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Forbidden subgraphs in generating graphs
of finite groups

Andrea Lucchini & Daniele Nemmi

ABSTRACT Let G be a 2-generated finite group. The generating graph I'(G) is the graph whose
vertices are the elements of G and where two vertices g1 and g2 are adjacent if G = (g1, g2)-
This graph encodes the combinatorial structure of the distribution of generating pairs across
G. In this paper we study some graph theoretic properties of I'(G), with particular emphasis on
those properties that can be formulated in terms of forbidden induced subgraphs. In particular
we investigate when the generating graph I'(G) is a cograph (giving a complete description
when G is soluble) and when it is perfect (giving a complete description when G is nilpotent
and proving, among other things, that I'(S,) and I'(A,) are perfect if and only if n < 4).
Finally we prove that for a finite group G, the properties that I'(G) is split, chordal or Cy-free
are equivalent.

1. INTRODUCTION

If a finite group G can be generated by d elements, then the problem of determining
the d-element generating sets for G is non-trivial. The simplest interesting case is
when G is 2-generated. One tool developed to study generators of a 2-generated finite
group G is the generating graph I'(G) of G. This is the graph which has the elements
of G as vertices and an edge between two elements ¢g; and g5 if G is generated by ¢;
and go. Some authors exclude the identity element in the set of vertices of I'(G); there
is no substantial difference if G is is non-cyclic, but we choose to include the identity
because we will also consider cyclic groups. Note that the generating graph may be
defined for any group G, but it only has edges if G is 2-generated.

Several strong structural results about I'(G) are known in the case where G is sim-
ple, and this reflects the rich group theoretic structure of these groups. For example,
if G is a non-abelian simple group, then the only isolated vertex of I'(G) is the iden-
tity [13] and the graph A(G) obtained by removing the isolated vertex is connected
with diameter two [2] and, if |G| is sufficiently large, admits a Hamiltonian cycle [3]
(it is conjectured that the condition on |G| can be removed). Moreover, in recent
years there has been considerable interest in attempting to classify the groups G for
which I'(G) shares the strong properties of the generating graphs of simple groups.
Recently, the following remarkable result has been proved in [4]: the identity is the
unique isolated vertex of I'(G) if and only if all proper quotients of G are cyclic. An
open question is whether the subgraph A(G) of T'(G) induced by the non-isolated
vertices is connected, for every finite group G. The answer is positive if G is soluble
[7] and in this case the diameter of A(G) is at most three [16]. In [14] it is proved that
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when G is nilpotent, then A(G) is maximally connected, i.e. the connectivity of the
graph A(G) equals its minimum degree (recall that the connectivity of a finite graph
T is the least size of a subset X of the set V(') of the vertices such that the induced
subgraph on V(I') \ X is disconnected).

The subgraph of a graph I' induced by a subset X of the vertex set is the graph
whose vertices are the elements of X and where the edges are the edges of I' with
both endpoints in X. A number of important classes of graphs can be defined either
structurally or in terms of forbidden induced subgraphs, i.e. by specifying a family
of graphs that cannot appear as induced subgraphs. The aim of this paper is to
investigate some properties of the forbidden subgraphs of the generating graphs of
finite groups.

A perfect graph is a graph in which the chromatic number of every induced sub-
graph equals the order of the largest clique of that subgraph (clique number). A hole
in a graph I' is an induced subgraph of I isomorphic to a chordless cycle of length at
least 4. An antihole is an induced subgraph A of T, such that A is a hole of the com-
plement graph I'. A hole (resp. an antihole) is odd or even according to the number of
its vertices. The strong perfect graph theorem is a forbidden graph characterization
of perfect graphs as being exactly the graphs that have neither odd holes nor odd an-
tiholes. It was conjectured by Claude Berge in 1961. A proof by Maria Chudnovsky,
Neil Robertson, Paul Seymour and Robin Thomas was announced in 2002 and pub-
lished by them in 2006 [6]. Motivated by the strong perfect graph theorem we analyze
the existence of m-holes or m-antiholes in the generating graph of a finite group G.
The first result that can be proved with this approach is a complete characterization
of the 2-generated finite nilpotent groups with a perfect generating graph.

THEOREM 1.1. Let G be a finite 2-generated nilpotent group. Then T'(G) is perfect
if and only if the index of the Frattini subgroup is the product of at most four (not
necessarily distinct) primes.

In general the condition on the number of prime divisors of the index of the Frattini
subgroup is neither necessary nor sufficient to ensure that the generating graph is
perfect, as it follows for example from the study of the generating graph of dihedral
groups.

THEOREM 1.2. Let D,, be the dihedral group of order 2n. Then I'(D,,) is perfect if and
only if one of the following occurs:

(1) n is even;

(2) n is odd and divisible by at most two distinct primes.

An interesting and surprising consequence of Theorem 1.2 is that if G is a 2-
generated finite group and N is a normal subgroup of G, then the fact that T'(G) is
perfect does not imply that I'(G/N) is also perfect. For example let m = py - ps - p3
be the product of three distinct odd primes and let G = Ds,,, be the dihedral group
of order 4m. By Theorem 1.2, T'(G) is perfect. However, G has a normal subgroup N
of order 2 such that G/N = D,, and, again by Theorem 1.2, I'(G/N) is not perfect.

We will prove (see Theorem 3.30) that the alternating group As is the smallest
2-generated finite group whose generating graph is not perfect. Moreover:

THEOREM 1.3.T'(4,,) and I'(S,,) are perfect if and only if n < 5.

The behaviour of the generating graph of the alternating groups suggests the fol-
lowing conjecture.

CONJECTURE 1.4. If G is a finite non-abelian simple group, then T'(G) is not perfect.
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Indeed, the proof of Theorem 1.3 shows that if n > 5 then I'(A,,) and I'(.S,,) contain
a b-hole, so we may also formulate a stronger conjecture.

CONJECTURE 1.5. If G is a finite non-abelian simple group, then there exists a subset
X of G such that the subgraph of T'(G) induced by X is a 5-hole.

With the use of GAP [10], we have checked the existence of a 5-hole in I'(G) when
G is the Tits group or one of the sporadic simple groups with the exception of the
Janko group Jy, the Thompson group, the Lyons group, the Baby Monster group and
the Monster group. Moreover Conjecture 1.5 is true when G is a rank one group of
Lie type, so we have:

THEOREM 1.6. If G is a simple group of Lie type of rank one, then T'(G) is not perfect.

A path graph is a graph whose vertices can be listed in the order vy, vo,...,v,
such that the edges are {v;,v;11} where ¢ = 1,2,...,n — 1. A path graph with n-
vertices is usually denoted by P,. A graph I is called a cograph if I' has no induced
subgraph isomorphic to the four-vertex path P;. Several alternative characterizations
of cographs can be given:

(1) a cograph is a graph all of whose induced subgraphs have the property that
any maximal clique intersects any maximal independent set in a single vertex;
(2) a cograph is a graph in which every non-trivial induced subgraph has at least
two vertices with the same neighbourhoods;
(3) a cograph is a graph in which every connected induced subgraph has a dis-
connected complement;
(4) a cograph is a graph all of whose connected induced subgraphs have diameter
at most 2.
We will prove that if N is a normal subgroup of a 2-generated finite group G and
I'(G/N) contains an induced subgraph isomorphic to P,, then so does I'(G) (see
Lemma 2.2). Thus, in contrast to perfectness, the property that I'(G) is a cograph
is inherited by the epimorphic images of G. This is a considerable advantage in the
study of groups whose generating graph is a cograph and allows us to obtain some
quite general results. For example we can completely characterize the 2-generated
finite soluble groups whose generating graph is a cograph.

THEOREM 1.7. Let G be a 2-generated finite soluble group. Then I'(Q) is a cograph if
and only if one of the following occurs.

(1) G is cyclic and |G| is divisible by at most two distinct primes.

(2) G is a p-group.

(3) G/Frat(G) =2V x (x) where x has prime order and V is a faithful irreducible
(x)-module.

Moreover we will prove the following theorems.

THEOREM 1.8. Let G be a finite group and assume that the identity element is the
unique isolated vertex of T'(G). If T(G) is a cograph, then G is soluble.

THEOREM 1.9. Let G be a 2-generated finite group. If T'(G) is a cograph and N is a
maximal normal subgroup of G, then G/N is abelian.

COROLLARY 1.10. Let G be a non-trivial 2-generated finite group. If G is perfect, then
(@) is not a cograph.

The previous result suggests the following stronger conjecture.

CONJECTURE 1.11. Let G be a 2-generated finite group. If T'(G) is a cograph, then G
is soluble.
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A graph is chordal if it contains no induced cycle of length greater then 3. A graph
is called split if its vertex set is the disjoint union of two subsets A and B so that
A induces a complete graph and B induces an empty graph. In the final part of the
paper, we will prove the following result.

THEOREM 1.12. Let G be a 2-generated finite group. Then the following conditions
are equivalent.
(1) T(G) is split.
(2) I'(G) is chordal.
(3) T(G) is Cy-free, i.e. no induced subgraph of T'(G) is isomorphic to a cyclic
graph with four vertices.
(4) Fither G is a cyclic p-group or |G| = 2p for some prime p.

2. COGRAPHS

Our first result is that if I'(G) is a cograph, then I'(G/N) is also a cograph, for every
normal subgroup N of G. In order to prove a more general statement which implies
the previous sentence, we need to recall an auxiliary result, which generalizes an
argument due to Gaschiitz [11]. Given a subset X of a finite group G, we will denote
by dx(G) the smallest cardinality of a set of elements of G generating G together
with the elements of X. In the particular case when X = @, dg(G) = d(G) is the
smallest cardinality of a generating set of G.

LEMMA 2.1. [7, Lemma 6] Let X be a subset of G and N a normal subgroup of G and
suppose that {g1,...,9-, X, N) = G. If r > dx(G), then we can find ny,...,n,. € N
so that (g1n1,...,g:n., X) =G.

LEMMA 2.2. Let G be a 2-generated finite group and N a normal subgroup of G and
let t e N witht > 2. IfT'(G/N) contains an induced subgraph isomorphic to P, then
so does T'(G).

Proof. Assume that (a1 N, a2 N, ..., a:N) is a t-vertex path in I'(G/N). By Lemma 2.1
there exist n1,n2 € N such that (a1n1,azng) = G. In particular dy,,n,}(G) < 1, so,
again by Lemma 2.1, if ¢ > 3 then there exists ng € N such that (asne,asns) = G. By

repeating this argument, we can find nq,...,n; € N such that {a;n;, a;41m,41) = G
for 1 <i<t—1.1f (r,s) # (i, 4+ 1) for some i € {1,...,t — 1}, then (a,,as)N # G,
and consequently (a,n,,asns) # G. So (ainq,...,a:nt) is a t-vertex path in I'(G). O

Proof of Theorem 1.8. This can be proved with the same argument used by Cameron
in [5, Theorem 8.8]. Let A(G) be the subgraph of I'(G) obtained by deleting the
identity element. By [4, Theorem 1] the graph A(G) is connected. The join graph
of G is the graph whose vertices are the non-trivial proper subgroups of G and in
which two vertices H and K are adjacent if and only if H N K # 1. By [20] if G
is not soluble, then this graph is connected. It can be easily seen that this implies
that the complement graph A(G) is connected. Since the graph complement of a
connected cograph is disconnected, it follows that A(G) (and consequently I'(G)) is
not a cograph when G is not soluble. O

Proof of Theorem 1.9. Let N be a maximal normal subgroup of G. If G/N is non-
abelian, then it is isomorphic to a non-abelian simple group and by [13] the identity
element is the unique isolated vertex of I'(G/N). So the conclusion follows immediately
by combining Lemma 2.2 and Theorem 1.8. d

Let Frat(G) be the Frattini subgroup of G.
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LEMMA 2.3. Let G be a 2-generated finite nilpotent group. If T'(G) is a cograph, then
|G/ Frat(G)| is the product of at most two primes.

Proof. Assume that |G/ Frat(G)| is divisible by p1paps, with p1, p2, p3 prime numbers.
Since d(G) < 2, we cannot have p; = ps = p3 and so we may assume p3 ¢ {p1,p2}.
Consider X = (z1) x (x2) X (x3) with |z;| = p; for 1 < i < 3. It can be easily checked
that (z1,1,1), (1, z2,x3), (21,1, 23), (1,22,1) is a four-vertex path in I'(X). Since X
is an epimorphic image of G, Lemma 2.2 would imply that T'(G) is not a cograph. O

Before we state the following lemma, let us recall some definitions that will be used
in the statement. A chief factor X/Y of a finite group H is said to be complemented
in H if X/Y has a complement in H/Y. If V is a finite irreducible H-module, then
a chief factor X/Y of H is H-isomorphic to V if there exists a group isomorphism
¢: X/Y — V with the property that ¢(z"Y) = ¢(2Y )", for any 2 € X and h € H.

LEMMA 2.4. Let H be a 2-generated finite soluble group and V a finite non-trivial
irreducible H-module. Assume that there exist a,b € H such that

(1) H = (a,b);

(2) H # (a), H # (b);

(3) a¢ Cu(V),b¢ Cu(V).
Consider the semidirect product G =V x H. If no complemented chief factor of H
is H-isomorphic to V, then I'(G) contains a subgraph isomorphic to the four-vertex
path Py.

Proof. Let |V| = p?, with p a prime. Define

Q,={veV]labv)=G}, Q={veV ] {av,b) =G}
Assume v ¢ Q,. Then (a,bv) is a complement of V' in G. The fact that no com-
plemented chief factor of H is H-isomorphic to V ensures that all the complements
of V in G form a single conjugacy class (see [12, Satz 3]), so there exists w € V
such that (a,bv) = (a¥,b"). In particular w € Cy(a) and v = [b,w]. This implies
[V N Qq] <|[b, Cv(a)]] < |Cv(a)]. Since we are assuming Cy (a) < V, we deduce

(1) Q4] = V] = [Cv(a)| = p —p" .
For the same reason
(2) | > V] = |Cy(b)] = p" —p' .

Let Q = {(v1,v2) € V? | {avq,bva) = G}. The number of pairs (vy,vs) in VZ N Q
coincides with the number of complements of V' in G, so

3) Q] =[V?] - |V].

If (v1,v2) € QN (Q x Q) then (a,bvs,avy,d) is a four-vertex path in I'(G). In
particular, if [Q, x Qp| + || > [V]2, then (Q, x Q) NQ # &, and ['(G) contains Py.
So we may assume

(4) Qall%] < V2 = 10| = [V].
In particular it follows from (1), (2) and (3), that (pt — pt=1)2 < p!, i.e.

(5) b < (pg)

This implies p =2 and t = 2, i.e. V = (5 x C5. We have two possibilities:
a) H/Cy(V) = GL(2,2) 2 S3. In this case G/Cy (V) = Sy. Since
((1,2),(2,3,4),(1,4),(1,2,3))

is a four-vertex path in Sy, the conclusion follows from Lemma 2.2.
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b) H/Cy(V) = Cs. In this case Cy (a) = Cy (b) = {0}, but then, by (1) and (2),
|Q20], || = 3, in contradiction with (4). O

LEMMA 2.5. Let G be a non-nilpotent 2-generated finite soluble group. If T(G) is a
cograph, then G/Frat(G) =2 N x H, where N is a faithful irreducible H-module and
H is cyclic of prime order.

Proof. Assume that I'(G) is a cograph. Then also I'(G/ Frat(G)) is a cograph. More-
over G/ Frat(G) is not nilpotent (otherwise G would be nilpotent) so it is not restric-
tive to assume Frat(G) = 1. Since G is not nilpotent, there exists a minimal normal
subgroup of G, say N, which is not central in G. Set H = G/Cg(N). Then N is a
faithful irreducible H-module and the semidirect product N x H is an epimorphic
image of G. By Lemma 2.2, I'(N x H) is a cograph, so it follows from Lemma 2.4
that H is a cyclic group and consequently dimgyqg,, vy N = 1.

Let K be a complement of N in G. Since G is 2-generated and dimgyq,, vy N = 1,
it follows from [11, Satz 4] that no complemented chief factor of K is K-isomorphic
to N. Since G/Cg(N) is cyclic, there exists x € K such that K = (x,Cx(N)).
Moreover, since K is 2-generated, by Lemma 2.1 there exist ¢1, ca € Cx(N) such that
(xey,xes) = K. If K is not cyclic, then the two elements a = z¢; and b = xey satisfy
the assumptions of Lemma 2.4. But this would imply that T'(G) is not a cograph, a
contradiction. With a similar argument we can prove that K/Ck(N) is a p-group.
Indeed assume |K/Cg(N)| = rs with r,s > 2 and (r,s) = 1. There exist y1,y2 € K
such that (y1,y2) = K, |[11Ckr (N)| = r and |y2Ck (N)| = s. We take i1, y2 in the role
of a,b in Lemma 2.4 and we deduce that I'(G) is not a cograph. So we may assume
K = (xy) where |z] is a p-power, y € Cx(N) and (Jy|,p) = 1. If y # 1, then, for any
1#n €N, (n,zy,ny,z) is a four-vertex path in I'(G). So y = 1 and K is a cyclic
p-group. In particular Cx (N) < Frat(K). However Frat(K) NCk(N) < Frat(G) = 1,
so we deduce that Cx(N) = 1.

We have now proved that K = (z) is cyclic of order p', for some ¢ € N and N is a
faithful irreducible K-module. In particular K acts fixed-point-freely on N. Choose
1#n € N. Then K and K™ are two maximal subgroups of G with trivial intersection.
If t > 1, then (2P, 2™, x, (z™)P) is a four-vertex path in I'(G). Since T'(G) is a cograph
we conclude ¢t = 1. 0

Proof of Theorem 1.7. Assume that I'(G) is a cograph. If G is nilpotent then, by
Lemma 2.3, G/ Frat(G) is either a p-group or a cyclic group of order p;ps, where p;
and po are two different primes. In the first case G is a p-group, in the second G is a
cyclic group and py,pe are the only prime divisors of |G|. If G is not nilpotent, then,
by Lemma 2.5, G/Frat(G) = V x (x) where x has prime order and V is a faithful
irreducible (x)-module.
Conversely we have to prove that if G satisfies (1), (2) or (3), then I'(G) is
a cograph. If (g1, g2,93,94) is a four-vertex path in T'(G), then either (g; Frat(G),
92 Frat(Q), g3 Frat(G), g4 Frat(Q)) is a four-vertex path in I'(G/ Frat(G)) or there ex-
ist 1 <4 < j <4 with g;Frat(G) = g; Frat(G). However if the second possibility
occurs, then there exists k € {1,2,3,4} \ {¢, j} such that g is adjacent to g; but not
to g;. This implies G = (g, gj) = (g, 95, Frat(G)) = (g&, gs, Frat(G)) < G, a contra-
diction. Therefore, to complete the proof of the theorem we may assume Frat(G) = 1.
Assume by contradiction that (g1, 92,93, 94) is a four-vertex path in I'(G). There
are four possibilities to consider.
a) G = Cp. There exists i € {1,2, 3,4} such that |g;| = p, but then g, is adjacent
to g; for any j # 4, a contradiction.
b) G = Cp x Cp. In this case |g1| = |g2| = |g3] = |ga| = p. Since g1 and g3 are
not adjacent in T'(G), (¢g1) = (g3). Moreover, since g3 and g4 are adjacent
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I'(G), (g93) # (ga). But then (g91) # (g4) and g1 and g4 are adjacent in I'(G),
a contradiction.

c) G=C,y, xCp,, with p; # pa. There isno i € {1,2, 3,4} such that |g;| = p1pa,
since this would imply g; adjacent to g; for any j # <. It is not restrictive
to assume |g1| = p;. This would imply |g2| = p2,|g3] = p1,|94] = p2, and
consequently that ¢g; and g4 are adjacent, a contradiction.

d) G2V x (x) where x has order p and V is a faithful irreducible (z)-module.
There exists a prime ¢ # p such that V is an elementary abelian ¢-group
and every non-trivial element g of G has order p or ¢. Assume that |g1| = p.
Then (g;) is the unique maximal subgroup of G containing g;. Since g3 and
g4 are not adjacent to g1, we must have g3, g4 € {g1), but then g3, g4 are not
adjacent in T'(G). So |g1| = ¢. For the same reason |g4| = ¢ and consequently
|g2| = |g3| = p. But this would imply that g and g4 are adjacent.

0

3. PERFECT GRAPHS

3.1. PRELIMINARY RESULTS. The results of this section strongly depend on the strong
perfect graph theorem, that has been already mentioned in the introduction and can
be stated in the following way [6].

THEOREM 3.1. A graph is perfect if and only if it admits neither odd holes nor anti-
holes as induced subgraph.

In the following, we will use Y to denote the following graph:

1

AN

r3 — 24

e

T2

Recall that the tensor product I'y ATs of two graphs I'y and I's is the graph whose
vertex set coincides with the cartesian product of the vertex sets of I'y and I'y and
where (21,y1) and (zq,y2) are adjacent if and only if z1,zs are adjacent in I'y; and
Y1, Y2 are adjacent in I'y. If G and G are 2-generated finite groups, then I'(G1 x G2)
is a subgraph of I'(G1) AT(G2), and I'(G1 X G3) = I'(G1) AT'(G2) if |G1] and |Gs]
are coprime (see [14, Lemma 2.5]).

THEOREM 3.2 ([18, Theorem 3.2]). The tensor product T'y ATy of two graphs T'y and
'y is perfect if and only if either
(1) Ty or Ty is bipartite, or
(2) neither T'y nor Ty contain Y or an odd n-hole with n > 5, as an induced
subgraph.

REMARK 3.3.Let I'; 2 Y be a graph with vertex-set {1, 22, z3, 24} and 'y = K3 be
a complete graph with vertex-set {y1,y2,ys}. Then
((z1,91), (962, y3), (23,91), (964, yz), (w3,93))

is a b-hole in the tensor product I'; A T's.

Another remark that will be used in some of the proofs is that a 5-hole in a graph
T is also a 5-antihole. Indeed if {x1, x2, x3, 24, 25} is a subset of the vertices of a graph
' inducing a 5-hole and (x1, 22, 3, T4, T5) is a 5-cycle in T', then (x1, z3, T5, X2, 24) is
a 5-cycle in the complement graph.
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In this and in the following sections we will use the notations g; ~ g and g1 = g
to denote that g; and go are adjacent, or non-adjacent, in T'(G).

LEMMA 3.4.T(G) is perfect if and only if T'(G/Frat(Q)) is perfect.

Proof. By the strong perfect graph theorem, it suffices to prove that if m > 5, then
I'(G) contains an m-hole or an m-antihole if and only if T'(G/ Frat(G)) has the same
property. Since (g1 Frat(G), g2 Frat(G)) = G/Frat(G) if and only if (g1,92) = G,
if the subset {z;Frat(G),...,z, Frat(G)} induces an m-hole or an m-antihole
in T'(G/Frat(G)), then so does {xi,...,zn,} in T'(G). Conversely, assume that
{z1,..., 2} induces an m-hole or an m-antihole in I'(G). If 1 < i < j < m, then
there exists k € {1,...,m} \ {i,j} such that z; is adjacent to z; but not to x;.
In particular x; Frat(G) # z,; Frat(G) and {z; Frat(G),...,z, Frat(G)} induces an
m-hole or an m-antihole in I'(G/ Frat(G)). O

Let I, = {1,...,n} and consider the graph A, whose vertices are the subsets of
I, and where J; and Jo are adjacent if and only if J; U Jy = I,.

LEMMA 3.5. The graph A, is perfect if and only if n < 4.

Proof. If n > 5, then ({1,2,4,6,...,n},{1,3,5,6,...,n}, {2,4,5,6,...,n},
{1,3,4,6,...,n}, {2,3,5,6,...,n}) is a 5-hole in A, so A, is not perfect. We
may assume n < 4. Let m > 5 be an odd integer and assume that X is a subset
of the vertex-set of A, inducing an m-hole or an m-antihole. Clearly I, ¢ X. As
a consequence, @ ¢ X. Moreover if {i} is a singleton, then I,, \ {i} is the unique
proper subset of I,, adjacent to {i}, so {i} ¢ X. So we have at most 2" —n — 2
possible choices for an element of X. This implies that n = 4 and X consists of sets
of cardinality 2 or 3. Since I, contains only four subsets of cardinality 3, it is not
restrictive to assume {1,2} C X. Note that a subset of cardinality 3 is adjacent to
all the other subsets of cardinality 3. So if X induces an m-hole, then X contains
at most 2 (adjacent) subsets of cardinality 3. This implies that X contains at least
3 subsets of cardinality 2, inducing a 3-vertex path. But this is impossible since a
subset of cardinality 2 is adjacent to only one subset of cardinality 2. If X induces
an m-antihole, then it contains at least one subset of cardinality 2, say Y, and this
must be adjacent to another m — 3 elements of X. However there is a unique subset
of cardinality 2 and two subsets of cardinality 3 adjacent to Y, hence m — 3 < 3. But
this implies m = 5 and we may exclude this possibility since a 5-antihole is also a
5-hole, as noted above. O

LEMMA 3.6. Let G be a finite group and let g € G be an element which is contained
in a unique mazximal subgroup of G. Then g cannot be the vertex of an m-hole or
m-antihole in T'(G) with m > 5.

Proof. Let M < G be the unique maximal subgroup containing g and let m > 5.
Let (g, as,...,am) be an m-hole. We have g = ag, asq, which implies a3, aq € M, so
they cannot be adjacent in I'(G), a contradiction.
Let (g,as2,...,a;,) be an m-antihole. We have g » as, a,,, which implies as, a,, €
M, so they cannot be adjacent in I'(G), a contradiction. O

LEMMA 3.7. Let m > 5 and suppose (ai,...,an) is an m-hole or an m-antihole in
I'(G). If {a;) = {(a;), then i = j.
Proof. Let ¢ # j and (a;) = (a;). We can assume without loss of generality that

t=1land 2<j < mT'H If (a1,...,a) is an m-hole, then a,, ~ a1, and this implies
am ~ a; and consequently j = m — 1. But then m — 1 < mTH, hence m < 3, a
contradiction. If (a1, ..., a) is an m-antihole, then a,, » a1, and so a,, ~ a; and we
argue as before. d
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3.2. NILPOTENT GROUPS. The aim of this subsection is to prove Theorem 1.1. First
we prove the statement in the special case where G is cyclic.

LEMMA 3.8. Let G be a finite cyclic group. Then T'(G) is perfect if and only if |G| is
divisible by at most four different primes.

Proof. By Lemma 3.4, we may assume Frat(G) = 1, so |G| = p1 - - - p; where p1, ..., D¢
are distinct primes. Assume that (aq,...,a,) is an m-hole or an m-antihole in T'(G).
Let m = {p1,...,p+} and for any i € {1,...,t}, let m; be the set of prime divisors of
|a;|. By Lemma 3.7, if ¢ # j, then m; # m;, moreover a; and a; are adjacent in I'(GQ) if
and only if m; Um; = . This implies that I'(G) is perfect if and only if A, is perfect,
and the conclusion follows from Lemma 3.5. g

The proof of the general case requires some preliminary lemmas and remarks.

REMARK 3.9.Let p and ¢ be two different primes. If P = (ay,az2) is a finite, 2-
generated, non-cyclic p-group and @ = (b1, bo) is a finite, 2-generated, non-cyclic
g-group, then I'(P x @) contains an induced subgraph isomorphic to Y :

(a2, b2)

AN

(araz,b1b2) — (a1,b2)

e

(a1,b1)

REMARK 3.10.If P = (a1, a2) is a finite, 2-generated, non-cyclic finite p-group and
C = (z) is a non-trivial finite cyclic group whose order is not divisible by p, then
I'(P x C) contains an induced subgraph isomorphic to Y :

(a2, z)

N

(araz,z)

e

(a1,1)

(az,1)

REMARK 3.11. If G is a 2-generated finite group of order at least 3, then I'(G) contains
an induced subgraph isomorphic to K3. In particular I'(G) is not a bipartite graph.

Proof. It G = {(a,b) is not cyclic, then we can take the subgraph of I'(G) induced by
{a,b,ab}. If G = (z), we can take the subgroup induced by {1,z,z71}. O

LEMMA 3.12. Let G be a 2-generated finite nilpotent group. If I'(G) is perfect, then the
order of G/ Frat(G) is the product of at most four (not necessarily distinct) primes.

Proof. By Lemma 3.4 we may assume Frat(G) = 1. For any prime divisor p of |G|, the
Sylow p-subgroup of G is either cyclic of order p or elementary abelian of order p?. If all
the Sylow subgroups of G are cyclic, then G is cyclic and the conclusion follows from
Lemma 3.8. So we may assume that G contains a non-cyclic Sylow p-subgroup, say P,
of order p?. Let K be a complement of P in G. Assume, by contradiction, that |K| is
the product of at least three primes. If K is not cyclic, then K = Q1 X Q2 x H where
Q1, Q2 are Sylow subgroups, (1 is non-cyclic and Q2 # 1. By Remarks 3.10 and 3.11,
I['(P x @2) and T'(Q1 x H) contain an induced subgraph isomorphic, respectively, to
Y and K. But then we deduce from Remark 3.3 that I'(G) Z T'(P x Q2) AT'(Q1 X H)
is not perfect. So we may assume that K = (x) and that |z| is divisible by at least
three different primes ¢, g2, g3. Let Q be the set of the vertices y of T'(K) with the
property that (y) # K and let A be the subgraph of I'(K) induced by Q. Notice that
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the subgraph of I'(G) induced by the subset P x § is isomorphic to I'(P) A A and
that {a?, 2% 2% x9%} induces a subgraph of A isomorphic to Y. But then, again
by Remark 3.3, T'(P) A A, and consequently T'(G), contains a 5-hole. O

LEMMA 3.13. Let G be a non-cyclic 2-generated finite p-group. Then I'(G) is perfect
and does not contain an induced subgraph isomorphic to'Y .

Proof. We have G/ Frat(G) = Cp, x C,. If ¢ is a non-isolated vertex of I'(G), then
|g Frat(G)| = p and (g) is the unique maximal subgroup of G containing g. It follows
from Lemma 3.6 that I'(G) contains no m-hole or m-antihole with m > 5, so it
follows from the strong perfect graph theorem that I'(G) is perfect. Now assume by
contradiction that {g1, g2, g3, g4 } induces a subgraph of I'(G) isomorphic to Y. We may
order these four vertices in such a way that g; and go are adjacent, while g4 is not
adjacent to g1 nor to go. The latter condition implies (g4 Frat(G)) = (g1 Frat(G)) =
(g2 Frat(@G)), in contradiction with (g1, g2) = G. O

Proof of Theorem 1.1. By Lemma 3.4 we may assume that Frat(G) = 1. By Lemma
3.12, the condition that |G| is the product of at most 4 primes is necessary for I'(G)
to be perfect. We have to prove that this condition is also sufficient. By Lemma 3.8,
we may assume that G is not cyclic. This means that G = P x K, where P = C}, x C),
for a suitable prime p and K is a nilpotent group whose order is coprime with p and
is the product of at most two primes. By Lemma 3.13, we may assume K # 1.

If K is not cyclic, then K = C, x Cy, for a prime ¢ # p and I'(G) Z T'(P) AT(Q)
is perfect, as a consequence of Theorem 3.2 and Lemma 3.13.

The previous argument does not work if K = (g) is cyclic. Indeed, I'(G) and
I'(P) AT (K) are not isomorphic. For example, if P = (a;, az), then (a1, g) and (ag, g)
are adjacent in I'(G) but not in I'(P) AT'(K'). However we can argue in the following
way. Assume that X C G induces an m-hole or an m-antihole, with m > 5. If K = (g)
and y € P, then either (y,g) is an isolated vertex of T'(G) (when y = 1), or ((y,g))
is the unique maximal subgroup of G containing (y, ¢). In both the cases, since the
vertices of an m-hole or an m-antihole are not isolated, Lemma 3.6 implies that
(y,9) ¢ X. In particular, this implies that K has composite order (no element of K
could belong to X), so it remains to handle the case where K is cyclic of order r - s for
distinct primes r and s. In this case, we consider the subgraph A of I'(K) induced by
the elements of K of prime order. From what we said above, it follows that X induces
an m-hole or m-antihole in I'(G) if and only if it induces an m-hole or m-antihole
in I'(P) A A. This would imply that I'(P) A A is not perfect, and consequently, by
Theorem 3.2 and Lemma 3.8, that A contains an induced subgraph isomorphic to Y.
So assume by contradiction that {g1, 92,93, g4} induces a subgraph of A isomorphic
to Y. We may order these four vertices in such a way that ¢g; and g» are adjacent while
g4 is not adjacent to g; nor to go. The latter condition implies (g4) = (g1) = {g2), in
contradiction with (g1, g2) = K. O

3.3. THE DIHEDRAL GROUP. In this subsection we determine when the dihedral group
Dy ={(pu|p"=1>=1p"=p"")
has a perfect generating graph. We start with a preliminary lemma.

LEMMA 3.14. Let N be a normal subgroup of G such that G/N = Cy x Cy. Then T'(G)
has no m-antihole with m > 7.

Proof. Let a,b,c € G be such that G/N := {N,aN,bN,cN}. Suppose (ai,...,a,) is
an m-antihole in I'(G). Since a; and as are adjacent vertices of I'(G), we may assume
without loss of generality that a1 N = aN and asN = bN. Since as,...,a,_1 are
adjacent to both a; and ag, it follows that asN, ..., a,—1 N are all equal to ¢N. In
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particular, if m > 7, then asN = a;N implies a5 ~ ay, a contraction. So we may
assume m = 7. Since a4 ~ a1, as ~ ag, a1lN = alN and agN = cN, we must have
asN = bN. Analogously, from as ~ a4 and as ~ ag it follows that aoN = aN.
But now consider a7 N : ayN # aN since ay ~ as, ayN # bN since a; ~ az and
a7N # ¢N since ay ~ as. This would imply a7y € N, and consequently that a; is an
isolated vertex of I'(G), a contradiction. O

Proof of Theorem 1.2. Let m > 5 be odd. We start with two general remarks.

(a) No rotation p’ can appear in an m-hole or m-antihole. Indeed if |p’| < n, then
p' is an isolated vertex of I'(D,,). If |p?| = n, then (p) is the unique maximal
subgroup of D,, containing p* and we conclude using Lemma 3.6. So every
m-hole or m-antihole in I'(D,,) must be of the form

(ala s 7am) = (pwlbv s apmmL)
for some x; € Z.
(b) (p®,p"t) = Dy, if and only if (a — b,n) = 1.

First we prove that if n is odd, then (2) is a necessary condition for I'(D,,) to be
perfect. Suppose n is odd and n = p®¢®rk with p,q,r distinct primes and k& > 1
coprime to these primes. Consider the elements ag, ..., a4, obtained by solving the
following systems (note that the existence of solutions is guaranteed by the Chinese
Reminder Theorem):

ar =1 mod p ar = —1 mod p
a1 =b mod ¢ ar=—-1-b mod gq
a; = —1 mod r ag =c¢ mod r
(a1 =1 mod k) (e =1 mod k)
as =1 mod p ag=a mod p
as =1 mod gq ag = —1 mod ¢
as=d mod r ay=—c—d mod r
(az=1 mod k) (g =1 mod k)

where the conditions in the round brackets are considered only when k # 1, and
a, b, c,d are such that

a#Z0,—-1 modp, b#0,—1 modgq, ¢, d#Z0 modr, c+d#0 modr.

It can be easily checked that (i, p¥11, p21To2, pritaztas, patastastas,) jg g 5 hole
in I'(D,,).

Now we prove that if (1) and (2) are satisfied, then T'(D,,) is perfect. We distinguish
three cases according to n.

First assume n is even. Since D,, has an epimorphic image isomorphic to Cy x Cy,
by Lemma 3.14 the graph I'(D,,) has no m-antihole with m > 7. Suppose that I'(D,,)
contains an m-hole (ay,...,an), as described in (a). Since D, = (p%it, p¥i+11) for
every ¢ (where m + 1 is considered to be 1), by (b) we should have z;; — z; odd for
every 1 <4 < m. Then, consider

0= Z Tit+1 — Tj.
i=1
The right hand side should be odd, because it is a sum of an odd number of odd

terms, contradiction. This shows that I'(D,,) has no m-holes nor m-antiholes for all
m > 5 (recall that a 5-hole is also a 5-antihole), so I'(D,,) is perfect.
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Next suppose n = p is a prime power. Suppose that I'(D,,) contains an m-hole
(a1,...,am). Since aj » asz, aq, we should have that x4 — 21 and x3 — 1 are divisible
by p, hence their difference (i.e. x4 —23) should be divisible by p and therefore az ~ aq,
a contradiction. Suppose now there is an m-antihole (a1, ..., a,,). Since ay = a1, as,
the prime p should divide x5 — x5 and 2 — x1 and so p should divide their sum (i.e.
x3 — x1), which means a; ~ ag, a contradiction.

Finally let us assume n = p®q®, where p, g are distinct primes. Suppose there is an
m-hole (ai,...,am,) in T'(D,). Since a1 ~» a3, ayq, the differences x3 — 1 and x4 — 24
are divisible by at least one of p or g. We may assume without loss of generality that
r3 — x1 is divisible by p. Then x4 — x; is divisible by ¢, otherwise az ~ a4. Similarly
x4 — xo is divisible by p and z,, — x3 is divisible by ¢. From the fact that p divides
T4 — X2, arguing as before we deduce that if 5 < ¢ < m, then x; — o is divisible by
q when i is odd and by p when ¢ is even. In particular z,, — z2 is divisible by ¢ and
since ¢ also divides z,, — x3, we have as ~ az, a contradiction. Suppose now there
is an m-antihole (a,...,a,) in I'(D,). Since a; » a;y1, the difference x;11 — x; is
divisible by at least one of p or q. We have an odd number of possible i, so there
must be a k such that x;41 — x) and xy — x;—1 are both divisible by the same prime,
which means that xx4; — xx—1 is also divisible by this prime, hence ajy1 ~ ax—_1, a
contradiction. O

3.4. GROUPS OF ORDER p®¢® AND pqgr. We have seen in the previous subsections
that if G is a dihedral group or a 2-generated nilpotent group and |G| is divisible by
at most three distinct primes, then T'(G) is perfect. However there exist 2-generated
finite groups whose generating graph is not perfect, although their order is divisible
only by two distinct primes.

EXAMPLE 3.15. Let H = C% and let hy, ha, h3 be the non-trivial elements of H. Let
p be an odd prime number and consider N = (x1,x9,x3) = C’;’. We may define an
action of H on N by setting

hi __ ha _ _—1 hs _ _—1
=z, xP=21, =27,
hy _ -1 ha __ hs _ -1
Tyt =Ty, Tyt =T2, Ty =T, ,
h1 _ -1 h2 _ —1 h3 —
23t =x5, w3 =x5, Ty =x3.

Let G be the semidirect product N x H. Then G is 2-generated and it can be easily
checked that

(z1h1, T2x3ho, T173h3, TiT0hs, T2T3h3)
is a 5-hole in I'(G).

LEMMA 3.16. Let G be a 2-generated finite group and let m be an odd integer, with
m = 5. Let X C G. If there exist two mazimal subgroups My and My of G such that
X C My U M, then X does not induce an m-hole nor an m-antihole.

Proof. Suppose that (a1, ...,a) is an m-hole induced by X. We may assume a; €
M. Since G = {(a;, aiy1), it follows a; € My ~ My if i is even, a; € My ~ My if 4 is
odd. In particular, since m is odd, G = (a1, anm) < M1, a contradiction. Now suppose
that (ai,...,am) is an m-antihole induced by X. Again we may assume a; € My. If
3 < i< m-—1, then G = (a1,a;) implies a; € My and therefore m = 5, otherwise
G = (ag,am—1) < My. We may exclude this possibility since a 5-antihole is also a
5-hole. O

LEMMA 3.17. Suppose that G = ({x) x (y)) x (z), with |x| = p1, |y| = p2, |z| = p3,
where p1, pa, ps are primes. If G is 2-generated, then T'(G) is perfect.

Algebraic Combinatorics, Vol. 5 #5 (2022) 936



Forbidden subgraphs in generating graphs of finite groups

Proof. If G is abelian, then the conclusion follows from Theorem 1.1. So we may
assume z ¢ Z(G). Let m > 5 be an odd integer and suppose that X C G induces an
m-hole or an m-antihole in I'(G).

First we claim that if y € Z(G), then ps = ps3. Indeed assume y € Z(G) and py # p3
and let g = 2’y 2 € G. If [y7 2%| = paps, then |g| = paps, so (g) is the unique maximal
subgroup of G containing g and g ¢ X by Lemma 3.6. But then X C M; U My, with
My = {(z, z) and My = (z,y), in contradiction with Lemma 3.16.

Our second claim is that (x) and (y) are not (z)-isomorphic. This is obvious if
p1 # P2, otherwise it is a necessary condition for G being 2-generated.

The two previous claims imply that for every r,s,u,v € Z, (z"y°, a%y"z) = G if
and only if 2", y® # 1. In particular consider w = 2"y*® € (x,y). If either 2" = 1 or
y® =1, then w is an isolated vertex in I'(G). Moreover, the fact that (z) and (y) are
not (z)-isomorphic implies that (z,y) is the unique maximal subgroup of G containing
w. In any case, w cannot be an element of X.

Let (ay,...,am) be an m-hole or an m-antihole in I'(G) induced by X. By what
we have said above, it is not restrictive to assume a; = ™ y* z with r;,s; € Z and in
particular we may assume that a; = z. Notice that (a"iy% z,2"y% z) = G if and only
if r; #r; mod p; and s; Z s; mod ps.

If (a1,...,an) is an m-hole, then a; 7 a; for any j € {3,...,m — 1}. This implies
that either a; € (z,z) or a; € (y,z). On the other hand a; ~ a;41, so it is not
restrictive to assume

s3=0 mod ps, 74 =0 mod p1, ... , Spm_2=0 mod ps, 1 =0 mod p;.

Notice that a; ~ as and a; ~ a,, implies ro,7,, Z 0 mod p; and ss, S, Z 0 mod ps.
By Lemma 3.7, r3 Z# 0 mod p; and s,,—1 Z 0 mod ps. Since as % amp—1 and ag % ap,
we deduce s; = $,,_1 mod py and r3 = r,, mod p;. Since as ~ az and a,,_1 ~ A,
it follows 79 # r3 mod p; and $,,—1 # S, mod pa, but then ro # r, mod p; and
S9 Z Sm;m mod pa. This implies as ~ a,,, a contradiction.

Now suppose that (ai,...,a,) is an m-antihole. We may assume m > 7 since a
5-antihole is isomorphic to a 5-hole. From the conditions a; ¢ as and a; # a,, it
follows that it is not restrictive to assume s = 0 and r,, = 0. Since a; % a;41, it
follows

a1 =2z, as = 2%z, az = x"?Y?z, ag = Y3z, a5 = 2"y?z, ag ="°Yy*"z. ..
In particular
Ay = xTwz,fiiysanZz’ A1 = xr7n71y3m—2z7 Ay = ysmz.

From a,,—1 ~ aq, it follows 7,1 #Z 0 mod p; and from a,, ~ a;,_2, it follows
Sm Z Sm—2 mod po. However this implies that a,,_1 ~ a,,, a contradiction. ]

PROPOSITION 3.18. If |G| = pq with p,q primes, then T'(G) is perfect.
Proof. This follows immediately from Lemma 3.6. g

PROPOSITION 3.19. If |G| = pqr, where p, q and r are three distinct primes, then G
is 2-generated and I'(GQ) is perfect.

Proof. By [19, 10.1.10], G is 2-metacyclic. We may assume that G is non-abelian,
so G = (x) x (y), with y # 1 and C,(z) = 1. If |z| is the product of two different
primes, then the conclusion follows from Lemma 3.17. So we may assume that |z| = p.
Assume that X induces an m-hole or an m-antihole in I'(G), where m > 5 is an odd
integer. By Lemma 3.6, X contains only elements of prime order; moreover an element
of order p is adjacent in I'(G) only to elements of order ¢ - r, so X can contain only
elements of order ¢ or r. On the other hand two elements of the same order ¢ or r
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are not adjacent in I'(G), and it is easy to see that this implies that X cannot induce
neither an m-hole nor an m-antihole. O

PROPOSITION 3.20. If |G| = p?q, where p and q are distinct primes, then T'(G) is
perfect.

Proof. First assume G has a unique Sylow p-subgroup P. If P = (), x C), then
the conclusion follows from Lemma 3.17. If P =2 C)2, then Frat(G) has order p, so
I'(G/ Frat(G)) is perfect by Proposition 3.18 and consequently I'(G) is perfect by
Lemma 3.4. So we may assume that the Sylow p-subgroups are not normal, which
implies that the Sylow g-subgroup, say @, is normal. Either G = (C, x Cy) x C,
or G = Cy x Cp2. In the first case the conclusion follows again from Lemma 3.17.
In the second case the only non-trivial elements of G that are contained in at least
two different maximal subgroups are those of order p, so, by Lemma 3.6, if X C G
induces an m-hole or an m-antihole, with m > 5 an odd integer, then X contains only
elements of order p. However no two elements of order p are adjacent in I'(G), so we
reached a contradiction. 0

3.5. THE SYMMETRIC AND ALTERNATING GROUP. In this subsection we prove Theo-
rem 1.3, determining the values of n for which the generating graphs of the symmetric
and alternating groups of degree n are perfect. In the proofs we will need the following
elementary lemmas:

LEMMA 3.21. Let H < S, be a transitive permutation group. If o € H is a cycle of
length n — 1, then H is primitive.

Proof. We may assume without loss of generality that the fixed point of o is 1. Suppose
H is imprimitive. Let B be the imprimitivity block which contains 1, then B = B
since 19 = 1. By the imprimitivity assumption, there exists 1 # ¢ € B. But then

_071—2

a2
17 .1

1,17, are all distinct elements, so B = {1,...,n}, a contradiction. O
LEMMA 3.22. Let n > 3 be an odd natural number and H < S, be a transitive permu-
tation group. If o € H 1is an (n — 2)-cycle, then H is primitive.

Proof. Suppose, without loss of generality, that the fixed points of o are 1 and 2.
Suppose H is imprimitive. As in the proof of the previous lemma, take B to be the
block containing 1. Since n is odd, |B| > 3, so there is at least an element 7 in
B~ {1,2}. Arguing as in the proof of the previous lemma, we obtain that |B| > n—1
and, since |B| divides n, we conclude B = {1,...,n}, a contradiction. O

THEOREM 3.23. T'(S,,) is perfect if and only if n < 4.

Proof. If n € {2,3}, then I'(S,,) is perfect, indeed T'(S2) = K» while S5 = Ds, in
which case we may apply Theorem 1.2.

Assume n = 4. Suppose there is an m-hole (a1, ..., a,) in T'(Sy), with m > 5. Two
consecutive vertices a; and a;41 are adjacent and therefore they cannot both belong
to A4. Since m is odd, there must be two consecutive vertices which are in Sy ~\ Aj.
Since two elements of order 2 do not generate the group, one of these two vertices
should be a 4-cycle. However a 4-cycle is contained in a unique maximal subgroup,
so we have a contradiction by Lemma 3.6. Suppose now that there is an m-antihole
(a1,...,am) in I'(Sy), with m > 7. Since 4-cycles cannot occur in an m-antihole and
elements of the Klein subgroup cannot generate with another element, each vertex
in the antihole must be a transposition or a 3-cycle. There are at most two 3-cycles
among the vertices of the antihole. Indeed if we pick three elements in an m-antihole,
at least two of them are adjacent but two 3-cycles do not generate Sy. So, at least m—2
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of the vertices of the antihole (a1, ..., a,,) are transpositions. Since two transpositions
do not generate S4, we have a contradiction. We conclude that I'(Sy) is perfect.

If n = 5,6,7, then T'(S,) is not perfect. Indeed it can be easily checked that the
following are 5-holes in I'(S,,) :

F(S5) : ((1’273747 5)’ (274)’ (152737 574)’(2747 5’ 3)7(172747 5))’
F(SG) : ((]"3, 274)’ (374?67 5)’ (]"27 374) 5)7(17374) 6)’(27 3)4)5’6));
I(S7):  ((1,5,4,7,2,3),(2,6,5,7,3,4),(1,2,3,4,5,7,6), (4,5), (1,2,3,4,5,6,7)).

We remain with two cases: n > 8 even and n > 9 odd.
Assume n > 8 even. In this case we claim that

is a 5-hole in I'(S,,).

Notice that (ai,as), (a1,a4), {(as,a4), {(as,as) are intransitive subgroups and
(as,as) < A, so the pairs of corresponding vertices are not joined by an edge.
Since ag and a5 are (n — 1)-cycles, the transitive subgroups (as, as), (as,as), (a4, as),
(as,ay1) are also primitive by Lemma 3.21. Let us now prove that the transitive
subgroup (a1, az2) is also primitive. Let B be an imprimitive block which contains 1.
Clearly B2 = B. If BN {3,...,n} # &, then {1,3,...,n} C B, a contradiction. So
B = {1,2}, but then B N B* = {2}, another contradiction and we conclude that
(a1, asz) is primitive. Moreover

a1a2_1 = (1527n7n_1an_2) € <a17a2>
azay ' = (1,2,n,n—1) € (az, as)
a4 = (1537477?’) € <a37a4>
as = (1,3,4,n) € (aq,as)
aazt = (1,n,n—1,n-2) € (as,a1)

But then, by [15, Corollary 1.3], the five subgroups (aj, as), {(as, as), {as,aq), (a4, as)
and (as,a1) contain A,. Since they also contain elements outside A,,, they must be
equal to S,, and so the corresponding pairs of vertices are joined by an edge.

Finally assume n > 9 odd. In this case we claim that

az = (4,...,n)
az=(1,...,mn—2)

ag = (1,2,4,5,n—1,n—2)
as = (3,...,n)

is a 5-hole in T'(S,,).

As in the discussion of the previous case, (a1, as), {(a1,a4), {az,aq), (as,as) are
intransitive subgroups and (as,as) < A, so the pairs of corresponding vertices are
not joined by an edge. Since as and as are (n — 2)-cycles, the transitive subgroups
(as,as), (as,a4), {as,as), {as,a;) are also primitive by Lemma 3.22. We claim that
the transitive subgroup (a1, as) is also primitive. Let B be an imprimitivity block
which contains 1, so that B2 = B. If BN {4,...,n} # &, then {1,4,...,n} C B, a
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contradiction. Since |B| > 3, the only possibility is B = {1, 2,3}, but this leads to a
contradiction since B N B™ = {2, 3}. Finally, observe that

L...,n=3)

= ( € (a1, a2)

azay ' (123nn 1,m=2) € )
ag = (1,2,4,5,n—1,n—2) € (as,aq)
a4—( 2,4,5,n—1,n—-2) € )
—(,...n—3) & (as,m)

and, as in the previous case, we deduce from [15, Corollary 1.3] that (a1, a2) =
(az,a3) = (a3, as) = (as,as) = (as, a1) = Sy. O

THEOREM 3.24.T'(A,,) is perfect if and only if n < 4

Proof. If n =3, then I'(A3) = K3 is perfect.

Assume n = 4. Let m be an odd positive integer, with m > 5. In an m-hole or in
an m-antihole, at least one vertex should be a 3-cycle, since in a pair of generators
one should be outside the Klein subgroup. However a 3-cycle is contained in a unique
maximal subgroup, so we conclude using Lemma 3.6 that there is neither an m-hole
nor an m-antihole.

For n > 5, it remains to show that I'(A,,) is not perfect.

First assume n > 5 odd. In this case we claim that

=(1,2,3,6...,n)
az = (2,4,5,6...,n)
as = (1,3,5,6...,n)
as = (2,3,4,6...,n)
as = (1,4,5,6...,n)

is a 5-hole in T'(A,,). The cases n = 5,7, 9 can be easily checked by hand, so we assume
n > 11. Notice that (a1, as), {(a1,a4), {as,a4), {as,as) and (as,as) are intransitive
subgroups, so the pair of corresponding vertices are not joined by an edge. Since
ai,...,as are (n—2)-cycles, the transitive subgroups (a1, as), {as, as), {as, as), {a4,as)
and (as,a1) are also primitive from Lemma 3.22. Moreover

a%a;z =(1,3,5,2,4,n,n—1) € (ay,as)
a2a3 =(1,n,2,4,3) € {(az,as)
a3a;? = (1,5,4,2,n—1) € (as,aq)
a4a5 =(1,n—1,2,n,3,4,5) € {(a4,as)
asa;’ = (1,4,5,3,2) € (as,a1)

and we can use [15, Corollary 1.3] to conclude that (a1,a2) = (ag,a3) = (as,as) =
(as,a5) = (a5, a1) = Ap.
Finally, assume n > 6 even. Notice I'(Ag) contains the following 5-hole:

((17 2’ 37 47 5)7 (1’ 3)(5’ 6)7 (1’ 2747 576)’ (1747 27 3’ 5)’ (17 27 6))'
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We claim that if n > 8, then

(1,2,3,4,5,9,...,n)
(1,3,6,7,8,9,....n)
(2,7,8,4,5,9,...,n)
( )
(

1,6,3,4,5,9,....n
1,2,6,7,8,9,...,n)

is a 5-hole in I'(A,, ). The subgroups (a1, as), (a1, as), (a2, as), (az,as) and (as,as) are
intransitive, so the pair of corresponding vertices are not joined by an edge. We prove
that the transitive subgroup (a1, as) is primitive (a similar argument works for the
subgroups (asg, as), {as,as), (as,as) and (as,a;)). Suppose it is imprimitive. Let B
be an imprimitive block containing 6, so that B** = B. We must have B C {6, 7,8},
otherwise we would have {1,2,3,4,5,6,9,...,n} C B. Moreover, since BN B* =
{7,8}, B # {6,7,8}, so either B = {6,7} or B = {6,8}. In the first case the block
containing 8 also contains an element different from 6, 7,8 and we get a contradiction
as before. A similar argument applies in the second case, working with the block
containing 7. Since aq, ..., a5 are (n — 3)-cycles, we can conclude, using [15, Corollary
1.3], that (a1, a2) = (az,a3) = (a3, aq) = (a4, a5) = (a5, a1) = A,. O

3.6. RANK ONE GROUPS OF LIE TYPE. In the previous subsection we have proved
that I'(A4,) contains a 5-hole when n > 5 and we conjecture that this could be true
for every finite non-abelian simple group. In this subsection we prove that Conjecture
1.5 is true when G is isomorphic to one of the groups

PSLy(q), PSUs(q), 2Ba(q), 2Ga(q),

i.e. when G is a rank one group of Lie type. We need the following elementary obser-
vation.

LEMMA 3.25. Let G be a permutation group on the set ). Let wq,...,ws € ) such
that Stabg(w;) < G fori=1,...,5. Let

a € Stabg(w1) N Stabg (w2),
b € Stabg(ws) N Stabg (wy),
¢ € Stabg(ws) N Stabg (w1),
d € Stabg(w2) N Stabg (ws)
e € Stabg(ws) N Stabg(ws)

a) =

If {a,by = (b,c) = (c,d) = (d,e) = (e, G, then (a,b,c,d,e) is a 5-hole in T'(G).
PROPOSITION 3.26. Let G = PSLa(q), with ¢ > 3. Then I'(G) contains a 5-hole.

Proof. We may assume ¢ ¢ {4,5,9}, since PSLa(4) = PSLy(5) = As and PSLy(9) &
Ag. The group G has a faithful 2-transitive action on the ¢ + 1 points of the 1-
dimensional projective space PG(1, ¢) over the field F, with ¢ elements. Let A, B,C, D
be four distinct points of PG(1,q). The subgroups H = Stabg(A) N Stabg(B) and
K = Stabg(C) N Stabg (D) are cyclic of order w = (¢ — 1)/(q — 1,2). Notice that
(H, K) connot be contained in the stabilizer of an element of PG(1, ¢), since the only
element of G which fixes three distinct points is the identity. The list of the maximal
subgroups of G is well-known (see for example [1, Tables 8.1, 8.2]). In particular if
q ¢ {7,11}, then no maximal subgroup of G, except from a point stabilizer, contains
two distinct cyclic subgroups of order w. This implies G = (H, K) and we can use
Lemma 3.25 to conclude.

ws3),

W5 ).
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Finally, if ¢ = 7, then G < Sg and the following is a 5-hole in I'(G) :
((2,3,4)(5,8,7), (1,4,5)(3,7,6), (2,7,8)(3,6,5), (1,2,4)(6,7,8), (1,2,5,7)(3,8, 6, 4)).
Similarly, if ¢ = 11, then G < Si2 and the following is a 5-hole in I'(G) :
((3,9,5,11,7)(4,10,6,12,8), (1,6, 3,4, 12)(2, 11,9, 10,7), (1,3,8,5,4)(6, 7,9, 12, 10),
(2,12,11,8,3)(4,7,9,10,6), (1,9,6,7,5)(2,4,12,3,10)). O
PROPOSITION 3.27. Let G = PSU3(q), with ¢ > 2. Then T'(G) contains a 5-hole.

Proof. Let d = (¢+1, 3). The group G is a 2-transitive group of permutations of the set
Q of the ¢®+1 points of the corresponding polar space. If A1, Ay are two distinct points
of Q, then Stabg (A1)NStabg(As) is a cyclic group of order (¢2—1)/d. Moreover A; and
As are the only points fixed by Stabg (A1) N Stabg(Az) and Stabg (A1) N Stabg(Asg)
acts on the remaining ¢® — 1 point with g - d orbits of size (¢*> —1)/d and one orbit of
size ¢ — 1 (this information can be deduced for example from the description of the
action of G on € given in [8, Section 7.7, pages 248-249]).

The statement can be directly proved using GAP if ¢ < 5, by searching elements
in the intersections of stabilizers, in such a way to reproduce the situation of Lemma
3.25; so we may assume q > 7.

Let Ay, Ay, Az, Ay be four distinct points of © and consider H = Stabg(A;) N
Stabg(As) and K = Stabg(As) N Stabg(A4). The list of the maximal subgroups of
G is well-known (see for example [1, Tables 8.5, 8.6]). In particular, since ¢ > 7, if M
is a maximal subgroup of G containing an element of order (¢?> — 1)/d, then either
M is a point-stabilizer or M = X/Y with X = GUy(q) and Y cyclic of order d. In
the first case M cannot contain both H and K, since H fixes only A; and As and K
fixes only Az and A4. In the second case Z(M) is cyclic of order (¢ + 1)/d and fixes
precisely ¢ + 1 elements of € and any element of order ¢?> — 1 contained in M acts
on the set of these g + 1 elements with two fixed points and an orbit of cardinality
q—1. In particular, if we choose As, A4 such that they don’t belong to the orbit of size
g—1of H, then G = (H, K). With this choice of A3 and A4, choose A5 distinct from
Ay, Ag, A, A4 and not contained in the orbit of size ¢ — 1 of Stabg(A4;) N Stabg(4;),
for any 1 <7 < j < 4. We can use Lemma 3.25 to conclude. 0

PROPOSITION 3.28. Let g = 22"t with n > 1. If G = 2Bs(q) is a Suzuki group, then
I'(G) contains a 5-hole.

Proof. The group G has a faithful 2-transitive action on an ovoid € in a 4-dimensional
symplectic geometry over IF,. Up to conjugacy, the maximal subgroups of G are as
follows (for example, see [1, Table 8.16]):

(1) the stabilizer of w € Q (the Borel subgroup of order ¢*(g — 1));
(2) the dihedral group of order 2(q — 1);
(3) Cq—&-\/ﬂ—i-l X 04;
(4) qu\/ﬁ+1 % Cly;
(5) 2B2(qo), where ¢ = ¢f, r is prime and go > 2.

If w; and w; are distinct elements of Q, then Stabg (w;) NStabg(w;) is cyclic of order
q— 1. Let x be a generator of this cyclic group. Next choose w; and wy, in €2 such that
wi, wj, wg, wy are all distinct, and let y be a generator of Stabg (wy) N Stabe (w;). Since
the only element fixing three points is the identity, we have that (x) # (y). Consider
the subgroup H = (x,y). If H is a proper subgroup, it is contained in a maximal
subgroup. However H cannot be contained in subgroups of type (3), (4) and (5), since
they do not contain elements of order ¢ — 1. Since (x) # (y) we can also rule out the
possibility that H is contained in a subgroup of type (2). Finally, if H < Stabg(w),
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for some w € 2, then either = or y must fix three different points, which is impossible.
Therefore H = G and we can use Lemma 3.25 to construct a 5-hole. O

PROPOSITION 3.29. Let ¢ = 32" with n > 1. If G := 2G1(q), then T'(G) contains a
5-hole.

Proof. The group G has a faithful 2-transitive action on an ovoid € in a 7-dimensional
orthogonal geometry over F,. The maximal subgroups of G are as follows, up to
conjugacy (see for example [1, Table 8.43]):

(1) the stabilizer of w € Q (the Borel subgroup of order ¢*(g — 1));

(2) the centralizer of an involution, which is isomorphic to Cy x PSL2(q);

(3) the normalizer of a four-group, which is isomorphic to (22 x D(411y/4) % 3;

(4) Cyt g1 % Co;

(5) Cq,\/@jq X 063

(6) 2G2(qo), where ¢ = gjj and r prime.
The intersection of two different point-stabilizers is cyclic with order ¢ — 1. Moreover
any involution ¢ in G fixes precisely ¢ + 1 points in §2, and the set of these ¢ + 1
elements is called the block of ¢. Any two blocks can intersect in at most 1 point and
any two points are pointwise fixed by a unique involution.

Choose wi,...,ws € Q all distinct in the following way: wi, wy and w3 are chosen
randomly and let €2; ; be the unique block which contains w; and w;. Since | =
¢® + 1 and a block has cardinality g + 1, it is possible to choose ws € Q \ Q2 3 and
ws € QN (3.4 U Qq2). Since the block containing two elements is unique, we have
that four of these five elements never belong to the same block. Let w;,w;,ws,w;
be four of these five elements. Let & be a generator of Stabg(w;) N Stabg(w;) and
y a generator of Stabg(w;) N Stabg(wy) and consider H = (z,y). The subgroup H
cannot be contained in maximal subgroups of type (3), (4), (5) and (6), since these
maximal subgroups do not contain elements of order ¢ — 1. There are no elements
in G of order ¢ — 1 which fix three distinct elements on €2, so H is not contained in
maximal subgroups of type (1). Therefore, if H < G is proper, then H < Cg(t) for a
suitable involution ¢ of G. This occurs when ¢ is contained in the intersection of the
four stabilizers of w;, w;, wk, w;, as can be deduced from [17, Lemma 3.2, 3], but in this
case wj,w;,wy,w; belong to the same block, which is incompatible with our choice of
w1, . -.,ws. 50 H = G and we may conclude by applying Lemma 3.25. O

3.7. SMALL GROUPS. Here we prove that As is the smallest 2-generated finite group
with a non-perfect generating graph.

THEOREM 3.30. Let G be a 2-generated finite group, with |G| < 60. Then I'(G) is
perfect if and only if G # As.

Proof. By Theorem 3.24, we only have to prove that if |G| < 60 and G # As, then
I'(Q) is perfect. By Theorem 1.1, C3g x Cg is the smallest 2-generated finite nilpotent
group whose generating graph is not perfect. So we may assume that G is not nilpo-
tent, and by the results in subsection 3.4 we may exclude |G| € {pq, pqr, p?q} with
p,q,r different primes. Hence |G| € {24, 36, 40,48, 54,56, 60}. This requires a case by
case analysis.

As an example we consider G = Cg x Ds, which is the case that requires more
attention. The other cases can be handled with similar, but in general shorter, argu-
ments.

Let m > 5 be odd. Set {¢) = Cg and (p,t) = D5, with p a rotation of order 5 and ¢
a reflection. Since Cy x C5 is an epimorphic image of G, it follows from Lemma 3.14
that T'(G) does not contain m-antiholes with m > 7, so we only have to check the
non-existence of m-holes. To prove this, we need the list of maximal subgroups of G:
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o M, = <c2,L,p>;
o My ={(c%1,p);
o My = <Ca P);
o My = (p,ci);
o M5, = (c,p™) with « € {0,1,2,3,4}.
Suppose (ai,...,am,) is an m-hole. Consider the two projections m : G — (¢},

7o : G = {p,t) . Notice that (71 (a;)) = {(c) for some i € {1,...,m}. Indeed, if this fails
to hold then |mi(a;)| € {2,3} for every 1 < j < m, and, since m is odd, there would
exist two consecutive vertices aj and a1 with |m(ag)| = |m1(ags1)] = ¢ € {2,3},
and consequently G = (ag,ar4+1) < <c6/t> X Ds. So without loss of generality we
may assume that m(a;) = ¢. Next observe that mo(a;) # 1 (otherwise a; would
be an isolated vertex of I'(G)). Moreover ma(a1) ¢ (p), otherwise M3 would be the
unique maximal subgroup of G containing a1, which contradicts Lemma 3.6. So we
may assume a; = ct. Let 3 < j < m — 1. Since (a1,a;) # G and My, Ms are the
only maximal subgroups of G containing a;, it follows that a; € My U Ms. Two
consecutive vertices of (ay,...,am,) generate G, so they cannot belong to the same
maximal subgroup. Hence we can label the vertices of the m-hole so that az € Mj5
(and consequently a4 € My). So az = ¢*t with « € {0,1,2,3,4,5}. Moreover a # 3
(otherwise (as, as) < My) and o ¢ {1,5} (since, by Lemma 3.7, (a3) # (a1)), and so we
have o = £2. Notice that M7 and M5 are the only maximal subgroups of G containing
as, 80 a;y, € My U Ms. On the other hand, from (a1, a,,) = G and ay € M3, it follows
that a,, ¢ M5 and therefore a,, € M;. Now let as = ¢®p¥1*, with0 < 2 < 5,0 <y <4
and 0 < z < 1. We have x ¢ {0,2,4}, otherwise (ag,as) < M;. Ifx € {1,5}, then z = 1
(otherwise ag would have order 30 and consequently would be contained in a unique
maximal subgroup), but this would imply (a1, as) < My, a contradiction. So we must
have = 3. If z = 1, then again (a1, az) < My, a contradiction, so z = 0 and therefore
as = c3p¥ with y # 0. In particular M, and M3 are the only maximal subgroups of
G containing ag, and, since a,, and ay are not adjacent, a,, € My U Ms. We have
already proved that a,, € M; so a,, € (M N M) U (M; N Ms). Since My N Mz < My
and a; € My, if a,, € My N Mg, then G = (a1,a,) < My, a contradiction. So
am € My N My = (p,1), and consequently we may assume a,,_1 = cp*t!. We have
t = 1, otherwise a,,—1 is contained in a unique maximal subgroup. Then (az, ay—1) =
<CpsL, c3py> = <cp5L, 03,p> = <CL, c3, ,0> = (¢, 1, p) = G, a contradiction. O

4. OTHER FORBIDDEN GRAPHS

The main aim of this final section is to give the proof of Theorem 1.12, stated in
the introduction. As a preliminary auxiliary result, we classify the 2-generated finite
groups whose generating graphs do not contain the path Ps of length 3 as an induced
subgraph.

PROPOSITION 4.1. Let G be a non-trivial 2-generated finite group. Then T'(G) does
not contain an induced subgraph isomorphic to Ps if and only if either G = Cy x Cy
or G = C, for some prime p.
Proof. Suppose that G satisfies the following property:

(*) there exist a,b € G such that G = (a,b),G # (a),G # (b) and a # a~ L.
Then (a,b,a™!) is a three-vertex path in I'(G).

First assume G = (a, b) is not cyclic. If G is not a dihedral group, then (|a|, |b]) #
(2,2). If G = D, is a dihedral group of order 2n, then we may choose a, b such that
(lal, 10]) = (n,2). So if G is not cyclic, then either G satisfies (*) or G = Cy x C3. In
this latter case, assume that (x1,z2,23) is a three-vertex path in I'(G): then z; # 1
for any 7 € {1,2,3}, but then {x1, 29,23} induces a complete graph K.
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Finally, suppose G = (z) =2 C,,. If n = rs and (r,s) = 1, then G = (2", 2°) and
(|27, |x*]) = (s,7) # (2,2) so G satisfies (*). If n = p' with p a prime and ¢ > 2, then
(1,z,2P) is a three-vertex path in I'(G). If n = p is a prime and z1, z3, x3 are three
distinct elements of G, then {z1,z2, 23} induces a complete graph K. O

LEMMA 4.2. Let p be a prime and assume that either G is a cyclic p-group or |G| =
2p. Suppose that the subgraph of T'(G) induced by four distinct non-isolated vertices
contains at least one edge. Then at least one of the four vertices is adjacent to all the
others.

Proof. Assume that X = {g¢1, g2, g3, 94} induces a non empty-edges subgraph of I'(G).
If G = Cpn is cyclic of prime power order, then there exists ¢ with |g;| = p™ (otherwise
all the elements of X belong to the unique maximal subgroup of G). But then g; is
adjacent to g; whenever j # .

Now assume |G| = 2p with p a prime. If X contains an element of order 2p then
this element generates G so it is adjacent to all the others. Moreover we cannot have
lg;| = p for every j € {1,...,4}, since all the elements of order p belong to the same
maximal subgroup. Thus there exists g; € X with |g;| = 2, but again this implies that
g; is adjacent to g; whenever j # 1. O

Proof of Theorem 1.12. Clearly (2) implies (3).

Assume that (3) holds. If there exist a,b € G so that G = (a,b), (a) # G, (b) # G,
la] # 2, |b] # 2, then the subgraph of I'(G) induced by {a,b,a=!,b71} is a four-vertex
cycle. If G is cyclic of order n, then we can find a, b with these properties except when
n is a prime-power or n = 2p with p a prime. So we may assume that G is non-cyclic
and G = (a,b) with |a| = 2. Moreover either b or ab has order 2, otherwise (b, ab)
is a generating pair with the previous properties. Hence G = (a,b) = (a,ab) can be
generated by two involutions, so G is isomorphic to a dihedral group D,, of order 2n
and we may assume |b| = n. If n is not a prime and p is a prime divisor of n, then
the subgraph of I'(G) induced by {a, b, ab?, b=} is a four-vertex cycle.

It follows from Lemma 4.2 that (4) implies (2).

It was shown in [9] that a graph is split if and only if it does not have an induced
subgraph isomorphic to one of the three forbidden graphs, Cy, Cs or 2K5 (here 2K»
denotes the graph with four vertices, two disjoint edges, and no further edges con-
necting the vertices). In particular (1) implies (3) and we may immediately deduce
from Lemma 4.2 that (4) implies (1). O
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