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Alcove random walks, k-Schur functions and
the minimal boundary of the k-bounded

partition poset

Cédric Lecouvey & Pierre Tarrago

ABSTRACT We use k-Schur functions to get the minimal boundary of the k-bounded partition
poset. This permits to describe the central random walks on affine Grassmannian elements of
type A and yields a rational expression for their drift. We also recover Rietsch’s parametrization
of totally nonnegative unitriangular Toeplitz matrices without using quantum cohomology of
flag varieties. All the homeomorphisms we define can moreover be made explicit by using
the combinatorics of k-Schur functions and elementary computations based on the Perron—
Frobenius theorem.

1. INTRODUCTION

A function on the Young graph is harmonic when its value on any Young diagram
A is equal to the sum of its values on the Young diagrams obtained by adding one
box to A. The set of extremal nonnegative such functions (i.e. those that cannot
be written as a convex combination) is called the minimal boundary of the Young
graph. It is homeomorphic to the Thoma simplex. Kerov and Vershik proved that
the extremal nonnegative harmonic functions give the asymptotic characters of the
symmetric group. O’Connell’s results [17] also show that they control the law of some
conditioned random walks. In another but equivalent direction, Kerov—Vershik’s ap-
proach of these harmonic functions yields both a simple parametrization of the set of
infinite totally nonnegative unitriangular Toeplitz matrices (see [4]) and a character-
ization of the morphisms from the algebra A of symmetric functions to R which are
nonnegative on the Schur functions. These results were generalized in [12] and [13].
A crucial observation here is the connection between the Pieri rule on Schur func-
tions and the structure of the Young graph (which is then called multiplicative in
Kerov—Vershik terminology).

There is an interesting k-analogue By of the Young lattice of partitions whose
vertices are the k-bounded partitions (i.e. those with no parts greater than k). Its
oriented graph structure is isomorphic to the Hasse poset on the affine Grassm@gnian
permutations of type A which are minimal length coset representatives in W /W,

where W is the affine type Ag) group and W the symmetric group of type Ag. The
graph By, is also multiplicative but we have then to replace the ordinary Schur func-
tions by the k-Schur functions (see [9] and the references therein) and the algebra
A by Ay = R[hy, ..., ht]. The k-Schur functions were introduced by Lascoux, La-
pointe and Morse [11] as a basis of A(;y. It was established by Lam [7] that their
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corresponding constant structures (called k-Littlewood-Richardson coefficients) are
nonnegative. This was done by interpreting Ay in terms of the homology ring of the
affine Grassmannian which, by works of Lam and Shimozono, can be conveniently
identified with the quantum cohomology ring of partial flag varieties studied by Ri-
etsch [20]. By merging these two geometric approaches one can theoretically deduce
that the set of morphisms from A to R, nonnegative on the k-Schur functions, are
also parametrized by R’;O

In this paper, we shall use another approach to avoid sophisticated geometric no-
tions and make our construction as effective as possible. Our starting point is the
combinatorics of k-Schur functions. We prove that they permit to get an explicit
parametrization of the morphisms ¢ nonnegative on the k-Schur functions, or equiv-
alently of all the minimal ¢-harmonic functions with ¢ > 0 on By. Both notions are
related by the simple equality ¢ = ¢(s(1)). Each such morphism is in fact completely
determined by its values ¥ = (r1,...,7%) € R’;O on the Schur functions indexed by
the rectangle partitions R, = (k —a+ 1)®. We get a bi-continuous (homeomorphism)
parametrization which is moreover effective in the sense one can compute from 7 the
values of ¢ on any k-Schur function from the Perron—Frobenius vector of a matrix
® encoding the multiplication by s(;) in Ay. Also, applying the primitive element
theorem in the field of fractions of A ;) permits to prove that for any fixed ¢ > 0, each
ga(sg\k)) is a rational function on R’;O. So, the only place where geometry is needed in
this paper is in Lam’s proof of the nonnegativity of the k-Schur coefficients. As far
as we are aware a complete combinatorial k-Littlewood—Richardson rule is not yet
available (see nevertheless [16]).

Random walks on reduced alcoves paths have been considered by Lam in [8]. They
are random walks on a particular tessellation of R¥ by alcoves supported by hyper-
planes, where each hyperplane can be crossed only once. The random walks considered
in this paper are central and thus differ from those of [8]. Two trajectories with the
same ends will have the same probability (see § 6.2 for a comparison between the two
models). We characterize all the possible laws of these alcove random walks and also
get a simple algebraic expression of their drift as a rational function on R’;O. Our
results are more precisely summarized in the following theorem.

FIGURE 1. A reduced alcove walk on Grassmannian elements for k = 2
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THEOREM 1.1.

(1) To each ¥ € R’;O corresponds a unique morphism ¢ : Ay — R nonnegative
on the k-Schur functions and such that ¢(sp,) =rq for anya=1,... k.

(2) The previous one-to-one correspondence is a homeomorphism, and ¢ can be
explicitly computed from 7 by using the Perron—Frobenius theorem.

(3) The minimal boundary of By, is homeomorphic to a simplex Sy, of Rgo.

(4) To each 7 € Sy corresponds a central random walk (vy)n>0 on affine Grass-
mannian elements which verifies a law of large numbers. The coordinates of
its drift are the image by ¢ of rational fractions in the k-Schur functions.
They are moreover rational on Sy.

As in the case of the Young graph, the description of the minimal boundary of
the graph By, yields a parametrization of the set T%( of infinite totally nonnegative
unitriangular (k + 1) x (k + 1) Toeplitz matrices. In [20], Rietsch already obtained
a parametrization for the variety 7> from the quantum cohomology of partial flag
varieties (see also [21] for an alternative construction using mirror symmetry). More
precisely, such a matrix is proved to be completely determined by the datum of its k
initial minors obtained by considering its southwest corners. The main result of the
present paper gives, as a corollary, an alternative proof of Rietsch’s parametrization.

COROLLARY 1.2. To each 7 € R’;O corresponds a unique matriz M in Tso whose k
southwest initial minors are exactly r1,...,7rx. This correspondence yields a homeo-
morphism from Tsq to R’;O, and each matriz M in T>q can be constructed from 7 by
using the Perron—Frobenius theorem.

The paper is organized as follows. In Section 2, we recall some background on
alcoves, partitions and k-Schur functions. In Section 3, we introduce the matrix &
and study its irreducibility. Section 4 uses classical tools of field theory to derive an
expression of any k-Schur function in terms of s(;y and the sg, a = 1,..., k. We
get the parametrization of all the minimal ¢-harmonic functions defined on By by
Rgo in Section 5. In Section 6, we give the law of central random walks on alcoves
and compute their drift by exploiting a symmetry property of the matrix ®. Finally,
Section 7 presents consequences of our results, notably we rederive Rietsch’s result
on finite Toeplitz matrices, establish rational expressions for the @(sg\k)), characterize
the simplex S and show the inverse limit of the minimal boundaries of the graphs
B,k > 2 is the Thoma simplex.

Although we restrict ourselves to type A in this paper, we expect that our approach
can be extended to other types notably by using the results of [10] and [19] (see
Section 8).

2. HARMONIC FUNCTIONS ON THE LATTICE OF k-BOUNDED PARTITIONS

2.1. THE LATTICES C; AND By,. In this section, we refer to [9] and [14] for the material
which is not defined. Fix | > 1 a nonnegative integer and set k¥ = [ — 1. Let W
be the affine Weyl group of type AS). As a Coxeter group, W is generated by the
reflections sg, s1,...,S; so that its subgroup generated by si,..., s is isomorphic
to the symmetric group S;. Write ¢ for the length function on W. The group w
determines a Coxeter arrangement by considering the hyperplanes orthogonal to the
roots of type A,(:). The connected components of this hyperplane arrangement yield a
tessellation of R* by alcoves on which the action of W is regular. We denote by A(©)

the fundamental alcove. Write R for the set of affine roots of type Ag) and R for its
subset of classical roots of type Aj. The simple roots are denoted by «y, ..., a, and
P is the weight lattice of type Ay with fundamental weights Ay, ..., Ag.
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A reduced alcove path is a sequence of alcoves (A, ..., A,,) such that A; = A©
and for any ¢ = 1,...,m — 1, the alcoves A;;1 and A; share a common face contained
in a hyperplane H; so that the sequence Hy,...,H,,—1 is without repetition (each
hyperplane can be crossed only once). In the sequel, all the alcove paths we shall
consider will be reduced. For any ¢ = 1,...,m — 1, let w; be the unique element of
W such that A; = w;(A®). Write < for the weak Bruhat order on W and — for the
covering relation w — w’ if and only if w < w" and £(w’) = ¢(w) + 1. We then have
W1 = Wy —> -+ — Wy,

We shall identify a partition and its Young diagram. Recall that an [-core can be
seen as a partition where no box has hook length equal to I. Given an [-core A, we
denote by £()\) its length which is equal to the number of boxes of A with hook length
less than I. Recall that the residue of a box in a Young diagram is the difference

modulo ! between its row and column indices. We can define an arrow A — p between
the two [-cores A and p when A C p and all the boxes in /A have the same residue 1.
By forgetting the label on the arrows, we get the structure of a graded rooted graph C;
on the [-cores. For any two vertices A — u we have £(u) = ¢(\) + 1. Nevertheless, the
difference between the rank of the partitions A and y is not immediate to get in general.

The affine Grassmannian elements are the elements w € W whose associated al-
coves are exactly those located in the fundamental Weyl chamber (that is, in the
Weyl chamber containing the fundamental alcove A(®)). The I-cores are known to
parametrize the affine Grassmannian elements. More precisely, given two [-cores such

that A = g and w the affine Grassmannian element associated to A, w’ = ws; is the
affine Grassmannian element associated to p. In particular, we get £(A) = ¢(w). So
reduced alcove paths in the fundamental Weyl chamber, saturated chains of affine
Grassmannian elements and paths in C; naturally correspond.

A k-bounded partition is a partition A such that A\; < k. There is a simple bijection
between the [-cores and the k-bounded partitions. Start with a [ core A and delete all
the boxes in the diagram of A having a hook length greater than [ (recall there is no
box with hook length equal to [ since \ is an [-core). This gives a skew shape and to
obtain a partition, move each row so obtained to the left. The result is a k-bounded
partition denoted p()). For some examples and the inverse bijection c, see [9, pages 18
and 19]. This bijection permits to define an analogue of conjugation for the k-bounded
partitions. Given a k-bounded partition x set

K% = p(e(k)").

The graph By is the image of the graph C; under the bijection p. This means that
By, is the graph obtained from C; by deleting all the boxes with hook length greater
than [ and next by aligning the rows obtained to the left. In particular, reduced alcove
paths in the fundamental Weyl chamber correspond to k-bounded partitions paths in
Bj.. We have the following lemma:

LEMMA 2.1. We have an arrow £ — & in By if and only if |0| = |k| + 1, k C § and
KWk C 6‘*/'16'(1)

Let A be the algebra of symmetric functions in infinitely many variables over R.
It is endowed with a scalar product (-,-) such that (sx,s,) = 0y, for any partitions
A and p. Let Ay be the subalgebra of A generated by the complete homogeneous
functions hy,. .., hg. In particular, {hy | A is k-bounded} is a basis of A).

MDso By, should not be confused with the subgraph of the Young graph with vertices the k-bounded
partitions.
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2.2. THE k-SCHUR FUNCTIONS. We now define a distinguished basis of A related
to the graph structures of C; and Bj. Consider A and p two k-bounded partitions with
A C pand r < k a positive integer.

DEFINITION 2.2. We will say that p/\ is a weak horizontal strip of size r when
(1) /X is an horizontal strip with r boxes (i.e. the boxes in /X belong to different
columns),
(2) p“* /A% is a vertical strip with r bozes (i.e. the bozes in u“* /X% belong to
different rows).

Let us now define the notion of k-bounded semistandard tableau of shape A a
k-bounded partition and weight o = (a1, ...,aq) a composition of || with no part
larger than k.

DEFINITION 2.3. A k-bounded semistandard tableau of shape A is a semistandard filling
of X\ with integers in {1,...,d} such that for any i =1,...,d the bozes containing i
define a weak horizontal strip of size ;.

One can prove that for any k-bounded partitions A and « the number nggé of
k-bounded semistandard tableaux of shape A and weight « verifies

K/(\’f))\:larldKf\]f;#O:ag)\

where < is the dominant order on partitions.

DEFINITION 2.4. The k-Schur functions s,({k), K € By are the unique functions in A,

such that
e KA

<K, KEB
for any 0 in By.

PROPOSITION 2.5 (Pieri rule for k-Schur functions). For any r < k and any k € By,
we have

(1) h’l'sl(ik) = Z S(;f)

»€EBy,

where the sum is over all the k-bounded partitions > such that »/k is a weak horizontal
strip of size v in By.

When r = 1, the multiplication by h; is easily described by considering all the
possible k-bounded partitions at distance 1 from x in Bj. Thanks to a geometric
interpretation of the k-Schur functions in terms of the homology of affine Grassman-
nians, Lam showed that the product of two k-Schur functions is k-Schur positive:

THEOREM 2.6 ([7, Corollary 8.2]). Given k and 6 two k-bounded partitions, we have

s = 3
veBy

with C;S[I;) € L.

2.3. SOME PROPERTIES OF k-SCHUR FUNCTIONS. The k-conjugation operation wy
can be read directly at the level of k-bounded partitions without using the ordinary
conjugation operations on the l-cores (see (1.9)) in [9]). To do this, start with a k-
bounded partition A = (A1,...,A,) and decompose it into its chains {c1,co,..., ¢}
where each chain is a sequence of parts of A obtained recursively as follows. The
procedure is such that any part A; is in the same chain as the part A;4,_x,+1 when
i+k—X+1<r (from the part \; one jumps k — \; parts to get the following part of
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the chain). Observe in particular that all the parts with length k belong to the same
chain for in this case we jump 0 parts. Once the chains ¢; are determined, A“* is the
partition with k-columns whose lengths are the sums of the ¢;’s.

EXAMPLE 2.7. Consider the 5-partition A = (5,5,5,4,4,3,3,3,2,2,1). Then, we get
c1 =1{5,5,5,4,3,2} next ca = {4,3,2}, c3 = {3,1}, ¢4 = @ and ¢5 = &. So A5 is the
partition with columns of heights 24, 9 and 4.

The following facts will be useful.

(1) Any partition A of rank at most & is a k-bounded partition and is then equal
to its associated I-core (because A has no hook of length [ =k + 1).

(2) The lattice By coincides with the ordinary Young lattice on the partitions of
rank at most k. On this subset wy is the ordinary conjugation.

(3) For any partition A of rank at most k, the k-Schur function coincides with
the ordinary Schur function that is sE\k) = s. In particular, the homogeneous
functions hq, ...,y and the elementary functions eq,..., e, are the k-Schur
functions corresponding to the rows and columns partitions with at most k
boxes, respectively.

The k = 2 case is easily tractable because the lattice of 2-bounded partitions we

consider has a simple structure. One verifies easily that for any 2-bounded partition
A = (22,1"72%) we get in that case

a,5 0
@ hges when n even,
) = —a .
S5e5> er  when n is odd.

When k > 2, the structure of the graph B becomes more complicated. Given a k-
bounded partition A\ one can first precise where it is possible to add a box in the
Young diagram of A to get an arrow in By. Assume we add a box in the row \; of A to
get the k-bounded partition u, denote by ¢ = {\;,,...,A;.} the chain containing A;
where we have \; = \;, with a € {1,...,r}. Observe we can add components equal
to zero to c if needed since A is defined up to an arbitrary number of zero parts. The
following lemma permits to avoid the use of wy in the construction of B.

LEMMA 2.8. There is an arrow A — w in B if and only if \iy—1 = X;, for any
b=a+1,...,r, that is if and only if each part located up to \; in the chain containing
i is preceded by a part with the same size.

Proof. One verifies that if the previous condition is not satisfied, u“* and A“* will
differ by at least two boxes and if it is satisfied by only one as desired. O

EXAMPLE 2.9.

(1) One can always add a box in the first column of \ since the parts located up
to the part 0 are all equal to 0.

(2) Assume k = 2, then we can add a box to the part A; equal to 1 to get a part
equal to 2 if and only if there is an even number of parts equal to 1 up to A;.
This is equivalent to saying that A has an odd number of parts equal to 1,
that is that the rank of A is odd since the other parts are equal to 2 (or 0).

For any a = 1,...,k, let R, be the rectangle partition (kK — a + 1)®. The previous
observations can be generalized (see [7, Corollary 8.3] and [9, Section 4]):
ProprosSITION 2.10.

(1) Assume A is a k-bounded partition which is also a (k+1)-core. Then sg\k)
(that is the k-Schur and the Schur functions corresponding to A coincide).

:S)\
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(2) In particular, for any rectangle partition R,, we have S%Ca) = SR, -

(3) For anya=1,...,k and any k-bounded partition A we have

(k) _ (k)
SRaS\ " = SAUR,

where AU R, is obtained by adding a times a part k —a+ 1 to \.

COROLLARY 2.11. For each k-bounded partition X, there exists a unique irreducible

k-bounded partition® X and a unique sequence of nonnegative integers pi,..., Pk
such that

k
sg\k) _ H SZI)%QQS(;)'
a=1

In particular, the k-Schur functions are completely determined by the k-Schur func-
tions indexed by the irreducible k-bounded partitions and by the ordinary Schur
functions s(x_qt1)e, a =1,...,k.

REMARK 2.12. Write P, for the set of irreducible partitions. The map A By —

Pirr X Z’;O which associates to each k-bounded partition A the pair (p, A) where p =
(p1,--.,pk) is a bijection.

EXAMPLE 2.13. Assume k = 4 and \ = (4,4,3,3,3,3,3,2,2,2,2,1,1,1,1,1). Then we
get A =(3,2,1) and
k k
s\ = 5?4)5?3,3)3(2,2,2)5(171,1,1)5(; .
We conclude this paragraph by recalling other important properties of k-Schur
functions. We have first the inclusions of algebras A(;) C Ay C A.

PROPOSITION 2.14 (see [9, Section 4]).

(1) Each k-Schur function has a positive expansion on the basis of (k + 1)-Schur
functions.

(2) Fach k-Schur function has a positive expansion on the basis of ordinary Schur
functions.

2.4. HARMONIC FUNCTIONS AND MINIMAL BOUNDARY OF Bj.

DEFINITION 2.15. A function f : By — R is said harmonic when

FO) =Y f(u) for any X € By.

A=
We denote by H(By) the set of harmonic functions on By.

Another way to understand harmonic functions is to introduce the infinite ma-
trix M of the graph Bj. The harmonic functions on By then correspond to the right
eigenvectors for M associated to the eigenvalue 1. One can also consider t-harmonic
functions which correspond to the right eigenvectors for M associated to the eigen-
value t. Clearly H(By) is a vector space over R. In fact, we mostly restrict ourself to
the set HT (By,) of positive harmonic functions for which f takes values in R>. Then,
H*(By) is a cone since it is stable under addition and multiplication by a positive
real. To study H*(By), we only have to consider its subset H; (B) of normalized har-
monic functions such that f(1) = 1. In fact, H{ (By) is a convex set and its structure
is controlled by its extremal subset OH™ (By).

(2 A k-bounded partition is called irreducible when it contains less or equal to a parts equal to
k —a for any a =0,...,k — 1. Otherwise it is called reducible.
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We aim to characterize the extremal positive harmonic functions defined on By
and obtain a simple parametrization of 9H ' (By). By using the Pieri rule on k-Schur

functions, we get
SXS(1) = Z Sp

A=

for any k-bounded partitions A and p. This means that By, is a so-called multiplicative
graph with associated algebra A (). Moreover, if we denote by K the positive cone
spanned by the set of k-Schur functions, we can apply the ring theorem of Kerov and
Vershik (see for example [13, Section 8.4]) which characterizes the subset of extreme
points O (By,). Denote by Mult™ (A,)) C A7y, the set of multiplicative functions
on A(;) which are nonnegative on K and equal to 1 on s;1. So a function f belongs
to Mult™ (A()) when f : Ay — R is linear and satisfies f(UV) = f(U)f(V) for
any U,V € Ag,). Note that i : By — Ay such that i(\) = sE\k) induces a map
"+ Ay — F(Bk,R). Let K.K be the set of products of two elements in K. Since
we have K.K C K, we get the following algebraic characterization of OH ™ (By,).
PROPOSITION 2.16. The map i* yields an homeomorphism between Mult+(A(k)) and
OHT(By).

Since i(By) is a basis of A, this means that 9H (B}.) is completely determined by
the R-algebra morphisms ¢ : A¢) — R such that ¢(s;) = 1 and cp(s&k)) > 0 for any
k-bounded partition A. Each function f € 9HT(B)) can then be written f = p oi.

By Corollary 2.11, the condition w(sg\k)) > 0 for each k-bounded partition reduces
in fact to test a finite number of k-Schur functions, namely @(s(;)) > 0 for each
irreducible k-bounded partition (there are k! such partitions) and ¢(s(x—q41)s) = 0

for any a = 1,..., k. We will see that the condition <p(sg\k)) > 0 for each k-bounded
partition reduces in fact to test the positivity on the Schur functions associated to
partitions with maximal hook-length less or equal to k (See Remark 7.11).

3. RESTRICTED GRAPH AND IRREDUCIBILITY

3.1. THE MATRIX ®. By Corollary 2.11, each morphism ¢ : Ay — R is uniquely
determined by its values on the rectangle Schur functions sg,,1 < a < k and on
each s(j\k) where ) is an irreducible k-bounded partition. Set 7, = o(sp,),a=1,...,k
and 7 = (ry,...,rg). Recall that Py, is the set of irreducible k-bounded partitions
(including the empty partition). Then, for A € Py,

2) o(s5)e(s)) = D w(s).
A=

By Corollary 2.11, for each k-bounded partition p there exists a sequence
{pY,ph ..., plt} of elements in {1,...,k} and an irreducible partition & such that

W

k k
(3) sﬂ“) = H s%{s%) and thus go(sff)) = H rggcp(s(k)).
a=1 a=1

Hence by setting

P = Z H 7ﬂag

A—=p 1<ak

p=v
we get
k
P\ = D" (s,
VEPirr
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Let @(., . 1) = (Lor)rvePi ) and define f € R as the vector (@(sg\k))))\epm.
When there is no risk of confusion, we simply write ® instead of ®(,., . ). The vector
f is a left eigenvector of ® for the eigenvalue ¢(s1) with positive entries having value
1 on @ and ¢(s1) on s7.

3.2. IRREDUCIBILITY OF THE MATRIX ®. Recall that a matrix M € M,(R) with

nonnegative entries is irreducible if and only if for each 1 < 7,j < n there exists n > 1
such that (M™);; > 0.

PROPOSITION 3.1. Consider ¥ = (r1,...,1%) € R’;O. Then, the matrices @ (., . 7
and (I))Emu-,m) associated to ¢ are irreducible if and only if for all1 < a< k-1, r,4
OT Tg+41 S positive.

We will prove in fact that ®¢ is irreducible. Let G be the graph with set of vertices
Pir and a directed edge from ) to v if and only if ®y,, # 0. The matrix ®? is irreducible
if and only if G is strongly connected, which means that there is a (directed) path from
any vertex to any other vertex of the graph. We prove Proposition 3.1 by showing
that G is strongly connected. Let us first establish a preliminary lemma. We say that
A € Py is 1-saturated when it contains less than k—1 parts equal to 1. More generally,
for ¢ > 2 the partition \ € P;,, is i-saturated when we have

A= (.., (=D)F 2k kel and N A (LR (=) L 2k ke,

Denote by A! the irreducible k-bounded partition ((k—1)%, (k—2)2,...,1%=1). Observe
that A € Py, is k-saturated if and only if A = AL

LEMMA 3.2. Any vertez A of G is connected to \'.

Proof. We get a path between A and A\! from the following observations.

1: If X is i-saturated, we claim that A — AT, where AT"~! is the partition obtained
by adding one box to the first row of size (i — 1) of A. Moreover, AT*~! is then (i — 1)-
saturated. To see this, consider the minimal integer r such that A, = ¢ — 1 and the
chain ¢ associated to A,. Since A is i-saturated, a combinatorial computation shows
that

i—1
c={ A Ar b4 2y Ar g (it 2) 4 (k—i43)5 - - - » Am ) With m =7+ Z(k —i+s).
s=0
Moreover, for 0 < ¢t < ¢ — 1, the (¢ 4+ 1)-th row in the chain c is )\r+zt‘=0(k_i+s) and

has length ¢ — 1 — ¢. In particular, each row following A, in the chain ¢ is preceded by
a row with the same length. Therefore, we can apply Lemma 2.8 to get the existence
of an edge between )\ and the partition A~ which is (i — 1)-saturated.

2: Suppose that A is i-saturated. Applying successively the previous procedure on
the partitions X\, ATC=1 (XTG=D)T(E=2) " eventually yields a partition v which is
irreducible, i-saturated, with one more row of length 4 than A and such that there is
a path between A\ and v in G.

3: Suppose that A has initially I < k—i — 1 rows of size i. By repeating k — i — [ times
step 2, one gets a partition x connected to A in T which is (i 4+ 1)-saturated.

4: Repeated applications of step 3 for i < | < k yields a path between A and \!
in G. d

We prove Proposition 3.1 by giving necessary and sufficient conditions to have a

path in G between A\! and @.

(3)Observe we have defined Piryirp)
compatible with the multiplication by s(;y used in Section 4.

as the transpose of the matrix (¢x,u)x,vePy,, to make it
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Proof of Proposition 3.1. Let us show that there is a path between A! and @ if and
only if for all 1 < a <k —1, p(sg,) or ¢(sgr,.,) is positive.

Assume first that for all 1 <a <k —1, ¢(sg,) or ¢(sg,,,) is positive.
For 1 < a < k—1, let A* be the partition (k — 1, (k —2)2,...,a*7%), and set \F = @.
Let us prove that for 1 < a < k — 1, there is a path in G from A% to Aot If
w(sr,) > 0, it suffices to add a part of length a at the end of A%, which is always
possible. This gives a rectangle a*~%*! which, once removed, yields A\**!. Assume
now we have p(sg,) = 0 and thus ¢(sg,,,) > 0 by the hypothesis on ¢. Let i be
minimal such that A¢ = a, and let ¢ be the chain containing A{. On the one hand,
since A} = a, the part following A{ in cis A{, ;... On the other hand, by definition
of A%, we have )\?kaa) = )\?Jr(kfa)+1 = 0. Thus, by Lemma 2.8, we can add a box on
the part A, which makes appear a block (a + 1)¥=%1. Since ¢(sg,,,) > 0 we so get
an arrow in G between A% and the partition (A*72, A%, ..., ALt (k—ay—1)- Similarly,
we can successively add a box to the parts Af,,..., )\;’l—i-(k—a)—l (all equal to a) and
get a path between (A2, Aty >‘?+(k7a)71) and A\**1. We so obtain a path in G
from A% to A\t! for all 1 < a < k — 1 and thus a path from \! to Moo= g

Assume now that there exists 1 < a < k — 1 such that ¢(sg,) = ¢(sr,,,) = 0.
Let v = (u',...,pu") be a path in G starting at u! = a2, and denote by z; and y;
the number of parts in u* equal to a + 1 and a, respectively. Since v is a path in G,
forall 1 <7< r, we have x; < k—a —1 and y; < k — a. Let us prove by induction
onl<i<rthat x; +y; > k —a.
This is certainly true for ¢ = 1. Assume that ¢ > 1 and the result holds for i — 1.
Since ¢(sr,) = ¢(SR,.,) = 0, the only way to get x; +y; < ;-1 + y;—1 is to add
a box in the first part of length a + 1 (if any) of u*~!. So if we have z;_; = 0, then
T+ vy = xi_1 +yi—1 = k — a. Assume now that z;_1; > 0. Let [ be minimal such
that ,uffl = a + 1 and let ¢ be the chain containing ulifl. The part following ,ufl
in ¢is then equal tol+k—(a+1)+1 =10+ (k—a). Since z;_1 +y;—1 =2 k—a
and z,_1 < k —a — 1, we have uf;(lk_a)_l = a. Thus, by Lemma 2.8, it is possible
to add a box on the part [ of x'~! if and only if ufj_i_a = a. If so, we get in fact
Tic1tyic1 2 (l+k—a)—l+12k—a+1and z;+y; = ;-1 +y;—1 — 1. Therefore,
in any cases, z; +1; > k —a. We have proved that for any path in G starting at a*~2,
the number of parts of length a or a+1 is at least k —a, thus there is no path between
ab=% and @ in G. O

4. FIELD EXTENSIONS AND k-SCHUR FUNCTIONS

4.1. FIELD EXTENSIONS. Recall that A= R[hi,...,hg]. Since hy, ..., h; are alge-
braically independent over R, we can consider the fraction field L = R(hy, ..., hg).
Write A = R[sg,,...sr,] the subalgebra of A, generated by the rectangle Schur
functions sg,,a = 1,...,k. In order to introduce the fraction field of A, we first
need to check that sg,,...sg, are algebraically independent over R. We shall use a
proposition giving a sufficient condition on a family of polynomials to be algebraically
independent.

Let k be a field and k[Th,...,T,,] the ring of polynomials in T1,...,T,, over k.
For any 8 € 7, we set T8 = Tlﬁ1 - TBm_ We also consider a total order < on
the monomials of k[T1,...,T)] given by the lexicographical order on the exponents.
Namely, 77 = T#" if and only if 8; > £/ on the first index on which 8 and g’ differ, if
any. The leading monomial Im(P) of a polynomial P € k[T, ...,T,,] is the monomial
appearing in the support of P (that is, with a nonzero coefficient) maximal under the
total order <.
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PROPOSITION 4.1 (See [15, Lemma 4.2.10], [5, Proposition 6.6.11]).

(1) The monomials TB(D7 e ,Tﬁm are algebraically independent if and only if
M ... 3P are linearly independent over Z.

(2) Consider Py, ..., P, polynomials in k[T, ..., Ty such that lm(Py),. .., 1m(P)
are algebraically independent, then Py, ..., P, are algebraically independent.

We also refer to [18, Section 3] for a detailed proof of this proposition. With Proposi-
tion 4.1 in hand, it is then easy to check that sg,, ... sg, are algebraically independent
over R. Recall that each Schur function sy with indeterminate set X = {X;, X5...}
decomposes on the form

sy= X+ Z Ky X"
pn<A

where < is the dominant order over finite sequences of integers, that is, § < 8’ when
B’ — 3 decomposes as a sum of €; —¢;, ¢ < j with nonnegative integer coefficients. Since
the lexicographical order refines the dominance order, by Assertion (1) of the previous
proposition, the monomials X% ... XP* are algebraically independent since the
rectangle partitions R,,a = 1,...,k are linearly independent over Z. Assertion (2)
then implies that sg,,...sgr, are algebraically independent over R. We denote by
K =R(sgr,,..-sr,) the fraction field of the algebra A.

PROPOSITION 4.2.

(1) Fach hq, ..., hy is algebraic over K.

(2) We have L = R(hq,...,hi) = Klhq,..., hg].

(3) L is an algebraic extension of K.

(4) The field L is a finite extension of K with degree [L : K] = k! and the set
I= {s(k) | K € P} is a basis of L over K.

(5) A(xy is an integral extension of A.

Proof. (1): For any a = 1,...,k, consider the evaluation morphism 6, : K[T] — L
which associates to any P € K[T], the polynomial P(h,) € A= R(hy,...,hx). We
know that {sf\k) | X\ € By} is a basis of Ay over R thus each power hl,,i € Zx( decom-
poses on the basis of k-Schur functions with real coefficients. By Corollary 2.11, k¢,
then decomposes on the family Z with coefficients in K. Thus, P(h,) also decomposes
on the family 7 with coefficients in K. Since 7 is a finite set, this shows that Im(6,)
is a finite-dimensional K-subspace of I, thus h, is algebraic over K.

(2): Since hq,...,hy are algebraic over K, we get K[hq,...,h;] = K(hy,...,h;) C
L. We also have L. = R(hq,...,h;) C K(hq,...,h) since K is an extension of R.
Thus, L = K[hy, ..., hg].

(3): This easily follows from (1) and (2).

(4): By using the same arguments as in the proof of (1), we get that each element
Q(h1,. .., hg) with Q € K[T1,...,Tk] decomposes on the family Z with coefficients in
K. Assume we have

Z cﬂsgk) =0

k| k-irreducible

with ¢, € K=R(sg,,-..,Sr,) for any k-irreducible partition . Up to multiplication,
we can assume these coefficients belong in fact to R[sg,, ..., Sg,]. Set
() B
Z as SRll ' st
pezt,,
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(%) (k)

where all the coefficients a
is real). We get

(4) Z Z ag{)s%l .- s%i s,(f) =0.

k|k-irreducible IBGZ’;()

are equal to 0 up to a finite number (in which case a

By Remark 2.12, there is a bijection between the set of k-bounded partitions and that
of pairs (8, k) with k k-irreducible and 8 € Z];O. So equation (4) gives in fact a linear
combination of k-Schur functions over R equal to 0. Since we know that the set of
k-Schur functions is a basis of Ay, this imposes that each coefficient o' is in fact
equal to 0. So the family 7 is a K-basis of L and we have [L : K] = card(Z) = kL.

(5): The characteristic polynomial of each h,,a = 1,...,k belongs to A[T] because
the multiplication by h, on the basis Z makes only appear coefficients in A. Thus,
each h, is an integral element of Ay = Afhy, ..., hi] over A. O

4.2. PRIMITIVE ELEMENT. By Proposition 4.2, s; = h; is algebraic over K. Denote by
IT its minimal polynomial. Observe that II is an irreducible polynomial of K[7T]. Also
write ® for the matrix of the multiplication by s; in L in the basis Z = {8,(1]6) | kK € Pir}
(here, we assume we have fixed once and for all a total order on the set P, of k-
irreducible partitions). Let Z(T") = det(T I — ®) be the characteristic polynomial of
the matrix ®. We thus have that II divides =. Moreover both polynomials belong to
A[T] since the entries of the matrix ® are in the ring A. We have in fact the following
stronger proposition.

PROPOSITION 4.3.
(1) The invariant factors of the multiplication by s1 are all equal to I1: there exists
an integer m such that = =T1I"".

(2) The coefficients of Il and = are invariant under the flips of sg, and sg,_, .,
k

foranya=1,..., bJ

Proof. For (1), write Py,..., P, for the invariant factors of ®. We must have

Py /Py /Pp, Py =l and P, Py--- P, = =Z. Since II is irreducible, this imposes
P = ... = P, = 1II which gives the assertion.

For (2), we apply wy to each equality II(s(1)) = 0 and Z(s(y)) = 0. O

EXAMPLE 4.4. For k = 3, we get by listing the k-bounded partitions as @, (1), (2),
(1,1),(2,1) and (2,1,1)

OOSR1 SR3 SRs 0
100 0 0 sg,

s |01 0 0 0 sg
010 0 0 sg
001 1 0 0
000 0 1 0

This gives Z(T) =TS — 2 (sgr, + sr,) T° — 4sp,T? + (sg, — 533)2 . Observe the sym-
metry of ® which will be elucidated in § 6.3.

In Proposition 4.3, we have just used that ® is the matrix of the multiplication by
5(1) which is algebraic over K. Given any morphism ¢ : A — R such that ¢(sg,) = 0
for any a = 1,..., k, the matrix ¢(®) obtained by replacing in ® each rectangle Schur
function sg, by @(sg,) coincides with the matrix ® defined in § 3.1. Thus ® = ¢(P)
has nonnegative entries. We can now state the main theorem of this section.

THEOREM 4.5. We have L = K(s(y)), that is s1) is a primitive element for I regarded
as an extension of K.
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Proof. 1t suffices to show that II = =. By Proposition 4.3, we already know that
2 = II'"™ with m € Z-o. Then by Frobenius reduction, there exists an invertible
matrix P with entries in K such that

Ch 0 O
(5> ¢:P 0 0 P_17
0 0 Cn

that is, the matrix ® is equivalent to a block diagonal matrix with k£ blocks equal to
Crr the companion matrix of the polynomial II. By multiplying the columns of the
matrix P by elements of A, one can also assume that the entries of P belong to A.
Then we can write P~! = de%(P)Q where @ has also entries in A and det(P) € A
is nonzero. Since det(P) € A = R]sg,,...,Sr,| is nonzero, there exists a nonzero
polynomial F' € R[T7,...,T}] such that det(P) = F(sg,,...,Sr,). Also a morphism
@ : A — Rsuch that ¢(sg,) = 0 for any a = 1,..., k is characterized by the datum of
the @(sp,)’s. The polynomial F being nonzero, one can find (r1,...,r;) € R% ) such
that F(ry,...,rg) # 0. For such a k-tuple, let us define & by setting @(sgr,) = 7q.
Then ¢(det(P)) # 0 and we can apply ¢ to (5) which gives

Com 0 0
©=5(P)| o . o |@P)
0 0 Com

The matrix ® has nonnegative entries and is irreducible by Lemma 3.1. So, by the
Perron—Frobenius theorem, it admits a unique eigenvalue ¢ > 0 of maximal modulus
and the corresponding eigenspace is one-dimensional. This eigenvalue ¢ should also be
a root, of $(II), thus there is a vector v € R? with d = deg(II) such that C;(H)’U = tu.

Then we get m right eigenvectors of ® linearly independent on R4™

v 0 0
0 v 0
B R

0 0 v

Since the eigenspace considered is one-dimensional, this means that m = 1 and we
are done. 0]

COROLLARY 4.6. There exist A € A and for each irreducible k-bounded partition k a
polynomial P, € A[T] such that

1
In particular, for any morphism ¢ : Ay — R such that o(A) # 0 we have

p(s)) = @wm(w(sm)).

Proof. Since s(;) is a primitive element for L regarded as an extension of K,
{1,8(1)7...,8?11;1} is a K-basis of L. It then suffices to consider the matrix M

whose columns are the vectors s’('l),i = 0,...,k! — 1 expressed on the basis

7 = {s&k)m € Pi}. Its inverse can be written M1 = dethN where the en-

tries of N belong to A. So we have A = det(M) and the entries on each columns of
the matrix IV give the polynomials P,;, x € Pi. O
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REMARK 4.7. In fact we get the equality of A-modules Ay = %A[sﬂ. In particular,
the polynomial A (once assumed monic) only depends on Ay and A[s;] and not
on the choice of the bases considered in these A-modules. Indeed a basis change will
multiply A by an invertible element in A, that is by a nonzero real.

ExAMPLE 4.8. For k = 2 we get

@ = ((]? SRl B_SRQ) and M = 12.

EXAMPLE 4.9. For k = 3 and with the same convention as in Example 4.4, we get

100 sg, + SR, 2sp, 0
010 0 SR, + SRs 4SR2
M= 001 0 0 SRy + 3SR,
001 0 0 3SR, + SR,
000 2 0 0
000 0 2 0
and
10 0 0 iR _gp
01 2532 2332 0 _ SRy -l-sR3
355121 ii-ss}? sS;{ 3—‘: 3551:1{31 °
Mﬁ1 = 00 25R1172s;3 251:;37251;31 0 0
00 0 i 0
00 0 0 0 1
00 57— =1 0 0

28R, —2SRg 2SRg—2SR,

. . 3
So in particular, 522?171) = %5‘(11) — %(SR1 + SR3)S(1) — SR,

4.3. ALGEBRAIC VARIETY ASSOCIATED TO FIXED VALUES OF RECTANGLES. Recall

that Ay = R[h1,..., h] and each rectangle Schur polynomial can be written sp, =
JTy(ha,... hg) forany a = 1,..., k where JT, € R[hq,..., hi] is given by the Jacobi-
Trudi determinantal formula. Consider 7= (r1,...,r) € RE.

DEFINITION 4.10. Let R be the algebraic variety of R¥ defined by the equations sg, =
re foranya=1,... k.

We can consider the algebra K(k) := A(ry/J where J is the ideal generated by the
relations sg, = r, for any a = 1,..., k. Write % : Ay — A)/J for the canonical
projection obtained by specializing in Ay each rectangle Schur function sg, to r,.
We shall write for short b = %(b) for any b € Ary. Clearly K(k) = A/ J is a finite-
dimensional R-algebra and K(k) = vect (S, | k irreducible). The following proposition
shows that the non-cancellation of A can be naturally interpreted as a condition for
the multiplication by 5; to be a cyclic morphism in K(k).

ProproSITION 4.11.
(1) The algebra Ay has dimension k! over R and {5, | k € Pin} is a basis of
Awy _
(2) We have Ay = R[31] if and only if A # 0.
Proof. (1): For any k-bounded partition X, write A = RY"* LI --- U R"™ U k(\) for its
decomposition into rectangles and irreducible partition, and set u(\) = ri"* - - "% If
all m; are equal to zero for 1 < i < k, we set u(A) = 0. Let us prove that J regarded

as a R-vector space has basis {sg\k) - u()\)sgz)/\) | A € By \ Py }. First, the latter set
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is linearly independent and is thus a basis of a vector subspace V' C A(). It remains
to prove that V = J.

Let A= R{"™ U---UR™ Uk(X) be a reducible k-bounded partition and let " be
a k-bounded partition. Then,

k k k k k k m
82/)(8& ) u(\)s (()/\)) = 2,)5,(@())\) (5( 7),L1umuRmk —u(RMU--- U RZ““))
v(k k m .
= Z CHEA)) H,s( ) (S,(RQHUWI_IRZ”" —u(R" Y- U RZ“‘))
vEBY,

Let us write ' = R{" U- - -LUR}"*. For each v € By, written v = RY'U- - -UR* Uk(v) :=
v U k(v), we have
k k) o (k k
s (5 —u(V)) = s (530, — u(X)s))
’(:f) ( (k) _ U()\/ L I//) + u()\/ L I/I) _ U()\/)Sf,]f)>

(v) Sxuw

=s® (sg\lf)uy, —u(N UV) —uN) (s — u(z/)))

(V) v’
= s\ hun() — W UV UR@)s) = a8 —u()s))) € V,
where we have used u(NUr') = u(N Uv'Uk(v)) on the last equality. Hence, s,({,) (sg\k) -

u(A\)s (k() )) € V and V is an ideal of A(y). Since all generators sp, —r, of J are in V,
we have in particular J C V.

Let us show that (sg\k) - u()\)sgz))\)) € J for all reducible k-bounded partitions

m m . k k k k mi
A=R{"U---UR™ Uk(X). Since (sg\ ) u(A)sé(z\)) = si()/\)(s( ,llu LR™ —u(R™U
- U R™)), we just have to show that s(k) Lougme — WU U R €T
k
for all tuple m = (mq,..., my) different from zero. We prove this by induction on

(m) = Zf m;. For m such that [(m) = 1, this is true. Suppose that /7 is such that
I(m) > 1 and assume without loss of generality that m; > 1. Then,
k m m k my— m
S;;)nl U--LRpF uw(R{™ U UR™) = sg, (S(R;)y,i_lu'nuR;”k —u(R™ fueeu Ri™))
+u(RMT U U R ) (sg, — u(Ry)) €,
where we have used the induction hypothesis to prove that the first term of the right
hand side is in J. Hence, V' C J, and finally V = J.
Observe also that {sf\k) —u(N)s (’2\) | A k-bounded partition} is a basis of A,
since it is a triangular change of basis from the standard basis {s X (k) | A k-bounded
partition}. Hence, we have a decomposition

Ay = vect(s), (k) u()\)sl({k())\) | A € Piwr) @ J.

We deduced that a basis of A(;y/J is given by {@(sg\k) — u()\)sgz)/\)) | A € Pire }. Since
u(A) = 0 and A = k(A) when A is irreducible, we get that {3, | K € Py} is a basis of
Aty /- _ N

(2): We have A # 0 if and only if {31 1 0 < r < k!' — 1} is a basis of A, since
{5« | Pirr} is a basis of A(;) and A is then the determinant between the two bases. [

The following proposition is classical, we prove it for completion.

PROPOSITION 4.12. The algebraic variety Ry is finite.
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Proof. Tt suffices to see that the algebraic variety Rg of C* defined by the equations
Sp, = 1 for any a = 1,...,k is finite. We can decompose R(g =Viu---uV,, into
its irreducible components. To each such component V; is associated a prime ideal J;
and we have J = J; N --- N Jy,. Therefore for any j =1,...,m, Clhq,...,hg]/J; is a
finite-dimensional algebra (because Clhq, ..., hy]/J is) which is an integral domain. So
Clha, ..., hg)/J; is in fact a field and J; is maximal in Clh, . .., hi]. By using Hilbert’s
Nullstellensatz, we obtain that each V; reduces to a point, so Rg is finite. g

5. NONNEGATIVE MORPHISMS ON Ay

5.1. NONNEGATIVE MORPHISMS WITH ® IRREDUCIBLE. We show now that when the
matrix ¢ introduced in § 3.1 is irreducible, the values of ¢ on the rectangle Schur
functions sg,, 1 < a < k determine completely the morphism ¢. Recall we have
denoted by A = R[sg,,...,sr,] the subalgebra of A,y = R[h1,...,h] generated
by the k-rectangle Schur functions. Also we have Z = {s,({k) | & € P} Set R =

{5R, J1<agk-

THEOREM 5.1.

(1) Let ¢ : A — R be a morphism, nonnegative on R and such that its associated
matriz ® is irreducible. Then there exists a unique morphism ¢ : Ay — Rxo
extending @, nonnegative on the k-Schur functions and positive on L.

(2) A positive morphism ¢ : Ay — R is uniquely determined by its values on R.

Proof. (1): Let us prove the existence of @. Set (r1,...,7%) = (p(SRy)s---,©(SR,))s
and assume first that A(rq,...,7,) # 0 where A is the polynomial defined in Corol-
lary 4.6. We have to show that there exists a morphism ¢ on Ay such that ¢ is
positive on Z and ¢(sg,) = r, for a =1,..., k. The set of morphisms from Ay to R
which takes values r, on sp, for a =1...k is in bijection with the set of morphisms
from K(k) to R. Here recall that K(k) = A)/J with J the ideal generated by the
relations sp, = 1, for a = 1,..., k. Since we have assumed A # 0, Proposition 4.11
yields that Ay = R[51]. There exists one morphism from R[S;] to R for each real root
of the minimal polynomial of 5, which is = because deg(Z) = k! = dim(Ay)). Let ¢ be
the root of = with maximal modulus. It is positive since = is the characteristic poly-
nomial of the irreducible matrix ®(,, . ,.), and moreover it is the Perron-Frobenius
eigenvalue of ®. Then, the specialization 5; = ¢ yields a morphism from K(k) to R,
and by extension a morphism ¢ from Ay to R. In particular, the equality (2) holds
for ¢, and the vector X = (gZ(sE\k)))Aepm is the eigenvector of ® corresponding to the
Perron—Frobenius eigenvalue ¢ and such that X (&) = 1. Therefore, ¢ is positive on
7. So we have proved the existence of an extension of ¢ with the right properties in
the case where A # 0.

We now drop the hypothesis A = 0. Consider ¥ = (r1, ..., 7x) such that the matrix
® is irreducible. For any extension @ (if any) of ¢ positive on Z, the equality (2)
still holds. Therefore, X" = ((ﬁ(s&k)) AePy,, ) should then be the eigenvector of ® corre-
sponding to the Perron-Frobenius eigenvalue ¢z and such that X7 (@) = 1. For u € By,
set

k K
(6) Gr(sP) = H rhe X7 (i) with s = H sﬁsg) , [t irreducible.
a=1 a=1

Then, the map ¢z is an extension of ¢ which is positive on Z and nonnegative on the
k-Schur functions by construction. So it just remains to prove that @7 is a morphism.
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Since t» and X7 are continuous functions of 7 on the set of irreducible matrices,
the map @ is a continuous function of 7. The hypersurface V(A) := {A(F) = 0} is
closed in the Zariski topology, thus V(A) has empty interior in the set © = {7 € R’;O |
®(yy,...,rp) 18 irreducible}. By the previous arguments, for all ¥ € © outside V(A), the
map ¢z is a morphism and 7 — @r is continuous on O, thus @ is a morphism for
7 € © N V(A). By Proposition 3.1, the set O is open. Let ¥ € © N V(A). Since the
interior of V(A) is empty, one can define a sequence 7™ € © \. V(A) which tends to
7€ O N V(A) as n goes to infinity. Finally we get that @7 is a morphism, as desired.

We now prove the uniqueness of the extension @. Let ¢ be another real extension
of ¢ positive on Z. By (2), the vector X = (@(sf\k))),\epm is also a left eigenvector of
® for the positive eigenvalue @(s1) normalized so that X is equal to one. Since X
has positive entries, it is the Perron—Frobenius eigenvector of ® and is thus equal to
the vector X” defined above. By the morphism property of @, for 4 € By such that

st = [1°_, s% s%) with fi irreducible, we have
«"h

k
(7) B = [T esw) X (i) = [ v X () = (),

where we have used the definition of @ given in (6). Therefore, g = $, and we have
proven the uniqueness of the extension of ¢ satisfying the properties of the statement.

(2): Let ¢ be a positive morphism on A. Then, the associated matrix @ is irre-
ducible by Proposition 3.1. Hence, the first part of the proposition yields that ¢ is
uniquely determined by its values on R. O

An immediate consequence of the latter theorem is the description of positive
extremal harmonic functions. We define an action of Rs¢ on F (B, Rxo) by

k k
t-o(s8)) = tMp(s),
for t > 0, ¢ € F(Bg,Rxo).

COROLLARY 5.2.

(1) Let p € OHT(B), and suppose that @ is positive on the k-Schur functions.
Then, ¢ is uniquely determined by its values on the sp,, 1 < a < k.

(2) Assume the matriz ® associated to ¢ is irreducible. Then there exists a unique
t > 0 such that t=1 - ¢ can be extended to an element of OHT (By,) positive
onZ.

Proof. The only non immediate statement is the second one. Suppose that ® is irre-
ducible. Then, by Theorem 5.1, ¢ can be extended in a unique way to a morphism @
nonnegative on By, and positive on Z. Let t = @(s1) > 0. Then, t~1-$ is a nonnegative
morphism on By, such that t=1-@(s;) = 1, which belongs to 9H ™ (By,). It is clear that
t=1. % extends t~1 - . Also if 6 € OH* (By,) extends s~1 - p with s > 0 and is positive
on Z, then the vector with entries s- é\(s&k)), A € Py, is an eigenvector for ® associated
to the eigenvalue s. Since it has positive entries, we get t = s and g=¢1. ®. O

REMARK 5.3. It follows also from Proposition 3.1 and Assertion (2) of Theorem 5.1,
that each morphism ¢ : A — R positive on R can be extended in a unique way
to a morphism ¢ : Ay — Ry positive on the k-Schur functions. Also clearly,
two distinct such morphisms on A will yield distinct extensions on A(). Thus the
morphisms ¢ : Azy — R positive on the k-Schur functions are parametrized by
R% , via the map which associates to each such morphism its values on R.
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5.2. TWO PARAMETRIZATIONS OF THE POSITIVE MORPHISMS. The more immediate
parametrization of the positive morphisms ¢ : Ay — R such that ap(sg\k)) > 0 for
any k-bounded partition is obtained from the factorization property (Corollary 2.11)
of the k-Schur functions. Consider

JTr,(hi,...,ht) >0,i=1,...,k
R (b, i) > 0, }CR,;O

V=< (hi,...,h;) €RF
{( ! 2 JT(hy, ... k) >0, ¥k € P

where we have set sp; = JTg,(h1,...,hx) and s, = JT,(hy,...,h;) where
JTR,,...,JTR, and JT,,k € Py, are polynomials in R[Xi,...,Xy]. To each
point in V' corresponds a unique positive morphism ¢ defined on A(;). Now define

U={Ff=(r,...,m) ERE}.
As explained in Remark 5.3, the positive morphisms ¢ : A(;) — R such that gp(sg\k)) >
0 for any A € By are parametrized by U and we can define a map f : U — V such
that

flri,...ore) = (p(he), ..., o(hg)).

The map f is then continuous on U since the entries of the matrix ® are and so is its
Perron—Frobenius vector normalized at 1 on sg. Moreover, the map f is bijective by
Theorem 5.1 and we have

. V-=U
f ' {(hl,,hk) — (JTRl(hl,...,hk),...,JTRk(hl,...,hk))

where the polynomials JTg,,...,JTg, are given by the Jacobi-Trudi determinantal
formulas. In particular f~! is continuous on V.

LEMMA 5.4. The map f is bounded on any bounded subset of U.

Proof. Let B C U be a bounded subset of U. By definition of f, for any ¥ = (r1,...,7%)
in B, ¢(hy) is the first coordinate of f(r1,...,rs) and coincides with the Perron—
Frobenius eigenvalue of the matrix ®, that is with its spectral radius. Since the spectral
radius of a real matrix is a bounded function of its entries, we get that ¢(hq) is
bounded when 7 runs over B. To conclude, observe that for any a = 2, ...,k we have
©(hq) < p(h1)* because hy = s1, the map ¢ is multiplicative and h, appears in
the decomposition of s§ on the basis of k-Schur functions (which only makes appear
nonnegative real coefficients). O

Now set

U={F=(ry,...,m) GREO}

and
_ JTRr,(h1,...,hi) =20,i=1,... )k
V="<(hi,....h;) €eRF j c RE,,.
{( ! ) JT.(hy,... hy) >0, Ve k-irreducible >0
Since JTR,,...,JTr, ‘are polynomials, we can extend f~! by continuity on V and get

a continuous map g : V' — U. But this is not immediate right now that g is bijective
and f can also be extended to a bijective map from U to V. Observe nevertheless
that if we can extend f by continuity on U, the continuity of g and f will imply that
fog=idy and go f = idg. Therefore, to extend f by continuity it will suffice to
prove that U and V are homeomorphic by f.
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5.3. EXTENSION OF THE MAP ON U. Let 7 € ]R’;O, and denote by A(7) the set of

limiting values of f(7) as 7 goes to 7y in U = R*. Recall the notation of the previous
paragraph, in particular the function g is defined and continuous on V and g = f~!

on f(U).
LEMMA 5.5. The set A(Ty) is a connected subset of Rz, (see Definition 4.10).

Proof. Consider K, = B (7“07 ) N R’;O This is a system of decreasing bounded
connected neighborhoods of 7 in RE,. By definition, A(7) = N>t f(K,). B
Lemma 5.4, we know that f is bounded on bounded subsets of U = R% there—
fore we get that f(K,) is bounded and thus f(K,) is compact. Since f is continuous
on U and K, is connected, f(K,) is also connected, which implies that f(K,) is
connected. Hence, A(7) is a decreasing intersection of connected compact sets, and
thus A(7p) is connected.

Let i € A(7). Then, there exists a sequence (Pi)n>1 in U converging to 7y such

that h, = f(r7,) converges to hasn goes to infinity. Since g = f~! on R% ), (hn) =
go f(ry) =y for n > 1. Moreover, since g is continuous and (hy,)p>1 converges to h
as n goes to infinity,

g(l_i) = lim g(f_in) = lim r;, =7

n—oo n—o0

which implies that he Ri,- O

THEOREM 5.6.

(1) The map f is an homeomorphism from U to V.
(2) The morphisms ¢ : Agy — R nonnegative on the k-Schur functions are

parametrized by R’;O

Proof. (1): The set A(7p) is a connected subset by the previous lemma and it is also
finite by Proposition 4.12. Therefore, the set A(7) is a singleton. In particular, f(7)
converges to some f(7) as 7 tends to 7, and f can be extended by continuity on R’;O
As explained at the end of § 5.2, this suffices to conclude that f is an homeomorphism
from U to V.

(2): By the first part of the theorem, it suffices to prove that any morphism ¢ :
Ay — R nonnegative on the k-Schur functions is in the closure of the set of positive
morphisms. Let o : Ay — R be a positive morphism (for example, one can take the
image of any element of U by f). Then, for any nonnegative morphism ¢ : Ay — R
and 0 <t < 1, one can define the convolution morphism ¢ #; ¢y by the formula

@ xtpo(f) = (1 —t) - o@1t-o)A(f)
for f € A, where A is the coproduct on A). Since A is an algebra morphism

from Ay to Ag) ® A, ¢ *¢ po is indeed a morphism. Let A € By and s>\ ) the
corresponding k-Schur function. Then, by [7, Corollary 8.1],

A(sf\k)) = Z C/)L\ Y ) ® s(k)
1, VEBy
[l +[v[=[A]

with nonnegative coefficients C,))’ﬁk) Since A is the usual coproduct from the ring of

symmetric functions, we moreover have C’)‘ k) Cg k) =1, so that

prepo(si)) = (1=1)e(si) Feo(si)+ Y0 Ol (=)o) pn(s().
]+ [=[A|
Rz 3%
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Since g (sg\k)) is positive and all terms in the above sums are nonnegative, @ *; goo(sg\k))

is positive for all ¢ > 0. Hence, ¢ *; @q is a positive morphism and ¢ *; g converges
to ¢ as t goes to zero. Thus, ¢ is in the closure of the set of positive morphisms. [J

EXAMPLE 5.7. For k = 2, we get for the matrix associated to ¥ = (ry,r3) € Rio

B 0r1+17ro
o= (1"0")
whose greatest eigenvalue is /ry + ro with associated normalized left eigenvector
(1,4/r1 +12). We thus get h = f(¥) = (\/r1 +7r2,7r1) since hy = /r1 + 19 and
hy = ry. Conversely, we have g(h) = (ha,h% — hy). If we assume h; = 1, we get
OHF(B2) = {(1, ha) | h2 € [0,1]}.

6. MARKOV CHAINS ON ALCOVES

6.1. CENTRAL MARKOV CHAINS ON ALCOVES FROM HARMONIC FUNCTIONS. Recall
the notation of § 2.1 for the notion of reduced alcove paths. A probability distribution
on reduced alcove paths is called central when the probability p, of the path 7 =
(A = AO Ay ... A,) only depends on m, A; and A,,, that is only on its length
and its alcoves ends. In the situation we consider, affine Grassmannian central random
paths correspond to central random paths on By. Similarly, affine (non Grassmannian)
central random alcove paths correspond to central random paths on the Hasse diagram
Gy of the weak Bruhat order. They are determined by the positive harmonic functions
on By and Gy, respectively (see [4]).

More precisely any central probability distribution on the affine Grassmannian
alcove paths can be written

h
Pr = (M)
h(X)
where h € H*(By) is positive and for any path 7 = (4y,..., A;), p and X are the
k-bounded partitions associated to A; and A,,. Also we then get a Markov chain on

By (or equivalently on the affine Grassmannian elements) with transition matrix

h(r)

I p) = —=.

(A 1) ey
When h is extremal, it corresponds to a morphism ¢ on Ay with ¢(sqy) = 1,
nonnegative on the k-Schur functions. We get an extremal central distribution on the

o)
trajectories starting at A© verifying p, = wisﬁmi' The associated Markov chain has
AN

then the transition matrix TI(A, p) =

6.2. COMPARISON WITH LLAM’S UNIFORM DISTRIBUTION. The probability distribu-
tion on reduced alcoves paths used by Lam in [8] does not coincide with ours in
general: at each step of such a path, an alcove is chosen uniformly with the condition
that each hyperplane can be crossed only once. It is not difficult to check that such a
distribution is not central when k > 3. One can for example compare the probability
of two paths from the fundamental alcove to a suitable alcove on the border of the
dominant Weyl chamber with one path remaining always on the border and not the
other (or equivalently by comparing the probabilities of two paths in the graph By
from @ to a suitable column partition with one path containing only column partitions
and not the other).

The case k = 2 is very particular because By has then a very simple regular
structure which imposes that the probability of any path from @ to the 2-restricted
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Al
partition A is equal to (%) L 2 J . In particular, Lam’s uniform distribution is then
central. One can check that in our setting, this correspond to the case where sg, = s(3)

and sg, = 5(1,1) are both specialized to é

6.3. INVOLUTIONS ON THE REDUCED WALK. By Corollary 2.11, the structure of the
graph By is completely determined by the matrix ® depicted in § 3.1 with entries
in R[sg,,...,8Rr,]. Then @ .. is the matrix ® after the specialization sg, =
T1,...,SR, = I't- We are going to see that this matrix exhibits particular symmetries
coming from the underlying alcove structure.

The first symmetry is due to the action of wy on Ay which sends sg, to sg,_, for
any ¢ = 1,...,k. Since wy, is an algebra morphism, we get for 1 < a; < kand s > 1

(I)(rl,...,rk)(Amu) =l ¢)(7“1,...,7";c)<>‘wk7/LW}C) = ]-,
and
(I)(T1,--~7Tk)()" 1) =Tay + +Ta, & (I)(T1,-~7Tk)()‘wk7ﬂWk) = Thtl—a; +°° + Thtl—a,-

Hence, if we denote by ) the matrix of the conjugation wy on the basis of irreducible
partitions, we get

(8) Qq)(rl,...,rk)Q_l = Q(I)(rl,...,rk)Q = (I)(rk,...,rl)'

For the second symmetry, we need some basic facts about the affine Coxeter arrange-
ment of type A,gl). For any root o and any integer, let H, , be the affine hyperplane

H,,={ve R, (v,a) = r}.

We denote by s, , the reflection with respect to this hyperplane and for S in the
weight lattice P, we write tg for the translation by 3. We have then s, , = t;q5a0,0-
For w € W, we have the commutation relations

(9) wig =ty(p)W, WSa,r = Sw(a)rW and  tgsa, = Sa,r+(B,0) LB

Affine Grassmannian elements are in bijection with alcoves in the dominant Weyl
chamber through a map w +— A, such that w — w’ (that is we have a covering
relation for the weak order from w to w’) if and only if there is a hyperplane H, ,
such that A, = sq,r(Aw). In this case, we write w LN

Write v, for the center of the alcove A, (defined as the mean of its extreme
weights). With these notations, w 20w if and only if vy = sq4.,(vy) and r <
(o, v ) <7+ 1.

Any alcove A,, is completely determined by its center v,,. Let B be the set of alcoves
corresponding to affine Grassmannian elements w such that (v,,,a;) € ]0,1[ for any
i=1,...,k (i.e. such that the coordinates of v,, on the basis of fundamental weights
belong to |0, 1[). Recall also there is an involution on the Dynkin diagram of affine
type Ag) fixing the node 0 and sending each node i € {1,...,k} to* = k+1— 4.
Consider now the involution I : R¥ — R* defined by

IztpOUIQ,

where p = Zle A; and wy is the longest element of W. Observe we indeed get an
involution because wg ot, o wg =1t_,.

LEMMA 6.1. The involution I restricts to an involution on the set B .
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Proof. Consider A € B with center v. Set v = Zf:1<v,4, a;)\;. Since wo(A;) = —Ay«
we get wo(v) = Zle —(v, a;)\j=. We also have p = Zle A; which gives
k

I(v) =t,owy(v) = Z(l — (v, ;) Ay

i=1
By hypothesis, (v, ;) €]0,1[ for any s = 1,...k and thus 1 — (v, ;) € ]0, 1[. Now the
coordinates of I(v) on the basis of fundamental weights all belong to |0, 1[. This implies
that I(v) is the center of an alcove in B and I restricts to an involution on B. U

LEMMA 6.2. If A, A" are two alcoves of B such that A = A’, then we have
1) =0 1(4),
where o = —wp (). In particular, A — A’ if and only if I(A") — I(A).
Proof. We have
I(A") =t, 0wg 0 Sar(A) = tpSug(a)rWo(A) = Swg(a),r+(pwo(a)tpwo(A).
Since wo(o) = —a* and sq,r = S_q,—r for any root a, we get
(10) I(A) = sas(a,py—rI(A).
Moreover, we can write
(I(v),a") = (tp o wo(v), ") = (p, @) + (v,wo(a")) = (p,a”) = (v, )
where v is the center of A. Since {p, a) = (p, a*), this yields
(I(v),a") = (p, ) = (v, ).
By hypothesis, r — 1 < (v, @) < r, thus
(p,0) =7 < (I(v),0%) < {p,a) =1 + 1.

a,p

The last inequalities together with (10) imply that
I(A) 28R p g, O

LEMMA 6.3. Suppose that A, A’ are two elements of B such that A =5 ty, A’. Then,
we have a = a;, 7 =1, and
I(A) 22h ¢y I(A).
In particular, A — tpa, A’ if and only if I(A") — ta.. I(A).
Proof. Since A 25 ), A’, the alcove s, .(A) does not belong to B, but belongs to
the dominant Weyl chamber. Also B is delimited by the affine hyperplanes H,, o and
H,, 1 for 1 < < k, this implies that 7 = 1 and « is a simple root. Since t_x,s4,1(A)
is contained in the dominant Weyl chamber, this yields that o = «;. Let v and v be
the centers of A and A’, respectively.
Then, v = sq, 0 tp, V" for sq (v) = ta,v’. Using (9) we so derive
I(v) =ty 0wo 0 Sa,r 0 ta, (V') =ty 0 wo 0 ta, © Sar—(a,n,) (V)

= tp O tug(As) © Swo(a),r—(a,As) © Wo (V)

= two(As) © Swo(a),r—(aAs)+{pwo(a)) © tp © Wo (V')

= two(Ai) o Swo(a),r7<a,/\i+p)](v/)
where (p,wp(@)) = (wp(p),a) = —(p,a) for the last equality. From the equality
wo(Ai) = =Ny, we get

LA I(U) = 5a*,<Oé,Ai+P>*TI(U/)'
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Finally, we have (I(v'),a*) = {p,a*) — (v/, a) = (p, a) — (v, @), so that the hypothesis
r < {tp,v',a) <71+ 1 gives

r— (N, o) < (V,a) <r+1— (A, )

and
(p+AN,a)y—r—1<(IW),a") <(p+N;j,a)—r.
So
I(w') SASREDT T (w),
Since o = ; and r = 1, a* = o and

(o, Nj +p) — 1= (s, Ay +p) —1=1. O

Recall from Section 2.1 that By is the Hasse diagram for the weak Bruhat order
on affine Grassmannian elements. We also have a bijection which associates to A €
By its corresponding affine Grassmannian element wy. Let 1 < a < k. Since the
multiplication of sg\k) by sg, is simply S&@Ra, there exists a map 7T, on the set of
alcoves in the Weyl chamber such that To(Aw,) = Aw, g, By [2], interpreting k-
Schur functions as elements of the affine nilCoxeter algebra yields that T, coincides
with the translation ¢, on the alcoves of the dominant Weyl chamber. In particular,
the partition A is irreducible if and only A,,, belongs to B. By the definition of the
matrix @, . ..y in Section 3.1 we have ®(, . (A p) = 1if X\ and p are two
irreducible partitions such that A — p on By, and ®(,, . ) (A, i) = 1q, + -+ 14, if
and only if A = (WU Ry,),..., A = (LU R, ) on Bg.

PROPOSITION 6.4. There exists an involutive permutation matriz | such that

t
Iq)(hw-ﬂ‘k)l = (I)(rk,..

T1)
for any (r1,...,7%) € R’;O.

Proof. Let us write ® = ®p, . g,) and ®(g, . r,) for the matrix ® in which each
R, is flipped in Rg_,41. We get that

(1) PR, ryNp) =1 w\ — w,
§(R1,...,Rk)()‘a ,LL) = SRal +eee SRG,S = wWx — tAa1 Wy ooy WX —7 tAaS wy,-

By Lemma 6.1, it makes sense to consider the matrix | of the restriction of the
involution I on the basis Z. By Lemma 6.2 and (11), ®g, . gr,)(A, ) = 1 if and
only if ‘I)fRM__,Rl)(I(u),I()\)) =1, and ® g, .. R,) = SR, + + Sg,, if and only if
<1>le _____ Rk)(f(,u)7 I(\) = SRyi1-a, T FSRii1_a, - Since nonzero entries of ® (g, . g,)
are either 1 or a sum R;, +---+ R;, with 1 <i; <k, this shows that |®(g, . g,)l =
(ﬁszw--;Rl) and thus by specializing 19, . .l = ol O

(ko) ”

The matrix ®(,, . ,.) exhibits thus two symmetries relating to the k-conjugation
and the involution I.

PROPOSITION 6.5. The matrices | and Q commute, and
(D) (190)7F = (1), (192) = B

(ri,eesmi)”

Proof. In order to show that €2 and | commute, it suffices to show that the involutions I
and wy, commute at the level of their action on alcoves in the dominant Weyl chamber.
On the one hand, I is the operator ¢,wg. On the other hand, wy, sends the (k+1)-core
associated to A to its usual conjugate. Hence, if we have the reduced decomposition
Wx = 84, Si, *** Siy, We get the reduced decomposition we,) = Siz e Sir. This implies
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that the action of wy on the alcoves coincide with that of —wy which commutes with
t,wo because

t, 0 —id = t,wo(—wo) = —wot,wo = —id o t_,,.

So we have 12 = QI. The second part of the proposition is a direct consequence of
Proposition 6.4 and (8). O

DRIFT UNDER HARMONIC MEASURES. Let A be the set of alcoves in the dominant
Weyl chamber. We denote by I'y(Ay) the set of reduced finite alcove paths which
start at A and remain in the dominant Weyl chamber. For any A in A, write
Aa € By, its corresponding k-bounded partition. Conversely recall that for any A € B,
A, € Ag is the alcove associated to A. Let ¢ be an extremal harmonic measure on By,
associated to ¥ = (r1,...,7) € R¥, and let (A,,),>1 be the central Markov chain on
Ay, defined in § 6.1. By considering for each n > 1 the center v,, of the alcove A,,, we
get a genuine random walk (vy,)n>1 on RE. Our goal is now to prove the law of large
numbers for this random walk. This will be obtained by using the matrix ® = ®,, . .
and a reduced version of the walk (vy,),>0. For simplicity, we will assume that ® is
irreducible. Nevertheless, by continuity arguments, Theorem 6.8 below also holds in
full generality.

Observe that 1 is the maximal eigenvalue of @ for ¢ is assumed extremal harmonic.
We denote by X the corresponding left eigenvector of ® normalized so that X (@) = 1.
Let X be the right eigenvector also for the eigenvalue 1 normalized so that (X, X )=1
(here (-,-) is the usual scalar product on vectors).

Let M be the multigraph with set of vertices B such that for each affine reflection
Sa,r, We have an edge between A and A’ when A" = s, A or t5, A’ = s4,,A. We color
each edge e by colors in {0,1,...,k} so that c¢(e) = i if @« = «; is simple and with
c¢(e) = 0 otherwise ). Let (Zn)n% be the Markov chain on the graph M, starting

on A with transition probabilities I@(A 5 A = rc(e)%, with the convention

ro = 1. Note that (Ay),>1 is indeed a random walk, since

X(Aar) X(Aa) _ X(A\a) _
2 X0 2 R0 T X0

e, A’ A A

A gives A’ through e

The weight wt(y) of a path v = Ag =% A7 2 ... &% A, is defined by wt(y) =
Yoy Ac(e;), with the convention that Ag = 0. We denote by £ the associated length
function. Let I'f(My,) and T'f(Ay) be respectively the sets of finite paths on M}, and
Ay, starting at Ag.

We define p : T'y(My) — Ai by p(y) = v(n) + wt(y), where n is the length
of v, and we extend the map p to a map L : I'y(My) — I'y(Ax) where L(y) =
(p(Ao),p(Ag, A1),...,p(Ao, ..., Ap)). Let M : T'¢(Ax) — T'f(My) be the map which
sends a path (A9 — A;--- — A,,) to the path (;10 A By fln), where ¢;
is the unique edge from A;_1 to A; such that cle;) = j if Aj = sq; xAi—1 for some
k € Zsoand 1 < j < k, and e; is the unique edge from A;_; to A; with color 0 if
A; = 54 1 A;—1 with o non-simple and k € Z~. It is easy to see that LM = idr Ay
and ML = ide(Mk)'

LEMMA 6.6. The image of the Markov chain (An)n>0 through the map L is exactly
the Markov chain (Ap)n>0-

(4)Observe that My, is the graph with adjacency matrix ® except that each arrow with weight

ri, + -+ 14, is split in m arrows with weights r;;,...,7,,.
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Proof. Let v be a finite path in My, of weight wt() and ending at A. By the Markov
kernel defined above, N

P(y) = r@ X (Ay),
where r¥t(7) = rlﬁl .. .r,f’“ when wt(y) = f1A1+- - -+ BrAk, with §; € Z>¢. Since L()
ends at p(vy) = A+ wt(y) and X(\) = go(sg\k)) for any A € Py, we have

B(y) = P(L(7)). O

Recall that for any n > 0, v, is the center of the alcove A,. Denote by z;(n) =
(Un, ;) the position of v, along the direction A;.

LEMMA 6.7. As n goes to infinity,

1 ~
~xi(n) — 7 > XWX ().
e:ATzﬁ;;E_/Vlk

Proof. Set y;(n) = |z;(n)]. Then,
1
Jim —zi(n) = lim —yi(n).

Let N > 1 and 0 < n < N. Suppose that y;(n+1) —y;(n) = 1. Since z;(n) —y;(n) > 0,
we have (v, Aj) < yi(n+1) < (vpy1,Aq). Hence, the affine hyperplane H,, o, (n+1)
separates the alcoves A, and A, 1, and thus A, 11 = 54, 4, (n+1)An. Hence, y;(n +
1) —yi(n) = 1 if and only if the n-th edge of the path M (A;,..., Ay) is colored by i.
Hence y;(N) is the number of arrows colored by i in the trajectory M(Ay,..., An).
Since M(A;,...,Ay) is an irreducible random walk on My, the ergodic theorem for
random walks on finite spaces yields that for each edge eqg € My, from A to A’,

%card({e EMA=Ay,...,Ay=A)e=ep} 225 m(AP(A S A,
n—oo

where m is the invariant measure on M, with respect to P. We have
X(Aar) X(Aar)

™A — A’ A AN _
P(A, =A"| A, =A)= ) ) X (0 a) <I>AA,AA,—X(AA)7

e from A to A’
thus the corresponding invariant measure is the unique vector m such that

> aem, M(A) =1 and

Z(I))\A’)\Al))i((i\\‘j))m(A) = m(A’)
A

We get that (%,A € /\/lk) is a left eigenvector of ® with eigenvalue 1, thus is
proportional to ()?()\A), A € My). In fact it is equal to )/(\'()\A) since m is a measure
and (X, X) =1s0om(A4) = X(Aa)X(M\a). This gives
1 a.s. < X )\ /
N card({e € M(vy,...,vn),e =eq} — X()‘A)X()‘A)Tc(eo)X(()::))
= X (A)X (A ar)Te(er)-

Since y;(NV) is the number of arrows colored by ¢ in the trajectory M (A, ..., Ay) we

obtain
1

N%‘(N)%)Ti Z X(Aa)X(Aa). O
e:A— A’

c(e)=1
For any alcove A, set A = 1Q(A).
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THEOREM 6.8.
(1) Asn goes to infinity, the normalized random walk ( n) ns1 COMVErges almost

surely to a vector v, € R,

(2) Moreover for any i =1,...,k the coordinate of v, on A; satisfies
. SR; k)
v,(1) = ¢ O ® Z s&ls(w

> Ace SAA S\ erA— Al
c(e)=i

which is a rational function on R*.

Proof. The previous lemma proves the first part of the theorem. It also shows that

Uw(i) =T; Z )?()\A)X()\A’)
e:A— A’
c(e)=1
By Proposition 6.5, the coordinates of the vector X are such that )?(/\A) =
<X (Nig(a)) for any A € B where V =3, .5 X(Aa)X(A5). Since the coordinates of

X are the gp(sg\k)) with A irreducible, we can write

N (k) (k) SR;
v,(1) = =7 o(s\2s\ )= | — s 75 )
: v e:x(élz)—;A’ G D acs SE\?S)\@ e: 1(427;,4’ " AA

Proposition 7.1 below applied with ¢ = 1 will imply that v,(¢) is indeed a rational
function in (r1,...,7%) and so v, is rational in (rq,...,7%). O

7. SOME CONSEQUENCES

7.1. LIMIT FORMULAS IN THE CASE ¢(A) = 0. For any k-irreducible partition %, we
know by § 4.2 that there exists a polynomial P, € A[T] such that

P, (81)
12 (k) — Zr\°L)
(12) s = T
here A € A is the determinant of the transition matrix between the bases {8‘(11) |0 <
<kl—1}and Z = {s(k) | & € Py} For any morphism ¢ : Ay — R nonnegative
on the k-Schur functions and such that ¢(A) # 0 we thus get

)y _ PP (e(s1))

(13) (o) = ELE),
Moreover, p(P,;) and ¢(A) are directly determined by the values 7, = ¢(sg,),a =
., k since P, and A belong to the subalgebra A. Also (¢(s1) is the spectral radius

of the matrix ® = (P).

Now assume that the morphism ¢ associated to 7 is such that ¢p(A) = 0. Then, we
can consider a sequence (7, )n>0 in U = RE Yo such that each morphism ¢, := f (rn)
satisfies ¢, (A) # 0. By continuity of the map f we then get for any k-irreducible

partition K
©n(Ps)(Pn(s51))
n—00 on(A)
so that the formulas (13) extends by continuity. In particular we then have
»(P;)(s1) = 0. Alternatively, one can consider for any nonnegative real s, the sets

Ve={heV |h =s}and Us = g(V,). For any 7 € U, such that A(7) = o(A) # 0
write P2(7) = ¢(P,)(s). We also set ¢(s (k)) = s (7).
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PROPOSITION 7.1. For each irreducible k-bounded partition k, the function 7 —
s,(ik)(f’) is continuous on Ug and rational. We have
Pi(7)
14 B) () = K/
(14) O = 55

In particular, the coordinates of f are continuous rational functions on each Ug.

7.2. THE MINIMAL BOUNDARY OF B®). For k = 3, one can easily picture the do-
mains V1. The condition to get a positive morphism ¢ indeed reduces to o(s;) >
0,0(s2) = @(ha) = 0,0(s3) = @(hs) = 0,¢(s1,1)) = ple2) = 0,0(s1,1,1)) = ples) >
0,0(5(2,1)) = 0,(,0(38?171)) > 0 and @(s(2,2)) = 0. We get moreover by a simple com-
putation

s =58

(2,1,1) (2)°(1,1)

thus 90(58?1,1)) > 0 does not add any new constraint. We also have p(h1) = ¢(s1) =1
and the Jacobi-Trudi relations es = h? — ho,e3 = h$ + hz — 2hahy, 5(2,1) = hahy — h3
and s(3.2) = h3 — hzhy. Now by using that ¢(s;) = 1 one can see that the previous
inequalities are equivalent to
(15) hi=1,0< hy <1, 0< hs < h3and 2hy — h3 < 1.

By setting # = ¢(h2) and y = ¢(h3). This gives the domain V; = OH ' (B3) delimited
in the picture below by the = abscissa, the blue line and the red parabola.

FIGURE 2. Region Vi in & = hy and y = hs coordinates delimited
by the three curves hz = 0, 52,2y = 0 and ez = 0.

REMARK 7.2. If we consider the points of V; = dH™*(B3) such that hz = 0, we get
the domain {(1, h2,0) | h € [0, 3]). From Example 5.7, one sees that its projection in
R? is only strictly contained in OH T (Bs) = {(1,h2) | he € [0,1]} (see § 7.4).

7.3. MINIMAL BOUNDARY OF Bj. By homogeneity of the Schur functions, one gets
that for any 7= (ry,7r9,...,7%) € ]R’;O and any positive real ¢
(16) F@Ery 2 E Vg Ry = (thy, ... tRRy).

Also with the notation of § 7.1, we obtain that 9H ' (By) = V; is homeomorphic to
U;. It follows from (16) that for each nonnegative real s, the sets U, and V, are
completely determined by U; and Vi, respectively. Also, we can associate to any
element 7 € R;O the element in & (By) obtained by computing i = f(7) and next
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renormalizing it according to (16) so that its first coordinate becomes equal to 1. We
also have the following description of the minimal boundary:

PROPOSITION 7.3. OH™T (By,) is homeomorphic to Sk, = {(r1,...,7) € R’;O |4+
Ty = 1}
Proof. We already know that OH T (By) = V1 is homeomorphic to U;. Also any 7 =
(r1,...,7%) in Uy is nonzero. There thus exists a unique positive real ¢(7) such that
thry 4 t2=Dpy ... 4 thp = 1. This follows from the fact that the polynomial
function p(t) = thry + t2F" Dy ... 4 tFry strictly increases on Rso with p(0) = 0
and lim;_, o p(t) = +o00. Then, ¢(7) is the unique real root of the polynomial p(T")—1.
The function ¢ : ¥ — ¢(7) is continuous on U, therefore the function u : Uy — Si
defined by
w(ry, ... 1) = (@ Fr, t(7)2F ey, (7))

is well-defined and continuous. If u(7) = u(R) with 7 and R in OH T (By), we have by
applying f :

FOu() = (L R, () hx) = (HE)LHE o, 4(R) i) = F(u(R)).

Thus (7) = #(R) and we get ¥ = R so that u is injective. Now, for any 7 =
(r1,...,71) € Sk, there exists s > 0 such that 7, := (s*r1, s2*~Vry, ... s*r.) belongs
to OHT(Bi). We then have u(7,) = 7. O

By observing that A,y = R[h1,..., ] = Rle1, ..., e] is in fact isomorphic to the
algebra A[X7,..., Xy] of symmetric polynomials in k variables Xi,..., X} over R,
we can also get information on the values taken by these variables for each point of

Pl (7)
OHT(Bg). For any r = 1,...,k, write for short E, = (&)F)T
nal function on U; which associates to an element of U; the value of o(e,) for the
associated morphism ¢.

. Each F, is a ratio-

PROPOSITION 7.4. For each h € OHY(By), there exists a unique Z = (x4, ..., 1)) €
C* such that the associated morphism ¢ : Ay — R, nonnegative on the k-Schur
functions, coincides with the specialization

o(P(X1,..., X)) = P(x1,...,2p).

Moreover T is determined by the roots of the polynomial

E k-1
D) =[O+ Te) =1+t+> ET" 41"
r=1 r=2
where By, ..., E, are rational continuous functions on Uy.

EXAMPLE 7.5.
(1) For k =2, we have E; = 1 and Ey = r so that

C(T)=1+t+t*r.

(2) For k = 3, we get by resuming Example 4.9 and using the equality =Z(1) =
1—2(7"1 +7"3) —47"2+(’f’1 —7”'3)2 =0.

1
E1 =1 and E2 = 5(7‘3 —-ry+ 1)
This gives
1 .
CT)=1+4+T+ 5(r3 — 7+ 1)T? 4 r3T3,

In that simple case we get in fact polynomial functions independent of rs.
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REMARK 7.6. The previous proposition does not mean that OH* (By) is parametrized
by the roots of all the polynomials (7). This is only true for the roots of the poly-
nomials {(T') corresponding to a point in Uj.

7.4. EMBEDDING AND PROJECTIVE LIMIT OF THE MINIMAL BOUNDARIES. By Propo-
sition 2.14, each morphism ¢ : A1) — R nonnegative on the (k + 1)-Schur func-
tions yields by restriction to Ay C A(41) a morphism nonnegative on the k-
Schur functions. Here we use the natural embedding Ay C A(x4q1) corresponding
to the specialization hi11 = 0. Unfortunately, this will not give us a projection of
OHT(Bri1) on OHT(Bi) (see Remark 7.2). Nevertheless, we can define such a pro-
jection 7y, : OHT (Bgy1) — OH T (By) by setting

m(hay oo b, b)) =7k o f(r1y ooy Tk, Ter1) = f(r1, o, T8)
where f(r1,...,76,7k+1) = (h1,..., hg, hgs1). This indeed yields a surjective map
since for any (hf,...,h}) € OHT(B), we can set (hY,...,h}) =m0 f(ri,...,7},0)
where (r],...,r,) = g(hl, ..., h}).
PROPOSITION 7.7.

(1) The map my is continuous and surjective from OH'(Bgy1) to OHT (By).
(2) The inverse limit imBy is homeomorphic to the minimal boundary of the
ordinary Young lattice, that is to the Thoma simplez.

7.5. RIETSCH PARAMETRIZATION OF TOEPLITZ MATRICES. Consider the variety
Tso C RY, of totally nonnegative unitriangular Toeplitz (k4 1) x (k + 1) matrices

1
hy 1
. Iy
M = :
hk,1 . . e T
| hg hgy oo hy 1]

The set T of totally positive unitriangular Toeplitz (k 4+ 1) x (k + 1) matrices is
defined as the subset of T>( of matrices M whose minors with no row and no column
in the upper part of M are positive. By Theorem 3.2.1 in [1], M is totally positive if
and only if for a = 1,...,k, the a X a initial minors obtained by selecting a rows of
M arbitrarily and then the first a columns of M are positive.

LEMMA 7.8.

(1) The previous initial minors are equal to Schur functions sy, where the maxi-
mal hook of the partition A has length less or equal to k.

(2) We have T~ = Tso that is, each totally nonnegative unitriangular Toeplitz
matriz is the limit of a sequence of totally positive unitriangular Toeplitz ma-
trices.

Proof. Let L = {i1,...,ia} be a subset of {1,...,k} such that i1 < --+ < 4 and
consider the minor Ay, corresponding to the determinant of the submatrix My (1 4)-
The diagonal of My y(1.q) i8 (Riy, hiy—1,. .. hiy—ky1) Where ig —k+1> - > dp—1 2>
i1. Thus, by using the Jacobi-Trudi formula we have Ar = s(;, —x41,...,i5—1,i;)- The
maximal hook length of the partition A\ = (ix — k + 1,...,43 — 1,41) is equal to
(ix —k+ 1)+ (k—1) = i < k which proves Assertion (1).

To get Assertion (2), consider M € T>g and U € T~¢. For any real ¢ > 0 let U(t)
be the matrix obtained by replacing each real h, by t%h, in U. Then U(t) belongs to
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T<¢. Indeed, with the previous notation, if the minor Ay, associated to U is equal to
the Schur function sy, then the corresponding minor in U(¢) is equal to tlMsy. The set
T is stable by matrix multiplication and we moreover get from Proposition 10 in [3]
that the product matrix U(t)M is totally positive. Since U(t) tends to the identity

matrix when ¢ tends to 0, we obtain that U(t)M tends to M as desired. O
Observe in particular that for any a = 1,..., k, the initial minor Ap,_, 41,5 gives
the value 7, of the rectangle Schur function sg, evaluated in (hy,...,hg). In [20],

Rietsch obtained the following parametrization of T by using the quantum coho-
mology of partial flag varieties.

THEOREM 7.9. The map

T20 —U
(h, ... he) — (r1, .. 1)

is a homeomorphism.
We now reprove this theorem from our preceding results.

THEOREM 7.10. We have Tso =V and Tso =V, in particular the map g : Tso — U
is a homeomorphism.

Proof. Observe first we have V' C Ts(. Indeed we know that each k-Schur function
sg\k) evaluated in i = (hq,...,hg) in V is positive. This is in particular true when
A is a partition with maximal hook length less or equal to k£ but then, we get by
Assertion (1) of the previous lemma that the associated Toeplitz matrix is totally
positive because such k-Schur functions coincide with ordinary Schur functions. Next
consider a sequence En, n > 0 in V which converges to a limit he T5¢. Since he TS0,
each r, = A[k_a+17k](ﬁ),a = 1,...,k is positive. Thus ¥ = (r1,...,7) belongs to
U. Now h belongs to V' and we have g(l_“;) = 7 by definition of g. Theorem 5.6 then
implies that h eV soV is closed in T-¢. Now V is open in TS because each heV
admits a neighborhood contained in V' C T (V is an intersection of open subsets by
definition). We also have that T is connected (see for example the proof of Propo-
sition 12.2 in [20]). So V is nonempty both open and closed in T and we therefore
have T = V. The second assertion of Lemma 7.8 then gives Tso =T~o=V. O

REMARKS 7.11.

(1) Since T~ =V, we get by using the initial minors of M and Assertion (1) of
Lemma 7.8 that belongs to V if and only if the Schur functions sy with A of
maximal hook length less or equal to k evaluated at h are positive. Thus the
criterion to test the positivity of our morphisms reduces to Schur functions
and can be performed without using the k-Schur functions.

(2) By Theorem 5.6 we are able to compute g = f~* from the Perron-Frobenius
vectors of the matrices ®. So our Theorem 7.10 permits in fact to compute the
nonnegative Toeplitz matrix associated to any point of U (i.e. to reconstruct
M from the datum of the minors 71, ..., 7).

8. PERSPECTIVES

We expect that most of the results contained in this paper can be extended to types
B,C, D. Indeed symplectic and orthogonal analogues of k-Schur functions have been
introduced in [10] and [19]. They satisfy similar Pieri rules and relevant rectangle
factorizations which are crucial ingredients in our proofs. This should permit to study
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central alcove random walks in the Weyl chambers of types B, C, D. Another inter-
esting problem is to consider these random walks without the restriction to stay in
the Weyl chamber. We ignore if the graph of the weak Bruhat order (analogue of the
k-partition poset in this setting) is then multiplicative and if so, for which underlying
commutative algebra. Nevertheless, one can expect to reduce the problem to random
alcove walks in Weyl chambers by purely probabilistic arguments.
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