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Explicit spherical designs

Ziqing Xiang

ABSTRACT Since the introduction of the notion of spherical designs by Delsarte, Goethals, and
Seidel in 1977, finding explicit constructions of spherical designs had been an open problem.
Most existence proofs of spherical designs rely on the topology of the spheres, hence their con-
structive versions are only computable, but not explicit. That is to say that these constructions
can only give algorithms that produce approximations of spherical designs up to arbitrary given
precision, while they are not able to give any spherical designs explicitly. Inspired by recent
work on rational designs, i.e. designs consisting of rational points, we generalize the known
construction of spherical designs that uses interval designs with Gegenbauer weights, and give
an explicit formula of spherical designs of arbitrary given strength on the real unit sphere of
arbitrary given dimension.

1. INTRODUCTION

Spherical designs were introduced by Delsarte-Goethals—Seidel [9]. The first exis-
tence proof of spherical designs of arbitrary strength on arbitrary dimensional spheres
was given by Seymour—Zaslavsky [16]. After that many other existence proofs were
found [2, 3, 4, 5, 8, 13, 15, 19].

Once the existence of spherical designs is established, one might ask how to con-
struct spherical designs and how explicit the constructions are. As we will recall below,
there are algorithms to produce approximations of a spherical design; there also exists
a very recent algorithm to produce a spherical design; the best we can hope for would
be formulas that describe all the coordinates of all the points in the design, and this
is what we focus on in this paper.

Most of the proofs of the existence of spherical designs use the topology of the
sphere, more precisely, use the fact that the spheres are complete metric spaces.
Their constructive versions then use limits of points to construct spherical designs.
These constructions can only give computable designs, that is, designs such that there
exist algorithms to compute approximations of the designs up to arbitrary given
precision, or equivalently, designs with coordinates being in the field of computable
real numbers R°°™. These constructions are not explicit in the sense that they cannot
give the coordinates of the points in the designs explicitly. Computable designs are
good for numerical analytic purposes, and some discussion about small computable
designs can be found in [6, 7, 12].

Spherical designs can be constructed from designs on simpler spaces. [2, 15, 19]
gave a construction of spherical designs using designs on Gegenbauer intervals, that

Manuscript received 21st February 2019, revised 6th December 2021, accepted 19th December 2021.

KEYWORDS. Explicit construction, rational points, spherical designs.

ISSN: 2589-5486 http://algebraic-combinatorics.org/


https://doi.org/10.5802/alco.213
http://algebraic-combinatorics.org/

ZIQING XIANG

is, intervals equipped with Gegenbauer weights. Although this part of the construction
is explicit, it is still an open problem to give an explicit construction of designs on
Gegenbauer intervals.

Recently, [8] proves the existence of almost rational spherical designs, that is, spher-
ical designs where every point has rational coordinates except possibly the first co-
ordinate. This gives the first algorithm to construct spherical designs: enumerate all
finite almost rational subsets of a given sphere, and then test if they are designs or
not. Since there are only countably many almost rational subsets and the existence of
almost rational spherical designs is guaranteed in [8], the above procedure terminates
in finite time, hence is an algorithm. For every fixed strength of the design and di-
mension of the sphere, designs produced by this algorithm are explicit. However, this
construction is not explicit in the sense that the time required depends on the strength
and the dimension. Note that designs found by this algorithm have coordinates in the
field Q(y/p : p prime).

On intervals (not Gegenbauer intervals), some explicit designs were constructed by
Kuperberg [14]. He constructs a certain polynomial with integer coefficients and then
expresses the points in the interval designs as some linear combinations of the roots of
the polynomial. This gives us interval designs over the field Q*'8 N R, the totally real
part of the algebraic closure of Q. Note that although this construction is explicit,
it is not known whether the design constructed can be written down using radical
expressions or not. It is also unknown whether this approach can be generalized to
spheres of dimension at least two.

In this paper, we combine the ideas of designs on Gegenbauer intervals, weighted de-
signs and rationality of designs. Our main result is an explicit construction of spherical
designs on large dimensional spheres using explicit good spherical designs on smaller
dimensional spheres. In Theorem 1.1, we apply this construction to some well-known
explicit good spherical designs. In particular, Theorem 1.1(i) gives explicit spheri-
cal designs of arbitrary strength on arbitrary given dimensional sphere over the field
Q* NR, the totally real part of the abelian closure of Q. Theorem 1.1 is explicit in the
sense that it gives a formula for each coordinate of each point in the design. Moreover,
the formula can be written in finitely many symbols described below, and the number
of symbols is independent of the choice of the strength and the dimension.

(i) The strength ¢ and the dimension d;
(ii) Rational numbers, real parts of roots of unity Re(, and imaginary parts of
roots of unity Im (,;
(iif) Ceiling [ ], floor | | and arithmetic operation (sum +, difference —, product
-, quotient /, nonnegative square root v/ );

(iv) Finite sum Z?:a and finite product H?:a.
Let d be a natural number and consider the d-dimensional real unit sphere
S = {(xg,...,xq) € R g2 4. 422 =1}
and the d-dimensional real unit hemisphere
H® := {(z0,...,24) € ST : x¢ > 0}.
On the sphere S?, let % denote the spherical measure. On the hemisphere H?, we

will consider various measures v¢ indexed by a natural number s. The measure v¢ is

a “shift” of the spherical measure v by s, and its definition is postponed to § 2.1. We
equip S¢ and H? with these measures and the resulting measure spaces are denoted by

St = (S vY) and HI = (H VD).

Designs on S are subsets that approximate the sphere S% nicely with respect
to polynomials on S?. We will define in § 2.4 semidesigns on HZ, that are subsets
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that approximate the hemisphere H? nicely with respect to exactly one half of the
polynomials on H%. In § 2.4, we also generalize the antipodal property on S% and
define the semiantipodal property on HZ.

Weighted versions of (semi)designs are used as important ingredients in this paper
as well. A weighted (semi)design X is called integer/rational-weighted if all weights
of X are integers/rationals. For a field F C R, we say that X is defined over T, if
it consists of only F-points. In particular, X is called rational if it consists of only
rational points. We call X finite provided that & consists of only finitely many points.
The precise definitions of these concepts are postponed to § 2.2 and 2.3.

We will use designs satisfying some combinations of above properties frequently. For
instance, a finite semiantipodal rational-weighted rational semidesign is a weighted
semidesign such that the number of points is finite, semiantipodal property is satisfied,
all weights are rational numbers, and all points are rational points.

CONSTRUCTION. Let t and d be positive integers, and let Y* be an explicit antipodal

spherical t-design on % over a field F C R for some positive integer a < d.

Step 1 Apply Corollary 3.9 to strength t+d—1, and get an explicit finite semiantipodal
rational-weighted rational (t + d — 1)-semidesign on H{, denoted by X .

Step 2 Apply Corollary 3.12 to strength t +d — 1, and get an explicit finite semi-
antipodal rational-weighted rational (t + d — 1)-semidesign on H}, denoted by
X1,

Step 3 For each positive even (resp. odd) integer s < d, apply Corollary 4.6 to X
obtained in Step 1 (resp. X! obtained in Step 2) and H., and get an explicit
finite semiantipodal rational-weighted rational t-semidesign X} on H}!.

Step 4 For each positive integer s < d, apply Corollary 4.10 to X1, ..., X;_l obtained
in Step 3, and get an explicit finite semiantipodal rational-weighted rational
t-semidesign X375 == X} x --- x X} | on HI7®.

Step 5 For each positive integer s < d, apply Corollary 4.13 to X3~* obtained in Step
4, and get an explicit semiantipodal integer-weighted rational t-semidesign

fj_s on HI=s.
Step 6 Apply Corollary 4.17 to the initial design Y, and get an explicit reflection
Sq € O(a+1,Q) such that s,V is an explicit antipodal t-design on S® over

F in which every point has a nonzero first coordinate.

Step 7 Apply Corollary 4.25 to s, YV* obtained in Step 6 and ?Z_a obtained in Step
5, and get an explicit antipodal t-design Y4 = (s5,,)%) X ?Z_a on S¢ over
F, where x¢ is the twisted product defined in § 4.6, and £ is a certain map
N — O(a+1,Q) determined by s Y* and defined in Corollary 4.25.

Theorem 1.1 below is an immediate corollary of the construction applied to some
well-known choices of explicit spherical designs Y°.

THEOREM 1.1.

(i) Choose a =1 and Y* the set of the vertices of the regular 4(t + 1)-gon on S*
containing the point (1,0). Then, Y is an explicit spherical t-design on S%
over Q(Cae+1)) NR, where ¢, is a primitive n-th root of unity. Moreover, all
points in Y¢ have rational coordinates except for their first two coordinates.

(i) Choose a = 3 and Y3 the rational spherical 5-design from (the dual of) 24-cell
on S3. In other words, Y3 consists of 24 points: 8 of them are permutations
of (£1,0,0,0), and 16 of them are (:l:%,:l:%, j:%, :i:%) Then, Y is an explicit
rational spherical 5-design on S® for every d > 3.

(ili) Choose a =7 and Y7 the rational 7-design from Eg lattice on S7 as in [8, 18].
Then, Y% is an explicit rational spherical T-design on S for every d > 7.
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(iv) Choose a = 23 and Y** the rational 11-design from Leech lattice on S*3 as
in [8, 18]. Then, V% is an explicit rational spherical 11-design on S for every
d > 23.

Since the compositum of all cyclotomic fields Q(,,) is Q*P, the abelian closure of
Q, we can construct t-designs over the field Q*” NR for all ¢, as shown in the following
corollary.

COROLLARY 1.2. For every positive integers t and d, Theorem 1.1(i) gives an explicit
t-design on S over the field Q** N R.

Except for the initial design Y°, we only use rational objects to construct the
final design Y?. Therefore, field automorphisms commute with the construction. This
observation gives the following immediate corollary.

COROLLARY 1.3. Let F C R be a subfield, and let o € Aut(F/Q) be a field automor-
phism. Let Y* and Ve be as in the construction. If Y* is stable under the action of
o, then Ve is also stable under the action of o.

FEiichi Bannai first asked the question whether rational spherical designs exist or
not. Theorem 1.1(ii), (iii) and (iv) give explicit affirmative answers when ¢t < 5 and
d>3,t<7andd > 7,ort < 11 and d > 23. It motivates us to propose Conjecture 1.4.

CONJECTURE 1.4. For every positive integert, there exists a rational spherical t-design
on S¢ for some positive integer d.

Note that if Conjecture 1.4 is true, applying the construction, we can get a rational
spherical t-design on S¢ for all sufficiently large d.

The paper is organized as follows. We introduce necessary concepts in § 2. In § 3, we
consider one-dimensional semicircle H}, and do Step 1 and Step 2. In § 4, we consider
high-dimensional hemispheres H?¢ and spheres 8¢, and do Step 3 to Step 7. We will
explain at the beginning of subsections of § 4 the motivations of the corresponding
steps.

NoOTATION. Throughout the paper, for a real interval I, the set of all integers in I is
denoted by I. For instance, [0, t)z consists of all natural numbers smaller than ¢, and
[1,d]z consists of all positive integers no greater than d.

2. PRELIMINARIES

We use measure theory [17] as the foundation of design theory.

2.1. RADON-NIKODYM DERIVATIVE. Let X be a measurable space, that is a set
equipped with a c-algebra consisting of subsets of X called measurable sets. The
Radon—Nikodym derivative of a measure p on X with respect to another measure v

on X, denoted by 3—5, is a measurable function X — R>% such that

1) ue) = [ v

Edl/

for all measurable sets E. In probability theoretic language, the Radon—Nikodym
derivative is known as the probability density function.

When we know the measure v, by specifying the Radon—Nikodym derivative 3—‘;,
Eq. (1) gives a description of the measure p. We use this method to construct certain

measures v¢ on the hemisphere H¢ indexed by a natural number s.
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DEFINITION 2.1. Let s be a natural number and gs(xo,...,xq) = xj, regarded as a
polynomial on H. Let v? be the measure on H® with Radon—Nikodym derivative with
respect to the spherical measure v?

d yg

dod =Ys-

The topological space H® equipped with the measure ve is denoted by HE.

It might be worth explaining here why we use hemispheres in our approach instead
of intervals and balls.

Let I be the real open interval (—1, 1), and let Z, be the interval I equipped with
the density function z +— (1—x2)*/2. The interval Z, is sometimes called a Gegenbauer
interval, or an interval with Gegenbauer weight. Consider the natural projection to the
second coordinate H' — I. This projection induces an isomorphism of measure spaces
H! = Z, ;. In high dimensional space, we have a similar isomorphism of measure
spaces H? = B2 |, where BY_; is the d-dimensional real open unit ball equipped
with a certain measure indexed by s — 1.

However, under this projection, a rational point on I might not lift to a rational
point on H'. In the construction, for the final design Y% being defined over the
same field F as the initial design Y%, we found that it is necessary to work with
rational points on hemispheres, and not with rational points on intervals or balls.
Using hemispheres also allows us to only handle polynomials and eliminate the use of
radical expressions like /1 — x2 in most parts of the construction.

2.2. LEVELLING SPACES AND RELATED CONSTRUCTIONS. In this paper, we use the
notation in [8]. For readers’ convenience, we repeat some important definitions here.

A levelling space X = (X, ux) is a nonempty Hausdorff topological space X, which
is called the support, equipped with a measure px on X such that the total measure
is finite and the measures of nonempty open sets are positive.

We use the convention that X C Z = (Z, uz) means only that X is a topological
subspace of Z, and we assume nothing on the measures ux and pz.

The total measure of X is denoted by |X|, and it is clear that |X| = [, 1dux. We
say that a levelling space X is finite if its cardinality is finite, namely, A’ consists of
finitely many points.

We say that X is rational-weighted (resp. integer-weighted) if the image of ux is
contained in Q (resp. Z). When X is finite, the counting measure on X is denoted by
1y, namely 1y (E) = |E| for all subsets E C X. We say that X is 1-weighted if the
measure px is the counting measure 1.

A map between levelling spaces X' and ) is a map that is both a continuous map
of topological spaces and a measurable map of measure spaces. A map ¢ is a dominant
open embedding provided that ¢ is a dominant open embedding of topological spaces
(i.e. ¢ maps the domain homeomorphically to the image, and the image is dense in the
codomain) and the measure of the image equals to the measure of the codomain. If
we have a dominant open embedding between X and ), then we can basically think
of them as the same for our purposes, as will be shown in Lemma 4.3.

Given two levelling spaces X and ), and a map ¢: X — ), we can define some
related levelling spaces as follows.

(i) Scalar e¢X = (X, cux) for positive real c. For every continuous measurable
function f on X,

(2) /deCMX:C/deMX~
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(ii) Sum X + )Y = (X UY,ux + puy). Note that we only have this sum if the
topologies of X and Y agree on the set intersection XNY . For every continuous
measurable function f on X + ),

(3) /Xuyfd(ueruy (/ fdux>+(/yfduy>.

(iii) Product X x)Y = (X XY, ux x py ). For every continuous measurable function
fon X and g on Y,

(4) /Xxyf®gdux><uy:(/xfdux> (/Ygduy)

(iv) Image 1(X) = (1(X), txptx), where t,px is the pushforward measure of px
along the map ¢. For every continuous measurable function f on +(X),

(5) /L*fduxz/ fdupux, where *f:= fou.
X u(X)

2.3. DESIGNS AND POLYNOMIALS. Let Z = (Z, uz) be a levelling space and V a real
vector space of continuous integrable functions on Z. A V-design on Z is a levelling
space X = (X, ux) C Z such that

1 1
(6) W/deux - E/Zfoluz

for all f € V. For a field F C R, we call X a V-design over F when it makes sense to
talk about F-points in Z and X consists of only F-points in Z. The V-designs over Q
are also called rational V -designs.

Let Z C R4*! be a topological subspace. Denote P*[Z] the vector space of all
polynomials on Z with degree bounded above by t. We use the convention that P>°[Z]
is the vector space of all polynomials on Z. It is clear that

Pt[Sd] = Pt[Hd] = R[ﬂ?o, ey l‘d]gt/(‘rg + -+ {)33 — 1)gt,
where subscript < ¢ means the degree < ¢ part.

DEFINITION 2.2. Assume that polynomials are integrable on Z = (Z, puz). A weighted
t-design on Z is a P'[Z]-design on Z. A t-design on Z is a 1-weighted P'[Z]-design
on Z.

In particular, a (weighted) ¢-design on S? is just an ordinary (weighted) spherical
t-design on S<.

2.4. SEMIDESIGNS AND ANTIPODAL MAPS. For tuples x = (zg,...,24) and A =
(X5 -+ M), let x* == Hf o ;. For each natural number r, let

PLTRIT =R <x>‘ © A e N+ Z \; is even> ,
<t

=0

and set fpt,O,r[]RdJrl] — fPt,O[RdJrl] N Pt,r[RdJrl].
Since the defining equation of both S* and H?, 22 + -+ 22 — 1, is in P*"[RIH]
for all r, we have the following well-defined quotients:

PHOHY = PUORY /(2 + - + 2 — 1)< C PI[HT;
(7) PHOTIH = PHOTRIY /(2 + -+ 2 — 1)< © PI[HY;
PU[SY) = PUTR (af + -+ af — 1)< € PUST.
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It is easy to see that the vector space of polynomials on H? admits a direct sum
decomposition
Pt[Hd] — Pt’O[Hd] o xofpt—l,O[Hd}.

DEFINITION 2.3. A levelling space X C HY is a weighted t-semidesign on He provided
that X is a PYO[H-design on H. A weighted t-semidesign is called a t-semidesign
if it is 1-weighted.

The name semidesign comes from the fact that P>°[H9] = P><0[H4] @ P> H4].

DEFINITION 2.4. Let a,b be natural numbers such that a < b < d. The [a, b]-antipodal
map is defined to be

—tap] * (Z0y -y a) = (X0, -y Ta1, —Tas .oy —Tby Tog1, - -+ Td)-
A set X C R (resp. levelling space X C R¥1) is called [a, b]-antipodal if —jan X =

X (resp. —[q5X = X ). We call a set/levelling space antipodal (resp. semiantipodal )
if it is [0, d]-antipodal (resp. [1,d]-antipodal).

Note that —4 ;X should be understood as the image of X under the map —, ),
and it follows from —4 X = & that ux(—[45E) = px(E) for all measurable sets E.

LEMMA 2.5. Let X C H? be a [1,7]-antipodal levelling space. Then, X is a weighted
t-semidesign on He if and only if X is a PYO"[H?)-design on HE.

Proof. Let x* € P9[HY] be a monomial. When Y i, A; is even, x* € PLOT[HI).
When >7_, A; is odd, since both H¢ and X are [1, r]-antipodal,

1 Aq.d 1 / by
— x*dvg = — | x*dux =0. O
(M| S X[ Jx
LEMMA 2.6. Let X C S? be a [0, r]-antipodal levelling space. Then, X is a weighted
t-design on S¢ if and only if X is a PH"[S?)-design on S?.

Proof. The result can be proved by using similar arguments as in the proof of
Lemma 2.5. O

3. DESIGNS ON SEMICIRCLES

In § 3.1, we show another interpretation of semidesigns on the semicircle #.. In § 3.2,
with the help of this interpretation, we give a strategy to construct explicit weighted
semidesigns on the semicircle H!. In § 3.3 and § 3.4, we apply this strategy to H}
and H} and do Step 1 and Step 2, respectively.

We always use (¢t — 1)-semidesigns in this section, since most formulas would look
more complicated if we used t-semidesigns.

3.1. VANDERMONDE MATRIX AND SEMIDESIGNS. For every finite subset a of the in-
terval (—1,1), we associate it a finite subset X, of the semicircle H' as follows:

(8) X.={z, € H': ac€a} where wx,:=(\/1—a%a)ec H"

We will show in Lemma 3.3 that semidesigns on H! with support X, can be viewed
as positive solutions x of the equation Ax = b, where A is the Vandermonde matrix
of a defined in Definition 3.1, and by is some column vector determined by H! and
defined in Lemma 3.2. Some estimate on the behavior of A is given in Lemma 3.5.

DEFINITION 3.1. Let a be a finite set of real numbers. The t-th Vandermonde matrix
of a is the matriz A with rows indexed by [0,t)z, columns indexed by a and entries
A, = a' fori € [0,t)z and a € a. The Vandermonde matrix of a is the |a|-th
Vandermonde matrix of a, which is an invertible square matriz.
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LEMMA 3.2. Let s and i be natural numbers. Let

1 .
9 b ;= —— tdvl,
( ) , |HH o Ypdvg
where yi € R[y1] = P°[H1| is regarded as a polynomial on HL. Then,
0, if 1 is odd,
bsi = { P () L
W S Q, Zf’L 15 even,
where I is the gamma function. In particular,
0, if 1 s odd, 0, if i is odd,
(10) boi =9 1 (i f . and bi; =4 Zfl o
27(%'), if 1 is even, 10 Ui is even.
Proof. It follows from [10]. O

LEMMA 3.3. Let s,t,n be natural numbers, and let a be a finite subset of the interval
(=1,1) of sizen and A the t-th Vandermonde matriz of a. We associate every measure
x on Xa a column vector x = (x(z,) : a € a), and vice versa. Then, (Xa,X) is a
weighted (t — 1)-semidesign on H! with x(Xa) = n if and only if Ax = nby and x is
positive, where by := (bs; : i € [0,t)z) and by ; is defined in Eq. (9).

Proof. The result follows from rewriting the definition of semidesigns, particularly
Eq. (6), in terms of Vandermonde matrix A and constants b ;. O

The L*-norm of a (column) vector a is the maximum absolute value of coordinates
of a:
[alloo = maxas],
i€l

where [ is the index set for rows. It induces an L°°-norm on a matrix A, which is the
maximum absolute row sum of A:

(11) e = max > Al

aca

where a is the index set for columns.

DEFINITION 3.4. Let X and X be subsets of a metric space. Fix a bijection
~: X = X.
(i) Let distyin X be the infimum of distances among distinct points of X, namely

distmin X = inf{dist(z,y) : z,y € X,z # y}.
(ii) Let dist(X, X) be the distance between X and X with respect to ~, namely

dist(X, X) == sup dist(Z, z).
zeX

We analyze in Lemma 3.5 the norms of Vandermonde matrices and related matrices.

LEMMA 3.5. Let a (resp. a) be a subset of the interval (—1,1) of size t and A (resp.
A ) the Vandermonde matriz of a (resp. a). Fix a bijection ~ : a — a. Then, the
following statements hold.

(i) Let 0 := distmina. Then,
|Alloo =t and A" [l < (2/6) "
(ii) Let € == dist(a,a). Then,
1A — Alloo < £(t — 1)e.

Algebraic Combinatorics, Vol. 5 #2 (2022) 354



Ezxplicit spherical designs

Proof. (i) Since a consists of numbers in (—1,1), it is straightforward to calculate
|Alls, and [11] gives the desired estimate of [|A ™! .
(ii) We expand ||A — A||» according to Eq. (11) and estimate it.

A-Als= - by Eq. (11) and Definition 3.1
A~ Al = s ST | (0 Ba. (11) and Defiion 3.
= max la —al - [T R
(12) ZEOt)Z
< max et (smce |@d —a| <eanda,a e (—1,1))
iE[O,t)ZCLEa
=t(t— 1) (since |a] =t). O

3.2. A STRATEGY TO CONSTRUCT DESIGNS ON H!. Here is our strategy to construct
weighted semidesigns on H!. First, we start with some subset X of H! which is
“almost” a semidesign when every point has measure 1. Then, we choose a subset X
of H! to approximate X. At the end, we choose a subset X' of X , and tweak the
measure on X' to get a weighted semidesign. Theorem 3.6 shows the details of this
strategy.

THEOREM 3.6. Let s,t,n be natural numbers such that 2 < t < n. Let a and a be
subsets of the interval (—1,1) of size n and fiz a bijection ~ : a — a. Let a’ be a
subset of a of size t, and let @' be the image of a’ in @ under the bijection. In other
words, we assume that we have the following commutative diagram.

(13) a of size n ——a of size n

o]

a’ of sizet ——=2a’ of size t

Let
1 A
(14) e=(¢: i€0,t)z), where €; :=— Zaz —bsi,
n aca
and
~ ~ . 1 i
15 = (€ . 07t ) h i= Z*bsiv
(15) €=(€: 1€]0,t)z), where € n;a 7
aca
where bs ; is some rational number defined in Lemma 3.2. Let ¢’ = distyina’ (see
Definition 3.4(i)) and € := dist(a,a) (see Definition 3.4(ii)). Assume that
(16) t2e 4+ €]l < (6'/2)171.

Then, X3 (see Eq. (8)) is the support of a unique weighted (t — 1)-semidesign X =
(X5, x) on H} such that x(X5z) = n and x(x) =1 for every x € X5\ X5,. Moreover,
the unique measure x is given by

= . i@~ @)
1—n) (1) === &, ifr=a, € Xz,
a7 x(@) = i=0 IFe ooy —a)
1, Z'fl‘EX;\X;,,

where e;_;—1(a’ \ {a@'}) is the (t — i — 1)-th elementary polynomial in t — 1 numbers
a’' ~ {d'}, and we adopt the convention that eq = 1.
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Proof. Let A, A and A’ be the t-th Vandermonde matrix of a, a and a’, respectively.
The definitions of € and €, Eqgs. (14) and (15), are equivalent to

(18) Al =nb,+ne and Al =nb, +ne.

Let X' € R? be an indeterminate vector and X € R™ the extension of X’ by 0 according
to the inclusion a’ C a. Consider the equation

(19) A(1 +X) =nb,.
By the definition of X, we have AX = A’X’, hence Eq. (19) is equivalent to
(20) Al + A'X = nb,.

Since A’ is an invertible square Vandermonde matrix, using Eq. (18), we see that
Eq. (20) has a unique solution

(21) X' =-—nA'"'e

Lemma 3.3 and the constraints of the desired design implies that X7 is the support
of a desired design if and only if Eq. (19) has a solution X such that 1 + X > 0.
Moreover, the associated measure y is uniquely determined by 1 + X, and Eq. (17) is
the expansion of 1 4+ X using Eq. (21) and the explicit formula for the inverse of the

Vandermonde matrix A
Let ¢’ := disty,i, a’. Clearly,

(22) § > 8 — 2.
Now, we estimate the L*-norm of X’.
I [loe = [InA"El o0 (by Eq. (21))
- HAH ((K-A)Hne)H (by Eq. (18))

o0
<A (||7x Al |1 + n||e\|oo) (by properties of norms)

= 1):: 1+ n|l€o
(5//2)7571
tit—1)e 14 nl€|loo
= (0'/2 —e)t—1
t(t—1)e-1+nle)
S(8)/2) = (t—1)e
< 1. (by Ineq. (16))

(by Lemma 3.5)

(by Ineq. (22))

(since 2¢ < &' < 2 by Ineq. (16))

Therefore, 1 + x > 0, and the result follows from Lemma 3.3. g
REMARK 3.7.1t is clear that for the degree d elementary symmetric polynomial in
ai,...,a,, we have

n

n n d
6d(a1,...,an)zz Z Z Hajk"

Jj1=1j2=j1+1 Jja=ja—1+1k=1

However, this expression uses d finite sums » . With some encoding/decoding tech-
niques, it is possible to write down eq4(aq,...,a,) using only a constant number of
finite sum ), finite product [] and other operations mentioned in the introduction.
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3.3. Step 1: DESIGNS ON H}. In § 3.3, we fix a positive integer ¢ > 2, and let n = ¢.
Let a == {a; : j €[0,n)z} where
. —n+1+257
sin —— —.
n 2
The set X, (see Eq. (8)) is semiantipodal (see Definition 2.4) since a; = —a,—j_1.
For each j € [0,n)z, we choose some to-be-determined approximation a; of a; so that
z~ (see Eq. (8)) is a rational point on H' and a; = —a,—j_1. Weset a:={a; : j €
J

(23) a; =Tm ¢, T =

[0,m)z}, and the set X7 is also semiantipodal. We fix a bijection ~ : a — a where
aj — a;. Choose a’ :==a and a’ := a.

Then, a, a, a’ and &’ form the commutative diagram in Eq. (13), all of Xa, X3,
Xar and X7, are semiantipodal, and X7 and X3, are rational.

LEMMA 3.8. Let € be defined using a (see Eq. (23)) and by, (see Eq. (10)) as in
Eq. (14). Then,
[€lloc =0.

Proof. Tt is well-known that the vertices of a regular 2¢-gon give a spherical (2t — 1)-
design on 8!, hence a (t — 1)-design on S'. The set X, (see Eq. (8)) is one half of the
vertices of a regular 2t-gon and HJ is one half of S'. By symmetry, X, when equipped
with the counting measure, is a (¢ — 1)-semidesign. The result follows immediately
from Lemma 3.3. O

COROLLARY 3.9. Let ¢ := dist(a, a) (see Definition 3.4(ii)). If
a2t=5
(24) €< Qi—dgat’

then, applying Theorem 3.6 to a, a, a’ and @', we get an explicit finite semiantipodal
rational-weighted rational (t — 1)-semidesign on H{.
Proof. Let §' := distyin @’ (see Definition 3.4(i)). Eq. (23) gives

y =a, —a, g=a;1—a;_o=2sin 2% sin %,

and Lemma 3.8 gives ||€|o = 0. For z € [0, §],

(25) sinz > ze~“*, where c = (log g) /g
Then,
t—1
2 ((6/2)7" = nlle]lo) = 72 (sin % sin %)
t—1
(T (L TNT (T ,
> (2t eXp( Czt) t eXp( ct)) (by Eq. (25))
7.‘_2t—5 T\ 3/t
ot (5)
> g, (by Ineq. (24))

from which Ineq. (16) follows. Therefore, Theorem 3.6 gives an explicit weighted
(t — 1)-semidesign X' = (X7, x).

Recall from Definition 2.4 that the [1,1]-antipodal map is denoted by —; 17, and
A& is semiantipodal if —; ;jX = X. Since both X+ and X3, are semiantipodal, the
levelling space & (—[1,1)X) + X is also a (t — 1)-semidesign that satisfies conditions
X(Xz) =nand x(z) = 1 for x € X5\ X3,. According to the uniqueness of X" showed
by Theorem 3.6, X = % (—[1’1]/\’) + %X, hence X is semiantipodal.

Since every Ty is a rational point on H', X is a rational semidesign. Since every a;
is a rational number and every by ; is a rational number (see Eq. (10)), every €; is then
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a rational number (see Eq. (15)). Therefore, the explicit formula for x (see Eq. (17))
shows that & is rational-weighted. The semidesign X is finite since its support X; is
finite. O

REMARK 3.10. One explicit choice for a; with j < (n —1)/2 is

~ 1—,/1—a?
- 2¢; - '
@ = = % where ¢ = mejj, ¢j = 7j, and m = 2%,
c;+1 m aj
The other @;’s are obtained from a; = —a,_;_1. Let f(z) == Z?—il Clearly, f(c;) = a;
and f(¢;) = a;. Since |%| <2,
2 1 7r2t75

3.4. Step 2: DESIGNS ON Hi. The goal of § 3.4 is to construct a certain (¢t — 1)-
semidesign. When ¢ is odd, we can first construct a t-semidesign with desired prop-
erties, and then regard it as a (¢t — 1)-semidesign. Therefore, we can assume that ¢ is
even.

In § 3.4, we fix a positive even integer ¢ and fix a to-be-determined positive even
integer n such that n > ¢ > 2 and n/t is an odd integer. Let a = {a; : j € [0,n)z}
where

_ nt 142
(26) a; = - .
The set X, (see Eq. (8)) is semiantipodal (see Definition 2.4) since a; = —ap—j_1.
For each j € [0,n)z, we choose some to-be-determined approximation @; of a; so that
g (see Eq. (8)) is a rational point on H' and a; = —G,,_;_1. Weset a = {a; : j €
[0,n)z}, and the set X7 is also semiantipodal. We fix a bijection ~ : a — a where
a; — aj.

For each j € [0,t)z, let

—t+ 1425 2j+1n—t
t ’ 2t

and set 8’ == {a;: j € [0,%)z}. Let a’ be the image of a under the bijection ~. Since

aj = —ay_; ; and @; = —a,_;_;, both Xa and X3, are semiantipodal.

Then, as in case H}, we also get the commutative diagram Eq. (13), all of Xa, Xz,
Xa and X;, are semiantipodal, and X; and X;, are rational.

(27) al = ay;) = where £(j) == € 10,n)z,

LEMMA 3.11. Let € be defined using a (see Eq. (26)) and by,; (see Eq. (10)) as in
Eq. (14). Then,

lell < 755
Proof. When i is odd, %Z;L:_Ol a’ = 0 since X, is semiantipodal, and Eq. (10) gives
bi; =0, hence €; = + Z;:Ol a% —b1; =0 < g5z. From now on, assume that 7 is even.

The sum of powers of first n integers can be calculated using Bernoulli’s formula:

= 1 < i+ 1 .
(28) ij:iﬂz(_l)k( ' >Bknz+1 b
j=1

k=0

Applying this formula to a;’s, we get
n—1

2 i 1
€= vz:/Q al — - (by Eq. (10), and a; = —an—1—;)
Jj=n
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n/2

2 i o i 1
b=l DIUEED DV b (by Eq. (26))
j=1 j=1
1 = (i+1 . e 1
= —1)*Bp(2 -2 - by Eq. (28
O L e )
1 - i+1 _
= Z ( ) )Bk(Zk—Q)n k
even k=2

(since Bg =1, By, =0 for odd k > 3)
For positive even k, [1, 23.1.15] gives a bound on Bernoulli number:
2 k! 1
29 B —_— .
(29) Bl < (2m)k 1 — 21+
We use this bound to estimate ;.

%

1 i+1 -
el <=7 2 (kj)wuek_mnk

even k=2
1 o (G+DF 2k 1 . .
< 28 —2 by Eq. (29
i Z kI (2m)k1— 2171@( )n (by Eq. (29))
even k=2
_ 2 f’: i+1\" 20+
N Z+ 1 even k=2 ™ a (7T7’L)2 - (l + 1)2
20+ 1) i 41 ) ‘
S (7n)2 — n2 2 (since i+ 1<t < n)
Therefore, [|€]|oc = mine(o,), |€i] < 75 0

COROLLARY 3.12. Let ¢ := dist(a,a) (see Definition 3.4(ii)). If
1 1
1 dnt’
then, applying Theorem 3.6 to a, a, a’ and &', we get an explicit finite semiantipodal
rational-weighted rational (t — 1)-semidesign on Hi.

(30) €<

Proof. We follow the strategy as in the proof of Corollary 3.9. Let §’ := disty,i, a’ (see
Definition 3.4(i)). Eq. (27) gives

2

O =ay_q —a;_y= s
Ineq. (30) gives an upper bound on € and Lemma 3.11 gives an upper bound for ||€|| .
The result follows from similar arguments to Corollary 3.9. g

REMARK 3.13. One explicit choice for n is n = (t!~! 4 1)t. For this particular choice
of n, one explicit choice for a; with j < (n —1)/2 in Corollary 3.12 is

~ 1—4/1—a?
~ 2¢; ~ me; j
a; = o=~ where ¢j:= Lijj, cj = — V7 and mo= 3¢t
¢ +1 m aj
The other a;’s are obtained from a; = —a,—;—1. We can prove similarly as in 3.10
that
2 1 1
€< —

<=
m  tttl Ant

Algebraic Combinatorics, Vol. 5 #2 (2022) 359



ZIQING XIANG

4. DESIGNS ON SPHERES AND HEMISPHERES

§ 4.1 studies the structure of spheres and hemispheres. Proposition 4.2 allows us to
view spheres and hemispheres as products of lower dimensional spheres and hemi-
spheres. In each of § 4.2, § 4.3, § 4.4, § 4.5, and § 4.6, we show a different type of
construction of designs in general spaces and explain why we need it in the final con-
struction. Then, we specialize it to spheres and hemispheres and do Step 3, Step 4,
Step 5, Step 6 and Step 7, respectively.

4.1. STRUCTURE OF SPHERES AND HEMISPHERES. Let a and b be two natural num-
bers. Consider the double branched cover of topological spaces

lap Se X So — Satd,
(:L'Oa s axa) X (y()v cee ayb) = (xOyOa - TalYo, Y1, - - - ayb)'
The map ¢, induces a dominant open embedding (see § 2.2) of topological spaces
(31) bap: S X Hb — gatb
and an isomorphism of topological spaces
(32) tap s H®x H® — H.

REMARK 4.1. The map ¢4, regarded as a product operator, is associative in the sense
that we have the following commutative diagram.

La,bxid

H* x H' x H® —~ s Hotb x H°
lid Xip,c \LLa-H;,c
H® x Hb+c ta,bte N Ha+b+c

By associativity, ¢4, induces an isomorphism of topological spaces
(33) vaay: H' x - x H' — H?,
S —
d copies of H'

which can be explicitly described as

d
(i, 2i1) 1 1€ [1,d]z) = | Tia H zjo: 1 €[0,dlz |, wherexzp1:=x10.
j=it1

Recall that in § 2.2, we define maps and dominant open embeddings of levelling
spaces. When we equip the spheres and hemispheres with suitable measures, we can
make the maps in Eqgs. (31) to (33) dominant open embedding or isomorphisms of
levelling spaces.

PROPOSITION 4.2. Let a, b, s be natural numbers. The following statements hold.

(i) The map tqp in Eq. (31) induces a dominant open embedding of levelling
spaces

lap: SCx HY — St
(ii) The map tqp in Eq. (32) induces an isomorphism of levelling spaces
Loyt HE X HE, — HITD
(iii) The map t(yay in Eq. (33) induces an isomorphism of levelling spaces

vt HE X x HE g — HE
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Proof. (ii) Using the parametrization (x1,...,2q) — (2o, ...,2q) of the hypersurface
HZ, for all continuous measurable function f on HZ,
(34) fdug:/ o5 f(zo, .. xg)day - d g,
Ha Bd
where B? := {(x1,...,24) € R? : 22 + ... + 22 < 1} is the d-dimensional unit

open ball. With Eq. (34) and separation of variables, it is easy to check that for all
continuous integrable function f on Ha+?,

+b __ * b *
/ fdvi™ = / </ La7bfdl/g) dvg s, where g, f forap,
Ha+b Hb Ha

from which the result follows.

(i): This can be proved similarly as in (ii).

(ii): Since tq,p, regarded as a product operator, is associative, the result follows from
an induction on (ii). O

Recall that the image ¢(X) = (¢(X), txptx) of a levelling space X under a map ¢ is
defined in § 2.2.

LEMMA 4.3. Suppose that v: W — Z is a dominant open embedding of levelling
spaces. Let V' be a real vector space of continuous integrable functions on Z. Let
Vo= {utf . f eV} Then, for every t*V-design X on W, «(X) is a V-design on
Z.

Proof. For arbitrary f €V,
1

fdupx
()] o(X)
1 *
— 7/ Cfdpy (by Eq. (5))
|X] Jx
1
= —/ Cfdpw (since (" f € *V, X is an *V-design on W)
Wl Jw
1
= fdecpuw (by Eq. (5))
kO] Joow
1
= @ / fduz. (since ¢ is a dominant open embedding)
z
Therefore, ((X) is a V-design on Z. O

REMARK 4.4. In the remaining sections, we regard S¢ x H? as a subspace of S4+°
using the dominant open embedding S® x H? — S+ in Proposition 4.2(i), and regard
designs on S% x H® as designs on S+ using Lemma 4.3 without explicitly mentioning
it. We do similar identifications for the dominant open embeddings H¢xH?:, , — HTP
in Proposition 4.2(ii) and H} x -+ x H!,, | — HZ in Proposition 4.2(iii).

4.2. Step 8: LIFTS OF DESIGNS. The goal of Step & is to reduce the need of con-
structing designs on H! for all positive integers s < d down to constructing designs
for only finitely many s independent with the choice of d. For our purpose, we only
need construct designs manually for s = 0, which is done in Step 1, and for s = 1,
which is done in Step 2.

Recall that the Radon—Nikodym derivative is defined in § 2.1.

LEMMA 4.5. Let Z be a measurable space, Zy = (Z,pz,) and 21 = (Z,pz,) two
levelling spaces on Z, and % the Radon—Nikodym derivative of pz, with respect to
0

Algebraic Combinatorics, Vol. 5 #2 (2022) 361



ZIQING XIANG

Lz, Let Vo (resp. V1) be a real vector space of continuous integrable functions on 2
(resp. Z1). Assume that

d d
Vo 2 MZIVN—{ Ry f€V1}
d:uZo d Kz,
Let Xp = (X, px,) be a Vo-design on Zy. Then, Xy = (X, ux,) with
d d
(35) d:uZl _ d,qu
Kz, HXo

is a Vi-design on 2.

Proof. Let f be an arbitrary function in V;. Then,
1,
Tz | fd:uZl
121 Jz
= </ fduzl>/</ 1duzl>
duz, > </ (duz, >
d by Eq. (1
([ 2 ans) /([ 1552 ans (by Eq. (1)
i ) (135 00
— 1 1 1 d
</ fd:u’Zo / x dpg,
dpz, 1duzl
dpz,” dpz,

(i) (fogm) - oeeo
—</deux1)/</deuX1> (by Eq. (1))

1
Zm/xfduxu

from which the result follows. O

(since f € Vo, and Xy is a Vj-design)

COROLLARY 4.6. Let s and s be two natural numbers such that s — S is an even
natural number. Let X;l = (X, ,ué) be a finite semiantipodal rational-weighted rational

(t + s — 5)-semidesign on H:. Then, X} = (X, pul), where
S
(36) (w0, 1) = 2y k(o 1).
is a finite semiantipodal rational-weighted rational t-semidesign on H.,
Proof. By Definition 2.1, the Radon-Nikodym derivative d v}/ dvf;v is g, ~ which is
a degree s — 3 polynomial in P°*°[H1] since s — 3 is an even natural number. Eq. (36)
shows that the Radon—Nikodym derivative d !/ d ,uil; is g~ as well. Since
gs_gpt’o[Hl] C rPt+sfs,0[H1]’

by Lemma 4.5, X! is a weighted t-semidesign on H!. The semiantipodal and finite
property of X! are inherited from the semiantipodal and finite property of X;l, and

the rationality of X! follows from the rationality of Xgl and Eq. (36). O

REMARK 4.7. It is straightforward to generalize Corollary 4.6 to higher dimensional
hemispheres #{ and H<.
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4.3. Step 4: PrRODUCTS OF DESIGNS. The goal of Step 4 is to construct designs
on high dimensional hemispheres using known designs on semicircles which we con-
structed in Step 3.

Recall that the product of levelling spaces is defined in § 2.2.

LEMMA 4.8. For each i € {0,1}, let Z; be a levelling space, V; a real vector space of
continuous integrable functions on Z;, and X; a V;-design on Z;. Then, Xy X Xy is a
Vo ® Vi-design on Z¢ x 2.

Proof. For arbitrary fy € Vp and f; € V7,

1
X x X XOXX1f0®f1dHXU><NX1
1 1
= — d —_ d by Eq. (4
(s (g L ) (b e (1)

1 1
<|Zo| " fo Nzo> (|le ) f1 /'LZI)
(since f; € Vi, X; is a V;-design on Z;)

1

= m s fo® fiduz, X pz,. (by Eq. (4))
0X 41

Since Vy ® V7 is generated by functions of the form fy ® f1, Xy x Xy is a Vj ® V;-
design. O

Recall from Definition 2.4 that we call a levelling space X semiantipodal if it is
stable under a certain semiantipodal map.

LEMMA 4.9. Let X¢ be a finite semiantipodal rational-weighted rational t-semidesign
on H? and let X),, be a finite semiantipodal rational-weighted rational t-semidesign
on Hb .. Then, X& x XL, . regarded as a subspace of T using Remark 4.4, is a
finite semiantipodal rational-weighted rational t-semidesign on HTP.

Proof. We label the coordinates of H%, H® and H®*? as follows
H® ={(z0,...,2a)}, H’={(yo,...,y)}, H "’ ={(20,..., 2040}

Since both X'¢ and Xfﬂ are semiantipodal, the product X¢ x Xfﬂ, regarded as a
subspace of H2T? by Remark 4.4, is both semiantipodal and [1, a]-antipodal.

Recall that P*? and P49 are defined in Eq. (7), and P%% is a subfunctor of P*°.
Consider the dominant open embedding ¢4 in Proposition 4.2(ii). Its comorphism,

the pullback ¢ ,, gives an inclusion

L:,b . zpt,O,a[Haer] < th,O[Ha] ® Pt’O[Hb],

T; @ Yo, ifi e [17(1}2’
Zi e
1®Yi—a, ific€fa+1,a+0]z.

Note that although yp is not in P*°[H?], any monomial in P*%*[H%**] maps to some
monomial with even degree in yo, hence in P*O[H"].

Since X2 is a P"0[H"-design on H¢ and X’ is a P"O[H")-design on H’,,
according to Lemma 4.8, XIx X}, isa P'O[H*|@P"°[H"|-design on HIxH! ., hence
a PHOa[Ho+b]-design on H2 x ’Hngs by the comorphism ¢}, ;. According to Lemma 2.5,
the [1, a]-antipodal P*%¢[H**]-design X® x X2, _ is a weighted ¢-semidesign on H2 .

Since both of X2 and X2, , are finite, rational-weighted and rational, their product
is finite, rational-weighted and rational as well. 0
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COROLLARY 4.10. For each i € [s,d)z, let X} be a finite semiantipodal rational-
weighted rational t-semidesign on HY. Then X! x --- x Xl |, regarded as a sub-
space of HI~* using Remark 4.4, is a finite semiantipodal rational-weighted rational
t-semidesign on HI~5.

Proof. The result follows from Proposition 4.2(iii) and induction using Lemma 4.9.
O

4.4. Step 5: WEIGHTS OF DESIGNS. The goal of Step 5 is to view a finite rational-
weighted design as a design with repeated points. Many known constructions of spher-
ical design first construct designs with repeated points, and then try to apply some
separation result to get designs.

Recall that scalars of a levelling space is defined in § 2.2.

LEMMA 4.11. Let X = (X, ux) be a finite rational-weighted V-design on Z. Then,
X = cX is an integer-weighted V -design on Z, where c is a positive integer such that
(cpx)(x) s an integer for all x € X.

Proof. For arbitrary f € V,

1 / 1
i [ fdens = [ fdax. by Eq. (2
] Js 2 Jx (b Fa- (2)
Therefore, X is a V-design on Z. Since for every # € X, (cux)(z) is an integer, X is
integer-weighted. (]

REMARK 4.12. One possible choice for c is
¢ = lemge xdenominator of px(z).
COROLLARY 4.13. Let X¢ be a finite semiantipodal rational-weighted rational t-

—d
semidesign on He. Then, X, is a semiantipodal integer-weighted rational t-semidesign
on HZ.

Proof. This is an immediate corollary of Lemma 4.11. O

REMARK 4.14. By the definition of levelling spaces, an integer-weighted levelling space
is automatically finite.

REMARK 4.15. In Step 5, we apply Corollary 4.13 to explicit designs we constructed
in Step 4. For those designs, we can write down an explicit formula of a specific
multiple of the denominators of px (x). Therefore, the use of the operations of taking
denominators of rational numbers and taking least common multiples of integers can
be eliminated.

4.5. Step 6: DESIGNS AT GENERIC POSITION. The goal of Step 6 is to put the initial
design Y* to a “generic position”, for our purpose, nonzero first coordinate, so that
it would be easier to write down explicit formulas in Step 7. Actually, we can relax
our requirement and only assume that the first two coordinates are not zeros at the
same time. After such relaxation, Step 6 can be skipped when we choose ¢ = 1 in the
construction, for instance, in Theorem 1.1(i).

LEMMA 4.16. Let d be a positive integer, and let x = (xg,...,zq4) € R {0} be a
point such that |x;| < 1. Let 6 be a positive real number that is no greater than the
absolute values of the nonzero coordinates of . Let € be an arbitrary rational number
such that 0 < € < 0/4, and consider the reflection s, € O(d+ 1,Q):

(2, 2) o, where o= (¢": i€0,dz).

(o, a)

Then, so(x) has a nonzero first coordinate.

(37) Sq: zrrz—2
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Proof. Let so(x)o be the first coordinate of s, (x), and let k € [0, d]z be the smallest
index such that xj # 0.

When zg =0,
9 g |d=h
N — = ot by Eq. (37
|S ($)0| (Oz,a) |(a,x)a0| (06,04) ;6 Tk+ ( y Lq ( ))

26k d—k .
> o) <|xk| - e |xk+i|>

’ i=1

2 k
> (o:oz) <(5 — 7 i 6) (since € < 1, |zg| = 6, |2 < 1)
> 0. (since 4e < 0 < 1)

When xy # 0,
1
|sa(z)o] = o) |— (o, @)zo + 2(c, ) o (by Eq. (37))

Ll (e- ) 3o (by Ba. (37))

= 2 — T — 2e'x; by Eq. (37
2
(o, ) 1—ce¢ P

1 (124 2+2 S

> =) 2z
(Oé,Oé) ( 1—¢2 |x0| ; € ‘.’13 ‘

1 1— 262 2¢ .
/(M)<1_€251_6) (since € < 1, [zo] > 6, [z:] < 1)
> 0. (since 4e < 0 < 1)

Therefore, s,(z) has a nonzero first coordinate in both cases. O

Recall that the image of a levelling space is defined in § 2.2.

COROLLARY 4.17. Let Y be an antipodal t-design on S% over a field F C R. Let§ € F
be a positive number that is no greater than the absolute values of nonzero coordinates
of points in Ve, Let € be an arbitrary rational number such that 0 < e < 6/4, and
consider the reflection s, € O(d+1,Q) defined in Eq. (37). Then, s,Y? is an antipodal
t-design on S¢ over F such that all points in the design have nonzero first coordinates.

Proof. Orthogonal transformations over Q preserve antipodal spherical designs over
F, hence s,)? is an antipodal t-design on S% over F. According to Lemma 4.16, for
an arbitrary point 2 € Y9, the first coordinate of s, (z) is nonzero. O

REMARK 4.18. The finite minimum is used to define § in Corollary 4.17. However, if we
apply our construction to explicit designs, as in Theorem 1.1, the minimum operator
can be avoided. For Theorem 1.1(i), (i), (iii) and (iv), we have § = Im (y(¢41), 3. 5
and 3, respectively. An explicit choice of € is € := 1/[4/4].

4.6. Step 7: TWISTED PRODUCTS OF DESIGNS. After Step 5, we can view our
weighted designs are designs with repeated points. There are various ways to separate
the repeated points. Using topology to separate, we prove the existence of designs;
using constructive topology to separate, we get computable designs; [8] uses analytic
number theory to separate, which gives an algorithm to find designs; Step 7 uses
extra dimensions to separate, which lead us to explicit designs.

Recall that in § 2.2 we define integer-weighted and 1-weighted levelling spaces, and
we define the maps, sums, products and images of levelling spaces. It is easy to see
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that, for an integer-weighted levelling space X = (X, ux ), we have

px (z) px (z)
)  x=3 > = X=U U o) and =Y 3 L.
z€X i=1 reX =1 z€X i=1

where x is understood as the levelling space with support {z} equipped with the
counting measure 1, on {z}.

For a levelling space Z, let Aut(Z) be the set of all automorphisms of Z.
DEFINITION 4.19. Let Y C Z be a levelling space and X = (X, ux) an integer-weighted

levelling space. Let £ : N — Aut(Z) be a map. The twisted product of Y and X with
respect to £ is the levelling space

px (z)
YVxeX =Y Y i)Y xm

zeX i=1

In other words, the twisted product is Y x¢ X :== (Y x¢ X, py X¢ pix ), where

px ()
Yo X = U U €OY < fe) and gy = 303 Eli)omy x L.
rzeX 1=1 zeX i=1

Since & is integer-weighted and the total measure is finite, all sums are finite sums.

The total measures satisfy the equation |V x¢ X| = |Y|-|X|. When ¢ is the constant
function with image the identity automorphism of Z, the twisted product is just the
ordinary product, namely, J x¢ X' =) x X.

THEOREM 4.20. Let Zy and Z1 be levelling spaces, and let Vi and Vi be real vector
spaces of continuous integrable functions on Zy and Z1, respectively. Let Xy be a V-
design on Zy and Xy an integer-weighted Vy-design on Z;. Let £ : N — Aut(Z) be a
map and assume that Aut(Z) preserves Vy. Then, the twisted product Xy x¢ X1 is a
Vo®Vi-design on Zy x Zy. Moreover, if Xy is 1-weighted and | J;cx (i) Xo is a disjoint
union, then Xy x¢ Xy is 1-weighted.

Proof. For arbitrary fy € Vp and f; € V7,
1

_ djix,
[ ste 1] Sy, 10 2 T #x0 e s

HXq (ml

|X0|X1 2 2

CEGXl =1

/ Jo® frd€(i)oix, % 1,
£(1) Xoxx1

(by Definition 4.19 and Eq. (3))

nxy (z1)

|XO\|X1 Z > (/f(i)XOdeg(i)*NX()) </xlf1d1”“> (by Eq. (4))

i=1

uxl(icl

|X0HX1 Z Z (/Xf(i)*foduxo)(xlfldlzl) (by Eq. (5))

HXq (ml)

|Zo\X1 I;{ ; ( £(1) foduzo> (/ fldl)

(since &£(2)* fo € Vi, Ap is a Vj-design)

lZOHXl Ee;(luxli(:jl) (/ fod&( *,uzo> (/ fid T1> (by Eq. (5))
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(/Zofoduzo> (f #av.)

(since £(i) is an automorphism)

HXq (ml)

St DD

r1€X1 =1

1
= e Jod iz, frdpx, (by Egs. (3) and (38))
[ Zol|X1| \J 2z, X,
1
= Toa Jod pz, / fidpuz, (since fi € Vi, Xy is a Vi-design)
1Z0l121] \J 2, Z
1

= = ® fid X . by Eq. (4
|ZO XZI‘ Zox 7 fO fl I’LZO /’LZI ( y q ( ))

Therefore, the twisted product is a Vy ® Vi-design on Zy x Z;.

When X is 1-weighted, the levelling space (i) Xy x ¢ is also 1-weighted. Since
Usen €(7) X0 is a disjoint union, Xp 3¢ X1 = >, x S (=1) £(i) Xy x @1 is a disjoint
union as well. Therefore, Xy x¢ &) is 1-weighted. O

Consider the metric space S. Let SO(2,R)<5 be the local group of all rotations g
such that dist(z, gz) < s for x € S1. Recall from Definition 3.4(i) that, for a subset
X C 81, distmiy X is the infimum of distances between any two distinct points of X.

LEMMA 4.21. Let X be a subset of S* and s = (distmin X)/2. Then, U, 9X is a
disjoint union where g runs over SO(2,R)s.

Proof. Let go,91 € SO(2,R).s be two arbitrary distinct rotations. For distinct
xp,x1 € X,

dist(gowo, g171) > dist(gozo, gox1) — dist(x1, gow1) — dist(x1, g121)
> dist(zg, z1) — distmin(X) = 0,

hence goxg # g121. For o = x1 € X, since go # g1, goro # g1x1. Therefore, go X and
g1X are disjoint. O

LEMMA 4.22. Let X C R? < {(0,0)} be a finite subset. Let p : R* ~ {(0,0)} — S! be
. . €T 1 3
the projection (xg, 1) — 7\/@’ Vo ) Consider the map
£k N—=0(2,Q) C Aut(S"),

P 1 2 — 52 —2is
; 2is 2 — 2|’

where s == max{n%rl : %4—1 < (distmin p(X))/2,n € N} € Q. Then, ;e Ex (1) X is a
disjoint union.

Proof. Tt is easy to check that the image of &% is in SO(2,R).g, hence it is also
in SO(2, Q) <diston p(x))/2- Applying Lemma 4.21 to p(X) C S', we know that
Usen €k (0)p(X) is a disjoint union, hence | J,cy £X ()X is a disjoint union as well. [
REMARK 4.23. The use of the minimum distance disty,;; and maximum max{...} in
Lemma 4.22 can be avoided. For explicit X, for instance the X’s obtained from well-

known spherical designs in Theorem 1.1, the minimum distance distyi, X is known.
Instead of maximum, we can use ceiling/floor to define s.

COROLLARY 4.24. Let d be a positive integer. Let X C S? be a finite subset such that
every point in X has a nonzero first coordinate. Let p: S — R? be the projection
(xo,.-.,2q) ¥ (xo,21). Consider the map

£ =jobx : N= O(d+1,Q) C Aut(S9),
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where j: 0(2,Q) — O(d + 1,Q) s the inclusion corresponding to p. Then,
Uien ¢4.(i)X s a disjoint union.

Proof. Since every point in X has a nonzero first coordinate, p(X) C R? \ {(0,0)}.
By Lemma 4.22, U,cn &5(x)(0p(X) = Usen P(€% (i) X) is a disjoint union, hence
Usen €% (1) X is a disjoint union. O

COROLLARY 4.25. Let a be a positive integer and let b be a natural number. Let Y*
be an antipodal t-design on §* over F such that every point in Y* has a nonzero first

coordinate, and let X, a semiantipodal integer-weighted rational t-semidesign on HC.

Let £ == &5, which is defined in Corollary 4.24. Then, the twisted product Y x¢ ?Z,
regarded as a subspace of S*TP, is an antipodal t-design on S“t° over F.

Proof. We use the similar ideas to Lemma 4.9. We label the coordinates of S¢, H?
and S%*° as follows

Sa:{(zO""vxa)}’ Hb:{(y07"'7yb)}v Sa+b:{(20a-~-7za+b)}'

—b
Since V¢ is antipodal and X, is semiantipodal, using the fact that orthogonal

transformations preserve antipodal map, the twisted product ) xgyz, regarded as a
subspace of ST by Remark 4.4, is antipodal and [0, a]-antipodal (see Definition 2.4
for definition of antipodal).

Recall that P"® is defined in Eq. (7), and P%® is a subfunctor of P!. Consider the
dominant open embedding ¢, in Proposition 4.2(i). The comorphism Ly p gives an

inclusion
vy PUUSTT = PUSY @ PHO[HY,

Xy ®y0a if ¢ € [La]Za
Zi .
1QYi—a, ificfa+1,a+b]z.

Similar to Lemma 4.9, although o is not in P“°[H’], any monomial in P"¢[S2+?]
maps to some monomial with even degree in yo, hence in P*O[H?].

Since Y* is a l-weighted P!'[S%]-design on S* and ?Z is an integer-weighted
PHO[HY)-design on Hb, by Theorem 4.20, Y* ngz is a 1-weighted P![S%] @ PHO[H"]-
design on S® x HY. According to the inclusion Ly p» the twisted product Y x¢ X,
regarded a subspace of S*°  is a 1-weighted P*?[S%*?]-design on S*°. Therefore,
by Lemma 2.6, Y% x¢ ?Z is a 1-weighted t-design on S?*°, hence a t-design on Se+°.

Since ?Z is rational and & has rational coefficients, the twisted product preserves
the field. Thus, Y x¢ X

o is a design over F. O
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