 6.8. Let F' be a facet of P, Ir be the corresponding facet ideal, and
Ti, = {Conv(R) | R € Ry,, tk(R) = n}.
Then 7}’F s a triangulation of F.

COROLLARY 6.9. FEach reduced subset in I is contained in a maximal reduced subset.
Moreover, each maximal reduced subset in I is a linear basis of E.

Proof. Let Ry be a reduced subset in I such that tk(Ro) < n. Let x = 35 csf8
with c¢g > 0 for all 8 € Ry. By Corollary 6.5, there exists a reduced subset R in I such
that tk(R) = n and x € Conv(R). Then, by Proposition 6.7, x € Conv(Ry N R). By
assumption, for each proper subset R’ of Ry, ¢ Conv(R’), hence Ry N R = Ry. It
follows Rg ; R. Thus, a maximal reduced subset in I has rank n. By Proposition 6.6,
it is also linearly independent, hence, it is a linear basis of E. O

We can finally prove the following result, which is equivalent to Theorem 1.2. The
proof refers to the case by case analysis of Proposition 5.11.

THEOREM 6.10. Let F' be a facet of P, Ir be the corresponding facet ideal, and R be a
maximal reduced subset in Ir. Then R is a Z-basis of the sub-lattice of L(®) generated
by I~ A{ar})U{ma,ar}, where ap is the simple root such that F = F,,..

Proof. Let I = Ir. By Proposition 3.2 and Remark 3.3, it suffices to prove the claim
in case I is an abelian nilradical of ®*, i.e. m,, = 1. Thus we have ar = a; and
I = (af), as before. Under this assumption, we have to prove that R is a Z-basis
of L(®).

Let < be a triangulation order of I and 8 = ming R. If 3 is detachable in (3%), let
J = (B%) ~ {B}. If B is not detachable in (%), let {J;, J¢} be a bipartition of (3¥)
such that 5 belongs to J; and J; and is detachable in them. In this case, R is contained
in exactly one of J; and Ji: we define J = J; if R C J;, and J = J; otherwise. In
any case, let H be a detaching hyperplane for 5 in J. Then, Red(8)NJ = HN J,
hence R \ {8} is a reduced subset in the abelian nilradical I N H of (® N H)". Since
tk(R~{8}) =n—1,alsotkUNH) =1k(®N H) = n — 1. In particular I N H has
nontrivial intersection with each irreducible component of N H. By Lemma 3.4, each
of these intersections is a nontrivial abelian nilradical in its irreducible component,
hence, by induction on the dimension, R~ {3} is a Z-basis of L(® N H).

Now, we first consider the case in which g is long and is equal to min J or max J
with respect to standard partial order. In this case, as seen in the proof of Lemma 5.7,
we may take H = (3" — &g, )". It follows directly that all simple roots different from
ay and perpendicular to 8 belong to H. For all other simple roots o # «j, either
(a,Y) =1l and f—a € H, or (o, 8Y) = —1 and B+ « € H. By the induction
assumption, we obtain that, for all « € II \ {as}, either a, or one of S + a, is
an integral linear combination of R~ {#}. It follows that the Z-span of R contains
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(IT < ag). Since B € R and ¢, (B8) = 1, it follows that the Z-span of R contains II,
which yields the claim.

Looking at the proof of Proposition 5.11, we can check that also in the remaining
cases we may take H so as to satisfy the following condition: for all « € II \ {ay},
either a € H, or one of 8+ o € H. Arguing as in the previous case, we obtain that
R is a Z-basis of L(®). O

7. CONCLUDING REMARKS

We may transfer a triangulation Tz of a standard parabolic facet F' to all facets in
its orbit, by the action of the Weyl group W. If w € W and Stab(F) = {w € W |
wF = F}, then, for all v € wStab(F) we have that vTr is a triangulation of WF.
Thus, a set of representatives of the left cosets in W/Stab(F') determines an extension
of Tr to the whole orbit W FE. We can prove that, by a suitable choice of the coset
representatives for all standard parabolic facets, we may obtain a triangulation of
the whole boundary OP of the root polytope P. Let T be a triangulation of 0P
obtained by extending, through the action of W, the triangulations of the standard
parabolic facets provided in Section 6. If we set Ty = Conv(T U {0}), for or each
T € T, then Ty := {To | T € T} is a triangulation of P. Theorem 6.10 allows
to compute the volumes Vol(7j), which are constant on each facet orbit. Thus, the
explicit enumeration of the maximal reduced subsets of facet ideals, together with the
results in [6] on face orbits, would allow to compute the volume of P. For the root
types A and C, this is done in [4]. The proof of Proposition 5.11 gives an explicit
procedure for enumerating the maximal reduced subsets, hence provides an effective
way for making a similar computation for the remaining root types.

In [4] it is also proved that, for the root types A and C, the triangulation 7o of P
restricts to a triangulation of the positive root polytope PT = Conv(®+ U {0}). In
fact, this is a proof that, for these root types, the intersection of P with the cone on
&7 is equal to PT. This is one of the special properties of the root polytope that hold
only for the types A and C (see also [5]). Indeed, it is easy to see that, for all other
root types, P is properly contained in PN Cone(®*) [10]. Hence, in these cases, from
a triangulation of the standard parabolic facets, we cannot obtain a triangulation of
the positive root polytope in a natural way.
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