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Toric ideals of Minkowski sums of unit
simplices

Akihiro Higashitani & Hidefumi Ohsugi

Abstract In this paper, we discuss the toric ideals of the Minkowski sums of unit simplices.
More precisely, we prove that the toric ideal of the Minkowski sum of unit simplices has a
squarefree initial ideal and is generated by quadratic binomials. Moreover, we also prove that
the Minkowski sums of unit simplices have the integer decomposition property. Those results
are a partial contribution to Oda conjecture and Bøgvad conjecture.

1. Introduction
1.1. Terminologies. Let P ⊂ Rd be a lattice polytope, which is a convex polytope
all of whose vertices belong to the standard lattice Zd, of dimension d. We say that P
has the integer decomposition property (or is IDP for short) if for any positive integer
n and α ∈ nP ∩ Zd, there exist α1, . . . , αn ∈ P ∩ Zd such that α = α1 + · · ·+ αn.

We say that P is smooth if for each vertex v of P , the set of the primitive edge
direction vectors of v forms a Z-basis for Zd. A smooth polytope is often said to be
a Delzant polytope. It is known that P is smooth if and only if the projective toric
variety associated to P is smooth.

Let A = {a1, . . . ,am} ⊂ Zd. We allow ai = aj for some 1 6 i < j 6 m, that is, A
may be a multiset. We say that A is a configuration if there is a hyperplane H ⊂ Rd
which is of the form c1x1 + · · · + cdxd = 1 with ci ∈ Q such that A ⊂ H. Assume
that A is a configuration. Let K[t±] = K[t±1 , . . . , t

±
d ] be the Laurent polynomial

ring in d variables over a field K. Given a lattice point a = (a1, . . . , ad) ∈ Zd, we set
ta = ta1

1 · · · t
ad
d ∈ K[t±]. The toric ring ofA is the subalgebraK[A] ofK[t±] generated

by ta1 , . . . , tam . The toric ideal IA of A is the defining ideal of the toric ring K[A],
i.e. it is the kernel of a surjective ring homomorphism π : K[x1, . . . , xm] → K[A]
defined by π(xi) = tai . It is known that IA is generated by homogeneous binomials.
Given a lattice polytope P ⊂ Rd, the toric ideal of P stands for the toric ideal of the
configuration AP ⊂ Zd+1, where AP = {(α, 1) ∈ Zd+1 : α ∈ P ∩ Zd}. We refer the
readers to [5, 9] for the introduction to toric ideals and their Gröbner bases.
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1.2. Two conjectures on smooth polytopes. Traditionally, the theories of lat-
tice polytopes and toric geometry have been developing by interacting each other. In
particular, the following two conjectures are of great importance from viewpoints of
not only combinatorics but toric geometry:

Conjecture 1.1 (Oda Conjecture). Every smooth polytope is IDP.

Conjecture 1.2 (Bøgvad Conjecture). The toric ideal of every smooth polytope is
generated by quadratic binomials.

Note that there is no logical connection between these two conjectures. In fact,
there are many examples of lattice polytopes which are IDP but their toric ideals are
not generated by quadratic binomials, and vice versa. There are some partial results on
these two conjectures. See [3]. Those conjectures are true in dimension 2. Recently, it
was proved in [2] that Conjecture 1.1 is true for centrally symmetric smooth polytopes
of dimension 3, but it is still open in dimension (at least) 3 in general.

1.3. Generalized Permutohedra. We recall generalized permutohedra, intro-
duced by Postnikov [6, Section 6]. Given a positive integer n, let [n] = {1, 2, . . . , n}.
We define a convex polytope PZn ({zI}) as follows:

PZn ({zI}) =
{

(t1, . . . , tn) ∈ Rn :
n∑
i=1

ti = z[n],
∑
i∈I

ti > zI for each I ( [n]
}
,

where {zI} is a given collection of parameters with zI > 0 for each nonempty I ⊂
[n] and belongs to a certain full-dimensional polyhedral subset of R2n−1. Note that
PZn ({zI}) is a usual permutohedron if zI = zJ whenever |I| = |J |.

On the other hand, let
PYn ({yI}) =

∑
I⊂[n]

yI∆I ,

where {yI} is a given collection of parameters with yI > 0 for each nonempty I ⊂ [n],
and

∑
stands for the Minkowski sum of polytopes. It is proved in [6, Proposition 6.3]

that for a given {yI}, we see that PYn ({yI}) = PZn ({zI}) by setting zI =
∑
J⊂I yJ .

Thus {PYn ({yI}) : yI > 0 for I ⊂ [n]} is a special (but large enough) class of general-
ized permutohedra. Moreover, nestohedra, which are a wide class of smooth polytopes,
can be described as PYn ({yI}) with yI > 0 for I ⊂ [n] and those include many other
important classes of smooth polytopes. See Section 2 for more details. The main object
of this paper is PYn ({yI}) in the case yI ∈ Z>0.

1.4. Results. The main theorem of the present paper is the following:

Theorem 1.3. Let yI ∈ Z>0 for each I ⊂ [n]. Then the generalized permutohedron
PYn ({yI}) satisfies the following:

(a) PYn ({yI}) is IDP;
(b) The toric ideal of PYn ({yI}) has a squarefree initial ideal;
(c) The toric ideal of PYn ({yI}) is generated by quadratic binomials.

Since nestohedra, which can be written as PYn ({yI}) above, are smooth polytopes,
we immediately obtain the following corollary that is a partial contribution to Oda
and Bøgvad Conjectures:

Corollary 1.4. Oda Conjecture and Bøgvad Conjecture are true for nestohedra.
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1.5. Organization. The present paper is organized as follows. In Section 2, we recall
the notion of nestohedra and graph associahedra. Note that graph associahedra are a
subclass of nestohedra. In Section 3, we review the key notion of generalized nested
configurations, introduced by Shibuta [7]. Finally, in Section 4, we prove Theorem 1.3
by using the notion of generalized nested configurations.

2. Nestohedra and Graph associahedra
In this section, we recall the notion of nestohedra and graph associahedra. As ex-
plained in Introduction, nestohedra are a kind of generalized permutohedra, and
graph associahedra are a kind of nestohedra. See [4, Section 1.5] for the introduc-
tion to nestohedra and graph associahedra.

Given a subset S ⊂ [n], let ∆S denote the convex hull of {ei : i ∈ S} ⊂ Rn, where
ei is the i-th unit vector of Rn. For a collection F of subsets of [n], we set

PF :=
∑
S∈F

∆S .

Clearly, PF is a lattice polytope.
Let B be a collection of subsets of [n]. We say that B is a building set if B satisfies
(i) if I, J ∈ B with I ∩ J 6= ∅, then I ∪ J ∈ B; and
(ii) {i} ∈ B for each i = 1, . . . , n.

Note that the condition (ii) is just added only for convenience. The lattice polytope
PB associated to a building set B is called a nestohedron. Since taking the Minkowski
sum of some polytope and ∆{i} is nothing but a parallel transformation, we may treat
B r {{1}, . . . , {n}} instead of B.

We consider the building set arising from a finite simple graph. Let G be a finite
simple graph on the vertex set [n] with the edge set E(G). Let BG be a collection of all
subsets S of [n] such that the induced subgraph of G on S is connected. Then it is easy
to see that BG is a building set, called a graphical building set. The nestohedron asso-
ciated to a graphical building set is called a graph associahedron. Graph associahedra
include the following important classes of smooth polytopes (see [6, Section 8]):

• Let Kn be a complete graph on [n]. Then the graph associahedron of Kn is a
(kind of) permutohedron.

• Let G be a path graph on [n], i.e. the graph whose edge set is {{i, i+ 1} : i =
1, . . . , n− 1}. Then its graph associahedron is the associahedron, also known
as the Stasheff polytope.

• Let G be a cycle graph on [n], i.e. the graph whose edge set is {{i, i+ 1} : i =
1, . . . , n− 1}∪{{1, n}}. Then its graph associahedron is the cyclohedron, also
known as the Bott–Taubes polytope.

• Let B = {[i] : i = 2, 3, . . . , n} ∪ {{1}, {2}, . . . , {n}}. Then B is a building set,
but not a graphical one. The nestohedron PB is exactly the polytope studied
by Pitman and Stanley [8], and called the Pitman–Stanley polytope.

It is proved in [6, Proposition 7.10] that the generalized permutohedron PYn ({yI})
is smooth if {I ⊂ [n] : yI > 0} is a building set. Remark that this is not necessary,
i.e. there are examples of smooth generalized permutohedra not associated with
building sets.

3. Generalized nested configurations
In the present section, we explain the notion of generalized nested configurations
introduced by Shibuta [7, Section 3.3] as an application of the results on Gröbner
bases of contraction ideals.

Algebraic Combinatorics, Vol. 3 #4 (2020) 833



Akihiro Higashitani & Hidefumi Ohsugi

Let A ⊂ Zs>0 and Bi = {b(i)
1 , . . . ,b(i)

λi
} ⊂ Zn (i = 1, 2, . . . , s) be configurations.

Then the generalized nested configuration arising from A and B1, . . . , Bs is the con-
figuration A[B1, . . . , Bs] in Zn defined by

A[B1, . . . , Bs] :=


s∑
i=1

λi∑
j=1

a
(i)
j b(i)

j : a(i)
j ∈ Z>0,

 λ1∑
j=1

a
(1)
j , . . . ,

λs∑
j=1

a
(s)
j

 ∈ A
 .

This is a generalization of nested configurations introduced in [1].

Example 3.1. Let A = {(1, . . . , 1)} ⊂ Zs>0 and B1, . . . , Bs ⊂ Zn be configurations.
Then A[B1, . . . , Bs] = {b1 + · · ·+ bs : bi ∈ Bi}.

Shibuta [7, Theorem 3.5] proved the following.

Proposition 3.2. Let K[z±1] = K[z±1
1 , . . . , z±1

n ] be a Laurent polynomial ring over
a field K with deg(zi) = vi ∈ Qd and let u1, . . . ,us ∈ Qd be rational vectors that are
linearly independent over Q. Suppose that configurations B1, . . . , Bs in Zn satisfies
Bi ⊂ {b ∈ Zn : deg(zb) = ui} for i = 1, 2, . . . , s. Let A ⊂ Zs>0 be a configuration and
let B = B1 ∪ · · · ∪Bs. Then we have the following:

(a) If both IA and IB possess initial ideals of degree at most m, then so does
IA[B1,...,Bs].

(b) If both IA and IB possess squarefree initial ideals, then so does IA[B1,...,Bs].

Next, we explain how to construct a corresponding Gröbner basis of IA[B1,...,Bs]
in Proposition 3.2. Work with the same assumption as in Proposition 3.2. Let Ei =
{e(i)

1 , . . . , e(i)
λi
} ⊂

⊕s
i=1
⊕λi

j=1 Ze(i)
j for i = 1, 2, . . . , s. We define polynomial ringsK[x]

and K[y] over a field K by

K[x] = K[xa : a ∈ A[E1, . . . , Es]],

K[y] = K[y(i)
j : i ∈ [s], j ∈ [λi]].

Then the toric ideal IA[E1,...,Es] of A[E1, . . . , Es] is the kernel of ring homomorphism

ϕA[E1,...,Es] : K[x]→ K[y], ϕA[E1,...,Es](xa) = ya,

and the toric ideal IB of B is the kernel of ring homomorphism

ϕB : K[y]→ K[z±1], ϕB(y(i)
j ) = zb(i)

j .

Then we have

IA[B1,...,Bs] = ker(ϕB ◦ ϕA[E1,...,Es]) = ϕ−1
A[E1,...,Es](ker(ϕB)) = ϕ−1

A[E1,...,Es](IB).

Given an element q of the toric ring K[A[E1, . . . , Es]](= im(ϕA[E1,...,Es])), there exists
a unique polynomial q̃ ∈ K[x] such that ϕA[E1,...,Es](q̃) = q and any monomial of q̃
does not belong to the initial ideal of IA[E1,...,Es]. Then we define lift(q) = q̃. Since
u1, . . . ,us are linearly independent over Q, it follows that IB is homogeneous with
respect to a multi-grading deg(y(i)

j ) = ei ∈ Zs. With respect to this grading, let
K[y] =

⊕
u∈Zs K[y]u, where K[y]u is the K-vector space spanned by all monomials

in K[y] of multi-degree u. A corresponding Gröbner basis can be constructed by the
following way:

Proposition 3.3 ([7, Proposition 2.28]). Work with the same notation and as-
sumptions as above. Let G be the reduced Gröbner basis of IA[E1,...,Es], and let
F = {f1, . . . , f`} be that of IB with deg(fi) = vi. Then

G ∪ {lift(ya · fi) : i ∈ [`], ya ∈ Γ(vi)}
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is a Gröbner basis of IA[B1,...,Bs], where each Γ(vi) is the minimal set of monomial
generators of K[A[E1, . . . , Es]]-submodule⊕

yu+vi∈K[A[E1,...,Es]]
K[y]u

of K[y].

4. Proof of Theorem 1.3
Recall that the main object of this paper is

(1) PYn ({yI}) =
∑
I⊂[n]

yI∆I ,

where {yI} is a given collection of parameters with yI ∈ Z>0. Since each yI is a
nonnegative integer, the equation (1) can be rewritten as

PYn ({yI}) =
∑
I⊂[n]

(∆I + · · ·+ ∆I︸ ︷︷ ︸
yI

).

Hence PYn ({yI}) coincides with

(2) PF = ∆S1 + · · ·+ ∆Sm ,

where F = (S1, . . . , Sm) is a tuple of nonempty subsets Si ⊂ [n] such that each
I ⊂ [n] appears yI times in F . In order to study the Minkowski sum (2), we consider
the Cayley sum

QF := conv((∆S1 × e1), . . . , (∆Sm × em)) ⊂ Rm+n

of ∆S1 , . . . ,∆Sm . Let G be a bipartite graph on the vertex set {1, 2, . . . , n} ∪
{1′, 2′, . . . ,m′} whose edge set is {{j, i′} : j ∈ [n], i ∈ [m], j ∈ Si}. Then QF coincides
with the edge polytope [5, Section 5.2] of G. Here the edge polytope P(G) of a graph
G on the vertex set [d] is the convex hull of

{ei + ej ∈ Rd : {i, j} is an edge of G}.

Postnikov [6] calls P(G) a root polytope of G. The following is known.

Proposition 4.1 ([5, Theorem 5.24]). Let G be a bipartite graph. Then the edge
polytope P(G) of G is unimodular (every triangulation of P(G) is unimodular) and
IDP. In particular, QF is unimodular and IDP for any F .

It is known by [6, Proposition 14.12] that (∆S1 ∩Zn)+ · · ·+(∆Sm ∩Zn) = PF ∩Zn.
Moreover, the following is also known.

Proposition 4.2 ([10, Theorem 0.4]). Let P1, . . . , Pm ⊂ Rn be lattice polytopes. If
the Cayley sum of P1, . . . , Pm is IDP, then the Minkowski sum

∑m
i=1 aiPi is IDP for

any a1, . . . , am ∈ Z>0.

We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3. (a) Propositions 4.1 and 4.2 imply that PF is IDP.
(b) We show that the toric ideal of PF has a squarefree initial ideal by using

Shibuta’s theory of contraction ideals [7]. Let

K[x] = K[xj1,...,jm : jk ∈ Sk (1 6 k 6 m)],

K[y] = K[y(i)
j : i ∈ [m], j ∈ Si],

K[z,w] = K[z1, . . . , zn, w1, . . . , wm]
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be the polynomial rings over a field K. We now consider the ring homomorphisms

ϕA : K[x]→ K[y], ϕA(xj1,...,jm) = y
(1)
j1
. . . y

(m)
jm

,

ϕB : K[y]→ K[z,w], ϕB(y(i)
j ) = zjwi.

Then we have the following:
• The kernel of ϕA is the toric ideal of the Segre product of the polynomial

rings K[y(1)
j : j ∈ S1], . . . ,K[y(m)

j : j ∈ Sm]. It is known that ker(ϕA) has
a squarefree quadratic initial ideal with respect to a “sorting order”, see [5,
Section 9.5]. Let G be the corresponding quadratic Gröbner basis of ker(ϕA).

• The kernel of ϕB is the toric ideal of QF . By [5, Theorem 4.17], the initial
ideal of ker(ϕB) is generated by squarefree monomials with respect to any
monomial order since QF is unimodular (Proposition 4.1). Let {f1, . . . , f`}
be a Gröbner basis of IQF .

• The composition ϕB ◦ ϕA : K[x]→ K[z,w] satisfies

ϕB ◦ ϕA(xj1,...,jm) = ϕB(y(1)
j1
. . . y

(m)
jm

) = zj1 . . . zjmw1 . . . wm.

Since the monomial w1 . . . wm appears in ϕB ◦ ϕA(xj1,...,jm) for all variables
xj1,...,jm , it follows that the kernel of ϕB ◦ ϕA is equal to the kernel of a
homomorphism ψ : K[x] → K[z], where ψ(xj1,...,jm) = zj1 . . . zjm . Then the
kernel of ψ is the toric ideal of the configuration A = {

∑m
k=1 ejk : jk ∈

Sk (1 6 k 6 m)}. Here we must regard A as a multiset. On the other hand,
A coincides with the vertex set of PF as a set. Thus the kernel of ψ is equal
to IPF + J , where IPF is the toric ideal of PF and J is generated by the
linear forms xj1,...,jm − xk1,...,km such that ψ(xj1,...,jm) = ψ(xk1,...,km). Note
that ψ(xj1,...,jm) = ψ(xk1,...,km) if and only if sort(j1 · · · jm) = sort(k1 · · · km).

If we set deg zj = 0 ∈ Qm, degwi = ei ∈ Qm, and Bi = {(a, ei) ∈ Zm+n : a ∈
∆Si ∩ Zn}, then e1, . . . , em are linearly independent over Q and the assumptions in
Proposition 3.2 are satisfied. Note that QF is the convex hull of B = B1 ∪ · · · ∪Bm.
Since both ker(ϕA) and ker(ϕB) have squarefree initial ideals, so does ker(ϕB ◦ϕA) by
Proposition 3.2. Let G be the corresponding reduced Gröbner basis of ker(ϕB ◦ ϕA).
By Proposition 3.3, we have G = G ∪ {lift(ya · fi) : i ∈ [`], ya ∈ Γ(vi)}. Then G r J
is a Gröbner basis of IPF . Thus the initial ideal of IPF is squarefree.

(c) SinceG consists of quadratic binomials, it is enough to show that each lift(ya·fi)
is generated by the binomials in ker(ϕB ◦ ϕA) of degree 6 2. It is known by [5,
Corollary 5.12] that each fk corresponds to an even cycle in the bipartite graph. In
fact, if deg(fk) = r, then there exists a cycle C = (q1, p

′
1, q2, p

′
2, . . . , qr, p

′
r) of length

2r in the bipartite graph such that

fk = y(p1)
q1

y(p2)
q2

. . . y(pr)
qr − y(p1)

q2
y(p2)
q3

. . . y(pr−1)
qr y(pr)

q1
.

By changing indices if needed, we may assume that C = (1, 1′, 2, 2′, . . . , r, r′) and

fk = y
(1)
1 y

(2)
2 . . . y(r)

r − y
(1)
2 y

(2)
3 . . . y(r−1)

r y
(r)
1 .

Then lift(ya · fk) is of the form

lift(ya · fk) = xj1
1 ,...,j

1
m
xj2

1 ,...,j
2
m
. . . xjs1 ,...,jsm − xk1

1,...,k
1
m
xk2

1,...,k
2
m
. . . xks1,...,ksm ,

where 1 6 s 6 r. Suppose that s > 3. Since ϕA(lift(ya · fk)) = ya · fk, we have

(3) {k1
α, . . . , k

s
α} =


{j1
α, . . . , j

s
α, α+ 1}r {α} if α = 1, 2, . . . , r − 1,

{j1
α, . . . , j

s
α, 1}r {α} if α = r,

{j1
α, . . . , j

s
α} if α = r + 1, r + 2, . . . ,m
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as multisets. Note that ker(ϕB ◦ ϕA) possesses the quadratic binomials of the form
(4) xj1,...,jξ,...,jmxj′1,...,j′ξ,...,j′m − xj1,...,j′ξ,...,jm

xj′1,...,jξ,...,j′m ∈ ker(ϕA).

For example, we have

lift(ya · fk)
= xj1

1 ,...,j
1
m
xj2

1 ,...,j
2
m
. . . xjs1 ,...,jsm − xk1

1,...,k
1
m−1,k

2
m
xk2

1,...,k
2
m−1,k

1
m
. . . xks1,...,ksm

+ xk3
1,...,k

3
m
. . . xks1,...,ksm

(
xk1

1,...,k
1
m−1,k

2
m
xk2

1,...,k
2
m−1,k

1
m
− xk1

1,...,k
1
m
xk2

1,...,k
2
m

)
.

By repeating this procedure, the equation (3) guarantees that lift(ya ·fk) is generated
by quadratic binomials of the form (4) and the binomial

g = xu(x1,2,...,r,jr+1,...,jm − x2,...,r,1,jr+1,...,jm).
Then x1,2,...,r,jr+1,...,jm − x2,...,r,1,jr+1,...,jm belongs to J . �
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