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Parity of transversals of Latin squares

Darcy Best & Ian M. Wanless

ABSTRACT We introduce a notion of parity for transversals, and use it to show that in Latin
squares of order 2 mod 4, the number of transversals is a multiple of 4. We also demonstrate a
number of relationships (mostly congruences modulo 4) involving E1, ..., En, where E; is the
number of diagonals of a given Latin square that contain exactly 7 different symbols.

Let A(i | j) denote the matrix obtained by deleting row ¢ and column j from a parent matrix
A. Define t;; to be the number of transversals in L(i | j), for some fixed Latin square L. We
show that t,, = t.q mod 2 for all a,b,c,d and L. Also, if L has odd order then the number of
transversals of L equals t,, mod 2. We conjecture that tqc + tpe + tag + thg = 0 mod 4 for all
a,b,c,d.

In the course of our investigations we prove several results that could be of interest in other
contexts. For example, we show that the number of perfect matchings in a k-regular bipartite
graph on 2n vertices is divisible by 4 when n is odd and k = 0 mod 4. We also show that

per A(a| c) + per A(b | ¢) + per A(a | d) + per A(b | d) = 0 mod 4

for all a, b, c,d, when A is an integer matrix of odd order with all row and columns sums equal
to k = 2 mod 4.

1. INTRODUCTION

A Latin square is an n X n matrix consisting of n distinct symbols where each symbol
appears exactly once in each row and each column. Our Latin squares will have their
rows and columns indexed by [n] = {1,2,...,n} and will also have their symbols
chosen from [n]. Latin squares can then be thought of as a set of entries {(r,c,s)} C
[n]? where each distinct pair of entries agree in at most one coordinate. The three
coordinates of an entry are its row index, column index and symbol. A diagonal of
a Latin square is a selection of n entries, with exactly one entry from each row and
each column. The weight of a diagonal is the number of distinct symbols on that
diagonal. A diagonal of weight n is called a transversal. Historically, transversals in
Latin squares were first used as the building blocks of mutually orthogonal Latin
squares (MOLS). They have since garnered a lot of interest on their own (see [26] for
a survey). A partial transversal of length k is a selection of k entries so that no two
entries share the same row, column or symbol. A partial transversal of length k < n

Manuscript received 23rd February 2019, revised 10th July 2019, accepted 25th November 2019.

KEYWORDS. parity, Latin square, transversal, permanent, Latin rectangle, perfect matching, perma-
nental minor, bipartite graph.

ACKNOWLEDGEMENTS. Research supported by Endeavour Postgraduate Scholarship and NSERC
CGS-D and by Australian Research Council grant DP150100506.

ISSN: 2589-5486 http://algebraic-combinatorics.org/


https://doi.org/10.5802/alco.103
http://algebraic-combinatorics.org/

DARCY BEST & IAN M. WANLESS

is not the same thing as a diagonal of weight k. While these objects are related, the
distinction is important when counting them.
Over half a century ago, Ryser [22] put forward the following famous conjecture.

CoONJECTURE 1.1 (Ryser’s Conjecture). Fvery Latin square of odd order has a
transversal.

This conjecture has been shown to be true for n < 9 by computation [18]. In
1990, Balasubramanian [6] showed that the number of transversals in a Latin square
of even order is itself even. He claimed that this was a partial proof of a stronger
form of Conjecture 1.1, namely that the number of transversals in a Latin square of
order n should agree with n mod 2. Despite [6] attributing this conjecture to [22] it is
nowhere to be found in the latter work. It is possible that Ryser made the conjecture,
but we have been unable to find evidence of this. It is also worth remarking that many
Latin squares of odd order have an even number of transversals, so the stronger form
of Conjecture 1.1 is false. However, it does raise the intriguing possibility of proving
existence of objects (in this case, transversals) by studying congruences satisfied by the
number of those objects. We achieve this on a very modest scale (cf. Example 3.14),
but mostly use it as motivation to unearth what we consider to be interesting patterns
in numbers of transversals and related quantities.

Akbari and Alipour [2] developed the ideas from Balasubramanian’s result to show
that the number of diagonals with weight n — 1 is even in every Latin square. We
outline and expand on these ideas in § 2. We then show that the number of transversals
in a Latin square of order n = 2 mod 4 is necessarily a multiple of 4. We show this
by exploiting a notion of parity for transversals. Parity of permutations is, of course,
a very well-known concept. To our knowledge it had not previously been usefully
applied to transversals. However, applying it to the permutations that define the rows,
columns and symbols of a single Latin square or set of MOLS has previously revealed
many insights [1, 3, 4, 5, 9, 10, 11, 12, 13, 14, 15, 17, 23, 25]. In particular, each Latin
square has a row-parity m,., which is the Z, sum of the parities of the permutations
that define the rows, and a column parity m. which is defined similarly for columns
(there is also a symbol parity s, but it is a function of . and 7., see [10, 14, 25]).
We will demonstrate several new ways to partition Latin squares of certain orders
into two types (independently of their 7. and 7.).

In § 3, we consider counts of transversals in (not necessarily square) submatrices
of Latin squares. A Latin array is a matrix of symbols in which no symbol is repeated
within any row, or within any column. A transversal of an m x n Latin array is a
selection of min(m, n) entries in which no pair of entries share their row, column or
symbol. Transversals in Latin arrays are naturally encountered in attempts to find
transversals of Latin squares by induction. They have been the subject of a recent
burst of activity [7, 8, 16, 19] on the question posed in [2] of how many symbols in a
Latin array are enough to make a transversal unavoidable. We take a different tack,
considering congruences satisfied by the number of transversals in Latin arrays formed
by removing one row and/or one column from a Latin square.

Transversals are diagonals with the maximum possible number of symbols. In § 4
we count diagonals according to how many symbols they contain and demonstrate
several relationships between the resulting numbers. In doing so we extend on results
obtained in [2, 6].

One of the key tools in our results is a matrix function known as the permanent.
Let M,,(Z) denote the n x n integer matrices. The permanent of a matrix A = [a;;]
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in M, (Z) is defined by

(1) per A = Z Haia(i)

oesS, i=1

where the sum is over all permutations in the symmetric group S, on [n]. At several
points, we use Ryser’s formula [21] to compute the permanent of a matrix. It states
that for A = [a;;] € M, (Z),

@) perd= 3 (1 [ a

SC[n] i=1j€S

We also make frequent use of the fact that (1) agrees, modulo 2, with the definition
of the determinant. In a determinant, some diagonals are given a negative sign, but
—1 = 1mod 2 so per A = det A mod 2. As a simple example of how this observation
can be used, we have:

LEMMA 1.2. If A € M, (Z) is such that all row sums are even, then det A and per A
are both even.

Proof. Since the sum of the entries in each row is even, the columns of A are linearly
dependent over Zs. Thus, det A = 0 mod 2, from which the claim follows. ]

Throughout the paper, J is an all-ones matrix of the appropriate order and AF is
the set of all (0, 1)-matrices of order n which contain exactly k ones in each row and
each column. We also need notation for the conjugates of a Latin square L. For each
permutation abc in Sz (written in image notation) there is an abc-conjugate of L. It is
the Latin square obtained by applying the permutation abc to the three coordinates in
the entries of L. For example, the 213-conjugate of L is the usual matrix transpose of L.

2. TRANSVERSALS OF LATIN SQUARES OF EVEN ORDER

In this section, we layout the ideas used first by Balasubramanian [6], then again by
Akbari and Alipour [2] to count the number of transversals in even ordered Latin
squares modulo 2. For consistency with [2], we will define F,, = F,,(L) to be the
number of diagonals in L that contain exactly m distinct symbols. In particular,
E, (L) is the number of transversals in L if L has order n. The key idea is to count
transversals using inclusion-exclusion.

DEFINITION 2.1. Let f(x1,...,2T,) be an arbitrary polynomial from R™ toR. Then (r) f
denotes the sum of the values of f at the (7) vectors in R™ which have r coordinates
equal to 1 and n — r coordinates equal to 0.

The following result is a slight generalisation of both [6, Lemma 2] and [2, Theo-
rem 2.1].

LEMMA 2.2. Let f(x1,...,2,) be an arbitrary polynomial from R™ to R. Then the sum
of the coefficients of monomials in f containing exactly m distinct variables is

Soum (MY

r=0
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Proof. Suppose that p is a monic monomial containing ¢ distinct variables. Then

S (P Y=o (P (00

r=0 r=t
n—1t) — mer[m—t
= () e (7))
n—m r—t
r=t
1 ift=m,
" 10 otherwise.
The result follows. O

For any transversal, {(r;, ¢;, s;)}, we define three corresponding permutations of
the index set [n] by o,.(r;) = ¢, 0c(c;) = s; and 04(s;) = r;. The following result is
immediate.

LEMMA 2.3. Let T = {(ri,ci,8:)} be a transversal of a Latin square L with corre-
sponding permutations o,,0. and os. Then o, 0 0. 0 o is the identity permutation.

Proof. For any given symbol s;, we have s; =% 7; <5 ¢; 25 s;. O

As an immediate corollary of Lemma 2.3, we have that (o) + (o) + €(0s) = 0,
where € : S,, — Zso is the standard parity homomorphism on the symmetric group
S,,. Thus, we can classify transversals into four types: 7000, 7011 7101 op 7110 where
the superscript records the parities of o, o, and o, respectively. We will use these
parities to aid in counting transversals.

DEFINITION 2.4. Let L be a Latin square of order n. The parity of a transversal is
the parity of the permutation o, defined above. We define EX(L) to be the number of
transversals in L with (o) = 0 (even transversals) minus the number of transversals
in L with e(o,) =1 (odd transversals).

Though the symbols in our Latin square L are normally from [n], we sometimes
need to utilise the corresponding matrix L[X], where each symbol i is replaced with
a variable z;.

THEOREM 2.5. Let L be a Latin square of order n. Then

n

3) En(L) = (~=1)""(r) per L[X],

r=0

and

(4) EE(L) = 37 (—1)"" (r) det L[X].
r=0

Proof. We use the m = n case of Lemma 2.2. The terms in per L[X] which include
n distinct variables correspond to the transversals in L. Similar terms in det L[X]
correspond to the transversals of L up to sign. Any transversal which has even parity
increases the sum in (4) by 1 and any odd transversal decreases the sum by 1. O

The following lemma is adapted from [20, Lemma 1].

LEMMA 2.6. Let A = [a;;] be a (0, 1)-matriz of even order. Define A* = [b;;] by

b @i if the it" row has an even number of ones,
ij = .
1—a;; otherwise.

Then det A + det A* is even.
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Proof. Let § be a row vector of ones. By permuting rows if necessary, we may assume
that the first & rows of A have odd sum and the remaining rows have even sum
(permuting rows may alter the sign of the determinant, but this does not matter
modulo 2). Thus, we have

0— Ay 0— A A 0
0— Ay A — As A — Ay A — Ay

+detA* =det |0 — A | =det | A1 — A | =det | A1 — A, | +det | A1 — A

Apa Ak Akt Akt
A, A, A, A,
1)

A — Ag

= (—1)*det A4 det | A} — Ay, | = det A mod 2,
Agg1

An
by Lemma 1.2. The result follows. 0

Consider the special case of Lemma 2.6 where the row sums of A are all the
same. If all of the row sums are even, then the result shows nothing interesting.
However, when each row sum is odd, Lemma 2.6 tells us that det A + det(J — A) =
0 mod 2. Balasubramanian [6] used this result and (3) to show the following theorem

(actually, [6] showed a generalisation of this result, which we discuss later). We give
a full proof here, as we will use a similar technique for several of our new results.

THEOREM 2.7. If L is a Latin square of even order n then L has an even number of
transversals.

Proof. Note that E, (L) = EX(L) mod 2. We pair up complementary terms in (4).
In other words, each term of the sum (r) det L[X] is paired with the unique term in
(n —r)det L[ X] for which the indexing zero-one vectors sum to the all-ones vector.
For each of these pairs of terms, we have one of two situations. If r is even, then
n — 7 is also even and so both determinants are even, by Lemma 1.2. Alternatively, if
r is odd, then each row sum in L[X] is odd, so det L[X] + det(J — L[X]) = 0 mod 2
by Lemma 2.6. Thus, each of the 2"~! pairs contributes a multiple of two to the
summation in (4). The result follows. O

To proceed, we need a few linear algebraic results.
LeEMMA 2.8. If A € Ak where both n and k are even, then det A = 0 mod 4.
Proof. Since A € A% we have that det A is a multiple of k - gcd(n, k), by [20, Theo-

n’

rem 2]. The desired result follows, since k and ged(n, k) are both even. O
LEMMA 2.9. Let n = 2mod 4 and k = 1 mod 2. If A € AF, then

det A+ det(J — A) = 0 mod 4.
Proof. Since A € A, we have that

n?’

(5) kdet(J — A) = (=1)"(n — k) det A,
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by [20, Lemma 1]. The result follows by noting that n — k = k mod 4 and that &k has
a multiplicative inverse modulo 4. O

We now have the framework to start counting transversals. The proof of our next
result is very similar to that of Theorem 2.7.

THEOREM 2.10. If L is a Latin square of order n = 2 mod 4 then EX(L) =0 mod 4.

Proof. Again, we pair up complementary terms in (4). That is, each term of the sum
(r)det L[X] is paired with the unique term in (n — r) det L[X] for which the indexing
zero-one vectors sum to the all-ones vector. For each of these pairs of terms, we have
one of two situations. If r is even, then n —r is also even and we use Lemma 2.8 twice
to show that both terms are a multiple of four. Alternatively, if r is odd, then we use
Lemma 2.9 to show that the terms sum to a multiple of four. The result follows. [

We now use Theorem 2.10 to show our first main result, which strengthens Theo-
rem 2.7 for Latin squares of singly-even order.

THEOREM 2.11. If L is a Latin square of order n = 2 mod 4 then E,,(L) = 0 mod 4.

Proof. Let T be the set of transversals of L. We define w, x, y and z to be the number
of transversals of type 7000, 7011 7101 and T1O respectively. By definition, we have

(6) wtz+y+z=E, (L)
and
(7) wtz—y—z=E, (L)

Let L' be the 312-conjugate of L. There is a natural bijection between T and the
set of transversals of L'. Each transversal in L’ must be of the form {(c¢;,s;, i)},
where {(r;,¢;,8;)} € T. The parity of each transversal in L' depends on o for the
corresponding transversal in 7', so we have

(8) w—z+y—z=E(L).

Similarly, if L"” is the 231-conjugate of L, then each transversal of L’ has parity
matching that of o for the corresponding transversal in T'. So we have

9) w—x—y+z=FE(L").
The sum of (6), (7), (8) and (9) gives us
(10) dw = E,(L)+ Ef (L) + EX (L) + EX(L").

Theorem 2.10 applied to L, L’ and L” tells us that F,,(L) = 0 mod 4. O

Based on computation of small squares, it seems that Theorem 2.7 and Theo-
rem 2.11 are the only general modular restrictions on the number of transversals of a
Latin square. By considering sets of Latin squares that are connected by turning in-
tercalates (that is, replacing a subsquare [g Z] with [Z g]), we were able to find Latin
squares that satisfy every other congruence with small modulus. For example, suppose
that 9 <n < 11 and 0 < k < m < 32. Except where it would violate Theorem 2.7 or
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Theorem 2.11, there is some subset of intercalates in these Latin squares

112(3|14]|5|6 819110
112(3(4|5]|6|7[8(9
211(4(3[6|5]|8 10} 9
21114(3[6(5|9]|7|8
3161572810941
31611(8[7(9]|5|2|4
41516(8[7(9]|2(10[1|3
4135|697 |8|1]2
5|8|719(1|10]4|3[2|6
51412(9(8(1|6]|3|7
61418109 |7|1|2[3|5
619|7|5[3(8|2]|4]|1
713(10{5(8|1]9(4(6|2
71819(1(2(3|4|5|6
81719(6(10(2|3|1|5(4
81516|7(4(2|1]9]3
911011123 (4|5|6|7(8
9|1718(2(1(4]|3|6]5
10/912]1(4|3|6|5|8|7
11213(4|5]|6 9 (10|11
21114(3[6|5 71119 {10
3|18|1(6|7(10{11]9|4 (5|2
411112189 |7|5]|10{1|3|6
51316(10{8(9|1|2|7|11|4
6(4(7]19(10(1112]|3|8|1|5
715|8(11{4(2(10{1|3(6|9
81719(5(11{1|6|4(10(2|3
910|111{1 (2 (3|4|5|6|7|8
10{6 (5738|911 411
1119101214 |3|6 8|7

that can be turned to give a Latin square of order n with £ mod m transversals. We
also found examples for 12 < n < 16 with the same property, but we do not display
them here for the sake of space. For n < 7, there are some sporadic values of k,m < 16
where no Latin square of order n contains k£ mod m transversals. For n = 8, there
is no Latin square that contains 22 mod 63 transversals, while there exists a Latin
square that contains k mod m transversals for all other 0 < k < m < 64 that satisfy
Theorem 2.7. However, we believe that the restrictions for n < 8 are not interesting;
they are simply a result of there being comparatively few Latin squares of these orders.
The proof of Theorem 2.11 leads us to the following interesting property.

COROLLARY 2.12. Let L be a Latin square of order n = 2 mod 4. The numbers of
transversals in L of types T, THO T101 gnd T1O gre all equal modulo 2.

Proof. Define w, x, y and z as in Theorem 2.11. Adding (6) to (7) we find that
2w + 2x = E,(L) + EX(L) = 0 mod 4 (by Theorem 2.10 and Theorem 2.11) which
gives us that w = 2 mod 2. Similarly, (6) + (8) and (6) 4 (9) tell us that w = y mod 2
and w = z mod 2, respectively. O

It is important to remark that Theorem 2.11 is less general in one respect than Bala-
subramanian’s Theorem [6]. Balasubramanian proved that the number of transversals
in any row-Latin square of even order is even (a row-Latin square of order n is an
n X n matrix in which each row is a permutation of [n]). Theorem 2.11 does not gen-
eralise to row-Latin squares. Below we give two row-Latin squares whose number of
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transversals is not a multiple of 4. The row-Latin square of order 2 has 2 transversals
and the row-Latin square of order 6 has 6 transversals.

113(612]5|4
21115|6(4(3
1 312|14|1(5(6
1 412(115(6|3
5123|614
61512341

Computational evidence suggests the following generalisation of Theorem 2.11 and
Corollary 2.12.

CONJECTURE 2.13. Let L be a Latin square of even order n. Let w, z, y and z be the
number of transversals in L of types T°00, TO11 T10V gnd T1O  respectively. Then
(a) En(L) = EX(L) mod 4 and
(b) w=z=y=2zmod 2.

Conjecture 2.13 is true for n = 2 mod 4 since E,(L) = EX(L) = 0mod 4 (by
Theorem 2.10 and Theorem 2.11) and w = & = y = z mod 2 (by Corollary 2.12).
Note that there are many Latin squares of odd order for which Conjecture 2.13 is not
true.

LEMMA 2.14. The conditions (a) and (b) in Conjecture 2.13 are equivalent for Latin
squares of even order.

Proof. By Theorem 2.7, we know that E, (L) = 0 mod 2 when n is even, showing
condition (a) is equivalent to FE, (L) + EX(L) = 0 mod 4. We may use the same idea
as the proof of Corollary 2.12 to show the result. O

3. TRANSVERSALS OF DEPLETED LATIN SQUARES

In this section we give a number of results around the common theme of transversals
of depleted Latin squares, that is, matrices formed by removing a row and/or a column
of a Latin square. This depleted Latin square is a Latin array.

Given an n x n matrix A, we use v(A) to denote the Zy-nullity of A and we use
A(i|J) to denote the (n —1) x (n— 1) matrix obtained by deleting row ¢ and column j
from A. We start by considering the permanent of this submatrix, which is analogous
to the consideration of minors when computing the determinant.

THEOREM 3.1. Let A € M,,(Z) for n > 1. Then
e per A(i|7) =0 mod 2 for all i,j if and only if v(A) > 2.
e per A(i|j) = 1 mod 2 for all i,j if and only if v(A) = 1 and all row and
column totals of A are even.

Proof. Tt suffices to show analogous properties for determinants since the determinant
and permanent agree modulo 2. All calculations in this proof will be working over Zs,
and all minors will be of order n — 1.

If v(A) > 2, then for all i, 7 we know that v(A(i|7)) > 1 so det A(¢|j) = 0 mod 2.

If v(A) = 0, then A has an inverse so the adjugate adj(A) has full rank and hence
is not a multiple of J (given that n > 1). Hence not all minors of A are equal.

So suppose that v(A) = 1, and hence det A = 0. Since v(A) = 1 there is at least
one minor of A that equals 1.
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If there is any row or column of A with odd sum, then expanding the determinant
in that row/column shows that A has at least one minor which is zero, and hence not
all minors are equal.

It remains to treat the case where each row and column sum of A is even. It suffices
to show det A(1]1) = det A(2]1) mod 2. But

a1z + a2 a13 +az3 -+ aip +azp
as2 ass T a3n
det A(1]1) + det A(2]1) = det @42 a4z 0 Gan = (0 mod 2,
Gn2 an3 e Unn
since all column sums are even (cf. Lemma 1.2). O

Since v(A) > 1 whenever all row totals are even, we have:

COROLLARY 3.2. Let A € M,(Z) be such that all row and column sums are even.
Then per A(a|c) = per A(b|d) mod 2 for all a,b,c,d.

The previous result gave a congruence mod 2. Our next results involve congruences
mod 4.

k then

n’

THEOREM 3.3. Suppose that n is odd and k =2mod 4. If A € A
per A(a|c) + per A(b|c) + per A(a|d) + per A(b|d) = 0 mod 4
for any a,b,c,d.

Proof. If a = b (or symmetrically, ¢ = d), then 2(per A(a|c)+per A(a|d)) = 0 mod 4,
by Corollary 3.2. Hence, it suffices to consider the case whena =c=1and b =d = 2.
Define

a11 + @21 + @12 + ag2 G13 + az3 -+ A1 + A2n
a3l + as2 ass e a3n
B = a41 + @42 as3 v Q4n
an1 + an2 an3 e Anpn

Note that B has order n — 1 and that its first row and column each sum to 2k =
0 mod 4, while its other rows and columns each sum to k. Also, by multilinearity of
the permanent,

a12 + ag2 a13 + ag3 -+ G1p + A2y
as2 ass e a3n
per B = per a42 a43 T A4n
An2 an3 e Ann
a11 + @21 a1z + ags -+ G1p + a2p

asy ass s a3n

+ per a41 aq3 T Q4n

an1 an3 e Ann

=per A(1]|1) + per A(2|1) + per A(1]2) + per A(2|2).
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Next, apply (2) to calculate per B:

per B = Z (—1)"*1*‘S|nl:[Zbij.

5C[n—1] i=1j€S

Fix a set Sy and consider the terms corresponding to Sy and its complement in the
outer summation. We have,

n—1 n—1
1)n—1—|So| H Z bij + (_1)|So\ H Z bij

i=1 j€So i=1 j&So
n—1
= (—1)!50l (Hx - 2k—x1)H(k—xi)>
i=1 i=2
(11) = (—1)!%! 2Hx’_kZH$’ mod 4,
J=2i#j

where

J€So
Now » . x; is even, so there is an even number of choices of i for which z; is even.
If this number is non-zero, then (11) is clearly 0 modulo 4. So we may assume that
every z; is odd. But then (11) is 0 modulo 4 again, since each term in the sum is odd
and there is an odd number of summands. (]

THEOREM 3.4. Let n =1 mod 2 and k =2 mod 4. If A € AF, then
per A+ 2per(J — A) = 0 mod 4.

Proof. By inclusion-exclusion,
per(J — A) = Z(—l)i(n — ) 7(A) = 7-1(A) — per A mod 2,
i=0

where 7;(A) is the sum of the permanents of all i x ¢ submatrices of A. However, per A
is even by Lemma 1.2, so per A+2per(J — A) = per A+27,,_1(A) mod 4. Next, define
an n x n matrix C' = [¢;;] by ¢;; = per A(¢|j). By Corollary 3.2 and Theorem 3.3, we
know that modulo 4 each pair of rows of C either agrees in every position or differs
by 2 in every position. Hence, up to row and column permutations, C has the block

form
Ci Oy
Cs Oy

where each entry in Cs U Cj3 differs from each entry in C; UCy4 by 2 mod 4. Note that
some blocks may be vacuous, but one of the four blocks must have odd dimensions.
Without loss of generality, we choose it to be Cy. Now, partition A into 4 blocks

Ay As
Az Ay
whose dimensions and locations match the corresponding block of C. Define n,. to be

the total of a row r in block A;. Next, consider calculating per A mod 4 by taking an
expansion along row r:

per A = Z arjcrj = npce1 + (k—ny)(ep1 + 2) = 2¢41 — 2n, mod 4.
j=1
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The answer must be independent of r, which means that n, mod 2 is constant. Anal-
ogous statements hold for row totals in each block. In particular, A3, which has an
even number of rows, must contain an even number of ones. But then A; must also
contain an even number of ones, given that the column totals of A are even. It follows
that n, must be even, so per A = 2¢,1 mod 4. Now,

Tn—1(4) = Zcii = n?c¢ = ¢ mod 2.
,J
So per A + 27,_1(A) = 4¢;1 = 0 mod 4 and we are done. O

In our next major result, we show that a stronger form of Lemma 1.2 can be
obtained under some circumstances.

THEOREM 3.5. Let A € M,,(Z) where n is odd. If all row sums are multiples of 4 and
all column sums are even, then per A = 0 mod 4.

Proof. We compute the permanent via (2):
n
per A = Z (—=1)n~ 1Sl HZaij.
5C[n] i=1j€S

Let r; be the sum of row 7 and ¢; be the sum of column j of A. Fix a set S = Sy of
odd cardinality and consider the contribution from Sy and its complement. We have,

n n n n
IDSEIES IDSEVEY | POLYES | (EES ot
i=15€S80 i=15¢5So i=1;€8, i=1 j€So
(12) =2 f[ > aij mod 4.
1=1j€So

Since each column of A has an even total,

(13) iZalj: chEOmon.

i=1 j€So Jj€So

Since n is odd, > ¢,
the product of the partial row sums must be even and (12) must be a multiple of 4.
Summing over Sy, the result follows. O

a;; must be even for at least one value of ¢ in (13). Thus,

COROLLARY 3.6. Let A € A% for integers k,n with n odd. Then per A =0 mod 4.

It is well-known that perfect matchings in bipartite graphs can be counted using
the permanent of the bi-adjacency matrix of the graph. Corollary 3.6 says that the
number of perfect matchings will be a multiple of 4 in any 4k-regular bipartite graph
with an odd number of vertices in each class of the bipartition. Indeed, Theorem 3.5
says that the same conclusion can be reached under weaker hypotheses. It suffices for
all vertices in one class to have even degree, and all vertices in the other class to have
their degree divisible by 4.

We define ¢;;(L) to be the number of transversals in the Latin array formed by
deleting the ith row and jth column of L. When clear from context, the shorthand
t;; is used.

THEOREM 3.7. Let L be a row-Latin square of order n. Then for all a,b,c,

tap = tee mod 2.
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Proof. Without loss of generality, we may assume that n > 2, a =1,b=1, ¢ = 2.
Let L[X] = [x;;] and define

1 1 0 --- 0
, T21 T22 23 **° T2n
LX) =
Tnl Tp2 Tp3d ** Tnn

Then t4p + toc is the number of terms in per L[X]" which have exactly n — 1 symbols.
Thus, by Lemma 2.2,

tap +tac = i(fl)"flf’"(n —r){ryper L[X]' = i(n —7){r) det L|X] mod 2.
r=0 r=1

If n is odd, then we have two subcases. If r is even, then (r)det L[ X] is even, by
Lemma 1.2. If r is odd, then n —r is even, and so each term in the summation is even.
If n is even, then we use a trick similar to Theorem 2.10 by pairing up complemen-
tary terms. Our result follows from Lemma 1.2 and Lemma 2.6 when r is even and r
is odd, respectively. O

This immediately gives us a surprisingly simple result which lays the groundwork
for the patterns found in the remainder of the section.

COROLLARY 3.8. Let L be a Latin square of order n. Then for all a,b,c,d,
tap = teqg mod 2.

Proof. Since L is a row-Latin square, t,, = t,q mod 2 by Theorem 3.7. Moreover,
since the transpose of L is a row-Latin square, t,q = t.q mod 2. O

This simple observation leads to several patterns relating to deleting a row and a
column of a Latin square.

COROLLARY 3.9. Let R be an (n — 1) x n row-Latin rectangle, where n is even. Then
the number of transversals in R is even.

Proof. Let L be some row-Latin square formed by adding one row to R. By definition,
the number of transversals in R is

tn1 (L) + tna(L) 4 - 4 tan(L).

Each of these terms is congruent modulo 2 (by Theorem 3.7) and n is even. O

Each (n—1) xn Latin rectangle R has a unique completion to a Latin square L, and
each transversal of R corresponds to a so-called near transversal of L. Corollary 3.9
does not generalise to odd orders, as there are some rectangles that have an even
number of transversals and other rectangles that have an odd number of transversals.
If any row is removed from the Cayley table of a cyclic group of odd order, the
resulting Latin rectangle has an odd number of transversals. This can been seen by
combining two well-known features of the cyclic group tables of odd order. Firstly
each near transversal extends to a (unique) transversal, and secondly there are an
odd number of transversals.

We define N, = N,.(L) to be the number of diagonals of weight n — 1 in L where
the symbol that appears in row r also appears in another row of the diagonal. The
following two results follow directly from the definition of ¢;;.
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LEMMA 3.10. Let L be a Latin square of order n. Then for any row r,

n

Ztrc =E, + N,.

c=1

Proof. Each transversal in the matrix formed by deleting row r and column ¢ extends
to either a transversal of L or a diagonal of weight n — 1 depending on which symbol
is in the cell (r, ¢). O

LEMMA 3.11. Let L be a Latin square of order n. Then

zn: > tre=nEn+2E, 1.

r=1c=1

Proof. Across the whole summation, each transversal of L is counted n times (once
for each entry in the transversal) and each diagonal with weight n—1 is counted twice
(once for each entry containing the duplicated symbol). O

Our next main result has a curious feature, which we explain after proving the
result.

THEOREM 3.12. Let L be a Latin square of odd order n. Then for any r and c,
t.. = F, mod 2.

Proof. Since n is odd, Corollary 3.8 ensures that

tre = En:i:tij mod 2.

i=1 j=1

Then Lemma 3.11 gives t,.. = nE,, + 2E,_1 = E,, mod 2, as desired. O

COROLLARY 3.13. Let L be a Latin square of order n. Then N, is even for all rows r.

Proof. Each term in ZZ:I tr. is the same modulo 2. If n is even, this sum is even,
whereas if n is odd, the sum is equivalent to t¢,; modulo 2. In either case, the sum
is equivalent to E,, modulo 2, by Theorem 2.7 and Theorem 3.12, respectively. The
result now follows from Lemma 3.10. g

An interesting feature of Theorem 3.12 lies in the fact that a transversal of L can
be inferred without locating one. In each of the other previous results, the number
of diagonals with specific properties is of a similar form: congruent to 0 modulo m
for some m. Congruences like this cannot be used to show existence of transversals.
However, Theorem 3.12 gives a slightly different approach. In particular, if ¢,.. =
1 mod 2 for any row and column, then there must exist a transversal in L even if
none go through the cell (r, c).

EXAMPLE 3.14. Consider Ls:

112(3(4|5
Hl 41513
3]4(|5]1|2
415(12(3]|1
5(3(1(2(4
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Every transversal in Ly goes through the shaded entry. In particular, there are no
transversals including the entry in the top left corner. However, the main diagonal is
the sole transversal in L5(1|1), so t11 = 1. Thus, we can use Theorem 3.12 to deduce
that at least one transversal exists in Ls without finding such a transversal.

We finish the discussion of ¢;; with a rather curious pattern found for small orders.
It is very much in the spirit of Theorem 3.3 (but does not seem to follow directly
from it).

CONJECTURE 3.15. Let L be a Latin square of order n. Then tye + toe + taqd + toa =
0 mod 4 for all a,b,c,d.

In light of Corollary 3.8, Conjecture 3.15 implies a very specific structure for the
matrix [t;;]. Each pair of rows either agrees modulo 4 or differs in every column by 2
modulo 4. A similar observation holds for columns.

4. COUNTING DIAGONALS BY THEIR NUMBER OF SYMBOLS

In this section, we look at relationships between the E; = E;(L), that is, the counts of
diagonals of L according to how many symbols they contain. We will also be interested
in R; = R;(L) which we define to be shorthand for (i) per L[X]. Note that Ry = 0.
The R; are related to the E; by

(19 B = é(—l)mr (20 )

where n is the order of L. This relationship was given explicitly in [2] and can easily
be derived from Lemma 2.2.

In several proofs we will encounter d,,, the number of derangements in S,,. From
the well-known recurrence d,, = nd,—1 + (—1)", we learn that

(15) d, =1 mod 4 when n is even.

The following proposition is a list of identities which are either immediate from the

definition of a Latin square or are proved in [6].
LEMMA 4.1. Let L be a Latin square of order n.

(a) Rl =n,

(b) R,—1 =nd,,

(¢c) R, =nl,

(d) Rq; is even for each integer i,

(e) R;+ R,—; is even if n is even, and

(f) R,z is even if n is even.

Balasubramanian [6] used (d) and (e) to show Theorem 2.7, while Akbari and
Alipour [2] showed the following two results.

THEOREM 4.2. If L is a Latin square of order n =2 mod 4 then E,_35 is even.
THEOREM 4.3. If L is a Latin square of order n then E,_1 is even.

We start with patterns in Latin squares of odd order. We have two direct corollaries
of earlier results.

COROLLARY 4.4. If L is a Latin square of odd order then Ry, = 0 mod 4 for each
integer k.

Proof. Simply apply Corollary 3.6 to each matrix in the sum that defines Ryy. O
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COROLLARY 4.5. If L is a Latin square of odd order n and k = 2 mod 4, then
Ry + 2R, = 0 mod 4.
Proof. Apply Theorem 3.4 to each of the complementary pairs in Ry and R,,_;. O
In addition, we have:

THEOREM 4.6. If L is a Latin square of odd order n then E; is even whenever i is
even.

Proof. By (14) we have

N (n-i
El:Z(n—Z>RJ mod 2.

j=1
Now, R; is even for even j, by Lemma 4.1(d). When j is odd, (Z:Z) is even by Lucas’
Theorem, given that n — j is even and n — ¢ is odd. The result follows. 0

We also have the following strengthening of Theorem 4.3 for odd orders:
THEOREM 4.7. If L is a Latin square of odd order n then E,_1 =0 mod 4.

Proof. We compute E,_1 utilising (14). We pair up the complementary terms in this
summation, (n —r)R, — rR,_,. Within each of these pairs, we assume that r is even,
by replacing r by n — r if necessary. We examine two cases. First, if » = 0 mod 4,
then the second term vanishes modulo 4 and (n — r)R, = 0 mod 4 by Corollary 4.4.
Alternatively, if r = 2 mod 4 then R, is even, by Lemma 4.1(d), so (n—r)R, = R, mod
4. Thus, (n—7)R, —rR,_, = R.+2R,,_, mod 4. We may now use Corollary 4.5. Each
pair of complementary terms sums to a multiple of four, so the result follows. O

We now shift our attention to Latin squares of even order, where the results are
based on the global relationship between the different R; values in contrast with the
local nature of Corollary 4.4 and Corollary 4.5.

THEOREM 4.8. If L is a Latin square of even order n > 2 then
E1+E3+—|—En_1 EE2+E4—|—+En = n mod 4.
Proof. By (14),

n/2 n/2 2m—1 N n—r
PIEERED I S N L

m=1 r=1
n

1 e
2. DY (25— 1)

r=1 s=1
n—1
=Y (-2)""'R. =R, 1 —2R,,_2 =nd, — 0 =nmod 4,
r=1
by Lemma 4.1 and (15). If n > 4 then >, E; = n! = 0 mod 4, and the second
congruence follows. g

COROLLARY 4.9. Every Latin square has an even number of diagonals that contain an
even number of symbols.

Proof. The order 2 case is trivial and Theorem 4.8 takes care of all larger even orders.
The odd case is immediate from Theorem 4.6. g

COROLLARY 4.10. Every Latin square of order n > 1 has an even number of diagonals
that contain an odd number of symbols.
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Proof. There are n! = 0 mod 2 diagonals, so the result follows from Corollary 4.9. O

The even permanent per®’ is defined as the sum of the products of the entries
on the even diagonals of a matrix. In other words, it has the same definition as (1)
except that the sum is taken over the alternating group rather than the symmetric
group. Let R$Y be defined the same as R;, but using per®¥ in place of per. Similarly,
let EXY be the number of even diagonals with exactly ¢ different symbols on them. We
considered even permanents as one possible approach to Conjecture 2.13. While that
effort was unsuccessful, we did manage to prove this weak analogue of Theorem 4.8:

THEOREM 4.11. If L is a Latin square of even order n > 2 then
ESY+EY+---+EY =E7Y+EY+EM+E"+---+EY=0 mod 2.
Proof. Similar to the proof of Theorem 4.8, we have that

n/2
Z Esy =Ry, mod?2.

Hence
n/2
(16) Z ES,  =EY+RY , =R+ R, mod 2.

Let Py and P be permutation matrices corresponding to arbitrary even and odd
permutations, respectively. Then per®” Py = 1 and per®” P; = 0. Also per®(J — FPy) =
a and per®(J—Py;) = b, where a+b = per(J—Fy) = d,,, and a—b = det(J—Fy) = 1—n,
by (5). Thus a = (d, +1 —n)/2 and b = (d, — 1 + n)/2. By (15),
erf" Py +per®™(J—Py)=1+(d,+1—n)/2=n/2=(d, —1+n)/2
= per® Py + per®V(J — Py)

mod 2. Thus, in calculating (16) we can pair up complementary terms in R{Y and

ReY | to show that RSV + RSV, = n(n/2) = 0 mod 2. The result follows, since
ZlEf"—n'/2:O mod 2. O
Note that E{Y =n —ms mod 2, where 7, is the symbol parity described in § 1. It

is curious that the Eev term in Theorem 4.11 appears on the side of the congruence
that it does. The analogous statement for standard permanents follows by considering
Theorem 4.8 modulo 2, and noting that the E; term can be written on either side of
the congruence, since F; = n is even.

We next show a parity relationship between consecutive pairs in the sequence
Ey, ..., Ey.

THEOREM 4.12. If L is a Latin square of even order then Fo; 1 = FEo; mod 2 for each
integer 1.

Proof. By (14),
2i—1
n—r n—r .
Eoi + Eoi_1 = Ro; + ; [(n—2i> - (n—QH—l)} (=1)"R,
_n +le:1 n—r n-—r 20 —r (“1)'R
B n— 2 n—2i) \n—2i+1 "

2i—1 .
n—r n—4r+r+1 X
= Ry; —_— [ (=1)"R,.
2+;(n—2i>{ n—2i+1 }( )
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If r is even, then R, is even. If r is odd, then n — 47 + r 4 1 is even, while n — 2i + 1
is odd, so (J'7;.)(n — 4i+r+1)/(n— 2i + 1) must be even (it is an integer, since our
proof shows that it is the difference of two integers). The result follows. O

It seems that E9; and ;41 are unrelated except for the case E,,_2 and F;,,_; when
n = 0 mod 4, which is covered in the following conjecture.

CONJECTURE 4.13. Let L be a Latin square of order n. The following holds for all ¢, j
and r. If n =0 mod 4, then

E,=FE, 1 =2FE, > =2t; = N, mod 4,

(17 R1+R3+ -+ R,_-1=0mod4 and Ry + Ry+ -+ R, = E, mod 4.
If n =2mod 4, then E,_; = 2t;; = N, mod 4.

Using (14), Theorem 2.7 and Lemma 4.1(d), if n = 0 mod 4, then Y R; = F,, mod
4. Also, B,,_1+2FE,_ s =R+ Rs+---+ R,,_1 mod 4. Thus, E,,_1 = 2E,,_> mod 4 is
equivalent to (17). Note, for even n, that E,, E,_1 and N, are even by Theorem 2.7,
Theorem 4.3 and Corollary 3.13, respectively.

Suppose that n = 0 mod 4 and that Conjecture 4.13 holds. It follows that N,.+FE,, =
0 mod 4, which combines with Lemma 3.10 to imply that the number of transversals
in any (n — 1) x n Latin rectangle is divisible by 4, whenever n itself is divisible by 4.

Our results to this point have all been congruences mod 2 or 4. We finish by showing
for any given order n that Ry and Es have only two possible values mod 6. The main
interest in this result is that it involves a different modulus to our other results.

LEMMA 4.14. Let L be a Latin square of any order n. Then Ry = Es = 0 mod 2 and
Ry Z(—1)"(n4+1)mod 3 and Ey % (—1)"(n+1) —n(n—1) mod 3.

Proof. By (14) we have that F3 = Ry — (n — 1)R; = Re — n(n — 1), so it suffices to
prove the claims about Ry. By Lemma 4.1(d), we know that R is even, and it follows
immediately that Fs is even as well.

For each symbol s of L, define a permutation 65 : [n] — [n] by 05(i) = j if L;; = s.
Then Ry is the sum over symbols s, s’ € [n] of 2¢(55) where ¢(s, s') is the number of
cycles in (65) "6 . The number of cycles in any permutation o € S,, is n—e(o) mod 2.
Hence

Ry = Z 20(575/) = Z(_l)n—s((es)*les,) = (_1)n Z(_l)s(ﬂs)—&-s(ﬂsz)

=(-1)" V(" —e(n—e) | mod 3,
2 2
where e = |{s € [n] : £(6s) = 0}|. The required result now follows by a simple case
analysis concerning the value of e mod 3. 0

5. CONCLUDING REMARKS

We have shown a number of congruences satisfied by various quantities motivated
by the study of transversals in Latin squares. There are many others which are di-
rect consequences of the results we have given. For example, it is easy to use (14),
Lemma 4.1(d) and Corollary 4.4 to show that Fg = 0 mod 4 when n = 3 mod 4, given
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that

("= ("57) = ("7 ") =omoas ana
(";")

As mentioned in the introduction, a notion of parity has been useful in a number of
different studies of Latin squares. In this paper we have introduced parity for transver-
sals of Latin squares, and used it in the analysis of the number of transversals. In our
investigation we uncovered a number of interesting patterns, some of which we have
proved, and others we conjecture. Several of the conjectures classify Latin squares
of a given even order into two types which seem to have different properties. These
classifications do not seem to be related to each other, or to pre-existing notions of
parity. In Conjecture 2.13 the value of w mod 2, say, partitions Latin squares based
on the parity of their transversals, while Conjecture 4.13 partitions Latin squares into
two classes based on FE,,_; modulo 4. However, these partitions seem to be indepen-
dent of each other and of the previously studied parities m, and mw.. By randomly
generating Latin squares, we found a Latin square with each of the 16 possibilities for
(w, Bp—_1/2, 7, m:) mod 2 for orders 8, 10 and 12.

Finally, we remark that we have only considered the classical 2-dimensional case
in this paper. However, transversals are of interest in the context of Latin hypercubes
and permanents can also be generalised to higher dimensions. All of the questions that
we have investigated could also be asked in these higher dimensional contexts. A first
step in this direction has been taken by Taranenko [24], who noted that Theorem 2.7
generalises to Latin hypercubes.

("3°)=("5")-

0 mod 2.

Acknowledgements. The authors are grateful to Saieed Akbari for interesting discus-
sions on the topic of this paper.

REFERENCES

[1] Ron Aharoni and Martin Loebl, The odd case of Rota’s bases conjecture, Adv. Math. 282
(2015), 427-442.
Saieed Akbari and Alireza Alipour, Transversals and multicolored matchings, J. Comb. Des. 12
(2004), no. 5, 325-332.
[3] Robert E. L. Aldred, Rosemary A. Bailey, Brendan D. McKay, and Ian M. Wanless, Circular
designs balanced for neighbours at distances one and two, Biometrika 101 (2014), no. 4, 943-956.
[4] Noga Alon and Michael Tarsi, Colorings and orientations of graphs, Combinatorica 12 (1992),
no. 2, 125-134.
Levent Alpoge, Square-root cancellation for the signs of Latin squares, Combinatorica 37 (2017),
no. 2, 137-142.
[6] Krishnaswami Balasubramanian, On transversals in Latin squares, Linear Algebra Appl. 131
(1990), 125-129.
[7] Janos Barat and Zoltdn L. Nagy, Transversals in generalized Latin squares, Ars Math. Contemp.
16 (2019), no. 1, 39-47.
[8] Darcy Best, Kevin Hendrey, Ian M. Wanless, Tim E. Wilson, and David R. Wood, Transversals
in Latin arrays with many distinct symbols, J. Comb. Des. 26 (2018), no. 2, 84-96.
[9] Nicholas J. Cavenagh and Ian M. Wanless, There are asymptotically the same number of Latin
squares of each parity, Bull. Aust. Math. Soc. 94 (2016), no. 2, 187-194.
[10] Diane M. Donovan, Michael J. Grannell, Terry S. Griggs, and James G. Lefevre, On parity
vectors of Latin squares, Graphs Comb. 26 (2010), no. 5, 673-684.
[11] Nevena Franceti¢, Sarada Herke, and Ian M. Wanless, Parity of sets of mutually orthogonal
Latin squares, J. Comb. Theory, Ser. A 155 (2018), 67-99.
[12] David G. Glynn, The conjectures of Alon-Tarsi and Rota in dimension prime minus one, SIAM
J. Discrete Math. 24 (2010), no. 2, 394-399.
[13] David G. Glynn and David Byatt, Graphs for orthogonal arrays and projective planes of even
order, SIAM J. Discrete Math. 26 (2012), no. 3, 1076-1087.

2

[5

Algebraic Combinatorics, Vol. 3 #2 (2020) 556



(14]

(15]

(16]
(17]
(18]
(19]
20]

(21]
(22]

(23]
(24]

[25]
[26]

Parity of transversals of Latin squares

Jeannette C. M. Janssen, On even and odd Latin squares, J. Comb. Theory, Ser. A 69 (1995),
no. 1, 173-181.

Petteri Kaski, André de Souza Medeiros, Patric R. J. Ostergird, and Ian M. Wanless, Switching
in one-factorisations of complete graphs, Electron. J. Comb. 21 (2014), no. 2, Paper #2.49
(23 pages).

Peter Keevash and Liana Yepremyan, On the number of symbols that forces a transversal, to
appear in Comb. Probab. Comput., 7 pages.

Daniel Kotlar, Parity types, cycle structures and autotopisms of Latin squares, Electron. J.
Comb. 19 (2012), no. 3, Paper #10 (17 pages).

Brendan D McKay, Jeanette C. McLeod, and Ian M. Wanless, The number of transversals in a
Latin square, Des. Codes Cryptography 40 (2006), no. 3, 269-284.

Richard Montgomery, Alexey Pokrovskiy, and Benjamin Sudakov, Decompositions into spanning
rainbow structures, Proc. Lond. Math. Soc. (3) 119 (2019), no. 4, 899-959.

Morris Newman, Combinatorial matrices with small determinants, Can. J. Math. 30 (1978),
no. 4, 756-762.

Herbert J. Ryser, Combinatorial mathematics, Carus Math. Monogr., vol. 14, Wiley, 1963.

, Neuere Probleme der Kombinatorik, Vortrage liber Kombinatorik Oberwolfach, July
1967, pp. 69-91.

Douglas S. Stones and Ian M. Wanless, How not to prove the Alon-Tarsi conjecture, Nagoya
Math. J. 205 (2012), 1-24.

Anna A. Taranenko, Permanents of multidimensional matrices: properties and applications, J.
Appl. Ind. Math. 10 (2016), no. 4, 567-604.

Tan M. Wanless, Cycle switches in Latin squares, Graphs Comb. 20 (2004), no. 4, 545-570.

, Transversals in Latin squares: a survey, in Surveys in combinatorics 2011, London
Math. Soc. Lecture Note Ser., vol. 392, Cambridge Univ. Press, Cambridge, 2011, pp. 403—-437.

DARrcY BEsT, School of Mathematics, Monash University, Australia

IAN M. WANLESS, School of Mathematics, Monash University, Australia

E-mail : ian.wanless@monash.edu

Algebraic Combinatorics, Vol. 3 #2 (2020) 557


mailto:ian.wanless@monash.edu

	1. Introduction
	2. Transversals of Latin squares of even order
	3. Transversals of depleted Latin squares
	4. Counting diagonals by their number of symbols
	5. Concluding remarks
	References

