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Continuous-time Quantum Walks on Cayley

Graphs of Extraspecial Groups

Peter Sin & Julien Sorci

ABSTRACT We study continuous-time quantum walks on normal Cayley graphs of certain non-
abelian groups called extraspecial groups. By applying general results for graphs in association
schemes we determine the precise conditions for perfect state transfer and fractional revival.
Using partial spreads, we construct Cayley graphs on extraspecial 2-groups that admit these
phenomena. We also show that there is no normal Cayley graph of an extraspecial group that
admits instantaneous uniform mixing.

1. INTRODUCTION

Analogous to a classical walk on a graph, a quantum walk on a graph models the
evolution of quantum states from interacting qubits in a quantum computer. The
walk can be defined by a unitary matrix acting on the complex vector space with
basis labeled by the vertices of the graph. If X is a simple, undirected, loopless graph
on n vertices with adjacency matrix A, then the operator

o (i\k
Ua(t) = Z %Ak
k=0
acting on C" defines a continuous-time quantum walk on the graph X and is called the
transition matriz of the walk. There are several state transfer phenomena of interest
related to the walk. We say that the graph X admits perfect state transfer from a
vertex u to a vertex v at time 7 € RT with phase A € C if u and v are distinct and
Ua(7)ey = Ae,. We say that X admits fractional revival from u to v at time 7 € R
if u and v are distinct and
Ua(T)ey = ae, + Pey
for some «,3 € C with |a|?> + |32 = 1, B # 0. Note that perfect state transfer
is a special case of fractional revival when o = 0. Lastly, we say that X admits
instantaneous uniform mizing at time 7 € RT if

1
UaA(T)|u,0 = %
for all vertices v and v of X. Finding families of graphs whose quantum walks have
these various properties is still an active area of research, and the current results
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suggest that they rarely occur [8, 15]. For example, Godsil showed that for each
positive integer k there are only finitely many connected graphs with maximum degree
at most k which admit perfect state transfer [14, Corollary 10.2].

Owing in part to their well-understood spectra, one family of graphs which has
received attention are Cayley graphs of finite groups. There are several papers on
perfect state transfer in Cayley graphs of abelian groups. In [1], Basi¢ studied Cayley
graphs of cyclic groups and gave necessary and sufficient conditions for perfect state
transfer. Bernasconi et al. and Cheung et al. studied perfect state transfer in cubelike
graphs [2, 9]. Tan et al. generalized this work by studying Cayley graphs of arbitrary
abelian groups in [18], and provided conditions for perfect state transfer in terms of
the spectrum.

While much work has been done for Cayley graphs of abelian groups, there are few
results for non-abelian groups. Gerhardt and Watrous [13] considered Cayley graphs of
symmetric groups. Cao and Feng considered normal Cayley graphs of dihedral groups
and showed that such graphs must be integral and the order of the group must be
even for perfect state transfer to occur [4]. We will extend the theory of quantum
walks on Cayley graphs by considering normal Cayley graphs of certain non-abelian
groups, called extraspecial 2-groups. We will primarily view a Cayley graph of a finite
group as a graph in a particular association scheme, and use the existing literature to
examine the quantum walks on these graphs. An important result of Chan et al. [7]
showed that a necessary condition for perfect state transfer is for the group to contain
a central involution. This motivates our choice of studying normal Cayley graphs of
extraspecial 2-groups, since these groups contain a unique central involution.

In Section 2 we will present some preliminary results concerning perfect state trans-
fer on graphs in association schemes, and we will determine when vertices in a nor-
mal Cayley graph are strongly cospectral. In Section 3 we will provide the necessary
background on extraspecial p-groups and their characters, and show that their normal
Cayley graphs are integral. In Section 4 we give a complete characterization of perfect
state transfer in these graphs and use partial spreads to construct explicit examples.
In Section 5 we give precise conditions for fractional revival. In Section 6 we prove
that there is no normal Cayley graph of an extraspecial p-group which admits instan-
taneous uniform mixing. Lastly, in Section 7 we give some concluding remarks and
open questions.

2. PRELIMINARIES

A commonly used method for examining the transition matrix Ua(¢) is to employ
the spectral decomposition of A, which we will now describe. If 6o, ..., 0, are the
distinct eigenvalues of A then the spectral decomposition of A is A = Y7 6, E;
where F; is the projection onto the eigenspace £(6;). The projections F; are orthogonal
idempotents, meaning that they satisfy

(i) Ef :Ej for all j =0,...,r.
(ii) E;E; = 0 whenever i # j.

(i) g By =1.

Using these properties the transition matrix Ua(t) can be expressed as

Ua(t) = Z i ;.
=0

There are some sets related to the spectral decomposition of A which will be important
for understanding perfect state transfer. The set @, := {6; : E;e, # 0} is called the
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etgenvalue support of the vertex u. We say that vertices u and v are strongly cospectral
if
Eieu = :l:Eieva
forall i =0,...,r, and when u and v are strongly cospectral we define the sets
@Iv = {92 : Eieu = EN’iev 75 0},
o, =1{6;: Eie, = —E,e, #0}.

The sets @ and @, are disjoint by definition. The adjacency matrix of a normal
Cayley graph enjoys certain algebraic properties, which we now describe. Let G be
a finite group with conjugacy classes Ky = {1}, K3,..., Ky, and let R; C G x G
be the relation R; = {(g9,h) € G x G : gh™! € K,}. If A; denotes the adjacency
matrix of the relation R;, then the set of matrices A = {Ag, 41,..., A4} forms an
association scheme. In general this association scheme is symmetric if and only if
the conjugacy classes of G are closed under taking inverses. For an introduction to
association schemes, see [12]. Throughout the paper we will only consider normal
Cayley graphs, meaning that S C G ~\ {1} will be a union of conjugacy classes, say
S = UierK;, where T C {1,2,...,d}. We will also assume that S is closed under
taking inverses, S generates the group G, and S # G ~\ {1}. Then the normal Cayley
graph Cay(G, S) is a connected, undirected graph in the association scheme .4 which
is not the complete graph, and with adjacency matrix A =}, _; A;.

Coutinho et al. gave the following result for graphs in association schemes which
admit perfect state transfer [11, Theorem 4.1]. It first appeared in [14, Theorem 4.1].

THEOREM 2.1. Let X be a graph belonging to an association scheme A = {Ay, ..., Aq}
and with adjacency matriv A = ), A; for some I C {0,1,...,d}. If X admits
perfect state transfer at time 7, then there is a permutation matriz T with no fixed
points and of order two such that Ua(1) = AT for some A € C. Moreover, T is a class
in the scheme.

Theorem 2.1 tells us that if the normal Cayley graph Cay(G,S) admits perfect
state transfer, then there is some ¢ € I for which A; is a permutation matrix of order
2 with no fixed points. Therefore a necessary condition for perfect state transfer is that
G contains a central involution z. The matrix T' = A; is the regular representation of
the element z, and when perfect state transfer does occur it is from a vertex g to gz,
where g € G.

The spectral decomposition of the adjacency matrix A of Cay(G,S) can be de-
scribed using the complex characters of G. We identify the underlying vector space of
the group algebra CG with the space of column vectors on which A acts, so that the
characteristic vectors e, for x € G, form the standard basis. The group G also acts
on CG through its left regular representation L. For g € G the matrix L(g) maps a
basis vector e; to eg,.

Let Irr(G) denote the set of irreducible complex characters of G. For x € Irr(G)
we let x(S) = >, g x(s). Then each eigenvalue of A is of the form 6 = x(5)/x(1) for
some x € Irr(G) and, conversely, each x gives an eigenvalue. Let Xy = {x € Irr(G) :
x(S)/x(1) = 6}. Then each x € X4 contributes x(1)? to the multiplicity of 6. For
each eigenvalue 6, let £(6) denote its eigenspace and let Ey denote the projection onto
£(6). Then we have the spectral decomposition A =3, €Spec(A) 0FE,. The association
scheme A of G generates a semisimple algebra, isomorphic to the center of the group
algebra, which has an basis of orthogonal idempotents

1) B, = ’Tgf S (0 L), x € (@),

geG
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The columns of the idempotents E,, are eigenvectors of A, since AFE, = %Ex- Then
the projection Eg can be written as
(2) EQ = Z Exz
x€Xg

so that the spectral decomposition of A is
(3) A= > 0> E,

0eSpec(A) x€Xo
From (3) we can show that the eigenvalue support of a vertex in Cay(G, S) contains

each eigenvalue of the graph.

THEOREM 2.2. The eigenvalue support ®, of a vertex g € G in the graph X =
Cay(G,S) contains each eigenvalue of X .

Proof. Let 6 € Spec(X). We will show that the column of Ey labeled by g € G is
nonzero. Using (1) and (2), the g column of }° B, is:

Z Eyeq = Z Xélﬁ Z X(h_l)ehg

x€Xe XE€Xo heG
_ x(1) -1
= Z W Z x(gz™" e
xXEXo zeG
The ¢*" entry in this column is then zxe X, Xl(Tl)lz, which is nonzero. O

While Theorem 2.1 showed that if a normal Cayley graph admits perfect state
transfer then transfer occurs between group elements of the form g,gz, for g € G
and z a central involution of G, we can alternatively use (3) to show that if distinct
vertices g and h in a normal Cayley graph Cay(G,S) are strongly cospectral, then
gh~! must be a central involution.

THEOREM 2.3. If distinct vertices g, h € G of the normal Cayley graph X = Cay(G, S)
are strongly cospectral, then gh™' is a central involution of G.

Proof. Since g and h are strongly cospectral, then for 6 € (I);h we have er x, Exeg =
> vex, Exen. This implies

1 1 1 1
T 75; S x(gr e = 3 ’|<é,|) S x(ha Ve

XEXop zeG XEXo zeG
Then for each z € G we get
x( - x(1 -
> e = 5 Ak
XEXo XEXp
Setting © = h we obtain
x() x(1)
S = ().
> o X9h™h > o @
XE€Xo XEXo

As |x(gh™1)| < x(1), this equation forces x(gh™1) = x(1) for all y € Xy. If p € @
then a similar argument shows that ¢ (gh~1') = —(1) for all ¢ € X,,.

Consequently, we have shown that y(gh™1) = £x(1) for all x € Irr(G). This means
that z := gh~! must represented by either the identity matrix or its negative in every

irreducible complex representation of G. It follows that z is a central element with
2
2z =1. O
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Following Theorem 2.3 we can now determine when two vertices are strongly
cospectral in Cay(G, S).

THEOREM 2.4. Let G be a finite group with central involution z € G. Vertices g and
gz are strongly cospectral in X = Cay(G,S) if and only if for each x,v € Irr(G),
whenever x(S)/x(1) = ¥(S) /¥ (1) it implies x(z)/x(1) = ¥ (z)/¥(1).

Proof. First suppose that g and gz are strongly cospectral. Then for 6 € <I)g gzr WE
have 3 v, Exeq = >, cx, Ex€g> which implies

1 . 1 »
> Xéf D xlgzNes =Y >Té,|) > x(gzz e,

xXE€Xop zeG XEXo zeG
Then for each z € G we get

x(1 _ x(1) 1
Z 7| = Z WX(QZJU ).

€Xo XEXo

If ¢ is the representation affording x then for all h € G, we have p(hz) = p(h)p(2).
Here ¢(z) must be a scalar matrix as ¢ is irreducible and z is central, and the scalar
matrix must be +7 as z is an involution. Taking traces, we see that the sign is
x(2)/x(1). Setting x = ¢ in the above equation yields

x@) gy = v X x(z)
o W= 2 e

x(1).

XEXo

From this we conclude that x(z)/x(1) =1 for all x € Xy. A similar argument shows
that if p € @ then for all ¢ € X, we have ¥(2)/9(1) = —

Conversely, suppose that for each x, v € Irr(G), whenever x(5)/x(1) = ¥(S) /¢ (1)
it implies x(2)/x(1) = ¥ (2)/1(1). Then for § € Spec(X) with x(z)/x(1) = 1 for all
X € Xp we have

Z E,eq, = Z ZX (gzx 1 )es

xX€Xo X€Xo zed
_ x(2) 21
B Z 1 €z
XE€Xo IEG
X(l) -
= Z W Z x(gz™H)es
XEXo zeG
=2 Bxey
XEXo
with a similar computation if x(z)/x(1) = —1 for all x € Xj. O

REMARK 2.5. From Theorem 2.4 and its proof it is clear that if the vertices g and gz

are strongly cospectral in Cay(G, S) then the sets @ and @, are

o . ={x(9)/x(1) : x € Irr(G) and x(z)/x(1) = 1},

Dy 5. = {¥(9)/¢(1) : ¥ € Irr(G) and 9(2) /(1) = —1}.
Note that the sets ®} _ and ®_ . do not depend on the choice of group element g.
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3. EXTRASPECIAL GROUPS

A finite group G is said to be an extraspecial p-group if G is a p-group whose center
Z has order p, and G/Z is isomorphic to (Z/pZ)™ for some m > 1. It is well known
that an extraspecial p-group must have order p?"*! for some n > 1. The irreducible
characters of extraspecial p-groups are well studied. If GG is an extraspecial p-group
of order p>»*! then the irreducible linear characters of G are the linear characters of
(Z/pZ)*". The irreducible non-linear characters are

)0, ifge Z
¥alg) = {p”)\(g), ifge Z.

where A is a non-principal character of Z. In particular, when G is an extraspecial
2-group of order 22"t the irreducible linear characters are x,(g) = (—1)¥9, where
y € (Z/2Z)?" and g is the image of g € G in (Z/2Z)?". Letting z denote the unique
central involution of G, then the unique irreducible non-linear character is

0, ifgeGNZ

2n ifg=1.
For more background on extraspecial groups, see [16, Chapter 5.5].

From now until the end of Section 5 we will let G denote an extraspecial 2-group of
order 221! with unique central involution z. We note that for each positive integer n
there are two isomorphism types of extraspecial 2-groups of order 22"*!: our results
do not depend on the isomorphism type. We will let S C G \ {1} be a union of
conjugacy classes that generates the group G. Note that each conjugacy class in G
is closed under inversion, and that S generates G if and only if the image of S in
(Z)27)*" generates (Z/27)*". Tt is easy to see that the conjugacy classes of G with
size greater than 1 are the non-identity cosets in the quotient G/Z and thus have
size 2. Explicitly, let us write S \ {2z} = K(x1) U K(22) U---U K(z¢), where K(z;)
is a conjugacy class of size 2 of the element z; € G, and z is possibly not in S. As
G/Z is isomorphic to (Z/27)*", we will let g denote the image of a group element
g € G in (Z/2Z)*". Additionally, for y € (Z/2Z)?" we will let e, denote the number
of elements x; with y - z; = 0 modulo 2.

THEOREM 3.1. In the notation above, let X = Cay(G, S) be the normal Cayley graph
with connecting set S. Then X is integral, and its spectrum is (the multiset):

Spec(X) = {de, — 20+ 1:y € (Z/2Z)*"} U {-1},
when z € S, and
Spec(X) = {de, — 20 : y € (Z/2Z)*"} U {0},
when z ¢ S.

Proof. We will prove the case when z € S as the case when z ¢ S follows similarly. The
eigenvalues of X are x(S5)/x(1) where x is an irreducible character of G. First suppose
that x is an irreducible linear character. Then x(x) = (—1)¥® for some y € (Z/27)",
and the eigenvalue afforded by x is computed by

£
X(S) =1+ 22(_1)%

=142(ey — ¥l +ey)
—de, —20+1,

Algebraic Combinatorics, Vol. 5 #4 (2022) 704
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giving the eigenvalues in the first set above. Next suppose that ¢ is an irreducible
nonlinear character. Then from Equation (4), ¢ has degree 2™ and vanishes on the
conjugacy classes of size two. Thus the eigenvalue afforded by v is

P(8) /(1) = ¥(2) /(1) = —1

as claimed. O

THEOREM 3.2. Let X = Cay(G, S) be a normal Cayley graph where G is an extraspe-
cial 2-group. Vertices g and gz of X are strongly cospectral if and only if the sets

{x(S)/x(1) : x € Irr(G) linear}, {w(S)/1¥(1): ¢ € Irr(G) nonlinear}
are disjoint.
Proof. If g and gz are strongly cospectral then from Remark 2.5 we have

o .= {x(5)/x(1) : x € Irz(G) linear}
and
O ={¥(9)/¥(1) : ¢ € Irr(G) nonlinear},

9.9%

which are disjoint sets by definition. Conversely, if {x(S)/x(1) : x € Irr(G) linear}
and {¥(S)/¥(1) : ¥ € Irr(G) nonlinear} are disjoint, then it is never the case that
x(S5)/x(1) = ¥(S) /(1) for some linear character x of G and some nonlinear character
1 of G. Thus Theorem 2.4 implies that g and gz are strongly cospectral. 0

4. PERFECT STATE TRANSFER

We are now ready to give a preliminary result on perfect state transfer in normal
Cayley graphs of extraspecial 2-groups. Since the spectrum of Cay(G, S) will depend
on whether or not z is in S, we will consider each case separately. For a rational
number z € Q we will let vo(x) denote its 2-valuation. We will use the following
characterization of perfect state transfer in regular graphs, which is a reformulation
of a theorem given by Coutinho [10, Theorem 2.4.4].

THEOREM 4.1. A k-reqular graph X admits perfect state transfer between vertices u
and v at time T with phase X if and only if the following hold:

(i
(ii
(iii
(iv) With N given in (iii), each 6 € ®}, has vo(k —6) > N.

uv

) u and v are strongly cospectral.
) The nonzero elements of ®,, are all integers.
) There is an integer N > 0 such that N = vo(k — p) for all p € @,

uv *

Moreover, if these conditions hold and perfect state transfer occurs between u and v
at time T with phase X\, then the following hold.

(a) There is a minimum time 1o where X admits perfect transfer, which is

=T =il =010 0

(b) 7 is an odd multiple of 9.
(c) va(f) = N.

We have the following criteria for perfect state transfer when z is in S.

LEMMA 4.2. In the notation of Theorem 3.1, the graph X = Cay(G,S) with z € S
admits perfect state transfer if and only if:

(i) e, # 5t for each y € (Z/22)*";
(ii) v2(€ —ey) = v2(€+ 1) for each y € (Z/2Z)*".
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Proof. Suppose first that X admits perfect state transfer from ¢ to gz. From Theo-
rem 2.2 we know that the eigenvalue supports of each vertex contain every eigenvalue
of X. Theorem 4.1 implies that the vertices g and gz are strongly cospectral, and by

+ —
Remark 2.5 the sets @, . and ¢ . are

OF ={de, — 20+ 1:y € (Z/27)*"},

9,92
(bg_,gz = {_1}

As the sets @} and ®_ . are disjoint, then 4e, — 20 + 1 # —1, which implies (i).

Moreover, the valuation criteria of Theorem 4.1 (iii)—(iv) imply
vo(|S| —4ey +20 —1) > 1,(]S] + 1)
for all y € (Z/27)?". Simplifying, we get
Vo (40 — dey) > v2(20 + 2)
which is equivalent to
vl —ey) = va(f+1)
so that (ii) is necessary. Conversely, if (i)-(ii) hold then (i) implies that the sets

{de, — 20+ 1:y € (Z/22)*}, {1}
are disjoint, so by Theorem 3.2 the vertices g and gz are strongly cospectral. From
Theorem 2.2, the eigenvalue support of g contains each eigenvalue of X, and each such
eigenvalue is an integer by Theorem 3.1 so that Theorem 4.1(ii) is satisfied. Lastly,
(ii) implies that

1/2(|S| — 4€y + 20 — 1) > VQ(‘S| + 1)
so that Theorem 4.1 (iii)—(iv) hold. Therefore X admits perfect state transfer from g
to gz. O

Note that in Lemma 4.2, (ii) implies (i). Next we will consider the case when z ¢ S
and prove a preliminary result analogous to Lemma 4.2.

LEMMA 4.3. In the notation of Theorem 3.1, the graph X = Cay(G,S) with z ¢ S
admits perfect state transfer if and only if:

(i) ey # & for each y € (Z/2Z)*";

(ii) vo(€ —ey) = va(l) for each y € (Z/2Z)*".

Proof. The proof is analogous to the proof of Lemma 4.2. First suppose that X
admits perfect state transfer between vertices g and gz. Then g and gz are strongly
cospectral, and we must have 4e, — 2 # 0 since ®f . = {4e, — 20 : y € (Z/2L)*"}

and ®_ . = {0} are disjoint. This gives (i). For (ii), note that the valuation criteria

of Theorem 4.1(iii)-(iv) tell us
v9(20 — dey + 20) > v5(20)
vo (40 — dey) > v2(20)

as claimed.
Conversely, if (i) and (ii) hold then (i) implies that the vertices g and gz are
strongly cospectral and (ii) gives the required 2-valuation criteria. O

As with Lemma 4.2, we note that in Lemma 4.3, (ii) implies (i). We summarize
the statements of Lemma 4.2 and Lemma 4.3 into one theorem.

THEOREM 4.4. In the notation of Theorem 3.1, the graph X = Cay(G,S) admits
perfect state transfer at time 7 if and only if either of the following hold:

(i) z€ S and vo(l —ey) = vo({ + 1) for all y € (Z/2Z)*"; or
(i) = ¢S and va(C— ey) > valt) for all y € (Z/2Z).

Algebraic Combinatorics, Vol. 5 #4 (2022) 706
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If (i) holds then T is an odd multiple of w/d, where
d=ged ({20 +2} U {de, — 40y € (Z/2Z)*"})
and if (ii) holds then T is an odd multiple of 7/c, where
c=ged ({20} U {de, — 40 : y € (Z/27)°"}).

Clearly the conditions of Theorem 4.4 hold when z € S and ¢ is even, or when z ¢ S
and ¢ is odd. In the case where z ¢ S and Cay(G,.S) admits perfect state transfer,
then the transfer occurs between nonadjacent vertices g and gz, where g € G.

In this case, we remark that the distance between g and gz is two. For if = is a non-
central element in S then = has order two or four. Since S is closed under conjugation
then zz is in S as well. If z has order two then there is a path g, gz, gz(z2) = gz in
Cay(G, S). If x has order four then 2 = 2 and we have a path g, gz, gz = gz.

We can say more about the minimum times 7/d and 7/c given in Theorem 4.4.
Namely, we will show that both the integers ¢ and d are powers of 2. A similar result
was given in [18, Lemma 4.2], although we will prove a more general result here.
The proof makes use of some results from the representation theory of general linear
groups, which we will review now. We refer the reader to [17, Section 3(C)] for more
details. Let P denote the points of PG(m — 1, ¢) for some prime power ¢ of a prime
p, and let F =T, for a prime r # p. The F-vector space FT of F-valued functions
of P has a basis of characteristic functions of points, where for any subset A of P the
characteristic function of A is the function 4 : P — F taking the value 1 on elements
of A and 0 elsewhere.

The general linear group GL(m, q) acts on F'¥ by the action defined on the char-
acteristic functions of points

M - 5{,1} (1‘) = 5{a} (1‘]\4)7 M e GL(m,q)

and extending linearly, making F©' a module for the group algebra FGL(m,q). The
structure of this module is well-known and depends on the choice of prime r. When
7 does not divide |P|, then F¥' decomposes as the direct sum

(5) Fi1eWw,
where 1 is the characteristic function of P, and W is the irreducible submodule

spanned by the functions f € FT satisfying > zep f(x) =0, referred to as the aug-
mentation submodule. When r divides |P|, then F¥ has a composition series

(6) 0CF1CWCFP,
where W and F'1 are defined in the same way as in the previous case.

With this background in mind we can now turn to a preliminary lemma and its
proof.

LEMMA 4.5. Let Y be a proper, nonempty subset of P, and suppose that C is a
GL(m, q)-invariant class of subsets of P such that C' contains at least one nonempty
proper subset. Then the integer

ged (Y NH|: HeC)
s a power of p.
Proof. Suppose that r is some prime not equal to p which divides |Y N H| for all
H € C. Let F =TF,, and consider the F-subspace U = (6 : H € C) of FF. Note
that U # F1. For H € C, the dot product of 0y with dy is |Y N H|. Since r divides
|Y N H| for each H € C then this implies that &y is in U*.

If r does not divide |P|, then following the decomposition of Equation (5) U must
contain the submodule W since U # F1. But this implies that U+ C F1, so that
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dy is constant. This contradicts the hypothesis that Y is a proper subset of P, and
hence r cannot be distinct from p. If r divides | P|, then since U # F'1 the composition
series of Equation (6) implies that W C U. But then we get that U+ C W+ = F1,
hence dy is in F'1. This contradicts the assumption that Y is a proper subset of P,
and again r cannot be distinct from p. From both of these cases we conclude that
ged(|[Y N H|: H € C) is a power of p, as claimed. O

From Lemma 4.5 it now easily follows that the integers ¢ and d from Theorem 4.4
are powers of 2.

THEOREM 4.6. In the notation of Theorem 4.4, the integers
d=ged ({20 + 2} U {de, — 40 y € (Z/2Z)*"}),
c=ged ({20} U {4e, — 4l : y € (Z/2Z2)°"}),

are both powers of 2.

Proof. We show that the integer

M =ged (€ — ey :y € (Z/22)%")

is a power of 2, from which it follows that d and c are both powers of 2. Let C' be the
class of subsets

C:{{x:y-le}:yngn\{O}}
of PG(2n — 1,2). Then C is GL(2n, 2)-invariant, and so the integer
N =ged([{Z1,..., T} NH|: HeC)

is a power of 2 by Lemma 4.5. If H is the subset {x : y-o = 1} then [{Z1,...,Z}NH| =
¢ — e, so that N = M and therefore M is a power of 2. O

From Theorem 4.6 we can simplify the minimum time for perfect state transfer
given in Theorem 4.4. We state the simplified theorem for the convenience of the
reader.

THEOREM 4.7. In the notation of Theorem 3.1, the graph X = Cay(G,S) admits
perfect state transfer at time 7 if and only if either of the following hold:

(i) z €S and vo(¢ — ey) = vo(L+ 1) for all y € (Z/27)*"; or

(ii) z ¢ S and v2(€ —ey) = v2(£) for all y € (Z/2Z)*".
If (i) holds then T is an odd multiple of w/2">+2) and if (i) holds then T is an odd
multiple of w/2v2(20), O

We can also show that when Cay(G, S) is not the complete graph, both Cay(G, S)
and its complement admit perfect state transfer at the same time. For the following
theorem we let S° denote the complement of the subset S in G \ {1}, and we will let
A be the adjacency matrix of Cay(G, S¢).

THEOREM 4.8. Let G be any finite group. Suppose the normal Cayley graph X =
Cay(G,S) admits perfect state transfer from g to gz, for all g € G, for some central
involution z € G, and at time 7. Then X = Cay(G, S¢) admits perfect state transfer
from g to gz for all g € G and at time 7 if and only if |G|T is an integer multiple of
27.

Proof. Since X admits perfect state transfer, then from Theorem 4.1 we can write
the transition matrix of X at the time 7 as

e2'7'A —\T
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for some A € C, where T is the regular representation of z. The adjacency matrix of
the complementary graph X is related to A by

A=J—-T-A.
Since T has order two, then the transition matrix for X at time 7 is
eirA — \legit(I=Dp

Therefore X admits perfect state transfer if and only if e/”(/=1) = pI for some p € C.
The eigenvalues of J — I are |G| — 1 and —1, so if J — I has spectral decomposition
(|G| - ].)El - EQ, then

ei7'(J—I) — eiT(|G|—1)E1 + 6_iTE2.

It then follows that e'™(/=1) = 4T if and only if e/7(GI=1) = ¢~ "if and only if |G|r
is an integer multiple of 2. O

COROLLARY 4.9. Let G be an extraspecial 2-group of order 22" +1, and suppose that S
is a proper subset of G~ {1}. Then X = Cay(G,S) admits perfect state transfer at
time T if and only if the complementary graph X = Cay(G,S¢) admits perfect state
transfer at time T.

Proof. Suppose that X = Cay(G, S) admits perfect state transfer at time 7 and that
z € 5. From Theorem 4.1, it suffices to check that the theorem is true when 7 equals
the minimum time 7y, so we assume that 7 = 7. Following Theorem 4.8, we show
that 2217 is an integer multiple of 27. From Theorem 4.7 the minimum time is
7 =7/2v2(3¢*2) Since S is a proper subset of G~ {1}, then £ is at most 22" — 2, and
hence ¢+ 1 < 22" — 1. Thus we have

2V2(2f+2) <2U+2< 22n+1 —9

which implies v5(2¢ + 2) < 2n + 1. Therefore 227+ /2v2(242) is indeed an integer
multiple of 27, as claimed.

Suppose now that Cay(G, S) admits perfect state transfer at time 7 and that z ¢ S.
Arguing similarly to the case where z € S, we know that 7 = 7/22(2), Again we get
the inequalities

21/2(2@) <A< 22n+1 —9

so that 15(2¢) < 2n + 1. Therefore 227+ /2v2(20) is an integer multiple of 2. O

As we noted after Theorem 4.4, there are two particularly simple choices of con-
necting set S where Cay(G, S) admits perfect state transfer. Namely, we can choose
S so that z € S and £ is even, or choose S with z ¢ S and ¢ is odd. We have less
obvious examples where S does not contain z and £ is even. By taking complements,
it also gives graphs admitting perfect state transfer whose connecting set contains z
and £ is odd.

A partial k-spread in Fy is a set of k-dimensional subspaces of Fy such that any
two intersect in the zero subspace. Elementary counting shows that a partial k-spread
has at most (¢" —1)/(¢* — 1) elements.

THEOREM 4.10. Let T be a partial k-spread in F3" with N elements, and assume that
the points of T span F3". In the notation of Theorem 3.1, let X = Cay(G,S) with
S = K(z1)U---UK(x) such that S is the set of points incident to the elements of
T. If ro(N) < k—1, then X is a connected graph which admits perfect state transfer
with minimum time 7 /2V2N)

In particular, when T is a partial n-spread for n > 2 and N = 2""! then X is a
connected graph which admits perfect state transfer with minimum time 7/2™.
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Proof. We prove the statement first when T is a partial k-spread with N elements
which span F3". Since the points of T are assumed to span F3" then the graph
Cay(G, S) is connected. To see that Cay(G, S) admits perfect state transfer, let H be
the hyperplane of F2" defined by

{zeF3":y-x =0}

for some y € F3" \ {0}. Each element of T is either contained in H or intersects H
in a (k — 1)-dimensional subspace. Let M be the number of elements of 7' contained
in H. Counting the number of points of S that are contained in H shows

ey =M(2F — 1)+ (N - M)(2F 1 —1)
= (M + N)2F-1 - N.

It then follows that £—e, = (N —M)28~1 which implies that v2(¢—e,) > k—1. Since
¢ = N(2¥ — 1), then v5(¢) = vo(N) < k — 1. From Theorem 4.7, X admits perfect
state transfer with minimum time 7 /222N,

Lastly, when T is a partial n-spread with N = 27! then the points of T span
F2" since n > 2. Therefore Cay(G,S) is a connected graph in this case, and the
above computations prove that it admits perfect state transfer with minimum time
w /2" O

Note that the minimum time given in Theorem 4.10 depends only on the number
of elements in the spread. For example, we can take T to be a subset of the regular
spread, which is defined as follows. The vector spaces F3" and F2, are isomorphic as
[Fy-vector spaces. A 1-dimensional subspace of F3, maps to an n-dimensional subspace
of F2", and the 22" + 1 images of the 1-dimensional subspaces of F3,. form a collection
of n-dimensional subspaces of F3", with any two intersecting in the zero subspace,
called the regular spread.

5. FRACTIONAL REVIVAL

A detailed description of fractional revival in graphs in association schemes was
provided in Chan et al. [7, Theorems 3.3, 3.5]. We can apply those results to our
setting of a normal Cayley graph Cay(G,S) of an extraspecial 2-group. We use the
notation from section 3. Let v = vo(ged( — e, : y € (Z/2Z)?")) and define integers g
and h by:

min(22(26+2) 204+2) " if » € S,
g= hg = 292,
min (27220 2042), if ¢S,
By Theorem 4.6 g is equal to the integer in Theorem 4.4 denoted by d or ¢ according
to whether or not z € S. In this notation, we can state the following special case

of [7, Theorem 3.5]. (The times for balanced fractional revival are read off from [7,
Theorem 3.5].)

THEOREM 5.1. Let X = Cay(G, S). If z € S then:

(a) a+1 < wa(l+1) if and only if X admits neither perfect state transfer nor
fractional revival.

(b) « > va(f+1) if and only if X admits perfect state transfer. When o = vo(€+1),
X admits perfect state transfer but no other form of fractional revival.

(¢) a>=va(l+1)+1 if and only if X admits fractional revival that is different from

perfect state transfer. In particular, i—” is the minimum time when fractional

revival occurs in X, and X admits balanced fractional revival at time 2.

29
If 2 ¢ S then:
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(i) a4+ 1< a(l) if and only if X admits neither perfect state transfer nor frac-
tional revival.
(ii) a > a(0) if and only if X admits perfect state transfer. When o = v5(€), X
admits perfect state transfer but no other form of fractional revival.
(iii) a = va(f) + 1 if and only if X admits fractional revival that is different from
perfect state transfer. In particular, i—’; s the minimum time when fractional

revival occurs in X, and X admits balanced fractional revival at time %.

By slightly modifying Theorem 4.10 and applying Theorem 5.1(iii) we have exam-
ples of sets S C G \ {1, z} where G is an extraspecial 2-group and Cay(G, S) admits
balanced fractional revival.

THEOREM 5.2. Let T be a partial k-spread in F3" with N elements, and assume that
the points of T span F3". Let X = Cay(G,S) with S = K(z1)U---U K (x¢) such that
S is the set of points incident to the elements of T. If vo(N) < k — 2, then X is a
connected graph which admits balanced fractional revival.

In particular, when T is a partial n-spread with n >3 and N = 2772 then X is a
connected graph which admits balanced fractional revival. O

6. UNIFORM MIXING

We now turn to uniform mixing in normal Cayley graphs of extraspecial p-groups,
where p is any prime, not necessarily equal to 2. For graphs in association schemes,

Chan gave a useful characterization. Let A = {Ap, 41,...,Aq} be an association
scheme. The C-algebra generated by A is called the Bose-Mesner algebra of A, and
has an alternative basis of orthogonal idempotents, say {Ey, ..., Eq}. Each A; can be

written as a linear combination of the idempotents, say A; = Zi:o p;j($)Es, and from
the orthogonality of the idempotents it follows that the columns of the idempotents
E, are eigenvectors of A; with eigenvalue p;(s).

Recall that if X is a graph on n vertices in the association scheme A with adjacency
matrix A, then X admits instantaneous uniform mixing at time 7 if

1
Vn
for all vertices u and v of X. This is equivalent to the matrix /nU4(7) being a complex
Hadamard matrix. Thus a necessary condition for instantaneous uniform mixing is
that the Bose-Mesner algebra of A contains a complex Hadamard matrix. Chan gave

the following result for association schemes containing a complex Hadamard matrix
[6, Proposition 2.2].

|UA(T)|u,v =

THEOREM 6.1. If the Bose-Mesner algebra of A contains a complex Hadamard matrix,

then
d 2
n< (X lpi(s)l)
j=0

We can use this to give a necessary condition for instantaneous uniform mixing.
Let G be any finite group of order n, with conjugacy classes K(go), K(g1),- .-, K(g4)-

The columns of the idempotents E, are eigenvectors of A; with eigenvalues wj, :=
| K (g;)|x(g5)/x(1), so we can write A; as

Aj = Z W;EX'
x€Irr(G)

We then deduce the following result.
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THEOREM 6.2. Let G be a group of ordern. If Cay(G, S) admits instantaneous uniform
mizing, then the support of each x € Irr(G) contains at least \/n elements of G.

Proof. Suppose Cay(G,S) admits instantaneous uniform mixing. If J is the set of
indices j such that x(g;) # 0, then from Theorem 6.1 we have:

1K (0))1(0,)]
P Pey

< 31K ()
jeJ
= [supp(x)|;
since |x(gi)| < x(1). -

Note that Theorem 6.2 gives a necessary condition for instantaneous uniform mix-
ing which depends only on the character table of G, and not on the connection set
S. In the abelian case, there are Cayley graphs on abelian 2-groups and elementary
abelian 3-groups (and direct products of these) that admit instantaneous uniform
mixing, as shown in [6] and [5].

We have the following result.

COROLLARY 6.3. There is no normal Cayley graph of an extraspecial p-group which
admits instantaneous uniform mizing.

Proof. If G is an extraspecial p-group of order p?>*+! with center Z, then the nonlinear

characters of G vanish on G\ Z and hence have supports of size p < /p2"+1. Therefore
Theorem 6.2 implies that no normal Cayley graph of G admits instantaneous uniform
mixing. U

7. CONCLUSION

Previous work on continuous-time quantum walks on Cayley graphs has mainly
focused on the case where the group is abelian. In this paper we used known results
on graphs in association schemes to determine when the quantum walks on Cayley
graphs of extraspecial 2-groups admit various phenomena. The choice to study the
extraspecial 2-groups is a natural one since previous results showed that perfect state
transfer may only occur in a Cayley graph of a group containing a central involution,
and each extraspecial 2-group contains a unique central involution.

After giving precise conditions for perfect state transfer in these graphs, we saw
that taking a connecting set S such that z € S and £ even, or z ¢ S and ¢ odd are
two particularly easy choices for Cay(G,S) to admit perfect state transfer, and we
provided explicit examples of graphs admitting perfect state transfer when z ¢ S and
{ is even by using partial spreads. We also gave precise conditions for the different
forms of fractional revival, and showed that there are graphs from partial spreads
which admit balanced fractional revival.

We also remark that Cayley graphs of the group (Z/27)", known as cubelike graphs,
have received much attention previously [2, 9, 18]. As the quotient of an extraspecial
group of order 22"*! by its center is isomorphic to (Z/2Z)?", it is interesting to
compare the quantum walks on the Cayley graphs of these groups. For example, it
was proven in [2, Theorem 1] that Cay((Z/2Z)%,S) admits perfect state transfer at
time 7/2 when the sum of the elements of S is not 0. When this sum is 0, Cheung
and Godsil gave conditions for perfect state transfer in [9, Theorem 4.1], although our
main result in Theorem 4.7 appears to be simpler. On the other hand, it is known that
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there are Cayley graphs of (Z/2Z)% and (Z/3Z)? which admit instantaneous uniform
mixing. This starkly contrasts with our results in Corollary 6.3.

There are a few questions that we think would be interesting to investigate further:

(1) Throughout the paper we only considered normal Cayley graphs, where the
connecting set S is a union of conjugacy classes. Are there similar results
with more general connecting sets that are not unions of conjugacy classes?
Perfect state transfer on non-normal Cayley graphs of dihedral groups has
been studied in [3].

(2) A finite p-group is called a special p-group if its center, Frattini subgroup, and
derived subgroup are all equal and elementary abelian. As the name suggests,
the extraspecial p-groups are also special p-groups. Can the results presented
here be generalized to Cayley graphs of special groups? Special groups which
may be interesting to consider include the Heisenberg groups over finite fields.
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