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Character Polynomials and the Restriction
Problem

Sridhar P. Narayanan, Digjoy Paul, Amritanshu Prasad
& Shraddha Srivastava

ABSTRACT Character polynomials are used to study the restriction of a polynomial represen-
tation of a general linear group to its subgroup of permutation matrices. A simple formula
is obtained for computing inner products of class functions given by character polynomials.
Character polynomials for symmetric and alternating tensors are computed using generating
functions with Eulerian factorizations. These are used to compute character polynomials for
Weyl modules, which exhibit a duality. By taking inner products of character polynomials for
Weyl modules and character polynomials for Specht modules, stable restriction coefficients are
easily computed. Generating functions of dimensions of symmetric group invariants in Weyl
modules are obtained. Partitions with two rows, two columns, and hook partitions whose Weyl
modules have non-zero vectors invariant under the symmetric group are characterized. A refor-
mulation of the restriction problem in terms of a restriction functor from the category of strict
polynomial functors to the category of finitely generated FI-modules is obtained.

1. INTRODUCTION

Let K be a field of characteristic 0. Let P = K[X7, X5,...], a ring of polynomials in
infinitely many variables. Regard P as a graded algebra where the variable X; has
degree 4. In this grading, the monomial X{* X352 --- has degree ), ia;.

DEFINITION 1.1. For each n > 1, let V,, be a representation of the symmetric group
Sn. The collection {V;,}22, is said to have eventually polynomial character, if there
exists ¢ € P and a positive integer N such that, for each n > N and each w € Sy,

trace(w; V,,) = q(X1(w), Xa(w),...),

where X;(w) is the number of i-cycles in w. The collection {V,} is said to have
polynomial character if N = 1. The polynomial q is called the character polynomial

of {V,.}.

Character polynomials have been used to study characters of families of representa-
tions of symmetric groups that occur naturally in combinatorics, topology and other
areas. A survey of their history can be found in the article of Garsia and Goupil [6].
More recently, Church, Ellenberg and Farb [3] developed the theory of FI-modules.
They showed that each finitely generated FI-module gives rise to a family of repre-
sentations with eventually polynomial character.
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Any polynomial ¢ € P gives rise to a class function on S,, for every positive
integer n. The value of this function at w € S, is obtained by substituting for X; the
number of i-cycles in w. For each n, we define the moment of ¢ as the average value
of the associated class function on S,. The ring P has a basis indexed by integer
partitions, which we call the binomial basis (Definition 2.2). We give an explicit
formula for the moment of a binomial basis element (Theorem 2.3). This formula
can be used to compute inner products of class functions coming from character
polynomials. It implies that such an inner product achieves a constant value for large
n (Corollary 2.4). This is a character-theoretic analogue of [3, Theorem 1.13], which
establishes representation stability for finitely generated FI-modules.

The homogeneous polynomial representations of degree d general linear groups
GL,(K) and the representations of the symmetric group S; are linked via Schur—
Weyl duality (see [7]). The restriction problem explores a different relationship be-
tween polynomial representation of GL, (K) and S,,. It asks how an irreducible poly-
nomial representation of G L, (K) decomposes when it is restricted to S, sitting inside
GL,(K) as the subgroup of permutation matrices.

For each partition A, let W denote the Weyl functor (see [1, Definition II.1.3])
associated to . Let P(n,d) denote the set of all partitions of d with at most n parts.
Then Wy (K™), as A runs over P(n,d), are the irreducible polynomial representations
of the general linear group G, (K) of degree d.

Following the notation and terminology of [3, Definition 2.2.5], for a partition
w = (p1,...,um) of size |u| and an integer n > 1 + |u|, let wp[n] denote the
padded partition (n — |u[, 1, 2, . . ., fm). Let V() denote the Specht module of S,
corresponding to u[n).

Consider the decomposition of the restriction of Wy(K™) to S, into Specht
modules:

Resg " Wi (k™) = @ Vi,
o
where the sum is over partitions pu such that n — |u| > p1. It is well-known that
the coefficients 7y, (n) are eventually constant for large n (this result is attributed
to D. E. Littlewood by Assaf and Speyer [2]). Let ry, be their eventually constant
value, which is called the stable restriction coefficient. Finding a combinatorial
interpretation of ry, is known as the restriction problem.

In this article we show that the family {Resgf"(K) Wy (K™)} has polynomial char-
acter. We determine its character polynomial S, (Theorem 2.7) by applying the
Jacobi—Trudi identities to the character polynomials of symmetric and exterior pow-
ers of K™ (Theorem 2.6). The character polynomials of symmetric and exterior tensor
powers of K™ have generating functions with Eulerian factorization (Theorem 2.6).
Multiplying S by the character polynomial g, of Specht modules {V),;,;} (which
was computed by Macdonald [16, Example 1.7.14(b)] and Garsia—Goupil [6]), and
then taking moments (Theorem 2.3) gives an algorithm to compute stable restric-
tion coefficients (Theorem 3.3). Assaf and Speyer [2] and independently, Orellana and
Zabrocki [19] introduced Specht symmetric functions to study the restriction problem.
In Section 3.3 we explain the relationship between these two approaches.

Notwithstanding several interesting recent developments [2, 8, 19, 18], a solution to
the restriction problem remains elusive. Even interpreting 7z combinatorially (here
& denotes the empty partition of 0, so ryy is the dimension of the space of S,,-
invariant vectors in Wy (K™) for large n) appears to be a non-trivial and interesting
problem. We provide generating functions in A for the dimension of the space of
Sp-invariant vectors in W (K™) (Corollary 4.3). Using our main generating function
(Theorem 4.1) for the dimension of S,-invariants in mixed tensors, we are able to
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characterize partitions with two rows, two columns and hook partitions which have
non-zero Sy,-invariant vectors. To the best of our knowledge, the specific problem of
determining the S,-invariant vectors of a Weyl-module has not been studied before.

We conclude this paper by placing the restriction problem in the context of strict
polynomial functors and FI-modules. Friedlander and Suslin [5] introduced strict poly-
nomial functors of degree d. The polynomial representations of degree d of GL,,(K)
are obtained by evaluating strict polynomial functors of degree d at K™. Similarly,
families of representations of S,, with stability properties can be obtained by evalu-
ating finitely generated FI-modules at {1,...,n} (see [3]). We define a functor from
the category of strict polynomial functors of degree d to the category of finitely gen-
erated FI-modules for every d (Section 5.3). This functor corresponds to restriction
of representations from GL,(K) to S,, under evaluation functors (Theorem 5.1).

2. CHARACTER POLYNOMIALS AND THEIR MOMENTS

2.1. MOMENTS AND STABILITY.

DEFINITION 2.1 (Moment). The moment of ¢ € P at n is defined as:
1
(@), = = ZS: (X1 (w), Xo(w),...).
WESH

We shall express integer partitions in exponential notation: given a partition o with
largest part r, we write:

— a1 oHaz A,
a=1%12%...p0"

where a; is the number of parts of « of size ¢ for each 1 < ¢ < r. Thus « is a partition
of the integer |a| := a; + 2as + - - - + ra,. For every integer partition a@ = 1%t - .. y%r

define (%) € P by:
(2)= ()G ()

DEFINITION 2.2 (Binomial basis). The basis of P consisting of elements

()

is called the binomial basis of P.

« 1S an integer partition}

For an integer partition o = 191292 ...7%  define z, = [],_,i*a;!. This is the
order of the centralizer in S, of a permutation with cycle type «.

THEOREM 2.3. For every integer partition o = 1122 - .. we have:
X _)o if n <lal,
a)/, |1/za otherwise.

£ () - T (e

Proof. We have:

n>=0 n>0  weS, i>1
Replace the sum w € S,, by a sum over conjugacy classes in S,,. If f = 1012%2 ... is a
partition of n, then the number of elements in S,, with cycle type S is H’;i;b” We
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get:

Uzbl bz
, ibib;! \a;
iz1b;za;
vib,
- b 1(b, — a;)!
ibia,! a;)!
i21b;>a; it(bi — i)
Vi pibi—ai)
N i%ia;) ibi—ai (b — a;)!
i21bi>a; ! (bi = ai)

Setting ¢; = b; — a; gives:

X N || ic;
() -2 TE

i>1¢;20

Since } ., 1/zy, =1 for every n, we get:

» O

from which Theorem 2.3 follows. O

For two representations V and W of S, let:
(V,W),, = dimHomg, (V, W),
which is the same as the Schur inner product of their characters:
1
(V, W), = o z; trace(w; V') trace(w, W).
weESy

COROLLARY 2.4. For any q € P of degree d, (q),, = (q), for all n > d. In particular,
if {Vn} and {W,,} are families of representations with polynomial characters of degree
dy and da, then (V,,, Wy ), stabilizes for n > dy + ds.

Proof. This follows from the fact that the polynomials (f ), as « runs over the set of

integer partitions, form a basis of P. O

DEFINITION 2.5 (Stable moment). For a polynomial g € P we define the stable mo-
ment (q) of q to be the eventually constant value of (q),,:

() = lim {q),

Let Vi, = Vi[n), the Specht module of S,, corresponding to the padded partition A[n].
It is well-known that {V},} is a family of representations with eventually polynomial
character [6, Proposition I1.1]. In other words, for every partition A, there exists a
polynomial ¢y € P such that

(2) Xapn] (W) = (X1 (w), Xo(w), . ..) for n > [A] 4 Ay,
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where X)[,) denotes the character of the Specht module V). Given three partitions
A, p, and v of the same integer k, let gx,.(n) denote the multiplicity of V), in
V#[n} & Vu(n). Then
I (1) = (qrquqv),, -

By Corollary 2.4, gx..(n) is eventually constant, recovering a well-known theorem of
Murnaghan (see [15]). Church, Ellenberg, and Farb [3, Section 3.4] point out that this
result can also be obtained by showing that the families V() ® V, ) and V)[,) come
from finitely generated FI-modules.

2.2. SYMMETRIC AND ALTERNATING TENSORS. Let Sym? and A? denote the sym-
metric and alternating tensor functors respectively. For every n > 0, Symd(K ™) and
AY(K™) can be regarded as representations of S,,. In this section, we will prove that
they have polynomial character by direct computation.

We shall work with generating functions that live in the ring P[[t]] of formal power

series in the variable ¢ and coefficients in P. Let (( )j’ )) = (X"'";.j_l). The ring P[[t]]

admits expressions of the kind

g5

3=0
(4) L+ (=t))% =) (-7 )¢,
> ()

which will be needed later. Also, given w € S,, for any n and ¢ € P, we write
q(w) = q(X1(w), Xo(w), . ..).
THEOREM 2.6. Let {Hy}32, be the sequence of polynomials in P defined by:

(5) intd = ﬁ(l — 1)~ Xi,
d=0 =1

an identity in the formal power series ring P|[t]].
Then for every n > 1 and every w € Sy,

Hg(w) = trace(w; Sym?(K™)).
Let {Eq}3 , be the sequence of polynomials in P defined by:

oo

(6) S Bt = 0 - (-0~
d=0

i=1
Then for every n > 1 and every w € Sy,
Ey(w) = trace(w; AY(K™)).

For every positive integer d, we have:

wes ()

aFd =1
4y

(8) E;= Z (—1)az+aat H <a’>.
akd i=1 N

Proof. The standard basis of K™ is indexed by the set [n] = {1,...,n}. The space
Symd K™ has an induced basis indexed by multisets of size d with elements drawn
from [n]. The trace of w € S, on Sym®? K™ is the number of such multisets that
are fixed by w. In a multiset that is fixed by w, the elements in each cycle of w
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appear with the same multiplicity. Hence a multiset fixed by w may be regarded as a
multiset of cycles of w. Assign weight wt(C') = t* to each i-cycle C' of w. To a multiset
M ={Cy" ---C"} of cycles of w, assign weight wt(M) = [, ;<, wt(C;)™ . Then

Z trace(w; Sym? K™)t¢ = Z wt(M),
d>0 M

where the sum runs over all multisets M of cycles of w. Each of the X;(w) i-cycles of
w contributes a factor (1 —¢*)~! to this generating function, so

Ztraee(w; Sym?¢ K™)td = H(1 — )= X(w),

d>0 i>1

Similarly, AK™ has a basis indexed by subsets of [n] with d elements. Only subsets

fixed by w contribute to the trace, and these are unions of the cycles of w. A cycle
of length 4 changes the sign of the corresponding basis vector by a factor of —(—1)%.
Assign weight wt(C') = —(—t)? to each i-cycle C' of w. To a subset N = {C1,...,C,}

of cycles of w, assign weight wt(N) = [, ;<, wt(C;). Then
Z trace(w; ACK™)t? = Z wt(N),
=0 N

where the sum runs over all subsets N of the set of cycles of w. Each of the X;(w)
i-cycles of w contributes a factor (1 — (—t)?) to this generating function, so

Ztrace(w; /\dK”)td = H(l — (_t)i)Xi(ﬂ)).

=0 i>1
Expansion of the products in (5) and (6) using (3) and (4) gives (7) and (8) respec-
tively. .

2.3. CHARACTER PorLyNoMIALS OF WEYL MODULES. Applying the Jacobi—Trudi
identities [16, Section 1.3] to the character polynomials of Symd and A? gives character
polynomials for Weyl functors. For a partition A, let \’ denote its conjugate partition.

THEOREM 2.7. For every partition A, the element of P defined by
(9) Sx = det(Hx, ;i) = det(Ex; 1)
is such that for every positive integer n and every w € Sy,

Sx(w) = trace(w; Wy (K™)).

The polynomials Sy for partitions A of integers at most 5 are given in Table 1.
The highest degree coefficients in these expansions are character values of symmetric
groups. More precisely, we have:

THEOREM 2.8. Let A be a partition of a positive integer d. For every partition o =
1912% ... of d, the coefficient of (g) in the expansion of Sy in the binomial basis
(Definition 2.2) is xx(wa), where wy is a permutation with cycle type c.

The theorem will be a consequence of the following lemma:

LEMMA 2.9. Let A be a partition of a positive integer d. For every partition « of d,
the coefficient of (if) in the expansion of Hy in the binomial basis is ox(w,), the
value of the character oy of the permutation representation of Sy induced from the
trivial representation of the Young subgroup Sy, x ---x Sy, (see [9, Section 2.2] or [20,
Section 2.3]) at a permutation w, with cycle type c.
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A Sy

n=1
(1) X,

n=2
(2) IX2+1x+ X,
(1%) IX?—1X1— X

n=23
(3) EXP 3 XT+ X1 X0+ 3 X1 + X

(2,1) | 3X7 —3X1 — X3
(1%) FXP - IXP - X1 Xo + X1 + X

n=4
4) X+ I X+ 3 X X+ X+ 3 X1 X0+ 3 X3+ Xn Xs+ 1 X1+ 5 X0+ Xy
)| X+ XD SXRX, - gXT - 5 XiXo — 5 XF - 1 X - 5 X0 - X

3,1
2,2) | 5X{ - SX7+ X1 X + X3 — X1X5
2,1

)

)| sX - XD - 3 XE X — g X7 - 3 XX — X5+ X+ 5 X0 + Xy

1 A Xt ix? A2+ U X+ X X+ 3XE2+ X X - 1 X -1 X, - Xy
n=>5
(5) X+ S X+ XX+ LXP 4+ XX+ 3 XX+ AN X + X +

%Xle + 2 X1 X5+ Xo X3 + X1 X4 + %X1 + X5

(4,1) | 35X7 + X1 + 53X X + §X7 + 5X7X3 — X7 — 1 X1 Xp — X1 X3 —
XoXs — 1x, - X;

(3,2) | g XT+ H X+ §XPXo — 1 X7 + 3 XX + 5 X1 X3 — $ X X3 — 5 X7 —
FX1 X + 3 X1 X5 + X0 X5 — X1 Xy

(3,12) | HXP —1X7 - XXy — X1 X3+ 1 X1 + X5

(2%,1) | 95 X7 — 55 X7 — X7 Xo — g XP + 3 X7 X0 + 5 X0 X5 — 5 X7 X5 + 5 X7 +
FX1 Xy — 1 X1 X5 — X0 X5 + X1 Xy

(2,1°) | 55 X7 — 5 X1 — 5XPXo + § X7 + 3 X7 X5 + gXT + 3 X1 Xo + 3 X1 X5 +
XoX5 — LX) — X;

(15) | 3o X? — X1 - IXPXo+ X+ 3XEXo + X1 X3 + A XEXs — S X7 -

5X1Xy — 3X1 X5 — Xo X3 — X1 Xy + £ X1 + X5

TABLE 1. Character polynomials of Weyl modules

Proof. Consider the set of ordered set partitions of [d] with parts of sizes given by A:
Xy={(T,...,T;) | [d] =Ty U---UT; is a set partition, with |T;| = A\;}.

Let K[X,] be the permutation representation associated to the action of Sy on X).
This representation is isomorphic to the representation of S; induced from the trivial
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representation of its Young subgroup Sy, X - - x Sy,. Therefore o is the character of
K[X,], and o) (wa) = | X}, the number of fixed points of a permutation w, in Xj.
Take (T1,...,T;) € X)=. Then each T; is formed by taking a union of cycles of wq.
Suppose that b;; is the number of j cycles of w, in T;. Then the array (b;;) satisfies
the constraints:

(10) bﬂ + leg +.--= )\7, for each i,
(11) bij + by; + - - = a; for each j,

where a; is the number of j-cycles in a. Let B(X;«) denote the set of such arrays.
We have:

a
12 trace(w,, K| X\]) = J .
(12 ( %) Z H<b1jb2j“'>
(bij)€EB(Ns) J
On the other hand, by (7),
m- > TI((,)
bi1+2bio+---=X; 121521

The terms of homogeneous degree d in this product come from the top degree terms
in each factor. When [af = [A[, such a term has leading coefficient J]; X;-” if and only

if (bi;) € B(\; «). Hence the coefficient of (if) is the expression on the right hand side
of (12) and the lemma follows. O

Proof of Theorem 2.8. For partitions A and u of d, let K5 denote the number of

semistandard Young tableaux of shape p and weight A. Then K = (K ) is a unitri-
angular integer matrix with rows and columns indexed by partitions of d. We have:

(13) Hy =Y Ku\Sy,
(14) O\ :ZKN)\XM'
"

Let K;Al be the entries of the inverse matrix K ~!. Then

Sy = ZK;QHH by (13)

«

DDA

aFd u
S () _

thereby completing the proof of Theorem 2.8. g

X
= Z K\ Z ou(a ( ) ignoring lower deg. terms (Lemma 2.9)

THEOREM 2.10. For every partition A\ = (A1,..., ), Sx is the coefficient of ti\l = 'tz)\l
in

[T —t/t) ﬁH(l

1<J r=1:i>1
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Proof. For every vector A = (A1,..., ;) with non-negative integer coefficients, define:
Sx = det(Hx,—ij)-

When ) is a partition this coincides with the character polynomial of the Weyl module
Wy. Then, for every partition \, Sy is the coefficient of t* in E)\go Syt*. Here A >0

indicates that the sum is over all vectors in Zl207 and ) = ti‘l e tl’\L. Now

!
Z Syth = Z Z sgn(w) 111 Hy, —rwm by

A>0 A>0weSs,
l
= Z Sgn(w) Htliw(r) Z Hkr—r+w('r')t7/}rir+w(r)
weS) r=1 Ar2=0
l
= Z sgn(w) Ht:_w(r) Z Hy,
weS) r=1 Ar2=0
1
~TIa -t/ [I I -6
i<j r=1i>1
Here we have used the convention that H; = 0 when d < 0. O

2.4. DuaLiTY. Going through the entries of Table 1, the reader may have noticed
that the coefficients in the expansion of Sy agree up to sign with those of Sy for
every partition A. For each vector u = (p1, ..., tm) with non-negative integer entries,
let Xt = X"  XFEm and |p] = p1 + -+ + fim-

THEOREM 2.11. For every partition X, if Sy = Zu aﬁX“, then

Sy = Z(fl)wf‘”‘aﬁX”.

m

Proof. Let 74 : P — P denote the linear involution defined by X* r (—1)d= 1l x#,
Comparing equations (5) and (6) shows that:

Td(Hd) = Ed.
It follows that, if |u| = d, then
Td(Hm T Hum) =FE, - Eu,.

When ) is a partition of d, then every term in the expansion of the Jacobi-Trudi
determinants det(H,+;—;) is of the form H, or E,, for integer vector p with |u| = d.
Therefore 74(det(Hx,4;—:)) = det(Ey,+;—;). By the Jacobi-Trudi identities (9),

7a(Sx) = Ta(det(Hy,4j-:)) = det(Ex, +;-i) = Sy,

as claimed. O

3. THE RESTRICTION PROBLEM

3.1. CHARACTER POLYNOMIALS OF SPECHT MODULES. Recall that for partitions A
and p, we say that A — p is a vertical strip if the Young diagram of u is contained
inside the Young diagram of A\, and each row of the Young diagram of A\ contains at
most one box that is not in the Young diagram of u [16, Section I.1].

Algebraic Combinatorics, Vol. 4 #4 (2021) 711
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For any partition A, Macdonald [16, Example 1.7.14(b)] gave the character polyno-
mials gy € P of (2) as follows:

(15) 0= > S w@(l).

{u|A—p is a vertical strip} ak|p|

It immediately follows that the leading coefficients of ¢, in the binomial basis are
the same as those of Sy (see Theorem 2.8):

THEOREM 3.1. Let A be a partition of a positive integer d. For every partition o of d,
the coefficient of (f) in the expansion of qx in the binomial basis of P is xx(«).

COROLLARY 3.2. The sets:

S = {S\ | A is an integer partition},

a = {qx | A is an integer partition}
are bases of P.
Proof. Regard P as a graded algebra where the degree of X; is i for each i > 1. Let
P, denote the homogeneous elements of degree d in P. The degree d homogeneous
parts of (if ), as « runs over all partitions of d, form a basis of P;. Theorem 2.8 and
the identity (15) imply that the degree d homogeneous parts of Sy and ¢, also form

such a basis as A runs over all partitions of d, since the character table of S; forms a
non-singular matrix. Therefore S and q are bases of P. O

3.2. STABLE RESTRICTION COEFFICIENTS. The coefficients in the expansion of the
elements of the basis S in terms of the basis q:

S)\ = Z Txpdp
n

are called the stable restriction coefficients. They determine the decomposition of a
Weyl module W (K™) into irreducible representations of S,,:

ResC2 ) W (™) — @V
i

The following result, which is now immediate, is an algorithm for computing the stable
restriction coefficients:
THEOREM 3.3. For any partitions A and p,
Tap = (Sxqy) -
The polynomial Sy can be computed using Theorem 2.7, g, using (15). After

expanding the product in the binomial basis, the moment can be computed using
Theorem 2.3. The matrix of the stable restriction coeflicients 7, as A and p run over
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partitions of 0 < n < 5 is given by:
1/ 0/ 0 0|0 0O0O|0OOOOOOOODODODOO
1/ 1/ 0 0{000[0O0O0O0DOO0O0OOODODODOO
221 0/000|0O0OODO0O0O/0ODOODODO0OO0OO
0| 1] 0 1|00 0/0O0O0O0D0DO0/0OO00O0O00O0O0
31 42 1|1 00/00000/(00000O0O0
11 3/ 2 2(010/00000/0000O00O00O
0| 0] 0O 1|00 1|00 0OO0O0/0DO0ODODO0OO0OO
50705 2(210/10000[(0000000
2/ 715 6/231/01 0000000000
234 1|11 20/00100/(0000000O0
Ol 1|1 3/022/00010/(0000000O0
0l 0] 0O 0|00 1|000O0D01/00000O0O0
711219 5|/530(21000{(1000000
5(14(13 1216 93|23 110(01 00000
4110{11 8/6 8 21 3210/0010000
0O 3] 4 81 76/02131(0001000
11 3| 4 3/251{01220(/0000100
0l 0] 0 1|/013|/00022{(0000010O0
0l 0] 0O 0|[/OOO|OOODO1|(00000O0T1

The blocks demarcate the partitions of each integer n, and within each block, the
partitions of n are enumerated in reverse lexicographic order.

3.3. RELATION TO SYMMETRIC FUNCTIONS. Let A denote the ring of symmetric
functions (as in [16, Section I.2]). Macdonald [16, Example 1.7.13] constructed an
isomorphism ¢ : A — P taking the Schur function s, to the character polynomial
gx- In this section we study a different isomorphism ® : A — P, due to Orellana and
Zabrocki [19], which takes sy to Sy. Under this isomorphism ¢, is the image of §) the
Specht symmetric functions of [2, 19].

Following [19, Proposition 12], define an algebra homomorphism ® : A — P by:

(16) O:ipp ey dXg.
d|k

For each k > 0, define

= = 1, eQTri/k’ e47ri/}’<:7 o ’QQ(k:—l)Tri/k:7
and for an integer partition g = (f1,. .., tm),

= = =
S = D s Do

Let R,, denote the space of K-valued class functions on S,,. For every n > 0 there
is a map ev} : A — R,, defined by:

evi f(w) = f(Ep),

where p is the cycle type of w. In other words, the symmetric function is evaluated
on |p| variables, whose values are given by the list £, the remaining variables being

set to 0. With this definition, ev} (sy) is the character of Resgf”(K) Wi (K™).
For each ¢ € P consider the function ev(q) € R,, given by:

evip(g)(w) = ¢(Xi1(w), Xo(w),...).

This defines a ring homomorphism ev’s : P — R,,.
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Observe that @52, evh : P — &5, R, is injective, for if evt(q) = 0 for all n, then
q vanishes whenever X7, Xs,... take non-negative integer values, and hence ¢ must
be identically 0.

THEOREM 3.4. The algebra homomorphism ® is the unique K-linear map A — P such

that the diagram
A—2 P
R,

Proof. From the definition of ev,

(17)

commutes for every n > 1.

d—1

evi (pr)( ZXd Z 27Ti/d)jk

Jj=0

d—1 .
(i {d if d | k,
7=0

0 otherwise.

Now observe that

It follows that

eviy (pi)( ZdXd ) =evp(P(pr)).
dlk
Since @, evh : P — @R, is injective, ®(py) is completely determined by the commu-
tativity of (17). Since the polynomials {py }r>1 generate A, ® is completely determined
by its values on pg. O

LEMMA 3.5. The homomorphism ® : A — P is an isomorphism of rings.
Proof. The inverse of ® is obtained using the M&bius inversion formula:
1
X o dzlkju(k/d)pd,

where p denotes the number-theoretic Mobius function (see, e.g. [13, Section 3.1.1]).

O
THEOREM 3.6. For every partition A\, we have:
(18) D(sy) = Sy,
(19) (5)) = ax.
Proof. This follows immediately from Theorem 3.4. O

REMARK 3.7. The second identity (19) is [19, Prop. 12].

4. MOMENT GENERATING FUNCTIONS

4.1. THE MAIN GENERATING FUNCTION. In this and the following subsections, we
shall frequently use the following elementary identities:

(A) exp(t/i) = Z bb'

b>0

—Ztl/z

(B) log
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We shall use v = 121292 ... g =1012b2... 5 =12 ... Let Par denote the set of
all integer partitions. We use the notation A = (A1,..., ), g = (u1,- .., m). Also,
=1 ) and wt =l - uﬁ;ﬂ We shall interpret A > 0as \; > 0fori=1,...,!
and p > Oaspl>0forzf1

We use the notation R C [I ] to 81gnify that R is a multiset with elements drawn
from [I]. We write ¢ for the monomial where ¢; is raised to the multiplicity of 7 in R.
Similarly, for any S C [m], we write u® =[], g u;.

THEOREM 4.1. We have:
H 1+ UStRU)
Z (H\E,), trulv™ = H Scm], |S| odd

SR, N\’
n>0,A30,130 RO H (1 —u’t")
Scm], |S| even

Proof. Using (5) and (6), we have:

> meow - T (S5

A=0,u20 r=1s=14>1

Now proceeding as in the proof of Theorem 2.3,

I m 1— _usib,;
S et =115 2 T (55

n>=0,A>0,u>0 i>1 b120 r=1s=1 T
I m
(A v 1— (—uy)?
S e (T 550
. 7 1-1
i>1 r=1s=1 r

1)IS1+1

RC[l] SC[m]

which is equivalent to the desired expression. O

COROLLARY 4.2. We have:

Z (HAE,) Pt = H(l — (_1)\S|ustR)(_1)\S\+1’

A>0,u20 R,S
where the product is over R T [l], S C [m], with at least one of R and S non-empty.
COROLLARY 4.3. For every partition \, (W), is the coefficient of t*v™ in
[T —=t/t) T =)~
i<y RC[l]

Proof. From Theorem 4.1 we get:

(20) > (Hy), =[] @t

A>0,n>0 RC[l]

Using this, the corollary can be deduced from Theorem 2.10 by taking moments. O
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4.2. S,-INVARIANT VECTORS. For a representation V,, of S, let Vnsn denote the
subspace of S,-invariant vectors. If a family {V,,} of representations has polynomial
character ¢ € P, then

(@), = dim(V;5») for all n > 0.
Therefore, for any partition A, dim Wy (K™)%" = (S,), . In particular, W, (K™) has a
non-zero Sp-invariant vector if and only if (Sy),, # 0.

THEOREM 4.4. For every positive integer n and every partition A with at most n parts,
dim Wy (K™)5" < dim Wy (K™ +1)Sn+,
Proof. We use Littlewood’s plethystic formula [15, Theorem XI] (see also, [17, Theo-
rem 2.6]) for restriction coefficients. This formula asserts that, for every partition A
with at most n parts, and every partition p of n, the multiplicity of the Specht module
V, in Resgf”(K) Wi (K™) is given by (s, s,[H]). Here (—, —) denotes the Hall inner
product on symmetric functions, and s,[H| denotes the plethystic substitution of H
into s,, (for definitions, see [6, Section 1]). Taking = (n) in Littlewood’s formula
gives
dim Wy (K™)5" = (s, hn[H]).
Recall [6, Eq. 1.8] that
hn+1[H] - hn[H] = hn+1[H - 1]7
so that
dim Wy (K1) Se+1 — dim Wy (K™)5" = (sx, b1 [H —1]) = 0.
The inequality above holds because the plethystic substitution of a Schur-positive
symmetric function into another is Schur-positive. O
DEFINITION 4.5 (Vector Partitions). Let v € Zl;o- A vector partition of v is an
unordered collection vy, ...,v, of non-zero vectors in Zl>0 such that
V=Vi+- -+ Vv,
Let pp(v) (resp. p<n(v)) denote the number of vector partitions of v with exactly
(resp. at most) n parts.

THEOREM 4.6. For every partition A = (A1,...,\),

dim Wy (K™% = Z sgn(w)p<n(A1 — 14+ w(l),.... N =14+ w(l)).

weS;
Proof. The coefficient of t*v™ in the right hand side of (20) is p<,(A). Therefore,
(21) (Hy),, = p<n(A) for every A € ZZZO.

By the Jacobi-Trudi identity (9),

Sy =Y sgn(w)Hy, _14w(1)....x ~i+w(l)>

wES;
so by (21),
(Sx), = Z sgn(w)p<n(M — 1+ w(l),..., \ — I+ w(l)),

wES;
as claimed. g
REMARK 4.7. In general, we do not know of a combinatorial proof of the non-negativity
of Y ues, sen(w)p<n (A —1+w(1),..., i —I+w(l)), which follows from Theorem 4.6.

When [ = 2, this is the main result of Kim and Hahn [10], who refer to it as a
conjecture of Landman, Brown and Portier [14].
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The problem of characterizing those partitions A for which Wy (K™) has a non-zero
Sp-invariant vector for large n appears to be quite hard. The following result solves
this problem for partition with two rows, two columns, and for hook-partitions.

THEOREM 4.8. Let A be a partition.
(4.8.1) If A = (A1, A2), then (Sx) > 0 unless A = (1,1).
(4.8.2) If N = (A1, A2), then (S\) > 0 if and only if \; = A (in which case (Sy) = 2)
or Ay = Aa + 1 (in which case (Sy) =1).
_ . . b1
(4.8.3) If A= (a+1,1%), then (Sx) > 0 if and only if a > (°5").
Proof of (4.8.1). By Theorem 4.6 we need to show that, for every A\ > Ay > 1,
P<n(A1,A2) > pcn(A1 + 1,02 — 1)

for sufficiently large n, unless A\; = Ay = 1. From the main result of Kim and Hahn [10]
(the result on the last line of the first page), it follows that

Pn( A, A2) = pa(M + 1,2 — 1) forall n > 1.

Therefore, it suffices to prove that p, (A1, A2) > pn(A1 + 1, 2 — 1) for at least one
value of n. When k > [ > 1 are such that at least one of k and [ is even, pa(k,l) >
p2(k+1,1—1). When both k and [ are odd and (k,1) # (1,1), ps(k,1) > ps(k+1,1—1).
These inequalities will be proved in Lemmas 4.10 and 4.11 below. g

LEMMA 4.9. For all k,1 > 0,

(22) pQ(k‘, l) = {m Zf both k and l are even,
——5—— —1 otherwise,
(23) p3(k,1) = %(A+3B+2(J),
where
A= <k;2> (1;2> —3(k+1)(1+1)+3,

(k/2+1)(1/24+1)—2 if k andl are even,
(k+1)(1+2)/4-1 if k is odd and 1 is even,
(k+2)(I+1)/4-1 if k is even and | is odd,
(k+1D)(I+1)/4-1 otherwise,
_J1 ifk and 1 are divisible by 3,
)0 otherwise.
Proof. Consider the set of all ordered triples ((ki,!l1),(ka,l2), (ks3,l3)) such that
> i (ki l;) = (k1) and no (k;,1;) = (0,0). The group S3 acts by permutation on the
set of all such triples, and the number of orbits if p3(k,1). The quantities A, B, and C
in Lemma 4.9 are the number of such triples that are fixed by permutations in S35 of

cycle types (1,1,1), (2,1), and (3), respectively. The formula for p3(k,{) then follows
from Burnside’s lemma. The formula for ps(k,!) is obtained in a similar fashion. O

LEMMA 4.10. For all integers k > 1 > 1 such that at least one of k and [ is even,
p2(l€, l) > pg(k + 1,l — 1)
Proof. By Lemma 4.9, we also have:

% if kK and [ are odd,

E+1,1-1)=
pa( ) {(’“22)5_1 otherwise.
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Thus, if £ and [ are both even and k > [, then

pQ(kal) _pQ(k + ]-7[ - ]-) =

2 2

k—1
=——+1>0.
5 +1>

If one of k£ and [ is even and the other is odd, then

pg(k‘,l)—pg(k‘—Fl,l—l): 9

k—1+1
——T->0
5

thereby completing the proof of Lemma 4.10.

(k+1)(I+1)—1 _((k+2)l_1)

(k+1)({1+1) _1_((k+2)l_1)
2

O

LEMMA 4.11.If k > 1 > 1, both k and | are odd, and (k,1) # (1,1), then p3(k,l) >

p3(k + Ll - 1)
Proof. When k and [ are odd, Lemma 4.9 gives:

12(ps(k, 1) —ps(k+1,1-1)) = {

This is clearly positive for all k£ > [ such that £ > 3 and [ > 1.

Proof of (4.8.2). By the second Jacobi-Trudi identity,
(24) Wy = .E)\IE‘,\2 — E)\+1E)\2,1.
Taking [ = 0 and m = 2 Corollary 4.2 gives:
1+u)(1+u
> (B = L)
AA220 e

A1, A2

(Kl +20)(k—=1) +k(k—3)+3l+4 if3|kand 3],
(kl+20)(k—1)+k(k—3)+3l otherwise.

O

Therefore the coefficient of i u3? is the number p’(A1, A2) of ways of writing (A1, A2)
as a sum of vectors of the form (1,1), (1,0) and (0,1), where the vectors (0,1) and

(1,0) are used at most once. Clearly
2 A =Ag > 1,
POLA) =1 i [A =l =1,
0 otherwise.
By (24), for any partition A = (A1, A2) with two parts,
2 A >N > 1,
W) =p" (A, A) —p M +1L,A—1)=<1 if A\ — Ay =1,
0 otherwise,
as claimed.
Proof of (4.8.3). Using Pieri’s rule, we have:
hier = s@g—111) + S(kji—1)s
whence

S(alp) = hat16s — hat2ey—1 + -+ + (—1)"hatpi1e0.
It follows that

b
(25) (Weapy) = Y (=1 (Hayj11Epj) .
j=0
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Taking [ = m =1 in Corollary 4.2 gives:

i i ieo(l + M)
(26) G%O (H,Ej) t'w? = m

The coefficient of t‘u’ in the above expression is the number (i, j) of ways of writing
the vector (i,7) as a sum of vectors of the form (a,0) where a > 0, and (a, 1) where
a > 0, and vectors of the form (a,1) are used at most once. If p(i,5) > 0, then j
distinct vectors of the form (a, 1) are used, so that i > (;) Therefore

(27) 5(i,5) = 0 for all i < (é)

If a < (*5), then a — j < (**4™") for all j > 0. By (27) (Ha—;Eptj11) = 0 for all
J = 0. This allows us to extend the index of summation in the right hand side of (25)
without changing the sum:

b
W)= >, (-1 (Hapj1Bojy= Y (HeE) = (Wigjasbs1)) -
j=—a—1 k+l=a+b+1
Taking | = 0 and m = 1 in Corollary 4.2 can be used to show that (E)) = 0 for all
k>1,so <W(0|a+b+1)> = (E4yp+2) = 0 for all a,b > 0. Therefore, <W(a‘b)> = 0 for
a< ().

Conversely, suppose a > ("1'). By Theorem 4.4, it suffices to show that Wy (K")
contains a non-zero Sj-invariant vector for some positive integer n. We shall show
that W (K b“) contains a non-zero Spyi-invariant vector. The hook partition A =
(a+1,1%) dominates the partition p = (a — (g) +1,b,b—1,...,2,1), which has b+ 1
distinct parts. Therefore W) (K a+b+1) contains a non-zero vector v with weight .
For each w € Sy, let vy = p(q|p)(w)v. Then vy, lies in the weight space of w- . Hence the
vectors {v,, | w € S, } are linearly independent, and generate a representation that is

isomorphic to the regular representation of S,,. In particular, the trivial representation
is contained in W(a‘b)([(a+b+1). -

5. STRICT POLYNOMIAL FUNCTORS AND FI-MODULES

In this section we may take K to be any field (not necessarily of characteristic zero).
Friedlander and Suslin [5] introduced strict polynomial functors to unify homoge-
neous polynomial representations of GL,,(K) of degree d across all n. Later, Church,
Ellenberg and Farb [3] introduced FI-modules to unify representations of S,, across

all n. In this section, we lift the restriction functor Resgf"(K) to a functor from the
category of strict polynomial functors to the category of FI-modules.

5.1. STRICT POLYNOMIAL FUNCTORS. The Schur category (also known as the di-
vided power category, see [22]) T'¢ is the category whose objects are finite dimensional
vector spaces over K. Given objects V and W,

Hompa(V, W) = Homg, (V4 W),

The category of strict polynomial functors is the category Rep I'* whose objects are K-
linear covariant functors from I'? to the category of K-vector spaces, and morphisms
are natural transformations between functors (see [5, Section 2]). When K has char-
acteristic zero, RepI'? is semisimple, and its simple objects are functors known as
Weyl functors (see [11]). For each partition A of d let Wy denote the Weyl functor
corresponding to .
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Let Repd GL,(K) denote the category of homogeneous polynomial representa-
tions of GL,(K) of degree d. Define a functor ev, : RepT'® — Rep? GL,(K) as
follows: for each strict polynomial functor F' : T'¢ — Vec define ev, (F) = F(K").
Let T € GL,(K) act on F(K™) by F(T®%). This makes F(K™) a representation of
GL,(K) which turns out to be a homogeneous polynomial representation of degree
d. For each n > 1 and A € P(n,d), ev,(Wy) = Wx(K") is the irreducible polyno-
mial representation of GL, (K) corresponding to A (consistent with the notation of
Section 1).

5.2. FI-MODULES. The category FI is the one that has finite sets as objects, and
injective functions as morphisms. The category of FI-modules is the category FI-mod
whose objects are covariant functors from FI to the category of K-vector spaces, and
morphisms are natural transformations of functors. Let Rep.S,, denote the category
of representations of S,, over K. The evaluation functor ev,, : FI-mod — Rep .S, is
defined by setting ev,, (V) = V([n]), where [n] = {1,...,n}.

For each partition A = (A1, ..., \;) there exists an FI-module V() (see [3, Propo-
sition 3.4.1]) such that, for every n > |A| + A1, we have:

ev,L(V()\)) = V)\[n] .

5.3. THE RESTRICTION FUNCTOR. For each object A of FI let F[A] be the vector
space of all functions A — K. Given an injective function ¢ : A — B, define F(i) :

F[A] — F[B] by:
f(a) if there exists a € A such that i(a) = b,
0 otherwise,
for all f € F[A]. Then F : FI — I'! is a functor. For every positive integer d, define
Fe:FI - I by
FUA) = FlAl, Fll) = F@)*
The restriction functor
Res? : RepI'? — Fl-mod
is defined by:
Res? F = F o F? for every object F of Rep I'?.
THEOREM 5.1. The diagram of functors

Res?

RepI'? FI-mod

evy, \L l €Vp

Rep? GL, (K) ————— Rep Sy,

GLn(K)
Ressn

. GL. (K . : .
commutes, in the sense that Resg n(K) oev,, s naturally isomorphic to ev, oRes?.

Proof. Given F € RepT'?, ev,,(K) is F(K™). Given w € S, let T, € GL,(K) denote
the linear map the takes the ith coordinate vector e; of K™ to e, ;). An element
w € S, acts on F(K") via F(T2?). On the other hand,

evy, oRes(F) = F o F¥([n)).

An element w € S, acts on F(F%([n])) by F(F(w)) = F(F(w)®?). These two actions
of S, coincide under the isomorphism K™ — F9([n]) given by e; + &;, where §; is
the Kronecker delta function on [n] supported at i. Thus we get an isomorphism
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Resgf"(K) oev, — ev,oRes?(F) of representations of S,. The naturality of this
isomorphism follows tautologically from unwinding the definitions. U

Church, Ellenberg and Farb introduced the notion of finite generation of FI-
modules [3, Definition 1.2]. In characteristic zero, finitely generated FI-modules
have eventually polynomial character [3, Theorem 1.5], and in general characteristic,
have eventually polynomial dimension [4, Theorem B|. Therefore, the stability of
restriction coefficients (discussed in Section 3.3) is also a consequence of the following
theorem.

THEOREM 5.2. For every finitely generated strict polynomial functor F of degree d,
the FI-module Res® F is finitely generated in degree d.

Proof. Let T¢ denote the strict polynomial functor I'*(V) = (V®4)54 the subspace
of Sg-invariant tensors in V4. For A = (A,...,\), let TA(V) = TMN(V)® - ®
(V). The functors I'*, as A runs over all partitions of d, generate RepT'? [12,
Proposition 2.9]. Therefore, it suffices to prove the theorem for the functors F' = I'*.
Since T is a subobject of @ in the RepI'?, Res?I' is a subobject of Res?®? in
FI-mod. By the Noetherian property of FI-modules [4, Theorem A], it suffices to show
that Res? ® is finitely generated. But Res? ®%(A) = F'(A)®¢ = F1(A9), which is
finitely generated in degree d by [3, Proposition 2.3.6]. O
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