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Domino tilings and flips in dimensions 4 and
higher

Caroline J. Klivans & Nicolau C. Saldanha

ABSTRACT In this paper we consider domino tilings of bounded regions in dimension n > 4. We
define the twist of such a tiling, an elements of Z/(2), and prove that it is invariant under flips,
a simple local move in the space of tilings.

We investigate which regions D are regular, i.e. whenever two tilings to and t; of D X [0, N]
have the same twist then tp and t; can be joined by a sequence of flips provided some extra
vertical space is allowed. We prove that all boxes are regular except D = [0, 2]°.

Furthermore, given a regular region D, we show that there exists a value M (depending
only on D) such that if to and t; are tilings of equal twist of D X [0, N| then the corresponding
tilings can be joined by a finite sequence of flips in D x [0, N + M]. As a corollary we deduce
that, for regular D and large N, the set of tilings of D x [0, N] has two twin giant components
under flips, one for each value of the twist.

1. INTRODUCTION
n—1
—
A domino in dimension n is a 2 x 1 x -+ x 1 rectangular block. We consider domino
tilings of bounded cubiculated regions in R™ for n > 4. The case n = 2 has been
extensively studied, with many remarkable results, see e.g. [1, 6, 16]. Almost every
question about domino tilings seems to be much harder for n > 3, see e.g. [10].

The three dimensional case has distinctive behavior. The series of papers [4,8,9,12]
investigate spaces of three-dimensional tilings, connectivity under local moves, and
connections to certain algebraic parameters. Briefly summarizing:

A flip is a local move — two neighboring parallel dominoes are removed and placed
back in a different position. Define an equivalence relation on the set 7(R) of domino
tilings of a region R as tg = t; if and only if the tilings to and t; can be joined by a
finite number of flips.

e If a region R of dimension n = 2 is connected and simply connected then
the equivalence relation is trivial: for any two tilings tg, t; of the region R we
have tg ~ t; (see [16]).

e Also for n = 2, if a region is planar and connected but not simply connected
then the flux is an invariant under flips: to = t1 if and only if Flux(tg) =
Flux(t1). More generally, if R is a quadriculated surface then Flux(tg) #
Flux(t1) implies tg % ty; if Flux(tg) = Flux(t), we usually (but not always)
have tg =~ t; (see [14]).
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e For n = 2, if a region is planar and connected, the number of tilings of
the region can be enumerated efficiently. Kasteleyn matrices, in particular,
provide a linear algebraic approach to the counting problem (see [5]).

e For n = 3, if a region is contractible then the twist is an integer-valued
invariant under flips. Thus, if Tw(tg) # Tw(t1) then tg % ty; if Tw(ty) =
Tw(t1), we usually (but not always) have to ~ t1 (see [4,8,9]).

e If R is a cubiculated manifold of dimension 3, Flux(ty) is also invariant un-
der flips. If tg = t; we have Flux(tg) = Flux(t1) and Tw(tg) = Tw(ty). If
Flux(tp) = Flux(t;) and Tw(tg) = Tw(t;) we usually (but not always) have
to =~ t1 (see [4]).

In this paper we investigate the above concepts for n > 4. There is a fundamental
shift in dimensions 4 and higher. In Section 3 we define the twist of a tiling which
is no longer an element of Z but is naturally an element of Z/(2). The definition of
twist for n > 4 is in a sense simpler, see Lemma 3.7. In Theorem 3.4 we prove that
the twist is invariant under flips.

Sections 4 and 5 are concerned with enumeration and construct Kasteleyn matrices
for the four dimensional case. As in [12], we focus on cylinders: regions of the form
Ry = D x [0, N] where D C R"! is a balanced contractible region. When D is
fixed and N goes to infinity, we prove that the set of tilings 7(Ry) is almost evenly
split between tilings with twists 0 and 1 (see Examples 2.2, 2.3 and Corollary 5.4).
This is in contrast to the three-dimensional case where it is believed that the twist
is normally distributed. Our result implies, however, that also in dimension n = 3,
(Tw(t) mod 2) is almost evenly split between 0 and 1.

If to and t; are tilings of Ry, and Ry, respectively, then to and t; can be
concatenated to define a tiling to *t1 of Ra,+n,. If M is even, the region R s admits
a simple tiling, the vertical tiling tyery,as, formed by dominoes of the form s x [k, k +2]
where s C D is a unit cube and k € [0, M) is an even integer. Also following [12], we
define a weaker equivalence relation: ty ~ t; if and only if there exists an even integer
M such that to*tyere, v = t1 * tyere, ar. Under this equivalence relation, concatenation
defines the domino group Gp.

Given D, we consider the domino complez, a 2-complex Cp with a base point p,.
Tilings of Ry are interpreted as closed paths of length N in Cp, starting and ending
at po. Two tilings to and t; satisfy tg ~ t; if and only if their paths are homotopic.
Thus, there exists a natural isomorphism Gp ~ 71 (Cp; po) between the domino group
and the fundamental group of Cp, see Sections 6 and 7.

For n > 4, a region D C R"! is regular if and only if its domino group satisfies
Gp ~7Z/(2)®Z/(2). Equivalently, D is regular if and only if Tw(tg) = Tw(t1) implies
to ~ t1 (where tg and t; are tilings of Ry = Dx [0, N]). For n = 3, a region D C R"~!
is regular if and only if Gp ~Z & Z/(2).

In Sections 8, 9, 10 and 11, we characterize the case for boxes as follows:

THEOREM 1.1. Let n > 4 and consider positive integers L1 = --- =2 L,_1 > 2, at
least one of them even. Consider the box D = [0,L1] X --+ X [0, L,—1]. If n = 4 and
L1 =Ly = L3 =2 then D is not reqular. In every other case, D is reqular.

REMARK 1.2.In the irregular case D = [0,2]> C R3 there exists an isomorphism
Gp ~ Z®Z/(2). This example is discussed in Example 2.2 (Section 2) and the claim
is proved in Lemma 8.3 (Section 8). The box D = [0,2]? x [0,3] C R?, on the other
hand, is regular: see Remark 2.1, Example 2.3 and Lemma 9.1.

By definition, if D is regular and tg,t; are tilings of Ry with Tw(tg) = Tw(t1)
then ty and t; can be joined by a finite sequence of flips provided some extra vertical
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space M is allowed. The next result, proved in Section 12, shows that the amount of
extra space is bounded (as a function of V).

THEOREM 1.3. Let n > 4. If D is regular then there exists M € 2N* = {2,4,6,...}
(depending on D only) such that: if N is a positive integer and to,t; are tilings of
Ry =D x [0, N] with Tw(tg) = Tw(t1) then to * tyers,ps = t1 % tyers,ar-

COROLLARY 1.4. Let D C R"~! be a regular region, with n > 4. There exist connected
components (under =) T; C T(Rn), ¢ € Z/(2), such that
1i |T0| T |T1| . 1 . . log |T(RN) AN (TO @] T1)|
im ———— = lim ——— = -, lim sup

N—o00 |T(RN)| N—o00 |T(RN)| 2 N—o00 IOg |T(RN)‘

In other words, the set of tilings of Ry has two twin giant components. There are
small components, but their total relative measure goes to zero exponentially (when
N — ).

As in the three dimensional case, it would be interesting to clarify which other
contractible regions (not boxes!) are regular. It would also be interesting to study the
domino group in other higher dimensional examples. We remind the reader that in the
three dimensional case the domino group may have exponential growth. For instance,
if D=10,2] x [0, L], L >3, we construct in [12] a surjective homomorphism from G,
(a subgroup of index two of Gp) to the free group F». Does something similar happen
in higher dimensions? Notice that exponential growth of the domino group implies
that all connected components under flips are small (unlike the situation described in
Corollary 1.4).

2. EXAMPLES

In this section we present a few small examples. In all but the smallest cases, the
results were obtained by computer; only some very small examples can be worked out
by hand. We also show how to draw a tiling t of a region R C R*, particularly if R
is of the form R = Ry =D x [0, N], D C R3.

We first recall how tilings of Ry = D x [0, N] C R? are drawn in [12] for D C R?, D
a quadriculated disk. An example is given in Figure 1 for D = [0, 3]?, R = D x [0, 2].
This region admits 229 tilings. The first and last tiling in Figure 1 admit no flip; the
other 227 tilings form a single connected component under flips. A tiling is represented
as a sequence of floors; vertical dominos (i.e. dominoes not contained in a floor) are
represented by two squares, one in each floor.

[— [— OooOol jOOoo | —
DD DD oog oog DD DD
D:I :ID ooO o0od :ID D:I

FIGURE 1. Three tilings of the box R = [0, 3]? x [0,2] C R?.

Figures 2 and 4 show three and two tilings of the box R = [0,3]? x [0,2]® C
R*, respectively; Figure 3 shows two tilings of R = [0,2]*. Let x1,...,24 be the
coordinates of R*. Each 3 x 3 square in Figure 2 represents a slice of the form i — 1 <
x3 <14, j—1< x4 <J, 14,7 € {1,2}. The four squares (slices) are shown in the natural
positions: ¢ = 1 in the top row, ¢ = 2 in the bottom row; j = 1 in the left column,
j = 2 in the right column.

Dominoes in the directions x1, x2 are contained in slices and appear in the figure
as dominoes. Dominoes in the directions x3, x4 appear as a pair of unit squares, one
in one slice, one in another. A dark triangle in such unit squares indicates the position
of the partuner: it is as near the partner (in the figure) as possible. Thus, for instance,
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FIGURE 2. Three tilings of the box R = [0, 3]? x [0,2]? C R*.

the two central unit squares in each 3 x 3 square in the top row of the first tiling in
Figure 2 form a domino.

REMARK 2.1. The first and third tilings in Figure 2 can be connected by a sequence of
22 flips. The reader should contrast this with the fact that the first and third tilings
in Figure 1 can not be connected by a sequence of flips, not even if abundant extra
3-dimensional space with vertical dominoes is added around the box. Indeed, the two
tilings t41 in Figure 1 have twists Tw(t;) = +1 # —1 = Tw(t_1) and flips preserve
twist [4,12].

FIGURE 3. Two tilings of the box R = [0,2]* C R%.

EXAMPLE 2.2. The smallest non trivial region is D = [0, 2]*. We describe the connected
components via flips of the space of tilings of R = D x [0, N].

e For N = 2 there are 272 tilings and 9 components. The largest component
has size 264 and includes all tilings of twist 0. There are 8 tilings of twist 1:
each one is isolated, as no flip is possible. The first tiling in Figure 3 shows a
tiling in the largest component; the second tiling is isolated.

e For N = 3 there are three components: the largest one has size 5985
(i.e. includes 5985 tilings) and twist 0; the other two have size 180 and twist
1.

e For N = 4 the components are: one of size 143065 and twist 0; two of size
6412 and twist 1; 56 components of sizes 1 or 2 and twist 0.

e For N = 5 the components are: one of size 3386376 and twist 0; two of size
202224 and twist 1; two of size 2028 and twist 0.

e For N = 6 the components are: one of size 80353593 and twist 0; two of size
5987060 and twist 1; two of size 98144 and twist 0; 392 components of sizes
1, 2 or 4 and twist 1.

e For N = 30 the approximate number of tilings of twist 0 and 1 are, respec-
tively, 1.05 - 104! and 0.736 - 10%1.

e For N = 50 the approximate number of tilings of twist 0 and 1 are, respec-
tively, 0.515 - 105 and 0.463 - 10%°.

As we shall prove in Lemma 8.1, the region D is not regular. This is consistent with
the fact that there exist several large components in the space of tilings of Ry for
large N.

EXAMPLE 2.3. We now consider D = [0,2]? x [0, 3] and tilings of Ry =D x [0, N].
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e For N = 3 the components are: one of size 762572 and twist 0 (Tp in the
notation of Corollary 1.4); one of size 99280 and twist 1 (71); 16 of size 16
and twist 0; 2 of size 2 and twist 0. Up to the obvious identification between
R3 = [0,2]2 x [0,3]? and [0,3]? x [0,2]?, the tilings in Figures 2 and 4 are
tilings of R3. The second tiling in Figure 2 belongs to Ty. The first and third
tilings in Figure 2 both belong to 77 (see Remark 2.1). Figure 4 shows two
tilings in components of sizes 16 and 2.

e For N = 4 the components are: one of size 106303993 and twist 0 (Tp); one
of size 20723112 and twist 1 (T3); 8 of size 49 and twist 0; 16 of size 16 and
twist 1; 16 of size 1 and twist 1.

e For N = 30 the approximate number of tilings of twist 0 and 1 are, respec-
tively, 0.117 - 10%° and 0.108 - 105°.

e
N K] [ | |
T D] | | |
=0 gy lap el

FIGURE 4. Two tilings of the box R = [0, 3]? x [0,2]*> C R*.

As we shall prove in Lemma 9.1, the box D is regular. This is consistent with
the fact that there exist exactly two large components. For large N, the two large
components have approximately the same size.

REMARK 2.4. The programs used to verify these examples were written in C or C++;
sources available on the home page of the authors [7]. Most of them were written by
the authors; some older programs were written by our collaborators from previous
publications, including J. Freire and P. Milet, and by students, including B. Pereira.
The cases N < 6 in Example 2.2 and the cases N < 4 in Example 2.3 were performed
by brute force. Tilings are encoded by strings of characters: each character corresponds
to a unit cube and indicates the direction of the corresponding domino. We first
produced a list of all tilings in alphabetical order and then computed the connected
components. The cases of larger N are too large for a brute force approach. We then
use the theory explained in [13] and in Sections 3 and 4 below. In particular, in both
examples we explicitly compute both the adjacency matrix A (as in Definition 4.1)
and the matrix A (as in Equation (6)). With the use of the arbitrary precision library
gmp, this allows us to obtain the exact number of tilings with each value of the twist.
Computing the sizes of the connected components appears to be significantly harder.

3. TwisT

For the remainder of the paper, unless otherwise stated, by a region R, we mean a
balanced cubiculated subset of R™.

Given a region R let T(R) be the set of domino tilings of R. Construct a simple
bipartite graph Gr as follows. Vertices of Gr are unit cubes in R and two vertices
of Gr are joined by an edge if and only if the two corresponding unit cubes share a
face of codimension one. We assume the vertices of Gg belong to Z"™ C R™ and the
edges of G are unit segments. The color of a vertex v = (z1,...,z,) € Z" is given
by (—1)#1t*@n (black is 41, white is —1). Let b € N* = {1,2,3,...} be the number
of black vertices of Gr; recall that we assume that R is balanced so that Gz also
has b white vertices. Label the black vertices as vq,...,v, and the white vertices as
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w, ..., wp. Tilings t € T(R) correspond to perfect matchings of R, or, equivalently, to
bijections oy : {1,2,...,b} — {1,2,...,b} such that v; is adjacent to wy(; (for all ).

The adjacency matrix of R is an indicator matrix recording if v; and w; are ad-
jacent. Tilings of R naturally correspond to nonzero terms in the expansion of the
determinant of the adjacency matrix. We imitate Kasteleyn’s construction (originally
for dimension 2 [5]) to define a matrix K € Z"*® with entries K;; € {+1,—1} if
v; and w; are adjacent and K;; = 0 otherwise. As above, consider v;, w; € Z" so
that v; — w; = +ey, for some k € {1,2,...,n}. Write v; = (z1,...,%,) € Z" so that
w; = (z1,...,2x £1,...,2,) and set

1) iy = (=17,

As in the case of the adjacency matrix, tilings of R naturally correspond to nonzero
terms in the expansion of det(K). Given a tiling t € T(R), define the signed permu-
tation matrix Ty by (T)i 0. (i) = Ki,oy(s) € {+1, =1} and (Ty);; = 0 otherwise.

DEFINITION 3.1. The twist Tw(t) € Z/(2) is defined by

(2) det(Ty) = (=1)™® = sign(ov) [ [ Kiop(0)-
DEFINITION 3.2. The defect A(R) of a region R:
(3) AR) =det(K)= Y  (-1)™®
teT(R)
=[{teT(R) | Tw(t) =0} - |[{t € T(R) | Tw(t) = 1}].
Here sign(o) = (—=1)V(9) js the sign of the permutation o, inv(c) = |Inv(o)| is the

number of inversions of o and Inv(co) is the set of inversions of o.

Therefore the determinant of our Kasteleyn matrix does not enumerate the total
number of tilings. Instead it detects the difference between the number of tilings with
twist 0 and twist 1.

REMARK 3.3. The definition of Tw depends on the labeling of the vertices of Gr.
Changing labelings corresponds to permuting rows and columns of K and therefore
possibly changing the value of Tw(t) € Z/(2) for all tilings t.

A flip is a local move: remove two adjacent parallel dominoes and place them back
in the only other possible way. A trit is another local move. Consider a block formed
by 8 unit cubes, of dimensions 2 x 2 x 2 x 1 x --- x 1: if we remove from the block two
opposite unit cubes, we are left with the union of six unit cubes, which can be tiled
by dominoes in precisely two ways. A trit consists in finding three dominoes in the
configuration above, removing them and placing them back in the only other possible
way. The trit is therefore a local move involving three dominoes. All other local moves
involving three (or fewer) dominoes reduce to a (very short) sequence of flips, as can
be verified case by case. The trit does not reduce to a sequence of flips, as shown in
the next theorem.

THEOREM 3.4. Let tg and t1 be tilings of a region R. If to and t1 differ by a flip then
Tw(t1) = Tw(to). If to and t1 differ by a trit then Tw(t;) = 1 — Tw(to).

Proof. A flip is always contained in a plane, an affine subspace of dimension 2. Assume
the two relevant dimensions are kg and k1 with 1 < kg < k1 < n. Among the four
vertices involved, let v = (x1,...,x,) be the one with smallest coordinates so that the
other three vertices are v + ey, , v+ e, and v + ey, + e, . Without loss of generality,
suppose tg contains the dominoes (v,v + ex,) and (v + ex,,v + eg, + ex,) and ty
contains the dominoes (v, v + ey, ) and (v + ey, v + €x, + €k, )-
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Each tiling defines a bijection from the set of black vertices to the set of white
vertices. The two bijections corresponding to to and t; differ by a transposition (on
either side) and therefore have opposite parities. Also, the matrix K assigns signs
to edges. The signs assigned to (v,v + eg,) and (v + eg,,v + ex, + ex,) both equal
(—1)%1FF@ko-1 and are therefore equal. The signs assigned to (v,v + ek, ) and (v +
Cho» U+ €hy +ep, ) are (—1)21H Forottok 1 and (—1)71t @k FD+ 42k 1 and are
therefore different. We thus have det(T%, ) = det(Tt,) and therefore Tw(t;) = Tw(to),
proving the first claim.

A trit is always contained in an affine subspace of dimension 3. Assume the relevant
dimensions to be ko, k1,ko with 1 < kg < k1 < ko < n. Assume that the three
dominoes (v + ey, v+ €k, + €k, )y (V+ex,, v+er, +ek,) and (v+eg,, v+ ek, +ex,) are
contained in tg and that the three dominoes (v+eg,, v+ek, +€k, ), (V+ex, , v+ex, +ek,)
and (v + ex,,v + eg, + €, ) are contained in t1. As above, write v = (z1,...,2y).

The bijections corresponding to tg and t; now differ by a 3-cycle and therefore
have the same parity. The signs assigned by K to (v + ex,,v + e, + ex,) and (v +
€ky, U + €k, + ex,) are both (—1)%1T " Tko-1 and therefore equal. The signs assigned
t0 (v + €gy, v + €k, + €k, ) and (v + ex,, v + ek, + €, ) are (—1)T1 T FEho T TR 1 apnd
(—1)mtH@ot)++2k -1 regpectively, and therefore different. Finally, the signs
assigned to (v + eg,,v + e, + ex,) and (v + eg,, v + ex, + €x,) are

(71)11+"'+$k0+'”+(1k1+1)+"'+$Ic2—1, (71)w1+”'+($k0+1)+"'+$k1+“'+$k2—17

respectively, and therefore equal. We thus have det(T,) = —det(Tt,) and therefore
Tw(t1) = 1 — Tw(to), proving the second claim. O

Before moving on, we show the naturality of the matrix K.

Consider a region R C R™ and its graph Gr. A Kasteleyn system for R assigns to
each edge of G a coeflicient +1 or —1 satisfying the following condition: if four edges
form a square then the product of their coefficients is —1. Given a Kasteleyn system
we also have a Kasteleyn matriz for R, a matrix K € Z"*?: if v; and w; are adjacent
then f(z-j is the coefficient of the edge v;w; (and the coefficients form a Kasteleyn
system). Thus, for all 4, j, I?ij € {+1, -1} if and only if v; and w; are adjacent. Also,
for all 49, 71, jo, j1, we have KiojoKioj1Ki1joKi1j1 S {0, —1}.

The matrix K is an example of a Kasteleyn matrix. The following lemma shows
that if R is connected and simply connected then any other Kasteleyn matrices are
only minor variations.

LEMMA 3.5. Consider a region R C R". Assume furthermore that R is connected and
simply connected. Then K is a Kasteleyn matriz if and only if there exist diagonal
matrices Dyy, Dy with diagonal entries equal to +1 and K = Dy K Dyy,.

Proof. Tt is straightforward to verify that if Dy, Dy are diagonal matrices with
diagonal entries equal to +1 then Dy K Dy, is indeed a Kasteleyn matrix. In order
to prove the converse we use the language of homology. Consider a Kasteleyn matrix
K and its corresponding Kasteleyn system. A Kasteleyn system defines an element
of « € C1(R;Z/(2)): if e is an edge then the coefficient of e in the Kasteleyn system
is (—=1)*) afe) € Z/(2). (Here C*(R;Z/(2)) is the first cochain group of the cell
complex R with coefficients in Z/(2).) Let a,a& € C'(R;Z/(2)) correspond to the
original K and to K, respectively. By definition, if s is an oriented square then o/(ds) =
a(0s) =1 € Z/(2). (Here 0 : C3 — C} is the boundary map.) Thus (o — &)(9s) =0
for all s and o — & € Z! (i.e. it is closed). Since R is simply connected we have from
the universal coefficient theorem that H'(R;Z/(2)) = 0: it follows that o — & € B!
(i.e. it is exact). (Here B! C C! is the image of the coboundary map 9* : C° — C1.)
In other words, there exists § € C9(R;Z/(2)) with a — & = 9*. For any edge e = vw
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we have a(e) —a(e) = §(w) — d(v). Thus, J gives us the desired diagonal matrices Dy,
and Dyy,. O

COROLLARY 3.6. Consider a connected and simply connected region R C R™, n > 3.
Consider a fized Kasteleyn matriz K for R. For a tiling t of R, construct a signed
permutation matrix T = Tt,f( with nonzero entries Tij = f(ij when v; and w; form a
domino of t. Then there exists € € {+1,—1} such that for all t we have det(T; ;) =
e Tw(t).

Proof. By construction, Tw(t) = det(T% k) for the original Kasteleyn matrix K. From
Lemma 3.5, there exist diagonal matrices Dy and Dy with K = Dy KDyy. By
construction we also have Ty z = DuT¢ k Dwn. Take € = det(Dp1Dyp): we have
det(T} z) = edet(T%,x) for all t, as desired. O

In dimension n = 3, the twist Tw(t) is defined to be an integer (see [8], [4]). In
order to avoid confusion, we temporarily write, for n = 3, Twy, for the twist as defined
in the other references and Twy, (2 for the twist as defined here. The following lemma
clarifies the relationship between the two concepts.

LEMMA 3.7. Let D C R? be a balanced quadriculated disk. Let Ry = D x [0, N] C R3.
For any tiling t of R we have Twyz2)(t) = (Twz(t) mod 2).

The proof below relies heavily on notation, definitions and results from [11] and [4].
We feel that providing a more self-contained exposition would imply too much repe-
tition.

Proof. Here, Twy, is given by Definition 7.7 from [4]. Since Ry is contractible the flux
is 0 and m = 0. Given two tilings tg and t; which differ by a cycle, Definition 7.2
gives us Twz(t1) —Twz(to) = ¢(t1;t1 —to). It thus suffices to check that Twy (o) (t1) —
Twz,(2)(to) = (¢(t1;t1—1o) mod 2). If there exists a Seifert surface for the cycle t; —to
then this follows from Kasteleyn systems, as discussed in [11]. More generally, we may
take refinements, as in [4]. O

4. PLUGS AND FLOORS

For the remainder of the paper, all regions D C R"~! are assumed to be balanced,
cubiculated and contractible.

Consider a region D C R"~!: we are interested in tilings of Ry = D x [0, N]. We
imitate some of the constructions from [12], where the case n = 3 is discussed.

A domino d (of dimension n) contained in Ry is horizontal if it is of the form
d x [k — 1, k] where d C D is a domino (of dimension n — 1). A domino d C Ry is
vertical otherwise, i.e. if it is of the from s x [k — 1, k + 1] where s C D is a unit cube.
A plug is a balanced set of unit cubes contained in D (or balanced set of vertices in
Gp). This includes the empty plug p, = @ and its complement p, = D. Let P = Pp
be the set of all plugs. Two plugs pg,p1 € P are disjoint if and only if po N p1 = Ppo.
A floor is a triple (po, f,p1) where py,p1 € P are disjoint plugs and f is a domino
tiling of Dpy p, = D\ (po Up1). A tiling of Ry can be identified with a alternating
sequence of plugs and floors:

(4) t = (po = Po,f1,p1,....pn—1, N, PN = Po).
Here py, is the set of unit cubes s C D such that the vertical domino s x [k — 1,k + 1]
is contained in t. Also, fy, = (pr—1, [k, Px) Where fi consists of dominoes d C D such
that the horizontal domino d x [k — 1, k] is contained in t.

The domino complex Cp is a 2-complex associated to D. We first construct a graph
Ci,p which is essentially the 1-skeleton of Cp; the complex itself will be constructed
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in Section 6. The set of vertices of C; p is the set of plugs P. If py,p; € P are not
disjoint there is no edge joining them. If py and p; are disjoint there is one edge for
every tiling of Dy, ,,,. Thus, a floor f; = (po, f1,p1) is identified with an edge joining
po and p;i. Each tiling of D = Dy, p, yields a loop based on the vertex p.; these are
the only loops in C; p.

Each tiling t of Ry is identified with a closed walk of length IV in C; p from p, to
itself. More generally, consider the cork

Ro.Npopx =R ((po X [0,1]) U (py x [N —1,N])).
Each tiling of Ro n;p,.py is identified with a walk in Cp, of length NN, starting at py and

ending at py. In order to count tilings, we construct the adjacency matrix A of C; p.

DEFINITION 4.1. The adjacency matrix A € ZP*7 of C1 p is the matriz given by:

_ |T(Dpo,p1)|7 Do NP1 = Po,
popt 07 Po mpl 7& Po-

Thus, (AN)p, px is the number of tilings of Ro n.p, px- In particular,
TR = (A)p, o -

In order to compute the defect A(Ry) we first define twy, p, (t) € Z/(2) for a
tiling t of Dp, p, -

Label the unit cubes of D: the black cubes are vq,...,vp; the white cubes are
wy, ..., wp. Construct a Kasteleyn matrix K for D as above. The plug p; € P consists
of b; black unit cubes and b; white unit cubes, thus defining two subsets P; 1, P; wn C
{1,...,b} with |P, 11| = |P;wn| = b;: j € P; 1 if and only if v; is contained in p; (and
similarly for white). If po and p; are disjoint then Py p; and Pj 11 are disjoint and
so are Py wh and P; wh. Define subsets Dy, p, b1, Dpo,pr,wh C {1,...,b} and functions
hbl; hwh : {1, ceey b} — {O, :|:1} by

Dpoaphbl = {1) R 7b} N (PO,bl U PLbl)’ DpDap17Wh = {17 ) b} ~N (PO,Wh U Pl,Wh)’
hoi(f) = € Pipil — [1 € Popi], hwn(i) =[i € Prwn| — [ € Powhl,

so that, for instance, i € Dy, p, 1 if and only if hni(é) = 0; we use here Iverson’s
notation. Define the subsets Invy), Invy, C {1,.. .,b}2 and non negative integers
invblmoml’inVWh,Po;Pl € N by

Inv, = {(io,i1) € {1,...,b}% | ig < i1, hu(io) > ha(i1)}, Vi pyp, = | IV |.
A tiling t € T(Dyp,,p,) is defined by a bijection oy : Dpy p, b1 — Dpg,py,wh such that
Ki o,y € {+1,—1} for all i € Dy, ,, 11. Define the subset Inv(oy) € D2 1, and the
non negative integer inv(ot) € N by

Inv(oy) = {(ip,41) € Dgo,pl,bl | ip <i1,0t(i0) > o¢(i1)}, inv(og) = |Inv(og)|.

Finally, for t € T(Dp, p, ), define twy, ,, (t), tk(t) € Z/(2) by

(5) tWpo.py (£) = (tk(t) + inv(og) + invi pg,py + 0Vwh, po p, ) Mod 2,
DO = ] Kiew)-
1€Dpg,py bl

Let D c R" 1. Let A € ZP*P be defined by
(6) AI)OJ)I = Z (_1)twp07p1 (t),

te€T (Dpg,p1)

if py and p; are not disjoint then A, ,, = 0.
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LEMMA 4.2. For A as defined in Equation 6 and N € N,
A(RN) = (AN)poJ)o'
Proof. Writet € T(R ) as a sequence of plugs and floors, as in Equation 4. We claim

that
TW(t) = Z tWp 1,k (fk)7
1<kEN
which completes the proof. For this, we go back to the definition of Tw(t) in Equation 2
and compute inv(ot) and & = [, K; 5, (). Let by be the number of black unit cubes
in pg: we claim that

(7) inv(at) - Z (inv(afk) + ianka—hpk +ianh-,Pk—1,Pk) = Z b%'
1<kSN I<k<N

Let b be the number of black unit cubes in D. First label black and white unit
cubes in D. Next label unit cubes in Ry, using the previous labels in each floor and
proceeding by increasing floor. In particular, for ¢ € {1,..., Nb}, both the i-th black
and white unit cubes are contained in floor [i/b] € {1,...,N}. We therefore have
[[i/b] — [o(7)/b]]| < 1 for all i.

Recall that an inversion for oy is a pair (ig,41) of indices for black unit cubes
such that ig < i1 and jo = o¢(io) > o¢(i1) = j1. We thus have [io/b] < [i1/b] and
[40/b] = [71/b]. We consider the possible cases.

o If [ig/b] = [i1/b] and [jo/b] = [j1/b] we may write k = [io/b] = [jo/b]. Both
dominoes are then contained in floor k, and the inversion (ig,41) is counted
once by inv(co¢) and once by inv(oy, ). Strictly speaking, in the second case
the inversion is now called (ip — (k —1)b, 41 — (k — 1)b), but we shall not follow
such relabelings from now on.

o If k = [ig/b] = [i1/b] and [jo/b] > [j1/b] then the inversion (ig,i1) is
counted once by inv(ct) and once by invyip, | py-

o If k = [jo/b] = [j1/b] and [ig/b] < [i1/b] then the inversion (ig,1) is
counted once by inv(oy) and once by invyn p, , p. (in the second case it is
called (j1 — (k — 1)b, 5o — (k — 1)b)).

o Finally, if k& = [ig/b] < [i1/b] = k+ 1 and k = [j1/b] < [jo/b] = k+1
then the inversion (ig,%1) is counted once by inv(ct) and not counted by the
summation on the left hand side. For each k, there exist bi such inversions,
completing the proof of Equation 7.

Write kK = Kpgzkvt, where
Khz = H K; 5, (i)s Kyt = H K; o)
[i/b]=[obt(3)/b] [1/b]#[ove(1)/0b]
For each k, 1 < kK < N, we have
I1 Kig@) = (1)
{l3/b1,[ove(3) /0] }={k,k+1}
and therefore fyy = (—1)1T+to8v-1) For 1 <k < N, let
ki = (=) = H Kio; )

ieDPk—lapkabl

so that kn, = [, #x and therefore & - ([, kx) = (—1)1+Fb5-1) The desired result
now follows from Equation 7 and the fact that by = b7 (mod 2). O

LEMMA 4.3. Let D C R"~!. Let P be the set of plugs for D. Let A € ZP*P be the
matrixz defined in Equations 6 and 5. Then A is real symmetric.
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Proof. Let pg,p1 € P be disjoint plugs; let t € T(Dp,.p,) be a tiling. We prove
that twp, p, (t) = twp, p,(t). Indeed, the definitions of tk(t) and of inv(oy) are un-
changed, so it suffices to prove that invy py.p, + IV p, po = INVwh,po,p1 T INVwh,p1 ,po -
Indeed, invy p,,p, +i0Vhip, po = bob1 + (bo 4 b1)(b — by — by) since it counts pairs
{io,ir} C {1,...,b} with hpi(io) # hui(i1). For the same reason, we also have
INVwh,po,pr + INVwh,pypo = bob1 + (bo + b1)(b— by — b1) and we are done. O

5. COMPUTING THE DEFECT A

In this section we first give an estimate for A(R y) as a function of N. We then give an
explicit formula in special cases. In many cases the defect A(R) is easier to compute
than the number of tilings |7(R)|: this is related to determinants being easier to
compute than permanents.

LEMMA 5.1. Let D C R*™L. For every p € P, if p contains exactly N unit cubes then
the cork Ro,N:p..p admits a tiling.

Proof. The proof is by induction on b = N/2, the number of black squares in p. The
case b = 0 is trivial. For b > 0, consider a pair of unit cubes v,w in p, v black, w
white, such that the distance between v and w (measured in Gp) is minimal. Let
p =p~ {v,w} € P. By the induction hypothesis there exists a tiling t of Ro Nepo.s
for N = N — 2. On the first N floors t coincides with t. In order to construct the
last two floors, consider a path of minimal length from v to w. By minimality, this
path intersects no other unit cubes in p. For unit cubes not in the path the final two
floors are filled with a vertical domino. Along the path we use horizontal dominoes,
completing the construction. O

LEMMA 5.2. Let D C R"™, where n > 4. Assume that D contains a box of the form
3x3x1x s X 1. Then there exists Nuyin such that for all pg,p1 € P we have
|(AN)1707:D1| > |(AN)1707P1| for all N > Ny

Proof. The vertical tiling tg of Re = D x [0,2] satisfies Tw(tg) = 0. Replace the
vertical dominoes in the 3 x 3 x 1 x --- x 1 x 2 box by the dominoes shown in Figure 1
to obtain a tiling t; of Ry = D X [0,2] with Tw(t;) = 1. Let bp be the number of
black unit cubes in D. Apply Lemma 5.1 to the full plug pe to obtain a tiling te of
the cork Ro.26p:ps.p.- Lhe tiling to can be considered a tiling of Rap,,—1. There are
therefore tilings of Ry, of either twist for Ny = 2bp + 1.

Take Nyin = 6bp +1 and N > Nyi,. Assume that p; contains b; black unit cubes.
Apply Lemma 5.1 to pg to obtain a tiling of the cork Ro 264:p9,p.- APply Lemma 5.1
to p1 to obtain a tiling of the cork Ry_ap, Nip,.p,- Clearly, (N — 2b1) — 2by > Np.
From the previous paragraph, there exist tilings of Raop,, N—2b,:p.,p, Of either twist.
Juxtapose the tilings to obtain two tilings to,t; € T (Ro,N:po,pr) With contributions

of opposite signs to (AY),, »,, completing the proof. O

LEMMA 5.3. Let D C R*™!, where n > 4. Assume that D contains a boz of the form
3x3x1x---x1. Then there exist A > 1 and C > 0 such that

. T(RN)|—CANY

m —— =

li

N—oc0 )\N 0-

Furthermore, A(Ry) as a function of N is either eventually constant, eventually
periodic with period 2 or there exist A € (1,\) and C > 0 such that

A(N ~

AN _a

lim sup — =
N—o0 N
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Proof. We apply the Perron—Frobenius Theorem to the matrix A. It follows from
Lemma 5.2 that there exists a positive eigenvalue A\ such that all other eigenvalues
have strictly smaller absolute value. The associated eigenvector has positive entries
and therefore |[T(Ry)| = (AN)p, p. has a leading term CAN: any other term is
exponentially smaller. Since A is symmetric and all entries of A are integers, all
eigenvalues are real algebraic integers. If an eigenvalue belongs to R~ {—1,0, 1}, one
of its conjugates must have absolute value larger than 1 and therefore A > 1. If all
eigenvalues belong to {—1,0,1}, |[7(Rx)| is eventually periodic with period 1 or 2
and therefore bounded, contradicting the construction in the proof of Lemma 5.2.
Again from Perron-Frobenius, all eigenvalues of A have absolute value smaller
than A. Let A be the maximum absolute value of eigenvalues of A. If X < 1 then
all eigenvalues belong to {=1,0,1} and therefore A(Ry) is eventually periodic with
period 1 or 2. If A > 1 then at least one of +X is an eigenvalue, implying the last
estimate in the statement. 0

COROLLARY 5.4. Let D C R"™!, where n > 4. Assume that D contains a box of the
form3x3x1x---x1. Then

L E TR [T =0} 1 [{te T(Rw) | Tw() = 1)| 1
N— 00 |T(RN)| 2’ N—o00 |T(RN)| 2°

Proof. From Lemma 5.3 we have

A(RN) _
N TR~
The result follows from Equation 3. O

The following result, in a similar spirit, will be needed to prove Corollary 1.4.

LEMMA 5.5. Let D C R"™!, where n > 4. Assume that D contains a 3x 3 x1x---x 1
box. There exists ¢ < 1 with the following properties. Let M be a fized positive mteger.
Let C'y be the number of tilings t of Ry with fewer than M wvertical floors. Then
. Cn

NSoo NT(Ry))|
Proof. Let A be the adjacency matrix, as above. Let Ay be the corresponding matrix,
but not counting vertical floors. We have [(A4y); ;| < A;; for all ¢, j € P, with strict
inequality for some entries.

Let A > 0 be the eigenvalue of A of largest absolute value, as above. There exists
¢ < 1 such that all eigenvalues of A4 have absolute value strictly smaller than cA. This
is our desired c.

Consider an auxiliary c_, c_ < ¢, such that all eigenvalues of A; also have absolute
value smaller that c_\. Thus, for any i,j € P,

i (A)ig
Ngnoo CN)\N B

=0.

Thus, there exists a constant Cy such that [(A})); ;| < CyeNAN for all i,j € P and
all V.

We need an estimate for C'y. The number of M-tuples 0 < k1 < -+- < kpy < N is
bounded by N . For each such M-tuple (ki, ..., k), we count the number of tilings
of R where vertical floors are allowed only in the positions k;. We first choose floors
and plugs in the positions k; and k;y1: there are a fixed number K of such choices.
We then choose the tiling in each interval: the initial and final plugs p; and p;41 are
now fixed. There are (Agwfrki),,1.4,1.+1 < CﬁcgﬂJ’rki)/\(’“iJrl*ki) such tilings. Thus,
Cn < NMCycNAN: for large N, Cy < VAN as desired. O
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6. THE DOMINO COMPLEX Cp

In this section we complete the construction of the 2-complex Cp. The construction
is very similar to the one performed in [12], thus we skip some details. Recall from
Section 4 that tilings of Ry = D x [0, N] correspond to walks of length N in Cp
from po, € P to po. We shall now see that tg ~ t; if and only if the corresponding
continuous paths are homotopic with fixed endpoints.

Consider the graph Cq p as a 1-complex. To each self loop (always from p, to itself)
attach the boundary of a Mobius band. Otherwise, we attach boundaries of 2-cells
(disks). The 2 cells correspond to flips as described below:

t
@ | T
O O O DD O DD
/|aao /o

ty s
Po P
I D I DDD
Uil =0s Qles |=os
0| o0 0@ o0
t1 to t ta

FIGURE 5. A flip manifests itself in the complex D as a 2-cell. The
figure shows a horizontal and a vertical flip.

First consider horizontal flips. These join two tilings to, t1 of D, ,, (where pg,p1 €
P are disjoint plugs). In the complex, py and p; are vertices and tog and t; are 1-
cells joining them (in other words, to and t; are floors). Attach to the complex a
2-cell whose oriented boundary is to (from pg to p1) followed by t; (from p; to po).
Combinatorially, the 2-cell is a bigon. Figure 5 shows an example of such a 2-cell.

Next consider vertical flips. There are now two floors in play. In one tiling, we
have po, to, p1,t1,p2, where tg € T (Dpy,py) and t1 € T(Dp, p,)- In the other we have
po, to, P1, t1, pa, where to € T(Dp,.5,) and t1 € T(Dp, ,). The plug p; is obtained
from p; by removing two adjacent unit cubes. These two unit cubes form dominoes
in both to and t;. Again, attach to the compleX a 2-cell whose oriented boundary
is to (from py to p1), t1 (from p; to po), t1 (from py to p1) and to (from py to po).
Combinatorially, the 2—ce11 is a square. Figure 5 also shows an example of this other
kind of 2-cell.

By construction, if two tilings to,t1 of Ro npy,pn differ by a flip, the two corre-
sponding (continuous) paths are homotopic. Indeed, we added a 2-cell which guar-
antees just that. Also, if a tiling t; of Ro n42:py,py 1S Obtained from a tiling to of
Ro,N:po,pny Dy inserting two vertical floors (at any position), the two paths are triv-
ially homotopic. The converse statement is similar. Thus, Gp is naturally identified
with the fundamental group 71 (Cp, po).

There is a natural surjective map Gp — Z/(2) taking a tiling of Ro nipy.py tO
N mod 2. The kernel of this map is G}S < Gp, a normal subgroup of index 2.
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Since the complex is finite, the group Gp is finitely presented. The immediate
construction is far too complicated, however. Later we shall significantly improve this
situation.

7. HAMILTONIAN REGIONS AND GENERATORS OF Gp

The results from this section will be used repeatedly to prove regularity of regions,
or, more generally, to compute the domino group. We recall the following fact.

FACT 7.1. Let R C R? be a planar balanced quadriculated region. Let to,t, be tilings
of R. Then to = t1 if and only if Flux(tg) = Flux(t1).

For the proof of Fact 7.1, see [14, 16]. The general concept of flux will not be
required; we will clarify the meaning in special cases when it comes up.

A cubiculated region D C R"~! is Hamiltonian if the graph Gp admits a Hamil-
tonian path. A fixed Hamiltonian path v = (s1,...,sp) is usually assumed; here
M = |D| and the s; are unit cubes.

EXAMPLE 7.2. Any box D = [0, L] X --- x [0, L,,—1] is Hamiltonian. We construct
an explicit path recursively on n. For n = 2, the path in [0, L] is given by s; =
[i — 1,7]. Assume a path v = (s1,...,8nm) given in [0, L] X -+ x [0, L,,—1], where
M = Ly---L,_1. We construct a path 7y in [0, Lq] X --+ x [0, L,,]. The number of
unit cubes in the new box is M = ML,. For k € Z, 1 < k < M, let z,, = [l?:/M}
and k = k — (xp, — )M if z,, is odd and k = 1 + z, M — k if z, is even. Define
3; = s X [, — 1, x,]. The next example is a special case.

EXAMPLE 7.3. Some small examples deserve special attention, particularly D =
[0,2]2 x [0, L], L > 2. The construction from Example 7.2 applies, but a variation is
easier to draw.

Consider the quadriculated cylinder D = (R/(4Z)) x [0, L]: the bipartite graphs
Gp and Gp, are isomorphic. It follows that the bipartite graphs Gr and G  are also

isomorphic (for any N € N*), where Ry =D x [0, N] is a 3D cubiculated manifold.

Tilings of R can be represented as in Figure 6. Here, floors are shown sequen-
tially. The quadriculated cylinder D is represented by a rectangle where the right
and left sides are identified (as in a Mercator map). Each floor f; is of the form
fi = (pi—1, £, pi). Here, as in Equation 4, p;_1,p; € Pp are disjoint plugs and f;" is

A

a tiling of D,

—1,P1°
[y [y Jy — [y [ J  —
[ — o/ [ [ — [ [
1
[ — — [ — — [— [ — — [ — — [—
[ O/ I— — [ I— — I— —
DD DD:I [y — DD DD:I [y —
[ Oouge [ [ J |

FIGURE 6. Two tilings of Ry for N =3 and L = 6. The two tilings
differ by a pseudoflip in the fourth row of the second floor.

There exists an important difference between Ry and Ry, however. Some flips in
R are represented in R not in the usual way, but as pseudofiips. In a pseudoflip,
a row (of length 4) of D is rotated by one unit, as shown in Figure 6. In R, which
has higher dimension, a pseudoflip is an honest flip.

The regions D = [0,2]? x [0, L] and D = Cy4 x [0, L] are Hamiltonian. Figure 7
shows Hamiltonian paths in D for L = 3,4, 5.
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Recall that a domino is horizontal if it is contained in a single floor and is vertical
otherwise. We say that a horizontal domino respects the path if and only if it corre-
sponds to an edge along the path; vertical dominoes always respect the path. A tiling
respects the path if and only if it consists only of dominoes which respect the path.

=

]

= e = B

FI1GURE 7. The first three diagrams show Hamiltonian paths g in
the quadriculated surfaces D = Cy x [0, L] for L = 3,4,5. The fourth
diagram shows two horizontal dominoes which do not respect the
path. The fifth diagram shows two horizontal dominoes which respect
the path.

Consider a domino d C D which does not respect the path. We have d = s;, _ U
Sigy C D with ig_ +1 <i44. The domino d decomposes the path v into intervals
(finite sets of integers):

Ig.— :Zﬂ[l,idv_fl], Id;+:Zﬂ[id,++1,ML
Igo=272nN [id,f + 1,444+ — 1}.
The set 14,0 always has even and positive cardinality. A plug p € P is compatible with

d if and only if it does not include a square of d. If p is a plug compatible with d
define:

flux(d; p) = (flwx—(d; p), fluxo(d; p), fluwxy (dip)),  fwxy(dsp) = D (1)
1€l4;5,5:Cp
Let H C Z? be the perpendicular lattice to (1,1,1); let ®; C H be the finite set of
values of flux(d; p) for p € P compatible with d.

LEMMA 7.4. Consider a Hamiltonian region D C R"™! with a fized path .

(1) Let d C D be a domino which does not respect the path. Let p € P be a plug
compatible with d. Then, for sufficiently large even N there exists a tiling tq;p
of Raon with the following properties. There exists a unique domino in tg;p
which does not respect the path: d x [N — 1, N]. The plug of tq, at height
N —1isp.

(2) Letd C D be a domino which does not respect the path. Let py,p1 € P be plugs
compatible with d. Let tg.p,, ta.p, be tilings of Ron satisfying the conditions of
the first item. If flux(d; po) = flux(d; p1) then ty.p, ~ ta,p, . Also, the sequence
of flips from tq.p, to ta,p, can be chosen so as to keep the domino dx [N —1, N]
fized and all other dominoes respect the path.

Proof. A tiling of Ron which respects the path can be unfolded to obtain a tiling
of Roy = [0, M] x [0,2N]. A horizontal domino in Ry of the form d x [j — 1, 7],
d=s5;Us;y1 CD,is taken to [i — 1,74 1] x [j — 1,j] C Ran. A vertical domino in
Raon of the form s; x [j — 1,5 + 1] is taken to [i — 1,i] x [j — 1,5 + 1] C Rn.

Similarly, consider a tiling t of Ry such that there exists a unique domino in tg;,
which does not respect the path: d x [N —1, N]. The tiling t can be unfolded to obtain
a tiling t of the planar region 722]\[7(13

Ran.a = ([0, M] x [0,2N]) \ (s_ Usy) C R?,
s_=lig_ —1,ig ] x [N =1,N], sy =[iay — 1,iq4] x [N —1,N].

Algebraic Combinatorics, Vol. 5 #1 (2022) 177



CAROLINE J. KLIVANS & NICOLAU C. SALDANHA

Conversely, a tiling t of Ro ~N,d can be folded to obtain a tiling t of Ry with the
properties above.

For the first item, the information about plugs reduces the problem to tiling two
similar contractible planar regions. The first region is obtained from the rectangle
[0, M] x [0, N — 1] by removing from row [0, M] x [N — 2, N — 1] the unit squares
contained in p. The second region is obtained from the rectangle [0, M| x [N — 1,2N]
by removing from row [0, M] x [N — 1, N] both the unit squares contained in p and
the domino d. This is discussed in [12]; see also [16].

For the second item, unfold the tilings to and t; to obtain tilings to and t; of the
planar region R 4. The condition flux(d; pg) = flux(d; p1) is translated to Flux(tg) =
Flux(t;). From Fact 7.1, to ~ t;. Take the sequence of flips for the planar problem
and fold back to obtain the desired sequence of flips in Rop . O

Consider a domino d C D not respecting the path and ¢ € ®; C H C Z3. Choose
p € P, p compatible with d, flux(d;p) = ¢. Apply the first item of Lemma 7.4 to
obtain a tiling t4,¢ = tg;, with the properties listed in that item. Notice that the
second item implies that, for fixed N (but independently of p), all such tilings are
mutually connected by sequences of flips.

LEMMA 7.5. The family of tilings (ta.s), d C D not respecting the path vy, ¢ € g,
generates the subgroup G}S < Gp.

Proof. Recall that Gi'; < Gp is a normal subgroup of index 2, the kernel of the natural
surjective map Gp — Z/(2) (parity of length of walk). The proof follows with very
slight adaptations the proof of Corollary 8.6 in [12]. O

8. IRREGULARITY OF D = [0, 2]3
We now discuss the smallest non trivial example: see Example 2.2.

LEMMA 8.1. Let D = [0,2]®. There ewists a surjective map Twz, : Gp — Z such that
Tw(t) = Twz(t) mod 2 for any tiling t of D x [0, N], N € N*. In particular, D is not
reqular.

Proof. Consider a domino d and a square s contained in D = Cy x [0,2]: we de-
fine 7(d, s) € {f%,O, i} as in Figure 8. For other configurations, 7(d, s) = 0. Thus,
7(d,s) # 0 if and only if d and s are disjoint, d C D is in the Cy direction and a
projection onto Cy takes s to a subset of d.

— — ] 5]
O ] [ [
+1 -1 -1 +1

FIGURE 8. The value of 47(d, s) in four examples. The sign depends
on two bits: the horizontal position of the square and the relative
position of the square and domino. We can give signs in a consistent
way only in this small case.

Recall that a plug p € Py is a balanced subset of D.If p, P € Pp are disjoint plugs
then bm? =D~ (pUp). For disjoint plugs p,p € Pp and f € T(ﬁm;) define

6 rUp= Y s e s i) = TP - T(p) € 12

def,s€p
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Draw a tiling t € T(Ry) as a sequence of floors, as in Figure 6. A tiling is therefore
an alternating sequence of plugs and floors,

t= (p()a e 7fi7pi7fi+17pi+17 e 7pN)7
with p; € Pp (for all i), po = py = Po and f; € T(Dp._, p:). Define

Twz(t) = Y 7"(floor;(t); plug; ,(t), plug;(t)).

0<j<N
It is now not hard to verify that Twz(t) € Z for any tiling t and that Twz(t) is
invariant under flips and pseudoflips. O

REMARK 8.2. Recall from Example 2.2 that the box [0,2]* admits 272 tilings, among
them 8 which are isolated, i.e. admit no flip. Figure 9 shows an example; the others
are obtained by rotation and reflection. See also the second tiling in Figure 3. With
the concept of twist as Twy, defined in Lemma 8.1, four of the 8 isolated tilings have
twist +1 and four have twist —1.

o0 0o
o0 Dolde

FIGURE 9. An isolated tiling of the box [0,2]*, represented here as Rs.

Let t;, i € {1,2,3,4}, be the four isolated tilings with twist +1. The tilings with
twist —1 are the reflections t;l. Let tinin be a tiling of R; (they are all ~-equivalent).
Let tyert be the vertical tiling of Rg. The brute force study of tilings of Rg shows
that, for all ¢ € {1,2,3,4},

t1 % ohin * bonin % b5 & 1% Bohin % £ binin & byer-

This implies that the four tilings t; represent the same element of the domino group
Gp. Also, ty * typin * tynin * t; has twist 2 and belongs to a component of size 98144.

LEMMA 8.3. Let D = [0,2]3. The domino group Gp is isomorphic to Z & Z/(2). Any
tiling of [0,2]* which admits no flips (such as the one in Figure 9) is a generator of
the Z component. Any tiling of [0,2]® x [0,1] is a generator of the Z/(2) component.

Proof. Consider the homomorphism from Gp to Z @ Z/(2) taking t € T(Ry) to
(Twz(t), N mod 2): this homomorphism is clearly surjective.

Let t; and tynin be as in Remark 8.2. Consider the homomorphism from Z & Z/(2)
to Gp taking (u,v) to t} = t}; . This homomorphism is clearly injective, all we have
to do is show that it is surjective.

Consider the generators tg,, of G; constructed in Lemma 7.5. Computations show
that each tg,4 is homotopic to a power of ty; i.e. t1 xty *--- xt;. O

9. REGULARITY OF D = [0,2]> x [0, L], L >3

We now discuss other small examples, the boxes D = [0,2]? x [0, L] for L > 3, as in
Example 2.3.

LEMMA 9.1. The box D = [0,2]? x [0, L] is reqular for L > 3.

We shall need the following facts. Fact 9.2 is a special case of the first main theorem
in [12].

FAcT 9.2. The rectangle Dy = [0,4] x [0, L] is regular for L > 3.

FACT 9.3. Let D = [0,2]2 x [0,3] and R3 = D x [0,3]. If to and t; are tilings of R3
with TW(tQ) = TW(tl) =1 then to ~ tl.
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Fact 9.3 can be verified by brute force. As mentioned in Example 2.3, all tilings of
Rs3 of twist 1 form a connected component of size 99280.

Proof of Lemma 9.1. We follow the construction in the previous section, particularly
Lemma 7.5. We use the Hamiltonian paths in Example 7.3. Let tg = tyey be the
vertical tiling of Ro. Let t1; be the tilings of R4 shown in Figure 10 (for L > 3, the
other rows are similar to the third row in the figure). These two tilings are of the form
t41 =t44 and t_; =ty where the domino d is the only one which does not respect
the path. We have tw(ty;) = tw(t_1) =1 € Z/(2). It follows from Fact 9.3 (indeed,
from Remark 2.1) that t;; ~ t_;. We prove that t; generates G5 ~ Z/(2), which
implies regularity.

=ell il o=l

C 0 L L

eesll ol =cll =

i | N s s | N v s | N o

ol

el
pad

FIGURE 10. Two tilings t,; and t_; of D x [0, 4] for D = [0,2]? x [0, 3].

Notice that, for given L, this already reduces the proof to a finite and reasonably
small computation. Indeed, for each domino d not respecting the path compute &4 C
H. For each pair (d,¢), ¢ € @4, construct a tiling tq.5. Compute the twist of these
tilings. For each pair (d, ¢), we must verify that if tw(tq4) = s then tq 4 ~ t.

We now address the general case L > 3. If the domino d does not cross the sides of
the rectangle, the other dominoes will also not cross (they respect the path). We may
therefore consider tq,4 to be a tiling of [0, 4] x [0, L] x [0, N]. With this interpretation,
we are fully in the scenario of [12], and we know that [0,4] x [0, L] is regular: this is
Fact 9.2. We stress that reqularity in the previous sentence means regularity in the 3d
sense. In other words, let Dy be the quadriculated disk Dy = [0, 4] x [0, L]; let Gp, be
the domino group of Dy (as defined in [12]): we have Gp, = Z®Z/(2). Thus, regularity
of Dy implies that tg., is homotopic (still with basis Dy = [0, 4] x [0, L]) to a product
of copies of t;1 and t_;. This in turn implies (now with basis [0, 2]? x [0, L]) that t4,¢
is homotopic to a product of copies of ty; and t_;. With basis [0,2]? x [0, L], t4
and t_; are homotopic to each other and both have degree 2 (from Fact 9.3). Thus,
t4,e is homotopic to either t; or tg. In other words, tq 4 ~ t, where s = tw(tq,e).
We are then left with checking the L horizontal dominoes which cross the side of the
rectangle. Figure 11 shows these dominoes for L = 3.

= —
., - |
] = =

1 T -

]
|
[
el s
T 1

FIGURE 11. Three dominoes which cross the side of the rectangle.

Notice that for these dominoes, the central interval I, has exactly two elements
and therefore |¢pg| < 1, ¢pg = fluxg(d; p). We first address the case ¢y = 0. In this case
we may assume that the two elements of 14,9 are covered by a domino in tq,4 (we are
using Fact 7.1 here), as in the first tiling of Figure 12. A pseudoflip then takes tg.¢
to a tiling t which everywhere respects the path. We thus have tq.4 ~t ~ t¢, taking
care of this case.

For the case |¢g| = 1, we may assume without loss of generality that ¢g¢4 < 0 (and
~o moves from top to bottom). We may therefore assume that we have a configuration
similar to the one in Figure 13 (other dominoes respecting the path are not shown);
different configurations are minor variations: we show them for L = 4 in Figure 14. A
sequence of flips (and pseudoflips) takes us to a tiling t of [0, 4] x [0, L] x [0, N]. As in
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HO M - 55
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F1GURE 12. The case ¢g = 0.
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FIGURE 13. The case |¢g| = 1.
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FIGURE 14. The case |¢g| = 1, other configurations.

the previous case, t is equivalent to a product of copies of t1; and t_;, completing
this last case and the proof of the lemma. O

10. REGULARITY OF BOXES FOR n = 4

In this section we prove regularity for almost all boxes in n = 4. We shall need the
following result which appears in [12].

FAcT 10.1. Let D = [0, L,] x [0, {/b] C R? be a rectangle with Ly, Ly € N*, Lo, Ly > 3,
LoLy even. Then the rectangle D is regqular.

Thus, if N is even, a tiling t of D x [0, N] is homotopic (i.e. ~-equivalent) to a
product of finitely many copies of the tilings t4; and t_; of D x [0,4], shown in
Figure 15 for L, = Ly = 4. In general, the upper 2 x 3 rectangle is as shown and the
rest is filled with dominoes respecting the path.

Consider two quadriculated or cubiculated regions R1, Ro with Hamiltonian paths
~1 and 5. We say that Ry is obtained by folding Ry if and only if |R| = |R2| and, for
all ko, k1, if y1(ko) and 1 (k1) are adjacent then v (ko) and v2(k;1) are also adjacent.
We also say that R; is obtained from Rs by unfolding. A trivial example is that a
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FIGURE 15. The tilings t4q for L, = L, = 4.

Hamiltonian region is obtained by folding the path itself. The following example will
be used more than once.

EXAMPLE 10.2. The box Ry below (of dimension n) is obtained by folding R; (of
dimension n — 1):

R1=1[0,L1] X -+ X [0, L Lgy1] X -+ x [0, Ly],
Ro =[0,Lq] x -+ x [0, L] X [0, Lgt1] X -+ x [0, Ly,],
The Hamiltonian paths ; are defined as in Example 7.2.

If R4 is obtained from R, by folding, any tiling of R can be folded to define a
tiling of Ro. More precisely, if v1 (ko) and ~1(k1) form a domino (contained in Rq)
then 3 (ko) and (k1) also form a domino (contained in R2). The converse may be
true or not: a tiling of Ry may or may not admit unfolding to R;.

THEOREM 10.3. Consider a cubiculated box D = [0, Lq] x [0, La] x [0, Ls], L; > 2,
L1LoL3 even. The box D is reqular except if L4 = Ly = Lz = 2.

Proof. The cases where at least two of the L; equal 2 have already been discussed.
We may therefore assume L, L3 > 3.

Consider the rectangles Dy = [0, L1 Lo] x [0, Ls], with Hamiltonian path ~;, and
Dy = [0, Ly] x [0, Lo L3], with Hamiltonian path 7,. As we saw in Example 10.2, there
is a folding procedure from D; to D and an unfolding procedure from D to D; (for
ie{l1,2}).

A tiling of D; x [0, N] (for ¢ € {1,2}) can always be folded to obtain a tiling of
D x [0,N]. Both D; and D, are rectangles satisfying the conditions of Fact 10.1.
We therefore have tilings t4; of D; x [0, 4], contructed as in Figure 15 and satisfying
Twz(t11) = £1 (notice that D; x [0, 4] has dimension 3, so that we are in the situation
where twist assumes values in Z). Fold them to obtain tilings ti1,; of D x [0,4]. If
the tilings t1; of D; x [0,4] are constructed as in Figure 15 then t;,; are essentially
tilings of the corner [0, 3] x [0,2]? x [0, 3] box. More precisely: every domino in t.;
is either contained in the box above or disjoint from it; the dominoes outside the
box are the same in all four tilings and respect the path. The tilings t1,; have twist
1 € Z/(2). Thus, from Fact 9.3, they are all equivalent (i.e. ty11 ~ - -~ t_1,2). Let
t1 = t41,1, a tiling of D x [0, 4]: we have t; *t; = e (in the domino group). We claim
that t; generates GJ,E (the proof of the claim will complete the proof the theorem).

A domino d C D, formed by unit cubes (ko) and vo(k1), can be unfolded to D;
(i € {1,2}) if and only if v;(ko) and ~; (k1) are adjacent. Notice that a domino in the
direction e; respects the path and can therefore be unfolded to both D; and Ds. A
domino in the direction ey can always be unfolded to Dy but usually not to D;. A
domino in the direction es can always be unfolded to D; but usually not to Ds. In
particular, every domino that respects the path can be unfolded to either one among
D; and D5 and every domino can be unfolded to at least one among D; and Ds.

As in the construction detailed in Section 7, let d C D be a domino that does
not respect the path ~p, let ¢ be a possible value of the flux and let t44 be the
corresponding tiling of D x [0, N]. The tiling t4,, has a unique domino which does not
respect the path and therefore can be unfolded to obtain a tiling t of D; x [0, N] for
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some choice of ¢ € {1,2}. From Fact 10.1, there exists a finite sequence of flips taking
t * tvert to a product of finitely many copies of t1; (tilings of D; x [0, N] for some
even N > N). Fold this sequence of flips to obtain a similar sequence from tg,4 * tyers
to a product of finitely many copies of t11,; (tilings of D x [0, N]) From what we saw
above, tg.4 is then equivalent to some power of t;. This completes the proof of the
claim and of the theorem. O

11. REGULARITY OF BOXES FOR n >4
The following lemma completes the proof of Theorem 1.1.

LEMMA 11.1. Consider n > 4. Consider a cubiculated box D = [0, L1] X -+ - X [0, L,,_1],
all L; > 2, at least one of the L; even. The box D is reqular.

Proof. The proof is by induction on n; Theorem 10.3 serves as the basis of the induc-
tion.

Consider n > 4 and a box D as in the statement. For £k < n — 2, let D, =
[0,Lq] x -+ x [0, L Lgy1] X -+ x [0, Lp—1]. From Example 10.2 we know that each
Dy, can be folded to obtain D. By induction, we know that each Dy, is regular; notice
that if n = 5 we still have Ly Liy1 > 2. As in the proof of Theorem 10.3, any domino
is compatible with unfolding to all but possibly one Djy. Of course, dominoes which
respect the path can be unfolded to any Dy.

We first notice that there exist tilings of twist 1 € Z/(2) of D x [0, N] for some
even N. As discussed in Section 7, any tiling t of D x [0, N], N even, is homotopic to
a product of tilings t4., containing a single domino which does not respect the path.
Thus, at least one of them has twist 1: call it t; = tg4,.4,. Let to be the vertical tiling
of D x [0,2].

We prove that if Tw(tg,s) = 0 then tg,s ~ to. Indeed, tq.4 can be unfolded to some
Dy, to obtain a tiling to of Dy, x [0, N]. By the definition of twist, Tw(ts) = 0. Since Dy,
is regular, there exists Ny even and a sequence of flips in Dy x [0, N + N3] taking t *
tyert, Ny t0 tvert, N4, - Fold this sequence of flips to obtain the desired homotopy in D.

We prove that if Tw(tgs) = 1 then tgs ~ ti. Indeed, d rules out at most one
value of k (for unfolding) and d; rules out at most another value. There is still at
least one value of k such that tgq. * t;* can be unfolded to Dy x [0, N]. We have
Tw(tg,e * t;l) = 0 and therefore, as in the previous paragraph, a sequence of flips in
Dy.. Fold the sequence as above and we are done. O

12. PROOF OF THEOREM 1.3

We are ready to proceed to the proof of Theorem 1.3. The proof is similar to that of
Theorem 2 from [12], but, due to the finiteness of Gp, significantly simpler.

Proof of Theorem 1.3. Let D be a regular region and Cp be its complex. Let II :
CD — Cp be its universal cover so that Cp is a simply connected finite complex. Let
P be the finite set of vertices of Cp. Let po € P be a base point, fixed from now on,
satisfying II(p,) = po € P. A tiling of Ro,n;p,,p 18 & walk in Cp and can therefore
be lifted to a continuous path in Cp, starting at p, € P and ending in an element of
~1[{p}] C P. For each p € P, let t, be a path in Cp from p, to p, of length N,.

Assume tp, to be the path of length 0 so that Ny, = 0.

Let po,p1 € P. For every floor f from py to p;, there exists a homotopy fix-
ing endpoints between t,, * f and t,,. By construction, there exists an even integer
Mp, pr.£ = max{N,,, Np, } such that

Evert, My 6= Ny * bpo * f~ tvert, My py 6= Npy * Epy-
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Let M be even and equal to or larger than the maximum among all M, ,, f.
Consider a tiling t+ as a (continuous) path of length N; in Cp from p, to p; € P.
For k € Z, 0 < k < Ni, let pr be the k-th vertex of the path t; so that pg = po
and pn, = pi. Let t;; be the restriction of the original path t; to [k, N] so that
tix € T(Ri,Nyiprps)- We construct a homotopy H from ty to t,,. For k € Z, 0 <
k < Ny, set H(k) = t,, * t;x. Notice that H(0) = t; and H(N;) = t,,. In order
to move from H (k) to H(k + 1) we proceed as in the previous paragraph, rewriting
H(k) = tp, *f+t; 141. This step can be accomplished in RMpk,pkH,f-*—(Nr—k—l)' Thus,
the entire homotopy can be constructed as a sequence of flips in R, 1 as, completing
the proof. O

COROLLARY 12.1. Let D C R™™! be a regular region; let M be as in Theorem 1.3.
Let tg,t1 be tilings of Ryn. If both tg and t1 have at least M wertical floors and
TW(to) = TW(tl) then to ~ t;.

Proof. We know that vertical floors can be moved up and down by flips. In other
words, there exist tilings toe,t1e of Ry_as with t; & t; ¢ * tyere, s (for i € {0,1}).
We also have Tw(t; o) = Tw(t;) and therefore Tw(to.) = Tw(t1.). By regularity,
to,e ~ t1,e. By Theorem 1.3, tg,e * tyert,sr = t1,e * tyert,as, as desired. O

We now have all the ingredients to prove Corollary 1.4.

Proof of Corollary 1.4. We know that twist partitions 7(Ry) into two subsets T+
(twist equal to 0 € Z/(2)) and T_ (twist equal to 1). We have |T'y| — |T_| = A(Ry).
From Lemma 5.3, |A(R )| is exponentially smaller than |7 (Ry)]| (as a function of N).

Let M be as in Corollary 12.1. From Lemma 5.5, for N sufficiently large, most
tilings of Ry admit at least M vertical floors. Let tg,t; be two such tilings with
Tw(t;) = i € Z/(2). Let T; C T(RnN) be the ~-equivalence class of t;. We have
T; C T;. From Corollary 12.1, all tilings which have at least M vertical floors belong
to ToUT. From Lemma 5.5, [T (Ry)~ (ToUTY)|/|T(Rx)| tends to zero exponentially
in N. The desired results follow. O
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