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Odd length in Weyl groups

Francesco Brenti & Angela Carnevale

ABSTRACT We define for any crystallographic root system a new statistic on the corresponding
Weyl group which we call the odd length. This statistic reduces, for Weyl groups of types A,
B, and D, to the each of the statistics by the same name that have already been defined and
studied in [8], [12], [13], and [3]. We show that the sign-twisted generating function of the odd
length always factors completely, and we obtain multivariate analogues of these factorizations
in types B and D.

1. INTRODUCTION

A new statistic on the symmetric group was introduced in [8] in relation to formed
spaces. This statistic combines combinatorial and parity conditions and is now known
as the odd length. Similar statistics were introduced and studied in [13] and [14] in
type B in relation to local factors of representation zeta functions of certain groups and
in type D in [3]. The sign-twisted distribution of the odd length on certain quotients
of the hyperoctahedral group of rank n is closely related to the number of n x n
symmetric matrices of given rank over finite fields (see [13] for the conjecture relating
these quantities and [4] for a proof). In [8] and [14] closed product formulas were
conjectured for the signed generating function of the odd length over all quotients
of the symmetric and hyperoctahedral groups, respectively. These conjectures were
proved in [4] in types A and B and independently in [9] in type B.

In this paper we define, for any crystallographic root system, a new statistic on the
corresponding Weyl group. We compute this statistic combinatorially for the classical
root systems of types A, B, C, and D. As a consequence we verify that this statistic
coincides, in types A, B, and D, with each of the odd length statistics defined and
studied in these types in [3, 8, 9, 13, 14]. Our combinatorial computation of the odd
length in the classical types shows that it is the sum of some more fundamental
statistics and we compute the sign-twisted multivariate generating functions of these
statistics in types B and D. These results reduce to results in [8], [14], and [4] when all
the variables are equal. We also show that the signed generating function of the odd
length factors completely for any crystallographic root system. In type Eg this result
is due to John Stembridge, who in [15] also provides a unified description of these
factorizations. More precisely, in [15] Stembridge gives a, different, case by case proof
of the factorization result, and shows that the factors themselves can be described in
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terms of the degrees of the free generators of the polynomial invariants of a canonically
associated reflection group.

The organization of the paper is as follows. In the next section we recall some
definitions, notation and results that are used in the sequel. In § 3 we define a new
statistic on any Weyl group, which we call the odd length. This statistic depends on
the choice of a simple system in the root system of the Weyl group and we show that
its generating function over the Weyl group only depends on the root system. Using
a convenient choice of simple systems we compute combinatorially the odd length
of any element of any Weyl group of classical type and verify that it coincides, in
types A, B, and D, with the odd length statistics already defined in [8, 13, 14, 3] in
these types. In § 5 and § 6 we compute, motivated by the results in § 3, the signed
multivariate distributions of certain statistics over the Weyl groups of types B and D
and show that they factor as products of binomials in almost all cases. In § 7 we show,
using previous results and computer calculations, that the signed generating function
of the odd length factors completely for all irreducible crystallographic root systems.
Finally, in § 8, we study the signed generating function of another statistic, defined
in terms of reflections. Its definition is suggested by the results in § 5, it is defined on
any Coxeter system, and we prove product formulas for its signed generating function
on all Weyl groups.

2. PRELIMINARIES

In the following V is a real vector space endowed with a symmetric bilinear form
(+,-). A reflection is a linear operator s on V which sends some nonzero vector « to
its negative and fixes pointwise the hyperplane H, orthogonal to it. For v € V the
action of s = s, is given by:

(a, v)
(@, )

SqU=1v— 2

It is easy to see that s, is an involution in O(V'), the group of orthogonal trans-
formations of V. Finite reflection groups are finite subgroups of O(V') generated by
reflections. We are interested in Coxeter groups of type A, B and D, which arise as
reflection groups of crystallographic root systems.

DEFINITION 2.1. Let V, (-, ) be as before. A finite subset ® C V of nonzero vectors is
a crystallographic root system if it spans V and satisfies:

(1) 2NRa ={a,—a} foralla e ®

(2) $aP =0 forallae ®

(3) 2% €Z foralla,p € ®.

Vectors in ® are called roots.

The group W generated by the reflections {s,, o € ®}, is the Weyl group of ®.

We call a subset A C & a simple system if it is a basis of the R—span of ® in V' and
if moreover each o € ® is a linear combination of elements of A with all nonnegative
or all nonpositive coefficients. It is well known that simple systems exist (for details
see [7]) and that for crystallographic root systems all the roots are integer linear
combinations of simple roots. The group W is indeed generated by S = {s,, a € A},
the set of simple reflections. Moreover (W, S) is a Coxeter system. For an element
W = Sq, Sqa, € W and a root o we let w(a) denote the action of w on « as
composition of the reflections sq,, ..., Sq,-

We follow [1] for notation and terminology about Coxeter groups. In particular,
for a Coxeter system (W, S) associated with a root system as above, we let o be the
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Coxeter length and T be the set of reflections
T={w'sw: weW,secS}
For I C S we define the quotient
'Wi.={weW : Dp(w) CS~1I},
where Dp(w) = {s € S : fla(sw) < fa(w)}. We define similarly Dg(w). The

parabolic subgroup Wy is the subgroup generated by I. The following result is well
known (see, e.g. [1, Proposition 2.4.4]).

PROPOSITION 2.2. Let (W, S) be a Cozeter system, J C S, and w € W. Then there
exist unique elements 7w € YW and jw € W such that w = yw w. Furthermore
a(w) =La(yw) + gA(JU)).

For A = {a;, s € S}, we let @£ denote the set of roots that are nonnegative linear
combinations of simple roots, and ®, = —@Z, so dp = <I>JAr ud,.
For a € ®, a = ) g csas, we call height of o (with respect to A) the sum of the
coeflicients of the linear combination:

(2.1) hta(a) =) e
ses
For a Coxeter system (W, S) as above, the Coxeter length has an interpretation in
terms of the action of W on ®:

(2.2) Ia(w) =|{a €@t : w(a) € D7},

that is, for any element w € W it counts the number of positive roots sent to negative
roots by its action as a composition of reflections.
Let now @ be a crystallographic irreducible root system of type A, B, C, or D. We

consider, in particular, for each of these types the following root systems:

(1) ¢ = {:I:(ei - ej)a Isi<jis< 77,}, for type A,_1,

(2) ©={x(e; £e;), 1 <i<j<n}U{xe;,i€ [n]}, for type By,

(3) ©={x(e;£ej), 1 <i<j<n}tU{x2e;,1 € [n]}, for type Cy,

(4) @ ={+£(e; te;), 1 <i<j<n}, for type D,.
For these systems, we will consider in the sequel the following convenient choices of
simple systems:

(1) A={(eir1—ei

(2) A={(eit1—ei),

), @ € [n— 1]}, for type A,_1,

), i€ [n—1]}U{e1}, for type B,,
(3) A={(eir1 —€i), i € [n— 1]} U{2e1}, for type Cn,

(4) A ={(ei+1—€i), i € [n = 1]} U {e1 + ez}, for type Dy,.

We recall here that for suitable sets of generators, the groups W(®) are not only
Coxeter groups, but they have very nice combinatorial descriptions as permutation
groups. We employ here, for these groups, notation from [1, Chapter 8]. In particular,
we write SZ for the group of signed permutations of degree n, namely permutations
o of [-n,n] satisfying o (i) = —o(—i) for all i € [-n,n]. We write S for the group
of even signed permutations of degree n, subgroup of SZ consisting of signed per-
mutations with an even number of negative entries in their restriction to [n]. Given
o € S5 we write 0 = [ay, ..., a,] to mean that o(i) = a; for all i € [n] (called window
notation of the signed permutation o). We also use, for (even) signed permutations,
the disjoint cycle notation.

)

)

PROPOSITION 2.3. Let A C ® and S be as above. Then (W (®),S) is isomorphic to:

(1) the symmetric group S,, with Cozeter generators the simple transpositions
(i,i+ 1), fori=1...n—1, if ® is of type Ap_1;
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(2) the group of signed permutations SZ, with Coxeter generators the simple

transpositions (i,i+1)(—i,—i—1), fori=1...n—1, and s =[-1,2,...,n],
if ® is of type By, or Cy;
(3) the group of even signed permutations S, with Cozeter generators the
simple transpositions (i,0 + 1)(—i,—i — 1), for i = 1...n — 1, and
s =1[-2,-1,3,...,n], if ® is of type D,,.
Moreover, with the above choices of simple systems, the Coxeter length has combina-

torial interpretations in terms of statistics on the window notation. In particular, for
o€ W(®)

inv(co), if ® is of type A,
la(o) =< inv(c) + neg(c) + nsp(o), if D is of type B or C,
inv(o) 4+ nsp(o), if © is of type D,

where inv (o) = |{(i,j) € [n]*: i < j, o(i) > o(4)}|, neg(c) = |{i € [n]: (i) < 0}| and
nsp(o) = |{(i,5) € [n]*: i < j, o(i) + o(j) < 0}

In the sequel, we write ¢ for /A when using the above combinatorial interpretations
of the Coxeter length.

3. ODD LENGTH

In this section we define, for any crystallographic root system ®, a new statistic on the
corresponding Weyl group W (®). While this statistic, which we call the odd length,
depends on the choice of a simple system A C ®, we show that its generating function
over the corresponding Weyl group does not. We then compute combinatorially this
new statistic for the classical Weyl groups, for a natural choice of simple system, and
show that it coincides with each of the statistics by the same name that have already
been defined and studied in [4, 3, 8, 13, 14].

DEFINITION 3.1. Let ® be a crystallographic root system and W = W(®) be the cor-
responding Weyl group. Let A C ® be a simple system for ®, and let @Z and ®, be
the corresponding sets of positive and negative roots. Given a positive root o € <I>Z,
we let hta () be its height, relative to A. For any w € W, we let

(3.1) La(w):=|[{a € @ : hta(a) =1 (mod 2), w(a) € DL}

We call La(w) the odd length of o, and we call odd roots the positive roots of odd
height.

Our object of interest in this work is the sign-twisted generating function of the
odd length over the Weyl group. We now show that this generating function does not
depend on the simple system used to compute La and /a.

PROPOSITION 3.2. Let ® be a crystallographic root system and A, A" C ® be simple
systems for ®. Then there exists u € W such that

Las (w) = LA(uflwu)
forallw e W.
Proof. Tt is well known (see, e.g. [7, § 1.4]) that under our hypotheses there exists

u € W such that u(A) = A’, and so u(®L) = ®L,. From this it follows easily that
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for any o € @1 we have that hta(«) = htas(u(e)). Therefore

La/(w) = [{a € ®F, : htar(a) =1 (mod 2), w(a) € &4}
(

A
—[{Be % : htau(B) =1 (mod 2), w(u(B)) € O3}
—[{Bedf hta(d) =1 (mod 2), wlu(B)) € u(@3)}]
= La(utwu)
for all w e W. 0

COROLLARY 3.3. Let ®, A, A’ be as before. Then

Z xlA(w)yLA(w) - Z sz’(w)yLA’(w).

weW weWw
In particular, Zwew(_l)m(w)yLA(w) _ ZweW(_l)ZA/(w)yLN(w)'

Proof. By Proposition 3.2, there exists u € W with La/(w) = La(u™lwu) for all
u € W. Similarly, o/ (w) = la(u~twu) for all w € W. Hence

Z fo'(w Lar(w) — Z xfa(u wu LA(U twu) _ Z fo(U)yLA(U). 0

weWw weWw veW

We now derive combinatorial descriptions of La for the root systems of types A, B,
C, and D, for the same choice of simple systems used in Proposition 2.3. For o € S2
we let, following [4],

oneg(o) :=|{i €[n]: 0(i) <0, i=1 (mod 2)}|
onsp(o) := {(4,j) € [n] x [n]: i< j,0() +0(j) <0, j—i=1 (mod 2)},
oinv(o) := [{(i,7) € [n] X [n]: i < j, 0(i) >0(j), j—i=1 (mod 2)}|,

and define similarly their “even” analogues eneg, ensp, and einv.

PROPOSITION 3.4. Let ® be a crystallographic root system of type A, B, C, or D, and
A C ® be the simple system considered in Proposition 2.3. Then

oinv(o), if ® is of type A
La(o) = oneg(c) 4 oinv(o) + onsp(o), if ® is of type B,
neg (o) + oinv(o) + ensp(o), if @ is of type C,
oinv (o) 4 onsp(o), if ® is of type D,

for all o in the Weyl group of .

Proof. In all types a simple computation shows that hta(—e; + ;) = j — 4, for all
1 < i < j < n. Furthermore, if ® is of type B then one obtains that hta(e;) = i for
all 1 <i<nandhta(e; +e;) =i+ jforalll <i<j<n If®isof type C then
hta(e; +¢€;) =i+ j—1forall 1 <i < j < n. Finally, hta(e; +e;) =i+ j — 2 for all
1<i<j<nif ®is of type D. O

So, for example, if n = 5, and o = [3, -1, —4,—2,5] € SE, then La(c) = 6, if ® is
of type B, while La(c) = 8 if ® is of type C.

Proposition 3.4 shows that in types A, B, and D, with the choice of simple system
made there, La coincides with the odd length L defined and studied in [4, 3, 8, 13, 14].

We note the following simple consequence of Proposition 3.4.
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PROPOSITION 3.5. Let ® be a crystallographic root system of type A, B, C, or D, let
A C ® be the simple system considered in Proposition 2.3, let W be the corresponding
Weyl group, and let wq be the longest element of W. Then

L%J [%17 qu) is Of type An—l;
(ngl), if ® is of type By,
L =
a(wo) ("'QH), if ® is of type C,,
2151151, if @ is of type D,
4. TYPE A

We showed in the previous section that the odd length combinatorially defined for
type A coincides with La for a very natural choice of simple system of type A,_1.
Product formulas for the sign-twisted distribution of this statistic over all quotiens of
the symmetric groups were proved in [4]. For later use (see Section 6), we prove here
that the signed generating function of La (= oinv) over S, is the same as the one over
the set of unimodal permutations, whose definition we now recall.

DEFINITION 4.1. Let o € S,,. We say that i € [2,n — 1] is a peak if o(i — 1) < o (i) >
o(i+1).

DEFINITION 4.2. We say that a permutation o € S, is unimodal if it has no peaks.
We denote by U,, the set of unimodal permutations.

It is easy to see that peaks (and valleys) allow the definition of involutions that
preserve the number of odd inversions and change the length by +1. In the following
lemma we use in particular “the highest peak” to define an involution of this type.

PROPOSITION 4.3. Let n € N. Then

Z (_1)Z(a)xoinv(a) — Z (_1)Z(a)xoinv(a).

oeS, oeU,

Proof. Let 0 € S, \ U,. Let R, := {o(i): i peak} be the set of the values of the
images of the peaks of o. By hypothesis R, is non-empty. Let r be such that o(r) =
max R, and define the involution o” := o(r — 1,7 + 1). Then ¢(¢") = £(c) = 1 while
oinv(c") = oinv(o). Thus

Z (_1)€(o)$oinv(o) _ Z (_1)€(<7)xoinv(<7)7

ocES, ocelU,

as desired. O

In fact, a finer result holds: the signed generating function is the same when re-
stricted to chessboard elements, defined in [13], whose definition we recall here.

DEFINITION 4.4. We say that a permutation o € S, resp. a signed permutation o €
S5 is chessboard if (i) =i (mod 2) for alli € [n] or if o(i) =i+ 1 (mod 2) for
all i € [n]. We write C(S,,), resp. C(SB), for the subgroup of the chessboard elements
of the relative group and for X C S,, resp. X C SB, we denote C(X) = X NC(S,),

resp. C(X) = X NC(SE).

REMARK 4.5. As the involution defined in the proof of Proposition 4.3 preserves the
parity of the entries in all positions, the same equality holds true when restricting the
supports of the sums on both sides to chessboard elements,

(4.1) Z (71)Z(U)xoinv(0): Z (71)@(0’)xoinv(o’).

oceC(Sy) ceC(Uy)
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5. TYPES B AND C

In this section we study the signed multivariate distributions of the statistics oneg,
eneg, oinv, onsp, and ensp over the groups of signed permutations SZ. In almost all
cases we show that these factor as product of binomials. In particular, we obtain the
signed generating function of La for root systems of types (B and) C.

We begin with the following lemmas. Their proofs are straightforward verifications
from the definitions and are therefore omitted. We first fix some notation used for the
rest of this section.

DEFINITION 5.1. Let n € N, n > 2. For o € B,,—1 we let 6 := [o(1),...,0(n—1),—n],
6:=1[n,o(l),...,0n—1)] and 5 :=[-n,o(1),...,0(n —1)].

LEMMA 5.2. Let n € N, n > 2 and keep notation from Definition 5.1. Let 6 :=n — 1
(mod 2). Then:

oneg(&) = oneg(o) +
oinv(d) = oinv(o) +
onsp(¢) = onsp(c) +

1—0 eneg(d) =eneg(o)+0
[21]  einv(5) = einv(o) + LHT_lJ
[251]  ensp(6) = ensp(o) + | 251 .

LEMMA 5.3. Let n € N, n > 2 and keep notation from Definition 5.1. Then:

3[\3||

oneg() = encg() eneg(5) = oneg(o)
oinv(6) = oinv(c) 4+ [252] einv(6) = einv(o) + | 251 |
onsp(6) = onsp(o) ensp(6) = ensp(o).

LEMMA 5.4. Let n € N, n > 2 and keep notation from Definition 5.1. Then:

oneg(d) = eneg(o) + 1 eneg(d) = oneg(o)
oinv(§) = oinv(o) einv(5) = einv(o)
onsp(¢) = onsp(c) + [anq ensp(d) = ensp(o) + L%J .

The key observation to prove the formulas for the signed multivariate distributions
is the following, which is analogous to [3, Lemma 3.3].

LEMMA 5.5. Let 0 € S5, s € {oneg,eneg,onsp,ensp}, and a € [£n] ~ {£1,+n}.
Then, if c* :=oc(a—1,a+ 1)(—a+1,—a — 1), one has:

s(c*) = s(0), Lo*)=4(o)x1
Furthermore, if a = o~*(n), then oinv(c*) = oinv(c).
In the following we let, for n € N,
Fo(21, 22, y, 71, 22) = Z (_1)é(a)x;meg(a)mgneg(v)yoinv(a)Zi’HSp(U)Zgnsp(a).

ceSE

The signed multivariate distributions that we study in this section are specializations
of the polynomials F,.

THEOREM 5.6. Let n € P. Then

F7L('r17x27ya 17 Z)

n—1 _ [252]
H (14 (—1)'yl2T) H (1 — zy202”), ifn=0 (mod 2),
_ )=t i=0
B el R }
(1—2277) H(l + (=1)%ylzTy H (1 —2z1292%), ifn=1 (mod 2),
i=1 i=0
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Proof. We proceed by induction on n € P, the result being easy to check if n < 2
Assume n > 3. Let f(o) = (—1)5(‘7)x?neg(a)x;neg(g)yom"(")zensf’(”) for all o € SB. By
Lemma 5.5 we have:

Fu(zi,20,9,1,2)= Y flo)+ > flo)+ Y. flo)+ Y. flo)

{oesp: {oes?: {cesE: {oesk:

o(n)=n} o(—n)=n} o(1)=n} o(—1)=n}
(5-1) = Y (flo)+f(6)+ f(6) + ()

cesSk

n—1

where &, &, ¢ are as in 5.1. But, by Lemmas 5.2, 5.3, and 5.4 we have

£(6) = 2} MMy LT (L) f (o),

n=1 eneg(o) oneg(o inv(o nsp(o
@) = (-1 )”-WTW(—l)“%l B greslo) yoin(e) yensplo),

f(é') = xlzlﬂgl (_1)£(U)xineg(0)xgneg(ff)yoinv(a)chsp(g)

)

for all 0 € S5 |
Suppose now that n =0 (mod 2). Then by our induction hypotheses we have

—2 n—2 n
Z f(o 17x2y2z T ) F,—1(21,22,y,1,2) + (1272 —y2)F_1(xe,21,y,1,2)
oeSE
n—2 n;4
= (1 - 2oy22"7) (1 — 212" ) [+ (~1)3T#) T] (1 — w1a22%)
i=1 i=0
n—2 3
Jr(xlz% — ) (1 — 2927 )H(1+ 1)iyl2l 4 H (1 — zyw92*
i=1 i=0
n—2 nz
= (L+z122y22" 7% — y? — zya02" H )! yle W) H(l — xm927)
i=1 i=0

and the result follows. Similarly, if n =1 (mod 2) then we obtain

3 f0) = 42y T 2T ) P (21, 22,9, 1, 2) + (1127 +y"T )Py (22,71, 9, 1, 2)
ceSh
_ n-s
=(1+zy™ 27 H ) [1)H(1—x1z222i)
i=1 i=0
B ) n—2 . 'n;.’i
+ (11277 +y 2 ) H(l + (=1)iylsh H(l — 111927
i=1 i=0
o B _, n2 o 1252) _
=(14+zy 2 22 +y 2 4112 2 ) H(l + (=1)iylzTy H (1 — 21202
i=1 i=0
. . n—2 ) ) LTQJ ]
=(1+zz7 )1 +y 7)) [T+ (D)) ] (1 —zime2™),
i=1 i=0
and the result again follows. O

As an immediate corollary of the previous result we obtain the generating function
for the signed distribution of L for root systems of type C.
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COROLLARY 5.7. Let n € P. Then
14 ; ;
Yoo (pfatgha) = ST (14 l8)) (1231
wEW (®(Ch)) 2 i=1 ( ) ( )

Proof. This follows easily from the combinatorial description of L in Proposition 3.4
and Theorem 5.6 by letting 1 =z =y =z = x. O

The following result gives the signed multivariate generating functions of
(oneg, oinv, onsp) and (eneg,oinv,onsp) over the hyperoctahedral group SZ. The
proof is analogous to that of Theorem 5.6 and is therefore omitted.

THEOREM 5.8. Let n € P. Then

(5.2)
(1—x)(1—y2z%) H (1—zz*)Y(1—y*), ifn=0 (mod2),
Fn(x71)y7271): L’n lj =1
(1-2) H (1 — 222 (1 — 39, ifn=1 (mod 2),
i=1
and
(5.3)

L25*)

F(Lay21)=d A0 —y®) JT @-az)1=y*), #n=0 (mod2),

i=1

0, ifn=1 (mod 2).

Note that the sign-twisted joint distribution of the statistics (oneg, eneg, oinv, onsp)
over SZ does not, instead, factor nicely in general. For example,

F4(x17x27y7z7 1)

2

= (1 =91 —z1202%) (1 + 2102y 2% — 212927 — 20y? 22 + 11 2% + 203 — 21 — y?).

Similarly, the sign-twisted joint distributions of the statistics (oneg, oinv, onsp, ensp)
and (eneg, oinv, onsp, ensp) also do not factor nicely in general. For example,
F4(CU, 17 Y, 21, Z2>
=(1—2) 1=y} (wy?2t22 4 adon —a2322 —x2dzy — P2 —y? 2z + 2120 + 1)

and

F4(15$7y7Z1722)
=(1—2)(1—y)) (@’ 22 —ay 2l zg +ay?2lzg — a2l 22 + 222 — % + 21— 2120).

Analogous observations can be made for the polynomials F,(z1,x2,y, 21, 22). More
precisely, our computations suggest that

Fn(xlvx%y7z1az2):Hn<x17x2ayvzlaz2) H (1_y21)
=1

where H, (z1,x2,y,21,22) is an irreducible polynomial. We have checked that this
holds for n < 6.

As an immediate corollary of Theorem 5.8 we obtain the following result, which
also follows from [4, Theorem 5.4].
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COROLLARY 5.9. Let n € N, n > 2. Then

Z (71)EA('LU)ILA(1U) — H(l _ 1‘1)

weW (®(By,)) =1

Proof. This follows easily from the combinatorial description of La in Proposition 3.4
and Theorem 5.8 by letting y = z = x in (5.2). O

REMARK 5.10. In all our formulas, the twist is always given by the sign character
of the relevant Weyl group. There are three other linear characters on groups of
type B: the trivial character, the negative character and the product of negative
and sign character. Character-twisted generating functions for various choices of the
characters have been studied, for instance, in [2, 11, 10]. Note that formulas for
the joint distribution of (oneg, eneg, oinv, ensp) twisted by the character (—1)¢+neg
are given by F,(—x1,—x2,y,1,2) in Theorem 5.6. We did not investigate, instead,
negative-twisted generating functions involving our statistics.

REMARK b5.11. Univariate and multivariate signed generating functions over the
groups of signed permutations and their quotients—analogous to those proved in this
section—proved to have remarkable enumerative applications. As we mentioned in
the Introduction, formulas for the sign-twisted distribution of the odd length over
quotients of signed permutations have applications in the enumeration of symmetric
matrices of fixed rank over finite fields. The coincidence of analogous formulas relating
character-twisted distributions of length-like statistics on quotients of the hyperoc-
tahedral groups and rank enumeration of matrices is an intriguing phenomenon also
observed for generic and antisymmetric matrices, cf. [13], and for traceless matrices,
cf. [5]. Factorizations relating (possibly signed) joint distributions of statistics over
the groups of signed permutations and their restrictions over the symmetric groups
also have applications in this context; see, for instance, [5, Proposition 3.4 and
Conjecture 3.7]. It would be interesting to have similar applications for the product
formulas involving the statistics studied here.

We conclude by noting the following univariate natural special cases of the multi-
variate results in this section. For n € P and o € SZ we let

(5.4) Looe(0) := oneg(o) + oinv(o) + ensp(o)
Leoe(0) := eneg(o) + oinv(o) + ensp(o)
Leoo(0) := eneg(c) + oinv(o) + onsp(o).

COROLLARY 5.12. Let n € N, n > 3. Then

(5-5) 3 (1)t = (1 - [#1) T (1 - o),
o'ESﬁL3 =1
n—1
(5.6) Z (—1)@) gLeoc(@) = (1 — ngJ) H (1— ),
cesSk i=1
and
(5.7) Z (—1)4@) gLeco(o) — .

ceSpk

We will show in § 8 that the statistic L., has a type-independent description in
terms of reflections.
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6. TYPE D

As for type B, we derive in this section signed multivariate generating functions for the
statistics oinv, onsp, ensp over the even hyperoctahedral groups. Product formulas for
the sign-twisted distribution of the odd length over the even hyperoctahedral groups
(and some of their quotients) were proved in [3]. There it was also observed that they
coincide with the squares of the analogous formulas for S, cf. [3, Corollary 4.2]. The
proof of the result giving some of the signed multivariate generating functions for the
groups S also explains the mentioned coincidence. We prove formulas for various
specializations of the polynomial defined, for n € N, as follows

Gl ) o= 3 (~1) oy ygeon(),
cespb
Our first result shows that the signed joint distribution of oinv and ensp is zero.
PROPOSITION 6.1. Let n € P. Then
(6.1) Gp(z,1,y) =0.

Proof. We define, for ¢ € S2 the following involution:

__ {0317 if |lo=1(1)] = [o=1(2)|| =2 (mod 2)
osy, if|le ()| —|o71(2)]|=1 (mod 2).

It is clear that in both cases (@) = £p(c) £ 1. We now show that, for all ¢ € SP,
ensp(c) = ensp(a) and oinv(o) = oinv (7).

Consider o for which the entries of absolute values 1 and 2 appear at an even
distance. In this case the involution is defined by right multiplication by sy, that is it
exchanges these values. As the involution involves no sign changes, ensp(c) = ensp(7).
The only inversion involved is between positions at even distance, thus oinv(c) =
oinv(7). Similar reasoning shows that these equalities hold also in the other case.
This implies the result. O

Similarly to Corollary 5.12, the previous result implies the following result about
the univariate signed generating function of the statistic

Lye(0) := oinv(o) + ensp(o).
COROLLARY 6.2. Let n > 2. Then
(6.2) > (—1felgle (o) = 0.
cesSP

We now study the signed bivariate generating function of (oinv, onsp), that refines
the one of the odd length La in type D. We will need some preliminary results.

The next lemma shows that, as in the case of the symmetric and hyperoctahedral
groups, the signed generating function of the odd length over S2 is the same when
restricted to chessboard elements. We prove a finer result, namely that this holds also
for the signed bivariate generating function of odd inversions and odd negative sum
pairs.

LEMMA 6.3. Let n > 2. Then
Gn (1‘, n 1) — Z (_I)ZD (cr)xoinv(cr)yoneg(a)'

ceC(SP)
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Proof. Let o € SP~.C(SP). Then there exists i € [n—1] such that o =1(i) = o~ (i+1)
(mod 2). Let ¢ be minimal with this property and define o* = s;0. It is a well defined
involution on S\ C(SP). Clearly oinv(c*) = oinv(c) and onsp(c*) = onsp(c), while
lp(c*) =Lp(o) £ 1. This implies the thesis.

Recall that for o € SP the descent set is Des(o) = {i € [0,n —1]: o(i) > o(i +1)},

where we set 0(0) := —o(2). Also, recall that S, is naturally isomorphic to the
parabolic subgroup (S2),—1) of SP, and that S7 can be written as
ST? == TnSTU

where T;, = {r € SP: Des(r) C {0}}. That is, every even signed permutation o € S
can be uniquely written as ¢ = J[”_I]U[n,l], with o1 € T, and On—1] € Sn-
Moreover,

(p(0) = lp(a™ 1y + Cp(Ofm—1)),
we refer the reader to [1, Chapter 8.2] for further details. This last property does not
hold in general for La. It does, however, for La on a special subset of chessboard
elements of S2 which we now define.

DEFINITION 6.4. We say that an even signed permutation o is a good chessboard
element if 0,0 and O[n—1] are chessboard elements. We write gC(S2) for good
chessboard elements of SP.

In the following lemma we show that the odd inversions and the odd negative
sum pairs (and thus the odd length L) are additive with respect to the parabolic
factorization Sf = T,S, on good chessboard elements.

LEMMA 6.5. Let 0 € gO(SP). Then
oinv(c) = oinv(o™ ) + oinv(op,—1]) and onsp(c) = onsp (o) + onsp(a,—1)),
where o = o["_l]a[n,l], o= e C(T,) and Ofn—1] € C(Sn).

Proof. Let o be a good chessboard element. The set of inversions of o and oy,
coincide. Moreover it is clear that oinv(c"~1) = 0, thus

oinv(o) = oinv(op,—q)) = oinv(e" 1) + oinv(op,—-11)-

Since by assumption ¢!~ is a chessboard element, the relative parities of pairs with
negative sum are the same as for o. Clearly onsp(oy,—y)) = 0, thus

onsp(c) = onsp(o" 1) = onsp(a" 1) + onsp(o,—1))- O

We show now that the signed bivariate generating function equals the one over
good chessboard elements. The result follows from its analogue for type B.

LEMMA 6.6. Let n > 2. Then

Gn(x’:% 1) = Z (—1)€D(U)x0inv(0)y0nsp(a).
ocegC(SP)

Proof. The lemma follows by [13, Lemma 16 and Lemma 19], observing that the
involution defined in [13, Lemma 19] restricts to an involution on the relevant subset
of 8P since it does not involve sign changes. O

The next theorem implies (and gives a direct proof of) [3, Corollary 4.2].

THEOREM 6.7. Let n > 2. Then

Gn($,y, ]_) — ( Z (1)Z(o')1,oinv(o')> (Z (1)Z(U)yoinv(o)> )

oeS, oc€ESy
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Proof. Thanks to Lemmas 6.6 and 6.5 the sum on the left hand side can be rewritten
as

Gn($7 Y, 1) = Z (_1)2D(U)innV(G)yonsp(g)

cegC(SP)
(6.3) [ T ey T (L))o
oceC(Ty) ceC(Sn)

We claim that the first factor of (6.3) equals the signed distribution of the odd inver-
sions on the symmetric group. Consider the map

|-]:80 5 8, o=o(1),...,0n)] ol =[loc@)],...,|len)].

Its restriction to C(T},) is a bijection onto C(U,), the set of chessboard unimodal
permutations. It is easy to see that (odd) negative sum pairs of elements of C(T},) are
(odd) inversions of their images in C'(U,,) through | - |. More precisely, for o € C(T},)

nsp(o) = inv(|o]), onsp(a) = oinv(|a]).
This observation proves that indeed
Z (—1)tp(@)yonsp() — Z (—1)40)yoimv(o)
oceC(Ty) ceC(Uy)
which together with (6.3) and (4.1) yields the result. O

Setting y = x gives the known result for the signed distribution of the odd length
over SP (cf. [3, Theorem 4.1 and Corollary 4.2]).

COROLLARY 6.8. Let n > 2. Then

Z (_1)[A(Dn)(w)xLA(Dn)(w) — Z (—1)2A(D7L)(w)xLA(Dn)(w)
weW (2(Dn)) wEW (®(An—1))

7. SIGNED GENERATING FUNCTIONS FOR WEYL GROUPS

We summarize in this section the results obtained for the signed generating functions
of the odd length on the classical Weyl groups, and we record some computations that
we made for the exceptional types. The signed generating functions for the exceptional
types were computed with the Python package PyCox (see [6]) and SageMath ([12]).
The main result of this section (Theorem 7.5) follows immediately from the results in
§ 5, § 6 and these computer calculations. However, we believe that a more conceptual
proof would be interesting, so we provide such a proof for the infinite families of
classical Weyl groups. We feel that the results presented for this proof are interesting
in their own right.

We begin with some preliminary lemmas about bijections that preserve the parity
of the height of the roots and the odd length of certain elements.

LEMMA 7.1. Let ® be a crystallographic root system, W its Weyl group, and s,t,5,t €
S be such that m(s,3) = m(s,t) = m(t,t) = 3, and m(s,r) = 2 for allr € S~ {s,t, 3},
m(t,r) =2 for allr € S~ {s,t,t}. Then
ht(a) = ht(sts(a)) (mod 2)
for all a € ® and
La(wsts) = La(w)
for allw € W such that |Dg(w) N {s,t}| = 1.
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Proof. Let a =) _ocra,. Then

resS

sts (Z cra,»> = Z cray + sts(csas) + sts(czag) + sts(cray) + sts(cpay)

res reS~{s,t,5,t}
= Y crapte(—ay) +eslas +oag+ o) + ()
reS~{s,t,s,t}
+ cilag + as + ay)
= Z crag 4 ag(cp+ e — cs) + as(cp + cs — ¢).
reS~{s,t}
Therefore
ht(sts(a)) = ht(a) — 2¢5 — 2¢¢ + 2¢5 + 2¢;,
and the first equality follows.
Let o € ®*. Then sts(a) < 0 if and only if s, € {s,t,sts}, that is if and only if
a € {as, ap, ass . But ages = s(ay), and, since m(s,t) = 3, we have ags = v + s
So sts(a) < 0if and only if & € {«s, s, a5+ }. Furthermore, the map a — sts(a) is
a bijection of ®+ \ {as, ay, ags } which, by what we just proved, preserves the parity
of the height. So we have

La(w)=|{a € ®T: w(a) <0, ht(a) =1 (mod 2)}|
= Ha € &t \{as,a, a5 + au}: w(a) <0, ht(a) =1 (mod 2)}|
+ {a € {as,ar, a5 + a4} w(a) <0, ht(a) =1 (mod 2)}|
=|{B e d" ~{as, ar, a5 + oy} wsts(B) <0, ht(8) =1  (mod 2)}]
+ [{a € {as, o} w(a) < 0}
=|{B € d" ~{a,, ar, a5+ az}: wsts(B) <0, ht(8) =1 (mod 2)}|
+ [Dr(w) N {s, t}|
=|{B € d" ~{as, ap, a5 + oy} wsts(B) <0, ht(8) =1 (mod 2)}|
+ |Dgr(wsts) N {s,t}|
= La(wsts). O

The next lemma is the analogue of Lemma 7.1 for the case of two commuting
generators.

LEMMA 7.2. Let ® be a crystallographic root system, W its Weyl group, and s,t,5 € S
be such that m(s,§) = m(t,8) = 3, and m(s,t) = m(s,r) = m(t,r) = 2 for all
r €S~ {st,5}. Then
ht(a) = ht(st(e)) (mod 2)
for all a € ® and
La(wst) = La(w)
for allw € W such that |Dr(w) N {s,t}| = 1.

Proof. Let a =5 _gcra,. Then

resS

Z cray + st(csas) + st(eray) + st(csas)

st (Z crozr> =
res reS~<{s,t,s}

= g Cray — Cs0is — croy + ez + as + ag).
resS~{s,t,s}
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Therefore
ht(st(a)) = ht(a) — 2¢5 — 2¢; + 2¢3,
and the first equality follows.
Let @ € ®*. Then st(a) < 0 if and only if s, € {s,t}, that is if and only if

a € {ag, ay}. Furthermore, the map a — st(a) is a bijection of @ \ {as, ay} which,
by what we have just proved, preserves the parity of the height. So we have

La(w) = {a € @7 : w(a) <0, ht(a) (mod 2)}|
=[H{a € "\ {as,ai}: w(a) <0, ht(a) =1  (mod 2)}|
+ H{a € {as,au}: w(a) <0, ht(a) =1 (mod 2)}|
=|{B e d" ~{as, as}: wst(B) <0, ht(3) =1 (mod 2)}|
+ [{a € {as, ot }: w(a) < 0}
=|{Be€d" ~{as,as}: wst(B) <0, ht(3) =1 (mod 2)}| + |Dr(w) N {s,t}|
=|{B € ®" ~{as, ap, s + ) wsts(B) <0, ht(8) =1  (mod 2)}|
+ |Dr(wst) N {s,t}|
= La(wsts). O

The following lemmas are straightforward computations and their verification is

omitted.

LEMMA 7.3. Let @ be a crystallographic root system of type By, or Cp, and W = W (®P)
be its Weyl group. Then

La(w), if ® is of type B,

L =
a(wso) {LA(’LU) +1  if & is of type C,,

for allw € W such that s ¢ Dgr(w).

LEMMA 7.4. Let ® be a crystallographic root system of type type C, or Dy, and W =
W(®) be its Weyl group. Then

(7.1) La(usy_1--+s1) = La(u)+ La(sp_1---51) = La(u) + FJ _

2
for allu € Wi where I := S~ {sp_1}.

We can now give a more conceptual proof of the main result of this section.

THEOREM 7.5. Let ® be a crystallographic root system. Then

Z (_1)@A(w)xLA(W)

weW (@)
f[2 1+ (—UHxL%J) , if ® is of type An_1,

ﬁ (1—2a%), if ® is of type By,

) H (1 (-0 telBha 4 (—1ieldl), e s of type €,

nz_(1 + (-1 23]y, if ® is of type D,.
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Moreowver,

Z (—1)falgplatw) — (1 — 22)2(1 — 2*)(1 — 2%), if ® is of type Fy,

weW (P)

D (=D)falghat) — (1 —g2), if ® is of type G,
weW ()

4 .

Z (fl)ZA(“’)xLA(w) = H(l — 2%, if ® is of type Eg,
weW (@) i=1

Z (—1)falw)gplalw) — H(l -z, if @ is of type Er.
weEW (P) i=2

Proof. We proceed by induction using, in all four infinite cases, the good behaviour
of the Coxeter length and of the odd length with respect to a special parabolic de-
composition of the respective Weyl groups.

Let S be the generating set of W as in § 2, and I C S. Then

(7.2) Z (_1)£A(w)mLA(w) — Z Z (_l)éA(w)xLA(w)_

weW welW weWru

Let @ be of type A,,—1 and I := S \ {s,—1}. It is not hard to see that the elements
of W are:

(7.3) {e, Sn—1,8n—15n—2, .-, Sp—1-""82,8p—1" 82,801 5251}

Fix2<i<n—2andlet we Wrs,_1--8;418;. That is, w = usp_1--- S;415; for a
u € Wy. Then

EA(TUSz‘A) = KA(USnfl ce 5i+13i3i71)
= KA(’U,) + ZA(Snfl ce Sisifl)
=la(u)+n—i+1>lx(w),

while
a(ws;) = A (USn—1- - Sit1)
=Lla(u) +la(Sp—1-""5it1)
=la(u)+n—1i—1<la(w),
SO

|Dr(w) N {s;,si—1}| =1 for all w € Wrsp_1---8i+18;.

Furthermore, the map w +— ws;_15;5;—1 is a bijection of Wrs,_1 - - s;415; onto itself.
By Lemma 7.1 we have that La(ws;—18;8;—1) = La(w) for all w € Wrs,—1 -+ s,

Algebraic Combinatorics, Vol. 2 #6 (2019) 1140



Odd length in Weyl groups

implying that the sum over the elements in Wys,,_1 -+ - s;y15; is zero. Therefore

Z Z EA(w plaw)

uelW weWiru

= Z (,1)5A(w)xLA(w)+ Z (,1)5A(w)xLA(w)

weWr wWEWSy 151

- Z (-1 )ZA(U}) La(w) Z fA(w) plaw)
weWr weWrwo

— Z ( )ZA(U} LA(w)+ Z fA(wwo pla(wwo)
weWTr weWr

- Z (1)) glatw) 4 (_q)falwo)lalwo) Z (—1)~talwly=La(w)
weWr weWr
n—1 n—1

= [T+ yteledy ¢ conteld] [T @l + ()
i=1 1=2

TI(1+ (-l

where we have used our induction hypothesis. This proves the first equality.
Let now ® be of type B,, or Cy, and I := S\ {s,,—1}. It is not hard to see that
the elements of W are:

(1) e)

) Sp—18p—2---S;, for 2<i<n—1,

) Sp—18n—2 " 8251,

) Sn—18p—2 - 525150,

) Sp—1Sn—2--- 828180 S;, for 1 <i < n— 2,

) Sn—18p—2- - 5251505182 Sp—1-

Using the same argument as for type A, it is easy to see that the signed generating
function of the odd length is zero on cosets with representatives of the form (2).
Moreover, for i € [n—2], the map w +— ws;s;115; is a bijection of each of the cosets of
the form (5) onto themselves. Arguing as before one can see that the signed generating
function is zero also on these cosets. Finally, the map w +— wsq is clearly a bijection
between Wis,—1...s1 and Wrs,_1...s189. This, together with Lemma 7.3 and our
induction hypothesis, yields, in type B,

Z Z fA(w) plaw) — Z (_1)€A(w)$LA(w) + Z (_1)fa(wwo)$LA(wwo)

uwelW weWru weWr weWr
— Z (_1)5A(w) La(w)
weWr
( )ZA(UJO) La(wo) Z —fa(w) = La(w)
weWr
n—1 o n—1
=TI -+ TTa-a)
i=1 =1
:H(lfxz)v
=1

proving the second equality.
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When @ is of type C},, on the other hand, Lemmas 7.3 and 7.4 and the bijection
w +— wsg between Wrs,_15,_2...51 and Wrs,_18,_2...8150 yield

Z Z (_l)eA(w)leA(w)

ue! W weWru
= Z (,1)5A(w)xLA(w) + Z (,1)5A(wwo)xLA(wwo)

weWy weWr
_|_(_1)”—133|_%J Z (_I)KA(w)xLA(w)
weWr
4 (~1)l ] 3 (—1)fatighat)
weWr
= @+ ()l B (cnralEl) 3 (cpyatiatat),

weWr

which, together with our induction hypothesis, yields the third equality.
Let now ® be of type D,,, and I := S \ {s,_1}. The elements of TV are:
) 6’
) Sp—1Sp—2---S;, for 2<i<n—1,
) Sn—15n—2° - S251,
) Sn—18n—2 " 8250,
) Sp—1Sn—2-- 82808182 S;, for 2 < i < n— 2,
) Sn—15p-2- 82505152 Sp_1-
he same arguments as before, the signed distribution over cosets of type (2)
and (5) is zero. Therefore the sum in (7.2) becomes

Z Z (_1)ZA(w)xLA(w)

ucIW weWru

= Z (_1)[A(w)xLA(w) + Z (_1)€A(w)xLA(’w)

weWr WEWTS, 1828081 " Sn—1
+ Z (_1)5A(w)zLA(w) + Z (_1)4A(w)xLA(w)
wWEWTS, 15250 wEWrS, 15251
_ Z (_1)4A(w)xLA(w)+ Z (_1)5A(w)mLA(w)
weWr weWrwo
+2 Z (_1)€A(usn4~~51)$LA(us,,L,1...51)’
ueWr

where, for the last equality, we have used the bijection defined in Lemma 7.2 with
s = sg, t = s1. But Lemma 7.4 and our induction hypothesis allow us to rewrite this
last equation as

Z (_1)€A(w)mLA(w) =1+ (_1)n—1m|_%J )2 Z (_1)4A(w)xLA(w)

weWw weWr

which yields the fourth equality. O

We have been unable to carry out the computation in type Eg with the computing
resources at our disposal. When this paper was in the final stages of preparation John
Stembridge showed a product formula also for type FEjs.
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THEOREM 7.6. [15, Theorem 6.1]

8
Z (_1)€A(w)xLA(w) _ (1 _ xS) H(l _ in)

weEg =1

He also gave a unified description of these factorizations and a conceptual proof of
all of them [15].

REMARK 7.7. We record here the functions used to compute the generating functions
with PyCox.

def f(n):

W = coxeter("W",n)

y = var(’y’)

A = allcoxelms (W)

Or = [i for i in range(W.N) if mod(sum((W.roots[i])),2)==1]

B = [W.coxelmtoperm(A[i][j]) for i in range(len(A))

for j in range(len(A[i]))]

return sum((-1)~(W.permlength(v)) * x~(oddr(v,W.N,Or)) for v in B)

def oddr(v,n,0r):

return sum(1 for j in Or if v[jI>n-1)

REMARK 7.8.In light of Remark 5.11 and of the observations in the introduction,
it would be interesting to have enumerative applications of geometric flavour for the
formulas we proved.

8. ODD REFLECTIONS

In this section we introduce, for any finite Coxeter system (W, S), a statistic defined in
terms of odd reflections. We also prove product formulas for its sign-twisted generating
function over reducible finite Coxeter systems, for the dihedral groups, and for all Weyl
groups. We start with its definition.

DEFINITION 8.1. Let (W, S) be a Coxeter system and let w € W. We let
Lr(w):=|{teT : L(wt) <l(w) and L(t)=1 (mod 4)}|.

We first show that it is enough to compute the signed generating function of Lp
over irreducible finite Coxeter systems.

PROPOSITION 8.2. Let (W, S) be a finite Coxeter system, and A, B C S be such that
S=AUB, AnB =g, and m(a,b) =2 for alla € A and b € B. Then Ly(uv) =
Lr(u)+ Ly (v) for all such uw € Wy and v € Wg. In particular

weW ueWa veEWR

Proof. Under these hypotheses it is well known that the map (u,v) — ww is a bijection
between W4 x W and W, and that T'= T4 UTg where Ty and Tg are the reflections
of the parabolic subgroups W4 and Wpg, respectively. Furthermore {t € T : {(uvt) <
Luv)} ={t € Ty : L(ut) < L(u)}U{t € T : L(vt) < £(v)} for all u € W4 and v € Wp.
So L(uv) = l(u) + £(v) and Lp(uv) = Lr(u) + Lp(v) for all such v and v and the
result follows. d

The following result shows that the polynomial Zwew(—l)e(“’)xLT(w) is always
either symmetric or antisymmetric.
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PROPOSITION 8.3. Let (W, S) be a finite Cozeter system, and wg be its longest element.
Then Ly(wwo) = Ly(wow) = Lr(wo) — Ly(w) for allw € W. In particular

L (w)
T (1)Wb) = (L)) pheten) § (L)) <1) o

X
weW weWw

Proof. Tt is well known (see, e.g. [1, Proposition 2.3.4]) that multiplication on the right
(or left) by wg is an antiautomorphism for Bruhat order. Hence, ¢(wwot) < £(wwq)
if and only if ¢(wt) > £(w) for all t € T, so Ly(wwg) = Ly (wy) — Ly (w). The result
follows. O

While L is not an extension of L to all Coxeter groups, the two functions do
coincide on simply laced Weyl groups.

PROPOSITION 8.4. Let ® be an irreducible root system of simply laced type, A be a
simple system for ®, and (W, S) be the corresponding Weyl group and generating set.
Then
fs(sa) = thA(Oé) —1

for all « € ®*. In particular, Lt(w) = La(w) for allw € W.

Proof. 1t is easy to verify the result for the root systems of types A and D. Indeed,
in both types a simple computation using Proposition 2.3 shows that ¢g((4,)) =
2(j—i)—1=2hta(ej—e;)—1and ls((4,7)(—i,—j)) = 2(j—i)—1 = 2hta(e;—e;)—1 for
all 1 <14 < j < n. Furthermore, (5((¢, —j)(j, —%)) = 2(t+j—2)—1 = 2hta(e; +e;)—1
if @ is of type D, for all 1 < ¢ < j < n. One can verify by computer that the result
also holds for the exceptional types. O

As we mentioned in § 5, one of the statistics defined in (5.4) has a type-independent
description. We prove here that it coincides with L.

PROPOSITION 8.5. Let o € SB. Then

Lt (o) = oneg(o) + oinv(c) + ensp(o).
Proof. Tt is well known (see, e.g. [1, §8.1]) that the reflections of SP are given by
(8.1) T = {(i,4)(=i,=j) : L<i <[jl <n}U{(i, 1) : i € [n]}.

Furthermore, an easy computation using the description given in Proposition 2.3
shows that

lp((i,—1)) =2i—1
le((i,5)(—i,—j))=2(j—i) =1, for 1<i<j<n
p((i,—7)(—4,7)) =2(i+j)—3, for 1 <i<j<m,
so the result follows. O

The next result shows that the signed generating function of Ly always factors as
product of binomials for finite Weyl groups and for the dihedral groups.

THEOREM 8.6. Let (W, S) be an irreducible finite Coxeter system. Then

n

I1 (1 + (—l)i_le%D , if W is of type A, _1,

=2

> ()b = ¢ (1 - al 2]

weWw

(1 - xi)a ZfW is Of type Bn;

n—1
I
)™

ﬁ (I+ (-1 1pl3] )2, if W is of type D,,.

=2
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Moreowver,

(1—a?)*(1 —a)?, if W is of type Fy,
4
[1(1—a%), if W is of type Eg,
i=1
) L) _ )5
w;[/( : [1(1—a", if W is of type Er,
1=2
8
1—28) [T (1 — %), if W is of type Ey,
=1
and
3 (-nfwgtre) = 1—al%], ifm=1 (mod2),
weWw (1—=zl%0)2, ifm=0 (mod 2),

if W is of type Ia(m).

Proof. In the simply laced types the result follows immediately from Theorem 7.5,
Theorem 7.6 and Proposition 8.4. The result for type B follows from Proposition 8.5

and Corollary 5.12.
Let now (W, S) be a Coxeter system of type I3(m). Let {a,b} := S and let, for
brevity, v (b,a) := baba ... for all kK € N.
———

k
Let m =0 (mod 2), m = 2n. Then

2r + 1, if 2r +1 < 2n,

(vgrs1(bya)) =
(var41(b: @) {2n(2r+12n), it 2n < 2r < dn — 1,

SO

2r+1 (mod 4), if 2r
—(2r+1) (mod 4), if 2n

2n,

+1<
£(vor11(b, =
(v2r41(b,a)) { F1<2r+1<4n,
2n — 1. Hence Lp(vogp+i1(a,b)) = k+ 1, if 2k + 1 < n, while
2]+ =] =k +1if2n—1>2k >nandn =1 (mod 2),
) =

2]+ 2= =k if2n—1 > 2k >nand n =0 (mod 2). So

Lr(var+1(a, b))

for all 0 < r <
and Lp(vag41(a,b)

k+1, if 2k +1
k+c, if n < 2k

2n — 1.

Ly(vag41(a,b)) = {

<N,
<

where ¢:=1if n =1 (mod 2), and ¢ := 0 otherwise. Similarly,

k, if2k<n

L b)) =
7(v2(a,0)) {k‘—i—c, ifn<2k<2n
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Therefore,
Z (—1)4w) gL (w)
weW
2n—1
=1+ Y <(_1)e<uk<a,b>>xmvk(a,b» 4 (_1)z<vk<b,a>>xLT<vk(b,a»)
k=1
+ (_1)£(v2"(a,b))xLT(Uzn(axb))
2n—1

=1+2 Z (—1)kaT(”’“(a’b)) + e
k=1

k=1

n—1 n—1
=1 + 2 (Z xLT(’U2k((17b)) _ Z mLT(Uszrl(a,b))) + xn+c
k=0

Lz

=142 Zxk + 75:1 xk:-&-c o Z .’Ek+1 _ Z xk—i—c + xn-&-c
k

=1 k=%]+1 k=0 k=25 |+1
=1+ 2(—cac"TJrl +(c—1)x%) 4 2"t
=(1—zl21)2

Let now m =1 (mod 2), m = 2n + 1, n € P. Then, similarly

2r + 1, if2r+1<2n+1,
<

£ (v, b,a)) =
(var41(b, a)) {4n+2(2r+1), if2n+2<2r+1<4n+ 2,

< 2n. Hence Lr(vogt1(b,a)) =k +1

50 (var41(b,a)) =2r +1 (mod 4) for all 0 < r
=k for 0 < 2k < 2n. Therefore,

for 1 <2k+1<2n+ 1, and Ly(vog(b,a))
Z (—1)4w) gL (w)

weW
2n
=1+ Z ((_1)£(Uk(avb))xLT(Uk(avb)) + (_1>f(vk(b,a))xLT(vk(bﬂl)))
k=1
+ (_1)e(ﬂ2n+1(a7b))ILT(v2n+1(aib))

2n
=1+ 22(—1)]“30(gw — gt
k=1
=1— gt O

For finite Coxeter systems in general, there seems to be no analogous factorization
phenomenon. For example, one can compute that if (W,S) is a Coxeter system of
type Hs then >, i (—1) W alr() = (14 42 + 62% 4 92° 4 62* + 42° + 25) (1 — 2)*.
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