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Cylindric symmetric functions and positivity

Christian Korff & David Palazzo

ABSTRACT We introduce new families of cylindric symmetric functions as subcoalgebras in the
ring of symmetric functions A (viewed as a Hopf algebra) which have non-negative structure
constants. Combinatorially these cylindric symmetric functions are defined as weighted sums
over cylindric reverse plane partitions or - alternatively - in terms of sets of affine permutations.
We relate their combinatorial definition to an algebraic construction in terms of the principal
Heisenberg subalgebra of the affine Lie algebra ;\[n and a specialised cyclotomic Hecke algebra.
Using Schur—Weyl duality we show that the new cylindric symmetric functions arise as matrix
elements of Lie algebra elements in the subspace of symmetric tensors of a particular level-0
module which can be identified with the small quantum cohomology ring of the k-fold product
of projective space. The analogous construction in the subspace of alternating tensors gives
the known set of cylindric Schur functions which are related to the small quantum cohomology
ring of Grassmannians. We prove that cylindric Schur functions form a subcoalgebra in A
whose structure constants are the 3-point genus 0 Gromov-Witten invariants. We show that
the new families of cylindric functions obtained from the subspace of symmetric tensors also
share the structure constants of a symmetric Frobenius algebra, which we define in terms of
tensor multiplicities of the generalised symmetric group G(n, 1, k).

1. INTRODUCTION

The ring of symmetric functions A = @Ak with Ay = Clxy, ...,z lies in the
intersection of representation theory, algebraic combinatorics and geometry. In order
to motivate our results and set the scene for our discussion, we briefly recall a classic
result for the cohomology of Grassmannians, which showcases the interplay between
the mentioned areas based on symmetric functions.

1.1. SCHUR FUNCTIONS AND COHOMOLOGY. A distinguished Z-basis of A is given by
Schur functions {sy, | A € P} with P the set of integer partitions. In the context of
Schur—Weyl duality the associated Schur polynomials, the projections of sy onto Ag,
play a prominent role as characters of irreducible polynomial representations of GL(k).
In particular, the product expansion sxs, = >, cp+ CXusSv of two Schur functions
yields the Littlewood-Richardson coefficients ¢, € Z>o, which describe the tensor
product multiplicities of the mentioned GL(k)-representations. There exists a purely
combinatorial rule how to compute these coefficients in terms of so-called Littlewood—
Richardson tableaux, which are a particular subclass of reverse plane partitions; see
e.g. [17].
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The positivity of Littlewood—Richardson coefficients can also be geometrically ex-
plained: let Z,, ;, denote the ideal generated by those sy, where the Young diagram of
the partition A does not fit inside (n — k)* (the bounding box of height k and width
n — k). Then the quotient A/Z, ; is known to be isomorphic to the cohomology ring
H*(Gr(k,n)) of the Grassmannian Gr(k,n), the variety of k-dimensional hyperplanes
in C™. Under this isomorphism Schur functions are mapped to Schubert classes and,
thus, the Littlewood—Richardson coefficients are the intersection numbers of Schubert
varieties.

Alternatively, one can obtain the same coefficients via so-called skew Schur func-
tions sy,,, which are the characters of reducible G'L(k)-representations. Noting that
A carries the structure of a (positive self-dual) Hopf algebra [53], the image of a Schur
function under the coproduct A : A — A ® A can be used to define skew Schur
functions via

(1) A(sy) = Z SX/u & Sps S\ = Z CpSv

pePt vep+

Here the second expansion is a direct consequence of the fact that A viewed as a
Hopf algebra is self-dual with respect to the Hall inner product; see Appendix A.
Recall that H*(Gr(k,n)) carries the structure of a symmetric Frobenius algebra with
respect to the non-degenerate bilinear form induced via Poincaré duality (see e.g. [1]).
In particular, H*(Gr(k,n)) is also endowed with a coproduct. It follows from s/, = 0
if 4 ¢ X and (1) that the (finite-dimensional) subspace in A spanned by the Schur
functions {sx | A C (n — k)*} viewed as a coalgebra is isomorphic to H*(Gr(k,n)). In
particular, there is no quotient involved, the additional relations are directly encoded
in the combinatorial definition of skew Schur functions as sums over skew tableaux.
In this article, we generalise this result and identify what we call positive subcoal-
gebras of A: subspaces M C A that possess a distinguished basis {f)} C M satisfying
A(fN) =2, nf”,fu ® f, with nfw € Zxp. So, in particular, A(M) C M ® M and
M is a coalgebra. One of the examples we will consider is the (infinite-dimensional)
subspace of cylindric Schur functions whose positive structure constants n), are the

v
Gromov—Witten invariants of the small quantum cohomology of Grassmannians.

1.2. QUANTUM COHOMOLOGY AND CYLINDRIC SCHUR FUNCTIONS. Based on the
works of Gepner [19], Intriligator [24], Vafa [50] and Witten [52] on fusion rings, or-
dinary (intersection) cohomology was extended to (small) quantum cohomology. The
latter also possesses an interpretation in enumerative geometry [18]. The Grassmanni-
ans were among the first varieties whose quantum cohomology ring ¢H*(Gr(k,n)) was
explicitly computed [2, 7]. The latter can also be realised as a quotient of A®Clg] [45, 8]
and Postnikov introduced in [41] a generalisation of skew Schur polynomials, so-called
toric Schur polynomials, which are Schur positive and whose expansion coefficients
are the 3-point genus zero Gromov-Witten invariants C;)[’ud- The latter are the struc-
ture constants of ¢H*(Gr(k, n)), where d € Z3¢ is the degree of the rational curves
intersecting three Schubert varieties in general position labelled by the partitions
A,y C (n— k).

Toric Schur polynomials are finite variable restrictions of cylindric skew Schur func-
tions sy 4/, € A which have a purely combinatorial definition in terms of sums over
cylindric tableaux, i.e. column strict cylindric reverse plane partitions. Cylindric plane
partitions were first considered by Gessel and Krattenthaler in [20]. There has been
subsequent work [37, 33, 34] on cylindric skew Schur functions exploring their com-
binatorial and algebraic structure. In particular, Lam showed that they are a special
case of affine Stanley symmetric functions [33]. While cylindric Schur functions are
in general not Schur-positive, McNamara conjectured in [37] that their skew versions
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have non-negative expansions in terms of cylindric non-skew Schur functions sy /4, -
A proof of this conjecture was recently presented in [34].

In this article we shall give an alternative proof and, moreover, show that the
functions {sy/a/s | A C (n — k)¥, d € Zzo} span a positive subcoalgebra of A
whose structure constants are the Gromov—Witten invariants of ¢H*(Gr(k,n)); see
Corollaries 5.42 and 5.43.

1.3. THE VERLINDE ALGEBRA AND TQFT. The quantum cohomology ring
qH*(Gr(k,n)) has long been known to be isomorphic to the g/l\[n—Verlinde alge-
bra Vi(gl,,) at level k when ¢ = 1 [52]. Here we will also be interested in the fusion
ring Vi (sl,,) whose precise relationship with ¢H*(Gr(k,n)) was investigated in [31]:
despite being closely related, the two Verlinde algebras Vj(sl,) and Vj(gl,,) exhibit
different combinatorial descriptions in terms of bosons and fermions.

Verlinde algebras [51] or fusion rings arise in the context of conformal field theory
(CFT) and, thus, vertex operator algebras, where they describe the operator product
expansion of two primary fields modulo some descendant fields. There is an entire
class of rational CFTs, called Wess—Zumino-Witten models, which are constructed
from the integrable highest weight representations of Kac-Moody algebras § with the
level k fixing the value of the central element and the primary fields being in one-
to-one correspondence with the highest weight vectors; see e.g. the textbook [14] and
references therein.

Geometrically the Verlinde algebras Vi (§) have attracted interest because their
structure constants Ny , called fusion coefficients in the physics literature, equal the
dimensions of moduli spaces of generalised §-functions, so-called conformal blocks [6,
13]. Here the partitions A, i, v label the primary fields or highest weight vectors. The
celebrated Verlinde formula [51]

v SUS 08;1/1
(2) /\#:Z%

o

expresses these dimensions in terms of the modular S-matrix, a generator of the group
PSL(2,7) describing the modular transformation properties of the characters of the
integrable highest weight representations of §. The representation of PSL(2,7Z) is part
of the data of a Verlinde algebra, in particular the S-matrix encodes the idempotents
of the Verlinde algebra as it diagonalises the fusion matrices (M) = N3,. More
recently, the work of Freed, Hopkins and Teleman has also linked the Verlinde algebras
to twisted K-theory [15, 16].

The Verlinde formula and the existence of the modular group representation are
a “fingerprint” of a richer structure: a three-dimensional topological quantum field
theory (TQFT) or modular tensor category, of which the Verlinde algebra is the
Grothendieck ring. In fact, the Verlinde algebra itself can be seen as a TQFT, but a
two-dimensional one. Based on work of Atiyah [5], the class of 2D TQFT is known to
be categorically equivalent to symmetric Frobenius algebras.

Exploiting the construction from [31] using quantum integrable systems, a ¢-
deformation of the sl,-Verlinde algebra was constructed in [30] which (1) carries
the structure of a symmetric Frobenius algebra and (2) whose structure constants or
fusion coefficients Ny, (¢q) € Z[g] are related to cylindric versions of Hall-Littlewood
and ¢-Whittaker polynomials. Both types of polynomials occur (in the non-cylindric
case) as specialisation of Macdonald polynomials [36]. Setting ¢ = 0 one recovers the
non-deformed Verlinde algebra Vj, (g[n) and cylindric Schur polynomials that are dif-
ferent from Postnikov’s toric Schur polynomials as their expansion coefficients yield
the fusion coefficients N, = NY,(0) of Vj (;[n) rather than Vk(gln) Geometrically,
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the g-deformed Verlinde algebra has been conjectured [30, Section 8] to be related to
the deformation of the Verlinde algebra discussed in [48, 49].

In this article we investigate the combinatorial structure of the g-deformed Verlinde
algebra from [30] in the limit ¢ — 1: we construct two families of positive subcoalge-
bras of A whose structure constants are given by N} (1); see Corollary 5.25.

1.4. THE MAIN RESULTS IN THIS ARTICLE. We summarise the main steps in our
construction of positive subcoalgebras in A. Recall that the GL(k)-characters of
tensor products of symmetric S*V = SV @ --- ® SV and alternating powers
NV =N'"V&- @ NV with V the natural or vector representation of GL(k)
are respectively the homogeneous h,, and elementary symmetric polynomials e,; see
Appendix A.2 for their definitions. Similar as in the case of Schur functions, we in-
troduce skew complete symmetric and skew elementary symmetric functions in A via
the coproduct of their associated symmetric functions,

(3) Ahy = Z hA/u ® hy and Aey = Z ex/u®@epy .

pneP+ pneP+

The latter exhibit interesting combinatorics associated with weighted sums over
reverse plane partitions (RPP); see our discussion in Appendix A.4. In light of the
generalisation of skew Schur functions (1) to cylindric Schur functions in connection
with quantum cohomology, one might ask if there exist analogous cylindric gen-
eralisations of the functions (3) and if these define a positive infinite-dimensional
subcoalgebra of A.

1.4.1. Satake correspondence and quantum cohomology. In order to motivate our ap-
proach we first discuss the case of quantum cohomology. It has been long known that
the ring ¢ H*(Gr(k,n)) can be described in terms of the (much simpler) quantum coho-
mology ring ¢H*(P"~1) of projective space P"~! = Gr(1,n); see e.g. [23, 9, 28]. Here
we shall follow the point-of-view put forward in [22] concentrating on the simplest case
of the Grassmannian only: it follows from the Satake isomorphism of Ginzburg [21]
that when identifying the cohomology of Gr(k,n) as a minuscule Schubert cell in the
affine Grassmannian of GL(n) the latter corresponds to the k-fold exterior power of
the cohomology of P"~! under the same identification. In particular, the Satake cor-
respondence identifies H*(Gr(k,n)) with the gl,-module A* V and the multiplication
by the first Chern class corresponds to the action by the principal nilpotent element
of gl,,. This picture has been extended to quantum cohomology in [22] by replacing
the principal nilpotent element with the cyclic element in gl,,, which then describes
the quantum Pieri rule in ¢H*(Gr(k,n)) provided one sets ¢ = 1, i.e. one considers
the Verlinde algebra Vi (gl,,).

In our article we shall work instead with the loop algebra gl,, [z, 2~!] and identify the
quantum parameter with the loop variable via ¢ = (—1)¥~12z~1. This will allow us to
identify the two distinguished bases of ¢ H*(Gr(k, n)) from a purely Lie-algebraic point
of view. Fix a Cartan subalgebra ) C gl,,. Then under the Satake correspondence the
associated (one-dimensional) weight spaces of h in V| = /\k V ®C[z, 27 !] are mapped
onto Schubert classes. The other, algebraically distinguished, basis of ¢H*(Gr(k,n))
is given by the set of its idempotents. The latter only exist if we introduce the nth
roots t = z'/" and under the Satake correspondence they are mapped to the weight
spaces of the Cartan algebra b’ in apposition to b [32], i.e. §’ is the centraliser of the
cyclic element. The basis transformation between idempotents and Schubert classes is
described in terms of a ¢t-deformed modular S-matrix which encodes an isomorphism

al, [z, 271 = gl[t, t!] with the twisted loop algebra gl$[t,¢t~1] = D,z t™ ® gl
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where g[,(lm) C gl,, is the subalgebra of principal degree m mod n. If t = 1 and k odd
we recover the modular S-matrix of the Verlinde algebra Vi (é\[n), see e.g. [39].

However, we believe the extension to the loop algebra important, not only for
the reasons already outlined, but because it allows us to identify the multiplication
operators with Schubert classes and, thus, ¢H*(Gr(k,n)) itself, with the image of the
principal Heisenberg subalgebra 66 C gAIn [26] in the endomorphisms over V, . Because
the latter is a level-0 module we are dealing in this article only with the projection
bo[z, 271] of b} in the loop algebra gl, [z, 2~']. From a representation theoretic point
of view it is then natural to consider also the image of the principal Heisenberg
subalgebra in the endomorphisms of other subspaces, especially the symmetric tensor
product Vi =S¥V @ C[z, 271].

1.4.2. Schur—Weyl duality and skew group rings. A description of our construction in
terms of Schur—Weyl duality is as follows: let R = C[z,27!] be the ring of Laurent
polynomials and consider the R-module V;, = R ® V®*. The latter carries a natural
left U(gl,[z,27!])-action and a right action of the following skew group ring: set
Hip = Rz, ..., 2] @r R[S] with 1 ®g R[S;] = R[Sk] being the group ring of
the symmetric group in k-letters and impose the additional relations o;x; = x;4107,
oix; = x;0; for |i— j| > 1 where {o;}F= are the elementary transpositions in Sy,. The
action of the ring Hy, on Vy, is fixed by permuting factors and letting each x; act by the
cyclic element of gl, [z, 271] in the ith factor and trivially everywhere else. This action
is not faithful, but factors through the quotient Hy(n) = Hy/{z] — z). Considering
Hy.(n) = Hi(n) ®r R’ with R’ = RJt]/(z — t™) we obtain a (semi-simple) algebra
which can be seen as some sort of specialisation or “classial limit” of a Ariki—-Koike
(or cyclotomic Hecke) algebra [4].

In this construction the image of the centre Z(Hy,) = Rlzi?, ..., 2% in Endg Vg
is isomorphic to the ring Rlzi’, ..., 2|3 /(z? — 2), which as a Frobenius algebra
can be identified with the extension of ¢H*(P) over the ring of Laurent polynomials
in ¢, where P = P*~! x ... xP" ! are k copies of projective space and ¢ = z~!. Schur—
Weyl duality then tells us that each class in that latter ring must correspond to an
element in the image of U = U(gl,[2,27!]). In fact, we show equality between the
images of Z(H}) and the principal Heisenberg subalgebra in Endg Vj. Restricting to
the subspace V,, C Vi of alternating tensors, we recover the quantum cohomology of
Grassmannians ¢H*(Gr(k,n)) via the Satake correspondence: the Schur polynomials
sx(x1,...,x,) € Z(Hy) are mapped to operators in Endg V), which correspond to
multiplication by Schubert classes in ¢H*(Gr(k,n)).

Theorem 5.39 then shows how cylindric Schur functions occur in our construction:
let u;, © € N be a set of commuting indeterminates and consider in Endg Vi the
Cauchy identity

k
HH(l—&—u;@) = Z sal@yy ..o xp)sa (v, ug, .. .) .

i>0j=1 AeP+

Taking matrix elements in the above identity with alternating tensors from V,  we
obtain formal power series in the quantum deformation parameter ¢ = (—1)k*1z~!
whose coefficients are cylindric Schur functions in the wu;. The proof of McNamara’s
conjecture is then an easy corollary; see Corollary 5.42.

1.4.3. The subspace of symmetric tensors. In complete analogy with the previous case
we consider the image of Z(H},) in the endomorphisms over the subspace of symmetric
tensors Vi = S*V ® C[z, 27! C V. The latter defines again a symmetric Frobenius
algebra, which is the ¢ — 1 limit of the g-deformed Verlinde algebra discussed in [30].
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FIGURE 1. From left to right: a cylindric reverse plane partition
(CRPP), a row strict CRPP and an adjacent column CRPP when
n =4 and k = 3; see Section 5 for their definitions.

Since the corresponding module V,j is no longer minuscule one does not expect that
this Frobenius algebra describes the quantum cohomology of a smooth projective
variety. In the context of Frobenius manifolds the symmetric tensor product has also
been considered in [28, Section 2.b].

Albeit a direct geometric interpretation is currently missing, there is interesting
combinatorics to discover: we consider the following alternative Cauchy identity in
End R Vk,

HH —wizy) T = Z mx(z1, ..., x)hx(ur, us, .. .),

i>05=1 AP+

where the m, are the monomial symmetric functions, and we now take matrix ele-
ments with symmetric tensors in V,j . In Theorem 5.12 we show that the coefficients
in the resulting power series in the loop variable z, are cylindric analogues hy 4/, of
the skew complete symmetric functions in (3). Similar to cylindric Schur functions,
the latter have a completely independent combinatorial definition as weighted sums
over cylindric reverse plane partitions (see Figure 1 for examples). Their non-skew
versions have a particularly simple expansion in A (c.f. Lemma 5.14),

S
(4) hyjajs = Z :S/\I

where A is an element in the fundamental alcove of the gl;, weight lattice under the
level-n action of the extended affine symmetric group S, d € Z a sort of winding
number around the cylinder and the sum runs over all weights i in the Sy-orbit of .
The expansion coefficients are given by the ratio of the cardinalities of the stabiliser
subgroups Syx,S, C Sk of the weights A, u and, despite appearances, are integers; see
Lemma 5.10.

We show that the subspace spanned by these non-skew cylindric complete sym-
metric functions is a positive subcoalgebra of A, whose non-negative integer structure
constants NV Ii‘y coincide with those of the Frobenius algebra V;" and which we express
in terms of tensor multiplicities of the generalised symmetric group G(n, 1, k).

Cylindric elementary symmetric functions ey 4/, enter naturally by considering the
image of the hy 4/, under the antipode which is part of the Hopf algebra structure on
A. Their combinatorial definition involves row strict cylindric reverse plane partitions;
see Figure 1. We unify all three families of cylindric symmetric functions (elementary,
complete and Schur) by relating their combinatorial definitions in terms of cylindric
reverse plane partitions to the same combinatorial realisation of the affine symmetric
group Sy, in terms of “infinite permutations”, bijections w : Z — Z, considered by
several authors [35, 10, 12, 44]. The new aspect in our work is that we link this
combinatorial realisation for the extended affine symmetric group Sy to cylindric loops
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and reverse plane partitions by considering the level-n action for hy,q/, and ey /q/u,
while for the cylindric Schur functions we consider the shifted level-n action.

2. THE PRINCIPAL HEISENBERG SUBALGEBRA

Our main reference for the following discussion of the principal Heisenberg subalgebra
is [26, Chapter 14]. While the latter can be introduced for arbitrary simple complex
Lie algebras g, we shall here focus on the simplest case g = gl,,(C), the general linear
algebra of the Lie group GL(V) with V = Cv; @ - - & Cuv,, = C". A basis of gl,,(C) are
the unit matrices {e;;|1 < 4,5 < n} whose matrix elements are zero except in the ith
row and jth column where the element is 1. The Lie bracket of these basis elements
is found to be

(5) [€ij, ext] = Ojrei — daer; -

Note that by choosing a basis we have also fixed a Cartan subalgebra,

n
(6) h= @ Cey; -
i=1
Fori=1,...,n—1set e; =e;it+1, fi = €i+1,; and h; = e;; — €;41,i+1. These matrices

are the Chevalley generators of the subalgebra sl,, C gl,, and we denote by by C sl,
the Cartan subalgebra, which is spanned by the h;.

2.1. THE AFFINE LIE ALGEBRA. We now turn our attention to the affine Lie alge-
bra of gl,,. Let gl,[2,27!] = C[z,271] @ gl,, be the loop algebra with Lie bracket,
[f(2)x,9(2)y] = f(2)g9(2)[z,y], where f,g € C[z,27!] are Laurent polynomials in
some variable z and x,y € gl,. Then the affine Lie algebra is the unique central
extension of the loop algebra

(7) al, =gl [z, 27 ®Ck
together with the Lie bracket
(8) [2(2) ® ak, y(2) © BE] = [x(2),y(2)] & Res(z’(2)|y(2))k ,

where z(2) = f(2)z,y(2) = g(x)y € gl,[2,271], @, 8 € C and

Res(z'(2)y(2)) = Res(f'(2)g(2)){zly),

is the 2-cocycle fixed by the Killing form (z|y) = tr(xy) and the linear map Res :
Clz,271] — C with Res(z") = 0r,—1. The set of Chevalley generators for the affine

o~

algebra sl,, contains the additional elements
(9) en:Z®en17 fn:271®eln, hn:(enn_ell)@k'

For our discussion we will only need the loop algebra sl,[z, 27! C g, [z, 27 1] but
it is instructive to briefly recall the definition of the principal Heisenberg subalgebra
in the affine Lie algebra sl,, C gl,, first.

For 7 = 1,...,n — 1 define the following elements in s, [z, 27,
(10) P, = Z eij + 2z Z €ij
Jj—i=r i—j=n—r

and set P.;, = zP. for all other r € Z\nZ.

LEMMA 2.1. In the affine algebra ;[n we have the Lie bracket relations

11 Pm,Pm/ :5771 m’OEy Vm,m’EZ n#z, .
( )
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The P, together with the central element k span the so-called principal Heisenberg
subalgebra b}y C sl,. ) Consider the exact sequence

(12) 0— Ck —gl, =gl [z,27']=0.

Then b = 7 '(3(P1)) is the pre-image of the centraliser 3(P,) = {x(z) €
sly[z, 274 | [P1,2(2)] = 0} under the projection . We denote by

(13) olz, 27" = m(ho) © sbalz, 2]

the projection of the principal Heisenberg subalgebra onto the loop algebra in (12).
It follows that [P, P..] = 0 in the loop algebra sl[z, z71] and, thus, hy[z,271] is an
(infinite-dimensional) commutative Lie subalgebra in sl,, [z, 271]. It is the latter which
is in the focus of our discussion for the remainder of this article.

Note that both “halves” of the principal subalgebra, the negative and positive
indexed elements P, are related by the following anti-linear *-involution on gl,, [z, 271

(14) =z=z"' and z*=z', Vzegl,

where Z is the matrix obtained by complex conjugation and x7 denotes the trans-
pose. That is, z* is the hermitian conjugate of x. One immediately verifies from the
definition (10) that P = P_,.

Denote by T' : gl,, — gl,, the (finite) Dynkin diagram automorphism induced by
exchanging the ith Dynkin node with the (n—¢)thnodefori =1,...,n—1,T(e; ;) =
en—i,n—j- The latter is clearly an involution. Consider now the affine Dynkin diagram
and the map I: gl,, — gl,, of order n that corresponds to a cyclic permutation of all
nodes, f(eij) = €j41,j+1 Where indices are understood modulo n. Note that the latter
also induces a (finite) Lie algebra automorphism and that the relation I"o I~1=Tol
holds. We extend both automorphisms (viewed as C[z, 2~ !]-linear maps) to the loop
algebra gl, [z, 27 1] by setting T'(f(2)z) = f(2)I'(z) and ['(f(2)x) = f(z)['(x) for all
z € gl, and f € C[z,z71].

LEMMA 2.2. Let I =T o T, then TI(P,) = P_,. for all r € Z\nZ.
Proof. A straightforward computation using the definition (10). g

2.2. CARTAN SUBALGEBRAS IN APPOSITION. We now consider the projection of the
principal Heisenberg subalgebra onto the finite Lie algebra gl,,. Let 7 : gl,,[2, 27| —
gl,, be the projection obtained by specialising to z = 1, that is 71 : f(2) @ ¢ — f(1)g.

Set hl. = m(P,) for r = 1,...,n — 1. Then A} is known as cyclic element and the
centraliser
(15) b ={g € gl, | [h, 9] = 0}

is another Cartan subalgebra, called in apposition to the Cartan algebra h defined
in (6); see [32] for details.
We recall the construction of the root vectors with respect to the Cartan algebra
bh’. Let ¢ = exp(2mi/n) and define for i,5 = 1,...,n the matrices
— 1 - —ia+j a
(16) e =8le;S = n Ty, S =(C"/vVn)i<abgn -

a,b=1

Obviously, § induces a Lie algebra automorphism, i.e. the matrices e}, also satisfy (5).

(DNote that this principal Heisenberg subalgebra is different from the homogeneous Heisen-
berg subalgebra ho = holz, 271] @ Ck which is generated by h;(m) = 2™h; with [h;(m), hj(m')] =
Omtms 0(hilhj)k and m,m’ € Z.
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LEMMA 2.3. The matrices {e;j} give the root space decomposition with respect to the
Cartan algebra b'. That is, we have

(17) [h’;'7e;j] = (C—ir_c—jT)e/ij’ r= 1,...,TL—1, 7’7]: 17"'7”
Moreover,
(18) Sh;S_l = Zc—jrejj .

j=1

and the map e;; — e;j is a Lie algebra automorphism.

Proof. A straightforward computation using the Lie bracket relations

(19) [, €3] = €irj = €ijtr s

where indices are understood modulo n. g
Note that the matrices {h},hS,...,h,,_;} only span the sl, Cartan subalgebra

by = (' Nsl,) C b’ A basis of b/ is given by the matrices e}, = S71e;S.
We now take a closer look at the matrix

I & i
(20) S = —F Z C”eij
vn ij=1
which diagonalises the Cartan subalgebra b’. If we introduce in addition the matrix
(n=1) o i(n=i)
(21) T=¢77 > (7 e
i=1

then we obtain a representation of the group PSLs(Z). Let C = (8;14,0 mod n)1<i,j<n
and C = (5i,j+1 mod n)lgi,jgn be the matrices which implement the Dynkin diagram
automorphisms I and T,

(22) CeijC = I‘(eij) = €n—in—j and CAeijCA*l = f(eij) = €i+1,54+1
where indices are understood modulo n. Then Ch. = h!,_,C and Ch. = h.C for
r=1,...,n— 1. Moreover, we have the following proposition.

PROPOSITION 2.4 (Kac—Peterson [27]). The S and T -matriz satisfy

(23) S?= (ST =c
and
(24) cS=8=8"=8"' ¢cT=7C, T*=T7"'

Moreover, (éS)ab = S@-1p = ¢S, and (Sé)ab = Sav41) = (*Sap with indices
taken modulo n.

This is the the familiar representation of the S and T-matrix from su(n);-WZNW
conformal field theory for k& = 1; see [27] for the case of general k. We therefore omit
the proof.
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2.3. THE TWISTED LOOP ALGEBRA. We recall from [26] the twisted realisation of the
loop algebra with respect to the principal gradation. Denote by pV € b the dual Weyl
vector, which is the sum over the fundamental co-weights with respect to the original
Cartan subalgebra h. In the case of gl,, it reads explicitly,

n

—2i+1
(25) p’ = z_; % €ii -
One easily verifies that [p¥,e;;] = (j — 4)e;; and, hence, the group element w =

exp[2mpY /n] induces a Zj,-gradation on the Lie algebra gl,, via the automorphism

Qg) = wgw ™,

T r 27\'1/',_
9[n=6_9()9[51), gl ={g|Qg)=e""g}.

In particular, we have that h = gl{?) and Q(h.) = exp(2mwr/n)h’.. Thus, Q(b') = ¥/,
and Kostant has shown in [32] that the automorphism (2 induces a Coxeter transfor-
mation in the Weyl group S,, = N(T")/T’, where T C GL(V) is the maximal torus
corresponding to the Cartan algebra in apposition §’ and N(7”) its normaliser.

For r € Z define 7 € {0,1,2,...,n — 1} by r = 7 + mn with m € Z. Then the
twisted loop algebra is defined as
(26) allt,t ™ = @@l

rel

with Lie bracket [f(t)z,g(t)y] :== f(t)g(t)[x,y] where f,g € C[t,t7!] and z,y € gl,.
The following result is an immediate consequence of the analogous isomorphism for
the corresponding affine Lie algebras in [27, Chapter 14] and we therefore omit the
proof.

PROPOSITION 2.5. The linear map ¢ : gl, [z, 2] — gC[t,t=1] defined by
2@ e 92" @ey) =TT R ey

is a Lie algebra isomorphism. In particular, we have for r € N\nN that

(27) O(P) =t'h,  and  S(P_,)=tH,_,,

where bl € b with m = 1,2,...,n — 1 is the image of P,, under the projection

71 : gl, [z, 271] — gl,, obtained by setting z = 1.

Setting formally z = " the loop algebra isomorphism ¢ : gl [z, 27 1] — gl2[t,t7]
corresponds to the following similarity transformation with the diagonal matrix

(28) D(t) = zn: t ey .

That is, we have the straightforward identities D(t)e;;D(t~') = t/~'e;; from which
the result is immediate. This allows us to combine the gl,, Lie algebra automorphism
induced by the S-matrix with the loop algebra isomorphism ¢ via introducing the
following deformed S-matrix,

(29) S(t) = SD(t) = % Zn: tiCie,

1,7=1
while leaving the T-matrix unchanged.
LEMMA 2.6. Let z = t". Then S(t)P,S(t) = t"37_, (7"ejj.
Proof. A somewhat tedious but straightforward computation using the definition (29).

We therefore omit the details. O
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The last lemma shows that the similarity transformation with the deformed S-
matrix (29) describes the Lie algebra isomorphism from Proposition 2.5 together
with a change of basis in which the principal subalgebra is diagonal.

2.4. UNIVERSAL ENVELOPING ALGEBRAS AND PBW BAsIs. Consider the universal
enveloping algebra U(gl,,). According to the Poincare-Birkhoff-Witt (PBW) Theorem
the latter has the triangular decomposition

Ulal,) = U(fy) @ U(h) @ U(H-),

with Ay and fi_ being the Lie subalgebras generated by {e;}? ; and {f;}?,, re-
spectively. Here the affine Cartan subalgebra is given by 6 = blz,27 1 @ Ck, but
in what follows we are only interested in level 0 representations and, hence, focus
on the loop algebra h[z,27!] and the universal enveloping algebra U(gl,[z,271]) =
U(hy) @ U(hlz,271]) @ U(f_) instead. To unburden the notation we will henceforth
write U for U(gl,[z,27!]) and UL for the Borel subalgebras U(h[z,271]) @ U(fiy).
Similarly, we abbreviate the universal enveloping algebra of the twisted loop algebra,

U(gly[t,t71]), by U2,

LEMMA 2.7. The Lie algebra isomorphism ¢ : gl [z, 271 — gl[t,t™1] extends to a
Hopf algebra isomorphism ¢ : U — U*.

Proof. Recall that g = gl,[2, 2] naturally embeds into its tensor algebra T'(g).
Identifying g with its image under the projection T'(g) — U it generates U. The same
is true for U, As the definition of coproduct A: U - U U, A(z) =z®1+1® 2,
antipode v : U — U, y(z) = —z and co-unit (z) = 0 for all z # 1, are the same for
both U and U* the assertion follows from ¢ being a Lie algebra isomorphism. O

Let P;n be the set of partitions A where each part A; # ¢n, £ € N and set Pyy =
Piy,Piy, -+ Then {Pyy | A € P, } C U(fiy) and according to the PBW theorem
{P\P_, | A\ ne P;n} forms a basis of U(hj[z, 271]).

2.5. POWER SUMS AND THE RING OF SYMMETRIC FUNCTIONS. Recall the definition
of the ring of symmetric functions A = C[p1,pa,...], which is freely generated by
the power sums p,., and can be equipped with the structure of a Hopf algebra; see
Appendix A for details and references.

LEMMA 2.8. The maps @4 : A = Uy fized by

n
(30) Pmn F Pimn = ZEm Z ei and pp+— Py, r#=mn, m,r € N
i=1

are Hopf algebra homomorphisms.
We shall henceforth set Py, = 2™ St e and Py = > €, such that the

relation P,,, = zP, holds for all r € Z. Denote by U’ the subalgebra in U generated
by {PT}T‘EZ'

Proof. This is immediate upon noting that the Hopf algebra relations for power sums
in A match the relations of the standard Hopf algebra structure on U; compare with
the proof of Lemma 2.7 and Appendix A. 0

Using the maps ¢+ we now introduce the analogue of various symmetric functions
(see Appendix A for their definitions and references) as elements in the upper (lower)
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Borel algebras and denote these by capital letters. For example, we define for any
partition A € PT in Uy the elements

(31) Sy=) Wp = [T ®mia,
Zp
173

i>1

where xx(u) is the character value of an element of cycle type p in the symmetric
group. Thus, the element S) is the image of the Schur function sy € A under ®,. If
the partition A in the definition of Sy consists of a single vertical or horizontal strip
of length r > 0 we obtain the following elements in U,

(32) E =Y exzy'Px and  H.=)Y z7'Py
AT AT

where ey = (—1)*=N), These generators are solutions to Newton’s formulae and can
be identified with the elementary e, and complete symmetric functions h, in the ring
of symmetric functions. Below we will also make use of the “generating functions”

(33) E(u) = ZUTEr =exp | — Z (7;L)T P,

r>0 r>1

and

(34) H(u) = ZuTHT = exp Z UTT P.

r>0 r>1

Their matrix elements should be understood as formal power series in the indetermi-
nate u. Besides the image of Schur functions we will also need the image of monomial
symmetric functions my under ®; see Appendix A. We recall from A the following
“straightening rules” for elements .S,, which are not indexed by partitions but by some
v="_(...,a,b,...) EZéO,

(35) S(ap.) = =S b—1,a+1,..) and S 4at1,..)=0

In A these relations are a direct consequence of the known relations for determinants.
The need for these straightening rules arises when applying Macdonald’s raising op-
erator [36, Chapter I.1]. Recall that the raising operator R;; acts on partitions as
R\ = (.S T VI A =1, ). Given Sy we set Ri; S\ = SRU)\ and extend
this action linearly.

We are now in the position to introduce My = @ (m,). Given a partition A € P+
define

(36) My= J] 1 -R;)Sx.
Ai>Aj

Compare with [36, Example II1.3] when ¢t = 1. The definition (36) is best explained
on an example.

EXAMPLE 2.9. Consider the partition A = (2,1). Then we have:
Mz,1) = (1 = Ra1) H(1 —Rj1)(1 = Rj2)S@2,1) -
j>2
From the above product we need to extract all operators R =[] Rj; for which Sgy is

nonzero. Employing the straightening rules (35), we find that the only non-zero terms
are given by M5 1) = S2,1) — 25(1,1,1)-
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Making the substitution P, — P_,. we denote by {E_,., H_, },en the images of the
elementary and symmetric functions under ®_. Using the anti-linear involution (14)
and the fact that the power sums are a Q-basis it follows at once that &3 = ®_.
Similarly, taking the combined Dynkin diagram automorphism II from 2.2 that ®_ =
MHod,.

LEMMA 2.10. Let f € A then F* = o, (f)* = II(F) = ®_(f), where * is the
anti-linear involution (14) and II the combined Dynkin diagram automorphism from
Lemma 2.2.

So, in particuar, if Sy = ®4(sx) and My = &, (m)) are the images of the Schur
function s, and monomial symmetric function mj, under the homomorphism from
Lemma 2.8, then

(37) S; = H(S,\) = (p_(SA) and ]\4:\.< = H(M)\) = <I>_(m)\) .
Proof. As the power sums freely generate A, it suffices to check the relations % = & _

and ®_ = Il o &, on the p,. The first relation is a consequence of the definitions (10)
and (14), the second from Lemma 2.2. 0

3. THE AFFINE SYMMETRIC GROUP AND WREATH PRODUCTS

Let Sy, be the symmetric group of the set [k] = {1, ..., k} and denote by {o1,...,0k-1}
the group’s generators. Set Py = GBLI Ze;, the gl weight lattice with standard
basis €1, ..., €, and inner product (e;,€;) = ;5. Define the root lattice Qi C Py as
the sub-lattice generated by {o; = ¢; — €i+1}§:_11 and set ag = €, — 1. Denote by
PZ‘ C Py, the positive dominant weights which we identify with the set of partitions,
Pz = {X| A = - = X = 0} which have at most k parts. We use the notation
Pt ={\| A1 > > A\ >0} for the subset of strict dominant weights/partitions.

3.1. ACTION ON THE WEIGHT LATTICE. Each A € Py defines a map A : [k] — Z
in the obvious manner and we shall consider the right action P, x S — P given
by (A, w) = Aow = (Ay(1),- - Awk)). For a fixed weight A denote by Sy C S its
stabiliser group. The latter is isomorphic to the Young subgroup

(38) S)\ ... X Sml()\) X Smo()\) X Smfl()\) Xoeee

with m;()) being the multiplicity of the part ¢ in A\. Note that [Sx| = [[;c; mi()!
and we shall make repeatedly use of the multinomial coefficients

ISl Wk
(39) dx = Sl TLicz mi(V)! (m(/\)>7

which we call the quantum dimensions for reasons that will become clear in the
following sections. Given any permutation w € Sy there exists a unique decomposition
w = wyw™ with wy € Sy and w* a minimal length representative of the right coset
S)w. Denote by S* C S;, the set of all minimal length coset representatives in S A\Sk-

3.2. THE EXTENDED AFFINE SYMMETRIC GROUP. Let Py act on itself by translations.
Then the extended affine symmetric group is defined as Si = Sk X Pg. In terms of
generators and relations Sy, is defined as the group generated by (7, 00,01, ..., 0%_1)
subject to the identities (all indices are understood mod k)

(40) O'iQ = 1, 0;0i4+10; = 0;410;0;41, 005 = 004, |Z —]‘ > 17
and
(41) TOi4+1 = 04T .
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For our discussion it will be convenient to use instead of 7 and o( the generators

(42) Tk =T0109 - 0k—1 and x; =oiwipi0y, t=1,2,... k—1.
Then any element w € §k can be written as © = wa = wxi‘l - xi" for some \ € Py,
and w € Sy.
Fix as ground ring R = C[z, 27!] and consider the R-module,
(43) Hi = Rlat",...,2; '] ®r R[S].

Define an R-algebra by identifying (as subalgebras) R[a:lil,...,zfl} ® 1 with the
polynomial algebra R[zi", ..., 2!] and 1 ® R[S;] with the group algebra R[S], and
in addition impose the relations

(44) OiTi0; = Tit1, xio; =ox; for j#4,i—1.

The latter algebra is a skew group ring or semi-direct product algebra which is some
sort of “classical limit” of the affine Hecke algebra. The following facts about Hj, are
known:

LEMMA 3.1.
(i) The set {wz* | 2 =)' -~ 235, A € Py, w € S} is a basis of Hy.
(ii) The centre of Hy is Z(Hy) = Rz, ... a5k,

Proof. Claim (i) follows from the definition of Hj and because the monomials

{z*}rep, form a basis of R[zi! o 2. In particular, the skew group ring
Hy is a free module over R[zil,.. xfl] Assume that f = ) f,w with
fw € R[:L'1 ) xfl] is central, then it follows from z;f = fx; with i =1,...,k that
fw =0 for all w # 1. Thus, f € R[a;1 ye ] but since in addition wf fw for
all w € Sy, we must have f € R[zi', ..., il]s’c Hence, Z(Hy) C Rlzi!, ... o>
The converse relation, R[zT!, ... ,xfl]sk C Z(Hy) is obvious. This proves (11). O

3.3. REPRESENTATIONS IN TERMS OF THE CYCLIC ELEMENT. Let V' be the vector
representation of gl, introduced earlier and recall from (10) the definition of the
elements Py; in the loop algebra sl,[z, 271] which we interpret as endomorphisms
over V[z,271] =V ® C[z, 27!] corresponding to the matrices

01 0 0--- 0 271

S 10 0
(45) X=|:"" " and X '=

0 01 e

20 -0 0 10

As the notation suggests, both matrices are the inverse of each other with matrix mul-
tiplication defined over the ring R = C[z, z7!]. In fact, the following matrix identities
in Endg V[z,271] hold true:

LEMMA 3.2. The Lie algebra elements P, € gl,[z,27 '] with r € Z defined in (10)
and (30) are powers of the matrices (45),

(46) P =X" VreZ.
In particular, X™" = 2™1,,, where 1, is the n X n identity matriz and m € Z.

Proof. This is immediate from the definition (10) noting that the e;; are the unit
matrices whose only nonzero entry is in the ith row and jth column. 0

Consider the tensor product (V[z,z71])®* =2 V, = R ® V®* where we identify
both tensor products in the obvious manner via

(fi(z)vi) @ @ (fe(2)vi) = (f1(2) - fr(2)) @ viy @ -+ @ vy
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Let Si act on the right by permuting factors in V®*. Denote by XijEl the matrix
which acts by multiplication with X+ in the ith factor and trivially everywhere else.
Define a Si-action and, hence, a Hy-action on Vj by setting for w € Sg, A € Py,

A -1 -
(47) Vi, ® - Qg wa” =X "Ny @@ X T My

N.B. this Hy-action is not faithful, since we infer from (46) that for any A € P; and
w € Si the element w(z* — 22 T"™Y) with m € Z,a € Qj, is sent to zero.

LEMMA 3.3. The action (47) factors through the quotient
(48) Hi(n) := Hi/{z] — 2) .

Proof. This is a direct consequence of the definition of the action and that {z w | A €
Pr,w € Sk} is a basis of Hy. O

Besides the right Hy-action we also have a natural left action of the enveloping
algebra U = U(gl,[z,271]) via the coproduct A : U — U ® U. This left action of
the loop algebra commutes with the right action of the symmetric group Sy on Vg,
which permutes the factors in the tensor product. Schur—Weyl duality states that the
images of R[Si] and U in Endg Vj, are centralisers of each other. Therefore, given any
element in the centre Z(Hy) = R[zli, .. ,z,fl]s’f its image must coincide with the
image of an element in U. We will now show that the ring of symmetric polynomials
in the X! coincides with the image of U’ (defined after Lemma 2.8).

LEMMA 3.4. We have the following identities in Endg Vy,
k
(49) AFYP)=D"XT, Wres,
i=1

where the P, are defined in (10) and (30). In particular, A¥=1(P,,,,) = 2™k 1dy, .

Proof. The assertion follows from Lemma 3.2 and the definition of the coproduct
A:U—-URU. O

It follows that for A € P; the images of S\ and M) in Endg V) can be written
in terms of the variables {Xi,...,Xx} using the familiar definitions of Schur and
monomial symmetric functions by projecting onto Ay = Clz1, . .., z%]%",

(50) ARS8 = D> X" and  AMTN(My) =) XK

|T|=X [T

where the first sum runs over all semi-standard tableaux 7' of shape A and the second
sum runs over all distinct permutations p of A. The analogous expressions apply to
AF=1(S%) and AF1(MS) by replacing X; with X; = X;'. In what follows, we will
drop the coproduct A¥~! from the notation to unburden formulae and it will always
be understood that the elements M), Sy and their adjoints act on tensor products
via the natural action given by the coproduct.

Since the power sums {p/\}/\eP; with pyx = pa, - ..pa, form a basis of Ay, we have
as an immediate consequence the following corollary.

COROLLARY 3.5. Let A be the image of Z(Hy) and B the image of U’ in Endg Vg,
then A = B. In particular, B C Endy, V.
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3.4. THE CYCLOTOMIC QUOTIENT AND THE GENERALISED SYMMETRIC GROUP. In
the context of affine Hecke algebras one is usually interested in representations where
the action of the polynomial part R[xlﬂ, . ,xfl] C Hj is semi-simple, that is, there
should exist a common eigenbasis of the X', To this end, we consider

(51) H,=R ®rHr, R =R[t]/(z—1t")

and the R'-module

(52) Vi=R @V = @ Vi, W=ReacV,
AEAT (n)

where V) = {v | e[,v = m;(A\)v } are the gl,-weight spaces of the Cartan subalgebra
b’ in apposition defined in (15) and the direct sum runs over weights in the following
set

(53) Afn)={ ePfn= > =\ >1}.

This decomposition into weight spaces of ’ should be seen in connection with the
algebra isomorphism ¢ : U — U®, where U? = U(g[Q[t,fl]) is the enveloping
algebra of the twisted loop algebra. Recall that the change in Cartan subalgebras and
the isomorphism ¢ is implemented via the similarity transformation with S(¢) defined
in (29).

Define a H}-action on Vj analogous to (47) but setting z*1 = t*" in (45).

ProrosITION 3.6.

(i) The action of Hj on Vi factors through the cyclotomic quotient H) (n) =
M./ L., where I, is the two-sided ideal generated by the degree n polynomial

(54) flxr) = (21 = t)(x1 = 1¢) -~ (w1 — 1" 1) = aff — ™.
(ii) The action of the abelian subalgebra R'[xi", ... xf'] € H}, on V4 is diagonal
and, in particular, the centre Z(H}) acts by multiplication with symmetric
functions in the variables (tF1(F . #FLCE).

Proof. The assertion (i) is a direct consequence of the matrix identities (46) when
r € nZ: setting z = t" they imply that the ideal Z,, defined via (54) is mapped to
zero. Statement (ii) follows from exploiting the S-matrix defined in (20) and its ¢-
deformed version (29) which diagonalises the principal Heisenberg algebra; compare
with Lemma 2.6. Thus, we deduce from (46) that the similarity transformation with
S(t)®* on V}, diagonalises the action of R'[27™, ..., 2] C H, 4 on each of the weight
spaces V4 in (52). O

The quotient #j,(n) is closely related to the group ring of the generalised symmetric
group G(n, 1,k) [46]. Recall that the generalised symmetric group is a special case of
the family G(n,p, k) of complex reflection groups in the Shephard-Todd classification
with p = 1. It can be defined as the wreath product of the symmetric group Sy with the
cyclic group C, of order n (which we identify with the roots of unity of order n in C),

(55) G(n,1,k) = Cr* xSy .

Here Sy, acts on the k-fold direct product C** by permutation of indices. Consider the
following exact sequence of groups, 1 — CX* < G(n,1,k) = Sy — 1, then we denote
by N the normal subgroup which is the image of CX*. Let y; € N be the image of
the generator of the ith copy of C,, under the natural isomorphism N = CX*.

LEMMA 3.7. The map
(56) wr s 12 My A€ Py
defines a ring isomorphism Hj.(n) =2 R'[G(n,1,k)].
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Proof. Because of Lemma 3.1 (i) one deduces that a basis of ) (n) is given by
{z*w | n > XN > 1,w € Si}. Since {y*w | n > N\; = 1, w € Si} is a basis
of R'[G(n,1,k)] and t"y? = t" for all « = 1,...,k as well as o;y;,0; = y;4+1 and
o3y; = y;0; for j # ¢,4+ 1 the assertion follows. O

Note that in general the centre Z(#},) does not map surjectively onto the centre of
R'[G(n,1,k)]. For example, set n = 3 and k = 2 then the centre of the group algebra
of G(3,1,2) is 9-dimensional while the image of the centre of Z(#H}) for t = 1 is
six-dimensional; see the example [3, p. 792]. A basis of the centre for general wreath
products with Si has been put forward in [42]. However, in this article we are only
interested in the image of the centre Z(#;,) as we will be projecting onto the subspaces
of symmetric and alternating tensors in (52) below.

COROLLARY 3.8. Let M be a R'[G(n,1,k)]-module then M is a Hj,-module.

Proof. This is a direct consequence of Lemma 3.7. O

Since Hj,(n) is essentially the group algebra of G(n,1,k) its irreducible modules
are given in terms of the irreducible modules of G(n, 1, k). The latter are known [40]
to be the modules induced by the irreducible representations A : y* — ¢ X\ e
.AZ(n) of the normal subgroup N = C** and their associated stabiliser subgroup
Gy C G(n,1,k); see Appendix B for details. The following proposition identifies the
weight spaces of the twisted loop algebra as irreducible R'[G(n, 1, k)]-modules.

PROPOSITION 3.9. The weight spaces V are irreducible Hj,(n)-modules that for t =1
are isomorphic to the irreducible G(n, 1, k)-modules Ly that are induced by the trivial
representation of Gy = Sy.

Proof. We state the isomorphism V& — ®A€A+(n) L. Define a basis in V. in terms
k
of the discrete Fourier transform (29) by setting
Pi -1 —1
v1/01 ® “.®U,;7k :tZJ) Z Splalval ®-.-®Spkakva’k
1<ay,...,ap<n

) ¢~ (ap)
— )P

1<ay,...,ap<n

where p € A} (n)Sy, is any distinct permutation of an element in the alcove (53).
We map the vector ®w;)i onto the unique n-tableau T, = T @ ... @ T™ of
shape (mi(p),...,m,(p)) that fills the horizontal strip of length m;(p) with those
i € {1,...,k} for which p; = j; see Appendix B. Since all entries in each hori-
zontal strip have to increase strictly from left to right this fixes the n-tableau T, =
TW®...@T™ uniquely. Conversely, any n-tableau of the same shape defines uniquely
a vector ®ivfh with g € pSg. The latter span the irreducible representation L) with
A = (1m®) . pme®) By construction the map ®v), ++ T, preserves the (left)
action of the normal subgroup N, (®;v}, ).2* = (MP)(®0),) = y*(@v),) for t = 1
see (186), and of the stabiliser group G, C G(n, 1, k). O

3.5. CHARACTERS AND FUSION PRODUCT. Recall from Appendix B that the ir-
reducible representations L(A) of G(n,1,k) are labelled by n-multipartitions A =
AD L A™)Y with 3 |A@| = k. Given such a A we call the unique partition
A= (1m2mz...pme) € Af(n) with m; = [A] its type and call two irreducible
modules L(A) and L(p) of the same type, if A = u. The following result is taken
from [40].
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LEMMA 3.10.

(i) The restricted modules Resff(n’l’k) L(X) and Resff(n’l’k) L(p) are isomorphic

as N -modules if and only if they are of the same type.
(ii) The characters of L(X) restricted to the normal subgroup N are given by

(57) Xa(yP) = Trpony P = fama(CP), A=]]Hho.
=1

where p € Pk, fr@ is the number of standard tableauz of shape \¥ and my
denotes the monomial symmetric function. That is,

mA(CP) — Z Cm#l . Cpk#k’
I

where the sum runs over all distinct permutations p of A.

Proof. From (186), notice that the action of y* on T does not depend on the shape
of each A®)| but only on |A\()|. We thus have

(58) Xa(y?) = fa xa(yh), Vp € Py,
where x is the character of the irreducible modules appearing in Proposition 3.9.
This proves, (i) and (ii). O

Denote by Rep G(n, 1, k) the representation ring of the generalised symmetric group
with structure constants

L) ® L(w) = DKL)

Since the normal subgroup A is abelian and finite, we can identify its repre-
sentation ring Rep N with its character ring, Char(N) = ZE. Consider the map
RepG(n,1,k) — Char(N) given by L(A) — xxa|n. Its inverse image leads to the
definition of equivalence classes [L(A)] of irreducible G(n,1,k)-modules of type
A € Af(n). That is, L(A) ~ L(p) if the multipartitions X and p are of the same type.
In particular, the irreducible modules {Lx} A (n) whose n-multipartitions are given
by n horizontal strips of boxes of length m;(\), form a set of class representatives.
These irreducible modules are the ones induced by the trivial representation of the
Young subgroup Sy = G . Thus, we have arrived at the following:

PROPOSITION 3.11. The quotient Rep G(n, 1,k)/~ endowed with the fusion product

v v v fV
(59) [LAHL,LL] = @ N)\/L[LVL N)\/J. = Z C)\H f)\f )
veA] (n) type(v)=v H

is isomorphic to Char(N). Here A and p in the definition of N}, are any pair of
multi-partitions of type A and p.

A combinatorial version of the same result is the following product expansion of
specialised monomial symmetric functions.

COROLLARY 3.12. We have the following product expansion of monomial symmetric
functions at roots of unity

(60) mA(CP)mu(CP) = > NX,mu(¢P), Vp Py,
veAl (n)

where the expansion coefficients are the fusion coefficients in (59).
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Noting that my(1,...,1) = dy for any A € A (n), we obtain as a special case of
the last result the following identity for the quantum dimensions (39),

(61) dad, = > N{d,  dy=dimL,.
veAS (n)

Of course the same identity follows directly from (59) and (190).

4. FROBENIUS STRUCTURES ON SYMMETRIC AND ALTERNATING TENSORS

Recall the definition of the symmetriser and antisymmetriser in C[Sg],

(62) e = o Z (1)1

k! wESy,

In what follows we exploit Schur-Weyl duality and consider the U-modules obtained
by projecting onto the symmetric, SFV = eIV‘X’k, and antisymmetric, /\k V=e, V ek,
subspaces for each fixed k. Applying the idempotents e,f each weight space V4 is
mapped to a one-dimensional subspace simplifying the combinatorial description of
the action of the subalgebra U’ in the next section.

In this section we shall show that both subspaces, the symmetric and alternat-
ing tensors, carry the structure of symmetric Frobenius algebras with the algebra
product defined in terms of the action of U’. As mentioned in the introduction Frobe-
nius algebras are categorically equivalent to 2D TQFTs. In the language of category
theory a 2D TQFT is a monoidal functor Z : 2Cob — Vec from the category of
two-dimensional cobordisms 2Cob (generated via concatenation from the elementary
2-cobordisms shown below),

&@@w v@@

to the category of finite-dimensional vector spaces Vec (here over C); see the text-
book [29] for further details. Identifying 2-cobordisms Wthh are homeOmOI‘phIC im-
plies that the image V of a circle under Z must carry the structure of a symmetric
Frobenius algebra with the 2-cobordisms in (63) (from left to right) corresponding
to the identity map id : V — V, multiplication m : V ® V — V), bilinear form
n:V®VY — C,unit e: C = V and coproduct § : V — V@V, co-formn* : C > VYV,
co-unit or Frobenius trace € : V — C. We now define for each k and n such monoidal
functors by explicitly constructing the latter maps for symmetric and alternating
tensors in V..

4.1. DIVIDED POWERS AND A REPRESENTATION OF THE MODULAR GROUP. For \ €
A (n) define the associated divided powers as the vector

(64) vy =dyef (va, @~ @, @uy,),

which have the property that eg'k(m ®v,) = dxd, vauu/droyu. Here A U p denotes
the composition (A1,..., Ak, pi1,..., k). Let V* be the dual space of V' and de-
note by {v!,...,v"} the dual basis with v'(v;) = &;;. Then we denote by v* =
o > wes,, v*e® @ ... @ v e the invariant tensor in (V*)®* that under the natural
pairing satisfies (v}, v,) = 0y,

LEMMA 4.1. The matriz elements of the S-matriz (29) in the basis of divided powers
are given by

(65) Sau(t) = (v, S (t)vy) = t_Mm;C:) = t'“"MZ:SM(t) .
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In addition, the matriz elements of the inverse matriz are (settingt =t=1)
- ma(¢™") o A"
S l(t) — el 22T ylel— \5‘)\ (t) — ¢lul+] \S)\* L(t)
(66) A VnF g !
= th-ﬁ-lulc—lMs/\uv (t),

where \* = (1mn=1(N)2mn—2Q)  (n — 1)ym1pmeN)y gnd @Y = (n+1 — pg, ..., 0+
1—p1). The matriz elements of the T-matriz (21) in the basis of divided powers read,

k
(67) 7—)\# = <’UH7T®I€U}\> = 6)‘14 C_kn(;;L_l) HCA%(";)\Z) .
i=1
Setting t = 1 the matrices S = S(1), T obey the relations (23) and (24) with the
matriz C given by Cx, = (", C®*py) = epe-

Proof. All of these identities are a direct consequence of the relations (23) and (24)
from Proposition 2.4 for £ = 1 and the definition of the matrix elements in the basis of
divided powers. (N.B. here we have changed conventions and setting k = 1 all of the
resulting matrices are the transpose of the matrices considered previously for k = 1
in Section 2.) In particular, note that the matrices C and C from (22) in the basis of
divided powers read Cy, = (v*,C®*v)) = §y«, and CA’)\H = <’U”,CA®]€’U)\> = Orot(x)p With
rot(\) = (17 (N2miN) [ pme-1(N)) Their product then yields (CC)», = dav, and
the last identity in (66) then follows. O

As we will be making repeated use of them, it is worthwhile to express some of
the modular S-matrix relations in terms of the matrix elements (65) which amount
to non-trivial summation formulae of monomial symmetric functions my and their
augmented counterparts m* = |Sy|my with A € A} (n) when specialised at roots of
unity.

COROLLARY 4.2. We have the identities

(68) Y maEmET) g malemt ()

=9 .
n*|Sy| n*|Sq] A
O'EAI(H) aeAz(n)
and
A o(r— _ k _ |G(TL, 17 k)|
(69) > Mo (¢Mm(C™H) = dnum®ISal = g
cEAT (n)

Proof. All identities are a direct consequence of the relations (23) and (24) for
k=1 O

COROLLARY 4.3. Recall the definition (36) of the loop algebra element My € Uy and
denote by My € U_ its adjoint. Then we have the following Verlinde-type formula for
their matrixz elements,

S| ———
= ||Su|| <’U“,M)\1}V> = Z

oc€AS (n)

S/\a (t)Sua (t)S_l (t)

o

v, Myv
< A M> tkn‘snko(t)

(70)
= t\VI—\/\I—IMINKW
where NY, are the fusion coefficients (59). In particular, NY,, = 0 unless [A| + |u| —

lv| =0 mod n.
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Proof. Note that v), = (S71())®v,, is an eigenvector of My € U_ with eigenvalue
t=Mmy(¢*) and Sy, (1) =t~ m,(1,...,1)/Vnkd, = t=™* /v/n¥. Therefore,
v * v SAa(t)Sua(t)
(", M{v,) = Z (v a“é)W

ceAL(n)

which gives the first equality in (70). To prove the second equality we set first ¢ = 1.
Then the identity (60) can be rewritten as

8)\0 S;uf
Snko Sn’“o Z Am
veAL(n)

S’UU

Snko .

Multiplying on both sides with S;,'S,x, and summing over o € A} (n) gives the
desired result for t = 1. The identity for general ¢ then follows by noting that the
monomial symmetric function my is homogeneous of degree |A|. The final statement
is a direct consequence of observing that the matrix elements of My = Zp X7P,

with the sum running over all distinct permutations p of A, only depend on powers of
271 =+~ according to the definition (45). O

Note the identity dy = dim Ly = Sy,» /Sy, which explains our earlier convention
to call the multinomial coefficients (39) quantum dimensions: they are the largest
(integral) eigenvalue of the fusion matrix Ny with A € A} (n).

As an easy consequence of these previous results one now derives several identities
for the fusion coefficients noting that dy = dy- for A € A} (n).

COROLLARY 4.4. One has the following equalities:
(i) N« = 0xu and N, = N\ )
(ii) NX, = N{-,. = daNp,./dy, and N3, = 6y« pdy

(i) NIt ¥ . = N3, fora,b,c € Z with a+ b= ¢ mod n, where

rot® A = (1m1-aX) | pma-a(d)y
and all indices are understood modulo n.

Proof. The identities (i) and (ii) follow from the S-matrix identities (65), (66) for
t = 1. Similarly, (iii) can be deduced from the S-matrix identity (for ¢ = 1)

—1
Srorm = " 8xi = 8irorn)

which follows from observing that mye; x(C*) = ex (C*)ma(¢H) = CHimy (¢H). O

We now endow V]j = S*V ® R’ with the structure of a Frobenius algebra. First
note that V" is a free R’-module of finite rank. Define a R’-linear map ¢ : V;7 — R’
by setting

e(vy) = t7Fmnky .

Then the induced map Vi — Homp/ (V;7, R') is a R’-module isomorphism.

THEOREM 4.5. Let to € C* with [to| = 1. Then V7 /(t — to)V; together with the
fusion product vyv, = M3v, and the trace functional induced by € is a commuta-
tive Frobenius algebra. Moreover, this algebra is semi-simple with idempotents ey =
tgksnk)\(to)v;\'

Proof. Tt follows from (70) that the product m : V;" @ Vi' — Vi given by m(vy,v,) =
VAV, = M3v, is commutative. Associativity is then an easy consequence, U)\(UH’U,,) =
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M} (Mjv,) = M (M;v,) = (vAv,)v,. Define a bilinear form 7 : V;" @ V;F — C and
its dual n* : C — Vi @ V) via

“n K . .
(71) n(vx,vu) = e(vav,) =t knkN/(Lu and n*(1) = Z my®@mt
AeAT (n)

where m* = |Sy|my with A € A (n) is the augmented monomial symmetric function.
Employing Corollary 4.4 (ii) one deduces that n is non-degenerate and, by definition,
invariant. All the remaining maps corresponding to the other 2-cobordisms shown
in (63) can now also be constructed. For example, using the 2-cobordisms in (63) one
obtains for the coproduct ¢ : V,j' — V,j' ® V,j (the inverted pair-of-pants cobordism),

(72) d=(d®m)o (n* ®id) = (m®id) o (id ®@n*) .
To show that the algebra is semi-simple, recall from the proof of Corollary 4.3 that
the modular S-matrix diagonalises the fusion matrices M7y in the definition of the

algebra product. This fixes the idempotents in terms of the eigenvectors vL. That the
set of idempotents is complete follows from observing that the S-matrix is invertible;

compare with the identities from Corollary 4.2. g
Consider the ring R'[z1,...,z;]% C Z(H,) of symmetric functions in k variables

over R’ and denote by 7, the ideal generated by

(73) Tn = Pn = 2k, Put1 — 2D15 -+ Pptk—1 — 2 Dk—1)

where p, = Zle x; are the power sums in the variables z; and z = t".

THEOREM 4.6. The map R'[x1,...,x1)% /T, — Vi which sends my(z7", ..., 2;")

v 18 a ring isomorphism. Here a:i_l = zz?‘l fori=1,... k.

Proof. We first show that 7, is equal to the ideal 7! generated by the relations
(74) (af — 2z, xp — 2).

One direction is trivial, the relations (73) are obviously satisfied if (74) hold. To show
the converse recall the generating function for power sums, P(u) = Zi>1 put~t =
Zle 1—i—, where the last expression is understood in terms of a geometric series
expansion. From Newton’s formulae it follows via a proof by induction that (73)
implies pp4r — 2p, = 0 for all » > 0 and, hence, one shows that

n n
P(u) = Zpiu’;l + zu” Zpiuifl = Zpiuifl + zu" P(u)
=1 i=1

i>1

which can be rearranged as (replacing u with u~1)

n k
S opiut i = = )P = (0 - 2) 30

This implies that the formal series expansion of (u" — z)P(u~!) in u terminates
after finitely many terms. Therefore, the residues of (u™ — z)P(u~!) at u = x;, for
i=1,...,k must vanish which is equivalent to (74). This proves the claim.

The relations (74) imply that the 2; are invertible, 2; * = 227", Recall that Z(H},)
acts on the one-dimensional subspace e;V; ® R"” by multiplication with symmetric
polynomials in the variables (t¥1¢FM, ... #+1(F ) with A € A (n). Hence, employ-
ing the Nullstellensatz we see that R'[x1, ..., 2] /J, is isomorphic to the image of
Z(H},) in Endgr V;". But the action of Z(H},) on V;" fixes the ring structure upon
noting that vy = z¥Mjv,, and M} = > n X Hin Endg Vi O
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4.2. ALTERNATING TENSORS AND GROMOV—WITTEN INVARIANTS. We now turn to
the subspaces /\]C V C V®F of alternating tensors. Consider the alcove of strict parti-
tions,

(75) ATy =Arm) NPt ={A|n=X > > X >0}.

Obviously the latter have m;(A) = 0 or 1 and, therefore, the stabiliser groups S, are
trivial for A € A{T(n). Note also that A} (n) = @ unless k < n. For A € AT (n)
fix the basis

(76) UV =Ua, A AUx, AU, =€ 0N, @ @ Ux, @V, ,

where A\ = X\ — p with p = (k,...,2,1) is the reduced partition whose Young di-
agram lies inside a bounding box of width n — k and height k. Denote by v* =
> wes, (—1) @A @ .- @ v e its dual basis in (V*)®* with respect to the nat-
ural pairing.

Along a similar vein as in the symmetric case one finds the following presentation
of PSL(2,Z) on alternating tensors if k is odd. Let A, u € A" (n) and denote by
ax(x1,..., o) = det(xj‘i)lgm'gk the alternating monomial.

LEMMA 4.7. The matriz elements of the t-deformed modular S-matriz (29) in the
basis of alternating tensors read

(77) Sau(t) = (=1)
while the inverse matriz elements obey the identities
(78) S;;(t) - (_1)(k71)5hngw*(t71) — t(n+1)k(|/\\guu(t) =S (t).

For the T-matriz we obtain similar to the symmetric case

k(k—1)
1

(07, 5 (Ouy) = (-1) 45 N

k
(79) T = (—1) 255 (o, TRy = gy, ¢ R I1¢
i=1
But only for k odd (and t = 1) do both matrices, S = S(1) and T, obey the rela-
tions (23), (24) with Cy, = Oxp»-
Proof. The relations are a straightforward consequence of the definitions and the

properties of S, T for k = 1. Note that the additional factor (—1) 7 in the S-matrix

is inserted because ay(¢*) = a,(¢*) = (—l)k(szl) (=1)*=Ddxingy. (¢M). Similarly, we
“* in the T-matrix so that S? = (ST)? continues to hold.

Ap(n=2y)
2

entered a factor (—1)~
However, note that

o(k—1)
COkps = vpa, Ao AUpor, = (—1)" (—1)F=Ddsinye

Hence the equality S? = C only continues to hold for & odd. O

REMARK 4.8. The presentation of PSL(2,Z) for t = 1 and k odd has been previously
considered by Naculich and Schnitzer [39] in connection with the U(n) Wess—Zumino—
Witten model.

In complete analogy with the previous case of divided powers we now consider the
Verlinde formula for the case of alternating tensors.

PROPOSITION 4.9. The matriz elements of the loop algebra element S5 € Uy defined
n (31) with A € A" (n) and its adjoint S% € U- read
(80)
Uogx 7 Ska(t)slw(t)sa_ul (t) d(k—1)p—nd ~,d
<U 755\vﬂ> = <’U“,S;\Ul—,> = Z: Spa(t) = (_1) t C}\ﬁ )
UEAk+(n)
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where nd = |\ + || — |7| and the structure constants C;;jd are determined by the
following product expansion of Schur functions at roots of unity,
o o - v,d o
(81) s3(Csal¢) = D (FD)METICEs(C7)
vEATT (n)

with A = X + p. Setting t = C% q_% the matriz elements (80) are equal to the 3-
point genus zero Gromov—Witten invariants of ¢H*(Gr(k,n)). In particular, C’—Vl’id =0
unless |A| + 1| — |7] =0 mod n.

Proof. The proof follows along the same lines as in the previous case of symmetric
tensors and employing that

Mg (¢h) — “a () Sa(®)
C =) T S

In particular, the matrix elements can be rewritten as

(82) C’;’ﬁ(t):(71)d(k*1)t*”dC§;id:t\’j|*|5\\*|ﬂ| 3 m(é");lgéc;’gg)u(ca)
cEAS T (n) r

and one then recognises for the stated value of ¢t the Bertram—Vafa—Intriligator formula
for Gromov-Witten invariants; see e.g. [7] and [43] and references therein. O

Note that the last proposition implies that Cg’ﬁ(c %) = C;’;,Ld is a non-negative
integer.

COROLLARY 4.10. We have the following identities for the matriz elements (80):
(83) C5, (1) = CUs(t) = Cov(t) and Cou(t) =06 -

Proof. All of the asserted equalities follow from (80) and the identities (78) for the
inverse of the modular S-matrix. In particular, C5;;(t) := C’;—?; (t) is invariant under

permutations of \, i and o. O

Having identified the matrix elements (80) for ¢ = ¢ 3% with the Gromov-Witten

invariants C’g’ﬁd, we obtain as a corollary the simplest case of the Satake correspondence
for quantum cohomology (c.f. [22]):

COROLLARY 4.11. Let V. = /\k V ® R’ be the subspace of alternating tensors. Then
V;/(t—(k%)ka together with the product vsvy = Sivg and trace functional e(vy) =
55\7§v is a commutative semi-simple Frobenius algebra, which is isomorphic to the
specialisation of gH*(Gr(k,n)) at ¢ = 1.

Proof. That the product m : V;” @ Vi =V~ with m(vy,v;) == S{v; is commutative
is a direct consequence of (80). Associativity then follows by the analogous argument
used in the case of symmetric tensors; see the proof of Theorem 4.5. The invariance
of the bilinear f(_)rm n_(v;\, v) = €(vyvp) = d3v is proved using the identities in (83).
Since the map A — AV is an involution one easily verifies that 1 is non-degenerate.
The remaining maps corresponding to the 2-cobordisms in (63) are then constructed
from 7 and the multiplication map m as in the case of symmetric tensors.

For semi-simplicity we again employ the modular S-matrix which encodes the idem-
potents and that the latter span V,~ since S is invertible. Proposition 4.9 then entails
that the map which sends v5 onto a Schubert class gives an algebra isomorphism

Vi /(t =)WV 22 qH* (Gr(k,n)) /(g — 1) 0
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For completeness we mention here some differences with the case of symmetric
tensors. Firstly recall that ¢H*(Gr(k,n)) has the following known presentation (see
e.g. [1]) in terms of the Landau—Ginzburg or super-potential

Prt1(T1,- -, Tk) k
Wo(z1, .. o) = nn—ﬂ + (=D%gp1(z1,. .. 28) S
where p.(x1,...,25) = Zle af are the power sums,

ow, ow,
9e T Den ).
We were unable to find an analogous super-potential for the ideal (73) used in the case
of symmetric tensors. However, one readily sees the similarity with the equations (74)
which are a direct consequence of (54).

The other difference lies in the Frobenius structure fixed via the Frobenius trace
€, which is different from the trace functional the algebra would inherit viewed as a
Verlinde algebra: there one fixes the value of € on the idempotents in terms of the
quantum dimensions S»,/S,,. However, in contrast to the case of symmetric tensors,
the latter are (in general) neither positive nor real for alternating tensors. Instead the
ring ¢H*(Gr(k,n)) inherits the intersection form from H*(Gr(k,n)). Thus, even for
k = 1 both Frobenius algebras are different due to the different bilinear forms, V;~ &
Vi (;[n), the Verlinde algebra of the sl,-WZW model, and . X qH (P Y /(g - 1),
the specialised quantum cohomology of projective space.

qH*(Gr(k,n)) = Clg][es, . .., ex]/(

5. CYLINDRIC SYMMETRIC FUNCTIONS

In the previous section we have computed the matrix elements of M, and S, (as
well as those of their adjoints) and identified them with the fusion coefficients of 2D
TQFTs (structure constants of symmetric Frobenius algebras), which for particular
values of the loop parameter, turn out to be non-negative integers. It is therefore
natural to ask for a combinatorial description: we show that the fusion coefficients
give the expansion coefficients of so-called cylindric symmetric functions by taking
matrix elements of the following Cauchy identities in Endg V.

LEMMA 5.1. Recall the definitions (33) and (34). The following equalities hold in
EndR Vk,

K
(84) H H(u;) = H H(1 — Xiuy) ™t = Z Myhy(u) = Z Sxsa(u),

j=1 i=1j2>1 AepPt Aept
and
k
(85) HE(uJ) = H H(l + Xju;) = Z Myex(u) = Z Sxsa (),
jz1 i=1j>1 AepPF eP

where the X; are the matrices (45) defined in the presentation of Hy discussed in
the previous section and the u; are some commuting indeterminates. The analogous
identities hold for H*(u;), E*(u;) and M3, SX with the X; replaced by X;l.

Proof. Employing the Hopf algebra homomorphisms @4 from Lemma 2.8 the Cauchy
identities are a direct consequence of the corresponding identities in A. The restriction
of the sums to partitions A € P; follows from observing that M, and S, must
identically vanish on Vj, for £(A) > k. Again this follows from the familiar relations in
the ring of symmetric functions: recall the projection A — Ay = Clxy, ..., 2] by
setting x; = 0 for 4 > k. This introduces linear dependencies among the power sums
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allowing one to express py with £(A) > k in terms of {pl‘}uePI as the latter form a
basis of Ag; see [36]. As a result the projections of monomial symmetric and Schur
functions are identically zero for ¢(A) > k. Employing Lemma 3.4 the same linear
dependencies among the { Py} cp+ then ensure that M), and S) are both the zero
map for £(\) > k. The analogous identities for the adjoint operators are obtained by
the same arguments using ®_ and Lemma 2.10. g

Note that the X; in (84), (85) all (trivially) commute. Hence, each matrix element
must yield a symmetric function in the u; and the latter are the mentioned cylindric
symmetric functions. Their name originates from their definition as sums over so-
called cylindric tableaux; see e.g. [20, 41, 37]. The latter are fillings of skew shapes
(lattice paths) on the cylinder € ,, = Z?/(—k,n)Z. The aspect in our work we like to
stress here is the definition of new families of cylindric functions as well as the linking
of all of them to the same combinatorial action of the extended affine symmetric group
in terms of “infinite permutations”.

5.1. INFINITE PERMUTATIONS AND THE EXTENDED AFFINE SYMMETRIC GROUP. Re-
call the realisation of the affine symmetric group Sk = Qi X Sy, in terms of bijections
W : Z — Z; see [35, 10, 12, 44]. Here we state a generalisation of this presentation for
the extended affine symmetric group Sk = Pi xSy

PROPOSITION 5.2. The extended affine symmetric group Sy can be realised as the set
of bijections W : Z — 7 subject to the two conditions

k
k
(86)  (m+k)=w(m)+k VmeEZ and » w(m)= (2> mod k .
m=1
The group multiplication is given via composition. The subset of bijections W for which
an:l w(m) = (g) gives the affine symmetric group S C Sg.

Proof. For Sy, this is the known presentation for the affine symmetric group from [35].
In particular, the simple Weyl reflections {o¢,01,...,0k—1} are the maps Z — Z
defined via

m+1, m=1imodk
(87) oi(m)=¢m—1, m=i+1modk
m, otherwise .

Introduce the shift operator 7 : Z — Z by m — 7(m) = m — 1. Then one has the
identities Too; 41 = 0; o7, where indices are understood modulo k. One easily verifies
that any @ = w o 7¢ with @ € Sy and d € Z obeys the stated conditions. Likewise
any such map can be written in the form @ = @ o 7¢. Thus, the group generated by
(1,00,01,...,0k—1) is the extended affine symmetric group §k O

Our main interest in this realisation of Sy, is that it naturally leads to the consid-
eration of cylindric loops.

5.2. CYLINDRIC SKEW SHAPES AND REVERSE PLANE PARTITIONS. Fix n € N. We are
now generalising the notion of the weight lattice in order to define a level-n action of
the extended affine symmetric group. Let Py ,, denote the set of functions A : Z — Z
subject to the constraint A1 = A; — n for all ¢ € Z.

LEMMA 5.3. The map P, % Sk — Pin with (A, ) — X oW, where the “infinite
permutation” @ : 7 — Z is a bijection satisfying (86), defines a right action.

Proof. A straightforward computation. O

Algebraic Combinatorics, Vol. 3 #1 (2020) 216



Cylindric symmetric functions

One can convince oneself that the above is the familiar level-n action of §k on the
weight lattice Py by observing that each A € Py, is completely fixed by its values
(A,...,Ar) on the set [k]. Employing this identification between weights in A € Py,
and their associated maps in A € Py, (which we shall denote by the same symbol), the
set of partitions (53) defined earlier, constitutes an “alcove”: a fundamental domain
with respect to the above level-n action of gk on Py . That is, for any A € Py, the
orbit AS;, intersects A (n) in a unique point.

Note that when employing this identification of weights and maps one needs to be
careful not to identify the sum A+ p of two weights A, u € Py, with the usual addition
of maps, where A + p : Z — Z is defined as (A + p); = Aj + ;-

Given A € A} (n) and d € Z denote by A[d] the (doubly) infinite sequence

A[d] = ( . 'a)‘[d}—la)‘[d}oaA[d]la' . ) = ( . 'aA—d—laA—d7>\1—da .. ')a

that is, the image A o7%(Z) of the map Ao7?:Z — Z. This sequence defines a lattice
path {(i, A\[d];) }iez C Z x Z which projects onto the cylinder € ,, = Z?/(—k,n)Z and
is therefore called a cylindric loop.

While we have adopted here the notation from [41], see also [37], our definition of
cylindric loops is different from the one used in these latter works. In loc. cit. A[d] is
obtained by shifting A[0] in the direction of the lattice vector (1,1) in Z?, while we
shift here by the lattice vector (1,0) instead. We will connect with the cylindric loops
from [41, 37] below when discussing the shifted level-n action (142) of 5.

A cylindric skew diagram or cylindric shape is defined as the number of lattice
points between two cylindric loops: let A, u € A} (n) be such that p; < \i—g = (Ao7?);
for all ¢ € Z, then we write u[0] < A[d] and say that the set

(88) Nd/p={(i,5) € Z* | p[0]; < j < Ald)i}
is a cylindric skew diagram (or shape) of degree d.

DEFINITION 5.4. A cylindric reverse plane partition (CRPP) of shape © = \/d/u is
a map & : © — N such that for any (i,7) € © one has #(i,j) = #(i+k,j—n) together
with

#(i,7) <#(i+1,7) and #(i,5) <@, 5+ 1),
provided (i+1,7),(i,j+1) € ©. In other words, the entries in the squares between the
]

cylindric loops u[0] and \[d] are non-decreasing from left to right in rows and down
columns.

Alternatively, 7 can be defined as a sequence of cylindric loops
(89) A1) = w0, ADV[di], ..., AV [d)] = Ald])

with A®) € Af(n) and d; — d;—1 > 0 such that #71(3) = AV /(d; — d;—1)/A~V is a
cylindric skew diagram; see Figure 1 for examples when n = 4 and k = 3. The weight
of 7t is the vector wt(#) = (wt1(#), ..., wt;(#)) where wt;(#) is the number of lattice
points (a,b) € AD /(d; — d;—1) /A0 with 1 < a < k.

5.3. CYLINDRIC COMPLETE SYMMETRIC FUNCTIONS. Using CRPPs we now intro-
duce a new family of symmetric functions which can be viewed as generalisation of
functions which arise from the coproduct of complete symmetric functions; see Ap-
pendix A for details. In the last part of this section we then show that they form
a positive subcoalgebra of A whose structure constants are the fusion coefficients
from (59) and (70).

Given p € A (n) note that 1 — pp < m and, hence, its stabiliser group S, C
Sk C Si. Define S# as the minimal length representatives of the cosets Su\gk. The
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following is a generalisation of the set (178) in Appendix A to the cylindric case: for
A\ € Af(n) and d € Zxq define the set

(90) {weS" | pow < AoTd}
and denote by 0,4/, its cardinality.

LEMMA 5.5. The set (90) is non-empty if and only if \/d/p is a valid cylindric skew
shape, i.e.if 4 < X o7 In the latter case we have the following expression for its
cardinality,

n n
(o) — plyy (o1, — uly,
(91) Oxnja/n = ( B B I
/4/u };[1 Wi — M§+1 };[1 Wi — Nz‘+1
where the binomial coefficients are understood to vanish whenever one of their argu-
ments is negative.

Proof. First note that if d = 0 then we must have @ € S*, because A, u € A} (n). In
this case we recover (168) and Lemma A.2 proved in Appendix A.

Assume now that d > 0. Restricting the maps p and X o 7¢ to the set [k] we
recover the corresponding weights in P; By a similar argument as in the case d = 0,
however with more involved steps due to the level-n action of the affine symmetric
group, one then arrives at the first statement, i.e. that (90) is non-empty if and only
if 1; < (Ao 7%); for i € [k]. This inequality is then extended to all i € Z using that
pirk = i —n and (Ao 7)1 = (A o71%); — n which implies that \/d/u is a valid
cylindric skew shape. Since p < (Ao 7%) if and only if i/ < (Ao 7¢) the right hand
side in (91) is zero if A/d/p is not a cylindric skew shape.

Thus, we now assume g < Ao 7 for the remainder of the proof. To compute the
cardinality we will rewrite the set (90) such that it can be expressed in terms of non-
cylindric weights for Si44 and then apply again the result from Appendix A with &
replaced by k + d.

Each element in S# can be expressed as w o z~* with w € S* and « € Q; (that is,
la| = >, oy = 0). Thus, the set (90) can be rewritten as

{(w,0) € $* x Q| uowox_O‘OT_dg)\}.

Since 7 = x3,00%_10- - -o0q it follows that 7-¢ = (o3 _10- - oal)*doz*B for some 3 € Pk
with || = d. Noting further that for any w’ € Sy, we have that z~%ow’ = w'ox
we can conclude that 8/ = —(aow’+ ) ranges over all the elements in Py, with |5/ = d
if a ranges over all the elements in Q. Thus, we arrive at the alternative expression

{(w,ﬁ’)ES“ka\,uowO(ak_lo---ool)_dox_ﬁ,§/\, 18| =d} .

Each element wo (op_10-- ~001)*d has a unique decomposition w, cw", with w, € S,
and w* € S*, such that distinct w correspond to distinct w*. Therefore, the set (90)
is in bijection with the set

(92) A={(w,f) €S x Py |powor™ <A |p|=d},

—Otow

where 3 € Pj, can only have non-negative parts 3; > 0 as A\, u € A} (n).

We now express the cardinality of the set (92) for S). in terms of the cardinality
of the (non-cylindric) set (178) for Sgiq4. Define the two weights in PLd setting
AD = (nyn, ... ,n, A, .., A\) and pD = (uy,..., 1k, 0,...,0). We now construct a
bijection between (92) and the set

(93) B={dec

S | @D ow < AW, (1D o @)y > 0} .
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Fix (w,8) € A and let J(8) = {j1,...,51} C [k] be the set of indices for which
Bj, > 0,i=1,...,1. Denote by J(8) = [k]\J(5) its complement. Define a weight
v ="(w,p,d, 1) € Prrq whose parts y; for 1 < j < d are fixed by the vector

((ILI/Ow)jl’O""7O’ (ILI/Ow)j27O)"'70)""(M0w)j[707"'70) N
~—— ~—— ~——
Bjy =1 Biy—1 Bj;—1

and for 1 < j < k we set

g = (now)y, if j € J(B)
gtd 0, else.

See Figure 2 for an illustration. Define w(w, ) € s Sktaq to be the unique
permutation such that v = u(® o w. By construction, it follows that v < A and
~v1 > 0. Hence, w(w, 8) € B.

Conversely, given w € B, define v = v(w) = u¥ o w. Then the parts of v fix
the weight S(w) € Py in A by reversing the above construction. In particular, the
positions of nonzero parts v; with d +1 < j < d + k fix the set J(B). From J(B)
and its complement J(3) in [k] one constructs a vector 4 € Py by setting 7; = v;tq
if j € J(B) and if j = j; € J(B) then let 4, be the ith nonzero part among the first
d parts of . Define w = w(w) € S* C Sk via ¥ = p o w. It then follows again by
construction that (w(w), 5(w)) € A.

By distinguishing the cases (1@ ow’); > 0 and (1@ ow’); = 0 with w’ € S* ¢
Sk+d, the cardinality of the set (93) can be written as the difference of the cardinalities
of the sets {w’ € S*" | D ow’ < AD} C Sppgand {w” € SH | a1 0w <
A=D1V © Sy 4 1. Namely, suppose (19 o w'); = 0, then we may assume w’(1) =
k + d, because otherwise we simply apply a permutation w”’ € S, such that the
assumption holds (recall that the last d parts of u(? are all zero by definition). Define
w” € Sgiq—1 by setting w”(i) = w'(i + 1) for i = 1,...,k + d — 1. Thus, using
Lemma A.2 and (178) from the appendix we arrive at

Or/a/p = Onw ) — a1 @
and since (A@), = X, +d = (A o 79)! equation (91) follows. O
Similar to the non-cylindric case treated in Lemma A.3 in the appendix, we em-

ploy (91) to define weighted sums over cylindric reverse plane partitions: given a
CRPP 7 set

(94) 9,} = H HA(i)/(difdi_ﬂ/)\(i*l)’

i>1

where the cylindric skew diagram \®) /(d; —d;_1)/A0~Y is the pre-image #~ (i), and

. K tq (7 o (7 . . . .
we denote by u® the monomial u}* ™3™ ... in some commuting indeterminates

u;. If d = 0 we recover the definition (169) from Appendix A, i.e. 0,9/, = 05/,

DEFINITION 5.6. For \, i € A} (n) and d € Zso, define the cylindric complete sym-
metric function hy 4/, as the weighted sum

(95) h)\/d/#(u) = Z@fruﬁ

over all cylindric reverse plane partitions 7t of shape A/d/p.

Note that when setting d = 0 we recover the (non-cylindric) skew complete cylindric
function discussed in Appendix A, that is hy/9/, = hx/u- We now prove for d > 0
that hy/q/, is a symmetric function by expanding it into the bases of monomial and
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FIGURE 2. A graphical depiction of the construction of the weight
vector v € Pr1q (shown on the right) in the proof of Lemma 5.5.

complete symmetric functions. Proceeding in close analogy to the non-cylindric case
d = 0 discussed in Appendix A, we first link the expansion coefficients to product
identities in the quotient ring Ay ®R’/J,, from Theorem 4.6. As the latter is isomorphic
to V,j' we shall use the same notation for both of them in what follows.

Let A\, u € Af(n), v € P*, d € Z> and define

(96) Oxja/u(v) = Z@r ;

where the sum is restricted to CRPP # of shape A/d/u and weight v.
LEMMA 5.7. The following product rule holds in Vi

97) mu (a7t ey D (er 2t = Z zfdt?/\/d/u(y)mA(:rl_l,...,x,?l).
AeAT (n)

where d = W in the sum on the right hand side. In particular, 0x,q,,(v) is
nonzero only if dn + || = |p| + |v|.

Proof. Tt suffices to show that in V,j

98)  mu(xrt, . a Dhe(at gt = Z 275 auma (2t 2,
AEAT (n)

where the sum runs over all A € .AZ (n) such that p < Ao7? with d = %HM € Z>o.
The general case (97) then follows by repeatedly applying the latter expansion.
First note that the coefficient of my in m,h, must equal the coefficient of the
monomial term 2~ in the same product. Since m,, and h, are polynomials of degree
and r, respectively, and z; ™ = 271, it follows that r+|u| —|A| =0 mod n. Hence, the
term 2~ with A € A} (n) occurs in the product expansion if and only if pow < Aoz~
with 8 € Py, 8; > 0, and |\| = r + |p| — n|B]. (N.B. the symbol = appears here twice,
once in the role as variable and another time as translation acting on a weight.) Thus,

for any such A € A} (n) the coefficient of = in m,(z7", ..., 2y Dh(z7 ', ... 20 ")
equals 2z~ 18l times the cardinality of the set
(99) {(w,8)€8" x Py 520,18 =d, pow < Aoa’},

where nd = r + || — |A|. Comparing with (92) we see that the coefficient is equal to

2% 4y, with d = “HEEL O
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Note that the last lemma implies that 0,4/,(v) = 0x/4/,(8) for B ~ v, where
0x/d/,(B) with B a composition is defined analogous to (96). Thus, we have as imme-
diate corollary:

COROLLARY 5.8. The function (95) has the expansion

(100) hajan =Y Oxjasu@)my
veP+

in the ring of symmetric functions A.

Note that if we set v = (r,0,0,...) with r = dn + |X| — |u| then 0,4/,(v) =1, as
long as A\/d/p is a valid cylindric shape, since then there exists precisely one CRPP of
that weight, namely the cylindric shape A/d/u itself. Hence, hy /4, is not identically
zero provided \/d/p is a valid cylindric skew diagram.

Similar to the product expansion (97) we also wish to express the fusion coefficients
from (59), (60) which appear in the expansion of the product m,m, in V,j in terms
of the cardinalities of sets involving affine permutations. To this end, we now extend
the definition of the fusion coefficients to weights outside the alcove (53).

For \, u,v € PI define Nﬁ‘u as the cardinality of the set

(101) {(w,w')ES”XS”|uow+uow’—)\oxa forsomeaGPk}.

Note that any such weight o € Py appearing in the above definition does have to
satisty n|a| = |p| + [v] — |AL.
LEMMA 5.9. For p,v € P: we have the following product expansion in V,j
(102)
- _ _ _ Dl=lul=lv] = _ _
mu(er o a Dmy (e et = Z z n ;\ym)\(xll,...,xkl).
)\E.A:f(n)
So, in particular, Nﬁ‘y = Nﬁ‘y for A\, u,v € .A;:(n) Moreover, we have the following
“reduction formula” for monomial symmetric functions in V,j ,
S5
[Sal

1 —IA+1AL
5

(103) my(zyt, . apt) = N R P ,

where X is the unique intersection point of the orbit AS, with A:(n)

Because we have equality between the fusion coefficients in (59) and the coefficients
N [L\u if A, u, v € Af (n), we shall henceforth use the same notation for both and it will
be understood that N, /j‘y is defined via the cardinality of the set (101) whenever one
of the weights lies outside the alcove (53).

Proof. Since the monomial symmetric function m) is homogeneous and of de-
gree |A| it follows from z;™ — 2! = 0, that we must have |u| + [v| — [A\] = 0
mod n. Therefore, the monomial zl_)‘l ~~z,;)"“ can only occur in the product
mu(xl_l,...,x;l)my(zfl,...,xlzl) provided there exist w € S* and w’ € S” such
that w(p) + w'(v) = Ao a® for some o € Py satisfying |u| + |v| — |A| = n|a|, which
proves the asserted product expansion.

To prove the reduction formula note that in A we have that mA(xfl, . ,:1:,;1) =
> wesy T = ﬁ > wes,, z72°%. Since z; " = 27! in the quotient we arrive at the
stated formula. O

Since the set {m(z7?,. .. ,x;l)}/\eA;(n) forms a basis of the quotient ring V; the

coefficients V. :‘V with A, u, v € PZ‘ must be expressible in terms of the coefficients where
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A,V € AZ‘ (n). The following lemma together with the identities from Corollary 4.4
gives an explicit reduction formula.

LEMMA 5.10. Let A\, p,v € P; Denote by v € Aﬁ(n) the unique intersection point of

the orbit vSy, with the alcove (53). Then
(104)

PO
NW_NW<

M (V) ) T

1
mo(v), My (v), mon(v), . .. Pl (mi(y),mi+n(y),mi+2n(1/),...) ’

where m;(v) and m;(V) are the multiplicities of the part j in v and U, respectively.

Proof. Recall that for v € P} the cardinality of S, is given by [S,| = [Tisomi(v)l.
Noting the equalities m,,(0) = mo(v) + mup(v) + ma,(v) + ... and m; (V) = m;(v) +

mitn(¥) + ..., one applies the definition of multinomial coeflicients to arrive at the
relation
v n—1 v
O B 1 ) ).
. . mO(V)7 mn(y)a an(I/), /i mi(”)a miJrn(V)a mi+2n(V)7 s
Applying equation (103) in (102) completes the proof. O

Let Lo be the number of Nyp-matrices whose row sums are fixed by the components
of the vector o and whose column sums are fixed by the components of the vector 3;
see Appendix A. The next lemma is the generalisation of the first identity in (167) to
the cylindric case.

LEMMA 5.11. Let A\, € Af(n) and v € PT. Set d = W, then the following
equality holds

(105) gk/d/u(y) = Z Lya'Nci\,u
UEPI
Proof. Insert the known expansion h, (z7",..., 2. ') = ZUGP; Luomo (7t o)

(see Appendix A) into the product m,(z7 ", ..., 2y Dh, (27, ... 2 ") in V| and com-

pare with (97), using the fact that {my(z!, ... 75”1;1)}>\6A+(n) is a basis of V. Note
k

that L, is nonzero only if |v| = |o|, which implies that on the right hand side of the

asserted equation only the coefficients Nci‘u appear for which W =d. 0

We have now all the results in place to state the main result of this section which
connects the cylindric complete symmetric functions with our discussion in the pre-
vious sections.

THEOREM 5.12. Let A\, u € A} (n) and d € Zxo. Then

(i) the symmetric function hy;q/, has the expansion
_ A
(106) h)\/d/,u - Z N/,Ll/ hy,
VEP:

into the basis {h,},ep+ C A, where the sum is restricted to those v € Pz for
which [v| = dn + |\ — |p].

(ii) We have the following formal power series expansions in z,
(107) W T H o) = 0N T H (o) =D 2o agu(w),
izl j>1 d>0

where \V = (1mnN2mn—1 () - pmi) s = u; and 2 = 271,
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Proof. We only need to prove (i) as (ii) is then a direct consequence of (84) and
Corollary 4.4. Using (105) one sees that Y 05,4/,(0) L, equals N, if d = W
and ¢(v) < k, and 0 otherwise. From (100) we then have

hyjajn = Ze)\/d/y(a)<maymu>hu = Z (Ze)\/d/p(U)L;gl)hu

which proves (106). O

There are several corollaries of the last theorem which are worth exploring. First
note that the expansion coefficients in (106) from (i) in Theorem 5.12 do involve N /1\1/
where v € P{ might be outside the alcove (53). While according to the reduction
formula (104) we can express these coefficients in terms of the fusion coefficients N 2;,

where U € A;(n) there is an alternative expansion of hy 4/, into the special set
{hoamk }oe At (n) of cylindric complete symmetric functions that only features the

original fusion coefficients N, with A, u and o € A} (n).

COROLLARY 5.13. Let A\, i € A} (n) and d € Zso. Then we have the expansion
d+k

(108) hasam = 9 > Npohojisa—a s
d=0 o
where the sum runs over all o € Af (n) such that |o| = d'n + |A| — |p].

Proof. Starting from the second identity in (84) we take matrix elements in the sub-
space of symmetric tensors to find,

(v, H H* (u;)vy,) = Z z_dhA/d/#(u)

i>0 d>0
= Z (v, Mjv, )by, (u) = 2% Z (vA,MjM;vthl,(u)
vePf veP!
= > (@ M) 2F Y (07, Myv)hy (u)
c€AT (n) vept
= Z <v>‘7M:vg> Z 2k P jar jun (1) -
ceAf(n) d"”>0

In the second line of this computation we applied the product identity v,, = Zk’UH’U"k =
ZkM;'Unk- in Vlj. Equating the coefficients of the same powers in z~!, we obtain the
asserted expansion. O

The cylindric functions used in the expansion (108) are particularly simple. To see
this we note that we can re-parametrise the cylindric complete symmetric functions
hxjasu in terms of skew shapes M/d/fi where A, fi are the partitions obtained from
A\ it € Af (n) by deleting all parts of size n and setting d = d + my,(\) — m,, (). The
resulting set {5\ € Pﬁ | n > N> > 0} of these “reduced” partitions forms an
alternative alcove for the Sj-action on cylindric loops. It is not difficult to verify that
the skew shapes \/d/p and A/d/[i are the same up to a simple overall translation in
the Z2-plane and, hence, that hyjaju = h;\/g/ﬂ. Setting 1 = n* and shifting d by k,
this becomes

(109) Pk /e = hS\/dJrku()\)/@ = haja/e
from which it is now evident that the latter functions are cylindric analogues of the
(non-skew) complete symmetric functions hjy.
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LEMMA 5.14. Let A € Af (n) and d > —m.,,(X), then we have the expansion
S
(110) hxjaje = Z ||S)\| hy

where the sum runs over all v € Sy, C Py, with |v| — |\| = dn. For all other values
of d € 7 the function hy,q/o is identically zero. Moreover, the (non-skew) cylin-

dric complete symmetric functions {hy/q/s | A € Af(n), d > —my,(N)} are linearly
independent.

Proof. The constraint on d follows trivially from observing that A/d/@ for d < £(\) —
k = —my,(\) is not a valid cylindric skew shape. From Theorem 5.12 we have the
expansion hyq/g = hy/dyi/nr = ZueP: Né‘kuhl,, where the sum runs over all v € P;:
such that dn = [v| —|\|. Employing Lemma 5.10 this can be rewritten as Ay jqqx/nr =
Y ovept Ni‘w%hu, where © is the unique intersection point of the orbit S, with the
. v
alcove (53). Using the equality N r)sz) = d,p proved in Corollary 4.4, the claim follows
since the only weights v € P;: for which o = X are the ones satisfying the constraint

Ve )‘gk
To show linear independence, note that each v € Pﬁ has a unique intersection

point with the alcove (53) under the level-n action of Sj,. Hence, in an arbitrary linear
combination of non-skew cylindric complete symmetric functions hy,q/5 we cannot
get any cancellation since the h, themselves are linearly independent. O

As another immediate consequence of Theorem 5.12, namely of (ii), one has the
following equalities between matrix elements and coefficient functions,

(111) (v Hyv,) = deAV/d/#v (v) and (v Hjv,) = z_dH)\/d/#(u).
In particular, the identity [S,|0x/a/.(¥) = S| 0,v /a/av (v) holds.

COROLLARY 5.15. Let A\, i € A} (n) and d € Zxo. Then
S
1Skl

One might ask whether there is a bijection between CRPP of shape A/d/u and
those of shape 1V /d/AY which explains the above relation combinatorially.

PROPOSITION 5.16. Let 11}, ,, be the set of all CRPP. The map V : l}, , — I ,, which
sends the CRPP 7t of shape A/d/u given by

AO[0] = 0], AW (], ..., AO[dr] = Ald)
to the CRPP &V of shape u /d/\V given by
VIO, AV d = diq], . AN [d = dy], A0 [d — do] = ¥ [d])
is an involution. Moreover, we have the equality,

_ 15l

113 0 =
(113) .|

Ozv .

Proof. First we show that the set of points A/d/u is a cylindric skew diagram if and
only if ¥ /d/\V is also one. Recall that A\/d/u is a cylindric skew diagram if and
only if u[0] < A[d]. From the equality A[d]; — p[0]; = p1"[d]jt1—i+a — AV [0]k+1-i4q for
i € Z, which is a straightforward computation, noting that A[d]; = \;_q4, one sees that
AV[0] € p¥[d] must hold. This proves the claim.
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FIGURE 3. Set n = 4,k = 3,d = 1 and choose A = (4,3,2), u =
(2,2,1) from A7 (4). Shown on the left is a CRPP # of shape \/d/u
and weight (4,3,1). Note the bounding box with top left corner at
(d,0), height k¥ and width n 4+ 1. The image #¥ of # under the map
V i Iy, — I, is displayed on the right. This is a CRPP of shape
w” /d/\Y and weight (1,3,4), where u¥ = (4,3,3) and AV = (3,2,1).
One sees how 7V is obtained from # by a rotation of 180° and the
swapping the numbers 1 < 3.

After a manipulation of (91) using the identity (Ao 7)) = X, +d and X, = k —

(AV)hso_is We arrive at

Sa
(114) QA/d/# = :S|9HV/d/)\v .
m

This proves our assertion for CRPPs 7 with { = 1. The case [ > 1 now follows by
observing that 7 is a sequence of cylindric skew shapes and that

! !
ISxc) Al
O = H O\ jdi—di 1 jaG-1) = H |S>\(i71>|a/w_l)v/(d*difl)*(d*di)/)\(”v - 1Sul Or
=1 i=1

O

5.4. CYLINDRIC ELEMENTARY SYMMETRIC FUNCTIONS. We now present the result
analogous to Theorem 5.12 for the second identity (85). As the line of argument apart
from minor differences parallels closely the one in the previous section, we will mostly
omit proofs unless there are important differences.

As a special case of cylindric reverse plane partitions one can define cylindric
tableaux 7', where the entries are either strictly increasing down columns or along
rows from left to right. Here we are interested in row strict CRPP defined as follows.

DEFINITION 5.17. A row strict CRPP of shape © = \/d/p is a map T : © — N such
that for any (i,7) € © one has

T(i,j)=T(i+kj—n),
T(i,5) <T(i+1,5), if (i+1,j) €0,
T(i,j) <T@,j+1), if(i,j+1)€0.
Alternatively, a row strict CRPP 1" can be defined as a sequence of cylindric loops
(115) (A©[0] = 0], A\D[da], ..., AO[dr] = Ald])

with A € Af(n) and d; — d;_; > 0 such that T7(i) = AD /(d; — d;i_1)/A\0"D is a
cylindric vertical strip. That is, in each row we have at most one box. We denote the
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A ~

weight of T' by wt(T) = (wty(T),...,wt;(T)). An example of a row strict CRPP for
n =4 and k = 3 is displayed in Figure 1.

We will now generalise the set (179) from Appendix A to the cylindric case and
proceed in a similar fashion to Section 5.3.

For A\, ;1 € A} (n) and d € Zs( define the set

(116) {weS:(Aor?); — (now); =0,1,VieZ},
and denote by /4, its cardinality.

LEMMA 5.18. The set (116) is non-empty if and only if A\/d/u is a cylindric vertical
strip. In the latter case we have that

IR & BACKE ORI
(117) Uasd/u fH ( (Nordy — ! )

i=1

Note once more that we define the binomial coefficients in (117) to be zero whenever
one of their arguments is negative.

Proof. The first part of the statement follows from an analogous line of argument as
in the proof of Lemma 5.5. Thus, we assume that A\/d/u is a cylindric vertical strip
and proceed by a similar strategy as in the proof of Lemma 5.5 rewriting the set (116)
in the following alternative form,

(118) A = {(’UJ,O() e SH* x Pk ‘ )‘i_ (,uowo,]jia)i :O’l’ |a| :d, oy > O} .
Next we construct a bijection between A and the set
(119) B={weS " |\—(uorlow); =01},

where in the latter the weights A and o7~ belong to P} . Fix an element (w, a) € A.
Because A, u € Af(n) it follows that a; is nonzero only if (10 w); = n, in which case
a; = 1. This implies that m;(uowox~%) = m;(po7=%) for i = 0,...,n, and thus

d «

there exists a unique permutation w(w, ) € SHo™™" such that ot~
as weights in Pg. By construction w(w, ) € B.

Conversely, given w € B define a weight o(w) € Py, such that a; = 1 if (po7~
w); = 0 and o; = 0 otherwise. Then there exists a unique permutation w(w) € S* such
that powox™ = gor~ 90w as elements in Py ,,. By construction (w(w), a(w)) € A.

Noting that (uo7~%)! = u} — d the asserted equality then follows, since the cardi-
nality of (119) is equal to 1) /,0r—a by Lemma A.4 and (179). Hence,

- MNo— N “ (o1 — (Nor?),
_ _ i i+1 _ i +1
w)\/d/,u - %/uord - g ( Y ) - H ( u; _ (/\ ° Td)/ :

(poT=9); = Xy el i1

ow = powoxr~

d g

O

Given a row strict CRPP 7 set Yp = ]_[2‘21 wx(n/(di,diil)/,\(iq) , where the cylindric
skew diagram A9 /(d; — d;_1) /A0~ is the pre-image T'(4), and denote by uT the
‘{vtl(’f”)u\évtg('f) o

monomial in the indeterminates ;.

DEFINITION 5.19. For A\, i € A (n) and d € Z>q, introduce the cylindric elementary
symmetric function ey 4/, as the weighted sum

(120) exsayu(u) =Y’
T
over all row strict CRPP T' of shape \/d/u.
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Since ¥x/0/p = Yayu, according to Lemma 5.18, it follows that for d = 0 we
recover the (non-cylindric) skew elementary cylindric function ey, g/, = ex/, from
Appendix A; see (174).

In a similar vein as in the case of cylindric complete symmetric functions one
proves that ey /4, is also a symmetric function by deriving first the following product
expansion in the quotient ring V,j .

Let A\, o € Agn, v € P, d € Z>( and define

(121) Vasd/u(v ZwT’

where the sum is restricted to row stricc CRPP T of shape A/d/u and weight
wt(T) = v.
LEMMA 5.20. The following product rule holds in V,j,
(122)
mu(l‘l_la"'axlzl)eu(xl_lv ’rk;l) - Z Zﬁdwk/d/u(y)m)\(xl_lv"'7x];1) ’
AeAS (n)
where d = W In particular, ¥4/, (v) is nonzero only if dn = |p| + |[v] — |A].
Analogous to the line of argument followed in Section 5.3, we deduce from (122)

that ¥y /q/,(v) is invariant under permutations of v. Moreover, setting v = (1") with
7 = dn + || — |u| there exists at least one T of that weight and, hence, Yasasu(17)
is nonzero as long as A\/d/u is a valid cylindric shape.

Because the proof of the following two statements parallels closely our previous
discussion we omit it.
COROLLARY 5.21.

(i) The function ey/q;,, has the expansion
(123) ex/d/p = Z Uasd/u(V)my
vePt

into monomial symmetric functions and, hence, is symmetric.
(ii) The expansion coefficients (121) have the following alternative expression,

A
(124) ¢A/d/;1, Z M, Naua
UePf

where Myg is the number of all (0, 1)-matrices with row sums equal to «; and
column sums equal to B;.

Taking matrix elements in the identity (85) we obtain the following:

THEOREM 5.22. Let A, n € A} (n) and d € Zso. Then

(i) the symmetric function ey;q/, has the expansion
(125) exafu= Y N
VEPZ

into the basis {e,},ep+ C A, where the sum is restricted to those v € Pg for
which |v| = dn + |\ — |p|, and
(ii) we have the formal power series expansions

(126) HE Uj)Upv) HE* j)vp) ZZ ex/d/u(u

j>1 i>1 d>0
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Note that (ii) implies the following equalities between matrix elements and coeffi-
cient functions,

(127) (v’\, E,v,) = zdz/)Av/d/Hv(u) and <U/\7 Ejv,) = z_dqp,\/d/u(u).

In particular, the identity [S,|¥x 4/, (¥) = [SAl ¥uv /a/av (v) holds. By a similar line of
argument as in the case of cylindric complete symmetric functions one arrives at the
following “duality relations” for cylindric elementary symmetric functions and row
strict CRPP under the involution V : Il ,, — Il ,:

PROPOSITION 5.23. The involution V : Il , — 1 ,, from Proposition 5.16 preserves
the subset of row strict CRPP T and one has the equalities

Sy Si
(128) w’f |S I ’(/JTV and e)\/d/u |S : B“V/d//\v .

We omit the proof as the steps are analogous to the ones when proving Proposi-
tion 5.16.

5.5. CYLINDRIC SYMMETRIC FUNCTIONS AS POSITIVE COALGEBRAS. As an easy con-
sequence of Theorems 5.12 and 5.22 we now compute the coproduct of the cylindric
symmetric functions in A viewed as a Hopf algebra (see Appendix A). This will allow
us to identify certain subspaces of A whose non-negative structure constants are the
fusion coefficients NV ;}V € Zso with A\, u,v € Af(n) and for which we have derived
three equivalent expressions in (59), (70) and (102).

COROLLARY 5.24. The image of the cylindric complete symmetric functions under the
coproduct in the Hopf algebra A is given by

(129) Alhaap) = D D hajausv @ hujayj
ditde=d ye A} (n)
The analogous formula holds for ey;q;,, and both families of functions are related via
(130) Y(hajape) = (D)= ¥dne
where v : A — A is the antipode.

Note that (129) implies the recurrence formula
l/ dQ
Pjasu(us, ug,...) = Z Z A=l "0y ds juhinsdy o (U2, us, - )
dy+do= dv€A+(n)
with the coefficient 6,,,4,/, given by (91). The analogous identity holds for ey 4/,
with ¥y /4, /, from (117) instead.

Proof. The coproduct expressions follow from inserting the identity map into (ii) of
Theorem 5.12,

<UA7H*(U1)H*(I&2) cH*(v1)H" (v2) - - vp)
Z (0, H* (w) H* (ug) - - - v, ) (0¥, H* (v1) H* (v2) -+ v,,)

veAL (n)

Using the power series expansions from (ii) of Theorem 5.12 and comparing coefficients
of each power 2% the asserted equality follows. The same trick applies to the coproduct
formula for ey /q/,,-

The relation involving the antipode 7 (see Appendix A for its definition) follows
from the expansions (i) in Theorems 5.12 and 5.22 as well as the identity v(hy) =
(—1)‘”6)\. U
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Setting u = @ in (129) and using the expansion (108) as well as (130) we arrive at
the desired result:

COROLLARY 5.25. The respective subspaces spanned by
(131)
{hrjaje | A€ .A,:.'(n), d>=—m,(\)} and {exyae | A € A:(n), d>-m,(\)}

each form a positive subcoalgebra of A with structure constants Nli‘,,, A,V € .A,j(n),
(132)

A(hyjajo) = Z Z hxjay u®@hpdsyos Pajanp = Z ZNﬁyhu/dﬁd;/z ;
d1+d2:dp,e,,4:(n) dyez v

where the second sum runs over all v € Af(n) such that |v| = |A| + din — |u|. The
analogous coproduct expansion holds for the functions ey ;q/z-

5.6. EXPANSIONS INTO POWERS SUMS. In light of Theorems 5.12 and 5.22 and the
definitions (32), (33) and (34), we discuss the expansion of the cylindric functions from
the previous sections into power sums; compare with the formulae (181) in Appen-
dix A. The resulting expansions coeflicients describe the inverse image of the cylindric
functions under the characteristic map (159). Note that according to Theorems 5.12
and 5.22 the cylindric functions hy,q/,, and ey;q/, have both degree m = |A| —|u|4-dn.
We wish to obtain the analogue of Lemma A.10 for the cylindric case and start by
introducing the generalisation of an adjacent column tableau; see Appendix A.

DEFINITION 5.26. For A\, i € A} (n) and d > 0 call the cylindric skew shape \/d/p
a cylindric adjacent column strip (CACS) if it is either a cylindric horizontal strip
whose bozes lie in adjacent columns or a translation thereof, i.e. there exists 0 < d' < d
such that A\/d — d'/u obeys the former conditions. We call a CRPP # a cylindric
adjacent column plane partition (CACPP) if each cylindric skew shape #71(i) =
AD Jdy — di_1 /A=Y s a cylindric adjacent column, strip.

Implicit in the above definition is that d’ can only take the values d = d or
d' = d— 1, since the cylindric skew shape A/d — d’/u can only be a horizontal strip if
d—d =0,1. See Figure 1 for an example of a CACPP when n =4 and k = 3.

By similar arguments as in the non-cylindric case discussed in Appendix A one
shows the following;:

LEMMA 5.27. Let A/d/p be a CACS with v = (|A\| — |u| + nd) & nN. Then there exists
a unique 1 < a < n such that Ao 7% = p(a,r), where u(a,r) is the unique element in
Pi.n whose cylindric loop is obtained as follows: starting in columns a mod n of the
cylindric loop of u consecutively add one box in each of the (r — 1) adjacent columns
on the right.

This lemma explains our previous definition of a CACS: similar as in the non-
cylindric case discussed in Appendix A we consider cylindric skew shapes A/d/u that
are obtained by consecutively adding one box in adjacent columns; see Figure 4 for
an example.

However, in contrast to the non-cylindric case it can now happen that if r =
[A] = |¢| + nd = n the strip “winds around the cylinder” and due to the periodicity
condition the final skew shape A/d/u with d > 1 will contain more than one box in
the same column; see once more Figure 4 for an example. If this is the case then the
skew shape can be reduced by applying the translation operator 7!, say d’ times,
until A\/d—d’/u contains less than n boxes. This “reduced skew shape” must again be
a horizontal strip. In particular, if » = |[A| — |u| + nd = mn is a multiple of n then we
have the trivial case where A = u and the skew shape is obtained by acting m times
with 7.
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FIGURE 4. Choose A\ = (2,1,1), p = (2,2,1) and v = (4,2,1) in
A7 (4). On the left we have the CACS \/1/p with Ao7 = (3, 3) ob-
tained by adding one box in columns 3,4, 5 modulo n to the cylindric
loop of pi. Since ms(AoT) = my(\) = 2 we have /1, = 2. Depicted
on the right the CACS v/1/u where v o7 = u(3,6) is obtained by
adding a box in columns 3 to 8 modulo n. As indicated by the shading
of boxes, here the CACS winds around the cylinder. Note that this
CACS is obtained by translation of the horizontal strip v/0/u = v/ .
Since mg(v o 7) = my(v) = 1 we have ¢, /1/, = 1.

Let us now extend the definition of the function ¢y 0/, = ¢/, from Lemma A.10
to d > 0, where \/d/u with A\, u € Af(n) is a CACS. Employing Lemma 5.27 we
introduce for each such adjacent column strip the coefficient

Ma—14r(Ao7?), rmodn#0
Pr/d/p =

133
(133) k, else

and for a given CACPP # define p; = Hi:l OAD J(di—d;_)/AG-1 - We adopt the
convention of setting ¢y (g,—q, ,)/ac-n = 0 if AD/(d; — d;i—1)/A0Y is not an
adjacent column strip and define the weight of 7 as in the case of a more general
CRPP. Denote by

(134) %\/d/u(V) = Z (2

the weighted sum over all CACPP of shape A/d/u and weight v. Note that it fol-
lows from these definitions that for v € PT with some v; > n we have the equality
©x/d/u(V) = ©x/(a-1y/u(- - -, Vi =1, .. .), since both sets of CACPP are in bijection by
translating the ith CACS with 7 and because mq_14,(Ao7%) = mgq_14r_n(Ao7d7h)
for r > n.

THEOREM 5.28. Let A\, pu € A (n) and d € Zxq. The cylindric functions hy;qy,, and
ex/d/p have the expansions

_ ox/d/u(V) _ ox/d/u(V)
(135) hajam =Y EP— and exjap = Y B
vePt+ vePt
into the basis of power sums. In particular, py/q/,,(v) vanishes unless dn = |pu|+v|—|A|.

The proof of the theorem follows the same strategy as the proof of the previous
expansion formulae. Namely, first one shows the following product expansion in the
quotient ring V,j' :
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LEMMA 5.29. For u € .A;: (n) and v € PT we have the following product identity in V,:',
(136)

m#(mfl,...,xlzl)pu(xfl,.. xkl)— Z z_dapA/d/M(V)m,\(xll xkl),
AEAT (n)

where only those \ appear in the sum for which || = |p| + |v| — dn with d € Zx.

The second lemma needed to prove the expansion into power sums is the following
generalisation of equation (182) from Appendix A.

LEMMA 5.30. Let Ry, be the transition matriz from the basis of monomial symmetric
functions to power sums, then we have the following equality

(137) (p)\/d/,u Z R,oN, 0;1,7

UEP+

|+l —[A]
- S Z)O.

where, once more, d =
We omit the proof as it is similar to the non-cylindric case.
COROLLARY 5.31. We have the following formal power series expansions

(138) ([ Hug)ver) = 0N ] Ho o) = 324> ‘P*/d/“ pu(u)

=1 j=1 d>0 v

where the sum runs over all v € PT such that dn + [N = |u| + |v|. The analogous
expansions hold for the cylindric elementary symmetric functions when replacing H —
E and p, — €,p,; compare with (32).

Proof. The power series expansions follow from the identity
k
(139) [TH@)=TI]]0 - Xiu)™" = > 25" Papa(u),
j>1 i=1j>1 AeP+

and its analogue for Py, in Endg Vi. These latter identities are a direct consequence
of Lemma 2.8. Taking matrix elements in the subspace of symmetric tensors we arrive
at the desired equalities. O

Note that we allow for weights ¥ € P* in the matrix elements (v*, Pfv,) and
that this is consistent with the definition of ¢y /4/,(v) in terms of cylindric adjacent
column strips. Namely, suppose that v1 > n then

205 a/u(v) = (V¥ Pru,)
= < P;kl nP’ZP* > - Zidcp)\/(d—l)/u(yl -—n, V27V3a"') )

where the last equality is the previously explained identity between weighted sums of
CACPP which differ by shifting one of their CACS with 7.

Furthermore, the above expansion into power sums implies the following equalities
between matrix elements and coefficient functions,

(140) <U>\v PI/U,U«> = Zd‘)okv/d/,uv (V) and <'U)\a P:Ult> = Z_dQO)\/d//L(V) .

These formulae describe the image of U’ in Endg V,j' in purely combinatorial terms.
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5.7. SHIFTED ACTION AND CYLINDRIC SCHUR FUNCTIONS. We now describe the con-
nection between our construction and the cylindric Schur functions discussed by sev-
eral authors in the literature; see e.g. [41, 37, 33]. The new aspect in this article is
their link to the shifted action of Sk, the principal subalgebra and the proof that they
form a positive subcoalgebra of A together with the expansion (157).

Let p = (k,...,2,1) € PZ be the staircase partition of length k, then for any
e AZ+ (n) the difference X = X\ — p is a partition whose Young diagram fits inside a
bounding box of height k£ and width n—k. Denote the set of these “boxed partitions” by

(141) Ben)={A|n—k>X>...> X\ >0}.

To obtain the corresponding cylindric loops, observe that because of the shift by p
weights X\ € Pj, are now identified with maps X\ :Z — Z in the set Pi.n—k, i-e. they
satisfy the condition \iyr, = \; —n + k. As before these maps describe lattice paths
{(i, M) }iez on a cylinder € ,,_x = Z%/(—k,n — k)Z albeit with circumference n — k
instead of n.

Denote by p : Z — 7Z the map whose values on [k] C Z are fixed by p € Py, and
which satisfies p;+r = p; — k.

LEMMA 5.32. The map Py p— X Sk — Pin—k given by
(142) Nd) = AOd=N+p)ow—p,

where the plus and minus sign refer to the usual addition and subtraction of maps,
defines a right action. The latter coincides with the known shifted level-n action of Sy
on Py.

Proof. First we note that (A4 p)itr = Nitk + pisk = (A + p); —n and, hence, (X + p)
is in the set Py . So, we can exploit the previous right level n action on Py, from
Lemma 5.3. By construction the resulting map A ®  is then in P n—x. Moreover,
restricting each map to [k] C Z, one proves that this gives the familiar shifted Weyl
group action on Py. O

Note that By(n) is a fundamental region with respect to the action (142). The
action of the shift operator 7 on a boxed partition A € By (n) consists of adding a rim
hook or ribbon of length n starting in row k and ending in row one. Here a ribbon is
a skew shape which does not contain a 2 x 2 block of boxes and which is edgewise
connected, i.e. all the boxes share a common edge with another box in the skew shape;
see Figure 5 for an example. The particular n-ribbon generated by 7 is obtained by
adding a horizontal strip of width n — k and then a vertical strip of height & (or
vice versa) and has been called a circular ribbon in [41] as it “winds once around
the cylinder” € ,_. Thus, repeated action with 7 now corresponds to a shift of the
cylindric loop A[0] in the direction of the lattice vector (1,1) in Z2. This coincides
with the conventions used in [41, 37].

DEFINITION 5.33. Define a cylindric ribbon as a cylindric skew shape X/d/ﬂ which is
either a ribbon or a translation thereof, i.e. is obtained by adding additional circular
n-ribbons by acting with T on X. A cylindric ribbon plane partition is a cylindric
reverse plane partition T such that each cylindric skew shape 7~ 1(i) is a cylindric
ribbon.

The shift by p provides an obvious bijection between cylindric adjacent column
strips A/d/p with A, u € Af*(n) and cylindric ribbons A/d/ji and one obtains there-
fore the following analogue of Lemma 5.27:
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FIGURE 5. Set n = 5 and k£ = 2. Shown above are examples of
cylindric ribbons for A = (2,1), it = (2,2). On the left we have the
cylindric skew shape A/1//i which is a ribbon of length 4 and height 2.
On the right the cylindric ribbon A/2/fi which has length 5+4=9 and
height 2+2-1=3 because a circular n-ribbon has been added. Hence, it
winds once around the cylinder. The resulting cylindric loop belongs
to the partition fi(3,9): starting in the shifted diagonals 3 modn
one consecutively adds 9 boxes, one in each subsequent diagonal as
indicated by the shading.

LEMMA 5.34. Let \/d/[i be a cylindric ribbon with v = (|A| — |ji| + nd) & nN. Then
there exists a unique 1 < a < n such that Aot = i(a,r), where fi(a,r) is the unique
element in Py 1 whose cylindric loop is obtained by consecutively adding one box
(i,7) per (shifted) diagonal k+ j —1i in the cylindric loop of i starting in the diagonals
a mod n and ending in the diagonals (a +r — 1) mod n.

The case when r = mn corresponds to A = i and adding m circular n-ribbons;
compare with our previous discussion of cylindric adjacent column strips. Define the
height ht(\/d/ 1) of a cylindric ribbon A/d/[i to be the number of rows ji(a, r) occupies.
Each circular ribbon has by definition height k. For A, i € Bi(n) set

1.
(143) XS\/d/ﬁ(V) — Z H(*l)ht(ﬂ (z))fl7
T i>0

where the sum runs over all cylindric ribbon plane partitions 7 of shape A/d/fi and
weight v.

LEMMA 5.35. Let A\, pu € A;:+ (n). Then we have the following equality between matriz
elements in the subspace of alternating tensors (76) and weighted sums,

(144) (0 Prug) = =~ (=)™ Dy (0),
where both sides are identically zero unless d = (|pu| + |v| — |A|)/n € Zxo.

REMARK 5.36. For 2z = (—1)k¥=1¢~! the above matrix elements encode for the special
case v = (r) with r < n the Murnaghan-Nakayama rule for the quantum cohomology
ring ¢H*(Gr(k,n)) described in [38, Thm 2].

Proof. Tt suffices to prove the assertion for v = (r) as the general case then follows
from repeated application of the formula where v has only one nonzero part.

Let us first assume r < n. Parametrise the partition u € A (n) in terms of a
01-word of length n where the 1-letters are at the positions p; from left to right.
The action of the Lie algebra element e;; with ¢ > j on vy then yields the vector
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(fl)zzzj m"(“)ilvﬂ(m_j) provided m;(u) = 1. The minus sign results from the fact
that we take matrix elements in the subspace of alternating tensors. Thus, P} adds
all possible ribbons of length 7 to i with sign factor (—1)M3/d/m)=1+d(k=1) with
AT = i(j,7) and d = 0,1. This proves the assertion for r < n.

For r > n note that the cylindric ribbon winds around the cylinder at least one
time. Each such winding is represented by the action of 7, which adds a circular ribbon
of length n and height k, before the remaining ribbon of length » — n is added. Thus,
we have the recurrence relation

Xa/a/a(r) = (=1 'X5,/a_1y/a(r —n) -

Repeatedly employing that P* = z~1P*_ one then proves the assertion by reducing
it to the previous case of ribbons shorter than n. O

DEFINITION 5.37. Let A\, ji € Bi(n) and d > 0. Denote by N and [i' the conjugate
partitions and define the following element in the ring of symmetric functions A,

Xx/a/i (V)
(145) Sj\//d/ﬂ/ = Z L €vPy -

vePt v

The latter definition can be interpreted as a cylindric or affine version of
the Murnaghan—Nakayama rule: if d = 0 we recover the skew Schur function
Sy /o0y = Sx i which case it is known that its inverse image under the character-

istic map (159) is the character of the S,,-module (with m = || — |fi|) obtained by
generalising Young’s representation to the skew tableau N’ /i'. The character values
are then known to be equal to x5/ o/ (V).

We have chosen to parametrise (145) in terms of the conjugate partitions, because
we will identify the function (145) with the (conjugate version of the) known cylindric
(skew) Schur function in the literature using level-rank duality. The following lemma
will allow us to do this.

LEMMA 5.38. Let \, i € Bi(n) and o, B € Pt with a; < n —k and By < k. Setting
z = (=1)*"1¢=1 we have the following equalities,

(146) <U>\,H:¥Uﬂ> = <UXV,HO/UEV> = quS\/d/l_ha’

(147) (A Biop) = (0N, Bgopv) = ¢*K5 41 50
U
Xd/i.B a
cylindric reverse plane partitions of shape \/d/pn with weights o and (3.

where K;\/d/ﬁﬂ and K are respectively the number of column and row strict

The numbers Kf\/d/;'ua and K&/d/ﬁ,ﬂ are known to be identical with the quan-
tum Kostka numbers which describe the (repeated) multiplication of a Schubert
class with Chern classes of respectively the quotient and canonical bundle; see [8,
Props 3.1 and 4.3] and [41, Cor 4.2] for details. Moreover, due to level-rank duality

qH*(Gr(k,n)) = qH*(Gr(n — k,n)) [8, Prop 4.1], one has K54/ o

where X, i’ are the conjugate partitions of \, fi.

_ /
- KX’/d/ﬁ',a’

Proof. We employ the mentioned results [8, Props 3.1 and 4.3] to prove the assertion.
Let {o5}xep, (n) denote the basis of Schubert classes in ¢H*(Gr(k,n)). Then we have

Tr05 = D xeBu(n) qo5, where the sum runs over all A\ € Bg(n) such that \/d/ji is
a cylindric horizontal strip and d = (r + |g| — |\|)/n. Using the ring isomorphism
qH*(Gr(k,n)) 2V, with z = (—1)*"1¢~! from Corollary 4.11, it then follows that
Hivg = 35 qd'U;\, where the sum runs over the same partitions A as before. The
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general case now follows by repeated action with H; , H},, etc. Similarly, one shows

the identities for KA/d/M 5 O

THEOREM 5.39. Set ¢ = (—1)¥=1271. Then one has the formal power series expan-
stons

(148) W T B wjva) = 0>, T Ewi)var) =3 a%sxijaym ()

i>1 j>1 d>0

where ¢ = ¢! and u; = u;. In particular, the function (145) equals the (conjugate)
cylindric Schur function. That is, we have the identities
(149) S\ = D K5y gy = > Kxjaspnmo

vi<n—k vi<n—k
where v € PT and we have used level-rank duality in the second equality.

Recall that under the specialisation u; = 0 for ¢ > k the cylindric Schur functions
becomes the toric Schur polynomial from [41] which has the expansion [41, Thm 5.3],

(150) SJ\/d/ﬁ(U17~-~, Z C’;‘Vds,, (w1, ..., uL),
veEBL(n)

where (v, Srvp) = qu’i\-d are the Gromov—Witten invariants of ¢H*(Gr(k,n)) and

the sum runs over all 7 such that nd = |fi| 4 || — |A|. Here we have used the equality
Cg‘;;d = C,:)'Zj = (v, §%vur) and, thus, the isomorphism ¢ H* (Gr(k,n)) & ¢H*(Gr(n—
k,n)), which can for example be derived from (80), (82).

Proof. Consider the subspace V,~ and take matrix elements in the Cauchy identities

k
(151) H E*(u;) = H H(l + X u;) = Z 2 e, Pip, (u Z EXmy,(u
j>1 i=15>1 AeP+ vep+
Then we obtain from the second equality the power series expansions and from the
third one — with help of Lemma 5.38 — the asserted equality between (145) and the
cylindric Schur function. Namely, observe that in Endgs V;, we have E = 0 for r > k.
Hence, we arrive at

W T E (u)op) = > 0N Bxopdma (u) = g5 gy (0)

j>1 v <k d>0

Swapping the partitions with their conjugates, A — X and i — ji’, and exchanging k
with n—k in the above equalities, we arrive at the asserted identity with the cylindric
Schur function upon employing level-rank duality, K75 Jd)ia = K /i\, St o O

We recall the following fact proved in [8, Main Lemma]: let v € P;, then the image
of the Schur polynomial s, € Ay, under the projection Ay, — ¢H*(Gr(k,n)) is given by

(152) S, — (_1)kT_Z::1ht(pi)qrsz>, ifon <n—k
0, else,

where v is the n-core of the partition v and the p; are a sequence of n-ribbons
removed from v to obtain . The number 7 of n-ribbons removed defines the so-called
n-weight of v. Note that while the sequence of n-ribbons is not unique, the final result
will not depend on the particular choice of the p;, see e.g. [25]. As in our previous
discussion of the cylindric Schur function, our version of the quotient map (152) is
related to the one in [8] by level-rank duality, that is, we take the conjugate partitions
instead in order to emphasise the similarity to the Murnaghan—Nakayama rule.
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COROLLARY 5.40. Let \, i € Bi(n) and v € P;. We have the following identity for
matriz elements,

(—1)Fr 2 M gd AT g < — k

0, else,

(153) (W, Sjva) = {

where nd = || + |v| — |\ In particular, setting ¢ = 1 we have the expansion

(154) Sy pagm = 0 Svp)sy
of cylindric Schur functions into Schur functions, where the sum runs over those
v € P for which |v| = |\| — || + dn.

Proof. Starting point is the last equality in the Cauchy identity (85). Taking matrix
elements in the subspace of alternating tensors and using the ring isomorphism from
Corollary 4.11 the assertion follows from (152). O

The expansion formula from Corollary 5.40 shows that in general cylindric Schur
function fail to be Schur positive. This was already pointed out by McNamara [37,
Thm 6.5]. McNamara conjectured [37, Conjecture 7.3] that a general (skew) cylindric
Schur function s34/, has non-negative expansion coefficients in (non-skew) cylindric
Schur functions of the type S3/d) with A € Bi(n) and d > 0, which he showed
to be linearly independent [37, Prop. 7.1]. In order to facilitate the comparison we
again employ level-rank duality and exchange k with n — k and partitions with their
conjugates.

COROLLARY 5.41. Let P5(d) C P;le denote the subset of all partitions v € P;lk,

whose n-core is v = N and whose n-weight, the number of n-ribbons p; removed to
obtain v, equals d. Then

d
(155) Svaje = Y (DI 0,
IJEP;\(d)
and taking the Hall inner product (161) in A we obtain
(156) (37425 5a/@ /) = Oxpdaa [Px(d)],
showing that the cylindric (non-skew) Schur functions are orthogonal and, hence,

linearly independent.

Proof. The expansion formula is immediate upon setting i = @ in (154). The compu-
tation of the Hall inner product then follows by observing that the n-core of a partition
is unique and that Schur functions are an orthonormal basis in A with respect to the
Hall inner product. U

A proof of McNamara’s conjecture was recently put forward by Lee [34, Thm 1]
using the connection between cylindric Schur functions and affine Stanley symmetric
functions pointed out by Lam in [33]. Here we give an alternative, somewhat shorter
proof of McNamara’s conjecture as a direct consequence of Theorem 5.39 and show

that the expansion coefficients are given by the Gromov—Witten invariants Cgl’;d.

COROLLARY 5.42. Let \, ji € By(n) and d > 0. Then we have the expansion

d 3 ’
(157) Ssjam = D D Ca Soja-a/o
=0 v
where the sum runs over all v € By(n) such that o] = |\| +nd' — |f|.
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Proof. The proof is analogous to the one from Corollary 5.13. Taking matrix elements
in the subspace V), of alternating tensors in the last equality of the generalised Cauchy
identity (85) we obtain from Theorem 5.39,

N TTE (wiva) =3 a0 japm (@) = > (07, Siva)se (u)

i20 d=0 oeP}
= Y (W S5Sva)se(u)
UEPz
= Z <U)\,SEU17> Z <Ul77$’;1}®>5(7/(u)
vEBK(n) UEPI
= Z <v/\,5’:§vl—,> Z q° St ar o (W) -
vEB(n) d’">0

Here we have used in the second line the product identity vy = vzve = Sjve in V'
compare with Corollary 4.11. Comparing powers in ¢ we obtain the asserted expansmn
upon employing once more level rank duality, (v*, S;v,,> =q C”\ - =¥ C”\, 2, where
d' is fixed by the relation stated in the corollary. (|

By a completely analogous argument as in the proof of (129), one derives the
following coproduct formula for cylindric Schur functions in the Hopf algebra A:

COROLLARY 5.43. Let A\, Ji € By.(n) and d € Zsq. Then

(158) A(S5ja/a) = Z Z $x/dy /v © Sv/ds /i -
d=d1+d2 vEBK(n)

In particular, specialising i = @ it follows from (1?7) that the subspace spanned by
the cylindric non-skew Schur functions {s5 4,5 | A € Br(n), d > 0} is a positive
subcoalgebra of A.

Note that when setting d = 0 the resulting finite-dimensional subspace is spanned
by the Schur functions s5 with A\ € By,(n) and we see from the coproduct formula (158)
that only (non-cylindric) skew Schur functions can occur. We thus recover the state-
ment from the introduction, the resulting finite-dimensional coalgebra is isomorphic
to H*(Gr(k,n)) (viewed as a coalgebra).

APPENDIX A. THE RING OF SYMMETRIC FUNCTIONS

This appendix first recalls some known results about the ring of symmetric functions
and then proves some formulae for weighted sums over reverse plane partitions (as well
as for subclasses of them) that we need for the generalisation to cylindric symmetric
functions in the main text and which we were unable to find in the literature.

A.1. SYMMETRIC FUNCTIONS AS HOPF ALGEBRA. Recall the definition of the ring

of symmetric functions A = C[p1,pa,...], where p, =3, | x] are the power sums in
some commuting indeterminates x;. While we shall work over the complex numbers,
we note that the power sums {px}rcp+ with px = px,pr, -+ and P* the set of

partitions, form a Q-basis. The latter basis is distinguished as it provides a link
with the characteristic map [36, Ch. I]. Namely, recall that A = €P, -, A™ with A™
denoting the set of homogeneous symmetric functions of degree m, is a graded ring.
Given a permutation w € S,, in the symmetric group on m letters, denote by p(w) the
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partition fixed by the cycle type of w. Then the map ch : Class(S,,) — A™ that sends
a class function f of the symmetric group S, to a homogeneous function of degree m,

(159) ch(f)= Y %u;)pu(w) =y f(fj) P

V4
wWESm pEm

is known as characteristic map. Here f(u) denotes the value of the class function on
the class fixed by the partition p and the constant

(160) zy = [ [ Pmi (M)
i>1

is related to the size of the conjugacy class in S,, fixed by A F m. Here
m;i(\) = Aj — Aj,; denotes the multiplicity of ¢ in A\ and A’ the conjugate partition.

The set of class functions, which can be identified with the centre of the group
algebra of S, carries a natural inner product, (f,g) = (1/m!)>_ cq f(w)g(w). The
latter induces the Hall inner product on A by requiring that ch is an isometry. In
terms of the power sums the Hall inner product then reads,

(161) <p,\7p#> = 5)\#Z)\ .

Once the Hall inner product is in place, one can introduce a coproduct A : A - AQA
via the relation

(162) (Af,g@h) =(f,gh),  f,g,h €A,

compare with [36, Ch. I.5, Ex. 25]. The power sums are primitive elements with respect
to this coproduct, A(p,) = p, ® 1 + 1 ® p,.. Endowing A in addition with an antipode
v: A= A y(pr) = —p, and co-unit e(p,) = 0, the ring of symmetric functions
becomes a (self-dual) Hopf algebra [53]. Note that the antipode is closely related to
the involutive ring automorphism w : A — A with w(p,) = (=1)""!p,., which is also
an isometry of the Hall inner product; see [36, Ch. 1.2 and 1.4].

A.2. THE DIFFERENT BASES IN THE RING OF SYMMETRIC FUNCTIONS. Besides the
power sums there are also the following Z-bases of A which we will need for our
discussion:

A.2.1. Monomial and forgotten symmetric functions. Set my = >, ® where the
notation a ~ A\ means that « is a distinct permutation of A € Pt. These are the
monomial symmetric functions. Their images under the antipode, fy = (—1)*y(my)
are known as the forgotten symmetric functions.

A.2.2. Complete and elementary symmetric functions. The dual basis of {my}ep+
with respect to the Hall inner product (161) is known as the complete symmetric
functions {hx}xep+, i.e. (mx, hy) = 05, Their explicit definition is Ay = hy, by, - -+,
where h, = Zlgilg--»gir Ti, Tiy - - - T;,.. Applying the antipode one obtains the ele-
mentary symmetric functions, y(hy) = (—1)Mey. Explicitly, ex = ey, ex, --- with

Cr = Zl<i1<~~<ir Lj  Ljy * T,

A.2.3. Schur functions. Denote by sy the image of the character of the Specht
module of S,, indexed by a partition A F m under the characteristic map (159). This
is the Schur function. The latter has the known determinant relations

sx = det(hx,—itj)1<ii<en) = det(ex —itj)i<iz<en)

where )’ is the conjugate partition of A and £(\) its length, i.e. the number of nonzero
parts; see [36, Ch. 1.2] for further details.
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A.3. GENERALISED PIERI TYPE RULES AND THE COPRODUCT. We now employ the
Hopf algebra structure on A to define “skew complete symmetric functions” k), and
“skew elementary symmetric functions” e, via the coproduct expansions (3) from
the introduction. It follows at once from (161) and (162) that both functions are
determined by the three product formulae

(163)  mum, =Y fa,ma, muhy =Y 0y W)ma,  mue, =Y s (v)ma,
A A A

which uniquely fix the coefficients. The following result is immediate; compare with
the discussion of skew Schur functions in [36, Ch. I].

LEMMA A.1. The functions hy;,, and ey, can be expanded as

(164) haju =Y e =Y 0x/u()my
(165) Ex/p = Zfﬁ\yeu = Zw/\/u(y)mu .

Proof. Let g € A then it follows from (162) that (hy/,, g) = (hx,mug) and (ex/,, g) =
(ex, fug). Because

h)\/p = Z<h)\/,uvmu>hu = Z<h)‘/“’ hu>mu
one deduces, using (163), the first and second equality of (164) respectively. The proof
of equation (165) is analogous. O

All of the expansion coefficients in (163) are non-negative integers and have com-
binatorial expressions, which we know recall. For the product of monomial symmetric
functions the expansion coefficients ‘;\V in (163) are given by the cardinality of the set

(166) {(a,B) [a+ 5=},

where a ~ g and 8 ~ v are distinct permutations of respectively p and v; see e.g. [11].
This also fixes the expansion coefficients for the second and third product in (163).

Recall that hy = Z# Lyumy, where Ly, is the number of N-matrices A = (a;5)i j>1
which have row sums row(A) = A and column sums col(A) = p. Similarly ey =
>, Mymy,, where My, is the number of (0, 1)-matrices A = (aj;);,;>1 with row(A) =
A and col(A) = p; see e.g. [47, Ch. 7.4, Prop 7.4.1 and Ch. 7.5, Prop 7.5.1]. Then it
follows at once that

(167) Oru(V) =Y Liof2, and () => Myf),.

Here we are interested in alternative expressions using reverse plane partitions as the
latter suggest a natural generalisation to cylindric reverse plane partitions.

A.4. WEIGHTED SUMS OVER REVERSE PLANE PARTITIONS. Given two partitions A, p
with g C A recall that a reverse plane partition (RPP) m of skew shape \/u is a
sequence {\W}!_, of partitions \(*) with

,u:)\(o)c)\(l)c--~c)\(l):)\.

As usual we refer to the vector wt(m) = (]AM /A ]X® /XD ) as the weight of
7 and denote by 2™ the monomial 2} ™ z5*2(™ ... in the indeterminates ;. Alter-
natively, we can think of a RPP as a map 7 : A/u — N which assigns to the squares
s = (x,y) € \D/XE=1) C 7Z x Z the integer i. The result is a skew tableau whose

entries are non-decreasing along each row from left to right and down each column.
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Special cases of reverse plane partitions that are row or column strict will be called
tableauz and denoted by T. A row (column) strict RPP T of skew shape A/p is a
sequence { A\ }L_ of partitions A(*) such that A() /AG=1 for i =1,...,1, is a vertical
(horizontal) strip (see for example [36, Ch. I.1]). As in the case of general RPP, we will
refer to the weight of T as wt(T") and denote by 2T the monomial x‘thl(T)x;VtQ(T) e
in the indeterminates x;.

We now introduce weighted sums over RPP in terms of binomial coefficients. For
this purpose we generalise the notion of skew diagrams as given for example in [36,
Ch. I.1]. For two compositions o and 8 we write o C S if a; < §; for all 4, and we
refer to the set 8/a C Z x Z as a (generalised) skew diagram.

Given any pair of partitions A, u denote by 6/, the cardinality of the set

(168) {a~placCA},
where we recall that a ~ p indicates that « is a distinct permutation of p.

LEMMA A.2. The set (168) is non-empty if and only if \/p is a skew diagram, i.e. if
w C A. In the latter case its cardinality is given by

N — M’
(169) =11 < ;o f“) :
i1 My — Hjqq
Here and in the following we set a binomial coefficient equal to zero if one of its

arguments is negative. It then follows that the right hand side of (169) vanishes if
i & X because u C A if and only p/ C N, where p/, \ are the conjugate partitions.

Proof. Assume first that © C A then we have that a = p belongs to (168). Conversely
assume that (168) is non-empty, then there must exist o ~ p such that « C A. But
since a ~ p and p € P this is only possible if ;4 C A.

Thus, let © C X and set £ = £(N) = A1, the largest part of A, which equals the
length of X'. Because py = ¢(i') < ¢, the my(p) = pj, parts of p equal to £ (if they

exist) must be among the first my(\) = )\, parts of a, thus there are (:;) possible
4
choices with (2{ ) = 1 should my(u) = 0. Continuing with the (possible) second largest
4

part £ —1, the my_1(p) = py_, — ) parts of  equal to £ — 1 must be among the first
me—1(A) +me(A) = X,_, parts of o, and since we have already fixed the p parts of «
Ho_17Hy
we eventually arrive at the desired cardinality of (168) after a trivial rewriting of the

following product,
‘
H <)‘2+1i - le+2i> _ H ()\2 - /‘§+1> ' [

! / ! /
i1 Mg T Heyo—g i>1 Wi T B

equal to £, there are now only ( ) possibilities. Proceeding along the same vein

The following result is probably known to experts but we were unable to find it in
the literature.

LEMMA A.3. The skew complete symmetric function defined in (3) is the weighted
sum

(170) h/\/u(l’) = Zeﬂ l’ﬂ— 5 oﬂ = Ha/\(i)/)\(z‘—l) 5

™ i1
over all reverse plane partitions © of shape \/u. In particular, the first coefficient
in (167) has the alternative expression

(171) Or/u(v) =Y Ox
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where the sum is over all reverse plane partitions w of shape A/ and weight wt(m) =wv.

Proof. First we show the validity of the product expansion
myh, = ZG,\/#m,\ ,
A

where the sum runs over all partitions A such that ;1 C A and |A/u| = r. The coefficient
of my in myh, equals the coefficient of 2> in the same product. If o ~ p and o C A
then the monomial =% appears in h, provided that |\/u| = r. Thus, the coefficient
of * in my,h, equals the cardinality of the set (168), which is the definition of 6y ,,.
Applying this result to the product m,h, and comparing with the second equality
in (163) one arrives at (171).

Note that this also implies that 0y ,,(v) = 0y,,(3) for § ~ v, where 0, ,,(53) for 3 a
composition is defined analogously to (171). Hence, after rewriting the equality h, /,, =
>, 0x/u(v)m,, proved in Lemma A.1 in terms of monomials one obtains (170). [

We now present a similar argument for skew elementary symmetric functions. First
we generalise the notion of a vertical strip from partitions to compositions by saying
that for two compositions « and 3, the generalised skew diagram 3/« is a generalised
vertical strip if 8; — a; = 0,1 for all 7. Given any pair of partitions A, u denote by
Y/ the cardinality of the set

(172) {a ~ pu | A\« vertical strip} .

LEMMA A.4. The set (172) is non-empty if and only if A\/p is a vertical strip. In the
latter case its cardinality equals

A=\
(173) Yasu = H ( ;\( - :,“) .
i}l K 7
Proof. The proof of the first part is analogous to the one for the set (168), so we skip
this step and assume that \/u is a vertical strip.
In a similar fashion to the proof of Lemma A.2 we count the number of distinct

permutations « of u such that A/« is a vertical strip. Set again A\ = (X)) = £. As
before the my(p) = pj parts of 1 equal to £ must be among the first my(X) = X} parts

of a and there are (2%) possible choices. Since \/a is a vertical strip, the remaining
4
parts o with pj < ¢ < A, must be equal to £—1. Hence, pp—1 (1) —(Ay— 1) = ty_1—Np
parts of p equal to £ —1 must be parts a; with A\j +1 <4 < X, +my_1(A\) = \)_,, and
there are (22’*1:1%) distinct ways of arranging these. The other a;, with 7 in the range
£—1 14
just stated, must be equal to £ —2 and there are \;,_; — X, — (p_q —Ap) = XNy — py_q
of them. Continuing in the same manner, we eventually arrive at

[ ¢
H <)‘2+1—i - )‘2+2—i> _ H <)‘/K+1—i - )‘2+2—i) _ H (A; - >‘;‘+1>
)
=1 Hop1—; = Nopa i—1 Alp1—i = Mo i>1 AL — g
and this is equal to v/, completing the proof. O
We were unable to find the following result in the literature.

LEMMA A.5. The skew elementary symmetric function defined in (3) is the weighted
sum

(174) exu(@) = vra®,  dr =] vro e
T

i>1
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over all row strict RPP T of shape /. In particular, the second coefficient in (167)
has the alternative expression

(175) Uruv) =D tr

where the sum is over all row strict RPP T of shape \/u and weight wt(T) = v.

Proof. We first need to show that mye, = >, 1/, mx, where the sum runs over all
partitions A such that A/u is a vertical strip and |\/u| = r. The coefficient of m) in
mye, equals the coefficient of the monomial term 2> in the same product. If o ~ p
and )/« is a vertical strip, then the monomial 22~ appears in e, provided |\/u| = r.
Thus the coefficient of z* in mye, equals the cardinality of the set (172), which by
definition is v /,. Applying this result to the product m,e, and comparing with the
third product expansion in (163) the formula (175) follows. Note that this implies
that ¢y, (v) = ¥r/u(B) for B ~ v, where v ,,(8) for B a composition is defined
analogously to (175). Expanding ey/, = >, ¥x/u(v)m,, proved in Lemma A.1 into
monomials, using (175) one arrives at (174). O

COROLLARY A.6. The matrices L and M in (167) have the following alternative ex-
pressions,

(176) L= 0. and My, =Y vr,
™ T

where the first sum runs over all RPP 7 of shape \ and weight wt(mw) = u, whereas
the second sum runs over all row strict RPP T of shape A and weight wt(T') = p.

Proof. Set 1 = @ in (167). Employing that f), = d\, we can apply (171), (175)
together with Ly, = L, and My, = M, to arrive at the asserted formulae. O

A.5. THE EXPANSION COEFFICIENTS IN TERMS OF THE SYMMETRIC GROUP. To mo-
tivate our construction of cylindric functions in the main text using the extended
affine symmetric group S we reformulate here the results on the expansion coef-
ficients in (163) in terms of the symmetric group Si. To this end we project onto
Ay, = Z[x1, ..., xx]% by setting z; = 0 for i > k.

Recall that for a fixed weight u we denote by S,, C Sy, its stabiliser group and that
for any permutation w € S there exists a unique decomposition w = w, o w" with
wy, € S, and w! a minimal length representative of the right coset S,w. As before
SH C Sg is the set of all minimal length coset representatives in S, \Sk.

LEMMA A.7. Let A\, pu,v € P

i) The expansion coefficient f7, in (163) can be expressed as the cardinality of
Qv
the set
(177) {(w,w') €S* xS” | pow+vow =A}.

(ii) The specialisation of the weight factor 0y ,, defined in (169) to elements in
Pz equals the cardinality of the set

(178) {weSt | pow< A},

where o w < X is shorthand notation for )y < A for all i € [k].
(iii) The specialisation of the weight factor 1y, defined in (173) to elements in
PZ equals the cardinality of the set

(179) {weSt | N —(pow); =0,1 for alli € [k]} .
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Proof. Noting that the the distinct permutations of a fixed weight are labelled by
the minimal length representatives w € S* the stated expressions are immediate
consequences of (166), (168) and (172), respectively. O

A.6. ADJACENT COLUMN TABLEAUX. In this Section we will derive expansions of the
symmetric functions h,, and ey, into power sums. In light of the definition (159)
these expansions amount to computing the inverse image of hy/, and ey, under the
characteristic map.

Consider the product expansion

(180) mupy = Z SOA/;L(V)mu .
A

The latter defines the coefficients ¢y, () uniquely.

LEMMA A.8. The functions hy,, and ey, have the expansions

Ox/u(v) Ox/u(v)
(181) haju =Y T, and ey = > 2 ey

Z Z
v v v v

where €y = (—1)N=HA),

Proof. The proof is similar to the one of Lemma A.1 exploiting the known inner

product formula (161) and the action w(py) = expy of the involution w defined earlier.
O

Recall that p), = Zu Ry,m,, where R), equals the number of ordered set
partitions (B, ..., By,) of [I(\)] such that pu; = Ziij Ai; see e.g. [47, Ch. 7.7,
Prop 7.7.1]. It then follows that

(182) SDA/,LL(V) = ZRVG' OA',U,

We now derive an alternative expression for ¢y,,(v) involving a special subclass of
semi-standard tableaux or column strict RPP. Recall that in this case the RPP consists
of a sequence of horizontal strips.

We call a column strict RPP T : A/u — N an adjacent column tableau (ACT) if
the boxes of each horizontal strip T~!(i) are located in adjacent columns of the skew
diagram A/p. Let T = {A®}_j be an ACT then we define o = [[;5; my, (AD),
where m;, (A@) is the multiplicity of the part j; in A(¥) which contains the rightmost
box of the horizontal strip T-1(i). As usual we define the weight wt(7") as the vector
whose components are the number of boxes in each horizontal strip, i.e. wt;(T) =

T4 (i)

ExXAMPLE A.9. Consider the partitions A = (5,5,3,2), u = (3,2,1,1) and the com-
position a = (2,2,3,1). There are four adjacent column tableaux of shape A/u and
weight wt(T') = «, namely

1]1
2133
203 ’ 2|3 ’ 113 ’
4 3 4 3
One finds the coefficients o7 = 2,2,4,4 (from left to right).

—_
—_
[\
[\
[\
[\

[\
w
e
—
w
w
[
w
i

T =

[
w

We call an ACT of weight wt = (0,...,0,7,0,...) an adjacent horizontal strip of
length r and in this case simply write o1 = ¢y /-
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LEMMA A.10. We have the equality

(183) o)=Y er,

T
where the sum is over all ACT of shape \/u and weight v.

Proof. We first show the validity of the following product expansion
(184) mupr = Z P/ TN
A

where the sum runs over all partitions A such that A/u is an adjacent horizontal strip
of length |A/u| =r.

Since each monomial appearing in the product m,p, is of the form z%z] for some
I > 0and a ~ p, the monomial 2* appears in m,p, only if X\ is obtained from
by removing a part equal to a — 1, for some a > 1, and then adding a part equal to
a— 1+ 7. In other words, A must be the partition u(a,r) obtained by adding one box
per column in the diagram of p, starting at column @ and ending at column a +r — 1
for a total of r boxes. This is equivalent to removing a part equal to a — 1 from p (or
removing no parts if @ = 1) and adding a part equal to a — 1 + 7.

Therefore, the monomials in m,p, equal to x> must be of the form

PR IR R W N E P B W RS Py zl

forl =0,...,mg_14,(1t), where 7 and j are respectively the smallest indices for which
pi < a—1+rand p; = a— 1. This implies that m,p, = >, (Ma—14- (1) + 1)M (0,
where the sum is over all @ > 1 such that m,_1(u) # 0. But according to the definition
of vy, this equals (184). Equation (183) now follows by repeated application of (184)
to the product m,p,, which also implies that ¢y ,,(v) = ¢x/.(8) for g ~ v. O

COROLLARY A.11. The matriz R in (182) has the following alternative expression
(185) Ry, = ¢r
T

where the sum is over all ACT of shape p and weight \.

Note the difference between this and Corollary A.6, since in general Ry, # R,x.

APPENDIX B. THE IRREDUCIBLE REPRESENTATIONS OF G(n, 1, k)

As already explained in the main text the finite-dimensional irreducible representa-
tions of G(n,1,k) are induced by the irreducibles of the normal subgroup A and
their associated stabiliser groups in G(n,1,k) [40]. It will be convenient to identify
the irreducible representations of A with weights in the set (53) via A : y* — (),
where ( is a fixed primitive root of unity of order n. Given A € Az (n) its associated
stabiliser group in G(n, 1, k) is defined as

Gr={9€Gn,Lk)|(g-y" g ) =y, vy e N}.

The latter is canonically isomorphic to the Young subgroup of the weight A, i.e. Sy =
Smn(x) X =+ X Sy () C Sk where m; () is the multiplicity of the part i in A; see [40]
for details. Thus, the irreducible representations of the stabiliser group G are of the
form @:"_, Sy, where A = m;(\) are partitions and Sy ;) denotes the corresponding
Specht module of the symmetric group S,,,(x). The basis elements in @) ; Syw) are
tensor products of Young tableaux, T'= TW @ ... @ T which define a map T :
X = [k] with A = (A®, ... X)) such that the numbers assigned to the boxes in
each Young diagram A are strictly increasing in rows (left to right) and columns
(top to bottom). We call such a map T a n-tableau and A is called a n-multipartition.
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Conversely, given a n-tableau T : X — [k], let A\(T') € A} (n) be the unique intersection
point of A} (n) with the Sy-orbit of the weight p = p(T) € P}, defined by setting
p;(T) =i if T71(j) € A\(). Explicitly, the AV-action on a n-tableau T then reads

(186) y T = ¢wpM)p, we Py

For completeness, we also recall the definition of the action of the elementary trans-
positions o; on n-tableaux; compare with [42]. Introduce the numbers

1 e =1\ —1(;
. {mm)cmw T, T+ 1) € A7), € [n]

187
(187) 0, else,

where cr(i) = b — a is the content of the box (a,b) € A(") in T containing the entry
i. Denote by T(; ;1 1) the n-tableau which is obtained from T" by swapping the entries
i and ¢ + 1 if the result is another n-tableau, otherwise set T(; ;1) = 0. Then

(188) T-0;=tT4+14/1— t? T(i,z'+1) .

Thus, in summary the irreducible representations of G(n, 1, k) are in bijection with
n-multipartitions A = (A, ... A(") satisfying

n

(189) A=) D=k

i=1

We denote the resulting module by L(A). These are all irreducible modules of

G(n,1,k) and, furthermore, they have dimension
k!

(190) dim L) = ey e

n
Fars
=1

where f, is the number of standard tableaux of shape ,

_ ]!
H(i,j)eu hﬂ(i’j)7
If p =@ weset fg =1.

fu hu(iy5) = pi +py —i— 5+ 1.
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