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Skew hook formula for d-complete posets

via equivariant K -theory

Hiroshi Naruse & Soichi Okada

ABSTRACT Peterson and Proctor obtained a formula which expresses the multivariate gener-
ating function for P-partitions on a d-complete poset P as a product in terms of hooks in P.
In this paper, we give a skew generalization of Peterson—Proctor’s hook formula, i.e. a formula
for the generating function of (P \ F)-partitions for a d-complete poset P and an order filter F’
of P, by using the notion of excited diagrams. Our proof uses the Billey-type formula and the
Chevalley-type formula in the equivariant K-theory of Kac-Moody partial flag varieties. This
generalization provides an alternate proof of Peterson—Proctor’s hook formula. As the equivari-
ant cohomology version, we derive a skew generalization of a combinatorial reformulation of
Nakada’s colored hook formula for roots.

1. INTRODUCTION

One of the most elegant formulas in combinatorics is the Frame—Robinson—Thrall hook
formula [3, Theorem 1] for the number of standard tableaux. Given a partition A of
n, a standard tableaux of shape A is a filling of the cells of the Young diagram D(\)
of A with numbers 1,2,...,n such that each number appears once and the entries of
each row and each column are increasing. The Frame—Robinson—Thrall hook formula
asserts that the number f* of standard tableaux of shape X is given by

(1) A=

n!
[L.cp ooy (v) 7

where hp(y)(v) denotes the hook length of the cell v in D()). Similar formulas hold
for the number of shifted standard tableaux ([14, 5.1.4, Exercise 21], see also [33, § 40]
and [39, Theorem 1]) and the number of increasing labeling of rooted trees ([14, 5.1.4,
Exercise 20]). These tableaux and labelings can be regarded as linear extensions of
certain posets.

Stanley [35] introduced the notion of P-partitions for a poset P, and found a
relationship between the univariate generating function and the number of linear
extensions of P. Given a poset P, a P-partition is an order-reversing map o from P
to N, the set of nonnegative integers. We denote by A(P) the set of all P-partitions.
For a P-partition o, we write |o| = Y _po(x). Then Stanley [35, Corollaries 5.3

Manuscript received 11th March 2018, revised 6th December 2018, accepted 15th December 2018.

KEYWORDS. d-complete posets, hook formulas, P-partitions, Schubert calculus, equivariant K-
theory.

ISSN: 2589-5486 http://algebraic-combinatorics.org/


https://doi.org/10.5802/alco.54
http://algebraic-combinatorics.org/

HirosHI NARUSE & SoIcHI OKADA

and 5.4] proved that, for a poset P with n elements, there exists a polynomial Wp(q)
satisfying

@ > =

sEA(P) = (1 =)

and that Wp(1) is equal to the number of linear extensions of P. Also in [34, Proposi-
tion 18.3] he proved that, if P is the Young diagram D(\) of a partition A, viewed as a
poset, the generating function of D()\)-partitions (also called reverse plane partitions
of shape \) is given by

(3) > = :

h v)\
ceA(D(N) [Lepp(—4 P ()

Combining (2) and (3) and taking the limit ¢ — 1, we obtain the Frame-Robinson—
Thrall hook formula (1). Gansner [4, Theorem 5.1] gave a multivariate generalization
of (3).

Proctor [29, 30] introduced a wide class of posets, called d-complete posets, en-
joying “hook-length property”, as a generalization of Young diagrams, shifted Young
diagrams and rooted trees. d-Complete posets are defined by certain local structural
conditions (see Section 2 for a precise definition). Peterson and Proctor obtained the
following theorem, which is a far-reaching generalization of the hook formulas (1)
and (3).

THEOREM 1.1 (Peterson—Proctor, see [31]). Let P be a d-complete poset. The
multivariate generating function of P-partitions is given by

. 1
(4) 2 = L )

oceA(P)
(Refer to Section 2 for undefined notations.)

However the original proof of this theorem is not yet published, though an outline
of their proof is given in [31]. Different proofs are sketched by Ishikawa—Tagawa [9,
10] and Nakada [23, 25]. Our skew generalization (Theorem 1.2 below) provides an
alternate proof of Theorem 1.1. In the univariate case, a full proof is given by Kim—
Yoo [12].

Another direction of generalizing the Frame-Robinson—Thrall hook formula (1) is
to consider skew shapes. For partitions A D p, a standard tableau of skew shape A/ is
a filling of the cells of the skew Young diagram D(A\/u) = D(A) \ D(u) satisfying the
same conditions as standard tableaux of straight shape. However one cannot expect
a nice product formula for the number f*# of standard tableaux of skew shape \/u
in general. Naruse [26] presented and sketched a proof of a subtraction-free formula
for fAm:

5) CET DS -,

De&px) (D(w) HUGD(X)\D ha(v)

where n = |A/p|, and D runs over all excited diagrams of D(u) in D()A). Morales—
Pak-Panova [22] gave a g-analogue of Naruse’s skew hook formula for the univariate
generating functions for P-partitions on P = D(\/pu).

The main result of this paper is the following skew generalization of Peterson—
Proctor’s hook formula (Theorem 1.1). Recall that a subset F' of a poset P is called
an order filter of P if z < y in P and = € F imply y € F. In particular the empty set
F = @ is an order filter of P.
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THEOREM 1.2. Let P be a d-complete poset and F an order filter of P. Then the
multivariate generating function of (P ~\ F)-partitions, where P\ F is viewed as an
induced subposet of P, is given by

s 2 Hp(v

UG.A(P\F) DeER(F) UEP\D( [I{P(U)])7

where D runs over all excited diagrams of F in P. (See Sections 2 and 3 for undefined
notations.)

Taking an appropriate limit, we see that the number of linear extensions of P\ F’
is given by

(7) Y i

DeEp(F) veEP\D ( )7

where n = #(P \ F) and hp(v) is the hook length of v in P. (See Corollary 5.6(b).)

If F = &, then our main theorem (Theorem 1.2) gives Peterson—Proctor’s hook
formula (Theorem 1.1). If P = D(A) and F' = D(u) are the Young diagrams of
partitions A D g, then (6) reduces to Morales—Pak—Panova’s g-hook formula [22,
Corollary 6.17] after specializing z; = ¢ for all ¢ € I, and (7) is nothing but Naruse’s
skew hook formula (5).

Our proof of Theorem 1.2 uses the equivariant K-theory of Kac-Moody partial flag
varieties. In fact, the notion of excited diagrams and excited peaks for ordinary and
shifted Young diagrams has its origin in the equivariant Schubert calculus (see [7, 8];
see also [5, 13, 15, 16]). Theorem 1.2 is obtained by proving that the both sides of (6)
equal to the same ratio of the localized equivariant Schubert classes. (See Theorems 5.2
and 5.3.) A key role is played by the Billey-type formula due to Lam-Schilling—
Shimozono [18] and the Chevalley-type formula due to Lenart—Shimozono [20] (see
also [19]).

This paper is organized as follows. In Section 2, we review a definition and basic
properties of d-complete posets. In Section 3, we introduce the notion of excited
diagrams for d-complete posets, which is the key ingredient of the formulation of our
main theorem, and study their properties. In Section 4, we recall some properties of
the equivariant K-theory and translate the Billey-type formula and the Chevalley-
type formula in terms of combinatorics of d-complete posets. We will give a proof of
our main theorem (Theorem 1.2) and derive some corollaries in Section 5.

2. d-COMPLETE POSETS

In this section we review a definition and some properties of d-complete posets and
explain their connections to Weyl groups. See [29, 30, 31, 38] for details. We use the
terminology for posets (partially ordered sets) from [36, Chapter 3].

2.1. COMBINATORICS OF d-COMPLETE POSETS. For an integer k£ > 3, we denote
by dj(1) the poset consisting of 2k — 2 elements uy, ..., ug_2,2,y, Vgk—2,...,v; With
covering relations
Uy > Uz > -+ > U9,
Ug—2 > T > Vg2, Ug—2>Y > Vg_2,
Vg—2 > -+ > Vg > V1.

Note that # and y are incomparable. The poset di (1) is called the double-tailed dia-
mond. The Hasse diagram of di(1) is shown in Figure 1.
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FIGURE 1. Double-tailed diamond dj (1)

Let P be a poset. An interval [v,u] = {x € P : v < < u} is called a dj-
interval if it is isomorphic to di(1). Then v and u are called the bottom and top of
[v, u] respectively, and the two incomparable elements of [v,u] are called the sides.
A subset I of P is called convexr if t < y < zin P and z, z € I imply y € I. A
convex subset I is called a d, -convex set if it is isomorphic to the poset obtained by
removing the top element from dj(1).

DEFINITION 2.1 (See [27, 32]). A poset P is d-complete if it satisfies the following
three conditions for every k > 3:

(D1) If I is a d, -convex set, then there exists an element u such that u covers the
mazimal elements of I and I U{u} is a di-interval.

(D2) If I = [v,u] is a di-interval and the top u covers v’ in P, then v’ € I.

(D3) There are no d,, -convex sets which differ only in the minimal elements.

It is clear that rooted trees, viewed as posets with their roots being the maximum
elements, are d-complete posets.

EXAMPLE 2.2. For a partition A, let D(A) be the Young diagram of A given by
D) ={(i,j)€Z*:i>1, 1 <j< N}
For a strict partition p, let S(u) be the shifted Young diagram of p given by
S(u)={(i,j) €Z?:i>1,i<j<p+i—1}
We endow Z? with a poset structure by defining
(8) (i,5) = (i,5) if i <" and j < j'.

Then we regard the Young diagram D()) and the shifted Young diagram S(u) as
induced subposets of Z?2. The resulting posets are called a shape and a shifted shape
respectively. It can be shown that shapes and shifted shapes are d-complete posets.
Figure 2 illustrates the Hasse diagrams of D(5,4,2,1) and S(5,4,2,1).

EXAMPLE 2.3. Let P be a subset of Z? given by

P {(171>,(1,2>7(1,3),(174),(1,5>7(2,3),(274),(2, %}
(3,4),(3,5), (3,6), (4,4), (4,5), (4,6), (4,7), (4,8) [

If we regard P as an induced subposet of Z? with ordering given by (8), then P is a
d-complete poset, called a swivel. See Figure 3 for the Hasse diagram of P.
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(a) D(5,4,2,1) (b) S(5,4,2,1)
FIGURE 2. Shape and shifted shape

FIGURE 3. Swivel

A poset P is called connected if its Hasse diagram is a connected graph. It is easy
to see that, if P is a d-complete poset, then each connected component of P is d-
complete. (For our purpose to prove Theorem 1.2, there is no harm in assuming that
a d-complete poset is connected.)

PROPOSITION 2.4 ([29, § 3]). Let P be a d-complete poset. If P is connected, then P
has a unique maximal element.

Let P be a finite poset. The top forest I' of P is a full subgraph of the Hasse
diagram of P, whose vertex set consists of all elements z € P such that every y > x
is covered by at most one other element. Note that two elements = and y € I' are
connected by an edge in I' if and only if x covers y or y covers z. Then I'" becomes a
forest as a graph (i.e. a disjoint union of trees). If P is a connected d-complete poset,
then I' is a tree called the top tree of P. We can regard the top forest I' as a Dynkin
diagram of a Kac-Moody group. For example, the top trees of Figure 2 (a) and (b)
are of type Ag and Dg respectively. If P is the swivel in Figure 3, the top tree is the
Dynkin diagram of type Fg. (See also Subections 2.2 and 4.3.)

Remark 2.12 below will indicate how to combine the results of [30] and [38] to
obtain the following statement.

PROPOSITION 2.5 ([30, Proposition 8.6], [38, Proposition 3.1]). Let P be a d-complete
poset and I' its top forest. Let I be a set of colors whose cardinality is the same as
I'. Then a bijective labeling ¢ : T' — I can be uniquely extended to a map ¢ : P — I
satisfying the following three conditions:
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(C1) If x and y are incomparable, then c(x) # c(y).
(C2) If an interval [v,u] is a chain, then the colors c(x) (x € [v,u]) are distinct.
(C3) If [v,u] is a di-interval then c(v) = c(u).

Moreover this map ¢ satisfies

(C4) If x covers y, then the nodes labeled by c(x) and c(y) are adjacent in T.
(C5) If c(x) = c(y) or the nodes labeled by c(x) and c(y) are adjacent in T, then x
and y are comparable.

Such a map ¢ : P — I is called a d-complete coloring.
Let P be a d-complete poset and ¢: P — I a d-complete coloring. Let z = (2;)icr

be indeterminates. Given an order filter F' of P, we regard P ~\ F as an induced
subposet. For a (P ~\ F)-partition o € A(P \ F), we put

o __ a(v)
2o I 2.
vEPNF
We are interested in the multivariate generating function
> =
cE€A(P\F)
of (P~ F)-partitions. For a subset D of P, we write
Z[D] = H Zc(v)-
veD
Instead of giving a definition of hooks Hp(u) C P for a general d-complete poset P,
we define associated monomials z[Hp(u)] directly by induction as follows:
DEFINITION 2.6. Let P be a d-complete poset with d-complete coloring ¢ : P — I.
(i) If u is not the top of any dy-interval, then we define
z[Hp(u)] = [ ze(w)-
wLu
(ii) If u is the top of a di-interval [v,u], then we define
z[Hp(z)] - z[Hp(y)]
z|Hp(u)] = )

where x and y are the sides of [v,u].

EXAMPLE 2.7. Let P = D()\) be the shape corresponding to a partition A. Then the
top tree I' of D(\) is given by
I={(1,5):1<j<MPU{(51) 1 1<i< N},
where A} is the number of cells in the first column of the Young diagram D()). A
d-complete coloring ¢: D(A) = I ={—-(\] —1),...,—1,0,1,..., Ay — 1} is given by
c(i,j) = j—i.
The classical definition of the hook Hp(y)(4,7) C D()) at u = (4,5) in D(A) is as
follows:
Hpy(i,4) = {0, 0) {6, 1) € D(A) : 1> jYU{(k,j) € D(A) : k > i}.

Then the hook monomial z[Hpx)(7,)] in Definition 2.6 and the hook Hpy)(4,7) are
related as

z[Hp (i, 7)] = 11 Ze(p,q)-
(P,@)EHp(x)(4,5)
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EXAMPLE 2.8. Let P = S(u) be the shifted shape corresponding to a strict partition
w of length > 2. Then the top tree I' of S(u) is given by

and a d-complete coloring ¢ : S(u) — I ={0,0',1,2,..., 41 — 1} is given by

j—i ifi<j,
c(i,j) =<0 if i = j and 7 is odd,
0 if i = j and 7 is even.

The (shifted) hook Hg(,(4,j) of u = (i, j) in S(u) is the subset of S(x) defined by
Hs ) (i,3) = {(,4)} U{(@, 1) € S(u) : 1> 5} U{(k,j) € S(w) : k > j}
U{(i+10)e Sk :1>j}
For example, if = (5,4,2,1) and (4, 5) = (1,2), then the corresponding hook is given
by
HS(5,4,2,1)(17 2) = {(L 2)7 (17 3), (17 4)7 (1a 5)7 (27 2)7 (37 3)7 (37 4)}7
and the hook monomial is z[Hg(s 42,1)(1,2)] = 202021 222324-

2.2. d-COMPLETE POSETS AND WEYL GROUPS. Let P be a connected d-complete
poset with top tree I'. We regard I as a (simply-laced) Dynkin diagram with node
set I and the d-complete coloring as a map ¢ : P — I. Let A = (a;;); jer be the
generalized Cartan matrix of I' given by

2 ifi=j,
a;j = §—1 if i # j and ¢ and j are adjacent in I,
0  otherwise.

We fix the following data associated to A:

e a free Z-module A of finite rank at least #I, called the weight lattice,

e a linearly independent subset IT = {«; : i € I} of A, called the simple roots,

e a subset IIY = {a) : i € I} of the dual lattice A* = Homg(A,Z), called the
simple coroots,

e a subset {\; : ¢ € I} of A, called the fundamental weights,

such that

(af saj) = aij, (o), ;) = by,
where ( , ) : A* X A — Z is the canonical pairing. Let W be the corresponding
(Kac—Moody) Weyl group generated by the simple reflections {s; : ¢ € I}, where s;
acts on A and A* by the rule

siA) =A— (o, N, (A€ A), si(A)=2" =N\, )y (A €A").

(2
Then W is a Coxeter group, and we have the length function [ and the Bruhat order <
on W. The set of real roots ® and the set of real coroots ®V are defined by ® = WTI
and ®V = WIIY respectively. The set of simple roots IT (resp. the set of simple
coroots ITV) determines the decomposition of ® (resp. V) into the positive system
P, (resp. Y) and the negative system ®_ (resp. ®¥). We introduce the standard
partial ordering on ® (resp. ®Y) by setting a > 3 if @ — § is a sum of simple roots
{a;:i €1} (resp. a¥ > BY if ¥ — BY is a sum of simple coroots {«) : i € I}).
For p € P, we put

a(p) = Q¢(p)s oY (p) = az/(p)v S(p) = Se(p)-
Let ap and Ap be the simple root and the fundamental weight corresponding to the
color ip of the maximum element of P.
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Take a linear extension and label the elements of P with pi,...,pn (N = #P) so
that p; < p; in P implies ¢ < j. Then we construct an element wp € W by putting
wp = s(p1)s(p2) -+ s(pn)-

A Weyl group element w € W is called A-minuscule if there exists a reduced expression
w = S, -+ 8; such that

<04;/k75ik+1 s A) =1 (1<k<L),
or equivalently
Sip U SEA= A — Qg — o — Q.
A element w € W is called fully commutative if any reduced expression of w can be
obtained from any other by using only the Coxeter relations of the form st = ts.

PROPOSITION 2.9 (See [30] and [38, Proposition 2.1]). Let P be a connected d-com-
plete poset. Then the Weyl group element wp € W is Ap-minuscule and hence fully
commutative.

If p = pp € P, then we define
Bpr) = s(pr) -+~ s(pr—1)alpr),
Y(pr) = s(pn) - -+ s(Pr41)(pr),
v (pr) = s(pn) -+ - s(Prs1)a” (pr).

It follows from Proposition 2.9 that, for each p € P, the roots S(p), v(p) and the
coroot ¥ (p) are independent of the choices of linear extensions. For a Weyl group
element w € W, we put

P(w) =L Nwd_, ¢V (w) =Y Nwd”.
Then it is well-known (see [6, § 5.6]) that
®(wp) = {B(p):pe P}, ®'(wp')={1'(p):p € P}.
Moreover we have

PRrROPOSITION 2.10. Let P be a connected d-complete poset. Then we have

(a) (See [38, Proposition 3.1 and Theorem 5.5]) The poset P is isomorphic to the
order dual of CDV(wIZl) with the standard coroot ordering on ®Y .
(b) (See [31, Lemma IV]) Under the identification z; = e* (i € I), we have

z[Hp(p)] =P (pe P).
(¢) (See [38, Proposition 5.1]) We have
('(p),Ap) =1 (p€P).

Let W), be the stabilizer of Ap in W. Then W), is the maximal parabolic subgroup
corresponding to I~ {ip}. Let W*? be the set of minimum length coset representatives
of W/Wy,.. For a subset D = {p;,,...,pi.} (i1 < --- <i,) of P, we define
9) wp = s(piy) -+ 5(pi,)-

Since wp is fully commutative (Proposition 2.9), we see that wp is independent of
the choices of linear extensions of P.
PROPOSITION 2.11. Let P be a connected d-complete poset. Then we have

(a) (See [31, Proposition I|) The map F — wp gives a poset isomorphism from
the set of all order filters of P ordered by inclusion to the Bruhat interval
[e,wp] in WAP.
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(b) (See [38, Remark 2.7 (b)]) If F' is an order filter of P, then wp is Ap-
minuscule, and

’LUF)\p = )\p — Z a(p).
peF

REMARK 2.12.Let A = (ayj)ijer be a symmetrizable generalized Cartan matrix,
and I the corresponding Dynkin diagram with node set I. Let W be the associated
Kac-Moody Weyl group generated by {s; : ¢ € I'}. Given a (not necessarily reduced)
expression s;, S;, ...S5;, of an element w € W in simple reflections, we can define a
poset H, called the heap, as follows (see [37]). The poset H counsists of the ground set
{1,2,..., N} and the partial ordering < obtained by taking the transitive closure of
the relations given by

a < bif a < b and either s;_s;, # si,5i, O iqg = p.

The heap H has a natural labeling (coloring) ¢ : H — I given by ¢(a) = i,. Iff w € W is
fully commutative, then the heap defined by a reduced expression of w is independent
of the choices of reduced expressions. In this case we denote the resulting heap by
H(w).

If a;; = aj; € {0,—1} for any pair of vertices ¢, j € I (i # j), then we say that A, W
and H(w) are simply-laced; otherwise they are multiply-laced. For a dominant weight
A and a A-minuscule element w in the simply-laced Weyl group W, Proctor [30] proved
that the interval [e, w] of W with respect to the Bruhat order is a distributive lattice,
and that the order dual of the induced subposet consisting of all join-irreducible
elements of [e, w] is a d-complete poset colored by I. Stembridge [38] extends Proctor’s
result to any symmetrizable Kac-Moody Weyl group in the setting of heaps. The
results of [30] and [38] may be combined by using [37, Theorem 3.2 (c)] to produce
Proposition 2.5 above. Henceforth the simply-laced case will be referred to with the “d-
complete poset” terminology and the general case will be referred to with the “heap”
terminology. Every d-complete poset P is isomorphic to the simply-laced heap H(wp).
In general, if w € W is dominant minuscule, i.e. A-minuscule for some dominant weight
A, the corresponding heap H(w) is isomorphic (as a unlabeled poset) to a d-complete
poset. See [38, Sections 3 and 4].

The propositions in this section hold literally for heaps H (w) of dominant minuscule
elements, except for Proposition 2.5 and Proposition 2.10 (b). The latter half of
Proposition 2.5 holds for heaps, i.e. the labeling ¢ : H(w) — I satisfies (C4) and (C5).
And we adopt Proposition 2.10 (b) as a definition of the hook monomial for H(w).
Below is an example of a non-simply-laced heap.

ExAaMPLE 2.13. (Non-simply-laced heap) Let p = (u1, ..., ) be a strict partition of
length [. Then the shifted shape S(u) can be regarded as the heap associated to a
dominant minuscule element of the Weyl group of type B, which is not simply-laced.
Put m = pp and let W be the Weyl group generated by sg, si,...,Sm—1 subject to
the relations
s2=1 (i=0,1,...,m—1),
50515051 = S$1505150,
5i8i418; = Siy18:8i41 (1 =1,2,...,m —2),
sis; =558 ([i—j| > 2).

Then we define an element w, € W by putting

wu = (Sﬂl_l e 5150) e (SM2—1 . .5180)(‘9“1_1 . '3180).
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Then it can be shown that w, is Ag-minuscule, where Xg is the fundamental weight
corresponding to sg, and that the map

(10) S(p) > (i, 5) =+ 4w —j+i€ H(w,)

gives a poset isomorphism. We identify the ground set of H(w,) with S(u) via the
isomorphism (10). Then the natural labeling ¢’ : S(u) — {0,1,...,m—1} of H(w,,) is
given by ¢/(4,j) = j — 4, which is different from the d-complete coloring of S(u) given
in Example 2.8. And the “hook” Hy,(v) (see [25, Definition 4.8]) is defined by

(i) = {9} UL(6.1) € S(u) 21> 5} U{(kog) € S() : & > i)
| {{(m)} V() € S 1> 4} ifi <jand (j.4) € S(p),

1] otherwise,

which is also different from the shifted hook given in Example 2.8. (See also Exam-
ple 5.9.)

3. EXCITED DIAGRAMS

In this section we introduce the notion of excited and K-theoretical excited diagrams
in a d-complete poset and study their properties.

3.1. EXCITED DIAGRAMS. First we generalize the notion of exited diagrams for Young
diagram and shifted Young diagram, which were introduced by Ikeda—Naruse [7] and
Kreiman [15, 16] independently, to a general d-complete posets. And we give a gen-
eralization of backward movable positions or excited peaks introduced in [8, 13, 22].

Let P be a d-complete poset with top forest I' and d-complete coloring ¢: P — 1.
For a subset D C P and a color ¢ € I, we put

D, ={x € D:c(x) =1}

For ¢ € I, let N; be the subset of P consisting of element « € P whose color ¢(x)
is adjacent to i in the Dynkin diagram I'. Note that, if [v,u] is a dg-interval, then
[v,u] N N,y consists of elements 2 € [v, u] such that x is covered by u or covers v.

DEFINITION 3.1. Let P be a d-complete poset and let F' be an order filter of P.

(a) Let D be a subset of P and w € D. We say that u is D-active if there exists
an element v € (P N D)) such that v < u, [v,u] is a dy-interval and

[v,u] "D N Ny = @.

(b) Let D be a subset of P and uw € D. If u is D-active, then we define c, (D) to
be the subset of P obtained from D by replacing u € D by the bottom element
v of the di-interval [v,u]. We call this replacement an (ordinary) elementary
excitation.

(c) An excited diagram of F' in P is a subset of P obtained from F after a
sequence of elementary excitations on active elements. Let Ep(F) be the set
of all excited diagrams of F in P.

(d) To an excited diagram D € Ep(F) we associate a subset B(D) C P as follows:
If D=F, then B(F) = @. If D is an excited diagram with an active element
u, then we define

B(ow (D)) = (B(D) ~ ([v,u] N Neqwy)) U {ul,

where [v,u] is the di-interval with top element u. We call B(D) the set of
excited peaks of D. (We will show that B(D) is a well-defined subset of P~.D
in Proposition 3.7.)
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FIGURE 4. Excited diagrams of D(3,1) in D(5,4,2,1)

In general, if two elements uw € D and v ¢ D with v < w have the same color
i =c(v) = c¢(u) and satisfy [v,u] N DN N; = @, then D \ {u} U{v} is obtained from
D by a sequence of elementary excitations.

If P is a shape or a shifted shape, our definition above coincides with the definitions
of elementary excitations in [7, 8], or ladder moves in [15, 16], and backward movable
positions in [8, 13] or excited peaks in [22] (only for a shape).

EXAMPLE 3.2.If P = D(5,4,2,1) is the shape corresponding to a partition (5,4,2,1)
and F = D(3,1), then there are 7 excited diagrams in Ep(F') shown in Figure 4. In
Figure 4 (and Figures 5) the shaded cells form an exited diagram and a cell with x
is an excited peak. And the arrow D — D’ means that D’ is obtained from D by an
elementary excitation.

EXAMPLE 3.3. If P is the swivel given in Example 2.3 and F' is the order filter consist-
ing of three elements, then there are 8 excited diagrams in Ep(F') shown in Figure 5.

Let P be a connected d-complete poset and W the Weyl group corresponding to
the top tree I' viewed as a Dynkin diagram. Fix a linear extension of P, i.e. a labeling
of the elements of P with p1,...,py so that p; < p; in P implies ¢ < j. Then we can
associate to a subset D of P a well-defined element wp € W as in (9). The following
proposition gives a characterization of excited diagrams.

PROPOSITION 3.4. Let P be a connected d-complete poset and let F' be an order filter
of P. Then a subset D C P is an excited diagram of F in P if and only if #D = #F
and wp = wr.

To prove this proposition, we prepare two lemmas.
LEMMA 3.5. Let D be a subset of P and u and v elements of P such that v < u and
c(u) = ¢(v) = i. Suppose v = pi, and w = p;. If [v,u] " D N N; = &, then we have
s(pj)s(p) = s(p1)s(pj) for any pj € D with k < j <.
Proof. Follows from Property (C5) in Proposition 2.5. O

LEMMA 3.6 (See [5, Section 3]). Let v € W be a fully commutative element and v =
Siy -+ 85, = 84 -85, be its reduced expressions. Then we have
(a) Let i, j be adjacent nodes in the Dynkin diagram. Then the subsequence of
(i1,...,1,) consisting of i and j is identical with the subsequence of (j1,. .., jr)
consisting of i and j.
(b) Let i be a node in the Dynkin diagram. Then the number of occurrence of i
in (i1,...,4.) is equal to the number of occurrence of i in (j1,...,5r)-
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FiGURE 5. Excited diagrams in a swivel

We use these lemmas to prove the characterization of excited diagrams.

Proof of Proposition 3.4. We follow the same idea used in the proof of [5, Proposi-
tion 4.8]. We denote by Rp(F') the set of all subsets D C P satisfying #D = #F and
wWp = Wpg.

First we prove that Ep(F) C Rp(F). Since F' € Rp(F'), it is enough to show that, if
D’ € Ep(F) is obtained from D € Ep(F) by an elementary excitation, then wp: = wp.
Let u, v € P be elements such that [v,u] is a di-interval, [v,u] N D N Ny, = @ and
D' =auD)=D~{u}U{v}. fv=p,u=pand {j:k<j<lI pj€D}=
{j1,---ydm} (41 <+ < jm), then we have

wp =+ s(pj,) - 8(pj,)s(r) - wpr =+ s(pr)s(ps) -+ s(pj,,) -

Then by using Lemma 3.5, we have wpr = wp.
Next we prove that Rp(F) C Ep(F). Since F is an order filter, we can take a linear
extension of P such that F' = {pp41,...,pn}, where n = #(P ~\ F). We define the
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energy e(D) of any subset D C P with #D = #F by putting

e(D)y=> k- > k
pLEF pr€D

Then, by the assumption on our linear extension, we see that e(D) > 0 and that
e(D) =0 if and only if D = F.

We proceed by induction on e(D) to prove D € Rp(F) implies D € Ep(F). Let
D e Rp(F). If e(D) =0, then we have D = F € Ep(F).

Suppose that e(D) > 0. Then there exists an element v € F' such that u ¢ D. Let
u be the last element, i.e. u = p; with [ largest, satisfying v € F and u ¢ D. Since
wp = wr and wp is fully commutative, it follows from Lemma 3.6 (b) that there
exists an element v € D with the same color ¢ as u. Let v = pg (1 < k < 1) be the last
element satisfying v € D and ¢(v) = ¢(u) = 4. Then, by the choice of k and [, we see
that the reduced expressions of wr and wp are of the form wp = ---s;8p, -+ sp,. (8;
corresponds to u) and wp = ---8;S;j, -+ S, Shy - - - Sh, (s; corresponds to v) with no 4
appearing in the segment (ji,...,Jm). If z € [v,u] N DN N;, then j = ¢(z) appears in
the segment (j1, ..., jm) and this contradicts to the assertion of Lemma 3.6 (a). Hence
we have [v, u)NDNN; = @. If we put D' = D~{v}U{u}, then wp: = wp by Lemma 3.5
and e(D’) < e(D). Then by the induction hypothesis we have D’ € Ep(F). Since D is
obtained from D’ by a sequence of elementary excitations, we obtain D € Ep(F). O

Next we give a non-recursive description of the set of excited peaks B(D), which
implies that B(D) is well-defined, i.e. it is independent of the choices of elementary
excitations to reach D from F.

PROPOSITION 3.7. Let D € Ep(F) be an excited diagram.

(a) The following are equivalent for x € P:
(i) z € B(D).
(ii) There exists an elementy € Dy such thaty < x and [y, t] VDN N,y =
.
(b) We have DN B(D) = @.

In the proof of this proposition, we utilize the following lemma, which will be used
also in the sequel of this section.

LEMMA 3.8. Let x, y, z, u and v be elements of P such that c¢(x) = c(y) = ¢(z) = 1,
c(u) =clv) =3, z<y<x and v < u. Let D be a subset of P. Then we have
(a) If[z,y)NDNN; = & and [y,z)NDNN; = &, then we have [z,z] NDNN,; = &.
(b) Supposew € D andv & D. If [y,z]NDNN; = & and x & [v,u] N N;, then we
have [y, ] N (DU {v})NN; = @.
(¢) Suppose w € D and v & D. If [y,z] N (D ~{u} U{v})NN; = & and y ¢
[v,u] N Nj, then we have [y,z]N DN N; = @.
(d) Suppose that w ¢ D andv € D. If [y, 2] NDNN; = & and y & [v,u] N N;,
then we have [y, z] N (DU {u}) N N; = &.

Proof. (a) By using Property (C5) in Proposition 2.5, we have [z, 2] " N; = ([z,y] N
Nl) @] ([y,l‘] N Nl)

(b) Assume to the contrary that [y, x]N(DU{v})NN; # &. Since [y, z]NDNN; = &,
we have v € [y, z] N N;. Thus j = c¢(u) = ¢(v) is adjacent to i = ¢(x) in I'. Since u € D
and [y,z] N DN N; = &, we have u € [y, 2] N N;. Hence, by using Property (C5) in
Proposition 2.5, we see that y < v < 2 < w and z € [v,u] N N;, which contradicts to
the assumption.

(c) By an argument similar to (b), we can show that, if [y,2] " D N N; # &, then
v < y < u < x, which contradicts to y & [v,u] N N;.
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(d) By an argument similar to (b), we can show that, if [y, z]N(DU{u})NN; # @,
then v < y < u < z, which contradicts to y & [v,u] N Nj. O

Proof of Proposition 3.7. We denote by B’(D) the subset of P consisting of elements
x € P satisfying the condition (ii) in (a), and prove B(D) = B’(D) and DN B’'(D) =
&. We proceed by induction on the number of elementary excitations to reach D
from F.

We begin with considering the case where D = F. Let z and y be elements of F'
with the same color i satisfying y < x. Then it follows from Properties (C4) and (C5)
in Proposition 2.5 that an element z covered by x or covers y belongs to [y, z] N FNN;.
Hence we have B'(F') = @ = B(F) and FNB'(F) = @.

We prove that B(a, (D)) = B'(ay (D)) and o, (D)NB’ (ay, (D)) = @ for D € Ep(F)
and a D-active element u € D. Let v be the element such that v < u, ¢(v) = c¢(u),
[v,u] VDN Ny = @, [v,u] is a dg-interval and o, (D) = D~ {u} U {v}. Recall that,
by definition, B(a, (D)) = (B(D) ~ ([v,u] N Negy)) U {u}.

First we show B(ay (D)) C B'(au(D)). Since v € o, (D) and [v,u]NDN N,y = @,
we have u € B'(ay(D)). Let x € B(D) such that = ¢ [v,u] N Ny,y. Since B(D) =
B'(D) by the induction hypothesis, there exists y € D, such that y < z and
[y, )N DN Ny = @. Then, by using Lemma 3.8 (b), we have [y, z]N v, (D) N Ny =
&, hence x € B'(ay,(D)).

Next, in order to show B'(ay (D)) C B(ay(D)), we take an element « € B’ (ay, (D))
such that  # u and prove x € B(D) \ ([v,u] N Ng)). Then there exists y €
(au(D))e(z) such that y < x and [y, ] N (D) N Nepy = @. If y = v, then a, (D) N
Ney = D N Nggpy, hence [u, 2] N D N Ny C [v,2] N (D) N Ny = @. Since
u € D, we have x € B'(D) = B(D) and x© ¢ N,). We consider the case where
y # v. In this case, y € D,y ¢ [v,u] N NGy and it follows from Lemma 3.8 (c) that
[y, Z]NDN Ny = @, thus v € B'(D) = B(D). Also we have x ¢ [v,u]N Nc(y). In fact,
if # € [v,u]N Ny, then c(y) = c(x) is adjacent to c(u) and it follows from y € D and
[v,u] VDN Ny = @ that y & [v,u] N Ne(,). Hence, by using Property (C5) in Propo-
sition 2.5, we have y < v < x < v and this contradicts to [y, z] N o, (D) N Ny = 2.
Therefore we have x € B(D) ~ ([v,u] N Negy)-

Finally we show that a,, (D) N B'(a, (D)) = @. Let & and y be elements of o, (D)
with the same color ¢ satisfying y < . Since o, (D) = D ~ {u} U {v}, it is enough to
show [y, z] N ay, (D) N N; # @ for the following three cases:

Case 1.z, y € D, Case2.y=wv, Cased.z=nv.

In Case 1, assume that [y, z] N, (D) N N; = @. If [y, 2] N D N N; = &, then we have
x € B(D) and this contradicts to the induction hypothesis D N B(D) = &. Hence
[y,z] "D N N; # @ and this implies u € [y, z] N N;, i.e. y < u < x and c(u) = ¢(v)
is adjacent to 4 in I". Since v € «, (D), we have v & [y, 2] N N;. Therefore, by using
Property (C5) in Proposition 2.5, we see that v < y < uw < x, which contradicts to
the D-activity of u. In Case 2, we have v < u < z because [v,u] is a dg-interval and
there is no element w € [v,u] with w # v,u and ¢(w) = ¢(v) = ¢(u) by Property (C2)
in Proposition 2.5. Since [u,z] N D N N; # & by the induction hypothesis, we have
[v,2] N au(D) N N; # @. In Case 3, we have [v,u] N DN N; = @ (u is D-active)
and [y,u] N DN N; # @ (the induction hypothesis). Hence by using Lemma 3.8 (a)
we obtain [y, v] N ay, (D) N N; # @. Therefore we see that any element satisfying the
condition (ii) in (a) for oy, (D) does not belong to a, (D), and o, (D)NB’ (e, (D)) = @.
This completes the proof. O
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3.2. K-THEORETICAL EXCITED DIAGRAMS. We define K-theoretical excited dia-
grams and study their properties. For shapes and shifted shapes, these diagrams were
introduced in [5].

DEFINITION 3.9. Let P be a d-complete poset and let F' be an order filter of P.

(a) Let D be a subset of P andu € D. If u is D-active and [v,u] is a d-interval,
then we define oZ(D) to be the subset of P obtained by adding v to D. We
call this operation a K-theoretical elementary excitation.

(b) A K-theoretical excited diagram of F' in P is a subset of P obtained from
F after a sequence of ordinary and K-theoretical elementary excitations on
active elements. Let E(F') be the set of all K-theoretical excited diagrams of
F in P.

ExaMpPLE 3.10.If P = 5(5,4,2,1) is the shifted shape corresponding to a strict
partition (5,4,2,1) and F' = S(3, 1), then there are 11 K-theoretical excited diagrams
in £5(F) shown in Figure 6, and five of them are ordinary excited diagrams in Ep(F').
In Figure 6, the shaded cells form a K-theoretical exited diagram, and the arrow
D — D' (resp. D = D’) indicates that D’ is obtained from D by an ordinary
(resp. K-theoretical) elementary excitation.

N

X

/

FIGURE 6. K-theoretical excited diagrams of S(3,1) in S(5,4,2,1)

For a fixed linear extension of P and a subset D = {p;,,...,pi.} (i1 < -+ <i,) of
P, we define an element w}, € W by putting

w*D = S(pi1) * S(piz) ook S(pir)7
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where * : W x W — W is the associative product, called the Demazure product,
defined by

siw it l(s;w) = l(w) + 1,
S;*xW =
w o if l(s;w) = l(w) — 1.

For the fundamental properties of the Demazure product (also called the Hecke prod-
uct), we refer to [2, Section 3]. Since wp is fully commutative (Proposition 2.9), the
element w7, is independent of the choices of linear extensions of P.

The following proposition is a key to rephrase the Billey-type formula for equivari-
ant K-theory in terms of combinatorics of d-complete posets (see Proposition 4.7).

PROPOSITION 3.11. Let P be a connected d-complete poset and F an order filter of
P. Then a subset D C P is a K-theoretical excited diagram of F' in P if and only if
wh = wp.

We follow the same idea as the proof of [5, Proposition 4.8].

LEMMA 3.12 ([5, Lemma 3.1 and Proposition 3.4]). Let v € W and v = s, * -+ % 8;,
with Tyeeeyip €1
(a) There is a increasing sequence 1 < k1 < ko < -+ < k; < r such that v =
Sik, Siy, - - - Siy, 1S @ reduced expression of v. In particular, we have l(v) <r.
(b) Ifi(v)=r, thenv=s; -5,
(¢) Ifv is fully commutative and I(v) < r, then there exist a < b such that
si, = Si, and s;, commutes with s;, for every a < c <b.

a

Proof of Proposition 3.11. We denote by R5(F) the set of all subsets D C P satis-
fying w}, = wp.

First we prove E5(F) C Rp(F). Since F' € Rp(F), it is enough to show that, if
D’ € £5(F) is obtained from D € £5(F) by an ordinary or K-theoretical elementary
excitation, then w}), = w},. Let u be a D-active element and [v, u] be the dj-interval
with top element u. Let v =pg, u =prand {j : k < j <l,pj € D} = {j1,...,Jm}
(1 <+ <jm) - D = ay(D) =D~ {u} U{v}, then we have

wh = slg,) % (g, ) xs(on) 5o
Whe = o) % sog,) %ok s(0,)

If D' = (D) = D U{v}, then we have

wp =k s(pjy) * ook s(pg,) xs(p) x -0
wpr =+ * 8(p) * 8(pjy) * - x 8(pj,,) *s(p) x -+

Since u is D-active, it follows from Lemma 3.5 and s(px) * s(p1) = s(pi) * s(p1) = s(p1)
that w},, = w}, in both cases.

Next we prove RE(F) C E5(F). We proceed by induction on #D to prove D €
Rp(F) implies D € Ep(F). Since w}, = wp, we have #D > l(wp) = #F by
Lemma 3.12 (a). If #D = #F, then w}, = wp by Lemma 3.12 (b), thus we have D €
Ep(F') C E5(F) by Proposition 3.4. If #D > #F, then it follows from Lemma 3.12 (c)
that there exist u, v € D with v < w such that ¢(u) = ¢(v) and s(u) = s(v) commutes
with s(w) for every element w between u and v in the expression of w},. If we put
D’ = D~{v}, then we see that w}), = w},. Hence by the induction hypothesis we have
D’ € £5(F). Since D is obtained from D’ by a sequence of ordinary and K-theoretical
elementary excitations, we obtain D € E5(F). O

The following proposition plays a crucial role in the proof of our main theorem (see
the proof of Theorem 5.3).
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PROPOSITION 3.13. Let P be a connected d-complete poset and F' an order filter of P.
Then we have

(11) Ep(F)= || {pusS:ScBD)}.
Deép(F)

In order to prove this proposition, we prepare several lemmas.

LEMMA 3.14. Let © and y be elements of P such that y < x and c(x) = c(y) =i, and
let D € Ep(F) be an excited diagram. If [y,z] NDNN; = & and y € D, then we have
[y, 2] N B(D)NN; = @.

Proof. Assume to the contrary that [y,2] N B(D) N N; # & and take an element
z € [y,x] N B(D) N N;. By Proposition 3.7 (a), there exists w € D) such that
w < z and [w, 2] N D N Ng,y = @. Then c(w) = ¢(z) is adjacent to i = c(y) in T
and w € D N Ne(y. Since [y, 2] N D N Ny, = F, we have w ¢ [y, x]. Hence by using
Property (C5) in Proposition 2.5 we see that w < y < z < z, which contracts to
[w,z]ﬂDﬁNc(z) = J. O

For E € £5(F'), we define a subset S(E) of E by putting

(12) S(E) = {x ¢ . there exists y € E(,) such that }

y<zand [y,r] NEN Ny, =@

It follows from Property (C4) in Proposition 2.5 that S(F) = & for an order filter F'
of P.

LEMMA 3.15. Let E € E5(F') and u € E an E-active element. Then we have

(1) S(au(E) = {ﬁég Sl e,
co 8B UL} e S(E),
) SlenlE) = {S(E) Ufu} ifud S(E),

where [v,u] is the dy-interval with top element u. In particular, we have
#5(au(E)) = #S(E), #S(ay(E)) =#5(E) +1,
and S(E) = & if and only if E € Ep(F).

Proof. Since a,(E) = E~{u}U{v}, the equality (13) follows from the following three
claims:

(i) S(aw(E)) ~A{v} C S(E).

(ii) w € S(E) if and only if v € S(a,(F)).

(i) S(E) C S(aw(E)).

To prove (i), we take € S(a,(F)) such that « # v. Then, by the definition (12),
there exists y € (o (F))c(z) such that y < z and [y, 2] N, (E) N Nepy = @. If y = v,
then [u,z] N E N Ney C [v,2] N E N Nz = 9, hence x € S(E). We consider the
case where y # v. In this case, y € E and it follows from [v,u] N E'N N,y = @ that
y & [v,u] N Ne(y). Now we can use Lemma 3.8 (c) to obtain [y,z] N EN N,y = 9,
hence z € S(E).

Next we prove (ii). If v € S(a,(E)), then there exists w € v, (E)(y) such that w <
v and [w, v]Nay (E)NNe) = @. Then by Lemma 3.8 (a) we have [w, uJNENN ) = @,
hence u € S(E). Conversely, if u € S(E), there exists z € E(,) such that z < u and
[z, u] NEN NGy = @. Then we have [z, v] N, (E) N Neyy C [z, u]Nay (E) NNy = 9,
hence v € S(ay(E)).
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To prove (iii), we take x € S(E). By the definition (12), there exists y € E,,) such
that y < x and [y,z] N EN N,y = @. Then we have y = u or y € ay(E). If y = u,
then [u, ] NENN,(,) = @ and [v,u] Ny ()N N,y = D by the E-activity of u. Hence
by using Lemma 3.8 (a) we have [v, 2] N ay(E) N Nezy = @ and © € S(a,(E)). We
consider the case where y € o, (F). Since [v,u] N EN N,y = @ and x € E, we have
x & [v,u] N Ne(,). Hence by using Lemma 3.8 (b) we see [y, 2] N o, (E) N Nep) = @
and = € S(ay(E)).

Since o (F) = E U {v} and u € S(a}(FE)), the equality (14) follows from the
following three claims:

(iv) S(ai(E)) ~{u,v} C S(E).

(v) uwe S(E) if and only if v € S(a(E)).

(vi) S(E) C S(a(E)).

To prove (iv), we take z € S(a(E)) such that © # u, v. Then there exists y €
(a3 (E))e(e) such that y < z and [y, z] N (E) N Nepy = 9. If y = v, then [u, z] N EN
Nezy C [v,2] N EN Ny = @, hence x € S(E). If y € E, then [y,z] N E N N,y C
[y, z] N, (E) N Ne(py = D, hence x € S(E).

Next we prove (v). If v € S(aj,(E)), then there exists w € a(E)q() such that
w < v and [w,v] N} (E) N Nyp)y = @. Then by using Lemma 3.8 (a) we have
[w, u] NEN N,y = @, hence u € S(E). Conversely, if u € S(E), there exists z € E,,)
such that z < w and [z,u] N E N N, = @. Then we have [z,v] N o (E) N N,y C
[2,u] N, (E) N Ny = @, hence v € S(aj,(E)).

To prove (vi), we take x € S(E). Then there exists y € E,(,) such that y < = and
[y, ] NENN(y) = 9. Since [v,u)NENN.,) = @ and x € E, we have z & [v,u]NN(y).
Hence by using Lemma 3.8 (b) we see [y, z]Nay, (E)N N,y = @ and x € S(a(E)). O

LEMMA 3.16.If D € Ep(F) and S C B(D), then we have D U S € E5(F) and
S =S(DUS). In particular, if E € E4(F) is expressed as E = DUS = D' US" with
D, D' € Ep(F) and S C B(D), S’ C B(D'), then we have D = D' and S = 5.

Proof. First we proceed by induction on #5 to prove DUS € E5(F). If S = @, then we
have D € Ep(F) C EH(F). If S # @, we take an element z € S and put S’ = S~ {z}.
By the induction hypothesis and Proposition 3.11, we have D U S" € E5(F) and
wh,g = wp. Using Proposition 3.7 (a), we see that there exists y € D) such
that y < z and [y,z] N D N Ny, = @. Then it follows from Lemma 3.14 that
[, 2] N(DUS)N Nezy = 8. lfy =pp, z =prand {j : k< j <, pj € DUS} =
{J1,--2dm} (41 < -+ < jm), then we have

whg = % 8(pr) * s(pj,) * - x 8(pj,,) *s(pr) x -+,
Why,gr = % 8(pk) ¥ 8(pjy) * -k s(pj,, ) * o

By using Lemma 3.5 and s(px) * s(pi1) = s(px) * s(px) = s(px), we obtain wi) ¢ =
wh,g = wr. Hence by Proposition 3.11 we have DU S € E5(F).

Next we put £ = D U S and prove that S = S(E). In order to show the inclusion
S C S(E), we take x € S C B(D). Then by Proposition 3.7 (a), there exists y €
D,z such that [y,z] N D N N,y = @. Hence by using Lemma 3.14 we see that
[y, 2] NENN,(py = @ and x € S(E). In order to show the reverse inclusion S(E) C S,
we take x € S(E) and prove x € B(D). By the definition (12), there exists y € E, )
such that y < x and [y, z]NENN(,) = @. Since D C E, we have [y, z]NDNNy(,) = @.
If y € D, then by Proposition 3.7 (a), we have z € B(D). If y € S, then there exists
z € D) such that z <y and [z,y] N D N N,y = @. Then by using Lemma 3.8 (a),
we have [z,2] N D N N,y = @ and = € B(D). O
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LEMMA 3.17. Let E € E5(F) and z € S(E). If we put E' = E \ {z}, then we have
(a) B € Ex(F).
(b) S(E') = S(E) ~{z}.
Proof. By the definition (12), there exists w € E,.) such that w < z and [w, 2] N EN
Nc(z) = .
@ fw=py,z=pand {j:k<j<l, pj € E}={j1, .-, Jm} (1 < - <Jm)s
then we have
wg = x8(pr) * 8(pj,) - x s(py,,) *s(pr) *
Wiy = - 5(pr) * s(py) * - x 8Dy ) x e

="

By using Lemma 3.5 and s(pg) * s(p1) =
from Proposition 3.11 that E' € E5(F).

(b) First we prove that S(E') C S( ). Let x € S(E’). Then there exists y € (E')(y)
such that y < z and [y, z]NE'N N, = @. Since y € E and [w, z]NENN,,) = @, we
have y ¢ [w, 2] N N,(,). Hence by using Lemma 3.8 (d) we have [y, 2] N EN N, = @
and z € S(E).

Next we prove that S(E) \ {z} C S(E’). We take an element 2 € S(F) such that
x # z. Then there exists y € E(,) such that y < z and [y,z] " EN N,y = 9. If
y # 2z, then y € E' and [y,x] N E' N N,y = &, hence x € S(E'). We consider the
case where y = z. In this case [z,2] N E' N N, = 9. Since [w, 2] N E' N N,y = 9,
it follows from Lemma 3.8 (a) that [w,z] N E' N N, = @ and x € S(£'). O

s(px), we obtain wj, = wj,. Hence it follows

Now we are in position to give a proof of Proposition 3.13.

Proof of Proposition 3.13. By using Lemma 3.16, it is enough to show that any FE €
Ep(F) can be written as E = DUS with D € Ep(F) and S C B(D). Given E € £5(F),
we put D = E ~ S(F) and prove that D € Ep(F) and S(E) C B(D). We proceed
by induction on #S(E). If S(E) = @, then E € Ep(F) by Lemma 3.15. We consider
the case where S(F) # @. Then we take z € S(F) and put £/ = F ~ {z}. Since
S(E') = S(E) ~ {z} by Lemma 3.17 (b), we see that D = E~\ S(E) = E' . S(E').
By the induction hypothesis, D € Ep(F) and S(E’) C B(D). It remains to show
that z € B(D). By the definition (12), there exists w € F,(;) such that w < z and
[w,2] N EN N,y = @. Let w be the minimal such element. If w ¢ D, w € S(E),
then by definition there exists w' € E,q, such that [w’,w] N E N Ny = @. Then
it follows from Lemma 3.8 (a) that [w’, 2] N £ N N,(;) = &, which contradicts to the
minimality of w. Therefore we have w € D and z € B(D). O

REMARK 3.18. We can define the notion of D-active elements and ordinary and K-
theoretical elementary excitations for a general dominant minuscule heap H(w) just
by replacing di-intervals with intervals [v,u] such that c(u) = c(v) and [v,u] N
H(w)ey = {u,v}. Then the arguments in this section work as well for H(w). In
particular, Propositions 3.11 and 3.13 holds for H(w).

EXAMPLE 3.19. Let p be a strict partition and regard the shifted shape S(u) as a
heap for the Weyl group of type B (see Example 2.13). Then the notion of active
elements, (ordinary and K-theoretical) elementary excitations and excited peaks are
modified as follows. Let D be a subset of S(u).

(a) An element u = (7,5) € D is D-active if either

i<jand (ij+1), (i +1,9), (+1,j+1) € S(x)~ D, or
t=jand (¢,i+1), (1 +1,i+1) e S(u)\D
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(b) If u = (i,j) € D is D-active, then we define an ordinary and K-theoretical
elementary excitation by putting
au(D) =D~ A7) +1,7+ 1)},
a, (D) =DU{(i+1,j+1)},

respectively.
(¢) If uw=(i,§) € D is D-active, then we define

B(D)~ A6, 5+1), i+ 1,5 u{(@, )} ifi<j,

B(D) ~ A7+ 1)} u{(i,5)} ifi=j.

This notion of excited diagrams is the same as Ikeda—Naruse’s excited diagrams of
type I introduced in [7].

For example, if P = S(5,4,2,1) and F' = 5(3, 1), then there are 10 excited diagrams
of F in P as a heap for the type B Weyl group. See Figure 7.

B(ow(D)) = {

FIGURE 7. Excited diagrams in S(5,4,2,1) viewed as a type B heap

4. EQUIVARIANT K-THEORY OF KAC-MOODY PARTIAL FLAG VARIETIES

In this section we review the basic properties of the equivariant K-theory of thick
flag varieties following [18, Section 3], and rephrase the Billey-type formula and the
Chevalley-type formula in terms of combinatorics of d-complete posets.

4.1. EQUIVARIANT K-THEORY AND LOCALIZATION. Let A = (a;;)i jer be a sym-
metrizable generalized Cartan matrix, and I the corresponding Dynkin diagram with
node set I. Then the associated Kac—-Moody group G over C is constructed from the
following data: the weight lattice (Z-module) A, the simple roots IT = {«; : ¢ € I},
the simple coroots IV = {a} : i € I}, and the fundamental weights {\; : i € I} (see
the beginning of Subsection 2.2).

In what follows, we fix a subset J of I. Let B be a Borel subgroup corresponding to
the positive system & and 7 C B a maximal torus. Let P_ be the opposite parabolic
subgroup corresponding to the subset J, which contains the opposite Borel subgroup

Algebraic Combinatorics, Vol. 2 #4 (2019) 560



Skew hook formula for d-complete posets via equivariant K -theory

B_ such that BN B_ = 7. Then we can introduce the Kashiwara thick partial flag
variety X = G/P_. (We refer the readers to [11] for a construction of X.)

Let W be the parabolic subgroup of W corresponding to J and W+ be the set
of minimum length coset representatives of W/W. For each element v € W7, we
put X° = BvP_/P_ and X, = X2, the Zariski closure of X, which are called the

Schubert cell and the Schubert variety respectively. Then X, has codimension I(v) in

X and
X,= ||
weWJ w>v

Let K7(X) be the T-equivariant K-theory of X. Then K7(X) has a commutative
associative K7 (pt)-algebra structure. Here the T-equivalent K-theory K7 (pt) of a
point is isomorphic to the group algebra Z[A] with basis {e* : A € A}, and to the
representation ring R(7) of 7. For each v € W let [O,] be the class of the structure
sheaf O, of X, in K7(X) and call it the equivariant Schubert class. Then we have

KEr(x)= [[ Krpt)]o.)-
veWJ

Any elements of K1(X) is a (possibly infinite) K (pt)-linear combination of the
equivariant Schubert classes.

Each w € W gives a T-fixed point e, = wP_/P_ € X. Then the inclusion map
Lw : {ew} — X induces the pull-back ring homomorphism, called the localization map
at w,

LTU : KT(X) — KT(ew) = Z[A}

If £* is the line bundle on X corresponding to a weight A € A, then the image
of the class [£*] under the localization map is given by % ([£}]) = e“*. For two
elements v, w € W7, we denote by £|, the image of the T-equivariant Schubert
class £V = [O,] € K7(X) under the localization map ¢}

§w = 13, ([00]).
Then the Billey-type formula for the equivariant K-theory can be stated as follows:

PROPOSITION 4.1 ([18, Proposition 2.10]). Let v, w € W, and fiz a reduced expres-
s0n W = Si, 84, - - - Siy 0f w. Then we have

(15) §U|w = Z (_1)7'—l('u) ﬁ (1 _ eﬂ(k’a)) 7

(K1yeenskr)

where the summation is taken over all sequences (k1, ..., k) such that 1 < k; < ko <
o < kp <N and s, * kS, =0 (with respect to the Demazure product), and

B*) is given by B*F) = s, .. 55, (i) for 1 <k < N.

By using Lemma 3.12 (a), we can deduce the following corollary from Proposi-
tion 4.1.
COROLLARY 4.2.
(a) For w € WY, we have

N

(16) el =T (1-¢").

k=1

In particular, £, # 0.
(b) Letv, w e W7. If €], # 0, then we have v < w in the Bruhat order.
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4.2. EQUIVARIANT K-THEORETICAL LITTLEWOOD—RICHARDSON COEFFICIENTS. We
consider the structure constants for the multiplication in K (X) with respect to the
equivariant Schubert classes. For u, v, w € W7, we denote by Cuv € Kr(pt) the
structure constant determined by

[0.][0,] = Z Cqu;,v[ow]-
weWJ
LEMMA 4.3. If cg,v #0, thenu < w and v < w.

Proof. We use the induction on I(w) to prove that, if u € w or v € w, then ¢¥, =0

U,v

Assume that v € w or v £ w. By apply the localization map ¥ to [0,][0,] =
> wew CuwlOz] and then by using Corollary 4.2 (b), we have

(€ w) - (€|w) = Z & -
rw

If there exists an element x € W7 satisfying < w and Cuw 7 0, then we have
u < z and v < = by the induction hypothesis, and hence v < w and v < w, which
contradicts to the assumption. Hence, by using Corollary 4.2 (b) and the assumption,
we have

0= Cg,v§w|w-

Since & # 0 (Corollary 4.2 (a)), we obtain ¢, = 0. O

PROPOSITION 4.4. For v, w € WY, we have
(17) C:;U,w = gv‘w'
Proof. By applying the localization map ¢}, to [0,][Ow] = >, cys ¢b ,,[O,] and then
by using Corollary 4.2 (b), we have
(%) - (€71w) = D bl
r<w

By Lemma 4.3, we see that cj ,, = 0 unless w < z. By Corollary 4.2 (b), we see that
&*|w = 0 unless = < w. Hence we have

(£v|w) ’ (€w|w) = Cﬁw§w|w~
Since £¥|, # 0 (Corollary 4.2 (a)), we obtain the desired equality. O

The following lemma gives a recurrence of the equivariant K-theoretical Little-
wood-Richardson coefficients c;; . We use the same idea as [21, Corollary 6.5] and [28,
Proposition 3.1].

LEMMA 4.5. Let u, v, w € W7 and s € W’ a simple reflection. If Cey F Co s then
we have

1
wo T W woy
Cu,v - v cu Z Cs,ucm,v Z cs,ycu,v

$,w SU \u<z<w uLy<w
In particular, we have
(18) . = - E <t oc?
waw T cw o cu s, u-T,w"
S,Ww U y<z<w

Proof. Consider the associativity
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Taking the coefficients of [O,,] in the both hand sides and using Lemma 4.3, we have
?u uv+ Z CS'LL wv: :)w Z)U—i_ Z CSy u’[)7
u<rLw uLy<w
from which we get the conclusion. O
The Chevalley formula gives a combinatorial expression of ¢, for a simple re-

flection s. To state the Chevalley formula of [20] we need several notations. For a
dominant weight A € A, we put

Hy={(v",k): 7V €@y, keZ, 0<k< (v, AN}

Fix a total order on I so that I = {i; < --- < i,}, and define a map ¢ : H, — Q"*+!
by

1
L(’yv,k)zm(k,(fl,...,cr).

where cl,.. ,c. are the coefficients of the simple roots in 7V given by vV =
Z; 1 G Then it is known that ¢ is injective. We define a total ordering < on Hy
by

h <h < u(h) <jex t(h'),
where <j¢y is the lexicographical ordering on Q"*!. For h = (v, k), we define affine
transformations r, and 7, on A by
ra(p) = 1= ),
Th(u) = ra(p) + (7", A) — k).
Note that r, = s,. Now we can state the Chevalley formula for the equivariant K-

theory of the partial flag variety X.

PROPOSITION 4.6 ([20, Theorem 4.8 (4.12) and (4.13)], see also [19, Corollary 7.1]).
Let s be a simple reflection such that s € W7 and v, w € W/. If s = s; and A = \;
1s the corresponding fundamental weight, then we have

1—ervA if w=wv,
1 A—vrh T A
’ (h1yeeeshy)
0 otherwise,
where the summation is taken over all sequences (hy, ..., h;) of length r > 1 satisfying

the following two conditions:

(Hl) hi>ho >--->h, in Hy,
(H2) v < vrp, < urp,rh, <---<vrp, ---Th, =W is a saturated chain in W7,

4.3. CONNECTION TO d-COMPLETE POSETS. In this subsection we rephrase the
Billey-type formula and the Chevalley-type formula in terms of combinatorics of
d-complete posets.

Let P be a connected d-complete poset with top tree I'. We regard I' as a simply-
laced Dynkin diagram with node set I. Let ap and Ap be the simple root and the
fundamental weight corresponding to the color ip of the maximum element of P.
We apply the results of Subsections 4.1 and 4.2 to the Kashiwara thick partial flag
variety X = G/P_, where P_ is the maximal parabolic subgroup corresponding to
J =TI~ {ip}. In this case, the parabolic subgroup W coincides with the stabilizer
W, of Ap in W, and the minimum length coset representatives W is denoted by
WAhe,
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By using a labeling of the elements of P with p1,...,pny (N = #P) so that p; < p;
in P implies ¢ < j, we can associate to each subset D = {i1,... i} (i1 < - <)
of P a well-defined element wp = s(p;,) -+~ s(p;.) € W. Then the following formula is
obtained from the Billey-type formula.

PROPOSITION 4.7. Let P be a connected d-complete poset and F' an order filter of P.
Then we have

(20) S lup = S0 (PP [T (1 - 2Hp ().

Ee&L(F) peE
under the identification z; = e* (i € I).

Proof. Follows from Proposition 4.1 by using Proposition 2.10 (b) and Proposi-
tion 3.11. O

Also the following explicit expression is obtained from the Chevalley-type formula.

PROPOSITION 4.8. Let P be a connected d-complete poset and put s = s;,. For two
order filters F' and F' of P, we have

1— 2[F] ifF =F,
(21) = (—1)FESIZIF] §f F' 2 F and F' \ F is an antichain,
0 otherwise,

under the identification z; = e (i € I).
First we consider the case r = 1 in Proposition 4.6.

LEMMA 4.9. Let F be an order filter of P and h = (y¥, k) € Hy,. If wpr, € WP
and wp < wprp, < wp, then there exists p € P such that F' = F U {p} is an order
filter of P, wpry, = wg and v =Y (p). In this case k = 0 and T, \p = Ap.

Proof. Since the interval [e,wp] in W is isomorphic to the poset of order filters of
P (Proposition 2.11 (a)), there exists a unique order filter F’ of P such that F/ O F,
#F' = #F + 1 and wpr = wpry,. Hence we have p € P such that F' = F U {p} and
wpr = s(p)wp. We take a linear extension of P such that F = {pn41,...,pn} with
N = #P and n = #(P \ F). If p = p,,, then p is incomparable with p,,41,...,Dn,
hence s(pp,) is commutative with s(pm+1),...,5(pn) by Property (C5) in Proposi-
tion 2.5, and thus s(p;)aV (pm) = @V (pm) for m + 1 < i < n. Hence we have

7 =wp e (pm)

= s(pn) -+ s(Pn+1)a’ (pm)
= s(pn) -+ 5(Pns1)5(Pn) - 5(Pms1)” (Pm)
=" (pm)-
By Proposition 2.10 (c), we see that k = 0 and FRAp = Ap. O
Now we deduce Proposition 4.8 from the Chevalley-type formula.

Proof of Proposition 4.8. Tt follows from Proposition 2.11 (b) and Proposition 4.6 that
clr =1-—z[F].

S, WE

Suppose that there exists a sequence (hi,...,h,) of elements in H), satisfying
Conditions (H1) and (H2) in Proposition 4.6. Then by Lemma 4.9, we have a sequence
(q1,-..,q) of elements of P such that F; = FU{q1,...,q} is an order filter of P,
hi = (vV(¢;),0) for 1 <i < rand 7y, - Th, Ap = Ap. Now we show that {q1,...,¢}
is an antichain. Assume to the contrary that there exist ¢ and j such that ¢ < j and g;

Algebraic Combinatorics, Vol. 2 #4 (2019) 564



Skew hook formula for d-complete posets via equivariant K -theory

and g; are comparable. Since ¢; is maximal in P\ (FU{q1,...,¢i—1}) and ¢; € P~(FU
{q1,...,qi—1}), we have ¢; > ¢;. Then by Proposition 2.10 (a), we see that 7" (g;) <
7Y (g;j). Hence by the definition of the total order on Hy,, we have h; < h;, which
contradicts to Condition (H1). Moreover it follows from Proposition 2.11 (b) that

e/\waF:hl---:hr)\P — Z[F,].

Conversely, suppose that F' 2 F and F’ \ F is an antichain. For ¢ € F' \ F, we
put h(q) = (vV(q),0) € H,,. Since F’ \ F' is an antichain, we can label the elements
of F/ \\ F so that h(q1) > --- > h(g,). Then (h(q1),...,h(g-)) is the unique sequence
satisfying Conditions (H1) and (H2) in Proposition 4.6. O

5. PROOF AND COROLLARIES OF MAIN THEOREM

In this section, we give a proof of the main theorem (Theorem 1.2 in Introduction)
and derive several consequences.

5.1. PROOF OF THE MAIN THEOREM. Recall the main theorem of this paper:

THEOREM 5.1. Let P be a d-complete poset and F an order filter. Then the multivari-
ate generating function of (P ~ F)-partitions, where P~ F is viewed as an induced
subposet of P, is given by

[Loerp) z[Hp(v)]
(22) DD DR | gt e - o

cE€A(P\F) Deé&p(F)

where D runs over all excited diagrams of F in P.

Since the both sides of (22) factor into the product over the connected components
of P, the assertion of this theorem follows easily from the case where P is a connected
d-complete poset. Hence Theorem 5.1 is a direct consequence of the following two
theorems, which describe the ratio £“¥|,,, / £*7 |, of the localizations of elements in
the equivariant K-theory K7 (X)) in two ways.

THEOREM 5.2. For a connected d-complete poset P and an order filter F of P, we
have

(23) e

£ |
ocEA(P\F)

under the identification z; = e (i € I).

THEOREM 5.3. For a connected d-complete poset P and an order filter F of P, we
have

(24) wa‘wp_ Z i quD)z[HP(Q)]

é‘wp‘wp DeEp(F) pGP\D( _Z[Hp(p)])’

under the identification z; = e* (i € I).
First we prove Theorem 5.2 by using the Chevalley-type formula (Proposition 4.8).

Proof of Theorem 5.2. For an order filter F' of P, we put

£ lwp

ZP/F(Z): gwp| s GP/F(Z): Z 29.

oc€A(P\F)
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It is clear that Zp,p(z) = Gp/p(z) = 1. Hence it is enough to show that Zp,p(z)
and G p,p(z) satisfy the same recurrences:

(25) Zpp(z) = % Y (=T 7 (),
F/

(26) GP/F(z) = m Z(_l)#(F/\F)_lGP/F/(Z)7
F/

where F’ runs over all order filters such that F C F’ C P and F’ \ F is an antichain.

First we prove (25). Under the isomorphism of posets given in Proposition 2.11 (a),
the interval (wp,wp] = {z € W : wp < 2z < wp} corresponds to {F’' :
F' is an order filter of P and F C F’ C P}. Then by using the recurrence (18) and
Proposition 4.8, we see that

1 ,
EwF|wP = (_1)#(F \F)_lz[F]ng/ |wP
(1—2[P]) = (1 - 2[F]) ;
= e DR e,

F/
Next we prove (26). Let M be the set of maximal elements of P~ F. Then we have
STEDFESIGp p(z) = Y (D) Gpypun(2).
F ICM,I#0
For I C M, we put
APNF)={c € A(P\F):o(x)=0forall z € I'}.

Then we have

GP/(FuI)(z) = Z 27,

o€ A(P~\F)1
By the Inclusion-Exclusion Principle, we have
Z(_l)#(F’\F)flGP/F/ (Z) — Z ZU,
F o€ A'(P\F)
where we put
A(PNF)={ce€ AP\ F):o(zx)=0 for some z € M}.

Given 0 € A(P N\ F), let m = min{o(z) : € P\ F} and define ¢’ € A(P \ F)
by ¢/(z) = o(x) —m (x € P~ F). Then the map o — (m,o’) gives a bijection from
AP\ F)toNx A (P~ F), and

’

27 =z[P\F]™-27.

o __ 1 o
> =i X

ocEA(P\F) o€ A'(P\F)

Hence we have

This completes the proof. O
Next we derive Theorem 5.3 from the Billey-type formula (Proposition 4.7).

Proof of Theorem 5.3. By Proposition 4.7, we have

E%wp = Y (CD)FFHFIT] (1 2[Hp ().

Ee&L(F) pEE
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By using Proposition 3.13, we see that

Ewp =y [T Q=zlHp@) Y OF T -=[HpG)

De&p(F)peD SCB(D) pES
= > Tla-zHew) [I =zlHem):
Deé&p(F)peD peB(D)
By dividing the both sides by {7, = [[,cp(1 — z[Hp(p)]), we obtain the desired
identity (24). O

5.2. COROLLARIES OF THE MAIN THEOREM. First we derive the equivariant coho-
mology version of Theorem 5.1. In addition to translating Nakada’s colored hook
formula [24, Corollary 7.2] from the context of roots to the context of d-complete
posets, the following corollary gives a skew generalization of it.

COROLLARY 5.4. Let P be a d-complete poset with d-complete coloring ¢ : P — I and
F an order filter of P. Let a = (a;)icr be indeterminates. We put a(p) = a() (p € P)
and define a linear polynomial a{Hp(u)) as follows:

(i) If u is not the top of any dy-interval, then we define
(1<Hp(u)> = Z Ae(w)-
wu
(ii) If u is the top of a dy-interval [v,u], then we define
a(Hp(u)) = a(Hp()) + a{Hp(y)) — a(Hp(v)),
where x and y are the sides of [v,u].
Then we have

1
Z a(qi)(a(q1) +a(gz)) -~ (alg1) + - -+ + a(gn))

(q15--+5Qn)
1
= 2 A sy

Deép(F)veP~D

(27)

where n = #(P . F) and the summation is taken over all linear extensions of P\ F,
i.e. all labelings of the elements of P . F with q1,...,q, so that ¢; < q; in P\ F
implies i < j.
Proof. Any (P ~\ F)-partition o € A(P \ F) is determined by a nonnegative integer
r < m, an increasing sequence i; < --- < i, of positive integers and an increasing
sequence ' C Fy C Iy C --- C F,. = P of order filters of P, by the condition

0 ifre F() AN F,
o) =9, .

i, ifx € Fy~Fr_1and 1 <k<r.

Hence we have

> =

o€ A(P\F)
= > > z[FANR) 2N Fi)? 2PN F)
FCFyCF G- CF=P 0<iy <---<iy
Z[P AN E)] Z[P AN Fl] Z[P AN Frfl]

FCFogFé:mgFr—P 1-— Z[P N Fo] 1-— Z[P N F1] 1-— Z[P AN Fr—l] ’
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Now by using Theorem 5.1, we have

ZP\FO ZP\F1 ZP\FT,1
T [ ] [ ] [ ]

FCFyCFC..CF,=P 1-— Z[P N Fo] 1-— Z[P AN Fl] 1-— Z[P N Fr—l]

_ HUeB(D) z[Hp(v)]
- 2 [loep (L = 2[Hp(v)])

By substituting z; = t* (i € I) and multiplying the both sides by (1 — ¢)", and then
by taking the limit ¢ — 1, we obtain

Deép(F)

1
a(P N F0>a<P N F1> s a<P N Fn,1>

1
=2 1l a{Hp(v))’

Deép(F)veP~\D

F=FyCF C-CF,=P

= ==

where the summation on the left hand side is taken over all increasing sequences
F=F CF ¢ CF,=P of order filters of length n, and a(D) = 3 . ac(y)
for a subset D C P. Such increasing sequences of order filters are in one-to-one

correspondence with linear extensions (qi,...,¢g,) of P~ F by the relation
Fk:FU{QTLa"'7qn7k+1} (0<k<n>
Hence we obtain the desired result. O

REMARK 5.5. Corollary 5.4 can be proved by using the Billey formula [1, Theorem 4]
and the Chevalley formula [17, Theorem 11.1.7 and Corollary 11.3.17] for the equi-
variant cohomology along the same line as Theorem 5.1.

By specializing z; = g for all i € I in (22), and a; = 1 for all ¢ € [ in (27), we obtain
COROLLARY 5.6. Let P be a d-complete poset and F' an order filter of P. We define

the hook length hp(u) at w € P as follows:

(i) If u is not the top of any dy-interval, then we define hp(u) = #{w € P : w <
(i) If u is the top of a di-interval [v,u], then we define hp(u) = hp(z)+hp(y) —
hp(v), where x and y are the sides of [v,u].

Then we have

(a) The univariate generating function of (P~ F)-partitions is given by

hp(v)
||U B(D) 4
(28) g q‘”‘ = E €B(D)

_ qhp(v))’
oc€A(PNF) Deép(F) HveP\D(l q"r )

(b) The number of linear extensions of P~ F' is given by

1
(29) nt > ] )’

DEEp(F) vEP~D

where n = #(P N\ F).

If P = D()\) and F = D(u) are shapes corresponding to partitions A D pu,
Equations (28) and (29) reduce to Morales—Pak—Panova’s ¢-hook formula [22, Corol-
lary 6.17] and Naruse’s hook formula [26] respectively. The trace generating function
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of reverse plane partitions of skew shape [22, Corollary 6.20] is obtained from Theo-
rem 5.1 by specializing

tq if 4 is the color of the maximum element of D(\),
Z: =
’ q otherwise.

REMARK 5.7. Theorem 5.1 and its corollaries hold for heaps H(w) associated to dom-
inant minuscule elements w in any symmetrizable Kac—-Moody Weyl groups, after
suitable modifications are made. See Remarks 2.12 and 3.18.

5.3. EXAMPLE.

EXAMPLE 5.8.Let P = S(3,2,1) D F = S(2) be the shifted shapes corresponding
to strict partitions (3,2,1) and (2). If we regard P as a d-complete poset with a d-
complete coloring ¢ : P — {0,0',1,2} given in Example 2.8, then the hook monomials
in z = (20, 20/, 21, 22) are given by

Z[HP(Llﬂ = ZOZO/Z%ZQ7 Z[HP(1,2)] = Z0R0’' %172, Z[Hp(l,?))] = Zpk1%2,

Z[HP(Q, 2)] = 2020’21, Z[HP(Q, 3)] = Z20%1,

Since we have

we apply Theorem 5.1 to obtain

(30) Yo o= L

(1 — Zozlzg)(l — 2020121)(1 — 2021)(1 — Z())

TEA(PNF)
2020/ 2172
+ (1 - 2020/2122)(1 - 20212’2)(1 — 2020/2’1)(1 — Zo)
B 1— 22202322
N (1 — 2020/2’12’2)(1 — 202122)(1 — 2020/2’1)(1 — 2’02’1)(1 — Zo),
where

1,1 3,3 2,2 1,2 2,3 1,3
27 = TG 122 n(L2)47(23) 1(13),

EXAMPLE 5.9. Let P = 5(3,2,1) D F = S(2) be the same as in Example 5.8. If we
regard P as the heap H (w3 2,1)) for the Weyl group of type B3 (see Example 2.13),
then the hook monomials in Z = (2o, 21, 22) are given by

Z[Hp(1,1)] = 202120, Z[Hp(1,2)] = 222225, Z[Hp(1,3)] = 222122,

2
0
Z[Hp(2,2)] = 2021,  Z[Hp(2,3)] = 2321,

Since we have
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we apply a heap version of Theorem 5.1 to obtain

1
31 zZ" =
() weA%;\m (1= 28z122) (1 — 2021) (1 — 221)(1 = 20)

2,2
Zozl Z9

(1 — 232229)(1 — 282129)(1 — z021)(1 — 20)
Z0R1%2
(1 — z02122) (1 — 232222) (1 — 232122)(1 — 20)

_|_

_ 1-— zg’z%zg
(1= z02122) (1 — 232122) (1 — 2021)(1 — 2321)(1 — 20)’

where
— m(1,1)4+m(2,2)+n(3,3) _m(1,2)+n(2,3) _m(1,3
Zi 2(7) (2,2) ())21(7) (,)2(7).

Note that Equation (31) is obtained from (30) by putting 2o = 2.
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