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Multiplicity-free skew Schur polynomials

Shiliang Gao, Reuven Hodges & Gidon Orelowitz

ABSTRACT We provide a non-recursive, combinatorial classification of multiplicity-free skew
Schur polynomials. These polynomials are G Ly, and S Ly, characters of the skew Schur modules.
Our result extends work of H. Thomas—A. Yong, and C. Gutschwager, in which they classify
the multiplicity-free skew Schur functions.

1. INTRODUCTION

The skew Schur polynomials are a fundamental family of symmetric polynomials
whose connection to representation theory was first studied by I. Schur. This fam-
ily is indexed by skew partitions \/u, where A = (A = Ay > -+ = A, > 0) and
w=(p1 = pg =+ = pm > 0) are partitions with g C X\ (that is, m < n and p; < N
for 1 < ¢ < m). The skew Schur polynomial of shape A/u is the generating function

(1) sxp(@r o) =Y @@, T = g DR ™)
T

where the sum is over all semistandard tableaux T of shape A/u with entries in [n],
and 7;(T) is the number of entries in T equal to 1.

Though not immediately apparent from (1), sx/,(21,...,2y) is an element of A,
the ring of symmetric polynomials in variables x1,...,2z,. For A = (A1, A2, ..., An),
the length of the partition is £(A) = n. Defining sx(z1,...,7,) = s)/g(21,...,7,) We
recover the Schur polynomials; the sy(z1,...,x,) with £(A) < n are a Z-linear basis
of A,,. This implies

(2) s, an) = Yk s, an)

v

where the sum is over partitions v with ¢(v) < n and the coefficients cl’)’y are the
celebrated Littlewood—Richardson coefficients. The expansion (2) is multiplicity-free

if ¢}, € {0,1} for all v with £(v) < n. A natural question is then:
When is sy, (21, ..., z,) multiplicity-free?

Our Theorem 1.11 gives a complete, non-recursive answer to this question.
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1.1. MULTIPLICITY-FREE REPRESENTATION THEORY. Multiplicity questions, along
the same line as the one posed above, have both representation theoretic and geo-
metric import. The Schur polynomials are characters of the irreducible polynomial
representations of GL,, (and of SL,, but we focus here on GL,,). Expressing a GL,,
representation character in the basis of Schur polynomials is equivalent to decompos-
ing the representation into a sum of irreducible representations.

Knowing that a representation is multiplicity-free has a number of applications
(see, e.g. the survey [8]). Pivoting to a geometric perspective, a group action on a
projective algebraic variety induces an action on its homogeneous coordinate ring.
The representations that arise from this induced action can often illuminate the orbit
structure of the group in the variety [1, 10, 11, 14]. In [7], the second author and
V. Lakshmibai classified spherical Schubert varieties by showing that certain infinite
sets of skew Schur polynomials always contain elements that are not multiplicity-free.

Developing multiplicity-free criterion for important families of representations has
seen considerable interest. In [13], the prototypical example, J. Stembridge classified
products of Schur functions that are multiplicity-free. In ibid., he extended this to
a classification of the multiplicity-free products of Schur polynomials (equivalently
multiplicity-free tensor products of irreducible GL,, representations). The skew Schur
functions whose coefficients are all equal to 1 over an entire dominance order interval,
and equal to 0 otherwise, are characterized in [2]. Other examples of multiplicity-free
classifications include [3, 6, 15]. As the skew Schur polynomials are GL,, characters
of the skew Schur modules [5], this paper represents our contribution to this body of
work.

1.2. MAIN THEOREM. Altering definition (1) so that it becomes a sum over all semis-
tandard tableaux of shape A/ yields the skew Schur function sy ,,. In [15], H. Thomas
and A. Yong classified multiplicity-free products of Schubert classes in the cohomol-
ogy ring of the Grassmannian. As the authors note, this is equivalent to classifying
multiplicity-free skew Schur functions (see also [6]).

Implicitly, sx/,(z1,...,%,) is a specialization of s/, that arises by setting z,,, =0
for m > n. In particular, if s/, is multiplicity-free, then so is s/, (21,...,2y), but
the converse does not hold. In this sense, our classification is a generalization of [15],
and we follow much of their terminology and notation.

Our result relies on four reductions. The first is central to [15]. A partition A is
visualized by its Young diagram, also denoted J; it is a collection of left justified boxes,
with A; boxes in row 4. Analogously, given a skew partition A/u, the skew (Young)
diagram \/p equals the Young diagram A with the leftmost u; boxes deleted in each
TOW 1.

ExXAMPLE 1.1. Let A = (5,4,1,1) and u = (2,1, 1). The Young diagrams A, u and the
skew diagram A/p are listed below, left to right.

l | |

|| l
[] o []
If there is a box B in row r and column c of the skew diagram A/u we will write

B = (r,c) € A/p. Then col(B) = ¢ and row(B) = r. For any set S C [A1], we refer to
column £ as an S-column if £ € S.

DEFINITION 1.2. A skew partition is basic if its skew diagram does not contain any
empty rows or columns. The skew partition that arises from the deletion of all empty

rows and columns of A/ is called the basic demolition of the skew partition, and is
denoted (\/ ).
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Let CSi(A/p) = {r : (r, k) € A/u}| be the number of boxes in the k-th column of
A/p. Define
(3) p(\1) = max{CSK (A /i) : 1< b < M}
to be the maximal number of boxes in any column of A/u. In Example 1.1, p(A/p) = 2.
DEFINITION 1.3. A skew partition is n-sharp if CSi(A\/p) < n for all k. The n-sharp
demolition of a skew partition is equal to &/ if there exists a k such that CSi(A/p) >

n. Otherwise it equals the skew partition that remains after deleting each column k
such that CSy,(\/p) = n. We denote the n-sharp demolition by (\/u)".

In Example 1.1, if n = 2, then (\/p)™* is

[]
[]
[

If n =1, then (\/u)™ = o/@.

When convenient, a partition will be presented as (A, N2, ..., )\ff) where A\ >
-+ = Ap. This corresponds to the partition with the first [; entries equal to Aq, the
next ly entries equal to A\, and so on. The number of parts of A is np(\) = p. If
np(A) = 1, the partition is called a rectangle. A partition A with np(\) = 2 is called a
fat hook.

For a skew partition \/p where A = (AL N2 .. )\é") and p = (uf', b2, .. 7u§q),
define 7(A/p) = o(A/p) =0 if 4 = & or A is a rectangle. Otherwise, define
() F(\1) = by — min(ly, £(u)) and o(Mp) = Ap — min(jur, Ay).

DEFINITION 1.4. A basic skew partition A/ is tight if 7(A/pu) = o(A\/u) = 0. The
tight demolition of A/ is

M) = (1 = o\ TTVB g = a (W)=, (N = o (A w)'7) /).
Note that if T(\/p) = a(M/ 1) = 0, then (M)t = (N ). Visually, if p # @ and X is
not a rectangle, then (\/p)% is the deletion of all rows with A1 bozes and all columns
with £(X) boxes from A/ followed by the deletion of all empty rows and columns.

EXAMPLE 1.5. Let A = (53,3,1) and u = (22), then the skew diagram \/u is

and its tight demolition (\/u) is the deletion of the third row:

If A C (a), the (a®)-complement of X is
(5) AV = (@ = Nyya— N1, nha— M),

where trailing zeros are removed, and for simplicity of notation, we set A\; = 0 if
i > £()\). Visually, AV(@") is the complement of A inside (a®), rotated by 180 degrees.
There is a unique shortest lattice path, from the southwest corner to the northeast
corner of (a’), separating A and its complement. A segment of this lattice path is a
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maximal consecutive sequence of north, or east, steps. The (a®)-shortness of a partition
A, denoted short(,0)(A), is the length of the shortest segment in the associated lattice
path in (a®). Once a rectangle is fixed, we omit the respective (a®) from the notation.

EXAMPLE 1.6. Fix the rectangle (5%). If A = (5,4,1,1) C (5%), then \V = (4,4,1).
The shortness of A equals 1 as seen by inspecting the lattice path below.

DEFINITION 1.7. A basic skew partition \/u is ordinary if np(A) — 1 < np(u) or
i = &. The ordinary reduction of a skew partition is equal to uV(Af(k))/)\V(AfW) if
np(A) — 1 > np(u) and p # @, otherwise it equals N\/u. We denote the ordinary
reduction by (A/p)°".

Visually, (A/p)®" is A\/u rotated by 180 degrees if np(A) —1 > np(p) and p #
@. Otherwise ordinary reduction leaves A/u unchanged. Using Example 1.5, since
np(p) = 1 < np(\) — 1, we have (A\/p)°" = (53,3%)/(4,2) and its diagram is

DEFINITION 1.8. A skew Schur polynomial sy,,(z1,...,2,) is basic (resp. n-sharp,
tight, ordinary) if \/u is basic (resp. n-sharp, tight, ordinary).

THEOREM 1.9. Let 8((((>\/H)nﬁ)ba)ti)ov($1,...,xn/) with n/ = n — T(((/\/u)nﬁ)ba)
be the mn-sharp, basic, tight, ordinary demolition of sx/.(v1,...,2,). Then
S((((0/pyrtypeyiyer (T1, oo Tnr) i basic, n-sharp, tight, and ordinary. Further,
Sx/u(®1, .. wy) is multiplicity-free if and only if s(x/u)neypayiyer (T1, .., Tnr) 08
multiplicity-free.

DEFINITION 1.10. Let A/u be a basic, tight, ordinary skew partition, and say A =
AR )\if’) and p = (puk*, pub2 ,M’(j‘*). Fix the rectangle (/\f(/\)). Denote

0 np(A) >2,np(p) >1
1 np(A) =2,np(p) > 2,short(A) > 2
6 = )= 2 nen) = 2 short( )
2 np(A) = 2,np(p) = 2,short(A) > 3,short(p) > 2
oo Otherwise
and
T Ao = pug,la > U(p)
(7) ra(Ap) =41 Xo=p, by 21
0 Otherwise.
Now we may state our main result.
THEOREM 1.11. Let sy /,(1,...,,) be a basic, n-sharp, tight, ordinary skew Schur
polynomial. Then sy, (21,...,xy,) is multiplicity-free if and only if
(8) p(A /1) <n < p(Ap) +ri(A/p) +r2(A ).
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EXAMPLE 1.12. Let A = (62,33), u = (4,2) and n = 5. The skew diagram is depicted
as in Figure 1. Note that A/u is basic, n-sharp, tight and ordinary. Since np(\) =
np(p) = 2, short(\) = 3 and short(p) = 2,

nOVR) = 2.

Since Ay = 3,41 =4 and p4 = 2,

ra(A/p) = 0.

Since p(A/pu) = 4 and 4 < n = 5 < 6, we conclude, by Theorem 1.11, that
sx/p(x1, ..., oy) is multiplicity-free.

FIGURE 1

Our paper is organized as follows: Section 2 collects some technical lemmas about
multiplicity-free criterion of skew-Schur polynomials and proves Theorem 1.9. In Sec-
tion 3, we obtain upper bounds on the number of variables for a skew Schur polynomial
to be multiplicity-free. In Section 4, we conclude the proof of Theorem 1.11 by showing
the upper bounds obtained in Section 3 are all tight.

2. THE REDUCTIONS

In this section we recall the Littlewood—Richardson rule, and prove some technical
results about the Littlewood—Richardson coefficients. Subsequently, we show that a
skew Schur polynomial is multiplicity-free if and only if its basic (resp. n-sharp, tight,
ordinary) reduction is multiplicity-free. This culminates in a proof of Theorem 1.9.

2.1. THE LITTLEWOOD—RICHARDSON COEFFICIENTS, RULES AND IDENTITIES.
There are myriad rules for computing the Littlewood—Richardson coefficients, one of
them being the Littlewood—Richardson rule.

A filling of shape A/p is an assignment of values from [n] to each box in the Young
diagram \/p. A filling is called a tableau if the entries in each column strictly increase
top to bottom. A tableau where the entries in each row weakly increase left to right is
a semistandard tableau. The content of a filling T is n(T) = (n(T),...,nn(T)), where
7;(T) is equal to the number of entries in T' equal to i. For a filling T of A\/u, and
(r,c) € M u, T(r,c) = a indicates that the box in row r and column ¢ of T' contains a.

The reverse reading word of a filling is the sequence obtained by concatenating the
entries of each row from right to left, top to bottom. A word aias ... a; is ballot if in
every initial factor ajas ... as the number of i’s is greater than or equal to the number
of i + 1’s, for all 3. A ballot tableau is a semistandard tableau whose reverse reading
word is ballot.

THEOREM 2.1 (The Littlewood-Richardson rule [9, 12]). The Littlewood-Richardson

coefficient cﬁ’u is equal to the number of ballot tableauz of shape A\/u and content v.

The column reading word of a filling is the sequence obtained by concatenating the
entries of each column of the filling, top to bottom, right to left. The following lemma
is a well known result whose proof we leave to the reader.
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LEMMA 2.2 ([4]). Let T be a semistandard tableau. The reverse reading word of T is
ballot if and only if the column reading word of T is ballot.

The Littlewood—Richardson coefficients satisfy the following two symmetries:

(9) v = s
v(a®)
(10) Cﬁ,y = Cz;l’v(“b) 5

for A C (a®) [12]. Applying the two above identities yields

b b
A oa L pveh veEh
(11) Cu,u - Cu,u - CVVA\/(ab) - Ckv(ab)ﬂj :
Given a sequence v = (v1,...,v;) € N, define sort(v) to be the par-

tition that arises from sorting the entries of v so that they are weakly de-
creasing. If A = (A1,...,0s) and u = (p1,...,up) are two partitions, then
AU = SOrt (A1, .oy gy fh1s -+ ). Set A4 (c?) = (A1 +e, Ao +¢, .oy Add+6 Adsts---)
where \; = 0 for i > a.

THEOREM 2.3 ([6, Theorem 3.1]). Let A, p, v be partitions with a,b € N>g and a > b.
Then

A A+(1%)
(12) Cu,y < C,u.-‘r(lb),l/—l-(l“’b) 9

A AU(a)
(13) Cuv < CuU(b),VU(a—b) :

COROLLARY 2.4. Let A/p and X*/u* be skew partitions such that X*/p* is obtained
from N/ by removing a subset of columns. If p(A/p) = p(A*/p*) then for alln € Z,
Sxe/u= (T1, ..., Tn) is not multiplicity-free implies sy, (1, ..., Tn) is not multiplicity-
free.

Proof. There is a sequence of skew diagrams \*/u* = A/put, ... \*/u® = \/p with
A/t = N (199 /it + (1%) and b; < ay, for 1 < i < 2. By construction

(14) a; —b; < p(A/ ).

If sy« /= (21, ..., 2,) is not multiplicity-free, then n > p(A/u) and there is a partition
v* with £(v*) < n such that cf;iv,,* > 1. By (12), Cf\;,y*+(1a2*b2) > cf;im* > 1.
Then (14) implies £(v* + (1%7%)) < n. Thus sy2/,2(21,...,2,) is not multiplicity-
free. Our desired result follows by inductively repeating this argument. O

COROLLARY 2.5. Let A/p and X\*/u* be skew partitions such that \*/u* is obtained
from X/u by removing a subset of columns. If sy« (21,...,Tprs/u=)+1) 15 not
multiplicity-free, then s/, (w1, ..., Ton/u)+1) 5 not multiplicity-free.

Proof. This follows by a nearly identical argument to the proof of Corollary 2.4, taking
care at each step to show that the final content v will have ¢(v) < p(A /) + 1. O

LEMMA 2.6. Let A/ be a basic skew partition such that np(A),np(n) > 2. Suppose
that A = pug and £(u) =1y. Set A= (N, 5\l"+q_1) and i = (plr) where

» ptg—1 q
S\L _ (M + Mg — pq,i+1)kq—i+1 ifi€[q]
' )‘ii:;ﬁ else
then
Cf),u = ng for all partitions v.
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EXAMPLE 2.7.Let A = (63,22,1) and p = (5,3,2). By Lemma 2.6, we obtain A =
(6,5,3,22,1), i = (2%) and cf;’l, = Cfi,u for all partitions v. The skew diagram A/p (on
the left) and \/ji (on the right) are listed below.

] l

Visually, we obtain 5\/ i from \/p by reversing the left to right order of column 3
through 6 while maintaining a valid skew partition.

Proof of Lemma 2.6. Ao = pq and ¢(p) = 1y, all ballot tableaux of shape \/u, of
any content, are identical in columns pg + 1 through A;. Notice that 5\q+1 = A
and £(p) = D20 ki = Y05, I;. Therefore all ballot tableaux of shape /i, of any
content, are also identical in columns 4 41 through A;. Let T" be any ballot tableau
of shape \/u and of any content, then column ¢ of T is filled by 1 through CS.(\/u)
for ¢ € [pug + 1, A1]. Similarly, let T be any ballot tableau of shape 5\/,11 and of any
content, then column ¢ of T is filled by 1 through CS.(\/fi) for ¢ € [11y + 1, A1]. Since
CS.(A/pn) = CS>\1+M+1_C(5\/[L) for all ¢ € [uy + 1,\1], the content of T and T are
identical in columns pq + 1 through A;. Therefore we can find a content preserving
involution from the set of ballot tableaux of shape A/u to the set of ballot tableaux
of shape \/fi. As a result,

A X

C =cC

v 5,0 for all partition v. O

2.2. A QUARTET OF REDUCTIONS. In this subsection we prove Theorem 1.9 by first
proving Propositions 2.8, 2.9, 2.11, 2.12; each of these propositions establishes the
effect of one of the four reductions on a skew Schur polynomial.

PROPOSITION 2.8 ([15, Lemma 2]). If A/ is a skew partition, then
SA/M(IL'l, ‘e ,In) = S()\/M)ba(zl, ‘e ,.’,En).

PROPOSITION 2.9. If A/ is a skew partition with p(A/u) < n, then

(15) Sx/u(@1, .o ) = (21 xn)ks()\/#)nu (X1, ey Tn)s

where k = #{d : CSq(A\/p) = n}. In particular, for all skew partitions A/ p,
Sx/u(T1, .-, T0) is multiplicity-free if and only if s(x/uyne (%1, .., xn) is multiplicity-
free.

Proof. If p(A/p) > n, then (\/p)" = @/@ and sy ,,yne(21,...,@,) = 1, which is
multiplicity free. Let v be a partition with £(v) < n. Since there is a column in A/u
with more than n boxes, there are no tableaux of shape A\/u and content v. Hence,
Theorem 2.1 implies c/iu = 0, forcing s/, (21, ..,7,) to be multiplicity free as well.
Hence, for the rest of this proof, assume that p(A/p) < n.

If p(A/p) < n, then (A\/p)™ is the skew partition that arises from deleting all
columns with exactly n boxes. If k = 0, then (A\/u)™ = \/u and (15) is trivial. Hence,
we assume k > 0. Let A" and u™ be the partitions such that (\/p)™ = A" /pn. If
v is a partition such that ¢(v) < n, then we claim
(16) CiL:'z,l/ = Cfl,y+(kn)-

Denote by S; the set of ballot tableaux of shape A/p with content v 4+ (k™), and
let Sy denote the set of ballot tableaux of shape (\/u)"™ with content v. Consider the
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map f :S; — Sy that sends a T € S; to a T € Sy by removing all columns in 7" of
length n. We show that f is a bijection.

f is well-defined: Since each column of T is strictly increasing downwards, a column
with n boxes has to be filled with 1 through n. Removing the subword corresponding
to the boxes in such a column will result in a column reading word that is ballot.
Thus by Lemma 2.2 the reverse reading word is ballot. Each column remains strictly
increasing and each row remains weakly increasing after removing columns of length
n. Hence f(T) is a ballot tableau of shape (\/u)™ and content v.

f is injective: Since all the columns of length n must be filled with 1 through n,
all ballot tableaux in S are identical in these columns. Therefore if 77,75 € S; with
Ty # Ts, then they must differ in a column of length less than n. As a result, their
image, f(T1) and f(T3), differ in a column of length less than n.

f is surjective: Let {c},...,c}} be the columns in A/ of length less than n and let
{c1,...,c} be the columns of length equal to n. For T* € S, consider a tableau Tj
of shape A/ where we fill column ¢} with the same entries as the i*" column in 7%,
for all i € {1,...,k}. By construction the two columns have the same size. Fill in the
remaining columns of T with 1 through n in each column. It is clear that if Ty € Sy,
then f(Tp) =T*.

To is semistandard: It is clear from the construction that each column of Ty is
strictly increasing. Since T™ is semistandard, it suffices to verify that the entries in
each row are weakly increasing at the boxes in ¢; for all i € {1,...,1}. Since A\/p is a
skew-shape, the column directly to the left of ¢;, denoted as c; , ends in the same row
or lower than c¢; ends. Therefore if an entry in ¢; is greater than its right neighbor
in ¢;, then every entries in c¢; below it have to be greater than their right neighbors
(if exist). As a result, the entry in ¢; that has the bottom entry of ¢; as its right
neighbor has to be filled by at least n + 1 which is impossible by our construction.
Similarly, the column directly to the right of ¢;, denoted as ¢; starts in the same row
or higher than ¢;. Therefore if an entry in cj is smaller than its left neighbor in ¢;,
then every entry above it in cj is smaller than than their left neighbors, if they exist.
However, there will not be a valid entry to the right of the top entry in ¢;. Therefore
To is semistandard.

Ty is a ballot tableau: By adding columns {ci,..., ¢} filled by 1 through n, one
insert [ subwords into the column reading word of T* where each subword is 1,2, ..., n.
Therefore the column reading word of Ty is also ballot, and by Lemma 2.2 the reverse
reading word is ballot.

Thus (16) holds. The final equality we need to complete the proof is

(17) Syt (k) (T oy Tn) = (1 20) s (21,00 20),
which follows from (1). Thus
S (@i, omn) = Y asal@y, .. Tn) (2)

as.t. L(a)<n

as) = Z Cﬁ7u+(kn)sy+(/€")(xlv ey Tn)
v st L(v)<n
= Y @) s, ) (16), (17)
v s.t. L(v)<n
= (1‘1"'.lﬁn)kS(A/u)nu(J?l,...,l‘n) (1)

The second equality in (18) follows from the fact that any nonzero ¢}, , must have

(k") C a. If sy/,(21,. .., 2,) is multiplicity-free then all the Littlewood-Richardson
coefficients that appear in (18) are equal to 0 or 1, and hence s(y/,)nt (21, .., 7,) is
multiplicity-free. The converse holds by the same argument. O
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LEMMA 2.10. If A/ u is a skew partition that contains a b X k rectangle and c:\w #0,
then (k%) C v.

Proof. If c;\w # 0, then there must exist a ballot tableau T of shape A/u and content v.
Let (r,¢) € A/ be the bottom, left corner of the bx k rectangle. Then T'(r, ¢) > b since
T is a tableau, and T'(r,c +¢) > b for 0 < ¢ < k since T is a semistandard tableau.
Thus the reverse reading word aq,...,a,, of T contains a consecutive subsequence
Gygly- - Gyt) With

(19) ar+j =2 bfor 1 <j<k,
(20) Asryj = Guyjqr for 1 < j < k.

Since aq,...,a, is a ballot sequence, we must have that there is a subsequence of
ai,...,a, that equals 1,2,... a,41 — 1. By (20), a,41 > a,42, so there must be a
second subsequence of a1, ..., a, that equals 1,2,...,a,4+2—1, and it must be disjoint
from the first sequence. Continuing inductively we arrive at the conclusion that there
are k disjoint subsequences of ai,...,a.4x of the form 1,2,...,a,4; for 1 < j < k.
Each a,;; > b by (19), and thus we arrive at our desired result that (k%) C v. O

PROPOSITION 2.11. If A/ is a basic skew partition and n' = n — 7(A\/u), then
sx/p(x1, ..., xy) is multiplicity-free if and only if s(x/uyi(21,. .., 2n) is multiplicity-
free.

Proof. Let 7 = 7(A/p) and 0 = o(A/p). If 7 = 0 = 0, the result is immediate, so we
assume 7 > 0 or o > 0. Let A and u% be the partitions such that (A/p)t = At /b,
By Definition 1.4,

(21) A=AU(A —0))+ (') and p = .

Suppose that chV # 0 for some v such that £(v) < m. Since A\/u contains a 7 X A;
rectangle and a £(\) x o rectangle, Lemma 2.10 implies (A]) C v and (¢/™) C v.
Therefore both A and v contains the fat hook (A],c*™~7). Further, v C A, and so
vi =AM for i€ {l1,...,7} and vyn) = A,. This implies

(22) v=aU((\—0)7)+(a'V),
for some partition « with () < n’ and a3 < Ap.
(23)
ATU((A—0)T)+(0* )
Ci\t,u = C#ti7au(()\1_o-)7)+(o-l()\)) (21)a (22)
_ A=) )+ ()
= Cati((a =) )+ )
= cgt,iwi Proposition 2.8, a; < A1 — o and £(a) < L(\) — 7
. )\ti
= CMti,a (9)
Notice that the above equality holds for all v such that ¢(v) < n and cﬁ,y # 0,
and all « such that £(«) < n' and cﬁta # 0. Therefore if s(\/,yi(21,...,2n) is N0t

multiplicity-free, by (23), we can find v such that cf;,,j > 1 as well. By (2) we are

done. O
PROPOSITION 2.12. If A/ is a skew partition, then

Sx/u(@1y o) = s e (150, ).

Algebraic Combinatorics, Vol. 4 #6 (2021) 1081



SHILIANG GAO, REUVEN HODGES & GIDON ORELOWITZ

Proof. If \/p is ordinary, then (A/u)° = A/u and the proof is trivial. If A\/u is not
ordinary, then (A/p)°" = pV (O ™) AV ™) Our result now follows from (11). O

Proof of Theorem 1.9. We first show that Ard/p"ed == ((((\/p)™#)b2)t)°" is n-sharp,
basic, tight, and ordinary. It follows from Definition 1.3 that (\/u)"* is n-sharp. The
basic demolition of (A/u)™ does not increase the number of boxes in any column, and
hence is n-sharp and, by constructlon basic.

Let a/f = (a5, ...,ac") /(85 ... ,ﬁd ) be a n-sharp and basic skew partition. The
tight demolition of «/8 does not increase the number of boxes in any row or column,
and hence is n-sharp. By definition the tight demolition of a//3 deletes all empty rows
and columns and hence is basic. It remains to show that the tight demolition of /8
is tight. Let us consider the following four cases:

Case 1 (1(a/B) = a(a/B) = 0). By definition (a/B)" = (a/B)P* = /5. Since /3 is
tight, the tight demolition is tight.

Case 2 (t(a/B) # 0, o(\/B) = 0). By definition, (o'~ " acr) /(B ..., Bd)
is tight and 4(8) = ¢ — 7(a/B). Therefore (ailfT(a/B),...,a?)/( L, B
does not have empty rows. If there are also no empty columns, then (a/B)" =
(ail_T(a/ﬁ),...,aﬁr)/( '...,B%) is tight. Suppose column z is empty, then we
have s > z and ag < 2. As a result, (r,¢) € (o'~ e/B) calr) /(B8 ..., B im-

plies that (r,¢) € [1,c1—7(c/B)] x [z2+1, a1]U[c1—T (a/ﬁ)—i—l 0(a)— (a/ﬁ)] [1,z—1].
Since the row sets and column sets of the two rectangular boxes are disjoint, there
are no rows with a; boxes or columns with £(a) — 7(a/3) boxes and thus (a/B)% is
tight.

Case 3 (t(a/B) = 0, a(A/B) # 0). Since (a/B)T satisfies the condition in Case 2,
we know ((a/B)T )“ is tight. Since taking the transpose does not affect tightness,

(a/B)" = (((a/B)T)")7 is also tight.

Case 4 (t(a/B) # 0, a(N\/B) # 0). Since § # &, we know «a, —o(a/f) > 0 and ¢; —
7(a/B) > 0. Since « is not a rectangle, oy > - and ¢3 > 0. Combining ¢; —7(a/3) > 0
and a1 > ay, We get [1,¢1—7(a/B)] x [ar +1,01] C ((an —o(a/B))~7@/B) . (a, —
o(a/B)))/ (6%, ..., 8%). Combining o, — o(a/B) > 0 and ¢ > 0, we get [¢; —
(/) + 1,6(a) = r(a/3)] x [Lay — ola/3)] < (s — o{a/9) =D, (ar -
o(a/B)))/(B%,...,B%). Notice that there are no empty column or row in ((a; —
ola/8)) =19 (ay — ola/8)) /(B2 .., B%). Therefore (a/B)% is tight by
definition.

Since we have exhausted all possible cases of «/8, we conclude that the tight
demolition of o/ is tight.

Let a/8 = (af',... ,afj‘)/( ..., B%) be a n-sharp, basic, and tight skew parti-
tion that is not ordinary. Then (a /B)°" is the skew partition with the same number of
rows and columns as «//f3 that results from rotating /5 by 180 degrees. Thus («/3)°"
is n-sharp and basic. Fixing the rectangle ((a1)(®)), we have (a/B)* = Y /a" with
BY = ((a)" =B (g — B)%, ..., (a1 — B1)™). Since a/f is basic, £(a) > £(j)
and hence the first row of 8¥ has a7 boxes. Suppose that (a/8)° is not tight. This
means (o/3)°" contains a row with o boxes. Since (a/5)°" is the 180 degree rotation
of a/f this implies that «/f§ contains a row with «; boxes. That is, a/3 is not tight,
a contradiction.

Since o/ is not ordinary, this implies

(24) np(a) — 1 > np(f).
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If we fix the rectangle ((ap)%®)), then (a/B)* = Y/a". Then, since a/3 is basic,
np(8Y) = np(B) + 1 and np(«¥) = np(a) — 1. Hence, (24) implies
(25) np(3*) — 1 =np(8) < np(a) — 1 =np(a”),

which means (/)" is ordinary.
The multiplicity-freeness claim is a corollary of Propositions 2.8, 2.9, 2.11, and 2.12.

d
3. MULTIPLICITY-FREE UPPER BOUNDS
We reformulate Theorem 1.11 in the following equivalent way:
THEOREM 3.1. Let 55/, (21, ...,2,) be a basic, n-sharp, tight, ordinary skew Schur

polynomial where A = ()\lll, /\l227 R /\if’) and p = (ulfl,,ugz, ... ,,u’;q). Fix the rectangle
()\f(k)) and set p = p(A/p). Then sy, (x1,...,xy,) is multiplicity-free if and only if X,
W satisfy at least one of:
(I) \V is a rectangle of shortness 1 or an empty partition.
) AV is a rectangle of shortness 2 and p is a fat hook.
) AV is a rectangle and u is a fat hook of shortness 1.
(IV) AV and p are both rectangles.
) AV is a rectangle of shortness at least 3, u is a fat hook of shortness at least
2, g =1, la >k andn=p+1.
(VI) AV is a rectangle of shortness at least 3, ji is a fat hook of shortness at least
2, da=p1,la <k andn=p+1orp+2.
(VII) AV is a rectangle of shortness at least 3, p is a fat hook of shortness at least
2, >)\2>,u2, ki >1s andn:p+1.
(VIIT) AV is a rectangle of shortness at least 3, 1 is a fat hook of shortness at least
2,loz2l, po=Xaandn=p+1 orp+2.
(IX) AV is a rectangle of shortness at least 3, 11 is a fat hook of shortness at least
2,11 > 1o, /,62:)\2 andnzp—i—l.
(X) AV is a rectangle of shortness at least 2, np(p) > 2, X\o = g, lo = 11 and

n=p+1.
(XI) AV is a rectangle of shortness at least 2, np(p) > 2, 1 = Ao, k1 = lo and
n=p+1.

Note that we don’t need to consider the case where n < p since the skew Schur
polynomial would not be n-sharp.

THEOREM 3.2 ([6, 15]). Let A/ be a basic, ordinary skew partition and fix the rectangle

NN The skew Schur function Sx/u B multiplicity-free if and only if one of the
1 /w
following holds:

(I) either AV is a rectangle of shortness 1 or an empty partition.
IT) A\ is a rectangle of shortness 2 and p is a fat hook.
g I
III) )Y is a rectangle and 1 is a fat hook of shortness 1.
I
IV) AV and p are both rectangles.
7

In order to classify all multiplicity-free skew Schur polynomials, it is enough to
find, for each basic, tight, ordinary skew partition A/p the minimal integer m(\/pu)
such that A/p is m(A/p)-sharp and sy, (21, ..., Zm(r/u)) is not multiplicity-free. The-
orem 3.2 implies cases (I), (IT), (ITI), and (IV) of Theorem 3.1, and so we only need to
consider the basic, tight, ordinary skew partitions \/u that satisfies any of the three
following conditions:
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(I) AV is a rectangle of shortness at least 3 and p is a fat hook of shortness at
least 2;
(IT) A is a rectangle of shortness at least 2 and np(u) > 3;
(1) np(AY), np(u) = 2.
In this section, we will find upper bounds on m(A/u) for A\/p satisfying each of the
three conditions. For the rest of this section, we fix A = ()\lll,/\l;, e )\]lf) and p =

k .
(Ui, 152, ., pg”) with p = np(\) and ¢ = np(p).

3.1. BoTH np(A\Y) AND np(u) ARE AT LEAST 2. The goal of this subsection is to
prove that Theorem 3.1 should not include any cases where both np(AY) and np(u)
are at least 2.

THEOREM 3.3. Let sy /,(71,...,%,) be a basic, n-sharp, tight skew Schur polynomial
such that neither \Y nor u is a rectangle, then Sx/u(®1, ..., T,) is not multiplicity-free
(or equivalently, m(A/u) =p+1).

For 1 < ¢ < Ay, let U(e) := min{r : (r,¢) € A/p} and L(C) = max{r : (r,c) €
A/p}. For the rest of this section, we fix A = ()\111,...,)\;") and p = (,u]fl,...,,u];q)
with p = np(\) and ¢ = np(p).

LEMMA 3.4. If neither AV nor p is a rectangle, then at least one of the following is
true:

(I) There exist three columns indexed by c1,ca,cs in N/ such that U(ey), U(ea),
Ulcs) are all distinct, and L(cy), L(c2), L(cs) are all distinct.

(IT) There exist four columns indexed by c1,ca,c3,cq in A/ p such that U(cy) =
U(c2),L(cs3) = L(ca), and in addition U(c1),U(c3), U(ca) are all distinct, and
L(c1), L(ca), L(c3) are all distinct.

S4 S3 »92 Sl

az

ay

FIGURE 2

Proof. Since p and AV are not rectangles, p > 3 and ¢ > 2. For 1 < i < ¢+ 1, set
S; = {ﬂi +1,... ,,ui_l}, where g = A and tg+1 = 0.
By construction,

(26) U(c) =U(d) for ¢,d € S;
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and

(27) U(c) <U(d) for c € S;,d € S; with i > j.
Denote

(28) a; = min{k : L(k) < £(\)} and ag = min{k : L(k) =1 }.

Note that by construction L(1) > L(a;) > L(az) = L(A1), so in particular 1 < a; <
as. If a1 & S1 U Sg41, then columns 1, a1 and A; satisfy Lemma 3.4 (I).

If aq € S, then a1 < ao implies ax € Si. Set ¢ = ay,co = as, and c3 =
max(9S3), ¢4 = max(S3). Notice that U(c;) = U(ez) by (26), with U(cy),U(ce3), U(cy)
all distinct by (27). Since ¢; is the minimum index such that L(c;) < ¢(\) and ¢; € 51,
we have L(c3) = L(ca) = ¢(N\). Finally, L(c1) = (X) — I, L(c2) = l1, L(c3) = £(N) are
all distinct. Thus these four columns satisfy Lemma 3.4 (II).

If a1 € Sy41 and az < min(S,), then let ¢; = 1, ¢a = a1, ¢3 = min(S,), and
¢4 = A1. Then U(cy) = Ulea) by (26), and U(ey), U(es), U(cq) are all distinet by (27).
Since ag = min{k : L(k) = I3} and as < c¢3, then L(c3) = L(csa) = l3. Furthermore,
L(c1) = M1, L(c2) = €(X) — I, and L(cs) =1y are all distinct. Hence ¢, ¢2, ¢3, and ca
satisfy Lemma 3.4 (II).

If a7 € Sy41 and az > min(S,), then columns 1, min(S,), and A\ satisfy
Lemma 3.4 (I). Since we have exhausted all possibilities for a; and as, we conclude

that either Lemma 3.4 (I) or (II) always hold. O
PROPOSITION 3.5. If there exist columns ¢y, ¢z, c3 in A/ p such that U(cy), U(ez), U(ces)
are all distinct and L(c1), L(c2), L(c3) are all distinct, then sy, (x1,...,T,41) is not
multiplicity-free.

Proof. First consider the case where A\/u consists of only those three columns, and
without loss of generality say that ¢; = 3, ¢ = 2, and ¢3 = 1. Let p; :== CS., (A\/p) for
i€ {1,2,3}.

Our goal is to construct two distinct ballot fillings of A\/u with the same content. In
both fillings, we fill column ¢; with the numbers from 1 to p;. The entries of column
co and column c3 will depend on the relative sizes of p1, p2, and ps:

Case 1 (p1 < p2 < p3). For Filling 1, fill column ¢y with [p2] and column ¢z with
[p3 + 1] . {p1}. For Filling 2, fill column ¢, with [p2 + 1] \ {p1} and column c3 with
[ps + 1] ~{p2 + 1}

Case 2 (p1 < ps < p2). For Filling 1, fill column ¢z with [p2] and column ¢z with
([ps] ~ {p1}) U{p2 + 1}. For Filling 2, fill column ¢y with [p2 + 1] \ {p1} and column
cs with [ps].

Case 3 (p2 < p1 < p3). For Filling 1, fill column ¢y with [ps] and column ¢z with
[p3 + 1] \ {p2}. For Filling 2, fill column ¢y with [p2 — 1] U {p1 + 1} and column c;3
with [p3 + 1]~ {p1 + 1}.

Case 4 (p2 < ps < p1). For Filling 1, fill column ¢y with [p2] and column ¢z with

([ps] ~ {p2}) U {p1 + 1}. For Filling 2, fill column ¢y with [p2 — 1] U {p; + 1} and
column c3 with [ps].

Case 5 (p3s < p1 < p2). For Filling 1, fill column ¢y with [ps] and column ¢z with
[p3 — 1] U {p2 + 1}. For Filling 2, fill column co with [p2 + 1] \ {p1} and column c;3
Case 6 (p3s < p2 < p1). For Filling 1, fill column ¢y with [ps] and column ¢z with
[ps — 1] U {p1 + 1}. For Filling 2, fill column ¢y with [ps — 1] U {p1 + 1} and column
cs with [ps — 1] U {p2}.
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In all of the above cases, both fillings have the same content, and they are strictly
increasing within columns. Similarly, in all cases the column reading word is ballot.
It remains to show that the fillings are weakly increasing within rows.

CLAIM 3.6. Let T be any one of the fillings defined in the six cases above.
(I) If (7", 02)7 (T7 03) € )\/,U,7 then T(T, 03) < T(’f’7 62)'
(IT) If (r,c1), (ryc2) € A/ p, then T(r,c2) < T(r,cq1).

Proof. We first prove (I). Since U(cs) > U(cz), at most the top p2 —1 boxes of column
c3 are to the left of a box in column c¢,. In addition, there is at least one box in column
¢o in a higher row than the highest box in column ¢3. Similarly, because L(cg) > L(cz),
at most the top ps — 1 labels of c3 are to the left of a label of column cs.

Combining these two facts, we know that at most the top min(ps, p3) — 1 boxes in
column c3 have a box in column ¢y directly to the right. Notice that in all of the cases
of the fillings above, for 1 < k < min(ps, p3) — 1, the k" box from the top of column
c3 has a value of at most k + 1, and its right neighbor is at least the (k + 1)!* box
from the top of column cy. Thus even if column ¢; was minimally filled, its entries
would still be larger than the corresponding entries in column c3, which proves the
claim.

The proof of (II) follows by the same logic as the proof of (I). O

This completes the proof in the case where \/u consists of exactly three columns.
If A/p has more than three columns, then let A\*/u* be the skew shape consisting
of only the three columns indexed by c1, ¢o, and c3 in the statement of the the-
orem. By Corollary 2.5, sx«/,+(%1,...,Tp(x=/p)41) i not multiplicity-free implies
Sx/u(T1, .o Tp(a/p)+1) s not multiplicity-free. O

PROPOSITION 3.7. Suppose there exist columns ci,ca,c3,¢q in A/ p such that either
U(c1) = Ulea) or L(cr) = L(ca) but not both, either U(cg) = U(cs) or L(cz) =
L(ca) but not both, and U(c;) # Ulc;) and L(c;) # L(c;) for all i € {1,2} and
J € {3,4}. If neither XY nor p are rectangles of shortness 1, then sy;,(x1,...,2p11)
s mot multiplicity-free.

Proof. Consider the case where \/pu consists of only those four columns ¢y, ¢a, ¢3, 4.
Without loss of generality say {ci1,ce} = {3,4} and CS., (A\/p) < CSc,(A/1), and
{e3,ca} = {1,2} with CS.,(A/p) < CS¢,(A/u). There are four possible arrangements
of ¢; through ¢4 as shown in Figure 3. Let p; .= CS., (A\/p) for i € {1,2,3,4}.

L cl A L c A
C2 o e C2 o e
: 63 : 03 L L
Cq Cq e | Ca
C3 : C3 :
(A) (B) (©) (D)
FIGURE 3

We want to construct two distinct ballot fillings of A/p with the same content. In
both fillings, we fill column ¢; and ¢y with [p;] and [ps] respectively. The entries of
column c3 and ¢4 depend on the relative sizes of p1, p2, p3, p4 and the relative sizes of
c3 and c4.
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Case 1 (cg > ¢4, p2 = pa, pa —1 = p1 + 1, ps = p1). For Filling 1, fill column c3
with [p3 + 1] ~ {p1} and column ¢4 with ([p4] ~ {ps+ 1}) U{p2 + 1}. For Filling 2, fill
column ¢3 with ([p3] ~ {p1}) U{p2 + 1} and column ¢4 with [p4].

Case 2 (c3 > ¢4, p2 =2 pa, pa— 12 p1+1, ps < p1). For Filling 1, fill column ¢35 with
[ps —1JU{p1 + 1} and column ¢4 with ([ps] ~ {p1 + 1}) U {p2 + 1}. For Filling 2, fill
column ¢z with [p3 — 1] U {p2 + 1} and column ¢4 with [p4].

Case 3 (c3 > ¢4, p2 = pa, pa — 1 < p1 + 1). For Filling 1, fill column ¢z with
[ps — 1] U {p1 + 1} and column ¢4 with [pqg — 1] U {p2 + 1}. For Filling 2, fill column
c3 with [p3 — 1] U {p2 + 1} and column ¢4 with [ps — 1] U {p1 + 1}.

Case 4 (c3 > cq4, p2 < pa, p3 = p2). For Filling 1, fill column ¢z with [ps + 1] \ {p1}
and column ¢4 with [ps+ 1]\ {p2}. For Filling 2, fill column c5 with [p3+ 2]~ {p1, p2}
and column ¢4 with [ps + 1] \ {p3 + 2}.

Case 5 (c3 > ¢4, p2 < pa, p3 < p2, p1 = p3). For Filling 1, fill column c3 with
[ps — 1] U{p1 + 1} and column ¢4 with [ps + 1] ~ {p1 + 1}. For Filling 2, fill column
c3 with [p3 — 1] U {p2 + 1} and column ¢4 with [ps + 1] \ {p2 + 1}.

.Case 6 (c3 > ¢4, p2 < pa, p3 < p2, p1 < p3) For Filling 1, fill column ¢z with
[ps + 1] ~ {p1} and column ¢4 with [ps + 1] \ {p3 + 1}. For Filling 2, fill column c3
with ([ps] ~ {p1}) U {p2 + 1} and column ¢4 with [ps + 1] \ {p2 + 1}.

Case 7 (¢35 < ¢4, p2 = pa, pa — 1 < p1 + 1). For Filling 1, fill column ¢z with
[ps — 1] U {p1 + 1} and column ¢4 with [py — 1] U {p2 + 1}. For Filling 2, fill column
c3 with cs with [p3 — 1] U {ps — 1} and column ¢4 with [ps — 2] U {p1 + 1, p2 + 1}.

Case 8 (c3 < ¢4, p2 = pa, pa— 12 p1+1, p1 = p3). For Filling 1, fill column ¢3 with
[ps — 1] U {p1} and column ¢4 with ([ps] \ {p1} U {p2 + 1}. For Filling 2, fill column
c3 with [p3 — 1] U {ps} and column ¢4 with [ps — 1] U {p2 + 1}.

Case 9 (c3 < ¢4, p2 = pa, pa— 12 p1+1, p1 < p3). For Filling 1, fill column ¢3 with
([ps] ~ {p1}) U{ps} and column ¢4 with [py — 1] U {ps + 1}. For Filling 2, fill column
c3 with [ps] and column ¢g4 with ([ps] ~ {p1}) U {p2 + 1}.

Case 10 (¢35 < ¢4, p2 < pa, p2 < p3). For Filling 1, fill column c5 with [p3 + 1] ~ {p1}
and column ¢4 with [ps + 1] \ {p2}. For Filling 2, fill column c3 with [p3 + 1] \ {p2}
and column ¢4 with [pg + 1]\ {p1}.

Case 11 (¢35 < cq, p2 < pa, p2 > ps3, p3 > p1). For Filling 1, fill column c5 with
([ps] ~ {p1}) U{p2} and column ¢4 with [ps + 1] \ {p2}. For Filling 2, fill column c3
with [p3] and column ¢4 with [ps + 1] ~\ {p1}-

Case 12 (¢35 < cq, p2 < pa, p2 > p3, p3 < p1). For Filling 1, fill column c5 with
[ps — 1] U {p1} and column ¢4 with [ps + 1] \ {p2}. For Filling 2, fill column c¢5 with
[ps — 1] U {p2} and column ¢4 with [ps + 1] \ {p1}.

In all of the above cases, both fillings have the same content, and they are strictly
increasing within columns. Similarly, in all cases the column reading word is ballot.
It remains to show that the fillings are weakly increasing within rows.

For each pair of indices (c1,c2) or (cs,c4), the fillings described above are
weakly increasing within rows for those column pairs. Let ¢/ = max{c3,cs} and
¢ = min{cy,co}. It remains to show that the fillings described above are weakly
increasing within rows for the column pair ¢’ and ¢”.

CrLaM 3.8. Let T be any one of the fillings defined in the twelve cases above. If
(r, "), (r,c) € M, then T(r, ") < T(r,d).

Proof. Let p" = CScv(A/p). Because U(c”) > U(c') and CSy(A/p) < p2, at most the
top p2 — 1 boxes of column ¢” are to the left of a box in column ¢’. In addition, the
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boxes in column ¢ have at least one more box above them than the corresponding
box in column ¢”. Similarly, because L(c”) > L(c’), at most the top p” — 1 boxes of
column ¢” are to the left of a box in column ¢’. Combining these two facts, we know
that at most the top min(ps, p’") — 1 boxes in column ¢’ have a box in ¢ directly to
the right of it.

Observe that in nearly all of the cases above, for 1 < k < min(pa, p’) — 1, the k?
box from the top of column ¢’ has an entry of at most k + 1, and its right neighbor
has at least k boxes above it. Even if column ¢’ was minimally filled, its entries would
still be at least the value of the corresponding entries in column ¢’. This proves the
claim in these cases.

There are only two exceptions to the above observation: Case 4 and Case 7.

In Case 4, the only box contradicting the observation is the box that is ps — 1 from
the top of column ¢’ = c3, which has value ps+1. This would violate semistandardness
if and only if

(29) ' =coand U(cy) = U(cs) — 1.

In this case u is a rectangle of shortness 1, and thus (29) cannot be satisfied.

In Case 7, the only box contradicting the observation is the box that is p4 — 1 from
the top of column ¢’ = ¢4, which has value p;+1. This would violate semistandardness
if and only if

(30) ¢ =cp and L(cr) = L(cyq) — 1.
In this case AV is a rectangle of shortness 1, and thus (30) cannot be satisfied.
As a result, in all cases, both fillings of A\/u are semistandard. O

This completes the proof in the case where \/u consists of exactly four columns.
If A/p has more than four columns, then let A*/u* be the skew shape consisting
of the four columns in the statement of the theorem. If neither (A\*)Y nor u* is a

rectangle of shortness 1, then we have shown that SA*/#*(acl, . ,gcp()\*/“*)ﬂ) is not
multiplicity-free. By Corollary 2.5, sy« /. (21, . .., Zp(r=/u=)41) is not multiplicity-free
implies 55/, (21,...,Zy(x/u)+1) is not multiplicity-free.

On the other hand, suppose either (A\*)Y or p* is a rectangle of shortness 1 as
in Figure 3(A) or Figure 3(D). Since neither A¥ nor y is a rectangle of shortness 1,
there must exist some other column ¢ such that U(c),U(c;),U(c;) are all distinct,
and L(c), L(c;), L(c;) are all distinct for some 1 < ¢ < j < 4. By Proposition 3.5,
Sx/u(T1, .o Tp(a/p)+1) s not multiplicity-free. O

Proof of Theorem 3.3. The four columns defined in Lemma 3.4 (II) satisfy the hy-
potheses in Proposition 3.7. Combining Lemma 3.4, Proposition 3.5 and Proposi-

tion 3.7, we conclude that s/, (21,...,%,41) is not multiplicity-free. Thus all basic,
n-sharp, tight skew Schur polynomials are not multiplicity-free if neither AV nor p is
not a rectangle. O

3.2. AV IS A RECTANGLE OF SHORTNESS AT LEAST 2 AND np(u) > 3. The goal of
this subsection is to prove an upper bound in cases (X) and (XI) of Theorem 3.1.

THEOREM 3.9. Let sy /,(w1,...,7,) be a basic, n-sharp, tight skew Schur polynomial
such that N is a rectangle of shortness at least 2 and np(p) > 2, then s/, (1, ..., %5)
s not multiplicity-free if one of the following conditions hold:
(D) Ao=pqg, lo=l andn > p+2.
(II) Ay = Hgs lo <.
(III) Ag =1, k1 =1l andn = p+ 2.
) A2

(IV A = U1, ki <.

Algebraic Combinatorics, Vol. 4 #6 (2021) 1088



Multiplicity-free skew Schur polynomials

(V) Pg < A2 < 1.

Here we omit the cases where Ao < gy or A2 > i since the skew partition A/u
would be not basic if Ay < g and {1 = £(p), and not tight otherwise.

DEFINITION 3.10. For a basic skew-shape A/, let (\/p)(=F) be the skew-shape obtained
by removing the top k bozes in each column of A/ and then applying a basic reduction.

LEMMA 3.11. Let A/ be a basic skew diagram. If k < min{CSgz(\/p) : 1 < d < A},
then s(x/uy-© (T1, ..., Tn_k) s not multiplicity-free implies sy, (T1,...,7,) is not
multiplicity-free.

Proof. If 8¢5/ -» (T1,...,Tn—k) is not multiplicity-free, then there exists at least
two ballot tableaux of shape (\/p)(=%) with the same content v with ¢(v) < n — k.
Consider the following filling of A\/u: fill in the top k boxes in each column with
1 through k, with values increasing downwards, and fill in the remaining shape by
adding k to the corresponding entries in (A\/p)(=%). It is trivial, using Lemma 2.2,
to show that the resulting two tableaux are ballot. Therefore s/, (z1,...,2,) is not
multiplicity-free. U

LEMMA 3.12. If w = wiws ... w, 1S a ballot word, then the word w®) obtained by
concatenating wy, + 1, ...w, + k to the end of w is a ballot word.

Proof. For k = 1, it suffices to show that the number of occurrences of w,, in w is
strictly greater than the number of occurrences of w,, + 1. Indeed, if not, then the
sequence wj . . . W, —1 is not ballot, contradicting our assumption that w is ballot. The
lemma follows by induction on k O

Proof of Theorem 3.9. Since AV is a rectangle and np(u) > 2, we have ¢ > 3, p = 2.
Case 1 (A2 = pg). As illustrated by Figure 4, set

A={m+1,...,\} a=1y =CS,(A/u) for ke A
B={pg-1+1,...,1g-2} b=ky_1+ky=CSp(\/p) for k€ B

C={pg+1,...,g-1} c=ky=CS,(\/p) for ke C
D={1,... 1g} d=ly = CS,(\p) for k € D.

: 3

-
b 1
c 1 1
d A¢

FIGURE 4. Case 1 in Theorem 3.9, with column lengths a, b, ¢, and
d.
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Either a or d equals p(A/u), and by Corollary 2.4, it suffices for us to establish
multiplicity in the case where

A= (51,22) and p = (4%, 32 2ks).

In \/p there are exactly two D-columns and one each of the A, B and C-columus.
In order to construct a ballot tableau, there is a unique way to fill the A, B and
C-columns (fill each column with 1 through the length of that column).

We consider four subcases: case 1.1 corresponds to Theorem 3.9 (I) while cases 1.2,
1.3 and 1.4 correspond to Theorem 3.9 (II).

Case 1.1 (d > a). In this case p = d. By Lemma 3.11, we reduce to the case where
c =1 by setting k = ¢ — 1 in the lemma. For filling 1, fill in the right D-column with
[2,d+ 2]~ {a} and the left D-column with [d+ 1]\ {b} as in Figure 5(A). For filling 2,
fill in the right D-column with [2,d+ 2]~ {b} and the left D-column with [d+ 1]~ {a}
as in Figure 5(B). The second filling is obtained from the first by swapping the red
entries in the figure with the blue entries, maintaining their vertical order.

It remains to show these are ballot tableaux. The two tableaux are semistandard by
construction. Let u and v be the column reading words of filling 1 and 2, respectively.
To show that v and v are ballot, it suffices, by Lemma 3.12, to show that the initial
factors of u and v that terminate at the underlined entries in Figure 5 are ballot.

In the first filling, Figure 5(A), since ¢ = 1, there are three entries equal to 1 and
two entries equal to 2 before the underlined 2 in u. There is one entry equal to a, and
none equal to a 4+ 1, before the underlined a + 1 in u. Finally, there are three entries
equal to b, and two equal to b + 1, before the underlined b 4+ 1 in u. Therefore this
filling is ballot. By similar reasoning, we conclude that the second filling, Figure 5(B),

is ballot. As a result, sy/,(21,...,%,42) is not multiplicity-free in this case.
1 1
1 1
It 7
1 b a 1 b a
1 2 1 2
b—1 ©ob-1
b—1 b b—1 b+1
b+1 . A° b : A°
: a—1 a
a a+1 a—1 a+1
a+1 . a+1
d+1 d+2 d+1 d+2
(A) (B)

FI1cURE 5. Two fillings in Case 1.1
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Case 1.2 (d < ¢+ 1). In this case p = a. By Lemma 3.11, we reduce to d = 2.
Consider the filling of the skew partition in Figure 6 and a second filling obtained by
swapping the red b+ l-entry with the blue ¢+ 1-entry in the figure. Both tableaux are
semistandard. Let u and v be the column reading words of filling 1 and 2, respectively.
The initial factors of u and v, ending at the c in the C column, are both ballot. There
is one entry equal to a, zero entries equal to a + 1, two entries equal to b, one entry
equal to b+ 1, three entries equal to ¢, and two entries equal to ¢ + 1 in each of the
two initial factors. As a result both u and v are ballot and thus s/, (z1,...,2,41) is
not multiplicity-free.

1
7
1
1
c b a
1 b+1
)\C
c+1 a+1

FI1GURE 6. Filling in Case 1.2

Case 1.3 (¢c+1 < d < b). In this case p = a. By Lemma 3.11, we reduce to ¢ = 1. For
filling 1, fill in the right D-column with [2,d] U {a + 1} and the left D-column with
[d—1]U{b+ 1} as in Figure 7. For filling 2, fill in the right D-column with [2,d — 1] U
{b+1,a+1} and the left D-column with [d]. Filling 2 arises from filling 1 by swapping
the blue b+ 1 with the red d in the figure. It is again clear that the two tableaux are
semistandard. Let u and v be the column reading words of filling 1 and 2, respectively.
The initial factors of u and v, ending at the 1 in the C-column, are both ballot. There
is one entry equal to a, zero entries equal to a+1, two entries equal to b, and one entry
equal to b+ 1 in each of the two initial factors. This, combined with Lemma 3.12,
implies that v and v are ballot. Thus s/, (z1,...,2,41) is not multiplicity-free.

Case 1.4 (b < d < a). In this case p = a. By Lemma 3.11, we reduce to ¢ = 1.
For filling 1, fill in the right D-column with [2,d] U {a + 1} and the left D-column
with [d + 1] \ {b} as in Figure 8(A). For filling 2, fill in the right D-column with
[2,d + 1] U {a + 1} ~ {b} and the left D-column with [d] as in Figure 8(B). The
second fillings can be obtained from first by swapping the red entries with the blue
entries, maintaining their vertical order. Both tableaux are semistandard. The ballot
condition follows by a similar argument to Case 1.1. Therefore sy, (21,...,7p41) is
not multiplicity-free.

Case 2 (A2 = p1). As illustrated by Figure 9, set
A={u +1,...,71} a=13 =CS,(A/u) for ke A
B={us+1,...,p1} b=11 +1ls— k1 =CSi(\/ ) for ke B
C={us+1,...,p2} c=1l1+1ly— k1 — ko =CSi(A/p) for ke C
D=A{ps+1,...,u3} d=11+1ls— k1 — ko — ks = CSx(A\/p) for k€ D
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1
H 1
1 b a
1 2
)\C
d—1 d
b+1 a+1

Ficure 7. Filling in Case 1.3

1 1
M Y
1 1
1 b a 1 b a
1 2 1 2
b—1 b—1
b—1 b ¢ b—1 b+1 \e
b+1 b .
d : d+1
d+1 a+1 d a+1
(A) (B)

FI1GURE 8. Two fillings in Case 1.4

where puy =0 if g = 3.
By Corollary 2.4, it suffices to consider the case where A/ consists of exactly two
A-columns and one each of the B, C, and D-columns. Thus we consider

A= (5,212) and p = (3%, 22 1%s).
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We divide into four subcases: Case 2.1 corresponds to Theorem 3.9 (III) while
cases 2.2, 2.3 and 2.4 correspond to Theorem 3.9 (IV). In all subcases we construct
two distinct ballot fillings of A\/u with the same content.

)\C

FiGURE 9. Case 2 in Theorem 3.9, with column lengths a, b, ¢, and
d.

Case 2.1 (a 2 b). In this case p = a. By Lemma 3.11, we reduce to d = 1. For filling
1, fill the B-column with [b—2]U{a + 1, a + 2}, the C-column with [c—1]U{a + 1},
and the D-column with {b — 1} as shown in Figure 10. Filling 2 is defined to be
the result of swapping the blue b — 1 and red ¢ — 1 in Figure 10. Both tableaux are
semistandard. Let u and v be the column reading words of filling 1 and 2, respectively.
By Lemma 3.12, in order to verify that v and v are ballot, it suffices to check that
the initial factors of v and v that terminate at the underlined entries in Figure 10
are ballot. The following remarks hold for both u and v. There are two entries equal
to a and two entries equal to a + 1. Both a entries appear before the a + 1 entries.
There are four entries equal to ¢ — 2, and three equal to ¢ — 1, before the underlined
¢ — 1. There are three or four entries equal to b — 2, and two entries equal to b — 1
before the underlined b — 1. Thus u and v are ballot and sy /,(x1,...,Z,42) is not
multiplicity-free.

1 1
I
1
1

a a

b—2

c—1 a+1 A€
b—1 a+1 aq+2

Ficure 10. Filling in Case 2.1
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Case 2.2 (b > a > ¢). In this case p = b. By Lemma 3.11, we reduce to d = 1. For
filling 1, fill the B-column with [0+ 1] \ {a}, the C-column by [c —2]U{a,a+ 1}, and
the D-column with {¢ — 1} as shown in Figure 11. Filling 2 is defined to be the result
of swapping the red a and blue ¢ — 1 in Figure 11. Since b > a, both tableaux are
semistandard. Let u and v be the column reading words of filling 1 and 2, respectively.
By Lemma 3.12, in order to verify that u and v are ballot, it suffices to check that
the initial factors of u and v that terminate at the underlined entries in Figure 11 are
ballot. The following remarks hold for both u and v. There are three entries equal to
a, and two equal to a + 1, in u and v, with at least two a entries appearing prior to
the a + 1 entries. There are three entries equal to a — 1, and two entries equal to a,
before the underlined a. There are four entries equal to ¢ — 2, and three entries equal
to ¢ — 1, before the underlined ¢ — 1. Hence u and v are ballot and sy, (21,...,Z,11)
is not multiplicity-free.

1 1
I
1
a a
1
a—1
+1 ¢
c—2 a. A
a :
c—1 a+1 p+1

Ficure 11. Filling in Case 2.2

Case 2.3 (¢ > a > d). By Lemma 3.11 we reduce to d = 1. For filling 1, fill the
B-column with [b+ 1] \ {a}, the C-column with [¢+ 1] \ {a — 1}, and the D-column
with {@ — 1} as shown in Figure 12. Filling 2 is defined to be the result of swapping
the red a in the C-column with the blue a — 1 entry in the D-column in Figure 12.
Both tableaux are semistandard. By similar reasoning as in Case 2.2, both tableaux
are ballot. As a result, sy,,(1,...,2,41) is not multiplicity-free.

Case 2.4 (d > a). By Lemma 3.11 we reduce to a = 2. For filling 1, fill the B-column
with [b+ 1]\ {2}, the C-column with [c+ 1]~ {2}, and the D-column with [2,d+ 1] as
shown in Figure 13. Obtain filling 2 by swapping the blue 1 in the D-column with the
red 2 in the C-column in Figure 13. Both tableaux are semistandard. Their reduced
words are easily verified to be ballot by considering the initial factors that terminate
at the underlined entries in Figure 13, and then applying Lemma 3.12. Therefore
Sx/u(1, ..., T,41) is not multiplicity-free.

Case 8 (ptq < A2 < pt1). This case corresponds to Theorem 3.9 (V). Because Ay > fi4,
there exists at least two columns of different length that end in the last row of A;
namely those starting in row (Zf;ll k;) + 1 and those starting in row (3°7_, k;) + 1.
Because Ao < 1, there exist at least two different length columns that end in row
l1; namely those starting in row 1 and those starting in row k; + 1. All four of these
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1 1
I
1
a a
? a—1
a+1
a—2
a A
a+1
a—1 c+1 b+1

Ficure 12. Filling in Case 2.3

M 1 1

1 2 2
3

[SCIIN

(98]

d+1 c+1 b+1

Ficure 13. Filling in Case 2.4

columns start in different rows, since ¢ > 3. We now apply Proposition 3.7 to these
four columns to conclude sy, (21, .. .,%,41) is not multiplicity-free. O

3.3. AV IS A RECTANGLE OF SHORTNESS AT LEAST 3 AND 1 IS A FAT HOOK OF
SHORTNESS AT LEAST 2. The goal of this subsection is to prove an upper bound in
cases (V), (VI), (VII), (VIII), and (IX) of Theorem 3.1.

THEOREM 3.13. If 55/, (21,...,2y) is a basic, n-sharp, tight skew Schur polynomial
such that \V is a rectangle of shortness at least 3 and p is a fat hook of shortness at
least 2, then sy, (21, ..., zy) is not multiplicity-free if one of the following conditions
holds:

))\2:M1, lo > k1 andn}p—!—l

) Ao =1, loa <k andn>=p+3.

) 1> Ae > po, k1 =1 andn > p+2.
) M1 > A2 > po, lo > k.

) M2 =A2, lo =11 andn > p+3.

) pa = Ao, Iy >l andn > p+ 2.
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Here we omit the cases where Ay < po or Ao > puy since the skew partition A/p
would be not basic if Aa < ps and I3 = ¢(u), and not tight otherwise.

Proof. Let ¢1 = A1. Set ¢; = max({k : U(k) # U(c;—1) or L(k) # L(c;—1)}) for
i =2,3,4. Since A and p are both fat hooks, either ¢4 does not exist and L(c3) = L(1)
with U(03) U(1), or L(cq) = L(1),U(cq) = U(1). Finally, set

A={k:Lk)=L(c;) and U(k) =U(c1)}, a = CSp(A\/p) for k € A,
B ={k:L(k) = L(cz) and U(k) =U(c2)}, b= CSi(\/u) for k € B,
C={k:L(k)=L(cz) and U(k) = U(cs)}, ¢ =CSp(A\/p) for k € C,

and if ¢4 exists set
D ={k:L(k)=L(ca) and U(k) = U(ca)} d = CSk(A/p) for k € D.
We divide into 4 cases. In each case, we construct two ballot tableaux with the same

content to conclude that the skew Schur polynomial is not multiplicity-free.
Case 1 (A2 = p1). This is the case as shown in Figure 14. In this case ¢4 is not defined,
and a = Iy, b =4(\) — k1, and ¢ = £(\) — £(u). By Corollary 2.4, it is enough to show
multiplicity when there are three A-columns, two B-columns, and two C-columns.
That is, when

A= (7"",4%2) and p = (4%1,2F2),
Now we consider two sub-cases: Case 1.1 corresponds to Theorem 3.13 (I) while
Case 1.2 corresponds to Theorem 3.13 (II).

,,,,,, )\C

FIGURE 14. Case 1

Case 1.1 (I3 > k1). In this case, a < b and p = b. Let T} be the filling of A/p shown in
Figure 15. It is constructed by filling each A-column with [a], the right B-column with
[b+2]~{a—1,a}, and the left B-column with [b4 1]~ {a}. The right C-column is filled
with [min{c—2, a—3}U{a—1}U{a+1,... max{c+2,a+1}}. When min{c—2,a—3} = 0,
the top entry in this column is a—1. If min{c¢—2,a—3} = ¢—2, then max{c+2,a+1} =
a + 1 and thus there are ¢ entries in this column. If min{c — 2,a — 3} = @ — 3, then
max{c+2,a+ 1} = ¢+ 2 and again there are ¢ entries in this column. For the left C-
column, fill it with [min{c—1,a—2}]U{a,...,max{c+1,a}}. By the same reasoning,
there are ¢ entries in this column. Let T5 be the filling obtained by swapping the blue
a — 1 entry and the red a entry within the C-columns in Figure 15.

Ty, Ty are semistandard: By construction, in both T7 and 75, each column is strictly
increasing downwards while the rows are weakly increasing within the A, B, and C-
columns. It suffices to check that the entries in the rightmost B and C' columns, in
both T7 and T3, are less than or equal to their right neighbors. If a = ki, then the
entries in the rightmost B column have no right neighbors. If a > k1, then the left
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1 1 1
1%
1 1
a a a
a—2 a—2
% : a—1 a+l A¢
min{c—2, a—3} L—‘rl
min{c—1, a—2} a—1
a a+1
max{c+1,a} max{c+2,a+1} b+1 b+2

F1cURrE 15. Ballot filling in Case 1.1

neighbor of the bottom box in the leftmost A-column contains a — k; < a — 2, where
the inequality follows from p having shortness at least 2. Thus in both 77 and T3
every entry in the rightmost B-column is less than its right neighbor (if their right
neighbor exists).

By hypothesis b > a, and b > ¢ + 2 since p has shortness at least 2. Thus

(31) b > max{c+2,a+ 1}.

Let X} be the & box from the bottom in the leftmost B-column. Then X, has a left
neighbor if and only if £ < ¢. If K < b—a+ 1, then X} contains b — k + 2, and the left
neighbor of X}, contains at most max{c+2,a+ 1} —k+1 < b— k + 2 (the inequality
follows by (31)). If b—a+1 < k < ¢, then X}, contains b—k+ 1, and the left neighbor
of X}, contains at most max{c+2,a+ 1} —k+1 < b— k+ 1 (the inequality follows
by (31)). We conclude that T} and T, are semistandard.

T1,T5 are ballot: Let u and v be the column reading words of T and T5, respectively.
By Lemma 3.12, the ballot condition only needs to be checked at the initial factors
of u and v terminating at the underlined entries in Figure 15. The following remarks
hold for both u and v. There are three entries equal to a that appear before the three
underlined a + 1. There are at least five entries equal to a — 2, and at most four equal
to a — 1, before the underlined a — 1. There are at least four entries equal to a — 1,
and three entries equal to a, before the underlined a. Thus both 77 and T3 are ballot.

Therefore sy,,(z1,...,2,) is not multiplicity-free.

Case 1.2 (Ia < ky). Since ls < k1, we have a > b and thus p = a. Let T} be the filling of
A/ shown in Figure 16. For each A-column, fill it with [a]. Fill the left B-column with
[b—2]U{a+1,a+2}, and the right B-column with [6—3]U{a+1, a+2,a+3}. Fill the
left C-column with [¢—1]U{b—1}, and the right C-column with [c—2]U{b—2,a+1}.
Let T5 be the filling obtained from 7T by swapping the blue b —1 and red b — 2 within
the C-columns in Figure 16.

Ty,T5 are semistandard: Since a > b > ¢+ 2 and A has shortness at least 3, it is
clear from the construction that both tableaux are semistandard.
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1 1 1
I
1 1
a a a
1
: b—3 \C
c—2 b—2 a+1
c—1 b—2 a+1 a-+2
b—1 a+1 a+2 a+3

FIGURE 16. Ballot filling in Case 1.2

T1,T5 are ballot: Let u and v be the column reading words of 77 and T5, respectively.
Applying Lemma 3.12, we only need to check that the initial factors of u and v
terminating at the underlined entries in Figure 15 are ballot. The following remarks
hold for both uw and v. There are three entries equal to a preceding the three underlined
a + 1 entries. There are four b — 2, and at least five b — 3, before the underlined b — 2.
There are three b — 1, and at least four b — 2, before the underlined b — 1. Thus T3
and T5 are ballot.

Therefore sy, (21, ...,2,) is not multiplicity-free.

Case 2 (u2 < Ao < py with k1 + ko = ly). This is the case as shown in Figure 17.
In this case a =11, b=ky , c =11 + 1o — k1 and d = ¢(\) — ¢(u). By Corollary 2.4,
it is enough to show multiplicity when there are two A-columns, one B-column, one
C-column, and two D-columns; that is,

A= (6",3%2) and p = (4%, 2%2).

FIGURE 17. Case 2
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We consider two subcases: Case 2.1 (together with Case 3.1.1-3.1.3) corresponds to
Theorem 3.13 (IV) while Case 2.1 (together with Case 3.2.1 and 3.2.2) corresponds
to Theorem 3.13 (III).

Case 2.1 (Ia > kp). In this case ¢ > a and thus p = c¢. Let T} be the filling shown
in Figure 18. Fill the A- and B-columns with [a] and [b], respectively. Fill in the
C-column with [c+ 1]\ {a}. Fill in the left D-column with [a —b]U{a,...,c—1} and
the right D-column with [c] N\ ({2,...,b} U{a}). Define T» to be the tableau obtained
by swapping the blue a and red a — 1 within the D-columns in Figure 18.

Ty, T are semistandard: Since pu has shortness at least two, we know that a — b <
a — 2. It is trivial to check that both tableaux are semistandard.

T1,Ts are ballot: Let u and v be the column reading words of T and Ts, respectively.
Applying Lemma 3.12, we only need to check that the initial factors of u and v
terminating at the underlined entries in Figure 18 are ballot. The following remarks
hold for both u and v. There are two entries equal to a, and none equal to a + 1,
preceding the two underlined a + 1. Since p has shortness at least two, we know that

(32) b+1<a—1.

Thus there are four entries equal to b, and three entries equal to b + 1, before the
underlined b 4+ 1. By (32), there are at least four entries equal to a — 2, and three
entries equal to a — 1, before the underlined a — 1. Finally, we apply (32) to conclude
there are two entries equal to a, and at least three entries equal to a — 1, before the
underlined a. Thus both T; and T» are ballot tableaux.

As a result s/, (71,...,7,11) is not multiplicity-free.
1 1
I
1 1
b b a a
1 1 b+1
b+1
)\C
a—2 a—1
a—>0 a—1 a+1
a a+1
c—1 ¢ c+1

Ficure 18. Ballot filling in Case 2.1

Case 2.2 (Ia < kp). In this case we have a > ¢ and thus p = a. Let T} be the
filling shown in Figure 19. Fill in the A and B-columns with [a] and [b], respectively.
Fill in the C-column with [¢ — 2] U {a + 1,a + 2}. The right D-column is filled with
{1} U ([e — 2] < [b]) U {a + 1}. Since A\Y has shortness at least 3, ¢ — b > 3 and thus
b < ¢—2. Fill in the left D-column with [d —1]U{c—1}. Define T5 to be the tableaux
obtained by swapping the blue ¢ —1 and red ¢ — 2 within the D-columns in Figure 19.
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T1,Ty are semistandard: Since a > ¢, it is trivial to check that 17 and Ty are
semistandard.

T1,Ts are ballot: Let u and v be the column reading words of T and Ts, respectively.
Once again, it suffices, by Lemma 3.12, to check that the initial factors of v and v
terminating at the underlined entries in Figure 19 are ballot. The following remarks
hold for both u and v. There are exactly two entries equal to a, and none equal to
a + 1, before the two underlined a 4+ 1. There are four entries equal to b, and three
entries equal to b+ 1, before the underlined b+ 1. If the A columns contain ¢ — 2, then
they must contain ¢ — 3. Since A has shortness 3, we have b < ¢— 2, and so ¢ — 2 can
not appear in the B column. Thus, there is at least one more entry equal ¢ — 3 than
¢ — 2, before the underlined ¢ — 2. As argued previously, b < ¢ — 2 implies that ¢ — 2
and ¢ — 1 do not appear in the B column. If the A columns contain ¢ — 1, then they
must contain a ¢ — 2. Thus there is at least one more entry equal to ¢ — 2 than ¢ — 1,
before the underlined ¢ — 1. Thus 77 and 75 are ballot.

Therefore sy,,(z1,...,2,42) is not multiplicity-free.
1 1
1
1 1
b a a
1 1
b+1
: c—2 A¢
d—1 c—2 a+1
c—1 a+1 a+2

F1GURE 19. Ballot filling in Case 2.2

Case 8 (u2 < Ao < p1 with ky + ko > 1y). This is the case as shown in Figure 20. By
Corollary 2.4, it is enough to show multiplicity when there are two A-columns, one
B-column, one C-column, and two D-columns; that is,

A= (6',3"2) and p = (451, 2"2).

Since p has a shortness at least 2, and A° has shortness at least 3,

(33) c—2>d>2anda>b+2,

(34) a>3andc>b+3.
Define

(35) r=d+a—c.

If follows, from (33), that

(36) z<a—2.

Algebraic Combinatorics, Vol. 4 #6 (2021) 1100



Multiplicity-free skew Schur polynomials

)\C

d l

FIGURE 20. Case 3

We divide into four subcases: Case 3.1.1 - Case 3.1.3 (together with Case 2.1)
correspond to Theorem 3.13 (IV) and Case 3.2.1 and 3.2.2 (together with Case 2.2)
correspond to Theorem 3.13 (III).

Case 3.1.1 (a < ¢, b < z). In this case p = ¢. Let T1 be the filling shown in Figure 21.
Fill both A-columns with [a] and the B-column with [b]. Fill the C-column with
[c + 1] \ {a}. Fill the left D-column with [z + 1] U ([c — 1] \ [a]), and the right D-
column with ([z] ~ {b})U([¢] \ [ —1]). By (34), the D-columns have d entries. Define
T5 to be the filling that is obtained by swapping the blue 2+ 1 and red a in Figure 21.

Ty, Ty are semistandard: Ty and T are semistandard by (36).

T1,Ts are ballot: Let u and v be the column reading words of T and Ts, respectively.
Applying Lemma 3.12, we only need to check that the initial factors of u and v that
terminate at the underlined entries in Figure 21 are ballot. The following remarks
hold for both v and v. There are three entries equal to a + 1. There are two entries
equal to a before the first underlined a + 1. There are at least two entries equal to a
before the second underlined a + 1. There are three entries equal to a before the third

1 1
0
1 1
b a a
1 1
b1
b+1
r a-—1
x a atl ¢
r+1 a+1
a+1
c—1 c c—+1

Ficure 21. Ballot filling in Case 3.1.1
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underlined a + 1. There are four entries equal to b, and three equal to b + 1, before
the underlined b+ 1. There are at least three entries equal to a — 1, and two equal to
a, before the underlined a. If the B-column contains = + 1, then it must contain x.
This, combined with the fact that there is no x in the C-column, implies there is at
least one more entry equal to  than x + 1, before the underlined x 4 1. Thus 77 and
T5 are ballot.

We conclude sy, (21,...,%,41) is not multiplicity-free.

Case 3.1.2 (a < ¢, b > x > 1). In this case p = c. Let T1 be the filling shown in
Figure 22. Fill both A-columns with [a] and the B-column with [b]. Fill the C-column
with [c+ 1]\ {a}. Fill the left D-column with [z]U{b+1}U([c—1]\[a]) and the right
D-column with [z —1]U([¢]\[a—1]). If x = 1, we will simply start the right D-column
with a. It follows, by (35), that there are d entries in each D-column. Define T3 to be
the filling that arises by swapping the blue b+ 1 with the red a in Figure 22.

Ty, Ty are semistandard: By (33), (36), and the hypothesis of this case, T7 and T
are semistandard.

T1,T5 are ballot: Let u and v be the column reading words of 77 and T5, respectively.
By Lemma 3.12, it suffices to check that the initial factors of w and v terminating at
the underlined entries in Figure 22 are ballot. This follows by a similar argument to
Case 3.1.1.

Thus s/, (21, .., %p41) is not multiplicity-free.
1 1
"
1 1
b a a
1 1
r—1a-1 A€
x a a+1
b+1a+1
a+1
c~1 ¢ c+1

F1cure 22. Ballot filling in Case 3.1.2

Case 3.1.3 (a < ¢, x < 1). In this case p = ¢. Let T} be the filling shown in Figure 23.
Fill both A-columns with [a] and the B-column with [b]. Fill the C-column with
[c+ 1]\ {a}. Fill the left D-column with {1,b+ 1} U ([a + d — 2] \ [a]) and the right
D-column with ([a+d—1]\[a—1]). Define T» to be the filling that arises by swapping
the blue b + 1 with the red a in Figure 23.

T1,T5 are semistandard: By (35) we have a +d — ¢ = z < 0 and thus a < ¢ — d.
Therefore the a + 1 entry in C-column is in a row above the red a entry in the right
D-column. It also follows that a+d—1 < ¢+1. As aresult, T} and T are semistandard.

T1,Ts are ballot: Let u and v be the column reading words of T and Ts, respectively.
By Lemma 3.12, it suffices to check that the initial factors of v and v ending at the
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underlined entries in Figure 22 are ballot. This follows by a similar argument to
Case 3.1.1.

Thus s/, (21, ..,%p41) is not multiplicity-free.
1 1
I 1 1
b a a
a—1
a+1
1 a A€
b+1 a+1
a+1
at+d—2 a+d—1 c+1

F1cure 23. Ballot filling in Case 3.1.3

Case 8.2.1 (a 2 ¢, d < b+ 2). In this case p = c¢. Let T} be the filling illustrated in
Figure 24. Fill the A-columns with [a] and the B-column with [b]. Fill the C-column
with [c —2]U{a+1,a+2}. Fill the left D-column with [d —1]U{b+ 1} and the right
D-column with [d — 2] U {c—1,a+ 1}. Let T be the filling obtained by swapping the
blue b + 1 and red ¢ — 1 in Figure 24.

1 1
7
1 1

b a a

1 1 \¢
: d—2 c—2
d—1c—1 a+1
b+1 a+1 a+2

F1cURrE 24. Ballot filling in Case 3.2.1
Ty, T are semistandard: Ty and Ty are semistandard by the hypothesis of this case.
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T1,Ts are ballot: Let u and v be the column reading words of T and Ts, respectively.
Once again, we only need to check that the initial factors of w and v that end at the
underlined entries in Figure 24 are ballot. The following statements hold for both
and v. There are exactly two entries equal to a 4+ 1, with at least two entries equal to
a prior to them. If there is a ¢ — 1 in each A-column, then there must be a ¢ — 2. Since
AV has shortness at least 3, there is no ¢ — 2 or ¢ — 1 in the B-column. Thus, since
there is no ¢ — 1 in the C-column, there is at least one more entry equal to ¢ — 2 than
¢ — 1, before the underlined ¢ — 1. There is at least 4 entries equal to b, and exactly
three equal to b + 1, before the underlined b + 1. Thus T} and T3 are ballot.

Hence s/, (21, .., 2p42) is not multiplicity-free.

Case 8.2.2 (a > ¢, d 2 b+ 2). In this case p = ¢. Let T7 be the filling found in
Figure 25. Fill the A-columns with [a] and the B-column with [b]. Fill the C-column
with [c—2]U{a+ 1,a+ 2}. Fill the left D-column with [d], and right D-column with
([d—1]~{b})U{c—1,a+1}. The filling T» is obtained by swapping the blue d with
the red ¢ — 1 in Figure 25.

Ty, Ty are semistandard: Ty and Ty are semistandard by the hypothesis of this case.

T1,Ts are ballot: Let u and v be the column reading words of T and 15, respectively.
Once again, we only need to check that the initial factors of u and v that end at the
underlined entries in Figure 24 are ballot. This follows by a similar argument to
Case 3.2.1.

We conclude that s/, (71,...,7,42) is not multiplicity-free.
1 1
W
1 1
b a a
1 1
b1
b+1 \e
—1lc—2
d—1c—1la+1
d at+la+2

F1GUre 25. Ballot filling in Case 3.2.2

Case 4 (Ao = po with k1 + ke = l;). This is the case as shown in Figure 26. By
Corollary 2.4, it is enough to show multiplicity when there are two A-columns, two
B-columns, and three C-columns. Equivalently,

A= (7",3"2) and p = (51, 3%2).
Since p has shortness at least 2, and AV has shortness at least 3,

(37) b>2c>3,a>4, anda—b> 2.
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Let A = (6,3"2) and i = (4%1,2%2). Then || — |u| = |\| — || and \/fi satisfies the
hypotheses of Case 2 in Theorem 3.13. Let T be a ballot tableau of shape A/fi. Define
T*ift to be the filling of shape \/u = (7',3'%)/(5%1, 3k2) where for all (1, k) € \/p,

TShift(T' k) _ T(T7 k — 1) for r < ll
7 T(r,k) for r > 1;.

|
|
b |
l

c ¢

FIGURE 26. Case 4

CLAM 3.14. If T is a ballot tableau of shape 5\/,11 and content v, then T is a ballot
tableau of shape A/ and content v.

Proof of Claim 3.14. Tt is trivial to check that T and T"f have the same content.
Since T' is semistandard, 7" will be semistandard. By construction the column
reading words of 7' and T"f are identical, and thus both are ballot. O

By Lemma 3.11 and (37), we reduce to the case where either ¢ = 3 or b = 2. We
divide into 4 subcases: Case 4.2.1 corresponds to Theorem 3.13 (V), and the other
cases correspond to Theorem 3.13 (VI).

The column lengths of the A,B,C, and D-columns of S\/ﬁ are a,b,b+ ¢, and c,
respectively.

Case 4.1.1 (¢ =3, a —b < 3). By (37), we have a = b+ 2 = b+ ¢ — 1. This implies
p = a. Since a < b+ ¢, this implies that 5\//1 satisfies the hypotheses of Case 2.1. Let
Ty and T3 be the two ballot fillings of 5\/ [t constructed in Case 2.1. 77 and 75 had
content with length b+ ¢ 4 1. Claim 3.14 implies that T5M and T3 are two ballot
fillings of A\/u with the same content as 77 and T5. Thus, we have two ballot tableaux
of shape A\/u, with content of length b+c+1 = a+2 = p+2. Thus sy /,(z1,...,2,42)
is not multiplicity-free.

Case 4.1.2 (¢ = 3, a — b > 3). In this case, a > b+ c. This implies p = a, and that
5\//1 satisfies the hypotheses of Case 2.2. By the same argument as in Case 4.1.1, we
can find two ballot tableaux of shape \/u with content of length a + 2 = p + 2. Thus
Sx/u(1,. .., Tpp0) is not multiplicity-free.

Case 4.2.1 (b=2, a—c < 2). Since a < b+c¢, \/[i satisfies the hypotheses of Case 2.2.
By the same argument as in Case 4.1.1, we can find two ballot tableaux of shape A/u
with content v of length b+c+1=c+3.If a—c =1, we have p = a and {(v) = p+2.
If a = ¢, we have p = ¢ and £(v) = p 4+ 3. We conclude that for both a — ¢ = 1 and
a=c¢, sy/u(21,...,2p43) is not multiplicity-free.

Case 4.2.2 (b =2, a —c¢ > 2). In this case, a > b+ ¢, which implies p = a. It also
implies that ;\/ i1 satisfies the hypotheses of Case 2.2. Thus we can find two ballot
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tableaux of shape \/u with content of length a + 2 = p + 2. Thus s, /,(21,...,Z,12)
is not multiplicity-free. O

4. TIGHTNESS OF UPPER BOUNDS

In this section, we will show that the upper bounds on m(A/u) obtained in the previous
section are all tight. We will use the symmetry (9) and interpret 0271, as the number of
Littlewood—Richardson tableaux of shape \/v and content p throughout this section.
Note that the content p is guaranteed to be a partition. Let us begin with three
lemmas:

LEMMA 4.1. Let T be a ballot tableau of shape A\/v and content pu = (u1, o, - .., ).
If1 <i<j<kand c=min{z: column z contains j}, then

{z: 2z < ¢ and column z contains i}| < p; — p;.

Proof. Since T is ballot, the initial factor of the column reading word ending at the
J entry in column ¢ must contain at least u; i’s. Thus, there are at most p; — pu;
entries equal to ¢ in the column reading word that appear after this initial factor.
This implies the columns z, with z < ¢ can contain at most u; — p; i’s. O

LEMMA 4.2. For a ballot tableau T with content p, if p; = pj and i < j, then i does
not appear in the bottom row of T'.

Proof. Suppose, for contradiction, that ¢ appears in the bottom row of T'. Let = be the
column index of the left-most 7 in the bottom row of T" and y be the column index of
the left-most j in T' (not necessarily in the bottom row). Then the semistandardness
of T implies that < y. Applying Lemma 4.1, we conclude

0 < |{z: 2z <y and column z contains i}| < p; — p; = 0.

which is a contradiction. Therefore ¢ does not appear in the bottom row of T (]

DEFINITION 4.3. Let T' be a tableau of shape /v and content . Define (\/v)¥W) to
be the skew diagram obtained from \/v by removing the last N rows. Define Tdel(N)
to be the tableau of shape (\/v)%(N) obtained from T by removing the last N rows.

LEMMA 4.4. If T is a ballot tableau, then TN s a ballot tableau.

Proof. Since T is semistandard, T9'(™) must be semistandard. The reverse reading
word of T is ballot. Since the reverse reading word of 79¢(N) is an initial factor of the
reverse reading word of T, T9'™V) is also ballot. O

As a corollary of Lemma 4.4, we have the following result:

COROLLARY 4.5. Suppose that all ballot tableauz of shape A/v and content u are
identical in the last N rows. Let ™) be the content of TN | for all ballot tableaux
T of shape \/v and content pu. If we set \NV) /u(N) = (\/v)4N) - then

A AN

Cluw S €y (-

4.1. AV IS A RECTANGLE OF SHORTNESS AT LEAST 3 AND M IS A FAT HOOK OF
SHORTNESS AT LEAST 2. The goal of this subsection is to show that the upper bounds
for cases (V), (VI), (VII), (VIII), and (IX) in Theorem 3.1 obtained in Section 3.3
are all tight.

THEOREM 4.6. Let 5y /,(71,...,%,) be a basic, n-sharp, tight skew Schur polynomial
such that \V is a rectangle of shortness at least 3 and p is a fat hook of shortness at
least 2. Then the following hold:
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(D) If A2 = p1,la > k1 then m(A\/pu) = p+2.

(IT) If Ao = p1, la < k1 then m(A/p) = p+ 3.
(III) ]f U1 > Ay > o, k1 = 1o then m()\/,u) =p+2.
(IV) If p1 > Ao > pa, lo > ky then m(/\/u) =p+1.
(V) If ua = Ao, lo = 1y then m(A\/u) = p+ 3.
(VI) If po = Aa, I >l then m(A/p) = p+ 2.

Proof. By Definition 1.10, the statements in Theorem 4.6 (I)~(VI) are equivalent to
the claim that m(A/u) = p 4+ r1(A/p) + ro(A/p). Thus, by Theorem 3.13 and (9), to
prove Theorem 4.6 (I)— (VI), it is enough to show that for any partition v such that
Lv) < p+ri(A/p) + ra(X/p), there is at most one ballot tableau of shape A\/v and
content u. Equivalently, we want to show that

(38) e\, =c), <1 forall vsuch that £(v) < p+ri(\/p) +r2a(A/p).

(8% v,

Note that (38) holds trivially for Theorem 4.6 (IV) since \/u is n-sharp.
We consider the same four cases as in the proof of Theorem 3.13, though the order
in which we consider the cases is different. In all four cases v is a partition such that

(W) < p+ri(Ap) +r2(A p).

Case 1 (A2 = p1). This case corresponds to Theorem 4.6 (I) and (IT). If the first I rows
of v and A have the same length, for some [ € Z~(, then removing the top [ rows of
both A and v does not change the value of cﬁyy. Denote A to be the partition obtained

by removing the top [ rows of A. If X has shortness at most 2 or is a rectangle, then

5 is multiplicity-free and thus ¢* ~ = cf;)l, < 1 for all v. Otherwise, (X, 1) satisfies

pyv
the hypotheses of Case 1 since (A, u) satisfied the hypotheses of Case 1. Therefore,
we assume, without loss of generality, that

(39) vy < Ai.
CLAIM 4.7. In the case of Theorem 4.6 (I) and (1I),
Uv) < p+ri(Ap) +ra(Mp) <L)

Proof of Claim 4.7. In the case of Theorem 4.6 (I), we have p =1y + Iy — k;. Since p
has shortness at least 2 and r1(A/p) + ro(A/p) = 2, we obtain

p+ri(A ) +r2(Ap) <LA) =k +2 <LN).

In the case of Theorem 4.6 (II), we have p = l;. Since A has shortness at least 3 and
ri(Ap) +r2(Ap) =2, we get

p+ 1M i) + 1o\ p) < 1 +3 < LN, O

CrAaM 4.8. Let T be any ballot tableau of shape A/v and content u where both A and p
are fat hooks. If £L(v) < £(N\) and A2 = p1, then the bottom row of T contains py — pio
bozes filled by k1 and pg boxes filled by ki + k.

Proof of Claim 4.8. Since p is a fat hook, by Lemma 4.2, T(¢(N),c) € {k1, k1 + ka}
for all ¢ € [u1]. Let z be the column index of the left-most k1 + ko in T. By Lemma 4.1,

{z : z < z and column z contains ki }| < g1 — po.
Therefore z < p1 — po + 1 and T'(U(N), ¢) = k1 + ko for all ¢ € [z, py]. Since
{(rc) : T(r,c) =k + ko }| = pa,

we get z > g —po+1 hence z = pg — o +1. We can then conclude that T'(£(N\), ¢) = ky
for ¢ € [p1 — p2] and T(L(N),c) = k1 + ko for ¢ € [u1 — po + 1, p1]. O
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We divide into three subcases.

Case 1.1 (k1 + ko = 11). By (39), we know that CSy, (A\/v) = k1 + k2. As a result, for
any ballot tableaux T of shape \/v and content p, we have T'(I1, A1) = k1 + ko.

By Claim 4.7, we know that any triple of partitions (A, g, ) in Theorem 4.6 (I)
and (II) satisfies the conditions in Claim 4.8. Therefore by Claim 4.8, T'(r, ¢) = ki + k2
only if 7 = ¢()\) for any ballot tableau T of shape A\/v and content u. This contradicts
T(l1, A1) = k1 + ka. Therefore no such ballot tableau exists and ¢;, , = 0.

Case 1.2 (lﬁ + ko >y, I3 > /€1) In this case we had l; < |1 +1; — k1 = p and

Sx/u(1,. .., T,p2) is not multiplicity-free. Let v C A be any partition such that £(v) <
p+ 1. In this case
(40) p+1l=04L1+1l—Fk+1.

Therefore v lies in the region above the gray dashed line in Figure 27(A). By Claim 4.7,
there is at least one row below the gray dashed line. Moreover, since Iy > k; all rows
in A/v below the gray line in Figure 27(A) have Ay boxes.

Let T be a ballot tableau of shape A\/v and content p. Then T'(I1, A1) # k1 + k2
since ky + kg > 1. Define (M) /() = (A/v)4 M), By Claim 4.7, \(¥ = (AL, 271 and
v() = p. Thus, by Claim 4.8, 791 is a ballot tableau of shape A(l)/v and content

p = (i, ph?).
By Corollary 4.5, we have
&)
(41) Gy < C,))(;,y'

We may continue to iterate the above process, constructing At1) and p+1 from A®
and p(”, so long as the hypotheses of Claim 4.8 and Case 1.2 remain satisfied for (¥
and (). The Case 1.2 hypotheses are satisfied if £(u()) > 11. If £(A\®) > p+ 1, then
¢(AD) > £(v) since, in this case, p+1 > £(v). Further, by (40), if £(A\)) > p+1, then
((A®) > 1} and A\ is a fat hook. Thus, the hypotheses of Claim 4.8 and Case 1.2
are satisfied if

(42) 1Y is a fat hook, £(u¥) > 1
and
(43) D) > p41.

If (42) and (43) both hold, then Corollary 4.5 implies
(©) (i+1)
(44) C:\m‘),y < Cﬁ(i+1)7y’

Let m be the minimal index where (42) or (43) is violated. At least one of the three
following statements holds:

(™Y = p 1,00 = (ub?), and £(u™) = 1.

Case 1.2.1 (((A\™) = p +1). Here m = k; — 1 since A(A0FD) = ¢(A\@) — 1 and (40).
Therefore we have (™ = (uy, uh?). Since ™Y = ((A; — Ag)>~%1+1) is a rectan-
gle and (™ is a fat hook of shortness 1, by Theorem 3.2 the skew Schur function

Sx(m) /um is multiplicity-free. Thus cﬁim; , < 1. Now, by (41) and (44), we get
cﬁyu < 628;,/ < CQEZ;V < 1 for all v such that £(v) < p+ 1.

Case 1.2.2 (u(™ = (152)). Here m = ky > ky — 1. This violates the minimality of m,
since if m = ky — 1, then (40) implies £/(A(™) = p+ 1. Hence this case is not possible.
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FIGURE 27

Case 1.2.3 (L(u(™)) = 11). If T is a ballot tableau T of shape A(™ /v and content u(™),
then T'(l1, A1) = k1 + ko — m. We assume the two previous cases do not hold, since if
they did we could apply their arguments to get our desired result. Thus we assume
p(™ is a fat hook, and £(\)(™ < p 4 1. Combining this with (A\(™)y = (u(™); we
conclude via Claim 4.8 that T' cannot exist. Thus (41) and (44) imply

A(m)

A<t < Cpomy ,, = 0 for all v such that {(v) < p+ 1.

wy X cu(1)7y
Combining all subcases, we get m(A/u) = p + 2 in Theorem 4.6 (I) as desired.
Case 1.3 (k1 + ko > 11, lo < ki). Here we have I + 1y — k1 < 1 = p and

sx/u(Z1,...,2,13) is not multiplicity-free. Let » C A be any partition such that
£(v) < p+ 2. In this case, we have
(45) p+2=10+2.

Once again, v lies in the region above the gray dashed line in Figure 27(B). By
Claim 4.7, there is at least one row below the gray dashed line. Since ls — 2 < I3, all
rows in \/v below the gray line have Ay boxes.

Let T be a ballot tableau of shape A/v and content u. Then T'(I1, A1) # k1 + ko
since ky + ko > ;. As in Case 1.2, define AV /v = (\/v)4) By Claim 4.7,
AW = (A A2 and v = v, Thus, Claim 4.8 implies 79'() is a ballot tableau of
shape A1) /v and content ™) = (=1, 1k2).

By Corollary 4.5, we have
(46) A<

[ CN(D)V.

We may continue to iterate the above process, constructing AtY and p(+1 from
A9 and 1@, so long as the hypotheses of Claim 4.8 and Case 1.3 remain satisfied for
A® and p(9. By a similar argument to Case 1.2, these hypotheses are satisfied if

(47) 1@ is a fat hook, £(u) > Iy
and
(48) (AD) > p+2.
If (47) and (48) are satisfied, then Corollary 4.5 implies
(4 (i4+1)
(49) Cﬁ(i),y < Cﬁ(i+1)7y'
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Let m be the minimal index where (47) or (48) is violated. At least one of the three
following statements holds:

(™Y = p+2, 5™ = (uh2) and ¢(p™) = 1.

Case 1.3.1 (((\™) = p+2). Since A(ATHD) = ¢(A\D)) —1 and (45), we have m = I, —2.
Therefore A(™ = (', A\3) and thus has shortness 2. Since (™ is either a fat hook
or a rectangle by construction, the skew Schur function syum) ) is multiplicity-free

by Theorem 3.2. Therefore ci‘b(m) < 1, and so (46) and (49) imply

(Tﬂ),y
(1) (m)
c)\ < < Al

o S Gy S Chm < 1 for all v such that £(v) < p+ 2.

Case 1.8.2 (u(™ = (u4?)). In this case m = k;. By the Case 1.3 hypotheses,
ki =1y > 15 —2.
This violates the minimality of m, since if m = l;—2, then (45) implies £(A\(™)) = p+-2.
Case 1.3.3 (¢(u™) = 1;). By the same argument as in Case 1.2.3, we have cf‘u, =0.
Thus m(A/p) = p+ 3 in Theorem 4.6 (II) as desired.

Case 2 (Mo = po, ki + ko = ll); We folloYV the ~nota:cion~0f Theorem 3.13 Case 4.
By Lemma 2.6, we can obtain A/f with A = (A2 M N2y and o= (b)) where
i1 = A3 = p2 as shown in Figure 28. In addition we have

A

A s
¢y = €4, for all partitions v,

(50) m(A/n) = m(A/R).

ll ll

|
:
ko :
I
I
I
L

l2 A€ l2 ¢

(A) Original Case 2 (B) New Case 2

FIGURE 28. Case 2

Case 2.1 (p = ly > ;). By Theorem 3.13, we know that m(\/u) < Iy 4+ 3. Let v C X
with £(v) < I3+ 3. Then v lies above the gray line in Figure 29. Since A has shortness
at least 3, we know [; — 2 > 2 and thus the bottom row of 5\/1/ has size 5\3. Since [i is
a rectangle, by Lemma 4.2,

T((N), 1) =T (N, ¢z) for all 1 < e1,¢p < As.
for any ballot tableau T of shape 5\/ v and content fi. By Lemma 4.1,

min{z : column z contains I, } = 1.
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FIGURE 29. Case 2.1

Therefore
(51) TN, ¢) =1y for all ¢ € [As).

Define A /v = (A/p)®@, Then XM = (A2 351 X271y and v = o,
Thus, (51) implies 79%'(}) is a ballot tableau of shape A" /v and content 1) =
(i*~1). By Corollary 4.5

5 X))
cgﬂ, < cg(i))y.
By repeatedly applying the above argument, we can conclude that the last [; —2 rows
of A/v are filled by {3,...,l1} where every row is filled by exactly one number. Set
M=2) /ph=2) — (X /p)del(i=2) and set (12 = (i33). By Corollary 4.5
5 501-2)
CZ\L,V X Cgui—z),,/

Since fi"1=2) is a rectangle of shortness two and A(1~2) is a fat hook, we know by

Theorem 3.2 that the skew Schur function S501-2) /01 -2) 18 multiplicity-free and thus

501-2)
Chm-2 , S 1.

Therefore
Y Y (l1—2
Cfi,u < 02511,2;# < 1 for all v such that £(v) < p+ 2.

Thus m(\/u) = m()\/ji) = p + 3 as required in Theorem 4.6 (V).

Case 2.2 (p =1, > ly). Let v C X\ with £(v) < I, + 1. Then v lies in the region above
the gray line in Figure 30. Since A has shortness at least 3, we have o —1 > 2 and thus
the bottom row of 5\/1/ has size \s3. By a similar argument as in Case 2.1, we know
that the last I — 1 rows of any ballot tableau T" of shape 5\/ v and content fi must be
filled by {l1 —la + 2,...,l1}. In addition, every row is filled by the same value. By
Corollary 4.5, we conclude

5 5(2-1)
Cﬂ,y = Cﬁ(l2_1)7y'
Since A2~ is a fat hook of shortness 1 and >~V is a rectangle, Theorem 3.2
implies that s5,_,),,02-1) 18 multiplicity-free. Therefore,
5(2-1)
Cﬁ(1271>,y = 1a
and thus

5 () Ri2-1)
c?w = ng),y < Cfﬁ(li—l),y < 1 for all v such that £(v) < p+ 1.
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By (50) we conclude that m(A/p) = p + 2 in Theorem 4.6 (VI).
The remaining two cases correspond to Theorem 4.6 (III).

Case 3 (u2 < Ao < p1, k1 + ko =1y, k1 > lz). In this case p = Iy and we interpret

c:\w as number of ballot tableaux of shape A/u and content v.

Let Ty, T1 be two distinct ballot tableaux of shape A/u with content v such that
£(v) = m(A/p). We can shift all the rows in Ty, T} that are below the bottom row of
1 to the left so that the new shape satisfies the hypotheses of Theorem 4.6 Case 2.
This shift is visualized in Figure 31(A) and Figure 31(B). Let Ty, T be the resulting
tableaux of shape A/, as in Figure 31(B). For i € {0,1}, T; remains semistandard
and the row reading word of T} is the same as T;. As a result, T, T are two ballot
tableaux whose contents are both v as well. Therefore, by the definition of m(\/pu),

(52) m(A/p) = m(N/7).
Since \/Ji satisfies the hypotheses of Theorem 4.6 Case 2, we know that

(53) m(3/7) = p(V/7) +2.
Since we have k; > lo, we have
(54) (VB = p(M ).
Combining (52), (53), and (54) we get
m(A/p) = p(A/p) + 2.
By Theorem 3.13 m(A\/p) < p(A/p) + 2, and so we conclude that m(A\/u) = p + 2.

Case 4 (2 < Ay < p1, k1 + ko > 11, k1 > 1o). In this case p = ;. By (10), it suffices
to show

cf\‘z , <1 for all v such that ¢(v) < p+ 1.

Let v C p with £(v) < I;. We show there is at most one ballot tableau of shape
p" /v and content \Y. Any such v lies above the gray dashed line in Figure 32(B). We
have

A = (A = A9)") and p¥ = (APHERR (0 — o)™, (A — i)™,

We write v as

v=(v,va, . Vi)
1
ko
n T
+~ i

FIGURE 30. Case 2.2
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k1 : k1
M ~+ : ~ g
T I M T L
T T ‘
lo b lo : 5\(,’
T T 1
(A) Original Case 3 (B) New Case 3

FIGURE 31. Case 3

Let T be a ballot tableau of shape 11V /v and content Y. Since p = Iy, there are I3 — 1
rows below the gray dashed line in Figure 32(B). Since A" is a rectangle, Lemma 4.2
implies

T((N),c) =1s for all ¢ € [A\1 — p1]-
Thus the second row from the bottom of 7' cannot contain any entry equal to Is.
Again by Lemma 4.2, the row must be entirely filled by ls — 1. Since k1 > o > I — 1,
we know that all rows below the gray line have the same size. We can then apply
Lemma 4.2 I3 — 1 times and conclude that the last s — 1 rows of T are filled by
{2, ey 12} Set

ALY = (A= Ao, (1 — A9)2 )
and

#(lzfl) _ (Alll“rlQ*kl*k?z’ ()\1 _ 'uz)k‘z, ()\1 _ ﬂl)klflfrl).

Since k1 > ls, we have

(55) ki —1o+1>0
and p2—1 is a partition. By Corollary 4.5, we have
(56) c’;zﬂ/ < cﬁxz:; , for all v such that ¢(v) < p+ 1.

By (55), there is least one row of size A\; — pp in p(f2=1),

Case 4.1 (1,41 = M\ — ). Since £(p2=D) = I 4 1, the first \; — py columns in
12~ /u are empty. Let 1>~ /T be the skew diagram that arises from deleting the
first A\; — p1 columns in p2=Y /u. Now a2~V 7, and A2~V are all contained in
(,uﬁl"’lz_kl). Fix (uiﬁ'lrkl) as our ambient rectangle. Then (2=DV is a rectangle
D) =)

and A\(2=1 is a fat hook of shortness 1. Notice by construction that i

for all i € [l; + lo — k1]. Thus the skew partition (2= /A(2=1) is basic unless
)\:(Llrl) > ﬂglrl). If the skew partition is not basic, the basic demolition will re-
move column 52" + 1 through A2, Thus (A(2=D)b2 would be a fat hook of
shortness 1 and ((2(2=9)P2)V would be a rectangle. Therefore by Theorem 3.2, the
skew Schur function s~q, ) /y¢,-1) is multiplicity-free. As a result, by (56),

v (1g=1) T2 —1)
I I _
C}\V,l/ = C/\(L2,1),V - C)\(lzfl),ﬁ g L.

Case 4.2 (v;,+1 < A1 — p1). Since for any ballot tableau T' of shape p¥ /v and content
A, T(ly + 2,¢) = 2 for all ¢ € [A\ — p1], we know that T'(ly + 1,¢) = 1 for all

Algebraic Combinatorics, Vol. 4 #6 (2021) 1113



SHILIANG GAO, REUVEN HODGES & GIDON ORELOWITZ

)\\/
lj, g
l1+1
k1 rotate(p)
: )\C A
‘ PAL— 14
(A) Original Case 4 (B) New Case 4

FIGURE 32. Case 4

¢ € [y +1 + 1, A1 — p1]. Therefore if there exists a box in the bottom row of u(lrl)
such that the box above it is not in v, then any filling will violate semistandardness.

As a result
(57) Vi, 2 A1 — -

Let 2 = (A — pt1) — 11,41 be the number of entries in the bottom row of p2=1 /v,
Remove the bottom row of 1’2=1) and its content as well as any box in the (I; + 1)
row of v to obtain

A = (g = X = 2), (= da)"2 ),
pl2) = (AP FETRR (g — )2 (A — )M ),
l/(l) — (Vl, Vo,..., Vll)'

By Corollary 4.5, we obtain
v (12)

CKV,U < Cf\Laz),,,m'
By (57), the first \; — 3 columns in x(*2) /v are empty. Let a(*2) /() be the skew
partition that arises from deleting the first A\; — ; columns in p(*2) /(). Then fi('2)
lies in the rectangle (ullﬁlrkl ). Fix (,ullﬁlrkl) as the ambient rectangle. Then ji(!2)V
is a rectangle and A(?) is either a fat hook of shortness 1 or a rectangle. Notice by
construction that )\2(12) < ﬁz(»lz) for all i € [l +1z — k1]. The skew partition ji(2) /\(2) is
basic unless )\gb) > ﬂém. If the skew partition is not basic, the basic demolition will
remove column /];2) +1 through /\§’2). Thus (A(2))®2 would be a fat hook of shortness
1 and ((22))%2)V would be a rectangle. Therefore, by Theorem 3.2, the skew Schur
function s puli2) /2 (12) 18 multiplicity-free. As a result,

v (12)
i H
AV S G S L.

We conclude
c’iiw < 1 for all v such that £(v) < p+ 1.

Combining Case 3 with Case 4, we have m(A/u) = p + 2 in Theorem 4.6 (III). O
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4.2. \V IS A RECTANGLE OF SHORTNESS AT LEAST 2 AND np(u) > 2. The goal of
this subsection is to show that the upper bounds for case (X) and (XI) in Theorem 3.1
obtained in Section 3.2 are both tight.

THEOREM 4.9. Let sy/,(w1,...,2,) be a basic, n-sharp, tight skew Schur polynomial
such that \V is a rectangle of shortness at least 2 and p is not a fat hook, then the
following are true:
(I) If Ao = pg, lo = 11 then m(\/pu) = p+ 2.

(IT) If Ao = pig, la < lp then m(A/p) =p+1

(III) ]f )\2 = W1, k‘l = l2 then m(/\/u) =p+ 2.

(IV) If Ao = 1, k1 <l then m(/\/u) =p+1
(V)
Proof. Similar to Theorem 4.6, it is enough to show (38) holds in each of the five
cases. Note that (38) holds trivially for Theorem 4.9 (II), (IV) and (V) since \/u is
n-sharp.
Case 1 (A\y = pig,la > ). By Lemma 2.6, we can obtain \/ji by setting

A= (0% A A and = (),

where A\; = A\j + j1g — ftg_is1 for i € [g] and Ay11 = jiy = Ag. This is visualized in
Figure 33(A) and Figure 33(B). We then have

If pg < Ao < pq then m(A/p) =p+1

c;\w = c~ for all partitions v.
Therefore we may equivalently to show that sj /i (@1,...,%p41) is multiplicity-free.
/'1/ | g ~ : ‘
A€ j\c
(A) Original diagram (B) New diagram

FIGURE 33. Theorem 4.9 (I)

Since p = I, by (9), it is equivalent to show that there is at most one ballot tableau
of shape \/v and content fi for any partition v such that £(v) < ly+ 1. Any such v lies
entirely in the region above the gray dashed line in Figure 33(B). Since lo + 1 > I3,
all rows in 5\/ v below the gray line have the same size. By Lemma 4.2,

T((N),c) =1, for all ¢ € [Ag11].

Define A /u = (A\/v)¥M) Since \ has shortness at least 2, I; — 1 > 0 and thus
() < €N, A0 (:\]f - .,)\Zl,/\fﬁf) v =pand g = (ull 1). By Corollary 4.5,
we know that B o

Cfl v X C,))m vt
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We may continue to apply Lemma 4.2 and Corollary 4.5, removing the bottom row
of the skew diagram, as long as the bottom row of A() and (9 are of the same size
and £(A(®) > £(v). We have £(A) —€(v) =1y —1 > 1, —1 and (i) = I;. Thus we may
iterate this process [; — 1 times and get

A=Y = (AR and 70D = (),
and

S(a—1)

< Cﬂ(aq)’,/-

by
Ch,v

Since 1(*~1) is a one row rectangle, it has shortness 1. As a result, by Theorem 3.2,
the skew Schur function s5-1) =1 18 multiplicity-free and thus

Ali-1)
Chi-n, S L

Thus s5,;(z1, ..., Zp41) is multiplicity-free and m(A/p) = p+ 1 in Theorem 4.9 (I).
Case 2 (A2 = p1, k1 = l2). Here we have p = l;. By (10), it is enough to show
c&‘z,y < 1 for all partitions v C p" such that £(v) <1y + 1.

Since k1 > la, we get 11 +1 > 1 4+ Iy — ky. Therefore all I — 1 rows in 5\/V below
the horizontal gray dashed line in Figure 34 have the same size for any v such that
L(v) <1y + 1. Write

A = (A —m)) and p¥ = ()\l11+l2_£(ﬂ), (A = pg)Fe ooy (A — pn)™).

)\v
l1+1] :
I
- l rotate(u)
ky

FIGURE 34. Theorem 4.9 (IIT) with p"

By applying Lemma 4.2 and Corollary 4.5 ls — 1 times, we get
V(lg—1)
Cl)t,y < C)\V(l2*1)’y

where
AV = (A = pg) and V7Y = ()\111+12_e(,i)’ (AL = pg)Fe, o (A — ).

Since AY(1=1) has shortness 1, the skew Schur function SV 1) AV -1 is
multiplicity-free and thus
N v LY 1=1

Cpw =Chv, = Avar-n,, < 1forall v such that L)< p+ 1L

Thus sy, (21,...,7,41) is multiplicity-free and m(\/u) = p+2 in Theorem 4.9 (III).
O
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