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Toric ideals of Minkowski sums of unit

simplices

Akihiro Higashitani & Hidefumi Ohsugi

ABSTRACT In this paper, we discuss the toric ideals of the Minkowski sums of unit simplices.
More precisely, we prove that the toric ideal of the Minkowski sum of unit simplices has a
squarefree initial ideal and is generated by quadratic binomials. Moreover, we also prove that
the Minkowski sums of unit simplices have the integer decomposition property. Those results
are a partial contribution to Oda conjecture and Bggvad conjecture.

1. INTRODUCTION

1.1. TERMINOLOGIES. Let P C R? be a lattice polytope, which is a convex polytope
all of whose vertices belong to the standard lattice Z%, of dimension d. We say that P
has the integer decomposition property (or is IDP for short) if for any positive integer
nandaEnPﬂZd, there exist aq,...,a, € PNZ%such that &« = aq + - - + ayy.

We say that P is smooth if for each vertex v of P, the set of the primitive edge
direction vectors of v forms a Z-basis for Z¢. A smooth polytope is often said to be
a Delzant polytope. It is known that P is smooth if and only if the projective toric
variety associated to P is smooth.

Let A= {ay,...,a,} C Z% We allow a; = a; for some 1 <i < j < m, that is, A
may be a multiset. We say that A is a configuration if there is a hyperplane H C R?
which is of the form ¢z + - + cqrvg = 1 with ¢; € Q such that A C H. Assume
that A is a configuration. Let K[t*] = K[tT,...,t1] be the Laurent polynomial
ring in d variables over a field K. Given a lattice point a = (a1,...,aq) € 74, we set
t2 =1§t -9 € K[t*]. The toric ring of A is the subalgebra K[A] of K [t*] generated
by t21,...,t2". The toric ideal I4 of A is the defining ideal of the toric ring K[A],
i.e. it is the kernel of a surjective ring homomorphism 7 : K[z1,...,z,] — K[A]
defined by 7(x;) = t?i. It is known that I 4 is generated by homogeneous binomials.
Given a lattice polytope P C R¢, the toric ideal of P stands for the toric ideal of the
configuration Ap C Z*!, where Ap = {(a,1) € Z*' : o € PN Z%}. We refer the
readers to [5, 9] for the introduction to toric ideals and their Grébner bases.
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1.2. TWO CONJECTURES ON SMOOTH POLYTOPES. Traditionally, the theories of lat-
tice polytopes and toric geometry have been developing by interacting each other. In
particular, the following two conjectures are of great importance from viewpoints of
not only combinatorics but toric geometry:

CONJECTURE 1.1 (Oda Conjecture). Every smooth polytope is IDP.

CONJECTURE 1.2 (Bggvad Conjecture). The toric ideal of every smooth polytope is
generated by quadratic binomials.

Note that there is no logical connection between these two conjectures. In fact,
there are many examples of lattice polytopes which are IDP but their toric ideals are
not generated by quadratic binomials, and vice versa. There are some partial results on
these two conjectures. See [3]. Those conjectures are true in dimension 2. Recently, it
was proved in [2] that Conjecture 1.1 is true for centrally symmetric smooth polytopes
of dimension 3, but it is still open in dimension (at least) 3 in general.

1.3. GENERALIZED PERMUTOHEDRA. We recall generalized permutohedra, intro-
duced by Postnikov [6, Section 6]. Given a positive integer n, let [n] = {1,2,...,n}.
We define a convex polytope PZ({z;}) as follows:

PZ({z}) = {(tl,...,tn) ER™: > t; =z, Yy _t; >z for each I ¢ [n]} :
i=1 iel
where {z7} is a given collection of parameters with z; > 0 for each nonempty I C
[n] and belongs to a certain full-dimensional polyhedral subset of R?>"~!. Note that
PZ({zr}) is a usual permutohedron if z; = z; whenever |I| = |J|.
On the other hand, let

PY({yr}) = Y wiAr
IC[n]

where {y;} is a given collection of parameters with y; > 0 for each nonempty I C [n],
and > stands for the Minkowski sum of polytopes. It is proved in [6, Proposition 6.3]
that for a given {y;}, we see that PY ({y;}) = P7({zr}) by setting z; = >, -, yJ.
Thus {PY ({ys}) : yr = 0 for I C [n]} is a special (but large enough) class of general-
ized permutohedra. Moreover, nestohedra, which are a wide class of smooth polytopes,
can be described as PY ({y;}) with y; > 0 for I C [n] and those include many other
important classes of smooth polytopes. See Section 2 for more details. The main object
of this paper is PY ({y7}) in the case y; € Zxo.

1.4. RESULTS. The main theorem of the present paper is the following:
THEOREM 1.3. Let y; € Zx¢ for each I C [n]. Then the generalized permutohedron
PY ({yr}) satisfies the following:

(a) Py ({yr}) is IDP;
(b) The toric ideal of PY ({y1}) has a squarefree initial ideal;
(c) The toric ideal of PY ({y;}) is generated by quadratic binomials.

Since nestohedra, which can be written as PY ({y;}) above, are smooth polytopes,
we immediately obtain the following corollary that is a partial contribution to Oda
and Bggvad Conjectures:

COROLLARY 1.4. Oda Conjecture and Bggvad Conjecture are true for nestohedra.
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1.5. ORGANIZATION. The present paper is organized as follows. In Section 2, we recall
the notion of nestohedra and graph associahedra. Note that graph associahedra are a
subclass of nestohedra. In Section 3, we review the key notion of generalized nested
configurations, introduced by Shibuta [7]. Finally, in Section 4, we prove Theorem 1.3
by using the notion of generalized nested configurations.

2. NESTOHEDRA AND GRAPH ASSOCIAHEDRA

In this section, we recall the notion of nestohedra and graph associahedra. As ex-
plained in Introduction, nestohedra are a kind of generalized permutohedra, and
graph associahedra are a kind of nestohedra. See [4, Section 1.5] for the introduc-
tion to nestohedra and graph associahedra.

Given a subset S C [n], let Ag denote the convex hull of {e; : ¢ € S} C R", where
e; is the i-th unit vector of R™. For a collection F of subsets of [n], we set

Pr = Z Ag.
SeF

Clearly, Pr is a lattice polytope.
Let B be a collection of subsets of [n]. We say that B is a building set if B satisfies

(i) if I,J € B with INJ # @, then T U J € B; and

(ii) {i} e Bforeachi=1,...,n.
Note that the condition (ii) is just added only for convenience. The lattice polytope
‘P associated to a building set B is called a nestohedron. Since taking the Minkowski
sum of some polytope and Ay;y is nothing but a parallel transformation, we may treat
B~ {{1},...,{n}} instead of B.

We consider the building set arising from a finite simple graph. Let G be a finite
simple graph on the vertex set [n] with the edge set E(G). Let Bg be a collection of all
subsets S of [n] such that the induced subgraph of G on S is connected. Then it is easy
to see that Bg is a building set, called a graphical building set. The nestohedron asso-
ciated to a graphical building set is called a graph associahedron. Graph associahedra
include the following important classes of smooth polytopes (see [6, Section 8]):

e Let K, be a complete graph on [n]. Then the graph associahedron of K, is a
(kind of) permutohedron.

e Let G be a path graph on [n], i.e. the graph whose edge set is {{i,i+1}:4 =
1,...,n — 1}. Then its graph associahedron is the associahedron, also known
as the Stasheff polytope.

e Let G be a cycle graph on [n], i.e. the graph whose edge set is {{i,i+ 1} : i =
1,...,n—1}U{{1,n}}. Then its graph associahedron is the cyclohedron, also
known as the Bott—Taubes polytope.

o Let B={[i] :i=2,3,...,n}U{{1},{2},...,{n}}. Then B is a building set,
but not a graphical one. The nestohedron Pg is exactly the polytope studied
by Pitman and Stanley [8], and called the Pitman—Stanley polytope.

It is proved in [6, Proposition 7.10] that the generalized permutohedron PY ({yr})
is smooth if {I C [n] : y;y > 0} is a building set. Remark that this is not necessary,
i.e. there are examples of smooth generalized permutohedra not associated with
building sets.

3. GENERALIZED NESTED CONFIGURATIONS

In the present section, we explain the notion of generalized nested configurations
introduced by Shibuta [7, Section 3.3] as an application of the results on Grébner
bases of contraction ideals.
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Let A C Z3, and B; = {bgi),...,bg\ii?} C Z" (i =1,2,...,s) be configurations.

Then the generalized nested configuration arising from A and By, ..., B; is the con-
figuration A[By,..., Bs] in Z™ defined by
S )\7‘, . . . )\1 )\S
A[By,...,Bg] = ZZ agl)by) : ag-l) € Z>o, Za§1), R Zag-s) eA
i=1 j=1 j=1 j=1

This is a generalization of nested configurations introduced in [1].

ExamPLE 3.1. Let A = {(1,...,1)} C Z, and By,...,B; C Z" be configurations.
Then A[Bl,...,BS] :{b1++bsbl EBZ}

Shibuta [7, Theorem 3.5] proved the following.

PROPOSITION 3.2. Let K[z*'] = K[2',..., 2] be a Laurent polynomial ring over
a field K with deg(z;) = v; € Q% and let uy, ..., u, € Q be rational vectors that are
linearly independent over Q. Suppose that configurations Bi,...,Bs in Z" satisfies

B; C {beZ":deg(z®) = w;} fori=1,2,...,s. Let A C 7% be a configuration and
let B= By U---UBs. Then we have the following:
(a) If both 14 and Ip possess initial ideals of degree at most m, then so does
Las,,....B,)-
(b) If both 14 and Ip possess squarefree initial ideals, then so does I4(p, ... B.)-
Next, we explain how to construct a corresponding Grébner basis of I4p, .. B,
in Proposition 3.2. Work with the same assumption as in Proposition 3.2. Let & =
{el, .. ,eg\?} ch;_, @;;1 Zey) fori =1,2,...,s. We define polynomial rings K [x]
and Kly] over a field K by
K[x] = K[za:a € A&, ..., E]],

Kly] = K[y\" i€ [s],5 € [\]]-

Then the toric ideal I4[¢, . g, of A[&1,...,E] is the kernel of ring homomorphism
Qa8 Kx] = K[yl, vae,.e(@a) =y,

and the toric ideal I of B is the kernel of ring homomorphism
3 (1)

op: Kly] = K[z%!], <pB(y§ )) =z .

Then we have
TaB,,...B.) = ker(pp o pa,,..e.]) = 502[1517,,,,551(1{6?(503)) = @;[lgl,__ﬂgs](IB)-

Given an element ¢ of the toric ring K[A[&1,...,&]](= im(pafe, ...c.])), there exists
a unique polynomial § € K[x]| such that @ape, . ¢.)(¢) = ¢ and any monomial of §
does not belong to the initial ideal of T4, . .. Then we define lift(q) = ¢. Since
uy,...,u, are linearly independent over Q, it follows that /p is homogeneous with
respect to a multi-grading deg(y](-l)) = e; € 7°. With respect to this grading, let
Kly] = @yucz- Klylu, where K[y], is the K-vector space spanned by all monomials

in K[y] of multi-degree u. A corresponding Grébner basis can be constructed by the
following way:

PRrOPOSITION 3.3 ([7, Proposition 2.28]). Work with the same notation and as-
sumptions as above. Let G be the reduced Grobner basis of Iag, . e, and let
F=A{f1,..., fe} be that of Ig with deg(f;) = v;. Then

G U {lift(y*- f;) :i € [{], y* € T(v;)}
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is a Grobner basis of Ia(p,.... B,), where each I'(v;) is the minimal set of monomial
generators of K[A[E1,...,Es]]-submodule

K[ylu
yutvieK[A[E,...,E]]

of Kly].

4. PROOF OF THEOREM 1.3

Recall that the main object of this paper is
(1) PY({ur}) = > wiAr,
IC[n]

where {y;} is a given collection of parameters with y; € Zxo. Since each y; is a
nonnegative integer, the equation (1) can be rewritten as

PY(ur)) = > (Ar+--+A)).
~—_———
IC[n] yI
Hence PY ({yr}) coincides with
(2) Pr=Ag, +---+Ag

where 7 = (S1,...,Smn) is a tuple of nonempty subsets S; C [n] such that each
I C [n] appears y; times in F. In order to study the Minkowski sum (2), we consider
the Cayley sum

Qr :=conv((Ag, X e1),...,(Ag, X ey,)) CR""

m

m?

of Ag,,...,Ag, . Let G be a bipartite graph on the vertex set {1,2,...,n} U
{1',2/,...,m'} whose edge set is {{j,i'} : j € [n],i € [m],j € S;}. Then QF coincides
with the edge polytope [5, Section 5.2] of G. Here the edge polytope P(G) of a graph
G on the vertex set [d] is the convex hull of

{e; +e; € R?: {4,j} is an edge of G}.
Postnikov [6] calls P(G) a root polytope of G. The following is known.

PROPOSITION 4.1 ([5, Theorem 5.24]). Let G be a bipartite graph. Then the edge
polytope P(G) of G is unimodular (every triangulation of P(G) is unimodular) and
IDP. In particular, Qr is unimodular and IDP for any F.

It is known by [6, Proposition 14.12] that (Ag, NZ™)+- - -+ (Ag, NZ") = PrNZ™.
Moreover, the following is also known.

PROPOSITION 4.2 ([10, Theorem 0.4]). Let P, ..., P, C R™ be lattice polytopes. If
the Cayley sum of P, ..., Py, is IDP, then the Minkowski sum .- a;P; is IDP for
any ai,...,am € Zxo.

We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3. (a) Propositions 4.1 and 4.2 imply that Px is IDP.
(b) We show that the toric ideal of Pr has a squarefree initial ideal by using
Shibuta’s theory of contraction ideals [7]. Let

Kx] = K[z, .., : jx € Sk (1 <k <m)],
Kly] = K[y\" : i € [m],j € Sil,

Klz,w] = K[21, ..., Zn, W1, ..., W]
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be the polynomial rings over a field K. We now consider the ring homomorphisms

1 m
oa: Kx] = Klyl, oalzj..j.) =y .y
o5 Kyl = K[z,w], o5") = zu;.

)

Then we have the following;:

e The kernel of ¢4 is the toric ideal of the Segre product of the polynomial
rings K[y](.l) 1 j € Sl],...,K[y§m) 2 j € Sp]. It is known that ker(¢4) has
a squarefree quadratic initial ideal with respect to a “sorting order”, see [5,
Section 9.5]. Let G be the corresponding quadratic Grébner basis of ker(p4).

e The kernel of ¢p is the toric ideal of Qx. By [5, Theorem 4.17], the initial
ideal of ker(pp) is generated by squarefree monomials with respect to any
monomial order since Qz is unimodular (Proposition 4.1). Let {f1,..., f¢}
be a Grobner basis of Ig ..

e The composition pp o @4 : K[x] — K|z, w] satisfies

epopalzj, 4. )= @B(yj(-i) ... yj(z)) =Zj .. 2, W .. Wy
Since the monomial w; ... w,, appears in ¢p o @a(xj, . ;. ) for all variables
Zji,....jm» it follows that the kernel of ¢p o ¢4 is equal to the kernel of a
homomorphism ¢ : K[x| — K|z], where ¢(z;,, . j..) = Zj, ... %;,,. Then the
kernel of ¢ is the toric ideal of the configuration A = {>°;" e : ji €
Sk (1 < k < m)}. Here we must regard A as a multiset. On the other hand,
A coincides with the vertex set of Pr as a set. Thus the kernel of ¥ is equal
to Ip,. + J, where Ip, is the toric ideal of Pr and J is generated by the
linear forms x;, ;. — @k, .k, such that ¢¥(x;, . ;. ) = ¥(Tk, . k,) Note
that ¥(zj, . j..) = (k... k,,) if and only if sort(ji - - - jm) = sort(ky - - - kp,).
If we set degz; = 0 € Q™, degw; = €; € Q™, and B; = {(a,e;) € Z™" :a €
Ag, NZ"}, then ey, ..., e,, are linearly independent over Q and the assumptions in
Proposition 3.2 are satisfied. Note that Qr is the convex hull of B = By U---U B,,.
Since both ker(p4) and ker(¢p) have squarefree initial ideals, so does ker(ppop4) by
Proposition 3.2. Let G be the corresponding reduced Grobner basis of ker(¢p 0 ¢w4).
By Proposition 3.3, we have G = G U {lift(y*- f;) : i € [¢], y* € T'(v;)}. Then G~ J
is a Grobner basis of Ip,.. Thus the initial ideal of I'p, is squarefree.
(¢) Since G consists of quadratic binomials, it is enough to show that each lift(y?- f;)
is generated by the binomials in ker(¢p o @4) of degree < 2. It is known by [5,
Corollary 5.12] that each fi corresponds to an even cycle in the bipartite graph. In
fact, if deg(fx) = r, then there exists a cycle C' = (g1, P}, q2, D%, - - -, ¢, D)) of length
2r in the bipartite graph such that

Ti =y y e ydD —y By ey,

By changing indices if needed, we may assume that C = (1,1,2,2',...,r,7’) and

fr=yys? oyl =y Dy

Then lift(y® - f) is of the form

3 a — . Ly —
HE6(y® - fi) = 20, g1 Tj2 gz oo Tjp g, — Trl Lk TR2 k2, - Tk

1ol ToesRp, =0T TRy m

where 1 < s < r. Suppose that s > 3. Since v 4 (lift(y* - fx)) = y* - fx, we have

{jé?ajgua"'l}\{a} ifoz=1,2,...,r—1,
(3)  {kL,.. . k=KL, ... 50,1~ {a} if a =r,
{jév"'ajgt} fa=r+1,r+2,...,m
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as multisets. Note that ker(¢p o pw4) possesses the quadratic binomials of the form

(4) Tt ereendm Tl vosdlseeosdly ~ Tt el Tl ety € KT(P4)-

For example, we have

lift (ya . fk)

= Xtk T2 T s, T Tk kL k2 TR k2 kL, e TR RS,

m—17 m—17

l'kf, k2 ) .

»m

+ T3, k3, v Tks .k, (xk%,...,kl K2, Tk2 k2 kL T kLD

m—17 m—17 m

By repeating this procedure, the equation (3) guarantees that lift(y®- fi) is generated
by quadratic binomials of the form (4) and the binomial

_ u . . — . .
g=x (m1727~~m]r+17-~~7jm x2,~--7r71,h+1,~-~7Jm)-

Then z1 2, — T2, 1 s, m DElODgS to J. O

ST Jr 1y dm
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