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Rank two non-commutative Laurent

phenomenon and pseudo-positivity

Dylan C. Rupel

ABSTRACT We study polynomial generalizations of the Kontsevich automorphisms acting on
the skew-field of formal rational expressions in two non-commuting variables. Our main result
is the Laurentness and pseudo-positivity of iterations of these automorphisms. The resulting
expressions are described combinatorially using a generalization (studied in [10]) of the com-
binatorics of compatible pairs in a maximal Dyck path developed by Lee, Li, and Zelevinsky
in [8].

By specializing to quasi-commuting variables we obtain pseudo-positive expressions for rank
2 quantum generalized cluster variables. In the case that all internal exchange coefficients are
zero, this quantum specialization provides a positive combinatorial construction of counting
polynomials for Grassmannians of submodules in exceptional representations of valued quivers
with two vertices.

Let k be any field of characteristic zero. Write K = k(X,Y") for the skew-field of ratio-
nal functions in non-commuting variables X and Y. Intuitively, writing 7 : k(X,Y) —
k(z,y) for the commutative specialization, we may formally invert any element W € K
for which 7(W) # 0; this idea has been made precise in [16] by considering iterated
localizations of the free algebra k(X,Y).

For any nonzero polynomial P € k[z], consider the following k-linear automorphism
of K:

X Xyx-!
Y — P(Y)X 1L
We remark for later use that the element @ := XY X 'Y ! is fixed by Fp for any
nonzero polynomial P. Also note that F;,l is given by X — P(X)Y ! and Y ~
YXY 1L

Fix nonzero monic polynomials P;, Py € k[z] such that P;(0) = 1 = P5(0), say

P

Py(2) =pio+piaz+ -+ pidi—12% 7" 4 pig, 2"
with p; o =pia, =1 for i =1,2. Set A} = Z;o[pl,i,pg’j :0<i<d,0<5< dg] and
call this the pseudg—positive semiring associ@ted to P and Ps.

We will write Py(z) == 2% Pi(z71) and Py(z) := 292 Py(271) for the polynomials
obtained from P; and P; by reversing the order of the coefficients. Note that these are
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again polynomials of the same form. For notational convenience, for k € Z we define

P, ifk=0 mod 4;
P ifk=1 mod 4;
P, ifk=2 mod 4;
P, ifk=3 mod 4.

(1) Po=pro+pe12z+  + Drae—12""" + pra 2% =

Here we use the notation dj, := d; if k is odd and dj, := ds if k is even.
Set Xp:=X and Yy =Y.

MAIN THEOREM. For any m = 0, the elements X,,,Y,, € K given by

(2) Xm I:Fplez'”Fpm(X) and Ym I:FPIFPQ-'-FP (Y)

m

are contained in the semiring A, (X*!1, Y1) C K of pseudo-positive non-commutative
Laurent polynomials.

REMARK. When P; and P are monic and of the same degree but P;(0) = P»(0) # 1,
this result also holds and can be deduced from the Main Theorem by passing to an
appropriate algebraic extension of k, then rescaling all variables. The same is true
when the coefficients p1.0,p1,4,,02,0,P2,d4, 7 0 are arbitrary but satisfy a balancing
condition which we leave as an exercise for the reader to work out. In the absence of
such a balancing condition the definitions of the polynomials Pj should be adjusted
according to the exchange polynomial mutation rules developed by Chekhov and
Shapiro [4]. Also, since Fp(X) = QY for any polynomial P, we have X,, 11 = QY
for m > 0; in particular, the claim for the X, follows from the claim for the Y,,.

REMARK. If di1ds < 3, the Main Theorem can be observed quite explicitly by com-
puting X1, Xs, ..., X,, by hand for

4 if dldQ ZO;

5 if d1d2 = 1,
m =

6 if d1d2 = 2,

8 if d1d2 = 3;

and observing in each case that these are given by pseudo-positive non-commutative
Laurent polynomials with X,, = QXQ~'. The combinatorics below can be adapted
to these cases, however in everything that follows we assume d;ds > 4 as such cases
may be treated more uniformly.

For the following example, observe that the Y,, for m > 2 may alternatively be
computed via the following non-commutative analogue of generalized cluster exchange
relations:

(3) YmQYm72 =1 +prn,ly;nfl +-- +pm,dm—1Y$T1_1 + Y;j{ﬁl

EXAMPLE. Let P, =1+ p;12 —|—p17222 +z2and P, =1+ D212 + 22. Then the first
few non-commutative generalized cluster variables Y;,, are given by:

Yi=1+pi1Y +pi2Y?+YHX Yo=(1+pYa +YH)Y Q7

Ya=(1+p12Ya+piaYs + Y)Y, Q™

While Y5 is manifestly an element of A, (X*! Y*!) a highly nontrivial cancella-
tion must occur in the expansion of Y3 in order for it to be a pseudo-positive non-
commutative Laurent polynomial. Such cancellations indeed occur and we obtain the
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expansion

Y3 = (XY%)’ +p1a(per + Y)Y 4 pra(pe + Y)Y 2
+pia(1+p21 V1 +Y)XY X poy + V7)Y
+ (P21 + Y)Y 3+ (14 peaY1 + YAHXY X H(poy + V7)Y 2

(14 p2a Y1+ Y)XY ' X (14 oY1 + Y XY I X (poy + Yl)Y_1>Q_1-

The automorphisms F'p, are generalizations of automorphisms of K introduced by
Kontsevich [7] which are recovered in the binomial case when p;; = 0 = po; for
1<i<d —1and 1< j < dy— 1. In this binomial case, Kontsevich conjectured
the Laurentness and positivity of the non-commutative cluster variables X,, and Y,,.
This terminology is justified by specializing to commutative variables through which
we recover the initial cluster mutations in the rank two cluster algebra [6] associated

0 do
—d; 0
cluster variables. In the binomial case, Laurentness was established by Usnich [15]
when d; = ds = 2, and by Berenstein and Retakh [2] for arbitrary polynomial degrees.
Positivity in the binomial case was proven by Di Francesco and Kedem [5] when
dyds = 4, by Lee and Schiffler [9] for d; = da, and by the author [12] for arbitrary
polynomial degrees.

The Laurentness of X,, and Y,, was established by Usnich [14] in the special case
where P, = P; for all k € Z. We will prove the Main Theorem by providing a
combinatorial construction of the elements Y,,, called non-commutative generalized
cluster wvariables. This combinatorics was studied by the author [10] to construct
greedy bases for (commutative) rank two generalized cluster algebras by building
upon the notion of compatible pairs in a maximal Dyck path developed by Lee, Li,
and Zelevinsky [8] for constructing greedy bases of rank two cluster algebras.

For a = (a1,a2) € Z2>0» let D = D, denote the lattice path in the rectangle
[0, a1] x [0, az] which begins at (0,0) takes unit length East and North steps to end
at (a1, az) and is maximal among all such Dyck paths that never pass above the main
diagonal of the rectangle [0,a1] x [0, az]. In other words, no lattice point of D lies
strictly above the main diagonal and any lattice point which lies strictly above D also
lies strictly above the main diagonal. Label the edges of D as E = {1,...,a1 + aa},
where this bijection of ordered sets respects the natural order on edges from (0,0)
to (a1, az). There is a partition E = H UV, where H (resp. V) denotes the set of
horizontal (resp. vertical) edges of D.

For edges e,¢’ € E, we write ee’ for the subpath of D beginning with e traveling
North-East and ending with ¢’. By convention, this path will be empty if e is to the
North-East of ¢/, while the path ee contains the single edge e. Let ee’ (resp. ee’)
denote the path obtained from ee’ by removing the edge e (resp. ¢’). Write (ee’) gy
(resp. (ee')y) for the set of horizontal (resp. vertical) edges in the path ee’. We
abbreviate |ee’| g == |(ee¢') | and |ee’|y = |(e€’)v .

to the exchange matrix [ } after composing with the transposition of initial

REMARK 1.1.In [8] and [10], the definition for subpaths ee’ of D includes a “wrap-
around” condition whereby ee’ is non-empty for ¢’ < e, however following [10, Re-
mark 2.21] such a condition will not be necessary in our situation and all relevant
results quoted from [10] will be modified accordingly.

DEFINITION 1.2. A grading w : E — Zxq (on the edges) of D is called compatible if:
for every h € H and v € V, there exists an edge e along the path hv so that at least
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one of the following holds:

(HGC) e#v and |hely = Z w(h');
h'e(he)n

(VGC) e#h and |ev|lyg = Z w(v").
v’ €(ev)y

Recall that dy,ds € Z>(o denote the degrees of the exchange polynomials P; and
P, respectively. We say that a grading w of D is (dy, d2)-bounded if w(h) < d; for all
h € H and w(v) < dg for all v € V. For the remainder of the paper we will restrict
to such bounded gradings w, though we continue to write w : £ — Z> throughout.
This notion of compatible gradings was introduced in [10] building upon the notion of
compatible subsets of E developed in [8] which can be recovered when w(h) € {0,d;}
for h € H and w(v) € {0,dz} for v € V.

For a (di,ds)-bounded grading w, we associate the non-commutative monomial
wty,(€e) to each edge e € E as follows:

p ,weyw(e)X71 ifGEH;
(4) Wtw(e) = ! ( ) w(e)+1 1 -1 .
p2,d27w(e)X Y—X ifeeV.

Thus we may associate a non-commutative Laurent monomial to each (di,ds)-
bounded grading w by taking the product of the associated non-commutative weights
in the natural order along the path D:

(5) Yo (w) = wty, (1) wt,(2) - - - wty, (a1 + ag).
Define Yp = > Yp(w), where the sum ranges over all (dy, ds)-bounded compatible
gradings w of Dw

We will mainly be interested in the maximal Dyck paths D,, = D, for integer
vectors a,, € Z2, m > 1, defined recursively by
dsa,, if m is odd;

(6) apg = (Oa _1)a ay = (LO); am_1+ Am+1 = . .
dia,, if m is even.

These vectors are precisely the almost positive roots in the root system associated to

9 _
the Cartan matrix [ d 2d 2| which describe the denominator vectors of cluster vari-
—day

ables. The Main Theorem is an immediate consequence of the following combinatorial
construction of the non-commutative generalized cluster variables Y, .

THEOREM 1.3. For m > 1, we have Yp, =Y,.

EXAMPLE 1.4. We continue the example from above with Py = 1+py 12+ p1 222 + 23
and P, =1+po12+ 22,

For m = 1, we get a; = (1,0) so that D; = e—e. This maximal Dyck path consists
of a single horizontal edge which may be assigned any of the weights 0, 1, 2, 3, a situa-
tion which we denote by the dashed edge ==e. Summing the monomial contributions
coming from (4) for each choice of weight, we get

Vo, =X ' paY X 1 +poY2X L4V =Y
and this same equality holds for any dashed edge below.

For m = 2, we get ag = (2,1) so that Dy = ZI In this case, the compatible
weightings of the edges in Dy are given by

A [ D
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where we again use a dashed line to indicate that a horizontal edge may be assigned
any of the weights 0,1,2,3 without affecting compatibility. Summing the monomial
contributions coming from (4) for each choice of weight, we get

Yp, = VAXY ' X 4 VX o XY TIX T XOIXIXY I X = Y

For m = 3, we get ag = (5,3) so that D3 = . In this case, the

compatible weightings of the edges in D3 are given by

02 01 0 0
Lol 02 L9l 02 Lol 02 0

012 012 012 0

To describe the non-commutative generalized cluster variables Y7, Y5, Y5 above as
pseudo-positive non-commutative Laurent polynomials we consider the following roots
and corresponding maximal Dyck paths:

31:(1’0) Dy =o—e
a =21 D= 7]
az=(5,3) D3=

Our proof of Theorem 1.3 requires a careful understanding of the recursive struc-
ture of the maximal Dyck paths D,, which we will establish in the next section. In
Section 3, we further develop the combinatorics of compatible gradings of D,, intro-
duced in [10]. The main aim there is to understand gradings which behave nicely with
respect to the recursive structure developed in Section 2. These results produce nicely
factorizable summands of Yp,, , facilitating an inductive proof of Theorem 1.3. Sec-
tion 4 puts these combinatorial results together to establish Theorem 1.3. We finish
with Section 5 discussing the specialization from non-commutative variables to quasi-
commuting variables. A main goal of this section is proving Corollary 5.7 which gives
a positive combinatorial construction of counting polynomials for Grassmannians of
subrepresentations in rigid indecomposable valued quiver representations.

NoTATION. We adopt the following notational conventions throughout the paper.

e For integers a < b, set [a,b] = {a,a+1,...,b}.

e Given any quantity « defined using the tuple (d;,ds2) or the pair of poly-
nomials (Py, P2), let o denote the same quantity defined using the tuple
(dy,d,) = (do,d1) or the polynomials (P, Pj) = (P, P1). In particular,
D1 = P2.d,—; and py; = p1,; when equation (4) is applied to a (dj,d5)-
bounded grading w’ on D .

e Equations that will be referenced globally will be assigned numbers, those
that are referenced only locally (i.e. within a single proof) will be assigned
symbols (e.g. 1 or 1). In particular, symbols labeling equations will be reused
but this should not lead to any confusion.
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2. MAXIMAL DyYCK PATHS

In this section we study the recursive structure present in the maximal Dyck paths
D,,,. To accomplish this, we note that the vectors a,, can be written more explicitly
in terms of two-parameter Chebyshev polynomials w, ; (m,k € Z) defined recur-
sively by:

(7) gk =0, w1k =1, Untik+1 = drlUmk — Um—1k—1,

where dj, denotes the degree of the polynomial Py in equation (1). Then, for m > 1,
we have a,, = (Um,1,Um—1,2). Write a/,, = (u;n’l,u;,%u) = (Um,2, Um—1,1) and set

Dy, = Dq; for m > 1.

REMARK 2.1. To see the equivalence with equation (6), one must use the identities
Um,k = Um, k+1 for m odd and dipum k = dk41Um, k+1 for m even.

We record the next simple observation for future use.

LEMMA 2.2. For positive integers di,d> and any integers m, k, we have U, ji1Um—2 k <
Um—1,k+1Um—1,k-

Proof. We work by induction on m, the case m = 2 is the trivial inequality 0 < 1.
For m > 3, we have

U kot 1Um—2,k = kU —1,kUm—2k — Um—2,k—1Um—2,k
< dpUm—1,kUm—2,k — Um—3 k—1Um—1,k
= Um—1,k+1Um—1,k,

where the inequality uses induction. The case m < 1 can be handled similarly. O

In order to establish a recursive structure for D,,, we will show that the maximal
Dyck paths D, and D}, are intimately related.

LEMMA 2.3. For m > 1, the following hold.

(a) The maximal Dyck path Dy, can be obtained from D,, via replacing each
horizontal edge, together with the ¢ vertical edges which immediately follow it,
by dy — £ horizontal edges followed by a vertical edge.

(b) The mazximal Dyck path Dp,y1 can be obtained from D!, via replacing each
horizontal edge, together with the ¢ vertical edges which immediately follow it,
by do — £ horizontal edges followed by a vertical edge.

Proof. We prove (a) as (b) will immediately follow by interchanging the roles of d;
and dy. Let D' denote the lattice path obtained from D,, as in (a). It follows from
the definition that D’ will contain dyum1 — Um—1,2 = Um+1,2 horizontal edges and
Um,1 vertical edges. We need to show that D’ does not cross above the main diagonal
and that it is maximal with this property.

Write vy,...,v, | for the vertical edges of D" and for 1 < r < w1 suppose v,
is immediately preceded by exactly ¢, horizontal edges of the same height. Suppose
there exists ¢ so that v; passes above the main diagonal, this is equivalent to the
inequality tt > le Using the equality w412 = diUm,1 — Um—1,2, this may be

Z . Um 41
=1

—
rewritten as

t
dit — 3 ¢,

r=1 Um—1,2
> =,
(1) ” .
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But by construction of D', we see that d; — £, is the number of vertical edges imme-
diately following the r-th horizontal edge of D,,,. Thus, by rewriting the numerator as

t t

dit—>" €, = Y (d1—¢,) in the inequality (}), we see that the subpath of D,, contain-
r=1 r=1

ing the first ¢ horizontal edges and the vertical edges immediately following these hor-

izontal edges will cross above the main diagonal of the rectangle [0, ty, 1] X [0, Um—1,2],
a contradiction. Thus D’ is a Dyck path, i.e. it does not pass above the main diagonal.

To see that D’ is maximal, suppose there exists a lattice point (s,t) strictly above
D’ which does not lie above the main diagonal. Without loss of generality, we may

t
take s = > ¢, — 1 and get the inequality ——t < - Using the equality
—1 Zér_l m—41,2
r=1

Um41,2 = A1Um,1 — Um—1,2, this may be rewritten as

t
dit— > 0. +1

r=1 Um—1,2
< =,
(1) : <

Now considering the same initial segment of D,, as above, we see that the point

t

(t,dit— > £,41) lies strictly above D,,, but the inequality (1) implies this point does
r=1

not lie above the main diagonal of the rectangle [0, ty, 1] X [0, tm—1,2], contradicting

the maximality of D,,. Thus we may conclude that D’ = D, ., is the maximal Dyck
path in the rectangle [0, um+1,2] X [0, U 1]- O

With this we obtain the recursive structure of D,,. In what follows we always
1 ifdy—1=1and m # 3;

assume dids > 4 and take §,, = )
0 ifdp_1#1orm=3.

COROLLARY 2.4. The maximal Dyck paths D,,, m > 1, admit the following recursive
structure:

(a) Dy consists of a single horizontal edge;

(b) Dy consists of da horizontal edges followed by a single vertical edge;

(¢) form =3, the Dyck path D,, can be constructed by concatenating d,,, —1 — 6,
copies of Dy,—1 followed by a copy of Dp—1 with its first Dpym_a_s, removed.

For the remainder of the paper we will understand the notation Dy,—1\Dp,_o_5,, to
mean the terminal subpath of D,, 1 obtained by removing its first copy of D,,_s_s
as in Corollary 2.4.

m

REMARK 2.5. The roles of d; and dy must be interchanged when applying Corollary 2.4
to DJ,.

Proof. Parts (a) and (b) are immediate from the definitions of D; and Ds. Part (c)
with m = 3 follows from Lemma 2.3 and part (b) since D/ consists of d; horizontal
edges followed by a vertical edge.

We establish part (c) by induction on m > 4. Notice that by Remark 2.5 the
claimed recursive structures of D,, and D), _; are the same for m > 5, thus we obtain
the result for D, if we know the result for D/, _; by applying the construction from
Lemma 2.3. Hence it suffices to establish the claimed recursive structure for Dy.

If d3 # 1, then 44 = 0 and the structure of Dy is immediately deduced from
Lemma 2.3 and part (c) for Dj. If d3 = 1, then DY consists of a single horizontal
edge followed by a single vertical edge and DY consists of da — 1 = dy — 1 copies of
D), followed by a vertical edge. Applying Lemma 2.3 to D4 shows that Dy consists of
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d4 — 2 copies of Dj followed by a copy of D3 with its first horizontal edge (i.e. its first
D;) removed. This establishes part (¢) for Dy and completes the proof. O

COROLLARY 2.6. For m > 2, if the last edge of D,, is omitted, the resulting lat-
tice path identifies with an initial subpath of the maximal Dyck path C,, obtained by
concatenating d,, copies of Dp,_1.

Proof. We work by induction on m, the case m = 2 following immediately from
Corollary 2.4(b).

Assume m > 3. By part (¢) of Corollary 2.4, in comparing D,, to C,, the first
dpm — 1 — 6, copies of D,,_1 inside D,, may be ignored and the problem reduces to
comparing the final D,,_1 \ D,,—2_s, subpath of D,, with the maximal Dyck path
D,,—1. For m = 3, removing the final edge of D,,—1 \ Dy_2_5, produces da — 1
consecutive horizontal edges which clearly identifies with an initial subpath of D,, 1.
Assume m > 4. There are two cases to consider.

e Ifd, 1 #1, D, _1 consists of d_1 —1 — d,,_1 copies of D,,_o followed
by a copy of Dp,—o ~\ Dp,—3_5, _,. It follows that comparing D,,—1 \ Dy,—2
with D,,_; reduces to comparing D,,_o ~\ Dp_3_5, , with D,,_s. But by
induction, we know that we obtain an initial subpath of D,,_s by removing
the last edge of Dy,—2 N\ Dy—3-5,, -

e When d,,_1 = 1, the maximal Dyck path D,, 1 is just Dy,_s ~\ D,,_3. But
D,,,_5 consists of d,, — 2 copies of D,,_3 followed by a copy of D, 3~ D,,_5
and so D,,,_1 consists of d,,, —3 copies of D,,_3 followed by a copy of D,,_3
D,,—5. Hence comparing D,,—1 ~\ Dy,_3 with D,,_; reduces to comparing
Dy—3 N Dy, —5 with D,,,_3, but by induction we know that removing the last
edge of D,,_3 ~\ D,,_5 produces an initial subpath of D,,_3.

The two items above show that we get an initial subpath of D,,_; by removing the
last edge of Dy,—1 \ Dy,—a_5,, and thus removing the last edge of D,, produces an
initial subpath of C,,. 0

Let E,, denote the edges of D,,, where E,, = H,, UV, for horizontal edges
H,, = {h1,..., hy,,,} and vertical edges V;;, = {v1,...,vy,,_, .}, both labeled in the
natural order along D,,,. We may describe the structure of D,, as follows.

LEMMA 2.7 ([10, Lemma 3.2]). For m > 2, the following hold.
(a) There are exactly ht(h;) = [ (i — 1)um—1,2/Um,1| vertical edges of D,, preced-
ing the horizontal edge h;, call this number the height of h;;
(b) There are exactly dp(vy) = [tum 1/Um—1,2] horizontal edges of Dy, preceding
the vertical edge vg, call this number the depth of v;.

In the natural labeling of edges, Lemma 2.7 gives h; = i + [ (¢ — 1)tm—1,2/Um. 1]
for 1 < i< uma, m > 1and vy =t + [tum,1/um—1,2] for 1 <t < wp—1,2, m = 2.
In particular, we see that w,,—1,2 < U, 1 implies D,, contains no consecutive vertical
edges, while ;1 < Upm—1,2 implies D,, contains no consecutive horizontal edges.

For the next result, recall that we work under the assumption d;ds > 4.

COROLLARY 2.8. For m > 2 the following hold.
(a) Dy, contains at most 1+ §; vertical edges of any given depth.

(b) D,, contains no consecutive horizontal edges if and only if do = 1.

Proof. For Dy, both claims are immediate from Corollary 2.4(b). There are two pos-
sibilities for Dj. If do = 1, the result for Dy together with Corollary 2.4(c) shows Dy
contains no consecutive horizontal edges and that the vertical edges of D3 all have
different depths except vg4, —1 and vq,, which both have depth d; — 1.
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For do > 1, the result for Dy together with Corollary 2.4(c) shows all vertical
edges of D3 have different depths. To see that do > 1 implies there are consecutive
horizontal edges in D3 we need to consider two case. When d; > 1, D3 begins with a
copy of Dy by Corollary 2.4(c) and thus contains consecutive horizontal edges. When
d; = 1, we must have d > 4. But then Djs is just Dy \ D7 and, since dy > 4, it
contains consecutive horizontal edges.

For m > 4, both claims follow by induction using Corollary 2.4(c). O

Analogous statements hold for Dj,, with horizontal edges H,, = {h},...,h, 1}
and vertical edges V;;, = {v{,...,v; _  }, by interchanging the roles of d; and do.

The proof of Theorem 1.3 will go by induction. Towards this aim we introduce
notation, following Corollary 2.4, which captures the recursive structure in the edges

of Dp,, m > 3.

DEFINITION 2.9. For m > 3 and 1 < r < d,, — 1 — 6, define the following subsets of
H,, and V,,:

Hm,r = {h(r—l)um,1,1+1a h(r—l)um,,1,1+27 B hrum_lyl};

Vm,r = {U(rfl)um_2,2+1a V(r—1)um—n,24+25 - 7’U7'u7n72,2};
we identify these, for each r, with the horizontal and vertical edges of D,,_1. Also set

Hm,dmfém = {h(dm—l—ém)um_l,l—‘rlﬂ AR hum,1*17 h’um,l};

Vi —8m = AV(dm—1—6m )ttm—2.2415 3Vt 1 2—1> Vg _1.2 }
we identify these subsets with the horizontal and vertical edges of Dypy—1 ~ Dy_2_s,, .
As a notational convenience, for 1 < r < dpy —1 =109, and 1 < @ < Up—1,1 We
write hiy = N 1yu,,_y,+i and similarly ve, = V(@ 1yu, oo+t Jor 1 <E < Um—22.
Forum—2-5,,1+1<i<um-11, set hia, 5, = "y 16, )um_1.1+i—um_2_5,.1 N4
S€L Ut dyy —6,0 = V(dp—1— 8 )tim 2,2+t —tim—3—5,, 2 JOT Um—3—5,,,2 + 1 <t < Upm—22.

3. COMBINATORICS OF COMPATIBLE PAIRS

Let w : By, — Zxq be a (dy, d2)-bounded grading of D,,, m > 1. It will be convenient
to write wy and wy for the restrictions of w to H,, and to V,, respectively. In the
absence of a total grading w, we refer to the maps wy : H,,, — [0,d1] and wy : V,,, —
[0, da] respectively as horizontal gradings and vertical gradings of D,,. We will often
consider w to be the pair (wp,wy) and refer to wy and wy as being compatible if
Definition 1.2 is satisfied for w. Since the first condition (HGC) of Definition 1.2 only
involves wy, we refer to it as the horizontal grading condition. Similarly, we refer to
the second condition (VGC) as the vertical grading condition.

Write supp(w) = {e € E,, : w(e) # 0} and call this the support of w. Set
supp(wg) = supp(w) N H and supp(wy ) = supp(w) N V. Define |w|g = > wg(h)

hEHm
and |wly = > wy(v).
vEV,

3.1. SHADOW STATISTICS. To begin we introduce notation to gain a more delicate
grasp of the compatibility conditions (HGC) and (VGC) from Definition 1.2. For a
horizontal grading wg : Hy, — [0, d;] and any subpath ee’ C D,,,, define the horizontal
shadow statistic

fon(e€)) == —|e€ |y + Z wy (h).

he(ee’ )y

We also define the wvertical shadow statistic

forlee) = —lecla+ 3 wv(®)

vE(ee )y
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for each vertical grading wy : V;;, — [0, d2]. It immediately follows from the definitions
that the shadow statistics satisfy the following additivity property with respect to
concatenation of paths:

(8) fum(eres) = fuy(e1€2) + fuy(€2e3) and  fu (e1e3) = fu, (e1€2) + fuy (€2e3)

for edges e; € E,, with ey € eje3.
The shadow statistics give the following alternative check for compatibility.

LEMMA 3.1. Let w : E,, — Zxo be a compatible grading of D,,. For h € H,, and
v € Vi, the following hold:

(a) if fuy (hv) < 0, then the horizontal grading condition (HGC) is satisfied for
the path hv;

(b) if fuy (hv) < 0, then the vertical grading condition (VGC) is satisfied for the
path hv.

Proof. We prove (a), the proof of (b) is similar.

There is nothing to show when wgy(h) = 0, so assume h € supp(wg). Then
fuwn (Rh) > 0 and as e ranges from h to v the value of f,,,, (he) either increases, stays
the same, or decreases by 1 with each step. Since f,,, (hv) < 0, we see that f,, (he)
must eventually take the value 0 with e # v, i.e. the horizontal grading condition is
satisfied for the path hv. O

Apart from their relationship to the compatibility conditions (HGC) and (VGC),
the shadow statistics f,, and f,, encode the following important information.
For each subpath ee’ C D,,, we obtain a factor Y. (wp,wy) of the monomial
YD, (wm,wy) appearing in equation (5) by only multiplying the weights of edges
along the path ee’.

LEMMA 3.2. The quantities f,,(e€') and f,. (e€’) record the total Y -degree and the
total X -degree respectively of the monomial Yeer (wpr, wy ).

Proof. A horizontal edge h € (ee€’)y contributes a factor of pl’wH(h)YwH(h)X_l
to Yee(wm,wy) while a vertical edge v € (ee’)y contributes a factor of
P2,ds—woy () XV IFY 71X 1 The result now follows by comparing the total Y-
and X-degrees of Y. (wp,wy ) with the definitions of f,, (ee’) and f,, (ee’) respec-
tively. O

For a horizontal grading wy : H,, — [0,d4], define the local shadow path D(h;wpr)
of a horizontal edge h € H,, to be the shortest nonempty subpath he C D,, such
that f,, (he) = 0, if there is no such subpath we set D(h;wg) = hvy,,_,,. Write
Dy (h;wp) = D(h;wg)NH,, and Dy (h;wg) = D(h;wg )NV, for the local horizontal
shadow and local vertical shadow of h with respect to wgy. The local shadow path
D(v;wy) is defined similarly for a vertical edge v € V,,, and a vertical grading wy :
Vin = [0, ds], where D(v;wy) = hyv if there is no edge e < v for which f,,, (ev) = 0.
The local shadows Dy (v;wy ), Dy (v;wy) are defined as above.

By definition we have f.,, (D(h;wg)) = 0 whenever the final edge of D(h;wp)
is not v,,,_, ,. More importantly, writing D(h;wg) = he, Lemma 3.1 together with
equation (8) imply that f,,(he’) > 0 and f,, (¢’e) < 0 for any proper subpaths
he',e'e C D(h;wg). Thus we see for h € supp(wy) and v € Dy (h;wy) that the
condition (HGC) is not satisfied for the path hv, however for any wy compatible with
wg the condition (VGC) is satisfied for h and v. In particular, when wy is compatible
with wpgr, D(v;wy) is a proper subpath of D(h;wy) for any v € Dy (h;wg).

Similar statements hold using the vertical shadow statistic f,, .
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3.2. RECURSIONS. We introduce in this section a recursive construction of gradings
analogous to the recursive operations on Dyck paths from Lemma 2.3.

The shadow of a horizontal grading wy : H,, — [0,d;] is the collection of
vertical edges in the local vertical shadows of all horizontal edges, i.e. sh(wy) =
Uner,, Dv (h;wr). The remote shadow of a horizontal grading wy : Hy, — [0, dy] is
the subset rsh(wg) C sh(wpy) obtained by excluding for each d the (up to) wg(hq)
vertical edges of depth d immediately following hy. The shadow and remote shadow
of a vertical grading wy : V,,, — [0, d2] are defined similarly.

REMARK 3.3. The remote shadow rsh(wgr) C sh(wg) of a horizontal grading wy can
be described as the subset consisting of those vertical edges v € sh(wy) for which
there exists a vertical grading wy compatible with wy such that wy(v) > 0. In
particular, any vertical grading wy compatible with wgy must satisfy wy (v) = 0 for
v € sh(wpy) N rsh(wg).

In order to give a relationship between gradings of D,, and gradings of D;, , ,
we need to partition the remote shadows according to which local shadow contains a
given edge.

DEFINITION 3.4. Let w : Ey, — Zxo be a grading of D,y,.

(a) For 1< j <d< um, denote by rsh(wg);.a the set of v € rsh(wg) of depth
d such that v € Dy (hj;wg) and hj is the first horizontal edge before v with
this property. Define the local remote shadow of the edge h; as rsh(h;;wy) =

I rsh(wa ) jia-
de[j+1,um,1]

(b) For 0 < £ < t < wm—1,2, denote by rsh(wy )y the set of h € rsh(wy) of
height £ such that h € Dy (ve;wy) and vy is the first vertical edge after h with
this property. Define the local remote shadow of the edge vy as rsh(vg;wy) =

H I‘Sh(wv)t;g.
£e[0,t—2]
REMARK 3.5. By the definition of the remote shadows, it is impossible to have d = j
or { =t — 1 in Definition 3.4.

Lemma 2.3 establishes a canonical order preserving bijection between the vertical
edges V,,, of D; ., and the horizontal edges H,, of D, which we write as ¢ =
Om Vg1 = Hu, @(v)) = hy for 1 < i < ty,,1. Thus we obtain a bijection from d;-
bounded horizontal gradings of D,, to di-bounded vertical gradings of Dy, taking
a horizontal grading wy : H,, — [0, d1] to the vertical grading p*wy : V,,, ; — [0,d1]
given by ¢*wg (v)) = di — wp(h;).

REMARK 3.6. We will abuse notation slightly and also write ¢}, for the bijection
between horizontal gradings of D!, and vertical gradings of D,,1 where the roles of
dy and ds need to be interchanged in the definitions above, however this abuse should
not lead to any confusion.

The next result shows that the remote shadows for wy and p*wpy are intimately
related.

LeMMA 3.7 ([10, Corollary 4.18]). Let wy : H,, — [0,d1] be a horizontal grading of
D,,. For1 < j <d < um,1, we have |rsh(wg);.a| = |rsh(¢*wr)aj—1]-

Thus for 1 < j < d < upm,1 we may define a bijection 60,4 : rsh(wy)jq —
rsh(p*wp)q;j—1 which preserves the natural order determined by distance from h;
and from v, respectively. More explicitly, as the vertical edges of rsh(wp);.q are read
from bottom to top the corresponding horizontal edges of rsh(¢*wg)q4;j—1 are read
from right to left.
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For a horizontal grading wy : H,, — [0, d;], write G(wpr) for the collection of all
(d1,d2)-bounded gradings w : E,,, — Zxo such that the restriction w|g,, is precisely
wp and denote by C(wg) C G(wp) the subset of compatible gradings. Let Gysn (wr) C
G(wy) denote those gradings w for which w(v) = 0 whenever v € V,,, ~\ rsh(wp)
and write Crsh(wpy) = Grsh(wg) N C(wy). Define analogous collections of gradings
associated to a vertical grading wy : V;,, — [0, da].

Define a map Q = Q,,, : Gysn(wr) = Grsn(@*wr) as follows:

Qwv)(h) = {

Note that 2 admits an obvious inverse map.

0 if " € H), ., ~ rsh(¢p*wg);
wy(v) if B =6;.4(v) for v € rsh(wp);.a-

REMARK 3.8. Given a grading w : E,, — Zxo of D,, where wy ¢ Gygh(wp), the
map ) may still be applied to wy to produce a horizontal grading in G (@*wh).
This observation will be used without mention in the statements of Lemma 3.9 and
Proposition 3.16 as well as in the proof of Corollary 3.23.

The following result shows that we have some control over the shadow statistics
under this operation. It is also the essential ingredient for understanding the piecewise
compatible gradings introduced in the next section.

LEMMA 3.9 ([10, Lemma 4.19]). Let w : E,,, — Zxo be a grading on D,,. Suppose b’ =

0;.a(v) for a vertical edge v € rsh(wp)j.a Nsupp(wy ). Then fo,)(h'vy) = fuy (hjv).
This crucial result also shows that € restricts to a map Cysn(wp) — Crsn(@*wn),

i.e. that the pair (Q(wy), p*wy) gives a compatible grading of D;, ,; exactly when

wy € Crsh(wp ).

PROPOSITION 3.10 ([10, Lemma 4.20]). Let wy : Hy, — [0,d1] be a horizontal grading

of Dy,. For a vertical grading wy € Gush(wp), we have wy € Cisn(wp) if and only if

Q(wv) S Crsh(sﬁ*wH)-

3.3. PIECEWISE COMPATIBILITY. Our goal in this section is to understand which

gradings on D,,, m > 3, are obtained by gluing together compatible gradings on the
D,,,—1 subpaths of D,, found in Corollary 2.4(c).

DEFINITION 3.11. Fiz m > 3. Consider (dy,ds)-bounded compatible gradings w, =
(wWHrywy,r) of Dyp—1 for 1 <1 < dy — 0. We assume

(9) WV, dy —8m ('U) =0
for v in the first Dy,_o_s, subpath of Dp—1 and
(10) WH,dyp—5, (h) = €

for h in the first Dp,_o_s,, subpath of Dpy—1 if h is immediately followed by exactly £
vertical edges inside Dy,_o_5,, .
Define a grading w : By, — Zxo of Dy, by

w(e) = war(e) ife € Hpyr;
N wyr(e) ife€ Vs

where we identify subsets of edges in D,, with edges of Dy,_1 as in Definition 2.9.
We will refer to any grading on D,, obtained in this way as piecewise compatible.

REMARK 3.12. Every compatible grading of D,,, m > 3, is piecewise compatible.
Given any grading w of D,, and 1 < r < dp, — 0, we will denote by w, = (wg,r, wy,,)
the grading of D,,,_; obtained by restricting w to the r-th copy of D,,_1 inside D,,,
where wy,, —s,, = (WH,d,,—5,, WV.d,,—5,,) denotes the grading on D,,_; satisfying the
conditions (9) and (10) of Definition 3.11.
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REMARK 3.13. When considering piecewise compatible gradings w : E!, — Zx¢ of
D;,, we will instead make the following assumptions on the gradings wp 4 —s and
wv/’d;n,(;;n of D;nflz

ngd/m,(s;n (hl) =0
for A in the first D], _,_ 5 subpath of D), _; and

wvr.d: -8, (’U/) =d
for v’ in the first D] _,_5 subpath of D}, _, if v’ is immediately preceded by exactly
d horizontal edges inside D/, _, , .

The next result shows that only the final edge of D,, needs to be considered in
order to verify (global) compatibility of a piecewise compatible grading.

LEMMA 3.14. Let w : Ey, — Zxo be a piecewise compatible grading on Dy, m > 3.
Then one of the compatibility conditions (HGC) or (VGC) is satisfied for every h €
Hy, and every v € Viy \ {vu,,_, , }. In particular, a piecewise compatible grading on
D,,, is compatible if and only if one of the compatibility conditions (HGC) or (VGC)
d'm_l_67n
holds for all paths hv,,, ,, withhe ||  Hy,.
r=1

Proof. Following [10, Remark 2.22], we have a principle of non-interaction between
adjacent D,, 1 subpaths of D,,. More precisely, one of the compatibility condi-
tions (HGC) or (VGC) will always be satisfied for paths hv with h € H,,, and
v € Vpsforl <r <s < dy—1— 0. Since each pair (wy ,,wy,) is compati-
dm—1=0m
ble, it only remains to verify a compatibility condition for h € H,, , and
r=1
vE Vmadnz_(sm'

By Corollary 2.6, we may again apply [10, Remark 2.22] to see that one of the
compatibility conditions will always be satisfied for allv € V5, 4, —5,, Withv # vy, ,.
Thus a compatibility conditions only needs to be verified for paths hvy,,_, , with

d’IYL - 1 76"7L
he || Hpn,r to verify compatibility of w. O
r=1
COROLLARY 3.15. When d,,, = 1, every piecewise compatible grading of D,,, m > 3,
is compatible.

dm—1=6m
Proof. When d,,, = 1, the set of horizontal edges Ll  Hpm,r is empty and thus

r=1
the compatibility condition of Lemma 3.14 is trivially satisfied. 0

Next we observe that piecewise compatible gradings are well-behaved under the
operations ¢* and 2 introduced in Section 3.2.

PROPOSITION 3.16. Let w : E,, — Zxo be a (di,dz)-bounded grading on D, for
m = 3. Then w is piecewise compatible if and only if (Uwy ), p*wm) is piecewise
compatible.

Proof. We prove the forward implication, the other direction can be obtained by
reversing the argument.

Assume w is piecewise compatible and, for 1 <r < dp, — 0, consider ' € Hy, 4,
and v; € V1, with b’ < v If b’ ¢ D(vi; ¢*wp), then the vertical grading condi-
tion (VGC) is satisfied for the path h'v;. So we assume h’' € D(v}; ¢*wp) and need
to show that the horizontal grading condition (HGC) is satisfied for the path h'vj.
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For Q(wy)(h') = 0, there is nothing to check so assume h' € supp(Q(wy)). Set
Jj—1="ht(h') so that b’ € rsh(p*wp)q;j—1 with j < d < t. Then Q(wy)(h') = wy (v),
where v € rsh(wgr) j;a N supp(wy) with b’ = 6;.4(v).

Note that h; € H,,, and v € V,,, , thus by piecewise compatibility the vertical
grading condition (VGC) is satisfied for the path hjv. That is, there exists e € hjv so
that f,, (ev) = 0. By piecewise compatibility, each vertical edge in h;€ also satisfies
the vertical grading condition with h;. It follows that f,,, (h;v) < 0.

By Lemma 3.9, we thus have fo(.,)(h'v)) < 0 and so the horizontal grading
condition is satisfied for the path h'v/, by Lemma 3.1. Since h'v}; is an initial subpath
of h'v;, the horizontal grading condition is also satisfied for the path h'v]. Since h’
and v; were arbitrary, we see that (Q(wy ), p*wg) is piecewise compatible. O

We aim now to understand precisely when compatibility fails for a piecewise com-
patible grading. The definition below provides the necessary conditions for a piecewise
compatible grading w constructed as in Definition 3.11 to be incompatible.

DEFINITION 3.17. Let wy : H,,, — [0,d1] be a horizontal grading on D,,, m > 3. We
say a horizontal edge h € H,, is blocking for wy if the following hold:

® he Hpn~ Hpd,—s,;

e D(hywy) = hvuma,z;

o h is the maximal (i.e. furthest to the right) horizontal edge with these proper-
ties.

We call wy left-justified at a blocking edge h; € H,, if there exists k > i so that
wr(h;) > 0 fori < j <k and wg(h;) =0 for j > k. Such a horizontal grading is
strongly left-justified at h; if in addition the following hold:

o wi(hj) =dy fori<j<k;

b4 wa (hivum—l,Q) =0.
Let wy : Vi — [0,ds] be a vertical grading on D,,, m > 3. For a horizontal edge
h; € H,,, wy s called right-justified with respect to h; if there is a vertical edge
Vs € hiUy,,_, , 80 that wy (vy) >0 for s <t < um—1,2 and wy(v¢) = 0 for all vertical
edges vy € (h;Us)y. Such a vertical grading is strongly right-justified with respect to
h; if in addition the following hold:

o wy(v) =dy for s <t < Upm—1,2;
hd D(/Uu7n71,2;wv) = h'i/Uuanl,Q with fwv (hivunl—l,Z) =0.

PROPOSITION 3.18. Let w : E,, — Zxo be a piecewise compatible grading of D,
m = 3, for which wyg admits the blocking edge h; € H,, and wy is strongly right-
justified with respect to h;. Then wy is left-justified at h; and supp(wy) N hivy,,_, , =
rsh(wy) N hivy,, ., ,-

Proof. Since wy is strongly right-justified with respect to h;, we have D(vy,, _, ,;wy) =
hivu,,_, , and thus supp(wg) N hivy,,_,, C rsh(wy) N vy, ,. To see equality of
these sets we show that they must have the same cardinality.

As wy is strongly right-justified with respect to h;, we have wy (v) = da for each

vertical edge v € Dsvy,,_, ,, Where s = Uy, 12 — V’"ldi:HJ This implies wy(h) =0
for each horizontal edge h € Usv,,,_, ,. Otherwise both grading conditions would fail
for the path hv, where v is the first vertical edge after h, a contradiction with piecewise
compatibility of w. -
. (umfl‘z—\‘um'}iilerlJ)um,l
Then observe that the vertical edge vs has depth 2 by

Um—1,2

Lemma 2.7. Using once more that wy is strongly right-justified with respect to h;,
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we must also have wy(h) = 0 for each of the w1 —i+ 1 —da "’”’ldijﬂ horizontal

edges h immediately preceding v, in order for piecewise compatibility to hold.
The above discussion has shown that wg(h;) = 0 whenever j is larger than the
following quantity:

fomeerea g2

Um—1,2 do

r {um,71—i+lJ u
. - do m,1 Um1—1+1
=7—1 —+ + d2 \‘ m,
Um—1,2 do
[ wm,1—i+1
L e
=i1—1+4+ ,
Um—1,2

where both equalities follow from the identity [n+x] = n+ [2] which holds for all real
numbers z and all integers n. This discussion also shows that h;vy,,_, , N (sh(wy) ~

Um,1 —i+1
Um—2,1

rSh(WV)) = (hitdVu,,_, ), where d = ﬂ@

Um —1,2

] Since D(vy,,_, ,iwy) =

hivy,,_, ,, it follows that

urn,l_i"l‘l
4y | Um—21
| rsh(wy) N Ay, | =
Um—1,2
Now observe the inequality
\‘ da J Um—2,1 < ’7(um,1 — 14 1)um_2)1—‘ . "(uml — 1+ 1)um_272“
~ - b)
Um—1,2 dzum—1,2 dlum—l,l

where the equality can be deduced from the identities in Remark 2.1. By Lemma 2.2,
the last expression above is not larger than

(=Dum_1,
’7(Um71 — 1+ l)uml,z"‘ . Um—1,2 — \‘ Um, 1 : 2J

b
d1Um 1 dq

(11)

where the equality follows from right to left using the identities —|z| = [—=z], [n +

x] = n+ [z], and [%—‘ = [£] which hold for all real numbers z and all positive
integers n.
But h; is blocking and wg is di-bounded so that

_ (i—l)um,Lz
hivum_1‘2|\/-‘ _ um_1’2 \‘ Um,1

dl dl

| supp(wH) N hivu'rnfl,2| > ’V
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Combining this observation with the inequalities leading up to equation (11), we see
that

r _ {WiflzJ
Um—1,2 U, 1
|supp(wa) N iV, .| = d
1
- \‘%;’HJ Um—2,1
> = |rsh(wy) N AV, ;|-
um—172

But either inequality being strict is impossible since supp(wpg) does not intersect
sh(wy ) \ rsh(wy ). Thus wy must be left-justified at h; with

B _ \‘(ifl)um_lng
Um—1,2 Tamai
(12) | Supp(wH) N hivum71,2| = d
1
) ["’”dff“ J Unn—2.1
= = |rsh(wy) N hivy,,_, |-
Um—1,2
In particular, supp(wg) N hivy,,_, , = rsh(wy) N hivy,,_, ,- O

REMARK 3.19. The middle equality of equation (12) does not hold for all 4, this
equality is a consequence of the hypotheses and thus provides a necessary condition
for the existence of a piecewise compatible grading as in Proposition 3.18.

The next result will show that this condition is also sufficient and that such gradings
are the only piecewise compatible gradings which are not compatible.

THEOREM 3.20. Let w : E,, = Zxo be a piecewise compatible grading of D,,, m = 3.

(a) If wg does not admit a blocking edge, then w is compatible.
(b) Suppose wy admits a blocking edge h; but w is not compatible. Then the
following hold:
(i) D(Uumq,z?w‘/) = hivumq,z with fu, (hivum—1,2) = 0;
(ii) wy is left-justified at h; and wy is strongly right-justified with respect to
h.
If in addition m > 4, the following also hold:
(iii) Jom (hivu'm—l,2) =0;
(iv) wy must be strongly left-justified at h;;
(v) ht(hiy1) = ht(h;) 4 01 when [supp(wy) N hivy,, | > 1.

REMARK 3.21. When d,,, = 1, the hypotheses of Theorem 3.20 cannot apply by Corol-
lary 3.15.

Proof. If wy does not admit a blocking edge, any horizontal edge h € H,, has a local
shadow path of the form D(h;wy) = he with e < v,,,_, ,, i.e. the horizontal grading
condition is satisfied for h and v,,, ,,. By Lemma 3.14, this implies w is compatible.
This establishes (a). '

From now on we assume wy admits a blocking edge h; and d,,, # 1. There are two
possible cases. First consider the case ht(h;) > ty,—1,2 — d1. Since by definition h; is
not contained in the final D,,—1 \ Dy,—2_s,, subpath of D,,, we must have d; > 2
and so this case can occur only if one of the following holds:

e m = 3 with dy # 1;
e m =4 with dy,ds # 1;
e m =5 with dy = 1.
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When m = 4 or m = 5 above, we must have h; = hy,,,_,,.d,,—1-5,, (see Definition 2.9
for notation). '

Let ¢ = ht(h;). Then, since d; # 1 in all cases above, each vertical edge in
TUg41Uu,,_, 5 if m = 3 (rvesp. in hiy10y,,_,, if m = 4 or m = 5) is immediately
preceded by exactly do horizontal edges inside hivy,,_, , while vy, _, , is immediately
preceded by exactly ds — 1 horizontal edges. In particular, we see that the horizontal
grading condition fails for the path h;v,,,_, , exactly when:

o wy(ver1) = dp(ves1) — i and wy (v) = da for v € (Vpy1Vu,,_,,)v for m = 3;

e wy(v) =dy for all v € (hivy,,_,,)v for m =4 or m = 5.
In either case we have D(vy,, ,.;wv) = hivy,, ,, with f,, (hvy,_,,) = 0. Note
that in each of the cases above, wy is left-justified at h; with & = 4 in Definition 3.17
and wy is strongly right-justified with respect to h;. This establishes the claims in
the first part of (b) for these cases. Observe that our assumptions when m = 4 or
m = 5 imply fo, (hivy,,_,,) = 0 and that wy is strongly left-justified at h;. Since
supp(wg) N hivy,,_, , = {hi}, this establishes the second part of (b) in these cases.

Now assume m > 4 and ht(h;) < uy,—1,2 — d1. Then there must exist j > ¢ so that
D(hj;wh) = hjvy,, _, ,—¢ with 1 < € < wg(h;) — 01 (the extra 0; must be included
here since do = 1 implies all horizontal edges of D,, have different heights, in other
words do = 1 implies h; is immediately followed by a vertical edge). Assume that j is
chosen so that ¢ is minimal, in particular when d; = 1 we must have £ = 1.

By Lemma 3.14, the vertical grading condition must be satisfied for the paths h;v
with v € (hiUy,,_, ,)v. For each such v, we have D(v;wy) = hj,v for some j(v) > 1,
in particular f,, (hj)v) = 0. Since h; is blocking, it cannot be contained in the
shadow of any of these vertical edges. Moreover, when d; = 1, the edge h; will also
not be contained in the shadow of any of these vertical edges. Thus we see that there
are at least 1 + o horizontal edges of the path hivy,,_, ,—1 lying outside the shadows
of its vertical edges and applying equation (8) shows fi., (hivu,,_, ,—1) < —(1 + d2).
But by Corollary 2.4 there are do — 1 — > horizontal edges immediately preceding
Va1, and, since wy (vy,,_, ,) < da, we must have fi, (hivy,,_,,) < 0. We conclude
that one of the following holds:

e D(vy,, ,,;wv) is a proper subpath of h;v,,, ,, by Lemma 3.1 and thus w is
compatible;
® D(Vu,,_y o3 wv) = hivy,,_,, with fu,, (hivy,,_, ,) = 0 and both compatibility
conditions fail for the path h;vy,, , ,. '
This establishes claim (i) of (b) in this case. When dy = 1, we must have
for (hiVu,,_,,) = 0 for otherwise h; could not be blocking. This gives claim (iii)
of (b) when d; = 1. To complete the proof of (iii) for d; > 1 and m > 4, we observe
that h; being a blocking edge implies f,,, (hivy,,_,,) = 0. Our aim then is to show
that f,,; (hivy,,_,,) > 0 implies the second situation above is impossible.

Indeed, fu, (hivy,,_,,) > 0 can only occur if we take £ < wpy(h;) — 1 — 61 above.
But, assuming d; > 1 and m > 4, there are ds horizontal edges of D,, immediately
preceding each of the vertical edges

Vit —1,2—d1 42481 Yupm—1,20—d1+3+615 -+ 3 Vuppp 12— 1)

and dy — 1 horizontal edges immediately preceding vy, ,, (by Corollary 2.4, the
terminal subpath of D,,, containing all these edges identifies with the terminal subpath
D3 ~\ D inside D3). It follows that D(vy,,_, ,;wy) must be a subpath of hjv,,,_,,
and so the vertical grading condition is satisfied for the path h;v,,, , ,. In particular,
w is compatible by Lemma 3.14, this completes the proof of (iii).

The arguments above also establish the following when m > 4, d,, # 1, and
ht(hl) < Um-1,2 — dq:
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o ifwy(h;) < dy or h; is immediately followed by 1447 vertical edges, then either
dy = 1 and h; cannot possibly be blocking or there must exist a horizontal
edge h; as in the previous paragraph and compatibility again holds, this
gives (v) once we have established (iv), i.e. once we know that wy is strongly
left-justified at hy;

o if wy (vy,,_,,—t) < dz for any 0 < ¢ < dy — &1, then the piecewise compatible
grading w must be compatible.

We prove (iii) and (iv) by induction on m > 3, d,,, # 1. The base case m = 3 of (ii)
was established in the first part of the proof. Suppose m > 4 and w is not compatible.
By Proposition 3.16 the grading ((¢},_) wy, Q" (wa)) =t (wyr,wyr) of D4
is piecewise compatible, but not compatible by Proposition 3.10. By part (a), there
must be a blocking edge h for wy:. Applying (ii) to the grading (wg',wyv’) we see
that wy is left-justified at h;- and wy is strongly right-justified with respect to this
blocking edge.

When m = 4, we have supp(wg) N h;v;in Y = {h;} and from the definition of
pr._1 we see that wy is strongly right-justified with respect to h;. This requires the
extra observation above that we had to take k = 7 in the definition of left-justification
for the case m = 3. For m > 5, claim (iv) applied to the grading (wg/,wy+) shows
that wy is strongly left-justified at h; and again the definition of ¢}, _; shows that
wy is strongly right-justified with respect to h;. By Proposition 3.18, we see that wgy
must be left-justified at h;.

It remains to argue that wy is strongly left-justified at h;, but this is immediate
from Lemma 3.7 and the definition of the maps 6. Indeed, since wpg- is strongly
left-justified at its blocking edge h;, the remote shadows of the horizontal edges
in h;-v;m_ ,, are linearly ordered in the opposite order to the horizontal edges in
supp(wg) N h;%mi ,,- Since wy is strongly right-justified with respect to h;, anal-
ogous statements can be made about the remote shadows of the vertical edges in
hivy,,_, ,- But the maps 6 are compatible with these orderings and so wy- being
strongly right-justified with respect to h; forces wg = Qm_1(wy) to be strongly
left-justified at h;. This completes the proof of (ii) and (iv). O

The next result severely restricts which horizontal edges can be blocking.

COROLLARY 3.22. Let w : E,, — Zx be a piecewise compatible grading of Dy,, m > 5,
which is not compatible. Write h; € Hy, for the blocking edge of wy. Then eitheri =1
or h; is immediately preceded by a vertical edge.

Proof. By Proposition 3.16 and Proposition 3.10, the grading (wpg/,wy/) =
(1) twy, Q1 jwy) of DI,y is piecewise compatible but not compatible.
Let h} € H,;,_; denote the blocking edge of wp. Then since m > 5, we have
|rsh(h};wpr)| = da — ¢, where £ is the number of vertical edges immediately following
h;». By Lemma 3.7, this implies there are dy — ¢ horizontal edges of height 7 — 1 in the
remote shadow of wy . But there are exactly do — £ horizontal edges of height j — 1
inside D,, by Lemma 2.3. Since D(vy,, , ,;wv) = hivy,, , ,, the edge h; lies furthest
to the left among all horizontal edges in rsh(wy) N A, , ,, this gives the result. O

We also obtain the following analogue of Proposition 3.18.

COROLLARY 3.23. Let w : E,, = Z>¢ be a piecewise compatible grading of D,,, m > 3,
which is not compatible. If h; € H,, denotes the blocking edge for wy, then supp(wy )N
hivu'mflj = rSh(wH) N hivuvnfl,Z'

Proof. Since w is not compatible, the grading (Q,, (wv ), ¢y,wr) =: (wgr,wy) of D, 44
is not compatible by Proposition 3.10, but is piecewise compatible by Proposition 3.16.
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By Theorem 3.20 the grading (wg,wy) satisfies the hypotheses of Proposition 3.18
and so supp(wg) N h;’U;/m L= rsh(wy/) N h;v;;ﬂ ,» Where h’; denotes the blocking edge
of WH!. » ’

By piecewise compatibility, we must have supp(wy) N hivy,,_,, C rsh(wg) N
hivy,,_, , since every vertical edge in supp(wy ) Nh;vy,,_, , is contained in the shadow
of wyr. If there exists v € rsh(wg) N hivy,, , , With wy(v) = 0, by Lemma 3.7 there
will be a horizontal edge b’ € rsh(wy+) N h;v;in , with wp(h') = 0, a contradiction.

Therefore we must have supp(wy) N hivy,,_, , = rsh(wg) N AV, - O

As a final consequence we show that the piecewise compatible gradings which are
not compatible satisfy a certain upper bound property with respect to compatible
gradings.

COROLLARY 3.24. Suppose w : Ep, — Zxq is a piecewise compatible grading of D,
m > 3, which is not compatible. Write h; for the blocking edge of wg. Then the
following hold:
(a) for any vertical grading xv € C(wy) and any edge v € (hivy,,_, ,)v, we have
xv (v) < wy (v);
(b) for any horizontal grading xg € C(wv) and any edge h € (hivy,,_,,)H, we
have xg(h) < wg(h).

Proof. We begin by making a few basic observations which allow to deduce part (b)
for D,, from part (a) for D/, _;.

Consider a horizontal grading x g € C(wy) and suppose wg (h) < xg(h) for some
h € (hivu,,_, ,) - This implies wy(h) < di since we only consider d;-bounded hori-
zontal gradings. By Theorem 3.20, we have D(vy,,_, ,;wv) = hivy,,_, , and so every

edge of h;vy,,_, , is in the shadow of wy . Thus we have

supp(xu) N hivy,,_, , C 1sh(wy) N Aoy, , = supp(wr) N hivy,,_, ,,

where the equality comes from Proposition 3.18. By Theorem 3.20, wy is strongly
left-justified at h; and so the only edge h € supp(wg) N hivy,,_, , which could satisfy
wr(h) <dyis h = hi—144, where d = |supp(wg) N Aivy,,_, |-

For m = 3, we have supp(wg) N hivy,,_,, = {h:}. Since the horizontal grading
condition (HGC) of wy is not satisfied for the path h;v,,, , ,, the inequality wg (h;) <
xm (hi) implies the horizontal grading condition of x g is also not satisfied for the path
hivu,,_, .- In particular, (xz,wy) is not compatible, a contradiction.

For m > 4, consider the compatible grading (wg', xv') = ((¢},_1) ‘wv, Q,_nl_le)
of D!, _, (see Proposition 3.10) and the piecewise compatible grading (wp/,wy) =
((h_1) twy, Q;L{le) of D), _; (see Proposition 3.16). By the definition of Q, we
have

xv (07 hiciva) = xi (hi—144) > wi(hi—14a) = Wi (07 hi—14a).-
This contradicts part (a) applied to the grading (wg+,wy/) of D), _; and so there
can be no grading x g as above. Thus part (b) holds for m once we have established
part (a) for m — 1, m > 4.

To continue we suppose there exists a vertical grading xy € C(wy) such that
xv (v) > wy (v) for some v € (h;vy,, ,,)v. As above, this implies 0 < wy (v) < do and
thus v = vy, _, ,—¢4+1, where t = |supp(wy ) N hivy,,_, ,|- In particular, we must have
ds > 2 and by Corollary 2.8 the Dyck path D,, has no consecutive vertical edges.

Note that, by Proposition 3.18, there are only two possibilities for the height of the
edge h;_14q4. Either ht(h;_144) = um—12 —t so that vy, ,—1+1 € rsh(hi_14q;wH)
or ht(hi—144) = Um—1,2 —t — 1 with h;_144 immediately followed by a single vertical
edge. In the latter case, wy (hi—144) > 1 also implies vy, _, ,—¢14+1 € 18h(hi_14q;wWH).

Algebraic Combinatorics, Vol. 2 #6 (2019) 1257



DyLan C. RUPEL

If vy, _,,-t+1 € rsh(hi_14q;wp), the horizontal grading condition (HGC) is
not satisfied for the path h;_iyqvu,, ,,—t+1 and we have D('UumihzftJrl;W‘/) =
hitqVu,,_; 5—t+1 by Proposition 3.18. But then for xy as above, the vertical grading
condition (VGC) is not satisfied for the path h;—14qvy,, , ,—t+1. In particular, this
implies (wg, xv) is not compatible, a contradiction.

Thus we must have ht(h;—144) = Um—12 —t — 1 with h;_11¢ immediately fol-
lowed by exactly one vertical edge and wg (h;—144) = 1. Then, since wy is strongly
left-justified at h;, we have vy, _, ,—¢4+1 € 1sh(h;_244;wp) and so the horizontal grad-
ing condition (HGC) is not satisfied for the path h;_oiqvu,, , ,—t41. If hi—14q €
rsh(vy,, _; ,—t4+1;wy ), we must have D(vy,,_, ,—t41;W0v) = hi—14qVu,,_, 5—t41. But
then for yy as above, the vertical grading condition (VGC) is not satisfied for the
path h;_21qUy,, , ,—t+1. In particular, this implies (wg, xv) is not compatible, a con-
tradiction.

Thus the horizontal edge h; 144 must lie beyond the shadow of v, _, ,—¢+1. By
Proposition 3.18, there can be no horizontal edges of height u,,_; 2 —t in the remote
shadow of wy and so we must have wy (vy,,_, ,—t4+1) = ¢, where £ < dy is the number
of horizontal edges immediately preceding vy,, , ,—¢+1. For m = 3, this can only occur
for t = 1, but vy, _, , is immediately preceded by ds — 1 horizontal edges inside D3
and thus w is compatible, a contradiction.

So we must have m > 4. Consider the piecewise compatible grading (wg,wy-) ==
((¢f_1)twy, Q8 jwp) of DI, _; (see Proposition 3.16). Since wy is strongly right-
justified and wy (vy,,_, ,—¢4+1) < d2, the last horizontal edge in supp(wp+) must be

o 1.a—t+1 Withwpr (R, 1) = d2 — £, this being exactly the number of vertical
edges immediately following h;, Lo—tt1 by Lemma 2.3. Moreover, by Lemma 3.7,
the first vertical edge v’ in rsh(wp/) lies in the remote shadow of h;, , and
wy(v") = 1. By Corollary 3.23, v’ cannot be immediately preceded by a vertical edge.
But then there exists xy+ with xy(v') = 2 compatible with wg/, a contradiction with
part (b) for D/, _.
This contradiction shows there can be no vertical xy as above and thus proves (a).

O

4. PROOF OF MAIN THEOREM

We begin this section with a general statement about non-commutative weights as-
sociated to certain gradings of an arbitrary (i.e. not necessarily maximal) Dyck path,
here we make no boundedness assumptions on the gradings.

PropPOSITION 4.1. Let D be any Dyck path with edges E = H UV, where H =
{h1,... ha,} withay > 1 and V = {v1,...,v4,} denote the sets of horizontal and
vertical edges of D. Write E = {1,2,...,a1 + a2} for the edges of D taken in the
natural order. Let w : E — Zxq be any grading of D. Given ¢; ; € k fori € {1,2} and
J € Zxo, define non-commutative weights

wt (e = {qltw(e)YW(e)X_l ife € H"

13
( ) q2,w(e)XW(e)+1Y71Xil Zfe eV;

and let Yp(w) = wty, (1) wty,(2) - - - wty, (a1 + ag). Assume w is compatible and satisfies
the following:

(1) the local shadow path D(hi;wrg) = D with f,, (D) =0;
(2) for any other vertical grading xv € C(wpg) and any vertical edge vy € V' so
that xv (vs) = wy (vs) for s < t, we have xv (ve) < wy (vt).

Then Yp(w) = pX ', where p = [[721 @10 - 1321 @2,0(00) -
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Proof. We first note that the coefficient p is immediate from the definition of the
non-commutative edge weights in equation (13). Thus we assume all ¢; ; = 1 for the
remainder of the proof.

We work by induction on as. For as = 0, assumption 1 implies a; = 1 and wgy(hy) =
0. The claim follows in this case directly from the definition of the non-commutative
edge weights in equation (13).

Suppose ag > 1 and consider h; € supp(wpy) with ¢ maximal. Let v, € V denote the
next vertical edge after h;, i.e. the path h;v, consists of several consecutive horizontal
edges, say d of them, followed by a single vertical edge. By assumption 1, we have
r < as. By assumption 2, we have wy (v,) = d — 1 so that

(1) Vi, (@) = (Y ®IX ) ()T (e Tt = et
Let D be the Dyck path obtained from D by replacing the path h;v, by a single

horizontal edge. Write E = H UV for the edges of D, where H = {hy,...,ha, —a11}
and V = {01,...,04,-1} denote the horizontal and vertical edges of D. Define a

grading w : E — Zxo by

w (h;) if j < i; |
w h ~ s f <r
Wu(hj) =qwg(h)—1 ifj=1; Sy (3,) = wy (vs) 1 s<r
if >4 wy (vsg1) if s>

0 lf] > 1

It is not hard to see that w satisfies assumptions 1 and 2, thus by induction we have
Y5(w) = X1 By (1), we have Yp(w) = Y5(w) and so Yp(w) = X1 as desired. 0O

Now we turn to the proof of Theorem 1.3 and return to our standard boundedness
assumptions on gradings.

LEMMA 4.2. Let w : E,, — Z>o be a piecewise compatible grading of D,, m > 3,
which is not compatible. Denote by h; € H,, the blocking edge of wg. Set

d = |supp(wn) N hivy,,_,,| and t=|supp(wy) N hivy,,_ ;|

Then for any h € (hihi—144)n, we have YD (hiwn) (W) = pX 1, where p =
pl»wH(hi—1+d)p21d2_WV(Uum_ly2—t+l)'

Proof. Since h; is blocking, no local shadow path D(h;wg) for h € (hihi_114)n
contains vy, , ,. Thus Lemma 3.14 shows w|p(pw,,) is compatible. By definition of
local shadow paths, w|p(n,.,) satisfies condition 1 of Proposition 4.1. Condition 2
follows directly from Corollary 3.24. The conclusion immediately follows since the
only edges in D(h;wy) for h € (h;h;—114)g whose non-commutative weights have
nontrivial coefficients are h;_1 4 and vy, _, ,—t41. O

This leads to the following result which is key to our induction argument.

COROLLARY 4.3. Let w : E,, — Z>o be a piecewise compatible grading of D,
m > 3, which is not compatible. Write h; for the blocking edge of wy and assume

wa (hivu'mflﬂ) =0. Set
d = |[supp(wn) N hivy,, ,,| and t=]|supp(wy) N hivy,,_ |
Then Yhivum,h2 (w) = pY XY ' X, where p = Drwa(hi—1+a)P2,do—wy (va,, _y 5—t41)"

Proof. We distinguish two cases as in the proof of Theorem 3.20. First consider the
case ht(h;) > um—1,2 — di in which one of the following holds: m = 3 with d; # 1,
m = 4 with dy,ds # 1, or m = 5 with dy = 1. In each of these cases supp(wg) N
hivu,,_, , = {hi} and by assumption wg (hs) = tm—1,2—ht(h;). We use the description
of w from the proof of Theorem 3.20 in each case.
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For m = 3 with d; # 1, set § = 1 if h; is immediately followed by a vertical edge
and § = 0 otherwise. Then we have

Yhivu“ (W) = (pl,wH(hi)YWH(hi)X_l) (Xy—1X—1)5(X—l)WV(vum,LQ—Hl)
X (D2.da o (v, 4-es) v Wy g -y =1 x 1)
(X" (XYY
_ p(ywH(hi)flféXfl) {nywH(hi)+2+5Xf1] (XQY”X“)
=pY XY 'x—L
For m = 4 with dy,dy # 1 or m = 5 with ds = 1, we have p = 1 and so

:|L/.)H(h1‘,)—2—6 (X_l)dz—l (Xd2+1y—1X—1)

—2-5
Yhivum,LQ (w) — (Yd1X—1) (Xy—lX_1)1+51 {(X—l)dz (ng—ﬁ-ly—lX_l)}th 2—61

% (X—l)d2—1 (Xd2+1Y_1X_1)
_ (Yd1—1—61X—1) |:Xy—d1+2+51X—1:| (X2Y_1X_1)
=YXy lx-%L

Now suppose ht(h;) < tm—12 — dy so that |supp(wy) N vy, , | > 1 and, by
Theorem 3.20(iii), ht(h;11) = ht(h;) + J1. By Lemma 4.2, we have Yp(,, ,:wy) (W) =
pX~!. As in the proof of Theorem 3.20, we have wg (h;) = di and wy (vu,,_, ,—¢) = da
for 0 < £ < dy — 6. Combining these observations, we get

Yirowan s a(w) = (Yle—l) (XY_lX_l)él [pX—l] {(X—1>d2—1 (XdQHY_lX_l)}

d1—2—6,

% {(X—1)dz (Xd2+1Y_1X_1)} (X—1)d2—1 (Xd2+1Y_1X_1)

= p(yh—i= x 1) [XY7d1+2+61X71] (x2y-1x-1)

=pY XYy 'x—L O
For m > 1, we consider summands of Yp  given as follows:
(14)  Yp,= > Yp.(wn), Yp,(wm)= >  Yp,(wn,wy)
wH:Hm,‘)[O,dl] WVEC(u}H)

Our goal will be to understand the action of Fpp, on each of these summands. The
first step is given by the following factorization results which allow for an induction
argument.

LEMMA 4.4. Let wy : H,, — [0,d1] be a horizontal grading of D,,, m > 3. Write
YDpiL (WH) = Z YDm (w)’
w:Em—Zx>o

where the sum ranges over piecewise compatible gradings w of Dy, for which w|y,, =
wg. Then there is the following factorization:

(15) Y[, (wn)
= YD?nfl (wH;]-)YDnzfl (WH,Q) e YDanl (wH;dvn_l_‘S?n )plem72767” |YD1n—1 (wH7dm,_67n )’
where

Vine2—6m|=2lHm 26| |Hm—2-5,, |=|Vin—2-5,, .
pl11 2-6m 2] 2-5 \p\12 26, || 2= 6m | ifdo =1 and m > 3;
p:

)

pillvm’z"s”l‘ if do > 1 orm=3.
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Proof. By the assumptions on the horizontal grading wg 4, —s,, of Dyp,—1 from Def-
inition 3.11, each term contributing to Yp, _,(wm,q4,,—s,,) begins with the monomial
p_lX_|H’"*2*5m| associated to the initial D,,_o_s5 subpath of D,,_1. To see the
coefficient p~!, we observe the following:

m

e when dy > 1, there are |V,,_o_s | horizontal edges of D,,_o_s  which are
immediately followed by a single vertical edge and all other horizontal edges
are not immediately followed by any vertical edges;

e when dy = 1, each horizontal edge is immediately followed by a vertical edge
and so there are |V,,,—a—5, | — |[Hm—2—s,, m—2—35,, Which
are immediately followed by exactly two vertical edges (see Corollary 2.8)
and the remaining 2|Hy,—2_5, | — |Vin—2-s,, | horizontal edges are immediately
followed by a single vertical edge.

Using the notation of Definition 2.9, for any grading w : E,, — Zx( there is the
factorization

YDm (w) = th,lvumfzyz,l (w) T th,dm—l—éynvum_gg,dnl—1—6m (w)
hu,,tfgf(;m)l‘i*lydwt*&nvum,—Q,Zvdm*f}vn (w)'

The result then immediately follows from the definition of piecewise compatible grad-
ings in Definition 3.11. g

Using Remark 3.13 instead of Definition 3.11, we obtain a similar factorization for
piecewise compatible gradings of Dj, ;. Below we use the notation Y7, (wy+) =
> eClwy) Yy, (Whr,wyr) for a vertical grading wys : Vi, — [0,d1]. Note that
dyyi1 = dm, d,, = dp_1, and so 6, | = &, when m > 3—|—5m+1

LEMMA 4.5. Let wy+ : V!

1 — [0,d1] be a vertical grading of D;, ., form > 346,,.,.
Write

1pc _ /
Vi v) = 3 Y W),
whB] = L>0
where the sum ranges over piecewise compatible gradings ' of D;, | for which
’|V1;1+1 = wy. Then there is the following factorization:

(16) Y'p,  (wyr)
=Y}, (wv'1)YD (Wvr2) -V (s -1-6,)pX Y Vmomon XYY, (wvra,,-5,),
where

)1 )

[Him—2—6pm | =21Hm—2-6, | [Hm-2-6,|—|Vim—2-5,,1 . .

p= p P12 Zf dy =1,
- —|Vim—o_ .

pl"l m=2=6m | if doy > 1.

Proof. By the assumptions on the vertical grading wy 4,, —s,, from Remark 3.13, each

term contributing to YD;,L (wv+.4,,—s,, ) begins with the monomial p_lXY_Wv%*l*ﬁsm X1
associated to the initial D/ o subpath of D/ . The coefficient p~! here can be
seen as follows. Applying Lemma 2.3(a), we see that the structure of D;n_l_(;m is
determined by the structure of D,,_2_s, observed in the last part of the previous
proof. More precisely, we have the following:

e when dy > 1, there are |V,,_o_s | vertical edges of D _1-6, which are
immediately preceded by d; — 1 horizontal edges and all other vertical edges
are immediately followed by d; horizontal edges;

Algebraic Combinatorics, Vol. 2 #6 (2019) 1261



DyLan C. RUPEL

e when dy = 1, there are [V, 2 5,,| — [Hm 24, | vertical edges of D), ; 5
which are immediately preceded by d; — 2 horizontal edges and the remaining
2|Hp—2-5,,| — |Vin—2—s,,| vertical edges are immediately preceded by d; — 1
horizontal edges.

Then observe that in the computation of Y}, (wv- q4,,—s,,) the coefficients are given
by py 4, 1 = p1x for k=1,2. O

The analogous factorization in the special case where m = 3 and ¢) = 1 is handled
in the following result which is proven exactly as Lemma 4.4.

LEMMA 4.6. Suppose da = 1. Let wy+ : V] — [0,d1] be a vertical grading of D). Write
Y/%Z (wyr) = Z Yﬁg (W),
w"Ej—Zx0

where the sum ranges over piecewise compatible gradings w' of Dy for which w'|y; =
wy+. Then there is the following factorization:

(17) Y'p (wvr) = Yy (wv )Yy (wvr2) -+ Vi (Wvr,dy-2) XYy (Wyr,d,-1).-

The factorizations above concerned sums over piecewise compatible gradings. Our
goal is to understand sums over compatible gradings, however it will be easier to first
focus on piecewise compatible gradings which are not compatible.

LEMMA 4.7. Let wy : Hy, — [0,d1] be a horizontal grading of Dy,, m > 3, for which
there exists a vertical grading wy, : Vi, — [0,d2] of Dy, so that (wg,wsi) is piecewise
compatible but not compatible. Write

Y5 (wn) = >, Yp,(w),
w:Em—Zx>o

where the sum ranges over piecewise compatible gradings w of D, which are not
compatible and satisfy w|g, = wpg. Let hy € Hy, denote the blocking edge of wy and
set

d = |supp(wm) N hivy,,_,,| and t=|supp(wy) N hivy,,_, |

Let s = Lmil 1—‘ denote the index so that h; € H,, s. Define a horizontal grading
Xt i Hyno1 = [0,d1] of Dy with xg(h) = wp s(h) for h € (hyshi)m and xp(h) = ¢
for h € (hivu,, ,,.s)m if h is immediately followed by exactly £ vertical edges in this

copy of Dy—1. Then there is the following factorization:
(18) Y5, (wn)
=Yp,,_,(wu1) YD, (WHs—1)YD,_, (XH)IHX‘h‘lv“m*“'5‘HngXY_lX_l7

where py = Prwn(hizi+a)P2,d2 =03 (Vuy, g 5—t+1) and

P11 P12
—|hivu,, 5 5.slv

P11 Zf do > 1.

Proof. Using the notation of Definition 2.9, for any grading w : E,, — Z>( there is
the factorization

|hivum—2,2,s|\/_2‘hiv“m—2,2v‘5‘H |hivum,72,2vsIH_lhiv'umfzz,SlV Zf dQ _ 1,.
P11 =

Yp,, (w) = th,lvum,zz,l (w) T Yh1,sflvum,212,571 (w)th,sﬁi (W)thivum,L2 (w>
By definition of x g, every term of Yp_ _, (xm) ends with the monomial

pl_lxi‘hiv“rnfzis‘H .
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Theorem 3.20 shows that any piecewise compatible grading w : E,, — Zxo of Dy,
which is not compatible agrees with (wg,wy,) on the path h;v,,,_, ,. The result then
immediately follows from Corollary 4.3 and the definition of piecewise compatible
gradings in Definition 3.11. O

The next result gives an analogous factorization for sums over piecewise compatible
gradings of D;, ; which are not compatible.

LEMMA 4.8. Let wy+ : V), | = [0,d1] be a vertical grading of D;, 1, m > 3, for which

there exists a horizontal grading wyy, = Hy, = [0,d2] of D;, so that (wg,,wy) is
piecewise compatible but not compatible. Write

Vi @)= Y Yh (W),

m+1
Nl
wkEl =70

where the sum ranges over piecewise compatible gradings w of D), | which are not
compatible and satisfy (J.)|Vr/nJrl = wy. Let h; € H,, ., denote the blocking edge of Wi,
where ht(h}) =i —1, and set

d = | supp(wy) N h;-v:%n’z| and  t = |supp(wi) N A ;:M|.

Let s = [ i _‘ denote the index so that h; € H;n+1,s' Define a horizontal grading

Um—1,1
xv: : V5, —10,d4] of Dj, with xv:(v') = wy (V') forv' € ( ’Lsﬁ;)v and xy/(v') =4
for v € (hjuy, v if v is immediately preceded by exactly ¢ horizontal edges in
m—1,2°

this copy of D.,,. Then there is the following factorization:
/mc
(19) Y'p, . (wv)

‘h; V!

S| —_ — p—
=Yp, (wyr1) Y (wyre )Y, (xv ) XY 7 mer2 X T Y XY I

where ps = Pl —wy (v, and

27d+1)p2,d2—w;1(h3.71+t)

1,1 P12
—|hiVu,, 5 5.slv

P11 ifdo > 1;
with hivy,,_, ., ., being the subpath in the s-th copy of Dpy—1 inside Dy, .

[PiVuy, g 0,8V =2lhive,, 5 o.slE [Rive, 55 slH—lhive,, 5 ,.slv Zf dy=1;
p1 =

Proof. By definition of xy+, every term of Y}/, (xv/) ends with the monomial

_‘//

3V

pl_lXY mflﬂ’SIVX’l. To see the coefficient pl_l, note that by Lemma 2.3 the
structure of D) is determined by the structure of D,,_.

Theorem 3.20 shows that any piecewise compatible grading w : E;, | — Zxq of
Dy, 1 which is not compatible agrees with (wj;,,wy~) on the path h;v;,m ,- The result
then immediately follows from Corollary 4.3 and the definition of piecewise compatible
gradings in Definition 3.11. O

4.1. PROOF OF MAIN THEOREM. We work by induction on m > 1. From the defini-
tion of the non-commutative weights in equation (4), we immediately see
Yp, =Pi(Y)X ' =Fp(Y)=Y;

and
da
Yp, =Y (PL(Y)X 12X ) (po,a,— e XY TIXTT)
£=0
=P(P(Y)X HXY ' X! = Fp Fp,(Y) = Ya.
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Write Yp, = > Yp, (wr). We will show that Fp, (Yp, (wh)) = Y}, (0hwh)
wir:Ha—[0,d1] 3

for each horizontal grading wy : He — [0,d;]. Fix a horizontal grading wy : Hy —
[0,d1]. If supp(wy) = &, then

Yp,(wr) = (X HEPy(X)XY 1x1
and so
Fp,(Yp,(wg)) = (XY IX " HE(XP,(V) X HXYX Y (P Y)X H Y XYy 1x—1
= (XY lx hHexyxy tx-!

_ (Xy—lX—l)d2—1X2y—1X—1
= Y[/)é (pow).

Suppose supp(wg) # &. Let h; be the last horizontal edge in supp(wgy). Then
(wpr, wy ) will be compatible if and only if wy (v1) < da — i. This gives

Yp,(wn)

d27i
= (L) YU X T (L YOI X (XHETY o, ol XY TIX
=0
Applying Fp, gives
Fp,(Yp,(wn))
= (P1wh)) (Po(Y) X HMIXYTIXTY) o (py iy (Po(V) X H* I XY ~1 X 1)
dz—’i
< [XYTIX TN gy g (XY XY Ry(V) X T XY X
£=0

_ (PO(Y)X—l)w(hl)(X—l)dl—w(hl)(pl’w(hl)Xdl—w(h1)+1y—1X—1) . -(Po(Y)X_l)w(hi)_l

do—1
X (Z Pz,dQZYZX_1> (XDl (py gy XDty =1 x=1)
=0

[(X—l)d1 (Xd1+ly—1X—1)] dz—i—l(X—1)d1—1 (Xd1+1y—1X—1)
= Y/g(SOSWH)-

Suppose m > 3 and let wy : Hy,, — [0, d;] be a horizontal grading of D,,,. Following
Theorem 3.20, there are two cases to consider.

(a) Suppose that (wp,wy) is compatible for every piecewise compatible grading
(wg,wy) of D,,. Then Lemma 4.4 shows there is the factorization

(t) Ybp,, (wu)

=Yp, ., (wi,1) YD, (Wr2) YD, (WHdp—1-5,)pX Tm=2=0mlYp  (wp4,—s,.),

where
Vin—o— —2|Hp—2-5 Hyp—o_ —|Vin—2— .
p B p‘l’in 2 (Sm‘ | m—2 om|p|172m 2 6m‘ ‘ m—2 6m‘ lf d2 — 17
- —|Vimn—2— .
| 2=6m | if do > 1.

If m > 3+ 4,,,,, we may apply Lemma 4.5 to conclude by induction that
Fp,(Yp,, (wn)) =Y, (onwm)-

It remains to consider the case m = 3 with 6y = 1, i.e. dy = 1. In this
case Do consists of a single horizontal edge followed by a single vertical
edge and, by Corollary 2.4(c), D3 consists of d; — 1 copies of Dy followed
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by a single vertical edge, in particular D3 ends with two consecutive ver-
tical edges. The factorization () still holds in this case and by induction
we have Fp,(Yp,(wh,)) = YI'Dé(Lp;wH,T) for 1 < r < d;. In particular,
by Lemma 4.6 to see that Fp,(Yp,(wy)) = Yé)g (p3wpr) it suffices to com-
pare Fp, (Yp, (wi,a,—1)pX YD, (wr,4,)) with XYZ)é (wy+,4,—1), where we write

Wy = QRWH.
There are two cases to consider. If w(hq,—1) = 0, we have Yp, (wp 4, —1) =
(X HPy(X)XY1X~! and so

Fp,(Yp, (Wra,-1) = (XY X TH(XR((YV)X )XY X ) (P(Y)X )XY X!
=Xy 1x 1
The same calculation shows Fp, (Yp,(wr,q,)) = X?Y "X ! by the assump-
tions on wp g, in Definition 3.11. But then, since p = 1 in this case, we have
Fr,(Yp, (Wra,-1)pX YD, (Wi a,)) = (XY X (XY X (XY IX )
— X3y—lx—1
— )(()(—l)dl—l()(dl—‘,-ly—l)(—l)7
which is exactly XYL/)g (Wyrdy—1)-
When hq, 1 € supp(wr), we have Yo, (Wrd, 1) = P1w(hy, , YD1 X!
so that
Fp, (YD, (wrd,-1))
— (Ry(Y)X )l (XNt slha ) Yt 0+ =Ly

We saw above that Fp, (Yp,(wr,q,)) = X?Y !X~ and so
Fp, (YD, (Wi ,d,-1)pX YD, (W d,))
= (R )X )ethan) (¢ ), Xl )ty

which is exactly X Y[’){3 (wyr.d,—1). The claim then follows by induction from

Lemma 4.6.

(b) Suppose there exists a vertical grading wi, : V;,, — [0,d2] of D,, so that
(wa,wi,) is piecewise compatible, but not compatible. By Theorem 3.20, there
must exist a blocking edge h; for wy. Set

d = |supp(wm) N hivy,,_,,| and &= |supp(wy) N hivy,, ;|-

By Proposition 3.10 and Proposition 3.16, (2,wi, ¢k wg) is a piecewise
compatible grading of D], which is not compatible. Let D(v/, ; ¢} wpg) =
m,2

kv, and observe that ht(h}) = i — 1 by definition of {,,. By Proposi-

J Uy, 0

tion 3.18, Lemma 3.7, and Corollary 3.23, we have
| supp(,wiy) N h;v;in‘2| = |rsh(e},wm) N h;v;:n’12| = |rsh(wg) N hivu,, .|
= [supp(wy) N AV, _, ,|-
Moreover, we have
| supp(@y,wn) N hjvL, | =ty —i+1 = [supp(wn) N hiv,,_, |+,

where § = 0 if wg(hi—14+4) = di and 6 = 1 otherwise. If then follows from
the definitions of ¢}, and €, that the coefficients py agree in Lemma 4.7 and
Lemma 4.8.
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Using the notation of Lemma 4.4 and Lemma 4.7, we have
Yp,, (wu) =Y (wr) = Yi5¢ (wh).
By induction we have Fp,(Yp,, ,(wu,)) = Y) (¢ _iwmh,) for 1 < 7 <
A, — 6 and Fp, (Yp,, . (xu)) =Y], (xv+). It follows that
Fp, (Ygfn (WH)) = Y/IJJDC( (prwn) and  Fp, (YS,C,, (WH)) = Y/%C;RH(SO:MH)~

m+1

Since YIS;"H (prwy) = Y’II’)C;H+1 (prwr) — Y/%CLW,H (¢ wr ), the result follows.

REMARK 4.9. Our proof of the Main Theorem developed a combinatorial model for
the analogue (2) of initial cluster mutations. It would be interesting and highly non-
trivial to understand the direct combinatorial interpretation for the non-commutative
exchange relations (3).

5. SPECIALIZATIONS

In this section we consider the specialization to quantum generalized cluster variables.
Assume v € k is transcendental over Q. Define the quantum torus algebra 7 =T, =
k(Zy,Zy : Z1Zy = v*>Z3Z1) and let F denote the skew-field of fractions of 7. It will
be convenient to consider elements Z2 = v=9192 71 732 for a = (ay,az2) € Z?, these
form a k-basis of T.

Recall the notation (1) for the polynomials Py, k € Z. Consider quantum generalized

cluster variables Z,(ca) € F, a, k € Z, defined recursively by

(20) 72 =z, 28 =2z, 772 =P, wz).

+1 =
Observe that equation (20) immediately implies Z,ga)Z,gi)l = ’UQZIS:?;)IZ]EQ) for all
a, k€.

For a fixed a € Z, the quantum generalized cluster algebra Ag,a)(Pl, Py) C F is the

k-subalgebra generated by the Z,ga), k € Z. Although they are defined as elements
of F, the quantum generalized cluster variables actually live in 7. We give a direct
proof here, however the combinatorial construction below provides an alternate proof.
See [1] for a proof of this result in the special case when P, = Py and Py = Ps.

THEOREM b5.1. Fach quantum generalized cluster variable Z}ga) is an element of

TCF.

Proof. Consider the monomial vda%Z,io:)l(Z,gi)Z)d“*’“. Expanding Z,goi)l in terms of

Z,(Ca) and Z,gi)l using equation (20) gives vda+kZ,(€‘i)1(Z,ii)2)d@+k as

ottt Py (020 ) (ZE7)) THZL )

— p—datr P (Uziga))(zl(ci)Q)da+k (Zlgfi)l)fl

dotk

= 3 Parkat T () (2 - (2 T () T
1=0
+ Pa+k+2(07122?_)2)(221)1)71
da+k

= 3 Pasniv™ () (2 0) = 1(Z8) T2 ) e
=0

+ (Z£1)1)71Pa+k+2(vzéi)2)-
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But for 0 < ¢ < dg, , the term (Z,(Ca))i(Z,(Ci)z)i — 1 above is a polynomial in Z,gi)l with

no constant term and so [(Z ,ga))l(Z ,g‘j‘r)z)i -1)(z ,ii)l)*l is a polynomial in Z ,g‘j‘r)l. Thus

we may solve for Z ,ij‘_);g = (Z,ﬁi)l

cluster variable can be written as a polynomial in k[Z ,(;i)l, Z ](CO‘), Z ,gi)l, Z l(c(-);-)Q]' A similar

calculation shows Z ,g’i)z ek[Z ;ioi)l, Z ,ia), Z lgi)l, Z ,gi)Q]. Then by induction we see Z ,ga) S

k(2§ 2, 2 28 C T for all a, k € Z. -

) 1 Pyiki2(vZ lgi)2) above and see that this generalized

REMARK 5.2. The proof above actually shows more. We see from this proof that
A (P, Py) =K[Z\,, 2\, 27, 2%,
for each a, k € Z.

Define the quantum specialization m, : K — F by

(21) (X)) =071, 7, (Y)=0v"1Z,.
Note that for Q = XY XY ~! we have 7,(Q) = v%. For a € Z, set Xéa) = X and
for m > 1 define elements Xr(,f‘), X(_QTBL € K by

X’r(;zl) = FPa+1FPa+2 e FPOt+7n (X) and X(—O:v)% = F};alFI;al,l e FI;al,erl(X)

and observe that Theorem 1.3 provides a combinatorial construction of each XT(,?).

The following specialization result will provide a combinatorial construction of the
quantum generalized cluster variables Z,(q? ),

THEOREM 5.3. For m,a € Z, we have 7rv(X7(,?+1)) = UZT(,f:)Ll.

Proof. We work by induction on m. Since Xéa) = X and Xl(a) = QY for all a € Z,
the cases m = 0,1 follow immediately from equation (21).

For any nonzero polynomial P € k|[z], define a k-linear automorphism pp : F —
F given by up(Z1) = Zy and up(Zy) = Zy 'P(vZ,). These satisfy the functional
identities 7, o Fp = up o m,. Note that ,u;l(Zl) = P(le)Zg1 and /1,};1(22) = 71 so
that 7, o F;,l = ,u;l 0 Ty

Moreover, observe that up, ,(Z2) = Zi)()a) and u;,iﬂ(Zl) = Zéa) for a € Z. By
the symmetry of the exchange relations (20), these imply up, ., (Z,gf‘H)) = Z,(,?J)rl and

,u;iﬂ (Zﬁf:;)) = Zf,f‘ll for any o, m € Z. Indeed, by induction on m > 3 we have

—1 —1
ZSJ)A = (ZSL) Poym (Uzy(r?)) = HPuqo ((Zr(r?JrQl)) Poym (UZSJT)))
= HPyis (Zv(rgH_l)) .
Similarly, by induction on m < —2 we have
-1 -1 _
Zf;;)_l = (Zfséll) Pa+m (UZ,,(.,?)) - ,L‘]_DiJrl ((Z,,(.gl)> Pa+m (UZT(n(,l—',-ll)))
_ -1
= :“Pi+1 (Z7(7?+2)) .
Thus, by induction on m > 1 we see

Ty <X1S$¢+l)> = Ty <FPa+2 (X'Er?jf))) = KPyyo (7Tv (an—f))) = HPyys (UZ7(3+1)>

= UZV(S—i)-l
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and by induction on m < —1 we see
a+1)) _ -1 (@) _ =1 (@) _ -1 (a=1)
r () = (1, (K)) = e (X)) =, ()
= UZSJ)A -

Applying the quantum specialization 7, to Theorem 1.3, Theorem 5.3 gives the fol-
lowing combinatorial construction of the quantum generalized cluster variables quf‘ ),
For notational convenience, we restrict to the quantum generalized cluster variables
Z = — 78

COROLLARY 5.4.

or m > e quantum generalized cluster variable Z,, is computed as fol-
1) F > 3, the quant g lized clust jable Z,, 1 puted l
lows:
(22) T = Z pwvl—um,—z‘l—Um—3,2+7w+ﬂwZ(—u,n_271+‘wv‘,—um,_312+|wH‘)7
w:Em,_Q%ZZO
where
e the sum mnges over (dl,dg) bounded compatible gradings w of Dy,_s;
um,
o Do =1 Prwnnn) TTmt® Porda—woy (v0)
® Y = Z Y l(e, €) for

e<e/€Em_2
(23)
0 if e € Hy—o ~\ supp(wp) or e’ € Vi,_o N supp(wy);
—2w(e)w(e’) if e € supp(wy) and €’ € supp(wy);
V(e e') =< 2w(e) if e € supp(wp) and € € Hy,—o;
2w(e’) if e € Vin_o and €' € supp(wy);
-2 ife € Vy_o and e’ € H,,_o;
® [y = > ﬂw(evel) for
e<e'€E,,_2

Bu(e,€)

w( )w(e’ +1 ife€ Hy o ande €V, o orecV,,_oande € H, _»;
(w(e) +w(e)) ifee € Hyo ore e € Viy_a.

(2) For m < 0, the quantum generalized cluster variable Z,, is computed as fol-

lows:
(25)
’ ! ’ ’ ’ ’
Dy = E p:uv_1+ufm+l,1+u7m,2+’yw+ﬂw Z(_“fm,z‘HW‘H’7_“‘7m+1,1‘~‘|‘*’|v’)7
w:E' m+1*>Z>0
where

e the sum ranges over (dz,dy)-bounded compatible gradings w of D", ., ;

!’ !’
;o TT%-m+11 U_m,2 .
® Py = Hi=1 DP2,dy—wgr (h)) | DPlwy s (v));

* = 2 led) for
e<e’€E’ .,
0 ifeeV’ m+1\supp(wv/) ore € H | . ~supp(wg');
—2w(e)w(e) if e €supp(wyr) and e’ € supp(wn-);
v, (e, €) =< 2w(e) if e € supp(wyr) and e € V! 1;
2w(e) ifee H .| and e € supp(wpy);
-2 ifeeH ,  ande eV . ;
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e BL= > Bilee) for

e<e’€E’ .,

Bl (e€)
_ wle)w(e)+1 ifeecH , ande' eV . orecV' . andeeH  ;
—(w(e)+w(e')) ife,e eH , oree eV ;.

Proof. We prove part 1, the proof of part 2 is essentially the same where the roles of
X and Y are interchanged in equation (4).

First note that we have X,,, 1 = QY,,_2 so that vZ,, = 7,(X;_1) = V21, (Yin_2),
in particular this accounts for the 1 appearing in the exponent of v in equation (22).
By Theorem 1.3, we may compute Y,,_s by considering compatible gradings on the
maximal Dyck path D,,_o and thus Z,, can be computed by applying the quantum
projection m, to equation (5). Then the exponents of Z; and Z5 in equation (22) are
immediate from Lemma 3.2. The coefficient p,, also follows directly from the definition
of the non-commutative edge weights in equation (4), so for the remainder of the proof
we assume p; j = 1 for all 4 and j.

Note that

(26) 7Z(a1,02) 7(b1,b2) _ g a1ba—asb1 7(a1+b1,a2+b2)

for a;,b; € Z, i = 1,2. The rest of the exponent of v in equation (22) can be seen as
follows:

(a) for an edge e € Ey,,_o we have

T, (Y@ X 1) if e € Hy o
Ty (XY =1X 1) ife €V, o

B {va(e)lng(E)Zl_li ifee Hy_o

7o (Wt (€)) = {

v @O ZOTL 71 71 e eV

- v-1gz(=1wn(e) ife e H,—o;
vz w(e),—1) ife e Vy_o;

The v~ in each possibility above accounts for the terms U1 and —Up—1,2
in equation (22).

(b) for e,e’ € E,,_s, the quantity ~,(e, ') from equation (23) records the power
of v which appears when commuting powers of Zs appearing in m,(wty(e))
past powers of Z; appearing in ,(wt,(e'));

(c) for e, e’ € E,y_a, the quantity S, (e, e’) from equation (24) records the power
of v so that

(W (€)) (W () = 0o ) =2 o0

for appropriate a1, as € Z depending on e, e’ € E,,_s (the —2 here accounts
for part (a) above).

Since we have Z,, = vm,(Yp,, _,), the result follows by combining the observations
above. O

Let k = Q(v) for an indeterminate v. When p; ; =0fori =1,2and 1 < j <d;—1,
the expansions of the quantum generalized cluster variables as elements of 7 have

been computed [11] using the representation theory of valued quivers as follows. In

this case, we drop the adjective “generalized” and refer to the Z ,ga)

cluster variables.

simply as quantum
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Let d = ged(dy, dz). Consider the quiver A with vertices Ag = {1, 2} with d arrows
aj : 2 = 1,1 < j < d Write Fy for the finite field with ¢ elements and fix an
algebraic closure F of F,. Let Fa,,F 4,,F,a C F denote the extension fields of F,
of degree dy,dz,d, respectively. Note that F 4, and F,a, are naturally identified as
vector spaces over [Fga.

A valued representation V' = (V1,Va,V,;) of A consists of I 4;-vector spaces V;
for i = 1,2 and Fja-linear maps Vg, : Vo — Vi for 1 < j < d. For representations
V= (V1,V,V,,) and W = (W, Wy, W, ), a morphism 6 : V. — W consists of Fa,-
linear maps 60; : V; — W, for ¢ = 1,2 such that the following diagram commutes for
1<j<d:

V,.
Vi +—— VW,

"

W] W W2

Thus the finite-dimensional valued representations of A form a category rep(A). In
fact, this category is well-known to be abelian, F-linear, and Krull-Schmidt. Write
K(A) for the Grothendieck group of the category rep(A), then K(A) = Z? where
the class [V] = (dim]pq lel,dim]Fq .,V2) of a valued representation V' of A gives its

dimension vector. Define a Z-bilinear pairing (-,-) : K(A) x (A) — Z on the natural
basis a; = (1,0) and ae = (0,1) by

(i, o) = dj, (a1, a2) =0, (a2, 1) = —dids.

For a valued representation V of A and a dimension vector e = (e1,e2) € K(A),
write Gre(V) for the Grassmannian of subrepresentations of V with dimension
vector e:

Gre(V)={E CV:[E]=¢e}.
The quiver Grassmannian Gre(V) naturally embeds as a closed subvariety in the
product Gre, (V1) x Gre,(V2), in particular it is a projective variety. When V is rigid,
i.e. Ext'(V,V) = 0, Caldero and Reineke have shown [3] that Gre (V) is smooth.

Since the field F, is finite, each Grassmannian Gre(V) is a finite set. For V rigid,
a result of [13] shows that the number of points in Gre(V) can be computed by
evaluating a polynomial Pe v (t) € Z[t] at ¢ = |Fy|. Note that since V is rigid, it is
uniquely determined up to isomorphism by its dimension vector [V] € IC(A).

THEOREM 5.5 ([13, Corollary 1.2]). Let V' be a rigid valued representations of A. For
each dimension vector e € K(A), there exists a polynomial Pe v (t) € Z[t] depending
only on the dimension vector of V so that

|Gre(V)| = Pev(a)-

It was conjectured in [13] that for a rigid representation V' the counting polyno-
mials Pe v (t) have positive coefficients and are unimodal. Corollary 5.7 proves this
positivity conjecture by giving a positive combinatorial construction of these counting
polynomials. It remains an interesting open question to see how this combinatorics
can be used to establish unimodality.

Define the quantum cluster character of a rigid valued representation V of A by

ZV — Z 1}_<e’v_e>Pe7V(UQ)Z(_U1+d262’_U2+d1(Ul_el)),
eckC(A)

where [V] = v = (v1,v2) and e = (ey,es). Write P, (resp. I,), m > 1, for the
preprojective (resp. preinjective) valued representations of A (definitions can be found
in [11] where it is shown that [P,,] = a,, and [I,;,] = a],). Then the Laurent expansions

Algebraic Combinatorics, Vol. 2 #6 (2019) 1270



Rank two non-commutative Laurent phenomenon and pseudo-positivity

of the non-initial quantum cluster variables Z,,, m € Z \ {1, 2}, can be computed as
follows.

THEOREM 5.6 ([11]). Assume the intermediate exchange coefficients p; ; = 0 for i =
1,2 and 1 < j < d; — 1. Then the following hold:
(a) for m > 3, the quantum cluster variable Z,, is equal to Zp,,_,;

(b) for m <0, the quantum cluster variable Z, is equal to Zr_,, . ,.

Combining Corollary 5.4 with Theorem 5.6, we obtain a combinatorial construction
of the counting polynomials for Grassmannians of subrepresentations in rigid valued
quiver representations.

COROLLARY 5.7. For m > 1, the counting polynomials Pe p, (t) and Pe,,(t) are
given by

(27) Pep,(t)= > 10,
w:Em—Zxo
where

e the sum ranges over (di,ds)-bounded compatible gradings w of D, such
that w(Hy,) C {0,d1}, w(Vi) C {0,d2}, |supp(wy)| = wm1 — e1, and
|supp(wv )| = e2;

* Vo= X2 Tuled) for

€<€/€Em
—dydy if e € supp(wpy) and €' € supp(wy);
_ di if e € supp(wpy) and €' € Hy, ~ supp(wgy);
(28) Yo(e,€') = ) v
da if e € V,,, \supp(wy) and €' € supp(wy);
0 otherwise;

and

(29) Per, ()= Y 0,
w:El, —Zx>q

where

o the sum ranges over (ds,dy)-bounded compatible gradings w of D)., such that
w(H;,) € {0,d2}, w(Vy;) € {0,d1}, [supp(wrr)| = ez, and [supp(wy/)| =
u/

m,1 €15
* Vo= X Tulee€) for
e<e’€E],
—didy if e € supp(wy) and €' € supp(wpy);
7 (e.¢) = dy if e € supp(wy) and e’ € V!, \ supp(wy-);
@ do if e € H, ~ supp(wp+) and €' € supp(wp’);
0 otherwise.

Proof. We prove equation (27), the proof of equation (29) is essentially the same.
By Corollary 5.4 and Theorem 5.6, we have

Pe,Pm (02) — § ,Uf<euam7e>+17um,17um—1,2+7w+5w7

w:Em—Zxo

where the sum ranges over all (dy,ds)-bounded compatible gradings of D,, with
w(Hp) € {0,d1}, w(Vin) C {0, dz}, [supp(wr)| = um1 — €1, and [supp(wy)| = e.
But observe that

(e,a,, —e) = dlel(um,l —e1)+ d2€2(um—1,2 —e2) — d1d2€2(um,1 —e1)
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and under the assumptions on w we have

Bu = didaea(tum,1 — €1) + Um 1Um—1,2 — d1€1(Um,1 — €1)
— 2d1 Ym,1 — €1 — dgeg(um,LQ — 62) — 2d2 €2 .
2 2
Canceling like terms gives

Popa() = 3 oftma D osam )2 () 21
w:Em—Zx>o

When | supp(wg)| = 0 and | supp(wy )| = 0, we have v, = —2|{e,e’ € E,, ;e <€’ e €
Vi, €' € Hp,}|. But these assumptions imply e = (1, 0) so that Pe p,, (t) = 1 and
thus

(uma — D(um—12—1)=2{e,e’ € B :e <€ e €V, e € Hy}l.
In particular, the case e € V,,, and ¢’ € H,, can be ignored when computing =, if we
omit the term (upm,1 — 1)(tm—12 — 1) from the exponent of v. Since |supp(wp)| =
Um,1 — €1 and |supp(wy )| = eq, the cases e, e’ € supp(wy) and e, ¢’ € supp(wy) can

also be ignored giving
2 25
Pop,(0®)= Y o7
oJ:Em—)Z>O

This gives the result since v was an indeterminate. (]

REMARK 5.8. The exponents in equation (27) are not manifestly positive, however
equation (28) giving the exponents can be refined as follows. Consider e € supp(wg)
and e’ € supp(wy ) with e < ¢’ which contributes a term —d;ds in equation (28). The
do horizontal edges preceding ¢’ cannot be in the support of wy by compatibility,
moreover each such horizontal edge h satisfies e < h. In particular, these pairs e < h
together contribute a term dydy in equation (28). Thus the negative contribution to
7,, will always cancel and equation (27) indeed gives Pe p,, (t) as a polynomial in ¢.
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