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Minimal free resolutions of lattice ideals of

digraphs

Liam O’Carroll & Francesc Planas-Vilanova

ABSTRACT Based upon a previous work of Manjunath and Sturmfels for a finite, complete,
undirected graph, and a refined algorithm by Er6cal, Motsak, Schreyer and Steenpafl for com-
puting syzygies, we display a free resolution of the lattice ideal associated to a finite, strongly
connected, weighted, directed graph. Moreover, the resolution is minimal precisely when the
digraph is strongly complete.

1. INTRODUCTION

The aim of this paper is to present a free resolution of the lattice ideal I(L£) associated
to the lattice £ spanned by the columns of the Laplacian matrix L of a finite, strongly
connected, weighted, directed graph G, and to show that this resolution is minimal if
and only if the graph G is strongly complete. Our techniques are a novel mixture of a
mild generalization of previous work by Manjunath and Sturmfels for finite, complete,
weighted, undirected graphs and a recent refined algorithm for computing syzygies
due to Erocal, Motsak, Schreyer and Steenpafl. (The meaning of the terminology we
use is presented in Section 2.)

First we present some background.

The Abelian Sandpile Model (ASM) is a game played on a finite, weighted, con-
nected, undirected graph G with n vertices, that realizes the dynamics implicit in the
discrete Laplacian matrix L of the graph, this matrix being an integer matrix that is
symmetric. Each configuration is a mapping from the vertices of the graph into the set
of non-negative integers. The value of the mapping at a vertex may be considered as
the number of grains of sand on a sandpile placed at the vertex. The game’s evolution
is given by a ‘toppling’ rule: each vertex containing at least as many grains as it has
neighbours distributes one grain to each of them. (This process has also been called
‘sand-firing’ or ‘chip-firing’.)

The ASM was introduced by Bak, Tang and Wiesenfeld [3] in the context of self-
organized critical phenomena in statistical physics and has been studied extensively
since. In the seminal paper [7], Cori, Rossin and Salvy, enumerated the vertices of
the undirected graph G using a natural metric, considered the lattice £ spanned
over Z by the rows of the symmetric Laplacian matrix L and introduced a so-called
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toppling (or lattice) ideal I(£) in the polynomial ring Q[z] := Q[x1, ..., xy]. This ideal
encodes configurations with monomials and topplings with binomials. In particular,
they showed that the set of toppling binomials constituted a Grobner basis for (L)
with respect to a natural monomial ordering in Q[z], which may be taken to be the
graded reverse lexicographic ordering.

In their recent survey paper [22], Perkinson, Perlman and Wilmes associated to
the Laplacian matrix L of a directed graph G a collection of binomial equations, and
noted that these binomials span the lattice ideal I(£) in Clzy, ..., z,], where £ again
is the lattice spanned over Z by the rows of the (now non-necessarily symmetric)
Laplacian matrix L, using the theory of lattice ideals extensively in their discussion.

More recently, and for complete undirected graphs, i.e. any two distinct vertices are
connected by an edge, Manjunath and Sturmfels [18] gave a minimal free resolution
of K[z]/I(L), K an arbitrary field, showing also that the binomials in question formed
a minimal generating set and a minimal Grébner basis of I(L£) in the graded reverse
lexicographic ordering. Subsequently, Manjunath, Schreyer and Wilmes[17], and Mo-
hammadi and Shokrieh [19], gave a minimal free resolution of K[z]/I(L£) in the case
where the underlying undirected graph was, more generally, connected. We remark
here that the techniques used in these papers are a mix of results from combinatorial
graph theory and the theory of Grobner bases (e.g. the Schreyer algorithm as a tool
to proving the exactness of a complex).

The transition from undirected to directed graphs introduces extra technicalities,
and means that we have to rely heavily on techniques from the theory of Grébner
bases and homogeneous Commutative Algebra. Our general setting is the following:
G is a finite, strongly connected, weighted, directed graph, L stands for its Laplacian
matrix, £ is the lattice spanned by the columns of L and I(L£) is the lattice ideal
associated to L.

First of all, we see that, having again enumerated the vertices of the graph G using
a generalized natural metric, I(£) is homogeneous in a weighted reverse lexicographic
order on K[z], K an arbitrary field, the weighting coming from the structure of adj(L)
(see Remark 2.8). We then use basic aspects of homogeneous Commutative Algebra
and previous work of ours to show that I(£) is a Cohen-Macaulay ideal of dimension
1, so that projdimg,(K[z]/I(£)) = n — 1: see Corollary 2.10.

This earlier work shows up as follows. We find (see Sections 2.2, 2.3) that the
matrices L we deal with are what we called Critical Binomial Matrices (CB matrices,
in brief) in previous work, and that G is, further, strongly complete precisely when
the matrices L are what we previously called Positive Critical Binomial Matrices
(PCB matrices, in brief): see [20], [21]. In fact, as we shall see in Section 2, since we
treat the case where G is strongly connected, the CB matrix L has a further property
which is precisely Irreducibility, hence the matrices L are Irreducible Critical Binomial
Matrices (ICB matrices, in brief), whose properties are developed in the paper: see,
for example, Sections 2.6, 2.7, 4.1. Wherever possible, we give new proofs and develop
new approaches to this previous work: see, for example, Propositions 2.3, 2.9.

There are two main ingredients in the proof of our main theorem (Theorem 6.1).
The first is the fact that the resolving complex Cyc,, of [18] (treated with a little care
in our more general context, as the Laplacian matrix L need no longer be symmetric)
continues to be a complex and, moreover, is exact in degree zero: see Sections 3.5,
4.5. The second ingredient is a refined choice of Schreyer syzygies: see Section 5.2. We
find, via an inductive proof that keeps track of the leading terms of the Manjunath-
Sturmfels boundaries, that in a very satisfying yet surprising manner, these boundaries
pair off with appropriate Schreyer syzygies, enabling one to deduce in Theorem 6.1
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that Cyc,, is in fact acyclic. It then follows easily that Cyc,, is minimal if and only if
G is, further, strongly complete (see Corollary 6.16).

We finish this introduction by emphasizing that, usually, and alternatively to the
works of, e.g. Perkinson, Perlman and Wilmes in [22], or Backman and Manjunath in
[2], we have taken L to be the lattice spanned by the columns of the Laplacian matrix
L and not the rows (see Sections 2.1 and 2.5). Note that, for the undirected graph
case this is an irrelevant matter, because L being a symmetric matrix, then the lattice
spanned by the columns or the lattice spanned by the rows do coincide. It is worth
to mention here that studying the case of the lattice spanned by the columns can
be related to a column chip-firing game. This is done by Asadi and Backman in [1,
Introduction and Section 3.2]. An interesting future research would be to pass from
columns to rows. As a possible approach one could consider the lattice [,T, spanned
by the columns of the transpose of the Laplacian matrix LT, and then proceed in a
similar vein as in [21]. See also the connection with Eulerian digraphs (the indegree
and outdegree coincide for every vertex) in the aforementioned work of Asadi and
Backman ([1, Theorem 3.18]).

Throughout, we use the explicit case n = 4 as a running illustrative example.

Liam O’Carroll died on October 2017, while this manuscript was under revision.
Liam and I started to work together several years ago. To me, all these years of
collaboration with him have been, above all, years of enjoying our friendship. I will
greatly miss him.

2. NOTATIONS AND PRELIMINARIES

2.1. GENERAL SETTING. The following notations will remain in force throughout
the paper. We denote the set of non-negative integers by N and the set of positive
integers by N,. Let n be a positive integer with n > 3, to avoid trivialities, and
let [n] = {1,...,n}. Any vector a € Z" can be written uniquely as « = a™ — a™,
where a™ = max(a,0) € N” and o~ = —min(a,0) € N” have disjoint support. Set
1=(1,...,1).

Let K be a field and let A = K[zy,...,2,] = K[z] be the polynomial ring over
K in indeterminates z1,...,x,. The maximal ideal generated by x1,...,x, will be
denoted m = (z1,...,2,). For any o = (a1,...,a,) € N, we write 2% as shorthand
for z{* ---xz~. By a binomial in A, we understand a polynomial of A with at most
two terms, say Az® — puz”, where \, p € K and o, f € N”. A binomial ideal of A is an
ideal generated by binomials.

Let M be an n x s integer matrix, M = (m, ;); thatis, m; ; € Z, foralli =1,...,n,
j=1,...,s. We will say that M is non-negative, and write M > 0, if all the entries
in M are non-negative, i.e. m; ; > 0, for all 4, j. Similarly, M is said to be positive,
M >0, if m; ; > 0, for all ¢, 7.

We will denote by m; . and m, ; the i-th row and j-th column, repectively, of M.
We will denote by M C Z™ the additive subgroup of Z" spanned by the columns of
M, commonly called the lattice of Z" defined by the columns of M.

Furthermore, f,, = 2(m=)" — z(m-)" will denote the binomial of A defined
by the j-th column of M. The ideal I(M) = (fm,, | j = 1,...,5s), generated by
the binomials f,, ., is called the binomial ideal associated to the matrix M. The

binomial ideal I(M) = (:cm+ — 2™ | m € M) is called the lattice ideal associated to
M. Clearly I(M) C I(M).

By a permutation of a square n X n matrix M, we understand a permutation of the
rows of M together the same permutation of the columns. Equivalently, a permutation

Algebraic Combinatorics, Vol. 1 #2 (2018) 285



LiaM O’CARROLL & FRANCESC PLANAS-VILANOVA

of M is a square matrix P M P, where P is a permutation matrix resulting from a
permutation of the columns of the n x n identity matrix I.

2.2. (POSITIVE) CRITICAL BINOMIAL MATRICES AND IDEALS. Recall that a critical
binomial matrix, CB matrix for short, is an n x n integer matrix defined as follows:

ail —a12 ... —Ain
—a21 az2 ... —A2n
(1) L= . . A
7an71 7an72 e an,n
where a;; > 0, a;; = Zj# aij, a;; = 0, for all i,5 =1,...,n, and, for each column

of L, at least one off-diagonal entry is nonzero (see [21]). Alternatively, an n x n
integer matrix L is a CB matrix whenever L = D — B, where D is a positive, diagonal
n X n integer matrix and B is a non-negative n X n integer matrix with zero entries
in the diagonal, nonzero columns by 1,...,b. , and such that (D_lB)]l—r =1". In
particular, D~' B is an stochastic matrix. The expression L = D — B, which is clearly
unique, will be called the “(D, B) form of L.

Observe that a permutation P LP of a CB matrix L is again a CB matrix. Indeed,
writing L = D— B inits (D, B) form, then PTLP = PTDP—P"BP ,and P' DP > 0
is diagonal and PTBP > 0, with zero entries in the diagonal, nonzero columns and
(PTDP)"Y(PTBP)1" =1".

Since a;; > 0 and b, 1,...,bs are nonzero, for each column I, 1,...,l , of an
n X n CB matrix L, the binomial

fi, = )T p)T x;m‘ — g ..x;iflhjx?ﬁw ceegln
has two non-constant terms. The binomial ideal I(L), generated by the f;, , is called
the critical binomial ideal, CB ideal for short, associated to L (see [21]).

A special class of CB matrices is the following. When all the coefficients a; ; are
positive, the matrix L is said to be a positive critical binomial matrix (PCB matrix,
for short). The ideal I(L) is called the positive critical binomial ideal (PCB ideal, for
short) associated to L. These ideals were extensively studied in [20] (see also [21]).

2.3. IRREDUCIBLE BINOMIAL MATRICES. A square n x n matrix M = (m; ;) is called
reducible if the set of indices [n] = {1,...,n} can be split into two non-empty disjoint
sets I,J such that m; ; = 0, for all ¢ € I and j € J. The matrix M is called
irreducible if it is not reducible. Equivalently, M is reducible if and only if there
exists a permutation matrix P such that

M 0
2 PTMP = ol >
2) (MJ,I Myy)’

where My and M ; are square matrices (see, e.g. [13, Chapter XIII, p.50]; see also
[5, § 3.2]). Here we understand My ; as the submatrix of the matrix M defined by
the set of rows I and the set of columns J. Of course, this is equivalent to saying that
there exists a permutation matrix @ that permutes columns and then corresponding
rows, such that

T My My
Q MQ - < 0 MI,I) N

Clearly, adding a diagonal matrix, multiplying by a diagonal matrix, or transposing,
are three operations that preserve the condition of irreducibility on a matrix.
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We will say that L is an irreducible critical binomial matrix (ICB matrix, for short),
if L is a CB matrix which is irreducible. Write L = D — B in its (D, B) form. If L is
irreducible, then (D_lB)T is also irreducible, and conversely.

Clearly, we have the chain of implications linking these three properties: PCB =
ICB = CB. (When n = 2, the three classes coincide.) If n = 3, then the condition
ICB is equivalent to the condition CB, but there are ICB matrices which are not
PCB. If n =4, it is easy to see that the three classes are distinct.

REMARK 2.1. Let L be a reducible CB matrix, n > 4. After a permutation, we can
suppose that L can be written as

3 L= (% ,
3) (LJ,I LJ,J>

where Ly 1 is a square r X r integer matrix, L ; is a square s X s integer matrix, with
r+s=mnand 1<r,s<n. Notethat Ly s 1" =0.In particular, since the sum of the
entries of the first row is zero and a;,; > 0, then r > 2. Similarly, s > 2, otherwise
the last column of L would not have an off-diagonal nonzero entry.

2.4. THE DIGRAPHS WE WILL DEAL WITH. All graphs G = (V,E, w) we will deal
with are assumed to be finite, weighted, directed graphs. That is, V = {v1,...,v,} is
the finite set of vertices; E is the set of directed arcs of G, which are ordered pairs
(vs,v5), with ¢ # j; and w is a weight function that associates to a every arc e in E
a weight w, € N;. Moreover, we will always assume that G has no loops, sources or
sinks. That is, there are no arcs from v; to v;, for any 4; and for every vertex v;, there
exists at least a j € {1,...,n} \ {i} and an arc (v;,v;) € E, and there exists at least
ake{l,...,n}~{i} and an arc (v;,vx) € E. (See, e.g. [5] or [14], for all unexplained
notations on graph theory.)

ASSUMPTION 2.2. Thus, from now on, a digraph G will mean a finite, weighted, di-
rected graph, without loops, sources or sinks.

A digraph G is said to be strongly connected if any two (distinct) vertices can be
joined by a (directed) path. A directed path from vertex v; to a distinct vertex v; will
be denoted by v; — - -+ — v;. The unweighted length of the path v; — --- — v; is the
number of arcs which constitute it, without reference to their weights. The unweighted
distance d¥ (v;,vj) between distinct vertices v; and v; is defined to be the minimum
unweighted length of a directed path connecting v; with v;. Thus, d¥(v;,v;) = 1 if
and only if (v;,v;) € E. It may happen that d" (v;,v;) # dY (v}, v;).

A directed graph G is said to be strongly complete if any two (distinct) vertices
can be joined by an arc, that is, (v;,v;) € E, forall 4,5 =1,...,n, i # j.

The adjacency matriz A(G) of G is the n x n integer matrix given by A(G); ; = we
if e = (v;,v;) € E, and A(G),; ; = 0 otherwise. Since G has no loops, A(G);; = 0;
since G has no sources, for each column of A(G), at least one off-diagonal entry is
nonzero; since G has no sinks, for each row of A(G), at least one off-diagonal entry
is nonzero. The (out)degree matrix D(G) of G is the n x n integer diagonal matrix
defined by D(G)i,i = }_.co(w;) We, the weighted (out)degree of the vertex v;, where
O(v;) is the set of vertices v;, j # i, such that (v;,v;) € E. Since G has no sinks,
D(G);; # 0 for every i = 1,...,n. The Laplacian matriz L(G) of G is defined as
L(G) = D(G) — A(G).

2.5. OUR DICTIONARY: CB MATRICES - DIGRAPHS. Clearly, the Laplacian matrix
L(G) of a digraph G is a CB matrix, sometimes also denoted Lg (recall that we are
using Assumption 2.2). Conversely, given an n x n CB matrix L = D — B, one can
define a digraph G, of n vertices V. = {vy,...,v,} with adjacency matrix B in an
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obvious way, namely, there exists a directed edge v; — v; between distinct vertices v;
and v; if and only if a; ; > 0, in which case the edge v; — v; is assigned weight a; ;.

Moreover, L is an ICB matrix if and only if G is strongly connected (see [8],
for a recent related work). Indeed, first remark that a permutation of L is just a
re-enumeration of the vertex set of G and a corresponding relabelling of the directed
arcs. Now suppose that L is reducible and let I, J be the partition on [n] such that
a;; = 0, for all ¢ € I and all j € J. Then it follows that there is no directed path
from a vertex v; to a vertex v;, with ¢ € I and j € J. Conversely, suppose that G is
not strongly connected and, after a re-enumeration of the vertices and corresponding
relabelling of the directed arcs, suppose there is no directed path from v; to v,. Let
I={1}u{ien]|3vy — -+ = v} and let J = [n] \ I. After a re-enumeration of
the vertices and corresponding relabelling of the directed arcs, we can suppose that
I={1,2,...,r} and J = {r +1,...,n}. Clearly, there is not an arc from v;, i € I,
to vj, j € J (otherwise there would be a directed path v;y — --- = v; — v; and
j would belong to I, a contradiction). Therefore L; ; = 0 and L is reducible (see,
e.g. [5, Theorem 3.2.1], for more details).

Finally, L is a PCB matrix if and only if G, is strongly complete.

Observe that if G is undirected, then Lg is symmetric, and the discussion above
can be specialized to this case in an obvious manner (see, e.g. [18]).

2.6. IRREDUCIBLE CRITICAL BINOMIAL MATRICES AND THEIR ADJUGATE MATRI-
CEs. Given an n x n integer matrix L, let L; ; denote the (n — 1) x (n — 1) ma-
trix obtained from L by eliminating the i-th row and the j-th column of L. Set
adj(L) = ((=1)"*7|L;,|) to be the adjugate matrix of L, sometimes also called the
adjoint matrix, where | L, ;| stands for the determinant det(L; ;). For convenience, we
write €; ; to denote (—1)*7.

In the next set of results, invertibility, ranks or linear subspaces are thought of over
Q. Observe that if rank(L) = n, then adj(L) is invertible (since L - adj(L) =|L| - I).
If rank(L) = n — 1, then, by definition, at least one (n — 1) x (n — 1) minor of L is
nonzero, thus adj(L) # 0; moreover, rank(adj(L)) = 1 because L -adj(L) = |L|-I1=0
and so all the columns of adj(L) belong to the nullspace of L, which is of dimension 1.
If rank(L) < n — 2, then all the (n — 1) x (n — 1) minors of L are zero, so adj(L) = 0.
In particular, L is invertible if and only if adj(L) is invertible.

The next result can be deduced from [21, Theorem 7.6]. We present here a more
direct proof, that does not involve a wider class of matrices.

PROPOSITION 2.3. Let L be an n x n integer matriz and let adj(L) be its adjugate
matrix.

(a) If L1T =0, then all the rows of adj(L) are equal.

(b) If L is a CB matriz, then, further, adj(L) > 0.

(¢) If L is an ICB matriz, then, further, rank(L) =n — 1 and adj(L) > 0.
Proof. If rank(L) < n — 2, then adj(L) = 0 and all the rows are equal. Suppose that
rank(L) > n — 1. Since L1" = 0, then rank(L) = n — 1 and so rank(adj(L)) = 1.
Moreover, L - adj(L) = 0, so every column of adj(L) is in the Q-linear subspace
Nullspace(L), which is generated by 1". Hence there exist U1y .oy iy € Q such that
the columns of adj(L) are equal to 17, el

(4) adj(L) =
61,1|L1,1| 61,2|L2,1\ 61,n|Ln,1| M1 B2 - Un
€21]L12] €22|L2a] ... €2.n|Ln2] M1 2 .. fhn
En,1|Ll,n| 611,2|]:/2,n cee 6n,n|Ln,n| M1 2 ... Un
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Thus each row of adj(L) is equal to p := (p1,..., i), which proves (a). Note that,
since adj(L) is an integer matrix, then necessarily p1, ..., u, € Z.

The proof of (b) is an adaptation of [20, Lemma 2.1] (see also [21, Theorem 6.3, (c)]).
Fix i € {1,...,n}. Let us prove that p; = |L;;| is non-negative. By the Gershgorin
Circle Theorem, every eigenvalue A of L, ; lies within at least one of the discs {z €
C |1z —aj | < R;}, j # i, where R; = >, ;|—a;k|. Observe that R; < aj; due
to the fact that L is a CB matrix. If A\ € R, then A > 0. If A € R, then since L, ; is
a real matrix, the conjugate A\ must also be an eigenvalue of L;;. Since |L; ;| is the
product of the n — 1 (possibly repeated) eigenvalues of L; ;, it follows that p; > 0 and
so adj(L) > 0.

We now turn to the proof of (c). Let us first see that adj(L) # 0. Write L = D — B,
with D > 0 diagonal and D~! B stochastic. In particular, the spectral radius p(D~1B)
of D7'B is 1 ([13, Chapter XIII, p. 83]). Since L is irreducible, (D~'B)T is an
irreducible, non-negative, n x n integer matrix with p((D~'B)") = 1. By the Perron-
Frobenius Theorem (see, e.g. [13, Chapter XIII, p. 53], [14, Theorem 8.8.1, p. 178]),
p((D~1B)T) is realized by a simple eigenvalue; in particular, Nullspace((D'B)" —1)
has dimension 1. Since Nullspace((D~'B)T — I) coincides with Nullspace(L "), it
follows that LT and L have rank n—1. In particular, adj(L) has rank 1 and adj(L) # 0.

Let us now prove that adj(L) > 0. Suppose not, i.e. there exists some p; which is
zero. Since adj(L) # 0, by permuting L, we can suppose that uq,..., 4, are positive
and fiy41,. ..,y are zero, where 1 < r < n. Setting I = {1,...,r} and J = {r +
1,...,n}, L can be written as

a1r41 -+ Q1

_ (LrrLry _ : :
L= <LJ’I LJyJ s where LLJ = — : : 5

Qprpt1 - - Qrp

and Ly ; and L s are two square matrices. Write u = (pr, po7), with ey = (1, ..+, ttr)
and py = (fr41,---,4n) = 0. Since adj(L) - L = 0, then L = 0. It follows that
prlr g =0.But py,...,ur >0anda;; > 0,foralli=1,...,7randallj =r+1,...,n,
so Ly j =0. Thus L is reducible, a contradiction. O

NOTATION 2.4. Given L an ICB matrix, we will denote the last (and so any) row of
adj(L) by pp = (L) = (p1, ..., pn) € N} If d = ged(p), set v(L) := p(L)/d.

COROLLARY 2.5. Let L be an n X n integer matriz. Then L is an ICB matriz if and
only if L is a CB matrix and any set of n — 1 rows of L is linearly independent.

Proof. Let F' = (l1 «,...,ln ) be the Q-linear subspace spanned by the rows of a
CB matrix L. Writing adj(L) as in (4), and since adj(L) - L = 0, it follows that
pily -+ pnly « = 0, with each p; > 0. Suppose first of all that L is irreducible. Fix
i € {1,...,n}. By Proposition 2.3, rank(L) =n — 1 and p; > 0, for all i = 1,... n.

Therefore, F' has dimension n — 1 and (l14,...li,...,ln ) equals F. Hence the
set of rows {l14,...li«,...,ln .} is linearly independent. Conversely, if n = 3, the

condition CB implies the condition ICB. Suppose n > 4 and that L is reducible.
After a permutation, one can suppose that L can be written as in (3), where Ly is
an r X r matrix, 2 < r < n — 2, such that LI’[llT = 0. In particular, rank(LII) =
rank(Ly ;) < r — 1. Therefore the first r rows of L are linearly dependent. O

REMARK 2.6. Clearly, an easy adaptation of the same argument shows that if L is
an ICB matrix, then L is a CB matrix and any set of n — 1 columns of L is linearly
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independent. However, the converse is not true, as the example below shows:

LP]
=1 0 0 /\
-1 1 0 0

L= 1.1 321" corresponding to G : 1 o3 .
-1-1-1 3 \ L//7
°y

2.7. HOMOGENEITY OF LATTICE IDEALS OF STRONGLY CONNECTED DIGRAPHS.

ASSUMPTION 2.7. Let L be an ICB matriz (or, equivalently, let G be a strongly
connected digraph). Let v = v(L) be defined as is Notation 2.4. From now on, we will
always consider the N-grading on A = K[zy,...,x,] where each x; is given weight
v;. Thus for a monomial x* € A, we define the degree of x® as follows: deg(z®) =
Vi + o UpQo,.

REMARK 2.8. With this grading, the matrix ideal I(L) = (acl*f1 —gher 2t

zl=n) and the lattice ideal I(£) = (z!" —z'" | I € £) are homogeneous ideals of A
(cf. Definitions in Section 2.1). Indeed, let [ € £. So there exists b € Z" with T = Lb",
a linear combination of the columns of L. Then vIT = vLb" =0,s0 v(I*)" =v(7)"
and deg(z!") = v(IH)T = v(17)T = deg(z' ). Thus f; = 2! — 2! is homogeneous.
(See [20, Definition 2.2] or [21, Remark 5.6].)

Note that the hypothesis that G be strongly connected is essential to define a
N-grading on A = K[zy,...,2,] and to ensure that I(L) is homogeneous. See, for
instance, the example in Remark 2.6.

The following result can be deduced from [21, Proposition 7.6]. Here we give a
shorter direct proof.

PROPOSITION 2.9. Let L be an ICB matriz. Then rad(I(L),z;) = m, for all i =
1,...,n.

Proof. Fix i € {1,...,n}. Let G, be the corresponding strongly connected digraph.
Let v;; — --- — v;,, be a directed path passing through all the vertices and begining
in v;; = v; (there might be possibly repeated vertices, though adjacent vertices will
not be repeated). To simplify notations, write f; to denote the binomial defined by
the i-th column of L. Thus I(L) = (fiy,..., fi,). Write f;, = 27" — g1, where
g1 € A is a monomial divisible by at least one variable z; different from x;,. Since
there is a directed arc from the vertex v;, to the vertex v;,, then a;, ;, # 0 and
fi, = ;v(;’"’” - x?l”” g2, where go € A denotes a monomial, possibly constant. Then
rad(fi,, i, ) = (@iy, 4, ). Similarly, rad(fi,, z:,) = (%4, Ti,) and so on. Therefore

rad(I(L),z;) =rad(fin,- -, fig, firs Tiy) = 18d(fin,s -y fins Tiy, g1) =
rad(fiN, ey fis,xh, xil,gl) =...= rad(a:iN, A ,xil,gl) = rad(m,gl) =m.
]
We write Hull(7) for the intersection of the isolated primary components of I (see,
e.g. [20] or [21]).

COROLLARY 2.10. Let L be an ICB matriz. Then I(L) and I(L) have height n — 1.
Moreover, I(L£) = Hull(I(L)) is the intersection of the isolated primary components
of I(L). In particular, I(L) is a Cohen-Macaulay ideal of dimension 1 and projective
dimension n — 1.
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Proof. That I(L) has height n — 1 follows from Remark 2.8, Proposition 2.9 and
[21, Lemma 5.1]. That I(£) has height n — 1 and is the Hull of I(L) follows from
[21, Proposition 5.7]. In particular, I(£) is (homogeneous) unmixed and A/I(L) is a
(graded) Cohen-Macaulay ring of dimension 1. By [6, Corollary 2.2.15], I(L£) is perfect
and so the projective dimension of I(L£) is n — 1. O

3. THE CYC COMPLEX ASSOCIATED TO A DIRECTED GRAPH

3.1. THE SET OF CYCLICALLY ORDERED PARTITIONS AND AN ENUMERATION. Let us
now recall some material from [18, Section 2], treating it however in a more general
context that the one considered there. Set [n] = {1,...,n}, take 1 < k < n, and
let Cyc,, ), denote the set of cyclically ordered partitions of the set [n] into k blocks,
which we shall always take to be non-empty. Each element of Cyc,, , has the form
(I,...,Iy), where I; U...U I = [n] is a partition, and we regard the (I1,...,I;) as
formal symbols subject to the identifications

(113127‘ . 7Ik) = (127-[31 o '7Ik‘;-[1) == (Ik7]17 ce '7Ik727-[k71)‘

Each such symbol clearly specifies an equivalence class, and we pick a unique rep-
resentative of the corresponding equivalence class by assuming, after relabelling of
suffices, that n € Ij.

The cardinality of the set Cyc, , is |Cyc, ;| = (k — 1)!- Sy, where S, . is the
Stirling number of the second kind. Note that |Cyc,, ;| = 1 and |Cyc,, ,| = (n — 1)L
When the value of n is understood from the context, it will be convenient to denote
|Cyc,, | by m—1 (see Definition 3.3).

We take the opportunity to introduce a convenient enumeration of Cyc
will be used subsequently in the following sections.

which

n,k>

REMARK 3.1. Given a subset I of [n] of cardinality |I|, let x; denote the incidence
vector of I, so that x;] = (xs(1),...,xr(n)) € {0,1}* C Z", with x7(i) = 1, if
i € I, and x7(i) = 0, otherwise. If J and I C [n] are two different subsets of [n],
we will use the notation J < I and say that “J precedes I” (or alternatively, “I
succeeds J”), whenever |J| > |I|, or whenever |.J| = |I| and the difference x| — x]
is (*,...,%,1,0...,0); that is, the rightmost non-zero coefficient of x ) — xJ is 1.
Given (Ji,...,Jx) and (I3,...,I;), two different cyclically ordered partitions of [n]
into k blocks, with n € Jj, Iy, we will use the notation (Jy,...,Jx) < (I1,..., ;) and
say that “(Jy,...,Ji) precedes (I1,...,I;)” (or alternatively, “(Iy,...,I;) succeeds
(J1,...,Jx)”), whenever, for some s € {1,...,k—1}, Jy = I1,...,Je—1 = Is_1 and
Js precedes I;. This is a “size-reverse lexicographic enumeration”, so we will refer to
it as an srle (for a discussion on this subject see, e.g. [16]). Any reference made below
without qualification to an enumeration will refer to the enumeration employing the
srle. (In this regard, note the word of caution given in Remark 6.18.)

EXAMPLE 3.2. Set n = 4. For the sake of brevity, write (123,4) for ({1,2,3},{4}).
Understanding that, in the display, elements on the left precede elements on the right
and employing the srle, Cyc, ; is enumerated as follows:

Cycy o = {(123,4),(23,14), (13,24), (12, 34), (3,124), (2,134), (1,234) };

Cycy 3 = {(23,1,4),(13,2,4),(12,3,4),(3,12,4), (3,2, 14), (3,1, 24),
(2,13,4),(2,3,14),(2,1,34),(1,23,4), (1, 3,24), (1,2,34) };

Cycyq =1{(3,2,1,4),(3,1,2,4),(2,3,1,4),(2,1,3,4),(1,3,2,4),(1,2,3,4) }.
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3.2. THE CYC SEQUENCE ASSOCIATED TO A DIGRAPH OR TO A CB MATRIX. Let
G be a digraph of n vertices or, equivalently, consider an n x n CB matrix L (recall
Assumption 2.2). For disjoint non-empty subsets I and J of [n], we define

$I_>J _ H :L,iz:jEJ ai,j.
iel
If I or J is the empty set, we put /77 equal to 1.

DEFINITION 3.3. Let Cg (also denoted by Cr,, Cyc or just C) be the sequence of homo-
morphisms of A-modules defined as follows:

On—1

C’()(*C(J(icl(2 On—2 Cn_s

where Cy, = K[z]Ynr+1 is the free K[z]-module of rank ry, := |Cyc,, ;1| and with ba-
sis By, the set of elements of Cyc,, ;.11. The elements of By are enumerated employing
the srle. With this enumeration, they will be denoted by By, = {ex1,..., ek r.}- Their
images under Oy will be denoted by Ok(Br) = {fe—1,1,---s fom1.r }>» With fr—1, =
Ok(ex.j). The module Co is K[z]“¥en1 = K[z]. Here the trivial 1-block ([n]) will be
identified with the unit element of K[z](= A). The boundary map 9y : Cr, = Ci_1, in
slightly simplified notation that we use throughout, is given by the formula

Cn—l — 07

k
(5) Ok(Iy, ... Inpr) =Y (1) a7 lon(ly, . LU L, Ti)
s=1
—ale =i T U D).

REMARK 3.4. Observe that the k terms of the first addition in (5) are enumerated
according to the srle; this is not the case for the last term, which depends on the
relationship between Iy and I>. However, provided that, for all ¢ = 1,...,n — 1,
an,i > 0, the last term is distinguished from the others because it is the only one
whose coefficient contains the variable x,,. This follows from the fact that n € I}, 1.

3.3. THE DEGREE ZERO COMPONENT OF CycC. Let G be a digraph of n vertices or,
equivalently, consider an n x n CB matrix L. Let I(L) be the CB ideal associated to
L and let I(L) be the lattice ideal associated to the lattice £ spanned by the columns
of L (see Section 2.1).

REMARK 3.5. Let (I,1) € Cy, with I C[n—1], 1 # @ and I = [n] . I. Let x be the
incidence vector of I. Then
(6) g1 = gEx0™ g T=T = g (XD and 9y(I,T) = oEx0)" — pExn)™
If follows that I(L) C 91(C1) C I(L) is a chain of inclusions of three ideals of K[z] = A.
Furthermore, if L is an ICB matrix, then I(L), 91(C1) and I(L) are homogeneous
ideals.
Proof. If i € I, the i-th coordinate of Ly; = Zjefl*,j is (Lx1)i = @iy —
D jerfiy%ij = D_je7 Ui, which is positive. Therefore, in this case, (Lx1)i =
((Lxr)*)i- If i ¢ I, the i-th coordinate of Lxr is (LX1)i = — ;e i,j, Which is
non-positive. Therefore, in this case, ((Lxr)"); = 0. Hence
(Lx)™ _ H Zjefai'j
x =1z ,
iel

which coincides with the definition of 217, Clearly x; +x7 = 1" Therefore, Ly =
—Lxr and (Lxp)" = (~Lx1)* = (Lxs)~. Thus o1 = o007 = g(xn™,
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We know that 01 (I,T) = #/=1(I UT) — 2721 (I UT). As we mentioned before, we
make the identification (I UT) = ([n]) with the unit element in K[z] = Cy. So

31(177) = xlﬁj — xjﬁ[ = g;(LXI)+ _ m(LXI)”

which proves (6). Since Ly; € L, then aExn® _ g(Ixn)” s in I(L£). This proves
01(Cy) C I(L).
On the other hand, for i = 1,...,n — 1, the i-th column [, ; of L can be expressed

as lv; = Lxg;y- So, by (6), gl — gl = 01({i},{i}) € 91(C1). Recalling that our

partitions (I, 1) of [n] have the property n € I, then [, , can be expressed as [, , =
—(le1+ - +lin—1) = —Lxq1,....n—1}- Taking into account that, when 3 = —a € Z",

then 27" — 28 = —(2" — 2 ), and using (6) again,

zltn — glon = 7(I(LX{1 ..... o)t I(Lx{l,...,n—l})_)

=-0:1({1,...,n—1},{n}) € 91(Cy).

Therefore, I(L) = ( W — a:ljvl, e — mli”) C 01(Cy).
Now, suppose that L is an ICB matrix. Since Lx; € L, it follows, as in the proof
of Remark 2.8, that Xt _ g(Lxn)” g homogeneous (in the grading considered in
Assumption 2.7). This proves that 91(Cy) is homogeneous and 9,(C1) C I(L). By
Remark 2.8, we already know that I(L) and I(L£) are homogeneous. O

NOTATION 3.6. For ease of notation, if (C,C) € Cy (with C C [n—1], C # @

and C' = [n] \ O) is a partition of [n], we set m¢c = 2¢7C, C=C and

Jo=mc —mg = 01(C, C).

ma =X

DEFINITION 3.7. We define dg : Co = K[z] — Klz]/I(L) to be the natural projection
onto the quotient ring, so that g o d; = 0.

3.4. THE CYC SEQUENCE IN FOUR VARIABLES. Let us display the sequence of ho-
momorphims C of Definition 3.3 for a digraph G of four vertices or, equivalently, for
a 4 x 4 CB matrix L.

ExamMpLE 3.8. Let n = 4. To simplify notations, write x,y,z,t instead of
1, %9, T3, x4, respectively. As in Example 3.2, write

(ilig ce ir,jle .. ]5> instead of ({’h, iz, ey ir}, {jl,jg, N ,js}).
The resulting complex C has the following form.
C:0+ Co=Klz] <~ Cy =K[a]” <2 Cy = K[z]'2 < C3 = K[2]° « 0.

The differentials go as follows. Recall that the elements of the basis By, are enumerated
employing the srle (see Definition 3.3 and Example 3.2; the underlined terms will be
the leading ones in an ordering specified subsequently in Assumption 4.9). For 0;:

1237 4) — xal,4y(l2,4z(lg,4 _ t(l4,47
23, 14) = ya2,1+a2,42a3,1+a3.4 _ xa1,2+a1,3ta4,2+a4.37

f0,1 =01 €1,1
fo2=01(e12
f0,3 =0, €1,3

(e11) = 01
(e1,2) =1
(e13) = 01
foa=01(e1,4) = 01
(e15) = 01
(e1,6) = 01
(e1,7) = 01

]_37 24) = ma1,2+a1,42a3,2+a3,4 _ yﬂlz,1*%112,3ta4,1+a4,37

)
)
12734) — xa1,3+a1,4ya2,3+az,4 _ 2;113,1-5‘<13,2ta4,1+0«4.27
3’ 124) = 2033 _ $a1,3ya2,3ta4,3’
)
)

f0,5 =01 €15
foe =01(e16
for = 01(e1,7

27 134 — yaz,Q _ wal,zza?,,ztaz;,z?
1,234) = g1 — 92120814040,

NN N N N N
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For 05 we have:

Ji1,1 = 02(e21) = 02(23,1,4)
= ya2,1za371 (1237 4) _ w _ ta4,2+a4,3(1’ 234)7
fi,2 = 02(e22) = 02(13,2,4)
= 222902(123,4) — 24 (13, 24) — 19417042 (2,134),
f1.3 = 02(e23) = 02(12,3,4)
=y (123, 4) - £ (12,34) — 04043, 124),
J1,4a = O2(e2,4) = 02(3,12,4)
= z091108.2(123,4) — x14y"24(3,124) — 1743(12, 34),
fi,5 = 02(e25) = 02(3,2,14)
= 2992(23,14) — 21124 (3, 124) — 215443 (2,134),
fi,6 = 02(e2,6) = 02(3,1,24)
— 2001(13,24) — 221911 (3,124) — 29173 (1,234),
fi,7 = 02(e2,7) = 02(2,13,4)
=y 022 (123,4) — 21424 (2, 134) — ¢742(13, 24),
f1,8 = 02(e2,8) = 02(2,3,14)
= f*29(28, 14) — 2901054 (2,134) — 2102 (3,124),
f1,9 = 0a(e29) = 02(2,1,34)
= yo21(12,34) — p@a (2, 134) — p98.2494.2(1, 234),
f1,10 = 02(e2,10) = 02(1,23,4)
= 12T (123, 4) — 242984 (1, 234) — 1741 (23, 14),
fi1,11 = 02(e211) = 02(1,3,24)
= a0 (18,20) = 210341, 20) <0 (3,124),
O2(e2,12) = 02(1,2,34)
= xa1,2(127 34) _ ya2=3+a2‘4(17 234) _ 93,1404,1 (27 134).

fi12

Finally, for 0s:
fo1 = 0s(es1) = 03(3,2,1,4)

= 2%3:2(23,1,4) — y21(3,12,4) 4+ 2%4(3,2, 14) — t943(2,1, 34),

f2,2 = 33(63,2) = 33(3> 1, 274)

= 2%1(13,2,4) — 272(3,12,4) + y%24(3,1,24) — t%43(1, 2, 34),

fa,3 = 03(es,3) = 03(2,3,1,4)

= y923(23,1,4) — 291(2,13,4) 4+ %4 (2, 3, 14) — t%42(3,1,24),

f2,4 = 33(63,4) = 33(27 1, 374)

= y921(12,3,4) — 2%13(2,13,4) + 2%34(2,1,34) — t*42(1, 3, 24),

fa,5 = 03(es5) = 03(1,3,2,4)

_ Ial’3(13, 2, 4) _ Za3'2(1, 23, 4) + w _ a1 (37 2, 14),

fa,6 = O3(es,6) = 03(1,2,3,4)

= 2012(12,3,4) — y?23(1,23,4) + 2%4(1,2,34) — 1941(2, 3, 14).
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3.5. CYC IS A COMPLEX FOR ANY CB MATRIX. Let L be a CB matrix or, equiva-
lently, let G be a digraph. Let Cg be the sequence of homomorphisms as in Defini-
tion 3.3.

PROPOSITION 3.9. The sequence Cg is a chain complex of free K[z]-modules.

Proof. Fix a basis element (I, s, ..., Iy+1) € By of Ci, where 2 < k < n — 1. We
need to show that dx_1(0k(I1, I, ..., Ix+1)) = 0. Clearly, Ox—1(0k(I1,...,Ix+1)) is
expressed as a linear combination of k(k + 1) elements of Cj_s. Indeed:

k
(1) k1 (Oky,. . Ign)) = Y (1) a7 lon 0y o (I, LU g, T
s=1

— a2 hgy (L, Ty, I U Ipa).
For s = 1, the expression for Ox_1(I1 U Iy, ..., Ix+1) is equal to:
(8) &P (L UL U, ..., Tk1)
k
+ Y ()2 I (L UL, L U T D)
t=3

— gl = hVlp L UL U Tyy).

For s = 2, the expression for 0y_1(I1,Io U 15, ..., Ixy1) is:
(9) 2BV (UL UL, ... D) — 229020 LU UL, .. T)
k
+ Z(—l)t_%lt—”"“(fla IyUIs, ..., I; Uliyq, ... Ipyr)
t=4

— gl (L UL, T, [ U Ty).

For s € {3,...,k — 2}, the expression for 0g_1(I1,...,Is Ulsi1,..., [pt1) is:

s—2
(10) ()t el (L UL, IsU g, Digt)
t=1
k
+ 3 ()R (I L U T, L U T D)
t=s+2

+ (=12l 2 BV T UL Uy, Tegr)
+ (=) gtV e (T U T U lyo, .y Tig)

— (L, LU T, [ U Tg).

For s = k — 1, the expression for dx_1 (I, ..., Ix—1 U I, Ix11) is equal to:

E

-3
(11) (=)=l L ULy, Teey U Ty, Tig)
1

-
Il

+ (=) Bl Ol (T o U Ty U T, Tgr)
+ (=) 2l V= (L U U D)
— a0 (L, ey U, [ U D).
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For s = k, we have 0y_1(I1,..., I UIxy1) equal to

3]

(12) (=)l LU T, Ty U Teyy)
1

S

H
Il

+ (=12l 2 IOl (1 T U T U Ty )

— gl e =h (g, LU U D).

As for the final term, Og_1(Io, ..., Ix, I UIri1) is equal to:

S

-1
(13) (=) =2l (L, LU T, T U Ty)

-
||
N

+ (—D)F Pl DI (L U T U Ty

— gVl = l(p LU T U D).

The basis elements of By_o that appear in these linear combinations, from (8) to
(13), solely involve partitions obtained from (I,...,Ix+1) by coalescing twice two
adjacent blocks. Any such basis element appears twice, obtained by doing two different
mergings done in two different orders. For instance, the element (I; UIoUIs, ..., Ix41)
appears in the first summand in (8) and in (9). In (8), one has first merged I; with I,
obtaining /* 712 (I; U, ..., Iz, 1) and then, subsequently, one has merged I; UI, with
I3, giving 1?2 iV e=1s ([ UL, UI3, . . ., I} 1). On the other hand, the first summand
in (9) is obtained by first merging I with I3, getting (—1)x/225 (I, [L,UI3, ..., Iy, 1),
and afterwards, on merging I; with Iy U I3, one obtains (—1)z2 2 lpi=1V(1 U LU
Is, ..., Ixy1). Observe that both monomial coefficients are equal, but opposite in sign,
so they cancel each with the other.

We list now the complete set of partitions appearing as basis elements in the
expression for x—1(9k(I1,...,Ix+1)). Concretely, and enumerated accordingly to the
srle, the first k — 1 are:

(LU Ul ... Ix1), 11U To, I3 ULy, o Ipg1), .o, (I U Toy oo I Ul g n).

These elements appear in (8) and in (9).

Without mentioning where they come from, we have the following, still enumerated
with the srle.

Next we have a set of k—2, all of them beginning with (17, I,UI50), thus succeeding
the k — 1 above:

(I1, I UIs ULy, . Ipy1), (I1, 1o U I, Iy U s, oo Igq), .. o
(Il,lg Uls,..., I UIk+1).

Then we have the set of k — 3, beginning with (Iy, Iz, I3 U I;00), and so on. In the
second last place, we have the set of 2 beginning with (I1,...,Ix—o U I} —10), that
is, (Il, ceiy Iy o Ulp_1 U Ik,IkJrl) and (.[1, cois T o, Iy 1 U I U Ik+1), and finally
we have (I1,...Ix_9,Ix—1 U I U I;11). Altogether then, these amount in total to
(k—2)4 (k—3)+---+ 2+ 1 partitions.

In the expression for Oy_1(0x(I1, ..., Ix+1)), there are still k further basis elements
of B2 involved. Concretely, these are the final terms in (8), (9), (10), (11) and (12),
and all the terms in (13). It is not possible to enumerate them together with the
former ones (employing the srle) unless more information is given. Each involves the
leftmost block I; being merged with the rightmost block I ;. These basis elements
are also characterized by the fact that the corresponding coefficient term contains
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the variable x,, (possibly with exponent zero). Enumerated among themselves (in the
srle), the first k — 1 are as follows:

(I ULy, [, ULiy), (I I3 U Ly, .. T U L), -
(T2, Iy Uy, Iy Ulyyy), (Lo, o, Iy U T Udpyr).

Finally, we have the last term (Is,..., Iy Uls U Ixy1).
Thus a total amount of distinct (k — 1) + Ei:f i+ k=k(k+1)/2 basis elements

of By_o appear in 9x_1(9x(I1,- .., Ix+1)). As mentioned before, each of them appears
twice. This is consistent with the total number of k(k + 1) elements in the linear
expression for Og_1(0k(I1, ..., Ixt1)).

To finish the proof, one can check that the two terms involving each basis element
have the same monomial coefficient, but with opposite sign (alternatively, one can use
(15) below). This will prove that dx_1(0k([1, ..., Ixk+1)) = 0.

e Terms (I1,...,1s Uy Ulgyo, ..., Ipt1), with 1 < s < k — 1. The two
monomial coefficients involving this basis element are:

(_1)3—1x15—>15+1(_1)3—1mIsUI‘S+1—>Is+2 and
(_1)8.%'IS+1_>IS+2(_1)5_1$I‘S—>IS+1UIS+2.
e Terms (I,...,IsUTsy1,..., 1 ULy, ., Ipq11), with 1 < s, s+ 1 < t and
t4+1 < k4 1. The two monomial coefficients involving this basis element are:
(_1)5—1x15—)15+1(_1)t—2x1t—)1t+1 and
(_1)t_1x1t_>1t+1(_].)S_lxls_>18+1.
o Terms (I,...,Is Ulsyq,..., 11 Ulpyq), with 2 < s < k — 1. Here, the two
monomial coefficients are:
(71)Ilk+1*>11(71)872IISH15+1 and

(71)571IISH15+1 (71)1,1164_1%11 .

e Terms (Iz,...,I1 UI; UIitq1). The two monomial coefficients are:
(—1)F Ll Tesn (1)Ul =T g
(_1)x1k+1ﬁll(_1)k72x1kH11U1k+1.

e Finally, the two monomial coefficients of (I3,...,I; Uls U I;11) are

(71)‘,L,Ik+14)11(71)xlk+1UIl‘>I2 and

x11*>12 (71)xlk+1ﬁhub.

It is easy to check that they are equal in pairs, but opposite in sign. This finishes the

proof. 0
REMARK 3.10. If G is strongly complete, or equivalently L is a PCB matrix, then
O0r(Cx) € mCy_1, since a;; > 0, for all ¢,j = 1,...,n, ensures the containment
clhe=lnr € (zy,.. 0 2,) = m.

4. GROBNER BASES FOR LATTICE IDEALS ASSOCIATED TO STRONGLY
CONNECTED DIGRAPHS

4.1. BLOCK ECHELON FORM OF AN ICB MATRIX. We start by defining what we
will consider to be a block echelon form of an ICB matrix. In order to simplify the
exposition, the expression “I-rows” will stand for the set of rows whose row subindex
is in I, and analogously as regards the expression “J-columns”. As in (2), given I, J C
[n], let M s be the submatrix of M defined by the I-rows and the J-columns.
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DEFINITION 4.1. Let L be an n x n ICB matriz and let 6 be a positive integer, 1 <
0 < n—1. Given q1,...,q5 € Ny, with ¢ + -+ ¢qs = n—1, let (I1,...,Is) be
the partition of [n — 1] into 6 blocks of cardinalities q1,...,qs, defined by I; = [q1],
LhUuL=[gn+gq),....,1U...Uly =[n—1]. Set Isy1 = {n}. Then L is said to be
in 0-block echelon form if Ly, 1, = 0, for every i and j such that 1 < j <0 —1 and

J+2<i<0+1, and each column of Ly, ,, 1, is nonzero, for every j =1,...,0.

ExAMPLE 4.2. Let L be the ICB matrix below which is in d-block echelon form,
where 6 = 3, and ¢ = 1, g2 = 2 and ¢3 = 2. Then (I1, I, I3) = ({1},{2,3},{4,5}).
Note that the 4 blocks on the diagonal have diagonal positive entries. The 3 blocks
below the diagonal blocks have nonzero columns. All the remaining blocks below the
aforementioned are zero.

10 0 0 0-1
0 1-1 0 0 O
I — -1 01 0 0 O
0 0-1 1 0 O
0-1 0 0 1 O
0 0 0-1-1 2

REMARK 4.3. Any n x n ICB matrix L can be reduced by permutations to a d-block
echelon form.

Proof. (We remark that it may help to consider the shape of the matrix in the previous
example.)

Indeed, set Is11 = {n}. The notation Js-columns, with J5 C [n—1], will denote the
set of columns with column subindex in [n— 1], having a nonzero entry in the last row.
Since L is irreducible, then, necessarily, in the last row of L there are other nonzero
entries apart from a, , (this follows too from the fact that since L is, in particular, a
CB matrix, 0 < apn, = Z#n ;). Therefore |J5| := g5 > 1. Move these g5 columns
to the outer right of the first n — 1 columns; we use the notation Is-columns to denote
the corresponding set of columns. Then perform the corresponding permutation of
rows, so preserving the structure of a CB matrix, while in the last row, which remains
untouched by the row permutations just carried out, we maintain the property that
all its g5 + 1 nonzero entries are in the set of I5 U I5;1-columns.

Since L is irreducible, then there must be at least one column to the left of the set
of Is U Isy1-columns having a nonzero entry in the set of Is U I5,1-rows, these being
strictly below the diagonal. For, if not, setting I = [n] \ Is U Is4q1 and J = I3 U I54q,
one would have a partition (I,J) of [n] into two non-empty disjoint sets and such
that Lj; = 0. Thus, L would be reducible, a contradiction (recall the definition of
irreducible in Section 2.3). So, denote by Js_1 C [n] \ Is U Is;1 the set of column
indices to the left of the set of I5U I51-columns which have a nonzero entry in the set
of Is U Is;1-rows, these being strictly below the diagonal, where |Js_1| := ¢s—1 > 1.
Now proceed recursively. O

REMARK 4.4. Let L be an ICB matrix in d-block echelon form. Let C' C [n — 1],
C # @. Then the rightmost nonzero coefficient of (Lxc)' is negative.

Proof. Keeping the notations in Definition 4.1, set C; = C' N I; and let m > 1 be the
maximum integer with C,, # @. Clearly x¢ = Zle Xo: = >y xXe; and Lye =
Z?;l Lxc;. Since all the columns to the left of I,,, have zero I,,,1-rows, it is enough to
see that Lxc,, < 0 and different from zero. This follows from the fact that Ly, 1, <

O

0 and that each column of L; _, 7, is nonzero.

To finish this section, let us prove that the J-block-echelon form reflects the natural
partition of the set of vertices into subsets of elements whose distance from the last
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vertex is constant. This brings out another aspect of the relationship between ICB
matrices L and J-block echelon form, this time arising from the natural metric dV on
Gr.

LEMMA 4.5. Let L be an n x n ICB matriz and let G, = (V,E) its associated digraph.
Suppose that L is in §-block echelon form and let (I, ..., Is) be the associated partition
of [n — 1] into & blocks, with Isy1 = {n}. Fori=1,...,0 +1, set W; := {vx, € V|
k € I}, so that Wsy1 = {vn}. Then (Wh,...,Ws) is a partition of V\ {v,} into &
non-empty subsets of V. Moreover, for each i = 1,...,6, the set W; coincides with
the set V; :={v eV |dY(v,,v)=d+1—1i}.

Proof. Clearly, since (I1,. .., Is) is a partition of [n — 1] into § non-empty blocks, then
(Wh,...,Ws) is a partition of V \ {v,,} into § non-empty subsets of V. Let us prove
that W; = V; by decreasing inductionon i = 1,...,0+1. Clearly Ws11 = {v,} = Vs41.
Fix ¢, with 1 < 4 < 6. Suppose that W11 = Vigq,...,Wsy1 = Vsi1 and let us
prove W, =V;.
Take vg, € W;, so that k; € I;. Since Ly, , ;;, has non-zero columns, there exists

kiv1 € Iiy1, with ag,,, x, > 0, so there is an arc vg,,, — vi, in G. Similarly, since

Ly, ., ,1,,, has non-zero columns, there exists k;12 € I;12, with ag, ,r,,, > 0, and
an arc vk,,, — Uk, in G. Recursively, there are vertices vy, € W; and a directed
path v, — vg; — -+ — vk, — Uk, In particular, d¥(v,,v,) < 6 + 1 — i and

vg; € V;U...UVs41. On the other hand, since (Wi, ..., Wsiq) is a partition of V and
vk, € Wy, then vy, € Wirqa U... U W5y = Vigg U...UVsqq. Thus v, € V; and it
follows that W; C V;.

Now, take vy, € V;. Then there exist v,, — vg; — -+ - — v, — vk, a directed path
of minimum unweighted length § 4+ 1 — 4. In particular, d" (vy,vk,,,) < § — i and, in
fact, this is an equality, otherwise d¥ (v,,,vx) < § + 1 — i. Hence Vkiyy € Vier = Wi
and k;y1 € I;y1. The existence of the arc vy, ., — vi ensures ag,,, x > 0. Since L is in
d-block echelon form, the index k must sit inside I;U...Uls1q. If k€ I; 11 U. . .Uls41,
then v, € Wipq U...U W51 = Vi1 U U Vsyq, a contradiction with the fact that
V; is clearly disjoint with V;41 U... U Vsyq. Thus k € I; and v, € V; and we derive
the opposite inclusion V; C W;. O

4.2. A CONVENIENT ENUMERATION OF THE VERTICES. Taking into acccount the
former lemma, let us define a special enumeration on the set of vertices and arcs of
a strongly connected digraph, and hence on the set of indeterminates x1, ..., z, (see
[7, p. 7], [19, Section 2.2.3], for the case where G is undirected, or, equivalently, Lg is
symmetric).

DEFINITION 4.6. Let G = (V,E) be a strongly connected digraph. Fiz a distinguished
verter w in V. Since G is finite, 6 := max{d"(w,v) | v € V} is finite and § > 1.
Consider the partition (Vi,...,Vs) of V.~ {w} into & non-empty subsets defined by
Vi={veV]|d(w,v)=8+1—1}, fori =1,...,6. Set V541 = {w}. Let ¢; = |V4]
be the cardinality of each V;. Take the partition (I1,...,Is) of [n — 1] into & blocks of
cardinalities q1, . .., qs, defined by I; = [q1], 11Ul = [g1+¢q2], ..., [1U.. . Ul; = [n—1].
Set Is11 = {n}. The (w,d)-enumeration of the vertices and arcs of G is determined by
assigning the set of indices I; to the set of vertices V;. That is, V; = {vy, € V | k € I},
fori=1,....0. The index n is assigned to the vertex w, so that w becomes v,. In
particular, if i < j, then d¥(vy,v;) = d¥(vy,vj). On the other hand, if d¥(vy,,v;) >
dY (v, vj), theni < j. Clearly, whenever d¥ (v, v;) = d¥(v,, vj), the three possibilities
1 <j,1=7 ort>j may happen.

In Lemma 4.5 we have seen that if L is an n x n ICB matrix in §-block echelon
form, then the corresponding digraph G, has an (w, §)-enumeration (where w is taken
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to be the last vertex). Now let us prove that a digraph G with an (w, §)-enumeration
has the corresponding ICB matrix Lg in d-block echelon form.

LEMMA 4.7. Let G = (V,E) be a strongly connected digraph with an (w,d)-enumera-
tion. Let L = Lg be the ICB matriz associated to G. Then L is in 5-block echelon
form.

Proof. With the notation in Definition 4.6,
{vpeV]kel,} ={v, €eV]|dV(w,vop) =0+1—1i} =V,

fori=1,...,0, and I54; = {n} and w = v,. We want to prove that L;, ;, = 0, for
every i and j such that 1 < j < d—1and j+2 < i<+ 1, and each column of
Ly, 1, is nonzero, for every j =1,...,4.

So, fix j with 1 < j < — 1 and v € Vj. Then, we need to prove that
(14) a;x=0,forall i € [ ;o U...Uls41 ; a;p # 0, for some ¢ € I;44.

Note that, for j = §, then I;11 = Is41 = {n} and a; , = an # 0, for all k € Is, since
the vertices vg, € Vy are such that d(w, vg) = 1.

Suppose that a; , # 0 for some ¢ € Ij;2U...Uls4q. Let v, = vy — - = vy, = vy
be a directed path of minimum unweighted length [ + 1, where [ +1 < § —j — 1
(because i € Ij 4o U...UI541). Since a; 1 # 0, there is an arc v; = v, in G, and so a
directed path from v, to vy of unweighted length at most § — j, a contradiction, since
dY(vp,vk) = 6 + 1 — j (recall that vy € V;). This proves the first part of (14).

Now, take a directed path v, — v;; — -+ = v;;_, — v of minimum unweighted
length §+1—j. In particular, d¥(w,v;;_;) = 6 —j. Thus is_; =: i € Ij;1 and a;; # 0,
since v; — vy, is an arc of G. This proves the second part of (14). O

ASSUMPTION 4.8. Let L be an ICB matriz or, equivalently, let Gr be a strongly con-
nected digraph. From now on, we will assume that L is always in §-block echelon form
or, equivalently, that G has a (w,d)-enumeration (see Lemmas 4.5 and 4.7).

Note that, if L is a PCB matriz or, equivalently, G is strongly complete, this as-
sumption s VacuoOus.

4.3. THE WEIGHTED REVERSE LEXICOGRAPHIC ORDER ON THE POLYNOMIAL RING.
Let L be an ICB matrix or, equivalently, let G be a strongly connected digraph.
Recall that, by Assumption 2.7, deg(z;) = v; and deg(z®) = v1aq + -+ + Vn v,

ASSUMPTION 4.9. From now on, we will always suppose that A = K[x] = K[z1,...,z,]
is endowed with the weighted reverse lexicographic order (wrlo, for short). Concretely,
given a,B € N", we set 2® > P precisely when either deg(xz®) > deg(z?), or
deg(z®) = deg(2?) and there existsi € {1,...,n} such that c, = B, ..., Qi1 = Bit1
and a; < B;. This last condition will be written o — B = (x,...,%,—,0,...,0). See,
e.g, [15, p. 13], where this ordering is denoted by wp(v1, ..., V).

We insert a note of caution: it need no longer be the case that, under this wrlo,
1 >+ > @y, since, for example, we have deg(z2) > deg(x1) whenever vy > 1.

Given a non-zero polynomial f € A, we let Le(f), Lm(f) and Lt(f) denote the
leading coefficient, the leading monomial and the leading term, respectively, of f with
respect to the wrlo (see, e.g. [9, § 2.2, Definition 7]).

Recall that fo := mec — mg = 91(C,C), where C C [n — 1], C # @ (see Nota-
tion 3.6).

LEMMA 4.10. Let (C,C) € Cy1 and set fo := mc — mg = 01(C,C). Then fc is
homogeneous and Lm(fc) = me. In particular, Lt(fo) = Lm(f¢).
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Proof. That fo = mc —mg is homogeneous is shown in Remark 3.5. So grade(mc¢) =

grade(z€~C) is equal to grade(mg) = grade(z°~¢). Also by Remark 3.5, we know

that, m¢ = 267C = p(Ixe)" and mg = 20=C = z(Ixe)™  where yc¢ is the incidence
vector of C' (see Remark 3.1). Then (Lxc)t — (Lxc)™ = Lxc. So we must see
that the rightmost nonzero coefficient of (Lxc)' is negative. But this follows from

Remark 4.4. O

If the variables z1,...,x, are not enumerated according to Assumption 4.8, then
Lemma 4.10 may fail.

ExAMPLE 4.11. Consider the following CB matrices L and L':

2-2 0 0 / \
0 3-3 0 )
L= 1 0 5-4 , corresponding to G, : °1<—o3,
0 0-4 4 L//7
4
!
3 0-3 0 / \
2 2 0 0 .
L= 021 54 , corresponding to Gy : ‘1—>03
0 0-4 4 /
4

oy

Observe that L’ arises from L by the transposition of rows and columns 1 and 2 of
L. The corresponding digraphs G and G are the same, but with a re-enumeration
of vertices and arcs. Since G and G/ are strongly connected, L and L’ are ICB
matrices. Note that L’ is in 3-block echelon form, whereas L is not.

A simple check shows that

w(L) = (12,8,24,24), so v(L) = (3,2,6,6), and

(L") = (8,12,24,24), so v(L') = (2,3,6,6).
Imposing the usual wrlo on our polynomial ring Kz, y, z, t], with x1, 23, x3, 24 being
replaced by x,y, z,t, respectively, then deg(z) = 3, deg(y) = 2, deg(z) = 6 and
deg(t) = 6, when workmg with L. Con51der1ng L and C := {2}, we have: fo =
me — mg, me = y3, mgz = 2% Note that y* < 2% because (0 3,0,0) — (2,0,0,0) =
(—2,3,0,0), which is consistent with (Lxc)" = (—2,3,0,0). Thus Lm(fc) = 2% =

4.4. A GROBNER BASIS FOR THE IMAGE OF THE FIRST DIFFERENTIAL. Let L be an
ICB matrix or, equivalently, let G be a strongly connected digraph. Recall that By
is the set of elements of Cyc,, ;. ,;, enumerated employing the srle (see Definition 3.3),
forming a basis of the free K[x]-module Cj, = K[z]®Y¢++1. Concretely, in degree zero:
O (B1) = {01(e1), ..., 01(err,)}
={fox,-- s for} ={fc | C S n—-1],C# 2} CCo.

The purpose of this subsection is to prove that 91 (B) is a Grobner basis of 91(Cy)
(see also Notation 3.6). We begin with some useful notations and remarks.
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NOTATION 4.12. Given three disjoint subsets A, B,C C [n], note that:

(15) pAUB=C _ L A—C B—C o1 4 A—BUC _ [ A—B A>C
We set:
max() . @i i 5)
(A-B,C)t . LCM(xA*B,mAﬁC) HieA x, Z]ec Fi des 3
! jec "I

[Lica®
. )t
_ H (EjeB a”*]_Zjeca"J)
= x; .
€A
In particular,

(17) LCM(:L,A—)B, :CA%C) _ x(A—)B,C)+xA~>C _ x(AHC’,B)*'xAHB.

NOTATION 4.13. Let C and D be two non-empty subsets of [n—1]. Write E = CND,
F=CN\E,G=D\E,U=CUDandV =U = [p]\U. In particular, C = [n]\C =
GUV and D = [n]\ D = FUV. The following picture may help in reading everything
that will follow.

D
E
G

QlaD
=| =Sl

LEMMA 4.14. The restriction of the map 01 : C1 — Cq to the set By is injective.
Concretely, given C, D, two non-empty subsets of [n — 1], then fo = fp if and only
if C=D.

Proof. Suppose that fo = fp. By Lemma 4.10, m¢ = Lt(fc) = Lt(fp) = mp. Thus
mc = mp and hence mg = mp. Suppose that C' # D. Since the initial hypotheses
are symmetrical in C' and D, we may assume without loss of generality that C' & D,
that is, that F' # &, with Notation 4.13 in force. Using (15), one has:
fo=me — mg = xC—>5 . $5—>C
_ xE—>GxE—>VxF—>GxF—>V _ xG—>ExG—>F$V—>ExV—>F

and

fD =mp — mﬁ _ mD%D _ xD*)D

— xEHFxE%VxGanGHV o xFHExF%GxVaExVHG.

It follows from the equality me = mp that z¥7¢YY =1, ie. that a;; = 0, for all
i€ Fandj € C = GUV. We deduce that 27 7PV = 1 from the equality mg = mp,
ie. that a;; =0, foralli € Fand j € D=FUG. Thus a;; = 0, for all i € F' and
j € EUGUYV = F. Therefore there is no directed path joining any vertex in F # &
to the vertex v, € F, which is a contradiction to the hypothesis that G, is a strongly
connected digraph. O

Let us calculate the S-polynomial S(fc, fp) of fo = 91(C,C) and fp = 91(D, D).
Observe that if C = D, then fo = fp and S(fc, fp) = 0.

LEMMA 4.15. Let C and D be two non-empty distinct subsets of [n — 1]. Consider the
monomials lc,p and lp ¢, defined as follows:

_ x(E—>G,F)+xF—>GxV—>D _ x(E—>F,G)+mG—>FxV—>C

lC,D and ZD,C
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(a) Suppose that C ¢ D and that D ¢ C. Then F,G are non-empty subsets of
[n—1], so (F,F) and (G,G) are in Cy. Then the S-polynomial of fc and fp
18
(18) S(fe, fp) =lepfr —lp,cfa,
with frp = 01(F,F) and fg = 01(G,G). Moreover,
Lm(S(fc, fp)) 2 Lm(lc,p fr), Lm(lp,c fa).
(b) Suppose, without loss of generality, that C C D. Then F = & and G is a
non-empty subset of [n—1], so (G, G) € Cy. Then the S-polynomial of fc and
Ip is
(19) S(f07fD) :7lD,CfG7
with fg = 01(G,G). Moreover, Lm(S(fc, fp)) = Lm(lp ¢ fc)-
Proof. By definition (see, e.g. [9, § 2.6, Definition 4]), S(fc, fp) = mp.c fe—me,pfp,
where
_ LOM(Lm(fp), Lm(fc)) LCM(Lm(fc), Lm(fp))
(20)  mpc= :
Lt(fc) Lt(/fp)
Suppose that ¢ ¢ D and D ¢ C, so that F,G # @. By Lemma 4.10, Lt(fe) =
Lm(fo) = me = 2°7¢ and Lt(fp) = Lm(fp) = mp = PP Using (15) and (17),
and the fact that LCM(fg, fh) = f - LCM(g, h) for elements f,g,h € A = K[z], one
has:

and mg,p =

@) rap o = LOMEN(o) Lnifc)

E—F ,.E—G
_ LCM(z ) L ) GoF GV _ (E=»F,G)t, G—F_ G-V
= ESa X X =X X X .
x

In a symmetric manner,

_ LCM(Lm(fc), Lm(fp)) _ (EHG,F)"’xFﬁ\GwFaV'

22 mo.p — =T

22 ’ Li(/o)

Set go.r = p(B2FG)T pG=F anq grG = g(B=GF)" pF>G  Therefore mp,c =
ge.re®?V and Ipc = gerzV 7. Analogously, mcp = grgr?f ™"V and lcp =

gr.crV P, Then

S(fe. fo) = 9a,rz"V fo — graa™V fp

= ga.rr% 7 'me — gara“ 7 'mg — grart TV 'mp + great TV mg.
Set
my = QG,FJJG_WWC y M2 = gG,Fl”G_Wma ,
m3 = QF,GxFHVmD y Mg = QF,GCUFHVmB )

so that S(fc, fp) = m1 —mg —ms +my. An easy computation using (15) shows that

C— D—>F)$U—>V

G
my —ms = (9a,rx — grGT

However, using (15) and then (17), we get

(23) gG,F:I;C_}G _ gF,GwD_}F

+ +
_ m(EaF,G) xG%FxEAGxFaG . CC(E%G,F) xF%GanFxG%F

+ +
_ (x(EHF,G) xE*)G _ x(E*)G,F) anF)xFﬁGxGaF —0.
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Therefore, S(fc, fp) = —ma + my. On the other hand,

le.pfr —Ilp.cfa =lc,pmr —lc,pmgz —lp.cme + Ip.c fa
Set

R _ V—D . _ V—D
ms :=lo,pMmr = gr,gT mr , Mg :=lc,pMyE = gr,cx mz ,

- _ V—=C o _ V—=C
my = lpcmg = ga,Fe mg , Mmg:=lpcmg=garT mg ,

so that lc pfr — Ip,cfec = ms — mg — m7 + mg. An easy computation using (15)
shows that

D—F C—>G)xV—>U

—mg +mg = (—gr,gT + 96, FT

The situation is symmetrical in C' and D. Swapping C' and D in an expression forces
a swap in F and G, with E, U and V invariant. Thus —gp’GxD”F + gG,FmC”G =0
follows by symmetry from the equality (23). Therefore, —mg +ms = 0 and lc,p fr —
Ip,cfe = ms — m7. An easy computation using (15) shows that mg = m7 and, by
symmetry, mq = ms. Therefore, S(fc, fp) = —ma+my = ms—mr =l pfr—Ip.cfa.

Observe that one can consider (F, F), (G, G) € C; due to the hypothesis F, G # @.
Using Lemma 4.10, it follows that Lm(fr) = mp and Lm(fg) = mg. Since l¢,p and
Ip,c are monomials, then Lm(l¢,p fr) = lo,pmr = ms and Lm(lp ¢ fa) = Ip.cma =
mz (see, e.g. [9, §2.2, Exercise 11]). On the other hand, S(fc, fp) = —ma + my.
Thus, one of the two monomials, either mo, or else my, is the leading monomial
of S(fc, fp)- If ma < my, then Lm(lc pfr) = ms = mqy = Lm(S(fc, fp)) and
Lm(Ip cfa) =mr =ma <my = Lm(S(fc, fp)). On the contrary, if ms < mg, then
Lm(lC,DfF) =ms = My < My = Lm(S(fc,fD)) and Lm(lD’cfg) = my = My =
Li(S(fc, /o).

Finally, assume, without loss of generality, that C C D. Then F = @ and fr = 0.
Hence gg,r =1 and gr¢ = zC—C. mp.c = 27V and Ipc = zV ¢, me,p = 207G
and lop = x¢7CGV =D As before, m; — ms = 0 and S(fc, fp) = —mao + my.
On the other hand, since F' = @, then fr = 0 and lc,pfr — Ip,cfc = —Ilp,cfa,
which is readily seen to be equal to —mgo + my. Moreover, trivially then, one has

Lm(S(fe, fp)) 2 Lm(lp.cfa)- O
PROPOSITION 4.16. The set 01(B1) = {fc | C C [n—1],C # @} is a Grébner basis
for the ideal 01(C1).

Proof. This follows from Lemma 4.15 and the criterion of Buchberger (see, e.g. [9,
§ 2.6, Theorem 6 and § 2.9, Theorem 3]). O

4.5. THE CYC COMPLEX IS EXACT IN DEGREE ZERO. Let L be an ICB matrix or,
equivalently, let G be a strongly connected digraph. Recall that 9y : Co = Klz] —
K[z]/I(L) is defined to be the natural projection onto the quotient ring, so that
01(C1) C I(L) (Definition 3.7).

PROPOSITION 4.17. We have 81(C1) : x, = 01(C1) and 01(C1) = I(L) = ker(dp).
Proof. According to Definition 3.3, let

B = {61,1, e ,61)”} and 81(61) = {fO,l; ey fO,T1} C K[x],
enumerated employing the srle. By Proposition 4.16, 91 (B1) is a Grébner basis for
the ideal 01(C1). Now, take f € 91(C1) : ;. Using the Division Algorithm, f can be
written as
(24) f=a9for+ - +grfor +h

where either h = 0, or else h # 0 and no term in h is divisible by any one of Lt(fo;),
fori=1,...,7r1 (see, e.g. [9, § 2.3, Theorem 3]). Suppose that h # 0. On multiplying
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by z, in (24), one deduces that z,h € 0:(C1) and so Lt(xz,h) € Lt(01(Cy)). Since
fo1, .- for is a Grobner basis of 91(C1), Lt(01(C1)) = (Lt(fo.1), - - -, Lt(for,))- By,
e.g. [9, § 2.4, Lemma 2|, Lt(z,,h) = x, Lt(h) is a multiple of some Lt(fy ). Since z,,
does not occur in any Lt(fo;), it follows that Lt(h) is a multiple of some Lt(fy;), a
contradiction. Therefore 01(C1) : x, = 91(C1). In particular, 01(Cy) : 2" = 01(C1),
for all m > 1.

By Remark 3.5, I(L) C 91(C1) C I(£). By [21, Proposition 5.7], I(£) = I(L) : zI",
for some m > 0. Therefore

I(L) =I(L) sz € 01(C1) : @y = 01(C1) C I(L),
so I(L£) = 01(C1) as desired. O
Putting together Propositions 4.16 and 4.17, we get the following result.
COROLLARY 4.18. The set 01(B1) C Co is a Grobner basis of 01(C1) = I(L) = ker(dp).

4.6. MINIMALITY IN THE STRONGLY COMPLETE CASE. Let L be an ICB matrix or,
equivalently, let G be a strongly connected digraph.

PROPOSITION 4.19. Suppose that G is strongly complete. Then 01(B1) is a minimal
Grobner basis and a minimal homogeneous system of generators of I(L).

Proof. Recall that 0:(B1) = {fo1,...,for} = {fc | C C [n—1],C # @} By
Proposition 4.18, 01(B1) is a Grobner basis of I(L£). Let us see that it is a minimal
such basis (see, e.g. [9, § 2.7. Definition 4]). Fix fo, C C [n — 1], C # &. Clearly,
the leading coefficient of fo is 1. Moreover, the leading term of fo is Lt(fo) =
meo = 197 (see Remark 3.6 and Lemma 4.10). Suppose that Lt(fc) lies in the ideal
(Lt(fp) | D C [n—1],D # C, D # &). Since the latter is a monomial ideal, it follows
that Lt(fp) divides Lt(f¢), for some D C [n — 1], D # C, D # @&. Now, use that G
is strongly complete, or equivalently, L is a PCB matrix. Therefore, a; ; > 0, for all
i,j=1,...,n. Since

- =i L. = L —aij
,rD_>D _ H x;:.yeD J divides xC—>C’ — H x;:.yec J
ieD ieC

and Zj b @ij > 0, it follows that D C C, and so C is a proper subset of D. However,
if i € D, then the exponent of x; in mp is Zj €D Gigs wEereas the exponent of x; in
me is Zj <@ @i,j» which is strictly smaller, because C' C D, a contradiction.

By Corollary 4.18, 91 (B1) is a homogeneous system of generators for 91 (C1) = I(£).
Let us see that it is a minimal one. Suppose that

(25) uy fo1 + -+ U for, =0,

for some polynomials u; € A = K[z]. In other words, (ui,...,u,,) € A™ is in the
kernel of ¢ : A™ — 9;(Cy), the free A-linear presentation of 91(C;), sending each
element of the canonical basis e; to fy ;. Write each u; in the form u; = v; + xpw;,
v;, w; € K[z], where v; contains no term involving z,,. Set x,, = 0 in the equality (25)
above. Then we get

v1Lt(fo1) + - +vp Lt(for,) = 0,
so (v1,...,v,,) is a syzygy on the leading terms Lt(fo1),...,Lt(fo,r, ). By [9, § 2.9.

Proposition 8, see also Definition 5], (v1,...,v;,) is of the form ZKJ- v;,;5i,j, where
o LCM(Lm(foﬂ), Ln’l(foﬁz)) o — LClV[(:[;Hl(fOJ)7 Lm(f07])) o
I Lt(fo.:) ' Lt(fo,;) J.
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We have fo; = fc and fo; = fp, for some C,D C [n—1], C,D # @ and C # D.
Then

LCM(Lm(fo,;), Lm(fo,:)) _ LCM(Lm(fp), Lm(fc))

Li(fo.) = Li(/c) =mp,c and
LCM(Lm(fo, ), Lm(fo,)) _ LOM(Lm(fo). Lm(fp)) _
Lt(fo,,) Lt(fp) @b

with the notations as in the equality (20). Writing £ = CND, F = C\E,G=D\E,
U=CUD and V =U = [n] \ U and using the equalities (21) and (22) in the proof
of Lemma 4.15, then

+ +
(E—=F,G) xGﬂFxGaV (E—G,F) xF%GIF%V.

mp,c =1

Suppose that C ¢ D and D ¢ C. Then F' and G are non-empty. Since a; ; > 0, for all
i,7=1,...,n, we deduce that z°7F and ¥ ¢ and so mp ¢ and mc p, are in the
irrelevant maximal ideal m. Suppose, without loss of generality, that C' C D. Then
mpc =27V and mep = x°7Y, where G, V and C are non-empty (see the last
paragraph in the proof of Lemma 4.15). Again, we deduce that mp ¢ and me p are
in m. Hence each u; also lies in m and (ug,...,u,,) € mA™. On tensoring the short

exact sequence

and mgp =2

0 — ker(p) = A™ 5 9,(C1) = 0

by A/m = k, we deduce that the induced map @ : A™ /mA™ — 9;(C1)/md1(Cy) is an
isomorphism of k-vector spaces. Applying the graded Nakayama Lemma, we deduce
that 91(B1) is a minimal homogeneous system of generators for 91(C1) (see, e.g. [6,
Exercise 1.5.24]).

REMARK 4.20. The minimality for the strongly complete case will also follow from
Corollary 6.16, since ker(91) = 92(C2) C mC; and so C;/mC; = 91(C1)/md1(Cy).

4.7. NON-MINIMALITY IN THE NON-STRONGLY COMPLETE CASE. Let L be an ICB
matrix or, equivalently, let G be a strongly connected digraph. It is easy to give an
example where, if G is not strongly complete, then 01(B7) is not a minimal system of
generators of I(L).

ExAMPLE 4.21. Consider the following ICB matrix L, which is not a PCB matrix:
2
/ \
1 3.
N A
oy

Then 01 (B1) = {z—t,y—t,xz—yt,x—2z,z—t,y—z,x—y}, whereas I(L) = (z—y,y—
z,z —t,—x + t), which is clearly minimally generated by {z — y,y — 2,z — t}. Thus
I(L) is a complete intersection ideal. In particular, it is unmixed and I(L) = I(L).
Therefore 01 (B1) cannot be a minimal homogeneous system of generators of I(L).

, corresponding to G, : ®

OO ==
M- -
== o o
—_o O =

5. COMPUTING SYZYGIES OF A GROBNER BASIS

5.1. PRELIMINARY NOTATIONS. Let us recall some preliminary notations. We follow
[12, Section 2], [4] and [11, § 15].

DEFINITIONS 5.1. Let F = A" be the free A = K[x]-module of rank r, and let ey, ..., e,
be the canonical basis of F.
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(1) MoNOMIALS. A monomial me; in F is the product of a monomial m in A =
K[z] with a basis element e;. A term Ame; in F is the product of a monomial
me; in F with a scalar \ in K.

(2) DIvISIBILITY. A monomial mye; divides a monomial mae; if i = j and mq
divides mq; in this case, moe;/mae; is defined as mg/ma. Similarly, a mono-
mial my divides moe; if my divides mo and in this case moe;/my is defined
as (ma/m1)ej. The least common multiple of two monomials mie; and moe;
of F is LCM(me;, moe;) = LCM(my, ma)e;, if i = j, or 0 otherwise.

(3) ORDERINGS. A (global) monomial ordering on F is a total ordering > on the
set of monomials of F' such that if mie; and mae; are monomials in F' and m
is a monomial in A, then mie; > moe; = (m-mq)e; > (m-mg)e;. Moreover,
me; > e; for all i and all monomials m # 1, and we require in addition that
mie; > maoe; < mie; > moej, for all i, j.

(4) LEADING TERMS. Let > be a monomial ordering on F and f = Ame; +

lower order terms, f € F ~ {0}, where A # 0. Then the leading coefficient,
the leading monomial and the leading term of f are Le(f) = A, Lm(f) = me;
and Lt(f) = Ame;, respectively. For any subset S C F, the leading module of
S is defined as L(S) := (Lm(f) | f € S~ {0}).

DEFINITIONS 5.2. Let Fy = A® be the free A-module of rank s and let Go = {f1,..., f+}
be a finite subset of Fo~{0}. Take Fy = A", the free A-module of rank r, the cardinality
of Go, and let ¢, : F1 — Fy be defined by v1(e;) = fi.

(5) SyzYGIES. The (first) syzygy module of Go is Syz(Go) := ker(y1). An element
of ker(p1) is called a syzygy of Go.

(6) INDUCED ORDERINGS. Given a monomial ordering > on Fy, the induced or-
dering on Fy (w.r.t. > and Gy) is the monomial ordering > defined by mie; >
moe; < Lm(mq f;) > Lm(maf;), or Lm(ma f;) = Lm(maf;) and i > j.

(7) THE S-VECTORS. Fori,j € {1,...,r}, the S-vector of f; and f; is defined as

(s £7) = ki = ki € (Ga) © Foy where = ML L),

In particular, Lt(mj, f;) = m; Lt(f;) = LCM(Lm(f;), Lm(f;)), which, by
symmetry, will be equal to Lt(m%vjfj), Therefore Lm(m;,ifi) = Lm(m},jfj) >
Lm(S5(fi, f;))-

(8) STANDARD EXPRESSION. Let g € Fy. An equality g = g1f1 + -+ + g-fr + D,
with g; € A and h € Fy, is a standard expression for g with remainder h (and
w.r.t. > and Gy) if the following two conditions are satisfied:

(a) Lm(g) > Lm(g;f;), for all i = 1,...,r, whenever both g and g;f; are
nonzero.
(b) If h is nonzero, then Lt(h) is not divisible by any Lt(f;).

DiscussioN 5.3. Let Fy = A°® be the free A-module of rank s and let Gy =
{f1,..., fr} be a finite subset of Fy \ {0}. Take F; = A", the free A-module of rank
r, the cardinality of Gy, and let ¢q : F1 — Fj be defined by ¢1(e;) = fi. Suppose
that Gg is a Grobner basis w.r.t. some ordering >. By the Buchberger Criterion (see,
e.g. [11, Theorem 15.8]), there are standard expressions with remainder zero:

(26) S(fir f3) = mjufi —mi fi = gV fr - 4 g0
In particular, Lm(mj , f;) = Lm(m; ;f;) > Lm(S(f;, f;)) > Lm(ggi’j)fs), for all s =
1,...,r, whenever both S(f;, f;) and the particular ggi’j)fS are nonzero.
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Each such expression (26) defines a syzygy of Gg in F}, associated to the S-vector
of f; and fj:

(27) m;iei — mll,jej — (ggi’j)el 4+ 4 Q,Ei’j)€7-).

This element will be called a T-syzygy associated to the S-vector of f; and f;. Note
that, unless the standard expression (26) is a “determinate division with reminder”,
the elements gsi’j )
Theorem 2.2.12]).

However, if i > j, since Lm(mj, f;) = Lm(mj ; f;), then mj ;e; > mj ;e;. Moreover,
since Lm(mj ; f;) > Lm(S(f;, f;)) > Lm (¢! f,), then m; je; > Lm(g{"")e,, for all
s=1,...,r, whenever the particular g{"’) f, is nonzero.

Thus, if o € ker(p;) is a 7-syzygy associated to the S-vector of two elements of Gy,
obtained as described above, setting e; (respectively, e;) to be the unique basis element
involved in Lt(o)/Lc(o) (respectively, Lt(o—Lt(c))/Le(o—Lt(o))), one deduces that
o is a T-syzygy associated to the S-vector of f; = ¢1(e;) and f; = ¢1(e;), with ¢ > j.
In particular, Lt(o) = m] ;e; (see [4, p.6], [10, p.68] or [12, Remark 3.6]).

A 1-syzygy associated to the S-vector of f; and f; will be denoted by 71 (e;, €;).
However, this notation can be somewhat misleading, in the following sense. Suppose
that fi, fj, fp, fq are four elements of Gy, with 4,j,p,¢ € {1,...,r}. The equality
(4,7) = (p,q) does not ensure 7i(e;,e;) is equal to 7i(ep,eq), because of the non-
uniqueness in the choice of the elements g{"") (unless “determinate division with
remainder” is used, as mentioned above). Nevertheless, the equality 7i(e;,e;) =
T1(ep, €q) does ensure that e; = e, and that e; = ey, as seen above.

For ease of reference, we highlight the property:

(28) Lt(T1(€i7 ej)) = ml €.

25

are not necessarily uniquely determined (see [4, Theorem 1.3], [10,

5.2. THE SCHREYER ALGORITHM TO COMPUTE THE SYZGYGIES OF A GROBNER BA-
s1s. We recall the Schreyer algorithm to compute the syzygies of a Grobner basis (see
[12, Theorem 3.2 and Proposition 3.5], [10, Corollary 2.3.19], [4, Corollary 1.11], [11,
Theorem 15.10, Corollary 15.11]). We will refer to [12] particularly for easy quoting.
First we introduce some more notations.

NOTATION 5.4. Let Fy = A® be the free A-module of rank s and let Go = {f1,..., fr}
be a finite subset of Fy \ {0}. Recall that mj; = LCM(Lm(f;), Lm(f;))/Lt(fi). Let
{M;(Go) }1<igr be the set of ideals of A = K[z] defined as follows: M;(Gy) = 0, and
foreachi=2,...,r,

M;(Go) = (Lt(f1), ..., Lt(fi—1)) : Lt(fi)

= (Lt(f1)) : Lt(fs) + - - + (Lt(fim1)) - Lt(fo).

Note that, for each j =1,...,i — 1,

(Lt(f3)) : Lt(fi) = (Lm(f;)) : L(f;)

— <LCM(Lm(f])7Lm(f'L))
Lm(f;)

_ LCM(Lm(f;), Lm(fi)),

Therefore, M;(Go) = (mj,,...,m;_; ;). Observe that, in fact, the M;(Go) are mono-
mial ideals.

)

THEOREM 5.5. ([12, Proposition 3.5]) Let Fy = A® be the free A-module of rank s and
let Go = {f1,--., fr} be a finite subset of Fy~{0}. Suppose that Gy is a Grobner basis
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of (Go) w.r.t. some monomial ordering > on Fy. Let Fy = A" be the free A-module of
rank r, the cardinality of Go, and with canonical basis ey, ..., e.. Let p1 : F1 — Fy be
defined by ¢1(e;) = fi. For each i = 2,...,r, and for each minimal generator x* of
M;(Gy), choose exactly one index j = j(i,c), with 1 < j < i, such that mj; divides
®, and compute a standard expression for S(fi, f;) with remainder zero:

S(fi f3) =mbifi—mbify =g i+ gl

Let 1 (ei,e5) = mj e;i—m} je; —(g§i’j)el+. . ._|_gri’j)er) € ker(p1) be the corresponding

T-5yzygy associated to the S-vector of f; and f;. Then

x

s
G1 = U {mi(ei,e;) |z a minimal generator of M;(Go) and j = j(i, ) with mjlz|xo‘}
i=2

is a Grobner basis of ker(yp1) C Fy w.r.t. the monomial ordering on Fy induced by >
and Gy. In particular, ker(¢1) = (G1).

REMARK 5.6. Fix i € {2,...r}. As remarked above, M;(Go) = (m};,| 1 < j < i).
By definition, 2% is a minimal generator of M;(Gg). Hence if we choose an index
j = j(i,a) with 1 < j < ¢ such that the generator m]lZ of M;(Gyp) divides z%, then
necessarily mjll equals % up to a nonzero scalar. In the situation where the m}ﬂ- are
monomials up to £, which will be the case in our applications of Theorem 5.5, then

1 (e
m;; = tx®.

REMARK 5.7. Suppose that we have a 7-syzygy 7i(e;, e;) such that m}’i is a non-
minimal generator of M;(Gy) and let Gy be as in Theorem 5.5. Then

él = G1 U {Tl(ei,ej)}

is still a Grobner basis of ker(y1). This follows from the definition of Grobner basis.
Indeed, since Gi is a Grobner basis, then L(G1) = L(ker(y¢1)). Since 71(e;,e;) €
ker(ip1), then Lt(7i(e;,e;)) € Lker(p1)) and L(G1) is still equal to L(ker(¢1)).

REMARK 5.8. We will consider in G; the following enumeration: let 7 (ep, eq) and
T1(es, €5) be two elements of G1, with 4,j,p,¢ € {1,...,r}, such that (p,q) # (4, 7).
That is, Ti(ep,eq) # Ti(es,e5) (cf. Discussion 5.3). We will use the notation
T1(ep;eq) < Ti(ei,e;) and say that “7i(ep,e,) precedes 7i(e;,e;)”, or alternatively
“11(ey, €;) succeeds Ty (ep, eq)”, whenever p < i, or whenever p =14 and ¢ < j.

6. EXACTNESS OF THE CYC COMPLEX
6.1. STATEMENT OF THE MAIN RESULT. The main result of the paper is the following.

THEOREM 6.1. Let G be a strongly connected digraph of n vertices or, equivalently, let
L be an n x n ICB matrixz. Let Cg be the associated Cyc complex. Then
Co: 0 K[z]/I(L) + Co = Klz] &~ ¢, = Kla]™ &2 ...
Bt Cpo1 =K[z]™ 1 0
is a free resolution of K[x]/I(L).

REMARK 6.2. Recall that we assume that G is a finite, weighted, directed graph,
without loops, sources or sinks (cf. Assumption 2.2). In particular, its Laplacian ma-
trix L is a CB matrix and, since G is strongly connected, then L is an ICB matrix
(see Subsection 2.5). By Proposition 3.9, Cg is a chain complex of free A-modules.
Moreover, we suppose in A = K[z] the N-grading given by v(L) (cf. Notation 2.4 and
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Assumption 2.7). Furthermore, we assume that G has a (w, §)-enumeration or, equiv-
alently, that L is in d-block echelon form (see 4.8). Finally, we suppose that Cy = K[z]
is endowed with the wrlo (Assumption 4.9).

Recall also that 9y : Co = K[z] — K[z]/I(L) is defined to be the natural projection
onto the quotient ring (see Definition 3.7). Observe that we may interpret C,, = 0 and
On =0.

Let us define a monomial ordering on each module Cy, of the Cyc complex.

REMARK 6.3. Recall that the elements of the enumerated free basis B, of the free
module Cy are denoted by ey 1,..., ek, where ry = rank(Cy) = |Cyc,, 11| Their
images under 0y, are denoted by fr_1.1,..., fe—1,r, With fr_1; := Or(ex,;) (Defini-
tion 3.3). Let

Gr—1:= 0(Br) = {0k(er,1),- - Ok(err )} = {fo—11,- s fo—1,m } C Ci1.
By Assumption 4.9, we endow Cy = K]z] with the wrlo. Using Definitions 5.2, where
Go = 01(By), with By a basis of C; and 91 : C; — Cp, we endow C; with the
monomial ordering induced by the one in Cy and the subset Gy. Taking into account
that Gx—1 = 0k (B), with By a basis of Cy and 9y : Cx, — Cg—1, we can proceed
recursively, and endow each Cj with the monomial ordering induced by the one in
Cj—1 and the subset Gj,_1.

NoOTATION 6.4. With the notations as above in Remark 6.3, set
b LCM(Lm(9y(ew,;)), Lm(k(ex,i))) _ LOM(Lm(fr—1,5), Lm(fr—1,))
Lt(9k(eri)) Lt(fe-1.)
Similarly to Notation 5.4, M;(Gr—_1) are the monomial ideals of A = K[x] defined as
follows: M;(Gk—1) =0, and for each i = 2,..., 71,
M;i(Gr-1) = (Lt(fr—11), -, Lt(fr—1,i-1)) : Lt(fr—14) =
<Lt(fk—1,1)> : Lt(fk—l,i) + <Lt(fk—1,i—1)> : Lt(fk—l,i) = (mlf,ia e ,m§—1,i)~

Note that, if Lm(fz—1,;) and Lm(fz—1,;) are two monomials of C;_; which are multiple
of different basis elements, then (Lt(fr—1;)) : Lt(fr—1,) = 0. In such a case, we
understand mfl = 0 (see Definition 5.1)

NoTATION 6.5. We will prove Theorem 6.1 by induction on the degree of the com-
ponent of the complex. We specify now the statements to be shown.
Statement Hy:

(a) Go =01(By) is a Grébnerl)asis of ker(9p) C Co.
(b) Lt(0:(C,C)) = (=1)°2°C(C u 0), for each (C,C) € By.
Statement Hy, for 1 < k < n — 2 (recall that n > 3):

(a) G, = Ok41(Biy1) is a Grobner basis of ker(d;) C Ci w.r.t. the monomial
ordering defined as in Remark 6.3.

(b) Lt(Or1(I1,- .-, Iky2)) = (1) Falesi=Iev2 (I o0 Iy g Ul yo), for each basis
element (I1,...,lg+2) € Brt1-

Statement H,,_1: 0,,_1 : Cp_1 — Opn_o is injective.

REMARK 6.6. We already know that Hy holds. Indeed, by Corollary 4.18, Gy =
01(B1) is a Grobner basis of Im(9;) = I(L) = ker(dp). Moreover, by Lemma 4.10,

Lt(01(C,C)) = Lt(fo) = me = 297¢ = (-1)°%2“~C(C U 0),

where, according to Definition 3.3, (CUC) = ([n]) is identified with the unit element
of Co = K[x]
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REMARK 6.7. If H,,_o holds, then H,,_; holds. Indeed, for each i = 2,...,7,_1,
the basis element e,—1,; = (I1,...,I,) € B,_1 is a cyclically ordered partition of
[n] into n blocks, with n € I,,. Thus, (I1,...,L,) = ({i1},...,{in=1},{n}), where
{i1,...,in—1,n} = [n]. Any different basis element e,_1; € B,_1, with 1 < j < 1,
will be of the same form: e,_1; = ({j1},...,{jn-1},{n}) € B,_1. By part (b) of
Hn—Za

Lt(frn—1,) = Lt(On-1(en—1,)) =
(_1)n—2x1n71—>{n}({i1}7 SERE) {in*2}7 {in*b n})

and, similarly,

Lt(fn-1;) = Lt(On-1(en-1,5)) =
(_1)n_2xJn71_>{n}({j1}7 ceey {jn72}7 {jnfla TL})

One sees that, since e,,_1; and e, _; ; are different, then Lt(f,_1,) and Lt(f,—1, )
are multiple of different basis elements. Thus (Lt(f,—1,;)) : Lt(fn—1,) = 0 and
M;(Gp-1)=0,foralli=1,...,7,_1 (see Notation 6.4). By Theorem 5.5, we deduce
that ker(d,—1) = 0.

REMARK 6.8. If Hy holds, for every kK = 0,...,n — 1, then Cg is an exact complex.
Indeed, by Remark 6.6 above, Im(0;) = ker(dg). For 1 < k < n — 2, by part (a) of
Hk,

Im(0k+1) = (Ok+1(Bi+1)) = (Grobner basis of ker(9)) = ker(9g).

Finally, by definition, d,, = 0, so Im(9,,) = 0. On the other hand, 9, is injective by
H, ;.

PURPOSE 6.9. In the light of Remarks 6.6, 6.7 and 6.8, the proof of the main theorem
is reduced to show “Hy_1 = Hy, for k=1,...,n —2"

Before that, we need two important results. These are presented in the next two
sections.

6.2. IDENTIFYING SUPERFLUOUS MONOMIAL GENERATORS OF THE MODULE QUO-
TIENTS. Given a basis element ey ; = (I1,...,Ix, [x+1) € By, we want to identify
superfluous elements mf in M;(Gg—1), where 1 < j < i < r (recall Notation 6.4
and Remark 5.6).

N

LEMMA 6.10. Fizx an integer k, with 1 < k < n — 2. Suppose that Hy_1 holds. Fix a
basis element ey ; = (In,..., Iy, Ix41) in Bg. Let ey ; = (J1,...,Jk, Juq1) € By, for
some 1 < j <1t <rg.

(a) If for some 1 < s <k—1, Js # I, then m?l =0.
Suppose, on the contrary, that ex; = (I1,...,Ix—1, i, Je41), so that Jy U Jpqp1 =
I U g

(b) Then,

m .

f,i — (_1>k—1x(Jkﬂ1k—>Jk+171k+1)+$JkﬁIk+1—>Jk+1 )

In particular, if Jx 2 I, (and so Jx+1 C Ixy1), then

(29) mf; = (~)F e,
(¢) If Ji 2 I, let 1 <1 < j be such that ex; = (I1,. .., Ix—1, Jg ULy, Jo41 N Igt1).

Then m¥, | mfi, so mk, is superfluous.

7t
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Proof. Note that (a) is vacuous if k¥ = 1. So, suppose momentarily, that & > 2 and
that Js # I, for some 1 < s < k — 1. By the hypothesis that Hy_; holds, we have
that

(30) Lt(ak(ek’j)) = (—1)k_1$‘]’“_>‘]k+1 (Jh ey Jel, Jp U Jk+1)
and
Lt(&‘k(ek,i)) = (71)k71.’£1k4)1k+1 (Il, cey I g, I U Ik+1),

where (J1,..., JyUJg+1) # (I1, ..., IxUIg41). Then (a) follows from the fact that the
least common multiple of two monomial terms is zero provided the two basis elements
involved are different (see Definition 5.1, (2)).

Suppose that ex; = (I1,...,Ig—1, Jk, Jot1), with Ji U Jgy1 = I U Ix4q. Note
that this means that (Ji, JJy+1) and (g, Ix+1) are each partitions of the same set
Je U Jkp1 = Iy U Iyq1. Now the two basis elements involved in Lm(dx(ex,;)) and
Lm (9 (ek,i)) are the same (see (30) above). Therefore, using Definition 5.1, (2), again:
mk = LCM(xJk_)J’“+1,LL'I’“_)I’“+1)(I17 oIy, Iy U Ik+1)

7 (—1)]6_133[’“%[’“‘*'1([1,...,Ik_hlkUIk+1)
LCM(JI‘]’“H‘]’“*HII’CHIWA)
= (—1)F—Tgh—Tin

Now, using (15), we see that

:L‘Jk_>-]k+1 — xJank%JkJrlikﬁIkJrl—)Jk{»l and

ka‘)Ik«#l — :L.kalkg)lki»lxtlk«#lﬂlkﬁlkﬁ»l
Thus
Je—Jk Iy —1Iy,
LCM(z oy +1)
— LCM(kaﬂIk*)Jk_'_lx.fkﬁlk_'_l*)']k_*_l , I‘]kmlkﬁlkﬁ—lI‘]k+1mlk4)1k+l)
— LCM(xkaIk_)Jk+l7xkaIk_)I/H»l)xjkm1k+1_>Jk+lx‘]k+lm[k_>[k+l.

Recalling (17) in Notation 4.12, we deduce:

LCM(IJK'*}J)C*’I , lrlk‘)Ik«l»l)

— (_1)’6711‘(']160[1«‘}‘]164»1>Ik+1)+x']kmlk+1‘>=]k+l .
(_1)k*1$1k—>1k’+1

)+

In particular, if Jp 2 Iy, then Jyyq € Txpq and (0 k=Jkt1:e00)" — 1. Therefore

m‘];’i — (_1)k—1xJkﬂIk+1—>Jk+1.
This proves (b). Suppose now that Jx 5 Ix, s0 Jp+1 & Ix+1 and Jer1 N Ipr1 © Jpi1.

Let 1 <1 < j < i besuch that ex; = (I1,...,Ix—1, Jx U It, Jg+1 N Ix41). Using (D),
we have that:

and

m;{}l (71)kflikﬂIk+1*>Jk+1mIk+1

m§7i — (_1)k71m(‘]k01k‘>=}k+17Ik+1)+z']kﬂlk+1‘>=]k+l .
In particular, mf’i divides mﬁi, which proves (c). d

The following is an easy remark but will prove to be very useful in organizing the
basis elements of By.
REMARK 6.11. Fix an integer k, with 1 <k <n —2. Let ex; = (I1,..., Iy, Ix41) be
a basis element of By, where 1 < ¢ < 1. Set

Bii={(1, ., Ih—1, I, Jiy1) € By | Jp 2 I}

The following conditions hold.
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(a) The set By, is empty if and only if Iy = {n}. (For instance, for the first
basis element

€k,1 = ({k7 sy — 1}7 {k - 1}’ ceey {2}7 {1}7 {n})
of By, considering the srle, we have By 1 = @.)
(b) The cardinality of By ; is |By. ;| = 2//++11=1 — 1. (This formula holds trivially
if Iy ={n}.)
(¢) If By # @ and ex; = (I,..., Ix—1,Jk, Jpt1) in Bp,, then 1 < j < 4.
Moreover By j C By ;-
(d) If By; # @, let gk : B,i — Br11 be defined by
oki(ery) == (Iny s Iy Ji N iy Jiyr)s
while if By ; = &, we set o ;(Bk,;) = @. Then g ; is well-defined and injec-
tive.
(e) If i # j, then gg ;(Bk,) and o ;(Bs,;) are two disjoint sets.
(f) Then Bit1 = Uk, 0k,i(Bk,i). In particular, rpp1 =Y .5, B

Proof. Suppose that I11 = {n} and let (I1,...,Ix—1, Ji, Jp+1) € Bi, with J D I.
Then

JeU ey = [ NUZHL, = T, U Ty = I, U {n}.

Since n € Jj41, it follows that J, = Ij, and so there does not exist any element in By, ;.
On the other hand, if Iy11 2 {n} and m € Ij4; with m # n, just take J, = I, U{m}
and Jyy1 = Iy1 ~ {m}. Then (I1,...,Ix_1, Ji, Jr+1) is in Bg,;. This proves (a).

Suppose that By, ; # @, i.e. Iy41 2 {n}. So I C [n—1] \U’;;llls. Then the elements
(I, ..., Ix—1, i, Je+1) of By, are in one-to-one correspondence with the non-empty
subsets Ji \ I of the set [n — 1] ~ UX_, I, = I} 11 ~ {n}. This proves (b).

Let ex; = (I1,. .., Ik—1, Jg, Jk+1) € Bi, that is, Jy 2 Ij. Then, according to the
srle, ey ; precedes ey ; and so j < i. Moreover, if ey, = (I1,...,Ix—1, Hy, Hy11) is in
By j, then Hy 2 J 2 I, and so ey, € By ;. Furthermore, ey, ; € By ;, but e j & By ;.
This proves (c).

Clearly, if ey ; = (I, ... Ig—1, Jiy Jig1) € Bi,i, then Ji 2 I, and J, N I, # O.
Thus g,;(ex,;) is indeed in Byyqi. Take ey ; = (I1,...,Ig—1,Jk, Jy+1) and egp, =
(Il, PN 7Ik—1aHk7Hk+1) in Bk,i such that Qk,i(ehj) = kai(ehh). Then Jk—i—l = Hk+1
and, so J = (Jk UJk+1) N Jp41 = (Hk UHk+1) N Hyy1 = Hg, and €k,j = €k,h, which
proves (d).

Next we prove (e). Let ey ; = (I1,..., Ik, Ip41) and eg j = (J1,. .., Ji, Jot1), with
By, # @ and By ; # @, respectively. Suppose that ey , = (I1,..., Ix—1, P, Pst1) is
in By, and exq = (J1,..., k-1, Qr, Qrt1) is in By ;. Suppose also that g (e ) =
ok.j(ekq). Then I, = Jg, for s = 1,... k. In particular, I41 = [n] ~ UF_ I =
[n] \UF_,Jg = Jii1. Thus eg; = eg ;. The rest follows by (d).

Finally, we prove that (f) holds. Consider (Hq,...,Hk12) € Bri1. Let us find
two basis elements ex; = (I1,...,Ix+1) € By and eg; in By, so that ey ; =
(I, Ip—1, Ji, J+1), with Ji 2 I, and such that

(Hi,...,Hpyo) = orileny) = (Ins -y Iy Jio N Iy Jig1).

This forces Is = Hg, fors = 1,...,k, Jy~I = Hpy1 and Ji11 = Hyqo. Therefore I 11
must be equal to [n] N U*_ I, = [n] \U*_ H, = Hyy 1 UHy o and Jy = [, U Hyyq =
Hy, U Hy 1. Thus, both

ek = (Il,. .. 7Ik,-[k+1) = (Hl,. . .,Hk,Hk+1 U Hk+2) € B and
ey = 1, Ity Jiy Jpg1) = (Hy, oo, He—1, Hy U Hyyq, Hy12) € Biy,
are uniquely determined by (Hi, ..., Hgi2) € Bit1. O
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Having in mind Notation 6.4, Theorem 5.5 and Remark 5.7, then the preceding
Lemma 6.10 and Remark 6.11 can be summarised as follows. Note that Lemma 6.10
discards elements méﬂ which are known to be superfluous for certain. However, it
does not ensure that we have discarded all of them. In fact, we will see that this is
precisely characterised by the digraph G being strongly complete (see Corollary 6.16).

PROPOSITION 6.12. Fiz an integer k, with 1 < k < n — 2. Suppose that Hy_1 holds.
For each i = 2,...,rk, then

{m}; | ex; € Br.i}

is a generating set for the module quotient M;(Gr—1). Let Ti(er,i,exr,;) stand for a
T-5yzygy associated to the S-vector of fy—1,; = Ok(ex,:) and fr—1; = Or(ex,;), where
ek € Bii. Then there is a Grobner basis of ker(9x) C Cy (w.r.t. the monomial
ordering on Cy induced by the monomial ordering on Cx_1 and the Grobner basis
Gg—1) of the form

Tk
(31) U {7e(er.irerg) | exs € B}

=2
The cardinality of this Grobner basis is Y _.*o|By,i|, which coincides with 111, the
rank of Ci41.

Proof. Indeed, Lemma 6.10 ensures that in order to find a generating set of M;(Gr—1)
we only need to consider the mfz with ey ; € By;. By Theorem 5.5 and Remark 5.7,
we deduce that indeed there is a Grobner basis of ker(dy) of the form (31).

By Discussion 5.3, we know that if 75 (ex,er,;) = Tk(ek,p,€r,q), then ey ; = e,
and ey ; = eg 4. In particular, the union in (31) is of disjoint sets and

{7k (er,irer ) | exj € Br,i}l = [Brl-

Thus, the cardinality of this Grobner basis is >.*,|B;|. By Remark 6.11, (f),
SoitolBril = Try1 O

REMARK 6.13. With the notations above, if G is strongly complete or, equivalently,
if L is a PCB matrix, then

|Br.il = [{m}; | ex.; € Br.i}l.

For in the strongly complete case, the map By; — Cr—1 defined by ey ; — mfz

is injective. Indeed, if ey ; € By, then m;i = (=1)kLgpZen k1= Tks (see (29) in
Lemma 6.10), where ex; = (I1,...,Ip41) and ex; = (I,..., Ix—1, Jk, Jr41), with
Ji 2 Ii. Since a;; > 0, for all 7, j, it follows that mfl determines J; N I41. Hence
Jie = (SN 1) U(JpNIpq1) = [ U(Jg NIy ), and so Ji4q and hence ey, ; are uniquely

: k
determined by mj ;.

6.3. THE IMAGES OF BASIS ELEMENTS ARE SYZYGIES ASSOCIATED TO S-VECTORS.
Let us show that the differential 041 of the Cyc complex maps each basis element
of Biy1 to a 7-syzygy associated to an S-vector, up to a + sign (see Discussion 5.3 ).

PROPOSITION 6.14. Fiz an integer k, with 1 < k < n — 2. Suppose that Hy_, holds.
Fiz a basis element (I, ..., Ixyo) in Bry1. Then

Ort1(I1, .- s Tur2) = —Tr(enir exj),

where ek = (Il, cooy Iy U Ik+2) and €k = (_[1, o Iy U I}c+1,Ik+2). That is,
—Okt1(L1, .., Ixs2) is a T-syzygy associated to the S-vector of fr_1, = Or(ek,) and
Jre—1,5 = Or(en,;)-
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Proof. Note that, according to the srle, ey ; does indeed precede ey, ; (see Remark 3.1)
and it follows from the definition that ey ; € By ; (see Remark 6.11). By Definition 3.3,
we have:

Opp1(1, o, Diya) =(=D)F a7 21, Ty U yo)
+ (=Dt le e LU Ty, o)
k—1
+Y (0 el e (L L U T D)
s=1
— glrr2=h (12, coos Iy, 1 U Ik+2).
Set ek j, = (I1,...,Is Ulgq1,..., Ixq2), for some js, with 1 < j1 < -+ < js < --- <
Jrk—1 < j <. Moreover, set ex; := (I, ..., Ip41, 11 U Ipq2), for some I € {1,...,74}.
Then
(32) Opy1(I1,... Iky2) = (—l)kxj’““_}l’“”ek’i
k-1
+ (—1)k_1.1‘1k—>1k+16;€7j + Z(—l)s_lxls—>1'§+lek,js _ xlk+2—>llek7l.
s=1

Since Oy, 0 Og41 = 0, and Ok (ex,u) = fr—1,u4, for each u, we obtain:

(33) (=DF bz g o ()R plem gy
—1
= (=)t gy gtk hog

'
—

Let us see that the left hand side of (33) coincides with the S-vector of fx_;,; and

Jr—1-
Since Hy_1 holds, we have

Lt(fk—1,5) = Lt(9x(ex ;) = Lt (O (L1, - -, Ix U Ipt1, I42))

= (=) tghChen =2t (1 LU Ty U Tiyo).
Similarly,
Lt(fr_1.4) = Lt(Ox(er)) = Lt(Op(I1, . .., Ir1 U Tpi2))
= (=)l eVl (1 LU Ty U Tyo).
Then

LOM(Lm(fx—1,5), Lm(fr—1:))
= LCM g/ e Dtz g lu= oWl y (1 0 U Ty U Do),
Using (15) in Notation 4.12,

kaUIk+1‘>Ik+2 _ mIkHIk+21.Ik+1H1k+2 and l.fk%IkJrlUIkJrQ _ mIkHIkJrlmIk%IkJrz.

Therefore,

LCM(xlkUIk+1_)Ik+2 ka_>Ik+1U1k+2) _ xfk—>1k+2m1k+1—>lk+2xlk—>1k+1
R .

Hence

IeUlgp1— Iy ol —Tp41Ulg 2
mk. = LCM(Q: i >z ’ ’ ) = (71)k71z1k+14)1k+2
75 (_1)k—1$1k—>1k+1ulk+2 )
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and, similarly, mﬁj = (=1)*~1lalk=>Ir+1 Therefore, the S-vector of fy_1,; and fr_1;
is equal to

S(fk—1,i7 fk71,j) = m?,ifkq,i - m?,jfkq,j
_ (_1)k_155]k+1_>1k+2fk71,i _ (_1)k_1$1k_>1k+1fk71,j;
which is the left hand side of (33).
Now, let us prove that the right hand side of (33) is a standard expression for
the S-vector S(fr—1,, fe—1,;) w.r.t. the Grébner basis Gr—1 = {fe—1,1,- -+ fo—1,r }»
with remainder zero. Note that Gx_; is indeed a Grobner basis of ker(9x_1) due to

hypothesis Hy_;. First, observe that the only coincident terms among the summands
of

k k=1, Ij 41— Tk k k—1_Ip—I
miifr—1 = (1) and mg i feo1y = (17T 2 TR f
are precisely the leading terms. Indeed:

mb feors = (D) el e f = (—D)M e T 2 (e )

= (=) el 29y (I T U Tiyo)
k—1
(34) = (—))ktglen ol Y gyl Loy
s=1

co IsUTgyq, oo Tepr U lgo)
+ (=)l b (L)l e lee Ui (1 LU T U Tgo)

(—1)k_1w1k+1_>1k+2$1k+1U1k+2_>Il (127 e, iUl U Ik+2)

whereas

my i fr-1 = (DT f = (FD)F T T 0 e )

= (=) eI g1, . I U Dy, Tgo)

k—2
(35) = (—D)Ftalem e N )yl (L
s=1
v I Uy, Iy ULy, Iiy2)
+ (—1)k_1$I’“_>Ik+1 (—l)k_QLL'Ik*l_)IkUIkJrl (Il, oy Iy 1 U U I}C+1, Ik+2)
+ (=)t e (Rl IO = D (LU Ty U T )
— (—0)f el g =l (L T U T, T U o)

Excluding the (underlined) coincident leading terms (note that hypothesis Hy_;
holds), the basis elements involved in (34) end either in It 11Ul o or else in [yUT; U
Ij1 o, while the basis elements involved in (35) end either in Ij1o or else in Iy U I yo.
Therefore, the S-vector of fr_1; and fr_1,; cancels the leading terms of these ex-
pressions, but no other summand of m?l fr—1,: is cancelled by any other summand of

mf’jfk_u. In particular,

(36) Lin(S(fo-1,i fr—1,5)) = Lm(m?,; fu1 — Lt(m", fu_1,)).
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Now, we need to identify the leading monomials of the summands on the right
hand side of (33). For 1 < s < k — 1, since the hypothesis Hy_; holds,

(37) Lm(zs 7wt fir ;) = 27 Lim(Og ey, 5,))
= ol Lm0y (Ih, ..., I, U Toyq, ..., Inyn))
=glebnglen =l (1 LU Ly, Ty U Tiya).

Similarly, the leading monomial of the last summand on the right hand side of (33)
is:

(38) Lm(ﬁclﬁ&ﬁ[l fk—l,l) = :III’“+2ﬁIlLH1(8k(€kJ))
= P2 L (g (T2, .+ Dey1, [ U Tig)
= Z‘IkJrz_ﬂl xlkal_}IlUlkaQ (IQ, . 711 @] Ik+1 U Ik+2).

All the monomials terms in (37) and in (38) appear in (34) and are different from
the underlined leading term Lt(m%,fi_1,). (By (15), afs+>7hgplen=hUlee —
xlk+1‘>1k+2x1k+1U1k+2‘>Il.) Thus

(39) Lm(m?, fr—1i — Lt(m  fro1,)) = La(x™ 70 fr g ;) (™27 0y ).

Concatenating (36) and (39), we deduce that the right hand side of (33) is indeed a
standard expression for S(fr—1,i, fv—1,;) with remainder zero and w.r.t. the Grobner
basis Gj_1.

Hence, the corresponding 7-syzygy 7 (ex,:, ek, ;) associated to the S-vector of the
elements fr_1; = 3k(€k,i) and fr_1,; = 8k(€k,j) is

(40) Tilen,iser,g) = (1) taln 2 heze,
k—1
_(_1)k71x1kﬁlk+16k,j _ Z(_l)sflxlsﬁlyrlek,js 4 $1k+2*>116k,l-
s=1

Comparing (40) with (32), we get Opy1(l1,..., Ix12) = —Ti(exri, exr;), the desired
equality. O

As an immediate consequence of Proposition 6.14, we get the following result. The
second part can be seen as a natural generalisation of Lemma 4.14.

COROLLARY 6.15. Fix an integer k, with 1 < k < n — 2. Suppose that Hy_1 holds.
Then
(a) Lt(Opg1 (I, Digry Digo)) = (D) kaleer =Dz (I 000 T, Tyq U Ign).
(b) Moreover, the restriction of the map Og41 : Cxy+1 — Ci over the basis set Byy1
is injective. In particular, since Gy := Og+1(Bgt1), then
|Gr| = |0k41(Brg1)| = [Bry1| = rrq1-

Proof. By Proposition 6.14, and with the notations used there, and by (28) in Dis-
cussion 5.3,

Lt(Ok+1(11,- - It2))

—Lt (7 (en,is er,5)) = —m jer.s
= (—1)(—1)k_1x1k+1_>1k+2 (Il, vy I U Ik+2>

= (=D)kpln Ttz (10 Ty U Tiga),

which proves (a).
Suppose that dg41(I1, ..., Ix+2) = Okt1(J1,. .., Jpt2). Hence their leading terms
coincide. Using the first part (a), it follows that

(—D)falen =tz (1 T Dy U Do) = (= 1)F a0 702 (0 T, T U Jig).

Algebraic Combinatorics, Vol. 1 #2 (2018) 317



LiaM O’CARROLL & FRANCESC PLANAS-VILANOVA

Therefore, I, = J,, for every 1 < s < k, and moreover, I11 U Ixio = Jrr1 U Jkio.
Consider the summand

(—1)Ftale oo (1, Temy, I U g, Tigeo)
of Og+1(11, ..., Ixy2), preceding the leading term and different from
—plere 2l Ly [ U D)

(see (5) in Definition 3.3 and Remark 3.4). On the one hand, this element coincides
with

(=) tale= T (g ey, T U Ty, Tigo)-

On the other hand, this element must coincide with a summand of 9y1(J1, ..., Jpt2)-
It follows that either I, Ul 11 = JpyUJg41 and Igyo = Jgya, or else, IxUl; 1 = Ji and
Iy = Jiy1UJgyo. However, the second case cannot occur, because, since I, = Ji, it
would follow that I = &, a contradiction. Thus the first case holds, which clearly
implies Iy = Ji+1 and Igio = Jiyo. O

6.4. PROOF OF THE MAIN THEOREM. Now, we have all the ingredients to prove
Theorem 6.1.

Proof. Acording to Purpose 6.9, we have to show “Hy_; = Hy, for k=1,...,n—2".
So fix an integer k, with 1 < k < n — 2 and suppose that Hy_; holds. Let us prove
that Hy holds. By Proposition 6.12, we know that there is a Grobner basis Gy, say,
of ker(9y) of the form:

~ Tk
(41) Gr = U{mk(eri ers) | exj € Bri}-

i=2
This is a Grobner basis of ker(dy) w.r.t. the monomial ordering on Cj induced by the
monomial ordering on C;—1 and the Grobner basis G;—1 (see also Remark 6.3). Note
that Proposition 6.12 ensures that the cardinality of Gy, is rg41.
In Proposition 6.14, we have shown that, for any (I1,..., Ixt2) € Brt1,

Ort1(I1, .- Tu2) = —Tr(enir exj),

where er; = (I1,...,Ip41 U Ipq2) and ey = ([1,...,15 U Ipq1, Ipy2). That is,
—Ok41(I1, ..., Ix+2) is a T-syzygy associated to the S-vector of fr_1,; = Ok(ek,;)
and fy_1,; = Ok(ex,;). In other words, any element of —Gy = —0k41(Bk41) is an
element of Gj,. Observe that, by Corollary 6.15, (b), the cardinality of Gy, is also rgy1.
Since the set —G} is included in the Grobner basis G‘k of ker(9d), and both G and
G have the same cardinality, it follows that Gj, = Ok+1(Bi+1) is a Grobner basis of
ker ().

(To avoid the preceding discussion using cardinalities, we can argue as follows.
Take 71 (ex,s, ex,j), any element in Gy: that is, a T-syzygy associated to the S-vector
of fr—1,; = Or(er;) and fr_1; = Ok(ex;), with ex; € By ;. Remark that, by Dis-
cussion 5.3, both basis elements ey, ; and ey ; are uniquely determined by the syzygy
Tk(e;gﬂ', ek,j). Write ey ; = (I1,..., Iy, Ix1q) and ek,j = (I, oy Ig—1, Jiy Jig1), with
Ji 2 Ij. Consider the map oy ; : Bi; — Biy1 introduced in Remark 6.11. Take the
element

or,ilen;) =1, Iu, Jo ~ Iy Jor) =1 (Hu, oo o, Hyy Hgg1, Hig2) € Biya

Observe that Hs = I, forall s = 1,...,k, that Hgx41 = Jp~\ I and that Hgyo = Jiy1.
Thus Hxyr1 U Hiyo = (Jp N~ Ix) U Jgr1 = gy and Hy U Hiq = I U (J N I) = Ji.
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Hence

(Hy,...,Hyy Hyy1 U Heqo) = (I, -, Iy Ipg1) = e and
(H17' . '7Hk?717Hk UH}C+17H]€+2) = (117‘ .. 7Ik717Jk7Jk+1) = ek:,j'

Then, by Proposition 6.14 again, Ox+1(0k,i(ek,;)) = —Tk(€k, ek, ;). That is, any ele-
ment of Gy, is an element of —Gj, = —0k+1(Bg+1). In conclusion, Gy, = 9g+1(Br+1)
is a Grobner basis of ker(dy).)

Since Hy_; holds, it follows that part (a) of Hy also holds (recall Notation 6.5).
Part (b) of Hy, follows from Corollary 6.15, (a), and the hypothesis that Hy_; holds.
This completes the proof. O

We characterize now when Cg is a minimal resolution of Kz]/I(L£). This result
generalises the first main result in [18], namely Theorem 2 there. In a follow-up paper,
we shall investigate applications of our results, beginning with generalisations of the
remaining results of [18], before branching out more widely.

COROLLARY 6.16. Let G be a strongly connected digraph or, equivalently, let L be an
ICB matriz. Let Cg be its associated Cyc complex. Then

Ot Cp1 = K[z]™ 1 « 0,

is a minimal free resolution of Klx]/I(L) if and only if G is strongly complete.

Proof. Suppose that G is strongly complete. That Cg is a minimal free resolution of
K[z]/I(L) follows from Theorem 6.1 and Remark 3.10.

Conversely, suppose that Cg is a minimal free resolution of K[z]/I(L£). Consider
i,j € [n — 1] with ¢ # j, together with a basis element of the form

({i} st I3, - Ing1) € B

Then +x]"’ appears as a coefficient in the expression for 9y ({i}, {j}, I3, ..., Irs+1).
By hypothesis, ;" € m, and it follows that a; ; > 0. Similarly, a;; > 0.
Next consider a basis element of the form (Iy,...,Ix—1,{i},{n}) € By. A similar

argument shows that a; ,, > 0.
Finally, consider a basis element of the form ({i}, I2,..., Iy, {n}) € By. Again, a
similar argument shows that a, ; > 0, and the result follows. O

6.5. MORE ON ENUMERATIONS. Since Okt : Bix+1 — Ck is injective, it is natural to
consider in di41(Bgk+1) the enumeration inherited by the srle enumeration of By
(see Corollary 6.15, (b)). This is not a minor matter as regards this paper. Indeed, to
choose a “correct” enumeration in By, and hence in Gx_; = 9% (Bg), has been seen to
be crucial in the proof of Lemma 6.10 and hence in the proof of the main theorem,
Theorem 6.1. In the light of this comment, the next remark (and Remark 6.18 below)
may help to clarify ideas.

REMARK 6.17. Let us consider in Og41(Br41) the enumeration inherited by Bj41.
On the other hand, let us also consider in T := [J:*o{mx(ex,i,er,;) | €r,; € Bii}
the enumeration defined in Remark 5.8 (where Y is possibly larger than the set of
syzygies considered in Remark 5.8). Then both enumerations agree, considering that
—O0k+1(Br+1) = T (see the proof of Theorem 6.1).

P?"OOf. Let Ck+1,0 = (Il7 - ,Ik+2) S Bk+1 and 8k+1(ek+1,l) = —Tk(ek’i,ek,j), with

eri= (I, .. Iy, Ipy1 Ulpyo) and e ; = (In, ..., g1, I U Tigr, Iit2).
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Analogously, let exy1,, = (Hi, ..., Hip2) € Biy1 and Oxt1(ext1,h) = —Tr(€kp, €k,q)s
with

€kp = (Hl,.. Hk,Hk+1UHk+2) and €k,q = (Hl,. .kal,HkUHk+1,Hk+2).

(See Proposition 6.14.) Suppose that Ox11(ex+1,,) precedes Oxy1(ex+1,1) in the inher-
ited enumeration by By 1, that is, ex41,5 precedes egy1 ;. By Remark 3.1, there exists
an integer s € {1,...,k+1}, such that Hy = I1,...,Hs_1 = I,_; and H; precedes I;.
If s <k, then ey, precedes ey ;. If s =k + 1, then ey, = e;; and ey 4 precedes ey ;.
Therefore, 7 (ex,p, €x,q) precedes Tx(ek ;, ek ;), according to the enumeration consid-
ered in Remark 5.8.

Conversely, suppose that 7 (ex p, ex,q) precedes i (ex . ex ;). If eg p precedes ey ;,
then there exists an integer s € {1,...,k}, such that H; = I;,...,Hs_; = I;_; and
H; precedes I,. This clearly implies that ey 5 precedes eg41,;. On the other hand,
if ex, = er,; and ey precedes ey, then, since Hy = I,...,Hy = Ij, necessarily
H, UHj1 precedes I, Ul 1. But, since Hy = I, it follows that Hy41 precedes Ij 11
and so epy1,5 precedes egi1,1, and Oxy1(ext1,n) precedes Opt1(€p+1,1)- O

REMARK 6.18. If we attempt to prove Theorem 6.1 by means of Theorem 5.5, only
now using an alternative but seemingly natural enumeration of the basis elements of
the successive free modules in the resolution, we can find that the module quotients
M;(Gr—1) have an ‘excessive’ number of generators, and as a result, the free resolution
we obtain is no longer the Cyc complex.

For example, consider the n x n PCB matrix L considered in [18, Example 1, 3]:

J—-1-1-1
-1 3-1-1
L= -1-1 3-1
-1-1-1 3

Here v(L) = (1,1,1,1). Thus each variable z,y, z,t is given degree 1 and we endow
A = Klz,y, z,t] with the (weighted) reverse lexicographic ordering (see Assump-
tions 2.7 and 4.9). Now, instead of enumerating according to the srle, we enumerate
Cyc, 5 as follows (see Example 3.2):

Cyey, = {(1,234),(2,134), (3,124), (123, 4), (12, 34), (13, 24), (23, 14)}.

Note that in Corollary 4.18, the enumeration considered in B is not essential for its
proof. Thus it follows that Go = {fo,1, fo,2, 0,3, fo.4, fo,5, fo.5, fo,6, fo,7} is a Grébner
basis of I(L), where
fo,1 =0 €1,1
fo2 =01(e12
Joz =01(e13

(e1.1) = 81(1,234

(e1,2)

(e1,3)
Joa = 01(e1,4)

(e1,5)

(e1,6)

(

(1,234) =
01(2,134) =
01(3,124) =
01(123,4) = L—t?’,
01(12,34) = 2%y* — 2242,
( )
( )
) =

- th7

ol
£ — xzt,
j - xyt,

f0,5 =0 €1,5
Joe = 01(e1e
fo,7 = 01(e1,7)
It is a simple check to see that (M7(Gp) = 0):

MQ(GO) = (Ig) ) MB(GO) = (‘T Y ) ) M4(GO) = (x27y2722) )
M5(Go) = Ms(Go) = M7(Go) = (z,y,2) = m.

—z
01(13,24 =222 thand
01(23,14) =y 222 222
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That gives 15 minimal generators ¢ of the ideal quotients M;(Gy), for i =2,...,7,
in Theorem 5.5. Thus the Grébner basis G of the syzygies of Gy would contain 15
elements and the corresponding resolution would begin with

0+ K[a]/I(£) « K[z] ¢ K[a]"  K[a]"0 -+,

and so it would not coincide with the complex Cp.

7. AN EXAMPLE: THE FOUR-DIMENSIONAL CASE

In this section we write down the case n = 4 just as an illustrative example. This
will enable the reader to visualise the details of the proofs of our main results for this
particular case.

Recall that, when n = 4, the complex C has the following form (cf. Example 3.8
for more details).

C:0+ Co=Klz] <~ Cy =K[z]” <2 Cy = K[z]'2 <& C3 = K[z]® + 0,

where we write K[z] = K|z, y, 2,t]. Moreover, Theorem 6.1 says that this is a free
resolution of K[z|/I(L). By Corollary 4.18, Gy := 91(B1) C Cq is a Grobner basis of
01(Cy) = I(L) = ker(dp). Using Definition 3.3 (see also Example 3.8), on enumerating
according to the srle and underlining leading terms, the elements of G are:

f071 = 81(61 1) 81(123 4) = g% 4 02,4 703,4 _ {04, 4
f072 — 81(61 2) 81(237 14) = 192, 1+a2 4,03,11a3,4 _ xal 21a1,3404,2F04, 3,
f0,3 — 81(61 3) 81(]_37 24) — pai,2taiaaz2tase %2 1Fa2,34a4,1+aq, 3
f074 — 61(61 4) 81(127 34) — p1,3tar, 4902, 3taz4 __ ,a3,1+a3,24a4,1+0a4, 2,
fos = 61(61 5) = 01(3,124) = 2933 — 1392234043
f()’e, =0, (61 6) 61(2, 134) = Y922 — p@1,2293,240%42
fo,r = 01(e1,7) = 01(1,234) = g%t — yo21 20814041,

Let us calculate the ideal quotients M;(Go) = (m} 4, ..., mi_, ;) of Notation 6.4. To do
that, we need to calculate m = LCM(Lm( fo,;), Lm( fo, Z))/Lt(fo i), for 1 <j<i<

7. By definition M;(Gy) = O The subsequent M>(Gy) is equal to (m],) = (a:a“).
To calculate M3(Go) = (m} g, mb3), observe that m}, = y2ataezsz(aai—as, 27§
a multiple of m} 3 = y®4, so it follows that M5(Ggy) = (y*24). Note that this is
consistent with Lemma 6.10 and Proposition 6.12. Indeed, e1,3 = (13,14) and

Bis={(J1,J2) € B1 | J1 2 {1,3}}.

Since {1,2,3} 2 {1,3}, then e;1 = (123,4) € By 3 and, since {2,3} 2 {1,3}, then
e1,2 € Bis. In other words, mj 5 is superfluous. The next m; ,; are presented in the

7,8
following tables:

m;; i=4 i=5

j=1 23,4 x14g02.4

j =9 y(a2.1_a2,3)+za3,1+a3,4 ya2,1+€12,4

j =3 w(a1,2*a1,3)+za3,2+a3,4 p@1,2ta1

j — 4 xa1,3+a1,4ya2,3+(l2,4
i=5

Jj=6
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1 - s

mj; 1=26 1=17

j=1 01,4 03,4 Y024 23,4

j =92 Zas,1+a3,4 y02,1+a2‘4za3,1+u3,4
j =3 ma1,2+a1,42a3,2+a3,4 Za3,2+a3,4

j =4 pd1,3+aie ya2,3+a2,4
Jj=95 2933 293,3

j=6 ye

Similarly, M4(Go) = (m1 4,mj 4,m3 ) is generated by the monomials in the column
labelled “i = 4”. But mj 4 and m3 , are multiples of m} ,. Therefore, My(Go) = (2°%*).
Again, this is consistent with Pfoposition 6.12, since e; 2 and e; 3 are not in By 4,
so they are superfluous. As for Ms5(Go), note that ej1,e12,e13 are in By s, but
e1,4 is not. Thus Ms(Go) = (xay24, y®21F92a gar2tana) Similarly, Mg(Go) =
((Eal"lza?"‘*, Za3,1+a3,4’xa1,3+a1,4) and M7(G0) — (ya2,4za3,47 Za3’2+a3*4,ya2'3+a2’4). Ob-
serve that there are exactly twelve monomial generators, while Cy is precisely the free
module of rank 12, which is consistent with the equality ro = Y %,|B1 ;| in Proposi-
tion 6.12. Concretely, the set of 12 monomial generators of the ideal quotients M;(Go)
are:

7
1
U{m;; | e1; € Bii}
i=2
(1 1 1 1 1 1 1 1 1 1 1 1
= {m1,2am1,37m1747m1,57m2,57m3,57m1,6>m2,6’m4,67m1,7’m3,7’ m4,7}~

Observe that all these m]; are different provided that L is a PCB matrix, which is
coherent with Remark 6.13. On the other hand, if L is an ICB matrix, which is not a
PCB matrix, then there may be coincidences (e.g. if a1 4 = 0 and ag 4 = 0, then m%’Q
and mj 3 are equal to 1).

Each monomial generator mjlz of M;(Gy) induces a corresponding 7-syzygy element
T1(e1,i, €1,5) associated to the S-vector of fo; and fy ;. Then Theorem 5.5 states that

{ri(er2,e1,1),mi(e1,3,e1,1), Ti(er, e1,1), (€1 e1,1), Ti(ers, e1,2), i(e1 s, €1,3),
Ti(e16,€1,1),T1(€16,€1,2), T1(€16, €1,4), Ti(€1,7,€1,1), i (€17, €1,3), Tier7, e1,4)}
is a Grobner basis of ker(d1) C C; w.r.t. the monomial ordering on C; induced by
the wrlo on Cy = KJz] and the Grobner basis Gy. Note that we have enumerated this
Grobner basis according to Remark 5.8. The proof of Theorem 6.1 and Remark 6.17
say that the following is an equality of enumerated sets:
Gy :=02(B2) = —{ Ti(e1,2,€1,1),i(e13,€1,1), Ti(era,e11), Ti(e1s,€1,1),
Ti(e15,€1,2), T1(e1,5,€1,3), T1(€1,6,€1,1), T1(€1,6,€1,2),
T1(e1,6, 61,4),71(61,7, 61,1),71(61,77 e1,3),Ti(e17, 61,4)}-
More concretely (recall Example 3.8), and underlining the leading terms (using either

(28) or Theorem 6.1):
f1,1 = 32(62,1) = 82(237 1a4>

— ya2,12a3,16171 _ 1.(11,46112 _ ta4’2+a4=36177 _ _7_1(6172, 61_’1),
fi,2 = 02(e22) = 02(13,2,4)

— xa1’22a3’2€1,1 _ y“2’4€1,3 _ ta4,1+a4,36176 =-7 (61’3, 61,1),
f1,3 = 02(e23) = 02(12,3,4)

= M3y 23ey g — 2% tey 4 — 191 T2 5 = —T1(e14,€11),
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fi,a = 02(e24) = 02(3,12,4)
= Zrtieley ) — gty ey s — 1" e = —miers, era),

f1,5 = 02(e25) = 02(3,2,14)

a2 1+a a a. _
21TA2d 0y o — g3t e) o = —Ti (€15, €1,2),

s

fi6=02(e2,6) = 02(3,1,24)

a
=2"%e12 —y

= 20le g — a2 Mde 5 —y231%%e) 7 = —Ty(e15,€13),
fi7 = 0a(ea7) = 02(2,13,4)

=yt ase, | — ghayBde o — %2 3 = —Ti(e16,€1,1),
fis = 82(62,8) = 02(2,3,14)

_ ya2,3€172 _ Za3,1+a3,461,6 _ 1’a1’2ta4’26175 -7 (61,67 6172)7

fi,0 = 02(e29) = 02(2,1,34)

=y*ley g — a3 TMAe o — 29321%2e; 2 = —71 (€16, €1,4),
f1,10 = O2(e2,10) = 02(1,23,4)

=gttt Nse) | —y24500e) p — e 5 = —Ty(e17,€11),
fi1,11 = 02(e2,11) = 02(1,3,24)

= xf3ey g — 2902 e 5 — Y21y 5 = —Ty(e17,€13),
fi,12 = O02(ez12) = 02(1,2,34)

= xf2ey 4 —y 28t O2e 7 — 2%y g = —7y(e1,7,€1,4)

Let us focus on the first equality. Since Cyc is a complex, 91(f1,1) = 91(02(e2,1)) = 0.
Hence

xa1,4al(6112) _ ya2,1za3,1al(el,1) — 7ta4*2+a4'331 (61’7).
In other words,

(42) $a1'4f0’2 _ ya2,1za3,1 fO,l — —ta4’2+a4’3f0’7.

On one hand, x4 fo o —y*>1 2% fo.1 = S(fo.2, fo,1) because mj , = 24+ and my ; =
y®212%1. On the other hand, (42) is a standard expression of S(fy 2, fo,1) w.r.t. the
wrlo on Cy and with respect to Gy, and with remainder zero. Indeed, the S-vector of
fo,2 and fy1 is defined so as to cancel the leading terms of fy 2 and fo 1. Thus on the
left hand side we have just a binomial, and hence similarly on the right hand side.
Therefore, the leading term of the right hand side must necessarily be equal to the
leading term of the left hand side. This proves that (42) is a standard expression.
One deduces that 71 (€12, e1,1) = 2% 4ey o — Y21 2% ey | + 12T %3¢ 7 is a T-Syzygy
associated to the S-vector of foo and fo1. So fi,1 = 0a2(e2,1) = —71(€1,2,€1,1), which
is consistent with Proposition 6.14 and Theorem 6.1.

The remainder of the equalities can be treated in the same manner, so we deduce
that G1 = 02(Bs) is a Grébner basis of ker(d7) and

Im(82) = <82(82)> = <7_1(61,i7 61’]') | ’L = 2, ey 7 and 617]' S Bl,i> = ker(al),

and the complex C is exact in degree 1, as shown in Theorem 6.1.

We next find the syzygies of G1 = 02(B2) = {f1,1,..., f1,12}. To do that, we com-
pute the corresponding module quotients of Notation 6.4. By definition, M;(G1) = 0.
Since the least common multiple of two monomial terms with different basis elements
is zero, it follows that M»(G1), M3(G1) and My(Gy) are zero. For the same reason,
M7(G1) = 0 and Myo(G1) = 0. Note that M5(G1) is generated by mj 5 = —z®4.
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(Remark this negative sign, which will be the reason for the negative sign in the
subsequent equality ds(es1) = —Ta(ea5,€2,4).) Next, Mg(G1) = (m]g,m3¢). Since
ea5 & Bag, then m? ¢ is superfluous. Thus Mg(G1) = (m3¢) = (y*>*). It is easy to
check that the nonzero module quotients M;(G1) are:

M5(G1) = (m] 5) = () , Mg(G1) = (mj¢) = (y*>*) ,

Ms(G1) = (m75) = (2714) , Mg(G1) = (m7 o) = (2°%4)

My1(Gy) = (mig 1) = (¥**) and M13(Gy) = (mg 1) = (2%3).
Observe that there are exactly six monomial generators, while C3 is precisely the free
module of rank 6, which is consistent with the equality r3 = >..2,|B2 ;| in Proposi-

tion 6.12. Concretely, the set of 6 monomial generators of the ideal quotients M;(G1)
are:

12
2 2 2 2 2 2 2
AUQ{mj,i | €25 € 62,1‘} = {m4,57m4,67m?,svm7,9vm10,117m10,12}-
i
Each monomial generator m?l of M;(G1) produces a corresponding 7-syzygy element
Ta(€2,i, €2,5) associated to the S-vector of fi ; and fi ;. Then Theorem 5.5 affirms that

{7'2(62,57 62,4)77'2(62,6, 62,4), 7'2(62,87 62,7),

Ta(e2,9,€2,7), T2(€2,11, €2,10), T2(€2,12, €2,10) }
is a Grobner basis of ker(d2) C C2. Again, we have enumerated this Grobuner basis
according to Remark 5.8. Moreover, Theorem 6.1 and Remark 6.17 say that the
following is an equality of enumerated sets:

Go := 03(Bs) = —{ T2(e2,5,€2,4), ™2(€2,6, €2,4), T2 (€28, €2.7),
7’2(62,97 62,7)77'2(62,117 62,10),7'2(62,127 62,10)}~

More concretely (recall Example 3.8), and underlining the leading terms (using either
(28) or Theorem 6.1):

fa1 = 0s(es1) = 03(3,2,1,4)

= 2%%2ey1 —y*leg s + ey 5 — t"%e2 9 = —To(e25,€2.4),
fa,2 = 03(e32) = 03(3,1,2,4)

= 2% leg 9 — % 2eg 4 + Y P ieg s — 1" 3eg 10 = —Ta(e2,6,€2,4),
fa,3 = 03(es3) = 03(2,3,1,4)

=y*2%eg 1 — 2% ey 7 + M leg g —t M 2eg 6 = —To(ea s, €27),
f2,4 = 83(63,4) = 83(23 17374)

=y®leg s —x3ey 7 + 2% %eg 9 — t7%e2 11 = —Ta(€29,€27),
f2,5 - 83(63,5) = 63(13 37 274)

=xMBeg9 — 2%2eg 10 + Y P teg11 — 1% ea 5 = —To(e2,11, €2.10),
fa.6 = O03(es6) = 03(1,2,3,4)

=z 2ey 3 — Y?eg 10 + 271 10 — t¥eg s = —To(e2,12, €2.10)-

Again, let us focus on the first equality. Since Cyc is a complex, O02(f21) =
82(63(63,1)) = 0. Hence

71’a1’482(€275) —+ ya2’132(6274) = 2“3’282(6271) - ta4’382(62,9).
In other words,

(43) —$a1'4f175 + ya2,1 f1,4 = 793.2 f171 _ ta4’3f179.

Algebraic Combinatorics, Vol. 1 #2 (2018) 324



Minimal free resolutions of lattice ideals of digraphs

Note that —z®4 fy 5 + y*1 f1a = S(f15, f1,4), because m3 5 = —z**4 and m§74 =
—y®*. On the other hand, (43) is a standard expression of S(fi 5, f1,4) with respect
to G'1, with remainder zero. Indeed, the S-vector of fi5 and f; 4 is defined so as to
cancel the leading terms of f; 5 and f; 4. Recall that

f1,5 — 203,261’2 _ ya2'1+a2‘46175 _ x“““t““v?’el’ﬁ,
f174 — Za3’1+a3’261,1 _ a:“"“y“?"‘el,g) _ ta4'331,47

le — y02,1za3,1€1,1 _ .,I/.61‘1‘4€1)2 _ 7561‘4‘2-1-!14,361’77

fio=y*leg g — a3 T o — 203240420, 7

Note that the leading term of 232 f; ; and the leading term of t*+2 f; g coincide with
the two summands of —z% 4 f; 5 — Lt(—x f1 5), as stated in the proof Proposi-
tion 6.14. It follows that (43) is a standard expression, so one deduces that

a a a a
To(€2,5,€2,4) = —x" ey 5 + Y P legy — 2% %ep 1 + 1" %eg g

is a T-syzygy associated to the S-vector of fi15 and fi 4. Thus, fo1 = —7e(ez5,€2.4),
which is consistent with Proposition 6.14 and Theorem 6.1.

The remainder of the equalities can be treated in the same manner, so we deduce
that Go = 035(B3) is a Grébner basis of ker(dz2) and

Im(63) = <83(B3)> = <7-2(€2,i7 627]‘) ‘ 1= 2, ey 12 and €2 € Bg,i> = ker(ﬁg),

and the complex C is exact in degree 2, as shown in Theorem 6.1.

Finally, observe that, since all the leading terms of f5 ; have distinct basis elements,
then the module quotients M;(G2) are all zero (see Notation 6.4). Therefore, there are
no syzygies among the elements of G5 and 93 : C3 — Cj is injective, from which follows
the exactness of the C complex in degree 3, which is consistent with Remark 6.7.
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