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A construction of pairs of non-commutative
rank 8 association schemes from

non-symmetric rank 3 association schemes

Akihide Hanaki & Masayoshi Yoshikawa

ABSTRACT We construct a pair of non-commutative rank 8 association schemes from a rank
3 non-symmetric association scheme. For the pair, two association schemes have the same
character table but different Frobenius—Schur indicators. This situation is similar to that for
the dihedral and quaternion groups of order 8. We also determine the structures of adjacency
algebras of the rank 8 schemes over the rational number field.

1. INTRODUCTION

From a rank 3 non-symmetric association scheme of order n — 1, we construct a pair
of association schemes (D, Q) with the following properties.

e D and Q are non-commutative, of order 4n, and of rank 8.
e D and Q have the same character tables but their Frobenius—Schur indicators
are different.

These properties are similar to the pair of the dihedral group Dg and the quaternion
group g of order 8.

In the theory of association schemes, the adjacency algebras are mainly considered
over the complex number field. In this paper, we determine the structures of adjacency
algebras of D and Q over the rational number field Q. We prove

QD=QaQa®Q® Qe My (Q),
QO=QaQaQaeQaQ(-1,—n+1),

where M3 (Q) is the full matrix algebra of degree 2 and Q(—1, —n+1) is the quaternion
division algebra.

It is known that a rank 3 non-symmetric association scheme of order n — 1 exists
if and only if there exists a skew-Hadamard matrix of order n with n = 0 (mod 4).
There is a conjecture that such a matrix of order n exists for an arbitrary n = 0
(mod 4).
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2. PRELIMINARIES

For a field K, we denote by M, (K) the full matrix algebra of degree n over K.
For a matrix M, the transposed matrix of M will be denoted by M. By I,, we
denote the identity matrix of degree n. By J,,, we denote the n x n matrix with all
entries 1.

We define an association scheme in matrix form. Let S = {Ay, ..., A4} be a set of
non-zero n X n matrices with entries in {0, 1}. Then the set S is called an association
scheme of order n and rank d+ 1 if

(1) Ay = I,
(2) %y A, = Jy, and
(3) for any 0 < i,j < d, 'A; and A;A; are linear combinations of Ao, ..., Aq4.

By definition, all rows of A; contain the same number of 1. We call this number the
valency of A; and denote it by n;. The association scheme S is said to be symmetric
if tA; = A; for all 0 < i < d and non-symmetric otherwise. The association scheme S
is said to be commutative if A;A; = A;A; for all 0 < 4,5 < d and non-commutative
otherwise. For a field K, KS = @?:0 KA; is a (d+1)-dimensional K-algebra by the
condition (3). We call KS the adjacency algebra of S over K. It is known that KS is
semisimple if the characteristic of K is 0 [5, Theorem 4.1.3 (ii)]. A representation of S
over K means a K-algebra homomorphism from KS§ to a full matrix algebra M,(K)
for some positive integer .

A subset 7 of an association scheme S is called a closed subset if er =
ny A,e1 Ai is an idempotent, where ny == >, -+ n;. A closed subset T of S is
said to be normal if e is a central element of the complex adjacency algebra CS.
A closed subset T of S is said to be strongly normal if 'A;A;A; € ®A[6T CAy for
A; € T and A; € S. It is known that a strongly normal closed subset is normal. The
thin radical of S is Op(S) = {A; | n;, = 1} and is known to be a closed subset of S.
The thin residue O%(S) of S is the intersection of all strongly normal closed subsets
of § and is known to be a strongly normal closed subset of S. For details, the reader
is referred to [5] or [2].

Now we consider the adjacency algebra over the complex number field C.
By Wedderburn’s theorem [4, 3.5 Theorem|, CS = @le M, (C) for some
t1,...,tg. The set of projections CS — My (C) (i = 1,...,¢) is a complete
set of representatives of equivalence classes of irreducible representations of
CS. The matrix trace of a representation is called the character of the rep-
resentation. By Irr(S) = {xi1,...,xe}, we denote the set of irreducible char-
acters of CS. The ¢ x (d + 1) matrix (x;(A4;)) is called the character table of
S. Since CS§ is defined as a matrix algebra, the map A; — A; is a represen-
tation. We call it the standard representation and its character the standard
character of S. The decomposition of the standard character into the irre-
ducibles is written as > cp.,(s)myx. We call the coefficient m, the multiplicity
of x.

The Frobenius—Schur indicator v(x) of x € Irr(S) is defined by

An irreducible character is said to be of the first kind if it is afforded by a real repre-
sentation, of the second kind if it is afforded by a representation which is equivalent
to its complex conjugate but is not of the first kind, and of the third kind if it is not
of the first or second kind. The following theorem is known.
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THEOREM 2.1 ([3, (7,5), (7.6)]).
(1) For x € Irr(S),

1 if x is of the first kind,
v(x) =X —1 if x is of the second kind,
0 if x is of the third kind.

(2) DCoyer(s) V)X (Ao) = #{Ai € S | 'A; = A}

3. CONSTRUCTION

Let {49 = I, 1,A1, Ay = 'A;} be a non-symmetric rank 3 association scheme of
order n — 1. Remark that n = 0 (mod 4) for such an association scheme to exist. We
will construct a pair (D, Q) of association schemes with the properties described in
the Introduction.

Set a :=n—1and b:= (n—2)/2.

The following lemma is well-known.

LEMMA 3.1.
(1) A7 = b5LA, 4 b4,
(2) A3 = B4, + 152 4,
(3) Ards = Az Ay = bAg + P51 Ay + B51 4,

Set x := (1,2,3,4), y == (1,2)(3,4), permutations of degree 4, and G = (z,y) = Ds.
We identify the elements of G with the corresponding permutation matrices, namely

0100 0100
|oo1o0 {1000

0001 Y~ looo1]’

1000 0010

and so on. The next lemma is clear by definition.
LEMMA 3.2. As matrices, 1 + x? = xy + 23y.

We keep the above notations in the rest of this article.

3.1. THE ASSOCIATION SCHEME D. We define n X n matrices by

By Lemma 3.1 and direct calculations, we have the following lemma.

LEMMA 3.3.
(1) EZQ + /211/12 +~A2A1~: aIn + blel + b/ig
(2) A3 + A3 = bA; +bAs.
(3) EA1 + AsE = FEAy + ALE = bE.

We consider a subgroup H = Cg(y) = {1,22,y,2%y} = Cy x Cy of G. It is easy to
see that >, cph =3 o g 9= Ja. We define 4n x 4n matrices by

o, =1,0h forhe H
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and
Hg =E®g+ A @gy+ Ay ® gz’y
=([,®g9)(Fol+ A ®y+ A ®2y)
=(Fol+A, @’y + A 0y)(I,®g) forge G~ H.
We will show that D := {0}, | h € H}U{u, | g € G~ H} forms an association scheme.

LEMMA 3.4. The set D is closed under the transposition and
Z Op + Z Hg = Jan.
heH geGNH

Proof. We have ‘o), = oy, for h € H, "5y = [1ay, "3y = pig3, and 'uy = pigs. Thus D
is closed under the transposition. 5 5
Since Y ey h = dec\Hg =Jyand E+ A1+ Ay = J, — I, we have ), o+

ZgEG\H pg = Jan. O
LEMMA 3.5.

(1) opop = oppe for h,h' € H.

(2) onpg = ping and pgop = pign for h € H and g € G\ H.

(3) pgpg = a0gg + bpigge + biigg s for g,g' € G H.

Proof. Tt is easy to show that (1) and (2) hold.
Suppose g,¢' € G ~ H. Remark that g¢’ € H. By ¢'2? = 2%¢', y¢' = ¢'2%y,
Lemma 3.2 and Lemma 3.3, we have

gty =L@ g)(E@ 1+ A @y+ A0 (Eel+ A 0a’y+ A0y, 09
= (I, ®g)(al, ®1+b(A; + A2) ® (1+2%) + bE® (y + 2°y)) (I, ® )
= aogy +b(A; + A3) @ g(1 + 2%)g’ + bE @ g(y + %y)g’
= aogy +b(A1 + A2) ® gg' (1 + 2°) + bE @ gg'a?(y + 2°y)
= a0,y +b(A1 + A) ® gg' (wy + 2%y) + bE © g¢'z*y(wy + =°y)
= aoyy +b(A; + A3) ® gg' (xy + 2%y) + bE ® g¢' (z + 2°)
= a0gg + Ditggra + bhggras.
Now (3) holds. O

THEOREM 3.6. The set D = {oy, | h € H} U{py | g € G~ H} forms an association
scheme.

Proof. This is clear by Lemma 3.4 and Lemma 3.5. O

We summarize basic properties of the association scheme D by Lemma 3.4 and
Lemma 3.5.

PROPOSITION 3.7. For the association scheme D = {01,042,0y, 0y2y, fla, a3, oy, Lady |
the following properties hold.

(1) The valencies of 01, 042, 0y, 052y are 1 and the valencies of fiz, jiz3, [lay,
Mgy aren — 1.

(2) The thin radical is Og(D) = {01, 042,0y,042,}, and is normal in D.
(3) The thin residue is O%(D) = {01,042, lhg, f1z3 }-
(4) The matrices 01, 042, Oy, Ox2y, Moy, M3y aT€ Symmetric and fig, pgs are

non-symmetric.
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3.2. THE ASSOCIATION SCHEME Q. We define n X n matrices by

By Lemma 3.1 and direct calculations, we have the following lemma.
LEMMA 3.8.
(1) 1{1% "J‘ A% - bA(Jn —In).
(2) AjAs+ AsAy =bJp + (a—b)I,
We consider a subgroup K = Cg(x) = {1,x,2%, 23} = C, of G. It is easy to see
that >y b =2 cox 9 = Jo. We define 4n x 4n matrices by
op =1,k forke K
and
Tg ::Al ®g+/ig®g:c2
= (I, ®g) (A ®1+ A ® 2?)
= (A ol1+A02>)I,®g) forgeGNK.
We will show that Q == {0}, | k € K}U {7, | g € G~ K} forms an association scheme.

LEMMA 3.9. The set Q is closed under the transposition and ), U’C+ZQGG\K Tg =
Jan.

Proof. We have ‘o1 = o1, 0,2 = 042, oy = 043, '1y = Ty2,, and ‘7, = 73,. Thus
D is closed under the transposition.
Since ) ok = deG\Kg = Jyand I, + Ay + Ay = J,, we have ), _pon +

deG\K Tg = Jan- O
LEMMA 3.10.

(1) OOk = Okpr for k,k/ eK.

(2) oKTg = Tig and T4o =Ty for k€ K and g € G\ K.

(3) TgTy = a0 ggr02 + bTggray + bTygr0, for g,¢' € G N K.

Y

Proof. Tt is easy to show that (1) and (2) hold.
Suppose g,g9" € G~ K. Remark that g¢’ € K. By Lemma 3.2 and Lemma 3.8, we
have

©9) (A @1+ A )L, 09)
1 ®1+(A1A2+A2A1)®$2+412®1)

TgTy = (In

= (In®gg')(A

= (In ® 99" ) (b(Jn — 1) @ 1+ (b, + (a — b)I,) ® z%)
= (I, ® 99')(al, ® 2% + b(Jn — L) @ (1 +2?))

= (I, ® g¢')(al, ® 2% + b(A; + A) ® (1 + 2?))

= (I, @ g¢')(al, @ 2% + b(A; + As) @ (zy + 2°y))

= a0ggz2 + bTggray + bTggraay.

Now (3) holds. O

THEOREM 3.11. The set Q = {o}, | k € K} U{7y | g € G\ K} forms an association
scheme.
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Proof. This is clear by Lemma 3.9 and Lemma 3.10. d

We summarize basic properties of the association scheme Q by Lemma 3.9 and
Lemma 3.10.

PROPOSITION 3.12. For the association scheme Q = {01,042, 04,043, Tay, Tady: Ty Ta2y }

the following properties hold.
(1) The valencies of o1, 042, 04, 043 are 1 and the valencies of Tpy, Tysy, Ty, Ta2y
aren — 1.

(2) The thin radical is Og(Q) = {01,0.2,04,,043}, and is normal in Q.

(3) The thin residue is O%(Q) = {01,042, Ty, Tusy }-

(4) The matrices 01, 052 are symmetric and 0y, 03, Toy, Tady, Ty, To2y GT€ NON-
symmetric.

4. THE CHARACTER TABLES OF D AND Q

In this section, we will determine the character tables of D and Q. Consequently, we
can see that the tables are the same. Moreover, we will show that their Frobenius—
Schur indicators are different.

PROPOSITION 4.1. The character table of D is

01 02 Oy Og2y g Hg3 Hzy Ha3y | My,
x1/1 1 1 1 n—-1In—-1n—-1 n-—1 1
x2|1l 1 -1 -1 n—-1n—-1-n+1-n+1] 1
x3f1 1 1 1 -1 -1 -1 -1 |n—1
x4/1 1 -1 -1 -1 -1 1 1 |n—1
x5/2 =2 0 0 0 0 0 0 n

The Frobenius—Schur indicators are v(x;) =1 (i =1,2,3,4,5).

Proof. By Proposition 3.7 (2), the thin radical Og(D) = {o1,0.2,0y,0.2,} is a
normal closed subset of D. By [1, Theorem 3.5], we can determine x; and ys. By
Proposition 3.7 (3), the thin residue O%(D) = {01,042, iz, 123 } is a strongly normal
closed subset of D and x is determined. By [2, Theorem 3.5], x4 = Xx2X3 is an
irreducible character. Now, by 2?21 my, Xi(p) = 0 for o1 # p € D [5, Chap. 4], we
can determine ;.

Since x; (i = 1,2,3,4) are rational characters of degree 1, they are of the first
kind. There are 6 symmetric matrices by Proposition 3.7 (4). By Theorem 2.1 (2),

6= v(xi)xi(l) =1+ 1+ 141+ 2v(xs)
=1

and we have v(y;) = 1. O

PROPOSITION 4.2. The character table of Q is

01 0g2 Og Og3 Tgy Tg3y Ty T2y My,
vl 11 1 n—-1n—-1n-1 n-1|1
w1 1 -1 —-1n—-1In—-1-n+1-n+1 1
w3l 1 1 1 -1 -1 -1 -1 n—-1
pall 1 -1 -1 -1 -1 1 1 |n—-1
w52 =2 0 0 O 0 0 0 n

The Frobenius—-Schur indicators are v(p;) =1 (i =1,2,3,4) and v(p5) = —1.
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Proof. By Proposition 3.12 (2), the thin radical Og(Q) = {01, 042,04, 043} is a normal
closed subset of Q. We can determine ¢; and ¢3. By Proposition 3.12 (3), the thin
residue 0%(Q) = {01,042, T4y, Tusy } is a strongly normal closed subset of Q and 2
is determined. Now the character table can be calculated in the same way as in
Proposition 4.1.

Since ¢; (i = 1,2, 3,4) are rational characters of degree 1, they are of the first kind.
There are 2 symmetric matrices by Proposition 3.12 (4). By Theorem 2.1 (2),

2= v(ei)pi(l) =1+1+1+1+2v(ps)

=1

and we have v(p5) = —1. O

5. IRREDUCIBLE REPRESENTATIONS AND RATIONAL ADJACENCY ALGEBRAS

We will determine irreducible representations and the structures of rational adjacency
algebras of D and Q, respectively.

PROPOSITION 5.1. The map T : D — Mz (C) defined by

. -10 . 10 . 0 -1
O 0 -1/ %7 \o-1) M n—10
is an irreducible representation of D affording xs.
Proof. We can check all products in Lemma 3.5. O

Similarly, we have the following proposition.

PROPOSITION 5.2. The map T" : Q — My(C) defined by

axH<\/0_71_\%>, Ty._>(n21—01>

is an irreducible representation of Q affording 5.

Now we can determine the structures of rational adjacency algebras. To describe
the result, we define (generalized) quaternion algebras [4, 1.6]. For a field F and
r,s € F'\.{0}, a quaternion algebra F(r,s) is a four dimensional F-algebra with basis
1, 2, 3, and k with the products

i’=r ji=s, ij=—ji=k.
If r and s are negative rational numbers, then Q(r, s) is a division algebra.

PROPOSITION 5.3. As Q-algebras, we have the following isomorphisms.

(1) QD=QoQ®Q® Q& M2(Q).
(2) QQ=ZQeQeQaQ®Q(—1,—n+1). (Q(—1,—n+1) is a division algebra.)

Proof. Since y; (i = 1,2,3,4) have rational values on D, we can determine Q@QaQ@®
Q. For the representation T in Proposition 5.1, it is easy to see that T'(QD) = M2 (Q).
Thus (1) holds.

Since ¢; (i = 1,2,3,4) have rational values on Q, we can determine Q Qo Qa Q.
For the representation 7" in Proposition 5.2, the set consisting of

o0 = (59). re= ().
) = (nﬂ 1 _01> ’ Tlre) = (—<n Sy _F)
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is a Q-basis of T'(QQ). We can see that
T'(02)* = =T'(o1),  T'(r,)* = —(n—1)T"(o1),
T'(0:)T"(1y) = =T"(7)T"(02) = T'(7ay)-
This shows that 77(QQ) = Q(—1,—n + 1) and (2) holds. O

6. REMARK

Our pair (D, Q) has similar properties to the pair (Dsg, Qg), the dihedral and quater-
nion groups of order 8. Our association schemes have order 4n and n = 0 (mod 4), and
thus (Dg, Qs) is not obtained by our construction. If we set n =2 and A; = Ay =0
and apply our construction, then we can construct the pair (Dg, Qs) and all arguments
are valid for it.
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