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Tableau models for semi-infinite Bruhat
order and level-zero representations of

quantum affine algebras

Motohiro Ishii

Abstract We prove that semi-infinite Bruhat order on an affine Weyl group is completely
determined from those on the quotients by affine Weyl subgroups associated with various max-
imal (standard) parabolic subgroups of finite type. Furthermore, for an affine Weyl group of
classical type, we give a complete classification of all cover relations of semi-infinite Bruhat
order (or equivalently, all edges of the quantum Bruhat graphs) on the quotients in terms of
tableaux. Combining these we obtain a tableau criterion for semi-infinite Bruhat order on an
affine Weyl group of classical type. As an application, we give new tableau models for the crys-
tal bases of a level-zero fundamental representation and a level-zero extremal weight module
over a quantum affine algebra of classical untwisted type, which we call quantum Kashiwara–
Nakashima columns and semi-infinite Kashiwara–Nakashima tableaux. We give an explicit
description of the crystal isomorphisms among three different realizations of the crystal basis
of a level-zero fundamental representation by quantum Lakshmibai–Seshadri paths, quantum
Kashiwara–Nakashima columns, and (ordinary) Kashiwara–Nakashima columns.
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1. Introduction
The aim of this paper is to give an explicit description of semi-infinite Bruhat order in
terms of tableaux and its application to level-zero representation theory of quantum
affine algebras.

Semi-infinite Bruhat order on an affine Weyl group is a variant of Bruhat order on
a Coxeter group, and it is also an important tool to study representation theory of
algebraic groups, quantum groups, and affine Kac–Moody Lie algebras, quantum and
affine Schubert calculi, and so forth (see [2, 5, 10, 11, 19, 22, 24, 25, 20, 28, 29, 32] and
the references given there). In fact, analogously to (ordinary) Bruhat order, each of
the following structures is closely related (or equivalent) to semi-infinite Bruhat order:
Lusztig’s generic Bruhat order ([28, §1.5]) and Peterson’s stable Bruhat order ([32,
Lecture 12]) on an affine Weyl group, Littelmann’s order on the affine Weyl group
orbit through a level-zero integral weight of an affine Kac–Moody Lie algebra ([27,
§4]), the quantum Bruhat graphs ([5, Definition 6.1] and [24, §4]), homomorphisms
among Wakimoto modules over an affine Kac–Moody Lie algebra ([2, Proposition
4.10]), the containment relation among (opposite) Demazure subcrystals of the crys-
tal basis of a level-zero extremal weight module over a quantum affine algebra ([29,
Corollary 5.2.5]), and the containment relation among semi-infinite Schubert varieties
([19, §4.2]); see also (i)–(ii) below. Also, it is worth pointing out that semi-infinite
Bruhat order has the lifting property (or “diamond lemma”) with respect to the
semi-infinite length function ([11, §4.1]; see also Lemma 2.6); note that Bruhat order
on a Coxeter group is characterized uniquely by the lifting property with respect to
the length function ([8, Theorem 1.1]; see also [4, Exercise 14 in §2]). However there
indeed exist some differences between semi-infinite and ordinary Bruhat orders. For
example, there are no minimal elements in semi-infinite Bruhat order, and this order
depends on not only the Coxeter system but also the root data. Therefore the stan-
dard method to study Bruhat order (see for instance [4]) is not well adapted to the
study of semi-infinite Bruhat order.

In [10], we intended to develop tableau combinatorics on semi-infinite Bruhat order.
We introduced semi-infinite Young tableaux, and showed that these tableaux give a
combinatorial realization of the crystal basis of a level-zero extremal weight module
([14, 16]) over the quantum affine algebra of type A(1)

n−1. Our proof of this result was
based on a tableau criterion for semi-infinite Bruhat order and standard monomial
theory for semi-infinite Lakshmibai–Seshadri paths ([11, §3.1]). Therefore we can think
of these tableaux as a natural generalization of (ordinary) Young tableaux. However
we restricted the discussion in [10, §4] only to the affine Weyl group of type A(1)

n−1, and
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the tableau criterion in [10, Theorem 4.7] is applicable only to semi-infinite Bruhat
order on the quotient by an affine Weyl subgroup associated with a maximal parabolic
subgroup of finite type.

In this paper, we wish to investigate semi-infinite Bruhat order on an affine Weyl
group of all classical untwisted type via tableaux, and aim to give an application to
level-zero representation theory (see for instance [1, 3, 16, 17]) of a quantum affine
algebra of classical untwisted type. The main results of this paper are the following
(see Theorems 3.1, 4.9, 4.14, 4.22, 4.38, 5.13, 5.16, 5.18, 5.21, and 5.23):

(I) a Deodhar-type criterion for semi-infinite Bruhat order on an affine Weyl
group of arbitrary untwisted type,

(II) a tableau criterion for semi-infinite Bruhat order on an affine Weyl group of
type A(1)

n−1, B
(1)
n , C(1)

n , and D(1)
n in full generality,

(III) a tableau model for the crystal basis of a level-zero fundamental representa-
tion (resp. a level-zero extremal weight module) over a quantum affine algebra
of type B(1)

n and D
(1)
n (resp. B(1)

n , C
(1)
n , and D

(1)
n ), which we call quantum

Kashiwara–Nakashima columns (resp. semi-infinite Kashiwara–Nakashima
tableaux), and

(IV) an explicit description of the isomorphisms among three different realizations
of the crystal basis of a level-zero fundamental representation by quantum
Lakshmibai–Seshadri paths ([25]), quantum Kashiwara–Nakashima columns,
and (ordinary) Kashiwara–Nakashima columns ([18]).

Let us give more precise explanation of our results. Let U be a quantum affine
algebra of untwisted type, and let U′ be its derived subalgebra. LetWaf = 〈ri | i ∈ Iaf〉
be the affine Weyl group associated with a finite Weyl group W = 〈ri | i ∈ I〉, where
Iaf = {0} t I and ri, i ∈ Iaf , is a simple reflection. For J ⊂ I, let WJ = 〈rj |
j ∈ J〉 ⊂ W be a (standard) parabolic subgroup, and let W J ⊂ W be the set of
minimal(-length) coset representatives for W/WJ . Let (WJ)af ⊂ Waf be the affine
Weyl subgroup associated with WJ (see (19)). Note that (WJ)af is not a parabolic
subgroup of Waf , but it is generated by reflections. Therefore there exists the subset
(W J)af ⊂ Waf of minimal coset representatives for Waf/(WJ)af (see (20)); note that
if J = ∅, then (WJ)af is trivial and (W J)af = Waf . Let ΠJ : Waf → (W J)af be
the canonical surjection. In this paper, following [11, §2.4] (see also [32, Lecture 12]),
we define semi-infinite Bruhat order � on (W J)af by using the semi-infinite length
function `∞2 : Waf → Z (see (21)). But we mainly use the following two realizations
of semi-infinite Bruhat order (see Lemmas 3.7 (3) and 4.3 for precise formulation):

(i) the containment relation among the path model B
∞
2
�x(λ), x ∈ Waf , of the

(opposite) Demazure subcrystals of the crystal basis of the extremal weight
U-module of level-zero extremal weight λ ([29, §5]),

(ii) the “affinization” of the (parabolic) quantum Bruhat graph QBJ forW J ([11,
Appendix A]).

In §3, we prove a Deodhar-type criterion for semi-infinite Bruhat order (see (I)
above), which states that for x, y ∈ (W J)af we have x � y in (W J)af if and only if

ΠIr{i}(x) � ΠIr{i}(y) in (W Ir{i})af for all i ∈ I r J(1)

(cf. [4, Theorem 2.6.1]; see also [8, Lemma 3.6]). We prove this forWaf of arbitrary un-
twisted type (see Theorem 3.1 and Proposition 3.2). This is shown by investigating the
path model B

∞
2
�x(λ), x ∈Waf , of Demazure subcrystals. More precisely, let $i, i ∈ I,

be a level-zero fundamental weight, and let λ =
∑
i∈I mi$i,mi ∈ Z>0, i ∈ I. Set Jλ =
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{i ∈ I | mi = 0}. The path model B
∞
2
�x(λ), x ∈ Waf , is defined as a subset of the U-

crystal B∞2 (λ) of semi-infinite Lakshmibai–Seshadri paths of shape λ. We prove that
any extremal element in the tensor product

⊗
i∈IrJλ B

∞
2
�ΠIr{i}(x)(mi$i) (see (46)) is

in the image of B
∞
2
�x(λ) under the isomorphism ψλ : B∞2 (λ) →

⊗
i∈IrJλ B

∞
2 (mi$i)

of U-crystals (see Lemma 3.3 and Proposition 3.4 (2)). In §3.3, we see that this
immediately yields the Deodhar-type criterion.

In §4, for Waf of type A(1)
n−1, B

(1)
n , C(1)

n , and D(1)
n , we give a complete classification

of the cover relations of semi-infinite Bruhat order on (W Ir{i})af , i ∈ I, in terms of
tableaux (Propositions 4.19, 4.27, and 4.43; see also [10, Proposition 4.11]). Moreover,
we prove a tableau criterion for semi-infinite Bruhat order on (W Ir{i})af , i ∈ I
(Definitions 4.7, 4.12, 4.20, and 4.36, and Propositions 4.8, 4.13, 4.21, and 4.37; see also
[10, Theorem 4.7]). Combining this with the Deodhar-type criterion we obtain (II). We
emphasize that (II) can be thought of as a generalization of the tableau criterion for
Bruhat order on the symmetric group ([4, Theorem 2.6.3 (Tableau Criterion)]). Our
main tool in §4 is the quantum Bruhat graph. In fact, we classify all (quantum) edges
in the quantum Bruhat graph QBIr{i} forW Ir{i}, i ∈ I (Propositions 4.18, 4.26, and
4.42; see also [10, Lemma 4.15]). Combining this with the realization (ii) yields the
classification results above. We should remark that, for Waf of type A(1)

n−1 and C(1)
n ,

Lenart’s criterion ([22, Propositions 3.6 and 5.7]) for the edges of the quantum Bruhat
graph QB∅ for W is a necessary condition for our classification results. Indeed, the
existence of an edge in QBIr{i} implies that in QB∅ (see Lemma 4.4 for a precise
statement).

We now briefly sketch the tableau criterion for semi-infinite Bruhat order on
(W Ir{i})af whenWaf is of type A(1)

n−1 (§4.3 and [10, §4]; see also Example 4.10). First,
we associate each element ofWaf with a pair (T, c) of a column T of length i and an in-
teger c (see (65)). Let T(u) ∈ {1, 2, . . . , n} denote the u-th entry of T. Let (T, c), (T′, c′)
be such pairs for x, y ∈ Waf , respectively. Then we have ΠIr{i}(x) � ΠIr{i}(y) in
(W Ir{i})af if and only if

(c 6 c′) and (T(u) 6 T′(u+ c′ − c) for 1 6 u 6 i− c′ + c) .(2)

In §5, we prove (III)–(IV). For this purpose, we first investigate the subgraph
QB($i; 1/2) (see §5.1–§5.2) of the quantum Bruhat graph QBIr{i}, where the vertex
sets of these graphs are both W Ir{i}. We see that QB($i; 1/2) defines a partial order
E on W Ir{i}. Moreover, by the classification results in §4, we obtain an explicit
description of the order E in terms of Maya diagrams (see Definitions 5.4 and 5.6).
Then the U′-crystal QLS($i) of quantum Lakshmibai–Seshadri paths (QLS paths for
short) of shape $i is given by

QLS($i) = {(v, w) | w, v ∈W Ir{i}, w E v}.(3)

It is well-known that W Ir{i} can be realized as a set of columns (see Lemmas 4.6,
4.11, and 4.35). Thus we can think of each QLS path (v, w) ∈ QLS($i) as a pair
of columns. We know from [25] that QLS($i) is isomorphic, as a U′-crystal, to the
crystal basis of the level-zero fundamental representation W ($i) ([16, 17]; see also
§2.4 and §5.1).

Assume that U is of type B
(1)
n . In §5.4, we introduce quantum Kashiwara–

Nakashima Bn-columns (QKN Bn-columns for short) and a U′-crystal structure on
them. In particular, we define Kashiwara operators ej , fj , j ∈ Iaf , acting on them. A
QKN Bn-column C̃ of shape $i is consisting of an (ordinary) Kashiwara–Nakashima
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Bn-column (KN Bn-column for short) C of shape $i−2m and a multiset {0, 0, . . . , 0︸ ︷︷ ︸
2m times

}

for some integer 0 6 m 6
⌊
i
2
⌋

= max{k ∈ Z | k 6 i/2}; we write C̃ = C∪ {0, 0, . . . , 0︸ ︷︷ ︸
2m times

}

for brevity. Let QKNBn($i) (resp. KNBn($i)) denote the set of QKN Bn-columns
(resp. KN Bn-columns) of shape $i. Let us give an example of a QKN Bn-column.
We have

C̃ =

2
3
0
9
3
0
0

= C ∪ {0, 0} ∈ QKNB9($7) and C =

2
3
0
9
3

∈ KNB9($5).(4)

For each QKN Bn-column C̃ of shape $i, we construct a pair (rC̃, lC̃) of columns, and
show that it is a QLS path of shape $i. The construction of (rC̃, lC̃) was motivated
by [34, §4] (see also [21, §3]), and has previously been used by Briggs ([6]; see also
[26, Algorithm 4.1]). For the QKN Bn-column C̃ in (4), we have

rC̃ =

2
3
4
5
9
8
1

and lC̃ =

1
2
8
9
5
4
3

;(5)

by using notation in §5.2, §5.4, and §5.6, we have
(1) IC = {0 � 3}, JC = {8 > 1}, KC̃ = {4 < 5},
(2) J (rC̃) = J (lC̃) = ({1, 2, 3, 4, 5} < {8, 9}) ∈ S7, and
(3) M(rC̃) = ({1}, {8, 9}),M(lC̃) = ({3, 4, 5}, {9}) ∈ 2{1,2,3,4,5} × 2{8,9}.

Then we prove that the map QKNBn($i) → QLS($i), C̃ 7→ (rC̃, lC̃), is bijective.
The important point to note here is that the inverse of this map can be described
explicitly in terms of Maya diagrams (see Theorem 5.16 (2)); similar results have been
obtained independently by Lenart–Schulze ([26, §4]), where they used the quantum
alcove model ([23]). Thus we obtain the following crystal isomorphisms among the
sets of QLS paths, QKN Bn-columns, and KN Bn-columns (cf. [7, Lemma 2.7]).

QLS($i)↔ QKNBn($i)↔
b i2c⊔
m=0

KNBn($i−2m),

(rC̃, lC̃)↔ C̃ = C ∪ {0, 0, . . . , 0︸ ︷︷ ︸
2m times

} ↔ C.
(6)

Consequently, the U′-crystal QKNBn($i) is isomorphic to the crystal basis of the
level-zero fundamental representation W ($i). Similar formulation and results also
hold for U of typeD(1)

n (see §5.5). We should remark that the crystal basis ofW ($i) is
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isomorphic to the Kirillov–Reshetikhin crystal Bi,1, and that there is another tableau
model, called Kirillov–Reshetikhin tableaux ([30, 33]), more generally for the Kirillov–
Reshetikhin crystals Br,s (see [9, §2.3]), r ∈ I, s > 0, of non-exceptional type. The
advantage of using QKN columns lies in the explicit description of the isomorphisms
(6). Likewise, the Kirillov–Reshetikhin tableaux model is an important ingredient
to describe the rigged configuration bijections (see for instance [31]). It would be
desirable to relate these two tableau models but we will not develop this point here.

Assume that U is of type B(1)
n , C(1)

n , or D(1)
n . In §5.3–§5.5, we introduce semi-

infinite Kashiwara–Nakashima tableaux (semi-infinite KN tableaux for short), and
show that the set of these tableaux is isomorphic, as a U-crystal, to the crystal basis
of a level-zero extremal weight U-module. This is achieved by applying standard
monomial theory for semi-infinite Lakshmibai–Seshadri paths ([10, Theorem 3.4]) to
the affinizations of U′-crystals of (Q)KN columns. The definition of semi-infinite KN
tableaux is based on the tableau criterion for semi-infinite Bruhat order obtained in
§4.

This paper is organized as follows. In §2, we set up notation and terminology
on untwisted affine root data, crystals, semi-infinite Bruhat order, extremal weight
modules, and semi-infinite Lakshmibai–Seshadri paths. Also, we have compiled some
basic facts on these. In §3, we prove a Deodhar-type criterion for semi-infinite Bruhat
order on Waf of arbitrary untwisted type. In §4, we prove a tableau criterion for semi-
infinite Bruhat order on Waf of type A(1)

n−1, B
(1)
n , C(1)

n , and D
(1)
n , by classifying all

cover relations of semi-infinite Bruhat order on (W Ir{i})af in terms of tableaux. In §5,
we introduce the U′-crystal of QKN columns and the U-crystal of semi-infinite KN
tableaux. We show that these tableaux give combinatorial models for crystal bases
of level-zero fundamental representations and level-zero extremal weight modules.
We give an explicit description of the crystal isomorphisms among QLS paths, QKN
columns, and KN columns.

Notation. Let Z>0 (resp. Z>0) denote the set of positive integers (resp. non-negative
integers). For k ∈ Z, set [k] = {1, 2, . . . , k} if k > 1, and set [k] = ∅ if k 6 0. For
integers k 6 l, set [k, l] = {k, k+ 1, . . . , l}; we understand that [k, l] = ∅ if k > l. The
disjoint union of two sets A,B will be denoted by AtB. For a (non-empty) set A, let
S(A) be the permutation group of A. For a finite set A, let #A denote the number
of elements in A.

2. Preliminaries
2.1. Untwisted affine root data. Let gaf be an untwisted affine Kac–Moody Lie
algebra over C with a Cartan subalgebra haf . Let {αi}i∈Iaf ⊂ h∗af = HomC(haf ,C) and
{α∨i }i∈Iaf ⊂ haf be the sets of simple roots and simple coroots, respectively. Here Iaf
denotes the vertex set of the (affine) Dynkin diagram of gaf . Let 〈·, ·〉 : haf×h∗af → C be
the canonical pairing. We take and fix an integral weight lattice Paf ⊂ h∗af satisfying
the conditions that αi ∈ Paf and α∨i ∈ HomZ(Paf ,Z) for all i ∈ Iaf , and for each
i ∈ Iaf there exists Λi ∈ Paf such that 〈α∨j ,Λi〉 = δij for all j ∈ Iaf . Similarly, let
P∨af ⊂ haf be an integral coweight lattice such that α∨i ∈ P∨af and αi ∈ HomZ(P∨af ,Z)
for all i ∈ Iaf , and for each i ∈ Iaf there exists Λ∨i ∈ P∨af such that 〈Λ∨i , αj〉 = δij
for all j ∈ Iaf . Let δ =

∑
i∈Iaf

aiαi ∈ h∗af and c =
∑
i∈Iaf

a∨i α
∨
i ∈ haf be the null

root and the canonical central element, respectively. For λ ∈ Paf , the integer 〈c, λ〉
is called the level of λ. We take and fix 0 ∈ Iaf such that a0 = a∨0 = 1. Set I =
Iaf r {0}; note that the subset I of Iaf corresponds to the vertex set of the Dynkin
diagram of a complex finite-dimensional simple Lie subalgebra g of gaf . Fix a section
ι : Paf/(Paf ∩ Cδ) → Paf (resp. ι : P∨af/(P∨af ∩ Cc) → P∨af) of the canonical surjection
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cl : Paf → Paf/(Paf ∩ Cδ) (resp. cl : P∨af → P∨af/(P∨af ∩ Cc)) such that (ι ◦ cl)(αi) = αi
(resp. (ι ◦ cl)(α∨i ) = α∨i ) for i ∈ I. For each i ∈ Iaf , define $i = (ι ◦ cl)(Λi−〈c,Λi〉Λ0)
and $∨i = (ι ◦ cl)(Λ∨i − 〈Λ∨i , δ〉Λ∨0 ); note that $0 = 0, $∨0 = 0, 〈c, $i〉 = 〈$∨i , δ〉 =
0, and 〈α∨j , $i〉 = 〈$∨i , αj〉 = δij for all i, j ∈ I. We call $i the i-th level-zero
fundamental weight of gaf . Set

Q =
⊕
i∈I

Zαi, Q∨ =
⊕
i∈I

Zα∨i , P =
⊕
i∈I

Z$i, P+ =
∑
i∈I

Z>0$i;(7)

note that Q ⊂ P and Q∨ ⊂
⊕

i∈I Z$∨i . We think of P (resp. Q) as a weight lattice
(resp. a root lattice) of g.

Let Waf = 〈ri | i ∈ Iaf〉 be the (affine) Weyl group of gaf , where ri denotes
the simple reflection with respect to αi. The subgroup W = 〈ri | i ∈ I〉 ⊂ Waf is the
(finite) Weyl group of g. Let ` : Waf → Z>0 be the length function. Let e ∈Waf be the
unit element. The action of Waf on h∗af (resp. haf) is given by ri(λ) = λ − 〈α∨i , λ〉αi
(resp. ri(h) = h − 〈h, αi〉α∨i ) for i ∈ Iaf and λ ∈ h∗af (resp. h ∈ haf). For ξ ∈ Q∨,
we denote by tξ ∈ Waf the translation by ξ (see [13, §6.5]). We know from [13,
Proposition 6.5] that {tξ | ξ ∈ Q∨} forms an abelian normal subgroup of Waf , for
which tξtζ = tξ+ζ , ξ, ζ ∈ Q∨, and Waf = W n {tξ | ξ ∈ Q∨}. For w ∈W and ξ ∈ Q∨,
we have wtξλ = wλ− 〈ξ, λ〉δ if λ ∈ h∗af satisfies 〈c, λ〉 = 0.

Let ∆ (resp. ∆∨) be the root system (resp. the coroot system) of g with a simple
root system Π = {αi | i ∈ I} (resp. a simple coroot system Π∨ = {α∨i | i ∈ I}). Set
∆+ = ∆ ∩

∑
i∈I Z>0αi and ∆∨,+ = ∆∨ ∩

∑
i∈I Z>0α

∨
i . For a subset J ⊂ I, set

QJ =
⊕
j∈J

Zαj , ∆J = ∆ ∩QJ , ∆+
J = ∆+ ∩QJ ,(8)

Q∨J =
⊕
j∈J

Zα∨j , ∆∨J = ∆∨ ∩Q∨J , ∆∨,+J = ∆∨,+ ∩Q∨J .(9)

Denote by ∆af the set of real roots of gaf , and by ∆+
af the set of positive real roots of

gaf ; we know from [13, Proposition 6.3] that

∆af = {α+ nδ | α ∈ ∆, n ∈ Z}, ∆+
af = ∆+ t {α+ nδ | α ∈ ∆, n ∈ Z>0}.(10)

Let β∨ ∈ haf denote the coroot of β ∈ ∆af . Let rβ ∈Waf be the reflection with respect
to β ∈ ∆af ; if β = α+ nδ, α ∈ ∆ and n ∈ Z, then rβ = rαtnα∨ .

2.2. Crystals. In this subsection, we set up notation and terminology on crystals.
For a fuller treatment, we refer the reader to [14, 16].

Let U be the quantized universal enveloping algebra associated with gaf . Let U′
be the subalgebra of U corresponding to the derived subalgebra [gaf , gaf ] of gaf (see
for instance [3, §2.2]).

A set B together with the maps wt : B → Paf (resp. wt : B → Paf/(Paf ∩ Cδ)),
ei, fi : B → B t {0}, and εi, ϕi : B → Zt {−∞}, i ∈ Iaf , is called a U-crystal (resp. a
U′-crystal) if the following conditions are satisfied:
(C1) ϕi(b) = εi(b) + 〈α∨i ,wt(b)〉 for b ∈ B and i ∈ Iaf ,
(C2) wt(eib) = wt(b) + αi if eib ∈ B,
(C3) wt(fib) = wt(b)− αi if fib ∈ B,
(C4) εi(eib) = εi(b)− 1 and ϕi(eib) = ϕi(b) + 1 if eib ∈ B,
(C5) εi(fib) = εi(b) + 1 and ϕi(fib) = ϕi(b)− 1 if fib ∈ B,
(C6) fib = b′ if and only if b = eib

′ for b, b′ ∈ B and i ∈ Iaf ,
(C7) if ϕi(b) = −∞, then eib = fib = 0.
A set B together with the maps wt : B → P and ei, fi, εi, ϕi for i ∈ I as above

is called a g-crystal if these maps satisfy (C1)–(C7). We can think of a U′-crystal B
such that wt(B) ⊂ P/(P ∩Cδ) ∼= P as a g-crystal by forgetting the maps e0, f0, ε0, ϕ0.
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Following [16, §4.2], define the affinization Baf = B × Z of a U′-crystal B to be
the U-crystal such that for b ∈ B, c ∈ Z, and i ∈ Iaf , wt(b, c) = ι(wt(b)) − cδ ∈ Paf ,
ei(b, c) = (eib, c − δi,0), fi(b, c) = (fib, c + δi,0), εi(b, c) = εi(b), and ϕi(b, c) = ϕi(b);
we understand that (0, c) = 0.

Let B1 and B2 be U-crystals or U′-crystals. A morphism Ψ : B1 → B2 is, by
definition, a map B1 t {0} → B2 t {0} such that
(CM1) Ψ(0) = 0,
(CM2) if b ∈ B1 and Ψ(b) ∈ B2, then wt(Ψ(b)) = wt(b), εi(Ψ(b)) = εi(b), and

ϕi(Ψ(b)) = ϕi(b) for all i ∈ Iaf ,
(CM3) if b, b′ ∈ B1, Ψ(b),Ψ(b′) ∈ B2 and fib = b′, then fiΨ(b) = Ψ(b′) for all i ∈ Iaf .
A morphism Ψ : B1 → B2 is called strict if Ψ(fib) = fiΨ(b) and Ψ(eib) = eiΨ(b) for
all b ∈ B1 and i ∈ Iaf . A morphism Ψ : B1 → B2 is called a strict embedding if it is a
strict morphism and the associated map B1t{0} → B2t{0} is injective. A morphism
Ψ : B1 → B2 is called an isomorphism if the associated map B1 t {0} → B2 t {0} is
bijective. In the same manner we define morphisms of g-crystals.

The tensor product B1⊗B2 of crystals B1 and B2 is defined to be the set {b1⊗ b2 |
b1 ∈ B1, b2 ∈ B2} whose crystal structure is as follows:
(T1) wt(b1 ⊗ b2) = wt(b1) + wt(b2),
(T2) εi(b1 ⊗ b2) = max{εi(b1), εi(b2)− 〈α∨i ,wt(b1)〉},
(T3) ϕi(b1 ⊗ b2) = max{ϕi(b2), ϕi(b1) + 〈α∨i ,wt(b2)〉},

(T4) ei(b1 ⊗ b2) =
{

(eib1)⊗ b2 if ϕi(b1) > εi(b2),
b1 ⊗ (eib2) if ϕi(b1) < εi(b2),

(T5) fi(b1 ⊗ b2) =
{

(fib1)⊗ b2 if ϕi(b1) > εi(b2),
b1 ⊗ (fib2) if ϕi(b1) 6 εi(b2).

Here, we understand that b1 ⊗ 0 = 0⊗ b2 = 0.
Let B be a regular U-crystal in the sense of [16, §2.2]. It follows that

ϕi(b) = max{k ∈ Z>0 | fki b 6= 0}, εi(b) = max{k ∈ Z>0 | eki b 6= 0}(11)

for b ∈ B and i ∈ Iaf . Define fmax
i b = f

ϕi(b)
i b ∈ B and emax

i b = e
εi(b)
i b ∈ B for b ∈ B

and i ∈ Iaf . By [14, §7], we have a Waf -action S : Waf → S(B), x 7→ Sx, on (the
underlying set) B given by

Srib =

f
〈α∨i ,wt(b)〉
i b if 〈α∨i ,wt(b)〉 > 0,

e
−〈α∨i ,wt(b)〉
i b if 〈α∨i ,wt(b)〉 6 0

(12)

for b ∈ B and i ∈ Iaf . Note that wt(Sxb) = xwt(b) holds for all x ∈ Waf and b ∈ B.
An element b ∈ B of weight wt(b) = λ ∈ Paf is called an extremal element if there
exist bx ∈ B, x ∈Waf , such that

(E1) be = b,
(E2) if 〈α∨i , xλ〉 > 0, then eibx = 0 and f 〈α

∨
i ,xλ〉

i bx = fmax
i bx = brix,

(E3) if 〈α∨i , xλ〉 6 0, then fibx = 0 and e−〈α
∨
i ,xλ〉

i bx = emax
i bx = brix.

Then bx = Sxb holds for all x ∈ Waf , and each bx is an extremal element of weight
xλ. The proof of the next lemma is straightforward.

Lemma 2.1. (1) Let B be a regular U-crystal, and let b ∈ B be an extremal ele-
ment. If there exist i1, i2, . . . , iN ∈ Iaf such that

〈α∨in , rin−1 · · · ri2ri1wt(b)〉 > 0 for all n ∈ [N ],(13)
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then

fmax
iN · · · fmax

i2 fmax
i1 b = SriN ···ri2ri1 b.(14)

(2) Let B1,B2, . . . ,BM be regular U-crystals, and let bν ∈ Bν , ν ∈ [M ], be ex-
tremal elements such that, for every β ∈ ∆af , 〈β∨,wt(bν)〉, ν ∈ [M ], are all
nonnegative or all nonpositive. Then the equalities

fmax
i (b1 ⊗ b2 ⊗ · · · ⊗ bM ) = fmax

i b1 ⊗ fmax
i b2 ⊗ · · · ⊗ fmax

i bM ,(15)

Sx(b1 ⊗ b2 ⊗ · · · ⊗ bM ) = Sxb1 ⊗ Sxb2 ⊗ · · · ⊗ SxbM(16)

hold and (15)–(16) are extremal elements for all i ∈ Iaf and x ∈Waf .

2.3. Semi-infinite Bruhat order. In this subsection, we collect some basic facts
on semi-infinite Bruhat order on an affineWeyl group (see [11, 20, 32] for more details).
Throughout this subsection, we take and fix J ⊂ I.

Let WJ = 〈rj | j ∈ J〉, and let W J be the set of minimal(-length) coset represen-
tatives for W/WJ . For w ∈ W , we denote by bwc = bwcJ ∈ W J the minimal coset
representative for the coset wWJ ∈W/WJ . Define

(∆J)af = {α+ nδ | α ∈ ∆J , n ∈ Z} ⊂ ∆af ,(17)

(∆J)+
af = (∆J)af ∩∆+

af = ∆+
J t {α+ nδ | α ∈ ∆J , n ∈ Z>0},(18)

(WJ)af = WJ n {tξ | ξ ∈ Q∨J} = 〈rβ | β ∈ (∆J)+
af〉,(19)

(W J)af = {x ∈Waf | xβ ∈ ∆+
af for all β ∈ (∆J)+

af};(20)

note that (W∅)af = {e} and (W∅)af = Waf .
We see from [32] (see also [20, Lemma 10.5]) that, for each x ∈ Waf , there exist

a unique x1 ∈ (W J)af and a unique x2 ∈ (WJ)af such that x = x1x2. Define ΠJ :
Waf → (W J)af by ΠJ(x) = x1 if x = x1x2 with x1 ∈ (W J)af and x2 ∈ (WJ)af . It
follows immediately from (17)–(20) that ΠJ = ΠJ ◦ΠK if K ⊂ J .

Set ρJ = (1/2)
∑
α∈∆+

J
α; we abbreviate ρJ to ρ if J = I. Define the semi-infinite

length function `∞2 : Waf → Z by

`
∞
2 (x) = `(w) + 2〈ξ, ρ〉(21)

for x = wtξ ∈Waf with w ∈W and ξ ∈ Q∨.
Define the (parabolic) semi-infinite Bruhat graph SiBJ to be the ∆+

af -colored di-
rected graph with vertex set (W J)af and edges of the form x

β−−→ rβx for x ∈ (W J)af
and β ∈ ∆+

af , where rβx ∈ (W J)af and `
∞
2 (rβx) = `

∞
2 (x) + 1. We know from

[11, Appendix A] that the existence of the edge x β−−→ ΠJ(rβx) in SiBJ implies
rβx = ΠJ(rβx) ∈ (W J)af . The semi-infinite Bruhat order is a partial order � on
(W J)af defined as follows: for x, y ∈ (W J)af , write x � y if there exists a directed
path from y to x in SiBJ . Write x � y if x � y and x 6= y.

Lemma 2.2. Let λ ∈ P+ be such that J = {i ∈ I | 〈α∨i , λ〉 = 0}. We have xλ = ΠJ(x)λ
for all x ∈Waf .

Proof. The assertion follows from 〈β∨, λ〉 = 0 for all β ∈ (∆J)+
af . �

Lemma 2.3 ([32]; see also [20, Lemma 10.7 and Proposition 10.10]).
(1) ΠJ(w) = bwcJ for w ∈W .
(2) ΠJ(xtξ) = ΠJ(x)ΠJ(tξ) for x ∈Waf and ξ ∈ Q∨.
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For simplicity of notation, we let T Jξ stand for ΠJ(tξ) ∈ (W J)af for ξ ∈ Q∨. By
Lemma 2.3, we have

(W J)af =
{
wT Jξ w ∈W J , ξ ∈ Q∨

}
.(22)

Let
[ · ]IrJ : Q∨ = Q∨J ⊕Q∨IrJ → Q∨IrJ(23)

be the projection. For ξ1, ξ2 ∈ Q∨, write ξ1 � ξ2 if ξ1 − ξ2 ∈
∑
i∈I Z>0α

∨
i .

Lemma 2.4 ([11, Lemmas 6.1.1 and 6.2.1]).
(1) Let K ⊂ J and x, y ∈ (WK)af . If x � y in (WK)af , then ΠJ(x) � ΠJ(y) in

(W J)af .
(2) Let ξ1, ξ2 ∈ Q∨. We have ΠJ(tξ1) � ΠJ(tξ2) if and only if [ξ1]IrJ � [ξ2]IrJ . In

particular, we have ΠJ(tξ1) � ΠJ(tξ2) if and only if ΠIr{i}(tξ1) � ΠIr{i}(tξ2)
for all i ∈ I r J .

Lemma 2.5 ([11, Remark 4.1.3]). Let x ∈ (W J)af , i ∈ Iaf , and let λ ∈ P+ be such
that J = {j ∈ I | 〈α∨j , λ〉 = 0}.

(1) rix = ΠJ(rix) ∈ (W J)af if and only if 〈α∨i , xλ〉 6= 0.
(2) x = ΠJ(rix) if and only if 〈α∨i , xλ〉 = 0.
(3) rix

αi←− x (resp. x αi←− rix) if and only if 〈α∨i , xλ〉 > 0 (resp. 〈α∨i , xλ〉 < 0).

The next lemma is a reformulation of the “diamond lemma” for semi-infinite Bruhat
order obtained in [11, §4.1].

Lemma 2.6. Let x, y ∈ (W J)af and i ∈ Iaf be such that ΠJ(rix) � x and ΠJ(riy) � y.
(1) If ΠJ(rix) � y, then x � y and ΠJ(rix) � ΠJ(riy).
(2) x � y if and only if ΠJ(rix) � ΠJ(riy).

Lemma 2.7. Let w, v ∈ W and ξ, ζ ∈ Q∨. If ΠJ(wtξ) � ΠJ(wtζ), then ΠJ(vtξ) �
ΠJ(vtζ).

Proof. It suffices to prove that ΠJ(wtξ) � ΠJ(wtζ) if and only if ΠJ(tξ) � ΠJ(tζ).
The proof is by induction on `(w). If `(w) = 0, then the assertion is obvious. Assume
that `(w) > 0. Let i ∈ I be such that `(riw) < `(w). By induction hypothesis,
ΠJ(riwtξ) � ΠJ(riwtζ) if and only if ΠJ(tξ) � ΠJ(tζ). The proof is completed by
showing that ΠJ(riwtξ) � ΠJ(riwtζ) if and only if ΠJ(wtξ) � ΠJ(wtζ). Let λ ∈ P+

be such that J = {j ∈ I | 〈α∨j , λ〉 = 0}; note that 0 > 〈α∨i , wλ〉 = 〈α∨i ,ΠJ(wtξ)λ〉 =
〈α∨i ,ΠJ(wtζ)λ〉. We see from Lemma 2.5 (2)–(3) that ΠJ(wtξ) � ΠJ(riwtξ) and
ΠJ(wtζ) � ΠJ(riwtζ). By Lemma 2.6 (2), ΠJ(riwtξ) � ΠJ(riwtζ) if and only if
ΠJ(wtξ) � ΠJ(wtζ). �

2.4. Extremal weight modules and their crystal bases. In this subsection,
following [3, 14, 16], we review some of the standard facts on extremal weight modules
and their crystal bases.

For λ ∈ P+, let V (λ) be the extremal weight U-module generated by an extremal
weight vector uλ of extremal weight λ, and let B(λ) be the crystal basis of V (λ)
([14, Proposition 8.2.2]; see also [16, §3.2]). Note that B(λ) is a regular U-crystal in
the sense of [16, §2.2] (see §2.2). Let zi, i ∈ I, be the U′-linear automorphism of
V ($i) of weight δ introduced in [16, §5.2]; zi sends a (unique) global basis element
of weight $i to a (unique) global basis element of weight $i + δ. Then zi induces an
automorphism of B($i) as a U′-crystal; by abuse of notation, we use the same letter
zi for the automorphism of B($i). The U′-module W ($i) = V ($i)/(zi − 1)V ($i)
is called a level-zero fundamental representation. We know from [16, Theorem 5.17]
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that W ($i) is a finite-dimensional irreducible U′-module and has a (simple) crystal
basis.

For λ =
∑
i∈I mi$i ∈ P+, with mi ∈ Z>0, i ∈ I, set B̆(λ) =

⊗
i∈I B($i)⊗mi . For

each i ∈ I and ν ∈ [mi], let zi,ν be the automorphism of the U′-crystal B̆(λ) obtained
by the action of zi on the ν-th factor B($i) of B($i)⊗mi in B̆(λ). Set

Par(λ) =
{
ρ = (ρ(i))i∈I ρ(i) is a partition of length less than mi for i ∈ I

}
;(24)

we understand that a partition of length less than 1 is an empty partition ∅. Let
ρ = (ρ(i))i∈I ∈ Par(λ) and ρ(i) = (ρ(i)

1 > ρ
(i)
2 > · · · > ρ

(i)
mi−1 > 0), i ∈ I. Define the

automorphism z−ρ of the U′-crystal B̆(λ) by

z−ρ =
∏
i∈I

z
−ρ(i)

1
i,1 z

−ρ(i)
2

i,2 · · · z
−ρ(i)

mi−1
i,mi−1 .(25)

Let S−ρ be the (PBW-type) basis element of weight

wt(ρ) = −
∑
i∈I

mi−1∑
ν=1

ρ(i)
ν δ(26)

of the negative imaginary part of U constructed in [3, the element S−c0
in §3.1; see

also Remark 4.1]. We know from [3, §4.2] that

B(λ) =
{
g1g2 · · · glS−ρ uλ
| gk ∈ {ei, fi | i ∈ Iaf}, k ∈ [l], l ∈ Z>0, ρ ∈ Par(λ)

}
r {0} .

(27)

Define

ΦLT
λ|q=0 : B(λ)→ B̆(λ), g1g2 · · · glS−ρ uλ 7→ g1g2 · · · glz−ρ

(⊗
i∈I

u⊗mi$i

)
,(28)

where gk ∈ {ei, fi | i ∈ Iaf}, k ∈ [l], l ∈ Z>0, and ρ ∈ Par(λ). We know from [10,
Lemma 3.1] that the map ΦLT

λ|q=0 is a strict embedding of U-crystals.
The next theorem will be needed in § 5.

Theorem 2.8 ([3, Remark 4.17]; see also [16, Conjecture 13.1 (iii)]). Let λ =∑
i∈I mi$i ∈ P+. We have an isomorphism B(λ) ∼=

⊗
i∈I B(mi$i) of U-crystals.

2.5. Path model for Demazure crystals. In this subsection, we give a brief
exposition of the path model for the crystal bases of level-zero extremal weight U-
modules and their Demazure submodules. For a fuller treatment we refer the reader
to [3, 11, 14, 16, 17, 29].

For λ =
∑
i∈I mi$i ∈ P+, set

Jλ = {j ∈ I | 〈α∨j , λ〉 = 0}, Jcλ = I r Jλ.(29)

For a rational number 0 < a 6 1, define SiB(λ; a) to be the subgraph of SiBJλ with
the same vertex set but having only the edges of the form

x
β−−→ y with a〈β∨, xλ〉 ∈ Z;(30)

note that SiB(λ; 1) = SiBJλ . A semi-infinite Lakshmibai–Seshadri path of shape λ is,
by definition, a pair (x;a) of a decreasing sequence x : x1 � x2 � · · · � xl of elements
in (W Jλ)af and an increasing sequence a : 0 = a0 < a1 < · · · < al = 1 of rational
numbers such that there exists a directed path from xu+1 to xu in SiB(λ; au) for each
u ∈ [l − 1]. Let B∞2 (λ) denote the set of semi-infinite Lakshmibai–Seshadri paths of
shape λ.
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Following [11, §3.1], we equip the set B∞2 (λ) with a U-crystal structure. For η =
(x1, . . . , xl; a0, . . . , al) ∈ B∞2 (λ), define the map η̄ : {t ∈ R | 0 6 t 6 1} → R ⊗Z Paf
by

η̄(t) =
u−1∑
p=1

(ap − ap−1)xpλ+ (t− au−1)xuλ for au−1 6 t 6 au and u ∈ [l].(31)

Define wt : B∞2 (λ)→ Paf by wt(η) = η̄(1) ∈ Paf . Set

hηi (t) = 〈α∨i , η̄(t)〉 for 0 6 t 6 1, mη
i = min{hηi (t) | 0 6 t 6 1}.(32)

We define eiη, i ∈ Iaf , as follows: if mη
i = 0, then we set eiη = 0. If mη

i 6 −1, then
we set {

t1 = min{t | 0 6 t 6 1, hηi (t) = mη
i },

t0 = max{t | 0 6 t 6 t1, hηi (t) = mη
i + 1}.

(33)

Let 1 6 p 6 q 6 l be such that ap−1 6 t0 < ap and t1 = aq. Then we define

eiη = (x1, . . . , xp,rixp, . . . , rixq, xq+1, . . . , xl;
a0, . . . , ap−1, t0, ap, . . . , aq = t1, . . . , al);

(34)

if t0 = ap−1, then we drop xp and ap−1, and if rjxq = xq+1, then we drop xq+1 and
aq = t1.

Next, we define fiη, i ∈ Iaf , as follows: if mη
i = hηi (1), then we set fiη = 0. If

hηi (1)−mη
i > 1, then we set{

t0 = max{t | 0 6 t 6 1, hηi (t) = mη
i },

t1 = min{t | t0 6 t 6 1, hηi (t) = mη
i + 1}.

(35)

Let 1 6 p 6 q 6 l − 1 be such that t0 = ap and aq < t1 6 aq+1. Then we define

fiη = (x1, . . . , xp,rixp+1, . . . , rixq+1, xq+1, . . . , xl;
a0, . . . , ap = t0, . . . , aq, t1, aq+1, . . . , al);

(36)

if t1 = aq+1, then we drop xq+1 and aq+1, and if xp = rixp+1, then we drop xp and
ap = t0.

For η ∈ B∞2 (λ) and i ∈ Iaf , define{
εi(η) = −mη

i ,

ϕi(η) = hηi (1)−mη
i .

(37)

For η = (x1, x2, . . . , xl;a) ∈ B∞2 (λ), set κ(η) = xl. Following [29, Equation (4.2.1)],
for each x ∈ (W Jλ)af , set

B
∞
2
�x(λ) =

{
η ∈ B

∞
2 (λ) κ(η) � x

}
.(38)

Following [11, Equation (7.2.2)], we define an extremal element ηρ ∈ B∞2 (λ) of
weight λ+ wt(ρ) for each ρ =

(
ρ(i))

i∈I ∈ Par(λ), with ρ(i) = (ρ(i)
1 > · · · > ρ

(i)
mi = 0).

Let s be the least common multiple of {mi | i ∈ Jcλ}. Let ci(ξ) ∈ Z denote the
coefficient of α∨i in ξ ∈ Q∨. For ξ, ζ ∈ Q∨, write ξ � ζ if ξ � ζ and ξ 6= ζ. Let
ζ1, . . . , ζs ∈ Q∨ be such that

(i) ci(ζt) = ρ
(i)
u if i ∈ Jcλ and s(u− 1)

mi
< t 6

su

mi
, and

(ii) cj(ζt) = 0 for all j ∈ Jλ and t ∈ [s];
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note that ζ1 � · · · � ζs and ζs = 0. Assume that
ζ1 = · · · = ζs1 � ζs1+1 = · · · = ζs2 � · · · · · · � ζsk−1+1 = · · · = ζsk ,(39)

where 1 6 s1 < · · · < sk−1 < sk = s. Set

ηρ =
(
T Jλζs1

, T Jλζs2
, . . . , T Jλζsk−1

, e; 0, s1

s
,
s2

s
, . . . ,

sk−1

s
, 1
)
.(40)

Theorem 2.9 ([11, Theorem 3.2.1 and Proposition 7.2.1]). Let λ ∈ P+.
(1) For each connected component C of (the crystal graph of) B∞2 (λ), there exists

a unique ρ ∈ Par(λ) such that ηρ ∈ C.
(2) There exists a unique isomorphism ϕλ : B(λ)→ B∞2 (λ) of U-crystals sending

S−ρ uλ to ηρ for every ρ ∈ Par(λ).

Remark 2.10. Let λ ∈ P+.
(1) Since B(λ) is a regular U-crystal, it follows from Theorem 2.9 (2) that B∞2 (λ)

is also a regular U-crystal. Hence Waf acts on B∞2 (λ) as (12). By (40) and
[29, Remark 3.5.2 (2)],

Sxηρ =
(

ΠJλ
(
xT Jλζs1

)
, . . . ,ΠJλ

(
xT Jλζsk−1

)
,ΠJλ(x); 0, s1

s
, . . . ,

sk−1

s
, 1
)

(41)

for ρ ∈ Par(λ) and x ∈Waf .
(2) Let B−x (λ) be the (opposite) Demazure subcrystal of B(λ) associated with

x ∈ (W Jλ)af ([29, §4.1]; see also [17, §2.8]). We know from [29, Theorem
4.2.1] that ϕλ(B−x (λ)) = B

∞
2
�x(λ). However, we will not use this fact in any

essential way in the remainder of this paper.

3. Deodhar-type criterion for semi-infinite Bruhat order
This section is devoted to the proof of the next theorem.

Theorem 3.1. Let J,K1,K2, . . . ,Ks ⊂ I be such that J =
⋂s
ν=1Kν , and let x, y ∈

(W J)af . We have x � y in (W J)af if and only if ΠKν (x) � ΠKν (y) in (WKν )af for
all ν ∈ [s].

This theorem is an analogue of Deodhar’s criterion for Bruhat order on Coxeter
groups ([4, Theorem 2.6.1]; see also [8, Lemma 3.6]). It is easily seen that Theorem
3.1 is equivalent to the next proposition.

Proposition 3.2. Let J ⊂ I and x, y ∈ (W J)af . We have x � y in (W J)af if and
only if ΠIr{i}(x) � ΠIr{i}(y) in (W Ir{i})af for all i ∈ I r J .

We give a proof of Proposition 3.2 in §3.3. For this purpose, we first introduce an
isomorphism ψλ : B∞2 (λ)→

⊗
i∈Jc

λ
B∞2 (mi$i) of U-crystals in §3.1. Next, in Propo-

sition 3.4, we give a partial characterization of the image of B
∞
2
�x(λ), x ∈ (W Jλ)af ,

under the map ψλ. Finally, we show that Proposition 3.4 (2) implies Proposition 3.2.

3.1. The map ψλ and Demazure crystals. In this subsection, we give a par-
tial characterization of the image of B

∞
2
�x(λ) under the isomorphism ψλ : B∞2 (λ) →⊗

i∈Jc
λ
B∞2 (mi$i) of U-crystals obtained in the next lemma.

Lemma 3.3 (cf. Theorem 2.8). Let λ =
∑
i∈I mi$i ∈ P+. There exists a unique

isomorphism ψλ : B∞2 (λ)→
⊗

i∈Jc
λ
B∞2 (mi$i) of U-crystals such that

ψλ(ηρ) =
⊗
i∈Jc

λ

ηρ(i) for all ρ =
(
ρ(i)
)
∈ Par(λ),(42)
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where, for each i ∈ Jcλ, ηρ(i) ∈ B∞2 (mi$i) denotes the element (40) associated with
ρ(i) ∈ Par(mi$i).

Proof. We first claim that there exists a unique strict embedding ψ̆λ : B∞2 (λ) →⊗
i∈Jc

λ
B∞2 ($i)⊗mi of U-crystals such that

ψ̆λ(ηρ) =
⊗
i∈Jc

λ

mi⊗
ν=1

(
T
Ir{i}
ρ

(i)
ν α∨

i

; 0, 1
)

(43)

for all ρ =
(
ρ

(i)
1 > ρ

(i)
2 > · · · > ρ

(i)
mi−1 > ρ

(i)
mi = 0

)
i∈I ∈ Par(λ); the uniqueness follows

from Theorem 2.9 (1). Indeed, we see from (28) and [10, Lemma 3.8 (1)] that the map

ψ̆λ :=
( ⊗
i∈Jc

λ

ϕ⊗mi$i

)
◦ ΦLT

λ|q=0 ◦ ϕ
−1
λ : B∞2 (λ)→

⊗
i∈Jc

λ

B
∞
2 ($i)⊗mi(44)

is a strict embedding satisfying (43). We can now construct the map ψλ as follows.
By (43) and Theorem 2.9 (1), the image of ψ̆λ equals that of

⊗
i∈Jc

λ
ψ̆mi$i . Hence the

map

ψλ :=
( ⊗
i∈Jc

λ

ψ̆mi$i

)−1

◦ ψ̆λ : B∞2 (λ)→
⊗
i∈Jc

λ

B
∞
2 (mi$i)(45)

is well-defined and satisfies (42); the uniqueness follows from Theorem 2.9 (1). �

For λ =
∑
i∈I mi$i ∈ P+ and x ∈ (W Jλ)af , set⊗

i∈Jc
λ

B
∞
2
�ΠIr{i}(x)(mi$i)

=
{ ⊗
i∈Jc

λ

η(i) ∈
⊗
i∈Jc

λ

B
∞
2 (mi$i) κ(η(i)) � ΠIr{i}(x) for all i ∈ Jcλ

}
.

(46)

Proposition 3.4. Let λ =
∑
i∈I mi$i ∈ P+ and x ∈ (W Jλ)af .

(1) ψλ
(
B
∞
2
�x(λ)

)
⊂
⊗

i∈Jc
λ
B
∞
2
�ΠIr{i}(x)(mi$i).

(2) If π ∈
⊗

i∈Jc
λ
B
∞
2
�ΠIr{i}(x)(mi$i) is of the form

π =
⊗
i∈Jc

λ

Syηρ(i) for some y ∈Waf and (ρ(i)) ∈ Par(λ),(47)

then π ∈ ψλ
(
B
∞
2
�x(λ)

)
.

Remark 3.5. It follows from (43), [1, Lemma 1.6 (2)] and [16, Proposition 5.4 (i)]
that an element π ∈ B∞2 (λ) is extremal if and only if π is of the form (47).

3.2. Proof of Proposition 3.4. This subsection is devoted to the proof of Propo-
sition 3.4. We begin by recalling some fundamental properties of B∞2 (λ).

Lemma 3.6. Let λ ∈ P+ and ρ ∈ Par(λ).
(1) κ(Sxηρ) = ΠJλ(x) for x ∈Waf .
(2) (WJλ)af = {x ∈Waf | Sxηρ = ηρ}.

Proof. (1) follows from (41).

Algebraic Combinatorics, Vol. 5 #5 (2022) 1102



Tableaux, semi-infinite Bruhat order, and level-zero representations

By (40)–(41), Sxηρ = ηρ if and only if ΠJλ
(
xT Jλζsp

)
= T Jλζsp

for p ∈ [k]. By Lemma
2.3 (2),

ΠJλ
(
xT Jλζsp

)
= ΠJλ

(
xΠJλ(tζsp )

)
= ΠJλ

(
xtζsp

)
= ΠJλ(x)ΠJλ(tζsp ) = ΠJλ(x)T Jλζsp

for p ∈ [k]. This implies that Sxηρ = ηρ if and only if ΠJλ(x) = e, or equivalently,
x ∈ (WJλ)af . �

Lemma 3.7 ([29, §5]). Let λ ∈ P+ and x, y ∈ (W Jλ)af .

(1) B
∞
2
�x(λ) ∪ {0} is stable under the action of fj for all j ∈ Iaf .

(2) B
∞
2
�x(λ)∪{0} is stable under the action of ej for j ∈ Iaf such that 〈α∨j , xλ〉 > 0.

(3) x � y if and only if B
∞
2
�x(λ) ⊂ B

∞
2
�y(λ).

(4) For every η ∈ B
∞
2
�x(λ), we have fmax

j η ∈ B
∞
2
�ΠJλ (rjx)(λ) for all j ∈ Iaf .

The next lemma is a slight refinement of [29, Lemma 5.4.1].

Lemma 3.8. For η ∈ B∞2 (λ)
(
resp. η ∈

⊗
i∈Jc

λ
B∞2 (mi$i)

)
, x ∈ Waf and w ∈ W ,

there exist i1, i2, . . . , iN ∈ Iaf such that
(i) 〈α∨in , rin−1 · · · ri2ri1xλ〉 > 0 for all n ∈ [N ], and
(ii) fmax

iN
· · · fmax

i2
fmax
i1

η = Swtξηρ

(
resp. fmax

iN
· · · fmax

i2
fmax
i1

η =
⊗

i∈Jc
λ
Swtξηρ(i)

)
for some ξ ∈ Q∨ and ρ = (ρ(i))i∈Jc

λ
∈ Par(λ).

Proof. By Lemma 3.3, it suffices to prove the assertion only for B∞2 (λ). By [29, Lemma
5.4.1], there exist j1, j2, . . . , jp ∈ Iaf such that

(i) 〈α∨jm , rjm−1 · · · rj2rj1xλ〉 > 0 for all m ∈ [p], and
(ii) fmax

jp
· · · fmax

j2
fmax
j1

η = Stξηρ for some ξ ∈ Q∨ and ρ ∈ Par(λ).
We see from (the proof of) [29, Lemma 5.4.1] that

rjp · · · rj2rj1xλ ≡ λ mod Cδ.

For a reduced expression w = rkqrkq−1 · · · rk1 , k1, k2, . . . , kq ∈ I, we have

〈α∨km , rkm−1 · · · rk2rk1rjp · · · rj2rj1xλ〉 = 〈α∨km , rkm−1 · · · rk2rk1λ〉 > 0

for all m ∈ [q]. It follows from wt(Stξηρ) ≡ λ mod Cδ and Lemma 2.1 (1) that

fmax
kq · · · fmax

k2
fmax
k1

fmax
jp · · · fmax

j2
fmax
j1

η︸ ︷︷ ︸
=Stξηρ

= SwStξηρ = Swtξηρ.

This completes the proof. �

We are now in a position to prove Proposition 3.4. In what follows, we write

B�x = B
∞
2
�x(λ) and B̆�x =

⊗
i∈Jc

λ

B
∞
2
�ΠIr{i}(x)(mi$i) for x ∈ (W Jλ)af .(48)

Proof of Proposition 3.4 (1). To see ψλ(B�x) ⊂ B̆�x, let η ∈ B�x, and show that
ψλ(η) ∈ B̆�x. By Lemma 3.8, there exist i1, i2, . . . , iN ∈ Iaf such that

(i) 〈α∨in , rin−1rin−2 · · · ri1xλ〉 > 0 for all n ∈ [N ], and
(ii) fmax

iN
· · · fmax

i2
fmax
i1

η = Stξηρ for some ξ ∈ Q∨ and ρ ∈ Par(λ).
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The proof is by induction on N .
If N = 0, then η = Stξηρ and

ψλ(η) = ψλ(Stξηρ) = Stξψλ(ηρ) = Stξ
⊗
i∈Jc

λ

ηρ(i) =
⊗
i∈Jc

λ

Stξηρ(i)

by Lemmas 2.1 (2) and 3.3. By Lemma 3.6 (1), κ(Stξηρ(i)) = ΠIr{i}(tξ) for all i ∈ Jcλ.
Since ΠJλ(tξ) = κ(η) � x, it follows from Lemma 2.4 (1) that

ΠIr{i}(tξ) = ΠIr{i} (ΠJλ(tξ)
)
� ΠIr{i}(x) for all i ∈ Jcλ.(49)

Hence κ(Stξηρ(i)) � ΠIr{i}(x) for all i ∈ Jcλ, which implies ψλ(η) ∈ B̆�x.
If N > 0, then fmax

i1
η ∈ B�ΠJλ (ri1x) by Lemma 3.7 (4). By induction hypothesis,

ψλ(fmax
i1

η) ∈ B̆�ΠJλ (ri1x). We claim that ψλ(fmax
i1

η) ∈ B̆�x. Indeed, since 〈α∨i1 , xλ〉 >
0 (see (i) above), Lemma 2.5 (2)–(3) gives ΠJλ(ri1x) � x. By Lemma 2.4 (1),

ΠIr{i}(ri1x) = ΠIr{i}(ΠJλ(ri1x)) � ΠIr{i}(x) for all i ∈ Jcλ.(50)

Lemma 3.7 (3) now shows that B̆�ΠJλ (ri1x) ⊂ B̆�x, and hence ψλ(fmax
i1

η) ∈ B̆�x.
Since ψλ is an isomorphism of U-crystals, there exists k ∈ Z>0 such that ψλ(η) =
eki1ψλ(fmax

i1
η). We see from ΠIr{i}(ri1x) � ΠIr{i}(x) and Lemma 2.5 (2)–(3) that

〈α∨i1 ,Π
Ir{i}(x)mi$i〉 = mi〈α∨i1 ,Π

Ir{i}(x)$i〉 > 0 for all i ∈ Jcλ.(51)

By Lemma 3.7 (2) and tensor product rule, we conclude that ψλ(η) = eki1ψλ(fmax
i1

η) ∈
B̆�x. �

Proof of Proposition 3.4 (2). Assume that π =
⊗

i∈Jc
λ
Syηρ(i) ∈ B̆�x, y ∈ Waf and

ρ = (ρ(i)) ∈ Par(λ). By Lemmas 2.1 (2) and 3.3,
π =

⊗
i∈Jc

λ

Syηρ(i) = Sy
⊗
i∈Jc

λ

ηρ(i) = Syψλ(ηρ) = ψλ(Syηρ).(52)

Let w0 ∈ W be the longest element. By Lemma 3.8, there exist i1, i2, . . . , iN ∈ Iaf
such that

(i) 〈α∨in , rin−1rin−2 · · · ri1xλ〉 > 0 for all n ∈ [N ], and
(ii) fmax

iN
· · · fmax

i2
fmax
i1

π =
⊗

i∈Jc
λ
Sw0tξηρ(i) for some ξ ∈ Q∨.

We show by induction on N that π ∈ ψλ(B�x), or equivalently, κ(Syηρ) � x; note
that κ(Syηρ) = ΠJλ(y) by Lemma 3.6 (1).

We first assume that N = 0. In the same manner as in (52) we see that π =
ψλ(Sw0tξηρ). Since ψλ is an isomorphism of U-crystals, we have Syηρ = Sw0tξηρ, and
hence ΠJλ(y) = ΠJλ(w0tξ) by Lemma 3.6 (1). Write x = wtζ , w ∈ W , ζ ∈ Q∨. We
proceed by induction on `(w0)− `(w).

If `(w0)− `(w) = 0, then w = w0. By Lemma 3.6 (1),

ΠIr{i}(w0tξ) = ΠIr{i}(y) = κ(Syηρ(i)) for all i ∈ Jcλ.(53)

Since π ∈ B̆�x, we have

κ(Syηρ(i)) � ΠIr{i}(x) = ΠIr{i}(wtζ) = ΠIr{i}(w0tζ) for all i ∈ Jcλ.(54)

Hence ΠIr{i}(w0tξ) � ΠIr{i}(w0tζ) for all i ∈ Jcλ. By Lemma 2.7, we have
ΠIr{i}(tξ) � ΠIr{i}(tζ) for all i ∈ Jcλ, which implies ΠJλ(tξ) � ΠJλ(tζ), by
Lemma 2.4 (2). Again, by Lemma 2.7, we have ΠJλ(w0tξ) � ΠJλ(w0tζ). Since
κ(Syηρ) = ΠJλ(y) = ΠJλ(w0tξ) and x = ΠJλ(w0tζ), we conclude that κ(Syηρ) � x.

If `(w0)− `(w) > 0, then w 6= w0. There exists j ∈ I such that rjx � x; note that
rjx = rjwtζ , rjw ∈ W , and `(w0) − `(rjw) < `(w0) − `(w). Since 〈α∨j ,ΠJλ(y)λ〉 =
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〈α∨j , w0tξλ〉 6 0 by Lemma 2.2, we have ΠJλ(y) � ΠJλ(rjy) by Lemma 2.5. By Lemma
2.4 (1),

ΠIr{i}(rjx) � ΠIr{i}(x) and ΠIr{i}(y) � ΠIr{i}(rjy) for all i ∈ Jcλ.(55)

Since π ∈ B̆�x, we have ΠIr{i}(y) = κ(Syηρ(i)) � ΠIr{i}(x) for all i ∈ Jcλ. It follows
from Lemma 2.6 (1) that ΠIr{i}(y) � ΠIr{i}(rjx) for all i ∈ Jcλ. By induction
hypothesis, we have ΠJλ(y) � ΠJλ(rjx). We see from ΠIr{i}(rjx) � ΠIr{i}(x), i ∈
Jcλ, Lemmas 2.2 and 2.5 (2)–(3) that 〈α∨j , x$i〉 = 〈α∨j ,ΠIr{i}(x)$i〉 > 0 for all i ∈ Jcλ,
which gives 〈α∨j , xλ〉 =

∑
i∈Jc

λ
mi〈α∨j , x$i〉 > 0. Again, by Lemma 2.5 (2)–(3), we

have ΠJλ(rjx) � x. Thus κ(Syηρ) = ΠJλ(y) � x.
We next assume that N > 0. It follows from Lemmas 2.1 and 3.7 (4) that

fmax
i1 π = fmax

i1

⊗
i∈Jc

λ

Syηρ(i) =
⊗
i∈Jc

λ

fmax
i1 Syηρ(i)︸ ︷︷ ︸
=Sri1yηρ(i)

∈ B̆�ΠJλ (ri1x)(56)

is of the form (47). By induction hypothesis, there exists η ∈ B�ΠJλ (ri1x) such that
fmax
i1

π = ψλ(η). Since ψλ is an isomorphism of U-crystals, there exists k ∈ Z>0 such
that π = ψλ(eki1η). We see from 〈α∨i1 , xλ〉 > 0 (see (i) above) and Lemma 2.5 (2)–(3)
that ΠJλ(ri1x) � x, which gives B�ΠJλ (ri1x) ⊂ B�x, by Lemma 3.7 (3). It follows
from 〈α∨i1 , xλ〉 > 0 (see (i) above) and Lemma 3.7 (2) that

eki1η ∈
{
eki1η

′ η′ ∈ B�ΠJλ (ri1x)

}
r {0}

⊂
{
eki1η

′ η′ ∈ B�x
}
r {0} ⊂ B�x.

(57)

Thus π = ψλ(eki1η) ∈ ψλ(B�x). �

3.3. Proof of Proposition 3.2.

Proof of Proposition 3.2. The “only if” part follows immediately from Lemma 2.4
(1). Let us show the “if” part. Let λ =

∑
i∈I mi$i ∈ P+ be such that Jλ = J .

Let ρ = (ρ(i)) ∈ Par(λ). Since κ(Sxηρ(i)) = ΠIr{i}(x), by Lemma 3.6 (1), and
ΠIr{i}(x) � ΠIr{i}(y) for all i ∈ I r J = Jcλ, it follows that

⊗
i∈Jc

λ
Sxηρ(i) ∈⊗

i∈Jc
λ
B
∞
2
�ΠIr{i}(y)(mi$i). Similarly to (52), we have

⊗
i∈Jc

λ
Sxηρ(i) = ψλ(Sxηρ). By

Proposition 3.4 (2), Sxηρ ∈ B
∞
2
�y(λ), which implies κ(Sxηρ) � y. Since x = κ(Sxηρ),

by Lemma 3.6 (1), we conclude that x � y. �

4. Tableau criterion for semi-infinite Bruhat order
Proposition 3.2 shows that the study of semi-infinite Bruhat order on Waf is reduced
to those on the sets (W Ir{i})af , i ∈ I, of “semi-infinite Grassmannian elements.” In
this section, we proceed with the study of semi-infinite Bruhat order on (W Ir{i})af ,
i ∈ I, for Waf of type A(1)

n−1, B
(1)
n , C(1)

n , and D
(1)
n . The main results of this section

are Theorems 4.9, 4.14, 4.22, and 4.38 (see also Definitions 4.7, 4.12, 4.20, and 4.36),
which give combinatorial criteria for semi-infinite Bruhat order in terms of tableaux. In
order to get these results, we give a complete classification of the edges in the quantum
Bruhat graph QBIr{i}, i ∈ I (see §4.2 and Propositions 4.18, 4.26, and 4.42). For
combinatorial descriptions of Bruhat order on finite Weyl groups of classical type, we
refer the reader to [4, §8].
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4.1. Explicit description of (W J)af . In this subsection, following [24, §3], we
give an explicit description of (W J)af for later use.

We take and fix J =
⊔k
m=1 Im ⊂ I, where I1, I2, . . . , Ik are the sets of vertices of

the connected components of the Dynkin diagram of ∆J ; note that ∆J =
⊔k
m=1 ∆Im .

Set (Im)af = {0} t Im ⊂ Iaf , m ∈ [k]. Set
Q∨,J =

{
ξ ∈ Q∨ 〈ξ, α〉 ∈ {−1, 0} for all α ∈ ∆+

J

}
.(58)

Lemma 4.1 ([24, Equation (3.6)]). For each ξ ∈ Q∨ there exist a unique φJ(ξ) ∈ Q∨J
and a unique (j1, j2, . . . , jk) ∈

∏k
m=1(Im)af such that

ξ + φJ(ξ) +
k∑

m=1
$∨jm ∈

⊕
i∈IrJ

Z$∨i .(59)

In particular, ξ+φJ(ξ) ∈ Q∨,J for any ξ ∈ Q∨, and hence Q∨,J is a complete system
of coset representatives for Q∨/Q∨J .

For a subset K ⊂ I, let wK0 be the longest element of WK . For jm ∈ (Im)af , set

vImjm = wIm0 w
Imr{jm}
0 ∈WIm ⊂WJ ;(60)

note that vIm0 = e. For ξ ∈ Q∨, define
zξ = zJξ = vI1

j1
vI2
j2
· · · vIkjk ∈WJ ,(61)

where (j1, j2, . . . , jk) ∈
∏k
m=1(Im)af , satisfying (59) for ξ, is determined uniquely by

Lemma 4.1; note that zξ = zζ if ξ ≡ ζ mod Q∨J .

Lemma 4.2 ([24, Lemma 3.7]).We have Tξ = ΠJ(tξ) = zξtξ+φJ (ξ) for every ξ ∈ Q∨.
Therefore, by Lemma 2.3, ΠJ(wtξ) = bwczξtξ+φJ (ξ) for every w ∈W and ξ ∈ Q, and
we have a bijection W J ×Q∨,J → (W J)af , (w, ξ) 7→ wTξ. In particular,

(W J)af =
{
wTξ = wzξtξ w ∈W J , ξ ∈ Q∨,J

}
.(62)

4.2. Quantum Bruhat graphs. Following [24, §4] (see also [5]), define the (par-
abolic) quantum Bruhat graph QBJ to be the (∆+ r ∆+

J )-colored directed graph
with vertex set W J and edges of the form w

γ−−→ bwrγc for w ∈ W J and γ ∈
∆+ r ∆+

J , where `(bwrγc) − `(w) = 1 − 2χ〈γ∨, ρ − ρJ〉 and χ ∈ {0, 1}. We say that
an edge w γ−−→ bwrγc in QBJ is Bruhat (resp. quantum) if `(bwrγc) − `(w) = 1
(resp. `(bwrγc)− `(w) = 1− 2〈γ∨, ρ− ρJ〉). We see that if there exists a Bruhat edge
w

γ−−→ bwrγc in QBJ , then wrγ = bwrγc ∈ W J . Note that QBJ does not define a
partial order on W J .

Lemma 4.3 ([11, Proposition A.1.2]). Let w ∈ W J , ξ ∈ Q∨ and β ∈ ∆+
af . Write

β = wγ + χδ with γ ∈ ∆ and χ ∈ Z>0. Then rβwTξ ∈ (W J)af and there exists an
edge wTξ

β−−→ rβwTξ in SiBJ if and only if γ ∈ ∆+ r ∆+
J and one of the following

conditions holds:
(1) χ = 0 and w γ−−→ wrγ is a Bruhat edge in QBJ ,
(2) χ = 1 and w γ−−→ bwrγc is a quantum edge in QBJ ;

in these cases, we have rβwTξ = bwrγcTξ+χγ∨ = bwrγczJξ+χγ∨tξ+χγ∨+φJ (ξ+χγ∨) and
ci(ξ + χγ∨ + φJ(ξ + χγ∨)) = ci(ξ) + χci(γ∨) for all i ∈ I r J .

Lemma 4.4 ([20, Proof of Theorem 10.16]). Let w ∈ W J and γ ∈ ∆+ r ∆+
J . There

exists a quantum edge w γ−−→ bwrγc in QBJ if and only if `(wrγ)−`(w) = 1−2〈γ∨, ρ〉
and wrγtγ∨ ∈ (W J)af ; note that wrγtγ∨ ∈ (W J)af and Lemma 4.2 imply γ∨ ∈
Q∨,J ∩ (∆∨,+ r ∆∨,+J ) and bwrγc = wrγz

−1
γ∨ .
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Lemma 4.5. Let i ∈ I and γ∨ ∈ Q∨,Ir{i}∩(∆∨,+r∆∨,+Ir{i}). We have 〈γ∨, ρ−ρIr{i}〉 =
ci(γ∨)〈α∨i , ρ− ρIr{i}〉 = ci(γ∨)(1− 〈α∨i , ρIr{i}〉).

Proof. The assertion follows from 〈ξ, ρ − ρIr{i}〉 = 0 for ξ ∈ Q∨Ir{i}, γ∨ ≡ ci(γ∨)α∨i
mod Q∨Ir{i}, and 〈α∨i , ρ〉 = 1. �

4.3. Type A(1)
n−1. Fix an integer n > 2. Set I = [n− 1]. We assume that the labeling

of the vertices of the Dynkin diagram of type An−1 is as follows.
•
1

•
2

· · · •
n− 2

•
n− 1

Let ε1, ε2, . . . , εn be an orthonormal basis of an n-dimensional Euclidean space Rn.
Let ∆ = {±(εs − εt) | s, t ∈ [n], s < t} be a root system of type An−1, and let
Π = {αs = εs − εs+1 | s ∈ I} be a simple root system of ∆.

Let W be the Weyl group of ∆; note that W can be described by W = S([n]) as
the permutation group of {εs | s ∈ [n]} ⊂ Rn. The longest element of W is given by
u 7→ n − u + 1, u ∈ [n]. Let CSTAn−1($i) be the family of i-element subsets of [n].
We identify T = {T(1) < T(2) < · · · < T(i)} ∈ CSTAn−1($i) with the column-strict
tableau

T(1)

T(2)
...

T(i)

.(63)

For w ∈W , let T(i)
w ∈ CSTAn−1($i) be such that

T(i)
w =

{
T(i)
w (1) < T(i)

w (2) < · · · < T(i)
w (i)

}
= {w(1), w(2), . . . , w(i)}.(64)

The proof of the next lemma is standard (cf. [4, §2.4]).

Lemma 4.6. Let i ∈ I. We have

W Ir{i} = {w ∈W | w(1) < w(2) < · · · < w(i), and
w(i+ 1) < w(i+ 2) < · · · < w(n)}.

The map W Ir{i} → CSTAn−1($i), w 7→ T(i)
w , is bijective.

We see from Lemmas 4.1–4.2 and 4.6 that the map

YAn−1
i : Waf → CSTAn−1($i)× Z, wtξ 7→

(
T(i)
w , ci(ξ)

)
,(65)

induces a bijection from the subset (W Ir{i})af ⊂Waf to CSTAn−1($i)× Z.

Definition 4.7 ([10, Definition 4.2 (1)]).Define a partial order � on CSTAn−1($i)×Z
as follows: for (T, c), (T′, c′) ∈ CSTAn−1($i)× Z, set (T, c) � (T′, c′) if

(c 6 c′) and (T(u) 6 T′(u+ c′ − c) for u ∈ [i− c′ + c]) .(66)

Proposition 4.8. Let i ∈ I.
(1) YAn−1

i ◦ΠIr{i} = YAn−1
i .

(2) For x, y ∈ Waf , we have ΠIr{i}(x) � ΠIr{i}(y) in (W Ir{i})af if and only if
YAn−1
i (x) � YAn−1

i (y) in CSTAn−1($i)× Z.
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(3) Let (T, c), (T′, c′) ∈ CSTAn−1($i)×Z. If c′ − c > min{i, n− i}, then (T, c) �
(T′, c′).

Proof. (1): Let x = wtξ ∈ Waf and y = ΠIr{i}(x) = vtζ , where w, v ∈ W and
ξ, ζ ∈ Q∨. We see from Lemma 2.3 that bwcIr{i} = bvcIr{i} and ci(ξ) = ci(ζ).
Since {1, 2, . . . , i} is stable under the action of WIr{i}, bwcIr{i} = bvcIr{i} implies
T(i)
w = T(i)

v . Thus YAn−1
i (x) = YAn−1

i (y).
(2): The assertion follows from (1) and [10, Theorem 4.7 and Equation (67)].
(3): We first assume that c′ − c > i. Obviously, c 6 c′ holds. Since i − c′ + c 6 0,

the latter condition in (66) is trivial. Thus (T, c) � (T′, c′).
We next assume that i > c′ − c > n − i. Obviously, c 6 c′ holds. Since T(u) ∈

[u, u+ n− i] holds for all u ∈ [i], we have
T(u) 6 u+ n− i 6 u+ c′ − c 6 T′(u+ c′ − c) for u ∈ [i− c+ c′].(67)

This implies (T, c) � (T′, c′). �

By combining Propositions 3.2 and 4.8 (2), we obtain the following tableau criterion
for the semi-infinite Bruhat order on Waf of type A(1)

n−1.

Theorem 4.9. Let J ⊂ I and x, y ∈ (W J)af . We have x � y in (W J)af if and only if
YAn−1
i (x) � YAn−1

i (y) in CSTAn−1($i)× Z for all i ∈ I r J .
For w ∈ W , the notation w = i1i2 · · · in means that w(u) = iu for u ∈ [n]. A

column-strict tableau (of skew shape) is called semi-standard if its entries are weakly
increasing from right to left in each row.
Example 4.10.Assume that n = 6. Let w = 564213, v = 412635 ∈W , and

ξ = α∨1 − α∨3 + α∨4 + 2α∨5 , ζ = 2α∨1 + 3α∨2 + α∨3 + 2α∨4 + 5α∨5 ∈ Q∨.
Let us compare x = wtξ and y = vtζ in semi-infinite Bruhat order on Waf . We have

T(1)
w T(2)

w T(3)
w T(4)

w T(5)
w =

5 5 4 2 1
6 5 4 2

6 5 4
6 5

6
and

T(1)
v T(2)

v T(3)
v T(4)

v T(5)
v =

4 1 1 1 1
4 2 2 2

4 4 3
6 4

6

.

(1) YAn−1
1 (x) � YAn−1

1 (y) since c1(ζ)−c1(ξ) = 1 = min{1, 6−1} (see Proposition
4.8 (3)).

(2) YAn−1
2 (x) � YAn−1

2 (y) since c2(ζ) − c2(ξ) = 3 > 2 = min{2, 6 − 2} (see
Proposition 4.8 (3)).

(3) YAn−1
3 (x) � YAn−1

3 (y) since c3(ζ)− c3(ξ) = 2 and

1
2
4 4

5
6

is semi-standard (see

(66)), where T(3)
w =

4
5
6

and T(3)
v =

1
2
4
.
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(4) YAn−1
4 (x) � YAn−1

4 (y) since c4(ζ)− c4(ξ) = 1 and

1
2 2
4 4
6 5

6

is semi-standard (see

(66)), where T(4)
w =

2
4
5
6

and T(4)
v =

1
2
4
6

.

(5) YAn−1
5 (x) � YAn−1

5 (y) since c5(ζ) − c5(ξ) = 3 > 1 = min{5, 6 − 5} (see
Proposition 4.8 (3)).

By Theorem 4.9, we conclude that x � y.

4.4. Type C
(1)
n . Fix an integer n > 2. Set I = [n]. We assume that the labeling of

the vertices of the Dynkin diagram of type Cn is as follows.

•
1

•
2

· · · •
n− 1

•oo
n

Let ε1, ε2, . . . , εn be an orthonormal basis of an n-dimensional Euclidean space Rn.
Let ∆ = {±(εs ± εt) | s, t ∈ [n], s < t} t {±2εs | s ∈ [n]} be a root system of type
Cn, and let Π = {αs = εs − εs+1 | s ∈ [n− 1]} t {αn = 2εn} be a simple root system
of ∆.

LetW be the Weyl group of ∆. Note thatW acts faithfully on {±εs | s ∈ [n]} ⊂ Rn.
Define a totally ordered set Cn by

Cn = {1 ≺ 2 ≺ · · · ≺ n− 1 ≺ n ≺ n ≺ n− 1 ≺ · · · ≺ 2 ≺ 1}.(68)

Let σ : Cn → Cn be the bijection defined by s ↔ s for s ∈ [n]. If we identify Cn with
{±εs | s ∈ [n]} by s = εs and s = −εs for s ∈ [n], then W can be described as follows:

W = {w ∈ S(Cn) | w(σ(s)) = σ(w(s)) for s ∈ [n]}.(69)

Let (s1 s2 · · · sl) ∈ S(Cn) denote the cyclic permutation s1 7→ s2 7→ · · · 7→ sl 7→ s1,
where l > 1 and s1, s2, . . . , sl ∈ Cn are all distinct. For s, t ∈ [n], s < t, we have
r±(εs−εt) = (s t)(s t), r±2εs = (s s), and r±(εs+εt) = (s t)(s t) in S(Cn).

For w ∈ S(Cn) and s ∈ [n], set

As(w) = {t ∈ [s+ 1, n] | w(s) � w(t) in Cn}, as(w) = #As(w),(70)
Bs(w) = {t ∈ [s+ 1, n] | w(s) � σ(w(t)) in Cn}, bs(w) = #Bs(w),(71)

es(w) =
{

0 if w(s) � n,
1 if w(s) � n;

(72)

note that an(w) = bn(w) = 0 for w ∈ S(Cn). The length function ` : W → Z>0 is
given by

`(w) =
n∑
s=1

(as(w) + bs(w) + es(w))(73)

for w ∈W . The longest element of W is given by u 7→ u, u ∈ [n].
Let ‖ · ‖ : Cn → [n] be the map defined by ‖s‖ = s and ‖s‖ = s for s ∈ [n].

We identify an i-element subset T = {T(1) ≺ T(2) ≺ · · · ≺ T(i)} ⊂ Cn with the
column-strict tableau of the form (63). Set

CSTCn($i) = {T | T ⊂ Cn, #T = i, and ‖T(u)‖, u ∈ [i], are all distinct}.(74)
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For w ∈W , let T(i)
w ∈ CSTCn($i) be such that

T(i)
w =

{
T(i)
w (1) ≺ T(i)

w (2) ≺ · · · ≺ T(i)
w (i)

}
= {w(1), w(2), . . . , w(i)}.(75)

The proof of the next lemma is standard (cf. [4, §8.1]).

Lemma 4.11. Let i ∈ I. We have
W Ir{i} = {w ∈W | w(1) ≺ w(2) ≺ · · · ≺ w(i), and

w(i+ 1) ≺ w(i+ 2) ≺ · · · ≺ w(n) � n}.

If w ∈W Ir{i}, then `(w) =
∑i
s=1(as(w) + bs(w) + es(w)) and As(w) ⊂ [i+ 1, n] for

s ∈ [i]. The map W Ir{i} → CSTCn($i), w 7→ T(i)
w , is bijective.

We see from Lemmas 4.1–4.2 and 4.11 that the map

YCni : Waf → CSTCn($i)× Z, wtξ 7→
(

T(i)
w , ci(ξ)

)
,(76)

induces a bijection from the subset (W Ir{i})af ⊂Waf to CSTCn($i)× Z.

Definition 4.12.Define a partial order � on CSTCn($i) × Z as follows: for
(T, c), (T′, c′) ∈ CSTCn($i)× Z, set (T, c) � (T′, c′) if

(c 6 c′) and (T(u) � T′(u+ c′ − c) in Cn for u ∈ [i− c′ + c]) .(77)

Proposition 4.13. Let i ∈ I.
(1) YCni ◦ΠIr{i} = YCni .
(2) For x, y ∈ Waf , we have ΠIr{i}(x) � ΠIr{i}(y) in (W Ir{i})af if and only if
YCni (x) � YCni (y) in CSTCn($i)× Z.

(3) Let (T, c), (T′, c′) ∈ CSTCn($i)× Z. If c′ − c > i, then (T, c) � (T′, c′).

By combining Propositions 3.2 and 4.13(2), we obtain the following tableau crite-
rion for the semi-infinite Bruhat order on Waf of type C(1)

n .

Theorem 4.14. Let J ⊂ I. For x, y ∈ (W J)af , we have x � y in (W J)af if and only
if YCni (x) � YCni (y) in CSTCn($i)× Z for all i ∈ I r J .

The remainder of this subsection is devoted to the proof of Proposition 4.13.
The proofs of Lemmas 4.15–4.16 below are straightforward.

Lemma 4.15. Let i ∈ I and γ ∈ ∆+ r ∆+
Ir{i}. We have γ∨ ∈ Q∨,Ir{i} if and only if

one of the following conditions holds:
(1) γ∨ = εi = α∨i + α∨i+1 + · · ·+ α∨n .
(2) γ∨ = εi−1 + εi = α∨i−1 + 2α∨i + · · ·+ 2α∨n .

Lemma 4.16. Let i ∈ I. We have 2〈α∨i , ρ− ρIr{i}〉 = 2n− i+ 1.

Proposition 4.17 (cf. [4, §8.1]). Let i ∈ I, w ∈W Ir{i}, and γ ∈ ∆+. There exists a
Bruhat edge w γ−−→ bwrγc = wrγ in QBIr{i} if and only if γ ∈ ∆+ r∆+

Ir{i} and one
of the following statements holds.
(b-C1) i ∈ [n − 1], ci(γ∨) = 1, and there exists s ∈ [i] such that wrγ(u) = w(u) for

u ∈ [i] r {s}, 1 � w(s) ≺ n, and wrγ(s) = min([w(s) + 1, n] r {‖w(u)‖ | u ∈
[i], w(u) � n}); in this case, we have γ∨ = εs − εt = α∨s + α∨s+1 + · · · + α∨t
for some t ∈ [i+ 1, n].

(b-C2) i ∈ [n − 1], ci(γ∨) = 1, and there exists s ∈ [i] such that wrγ(u) = w(u) for
u ∈ [i] r {s}, n � w(s) ≺ 1, and wrγ(s) = σ

(
max([‖w(s)‖ − 1] r {w(u) | u ∈

[i], w(u) � n})
)
; in this case, we have γ∨ = εs − εt = α∨s + α∨s+1 + · · ·+ α∨t

for some t ∈ [i+ 1, n].
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(b-C3) i ∈ [2, n], ci(γ∨) = 2, and there exist s, t ∈ [i] such that s < t, wrγ(u) = w(u)
for u ∈ [i]r {s, t}, and wrγ(s) = w(s) + 1 = σ(w(t)) = σ(wrγ(t)) + 1 � n; in
this case, we have γ∨ = εs + εt = α∨s + · · ·+ α∨t−1 + 2α∨t + · · ·+ 2α∨n .

(b-C4) ci(γ∨) = 1, and there exists s ∈ [i] such that wrγ(u) = w(u) for u ∈ [i] r {s}
and σ(wrγ(s)) = w(s) = n; in this case, we have γ∨ = εs = α∨s +α∨s+1 + · · ·+
α∨n .

Moreover, for w, v ∈ W Ir{i}, we have w � v if and only if w(u) � v(u) in Cn for
u ∈ [i].
Proposition 4.18. Let i ∈ I, w ∈W Ir{i} and γ ∈ ∆+. There exists a quantum edge
w

γ−−→ bwrγc in QBIr{i} if and only if γ ∈ ∆+ r∆+
Ir{i} and the following statement

holds:
(q-C) ci(γ∨) = 1, bwrγc(1) = 1, bwrγc(u) = w(u − 1) for u ∈ [2, i], and w(i) = 1;

in this case, we have γ∨ = εi = α∨i + α∨i+1 + · · ·+ α∨n .
Before starting the proof of Proposition 4.18, we mention a consequence of Lemma

4.3 and Propositions 4.17–4.18.
Proposition 4.19. Let i ∈ I, x, y ∈ (W Ir{i})af , YCni (x) = (T, c), and YCni (y) =
(T′, c′). There exists an edge x β−−→ y in SiBIr{i} for some β ∈ ∆+

af if and only if one
of the following conditions holds:
(∞2 -C1) i ∈ [n − 1], c′ = c, and there exists s ∈ [i] such that T′(u) = T(u) for

u ∈ [i] r {s}, 1 � T(s) ≺ n, and T′(s) = min([T(s) + 1, n] r {‖T(u)‖ | u ∈
[i], T(u) � n}).

(∞2 -C2) i ∈ [n − 1], c′ = c, and there exists s ∈ [i] such that T′(u) = T(u) for
u ∈ [i] r {s}, n � T(s) ≺ 1, and T′(s) = σ

(
max([‖T(s)‖ − 1] r {T(u) | u ∈

[i], T(u) � n})
)
.

(∞2 -C3) i ∈ [2, n], c′ = c, and there exist s, t ∈ [i] such that s < t, T′(u) = T(u) for
u ∈ [i] r {s, t}, and T′(s) = T(s) + 1 = σ(T(t)) = σ(T′(t)) + 1 � n.

(∞2 -C4) c′ = c, and there exists s ∈ [i] such that T′(u) = T(u) for u ∈ [i] r {s} and
σ(T′(s)) = T(s) = n.

(∞2 -C5) c′ = c+ 1, T′(1) = 1, T′(u) = T(u− 1) for u ∈ [2, i], and T(i) = 1.

For i ∈ I, w ∈ W Ir{i} and γ ∈ ∆+ r ∆+
Ir{i}, let Q(i, w, γ) denote the following

statement.
Q(i, w, γ): There exists a quantum edge w γ−−→ bwrγc in QBIr{i}.

Proof of Proposition 4.18. By Lemmas 4.4 and 4.15, we may assume that γ∨ ∈
Q∨,Ir{i}, bwrγc = wrγ(zIr{i}γ∨ )−1 and ci(γ∨) ∈ {1, 2}. Let I r {i} = I1 t I2, where
I1 = [i − 1] is of type Ai−1 and I2 = [i + 1, n] is of type Cn−i. The proof will be
divided into three steps.

Step 1. We show that ci(γ∨) = 1 and Q(i, w, γ) imply (q-C). It follows from Lemmas
4.5 and 4.16 that ci(γ∨) = 1 and Q(i, w, γ) are equivalent to `(bwrγc)−`(w) = i−2n.
By Lemma 4.15, γ∨ = εi and rγ = (i i). We see that (i − 1, 0) ∈ (I1)af × (I2)af
satisfies the condition for γ∨ ∈ Q∨ in Lemma 4.1; note that I1 r {i − 1} = [i − 2]
is of type Ai−2. Hence zIr{i}γ∨ = wI1

0 w
I1r{i−1}
0 = (1 2 · · · i)(1 2 · · · i) and bwrγc =

w(i i)(i · · · 2 1)(i · · · 2 1). We have bwrγc(1) = w(i), bwrγc(u) = w(u − 1) for
u ∈ [2, i], and bwrγc(u) = w(u) for u ∈ [i+ 1, n]. It follows from Lemma 4.11 that

w(i)︸︷︷︸
�n

≺ w(1) ≺ w(2) ≺ · · · ≺ w(i− 1) ≺ w(i)︸︷︷︸
�n

.(78)

It remains to prove that w(i) = 1. If we prove that
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(1) e1(bwrγc) = 0,
(2) a1(bwrγc) + b1(bwrγc) = w(i)− 1,
(3) ai(w) = n− i, bi(w) = n− i− (w(i)− 1), ei(w) = 1,
(4) es(bwrγc) = es−1(w) for s ∈ [2, i],
(5) as(bwrγc) = as−1(w) and bs(bwrγc) = bs−1(w)− 1 for s ∈ [2, i],

then the assertion follows. Indeed, by Lemma 4.11, we have

`(bwrγc)− `(w) = a1(bwrγc) + b1(bwrγc)︸ ︷︷ ︸
=w(i)−1

+ e1(bwrγc)︸ ︷︷ ︸
=0

− (ai(w) + bi(w) + ei(w))︸ ︷︷ ︸
=1+2(n−i)−(w(i)−1)

+
i∑

s=2

(
as(bwrγc)− as−1(w)︸ ︷︷ ︸

=0

)
+

i∑
s=2

(
bs(bwrγc)− bs−1(w)︸ ︷︷ ︸

=−1

)

+
i∑

s=2

(
es(bwrγc)− es−1(w)︸ ︷︷ ︸

=0

)
= i− 2n+ 2(w(i)− 1).

Since `(bwrγc)− `(w) = i− 2n, we get w(i) = 1 and w(i) = 1.
We prove (1)–(5) as follows.
(1) follows from bwrγc(1) = w(i) and (78).
(2): We see from bwrγc(1) = w(i), bwrγc(u) = w(u− 1) for u ∈ [2, i], bwrγc(u) =

w(u) for u ∈ [i+ 1, n], and (78) (see also Lemma 4.11) that A1(bwrγc),B1(bwrγc) ⊂
[i+ 1, n] and

A1(bwrγc) = {t ∈ [i+ 1, n] | w(i) � w(t)},
B1(bwrγc) = {t ∈ [i+ 1, n] | w(i) ≺ w(t)}.

Hence A1(bwrγc) ∩ B1(bwrγc) = ∅ and

A1(bwrγc) t B1(bwrγc) = {t ∈ [n] | ‖w(t)‖ < w(i)},

which implies a1(bwrγc) + b1(bwrγc) = w(i)− 1.
(3): Since n � w(i), we have ei(w) = 1, Ai(w) = [i+ 1, n], and hence ai(w) = n− i.

We see from w(i) ≺ w(1) that Bi(w) = [i+ w(i), n] and bi(w) = n− i− (w(i)− 1).
(4) follows from bwrγc(s) = w(s− 1) for s ∈ [2, i].
(5): Let s ∈ [2, i]. We see from Lemma 4.11 that

As(bwrγc) = {t ∈ [i+ 1, n] | bwrγc(s)︸ ︷︷ ︸
=w(s−1)

� bwrγc(t)︸ ︷︷ ︸
=w(t)

} = As−1(w),

which implies as(bwrγc) = as−1(w) for s ∈ [2, i]. Similarly, we deduce from i ∈
Bs−1(w) that the map

Bs(bwrγc)→ Bs−1(w) r {i}, t 7→
{
t− 1 if t ∈ [s+ 1, i],
t if t ∈ [i+ 1, n],

is bijective, which implies bs(bwrγc) = bs−1(w)− 1 for s ∈ [2, i]. �
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Step 2. We show that ci(γ∨) = 2 and Q(i, w, γ) lead to a contradiction; the com-
putation below will be used again in the proofs of Lemmas 4.32–4.33 in §4.5. It
follows from Lemmas 4.5 and 4.16 that ci(γ∨) = 2 and Q(i, w, γ) are equivalent to
`(bwrγc)−`(w) = 2i−4n−1. By Lemma 4.15, γ∨ = εi−1+εi and rγ = (i−1 i)(i− 1 i).
We see that (i−2, 0) ∈ (I1)af×(I2)af satisfies the condition for γ∨ ∈ Q∨ in Lemma 4.1;
note that I1r{i−2} = [i−3]t{i−1} is of type Ai−3×A1. Hence zIr{i}γ∨ = wI1

0 w
I1r{i−2}
0

is given by u 7→ u+ 2 for u ∈ [i− 2], i− 1 7→ 1, and i 7→ 2. We have bwrγc(1) = w(i),
bwrγc(2) = w(i− 1), bwrγc(u) = w(u − 2) for u ∈ [3, i], and bwrγc(u) = w(u) for
u ∈ [i+ 1, n]. It follows from Lemma 4.11 that

w(i) ≺ w(i− 1)︸ ︷︷ ︸
�n

≺ w(1) ≺ w(2) ≺ · · · ≺ w(i− 2) ≺ w(i− 1) ≺ w(i)︸ ︷︷ ︸
�n

;(79)

note that w(i)− 1 > 0 and w(i− 1)− 2 > 0. If we prove that
(1) e1(bwrγc) = e2(bwrγc) = 0, es(bwrγc) = es−2(w) for s ∈ [3, i], ei−1(w) =

ei(w) = 1,
(2) a1(bwrγc) = w(i)− 1, a2(bwrγc) = w(i− 1)− 2, ai−1(w) = ai(w) = n− i,
(3) b1(bwrγc) = b2(bwrγc) = 0, bi−1(w) = n − i − (w(i− 1) − 2) + 1, bi(w) =

n− i− (w(i)− 1),
(4) as(bwrγc) = as−2(w) and bs(bwrγc) = bs−2(w)− 2 for s ∈ [3, i],

then the assertion follows. Indeed, (1)–(4) and Lemma 4.11 imply

`(bwrγc)− `(w) = 2i− 4n+ 1 + 2 (w(i)− 1)︸ ︷︷ ︸
>0

+2 (w(i− 1)− 2)︸ ︷︷ ︸
>0

> 2i− 4n− 1,

contrary to `(bwrγc)− `(w) = 2i− 4n− 1.
We prove (1)–(4) as follows.
(1) follows from (79).
(2): We see from Lemma 4.11 and (79) that

A1(bwrγc) = {t ∈ [i+ 1, n] | bwrγc(1)︸ ︷︷ ︸
=w(i)

� bwrγc(t)︸ ︷︷ ︸
=w(t)

} = [i+ 1, i+ w(i)− 1],

which implies a1(bwrγc) = w(i)− 1. Similarly, we have

A2(bwrγc) = [i+ 1, i+ w(i− 1)− 2],

Ai−1(w) = Ai(w) = [i+ 1, n],

which imply a2(bwrγc) = w(i− 1)− 2 and ai−1(w) = ai(w) = n− i.
(3): We claim that B1(bwrγc) = ∅. Suppose that 2 ∈ B1(bwrγc). Then w(i) =

bwrγc(1) � σ(bwrγc(2)) = w(i − 1), contrary to (79). Suppose that t ∈ B1(bwrγc) ∩
[3, i]. Then w(i) = bwrγc(1) � σ(bwrγc(t)) = σ(w(t− 2)) and hence w(i) ≺ w(t− 2),
contrary to (79). Suppose that t ∈ B1(bwrγc) ∩ [i + 1, n]. Then w(i) = bwrγc(1) �
σ(bwrγc(t)) = σ(w(t)) and hence n � w(i) ≺ w(t), contrary to Lemma 4.11. Conse-
quently, we have B1(bwrγc) = ∅ and b1(bwrγc) = 0 as claimed. Similarly, we have
B2(bwrγc) = ∅ and b2(bwrγc) = 0. We next claim that Bi(w) = [i+1, n]rA1(bwrγc).
Indeed,

Bi(w) = {t ∈ [i+ 1, n] | w(i) � σ(w(t))}
= {t ∈ [i+ 1, n] | w(i) ≺ w(t)}
= [i+ 1, n] r A1(bwrγc).
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This implies bi(w) = n−i−(w(i)−1). Similarly, we have Bi−1(w) = [i, n]rA2(bwrγc)
and bi−1(w) = n− i− (w(i− 1)− 2) + 1.

(4): Let s ∈ [3, i]. We see from Lemma 4.11 that

As(bwrγc) = {t ∈ [i+ 1, n] | bwrγc(s)︸ ︷︷ ︸
=w(s−2)

� bwrγc(t)︸ ︷︷ ︸
=w(t)

} = As−2(w),

which implies as(bwrγc) = as−2(w) for s ∈ [3, i]. Similarly, we deduce from i− 1, i ∈
Bs−2(w) that the map

Bs(bwrγc)→ Bs−2(w) r {i− 1, i}, t 7→
{
t− 2 if t ∈ [s+ 1, i],
t if t ∈ [i+ 1, n],

is bijective, which implies bs(bwrγc) = bs−2(w)− 2 for s ∈ [3, i]. �

Step 3. We show that (q-C) implies Q(i, w, γ). Assume that (q-C) is true. Since
ci(γ∨) = 1, Q(i, w, γ) is equivalent to `(bwrγc) − `(w) = i − 2n, by Lemmas 4.5
and 4.16. We see from (q-C) that w and bwrγc satisfy (1)–(5) in Step 1. As in Step 1,
this gives `(bwrγc)− `(w) = i− 2n+ (w(i)− 1). Since w(i) = 1 by (q-C), we conclude
that `(bwrγc)− `(w) = i− 2n. �

The proof of Proposition 4.18 is complete. �

Proof of Proposition 4.13. (1) and (3) follow by the same method as in the proof of
Proposition 4.8.

We prove (2). Let x, y ∈ (W Ir{i})af , YCni (x) = (T, c), and YCni (y) = (T′, c′). By
Proposition 4.19, we may assume that d := c′ − c > 0. The proof is by induction on
d.

If d = 0, the assertion follows from Propositions 4.17 and 4.19.
Assume that d > 0. It follows immediately from Proposition 4.19 that x � y implies

(T, c) � (T′, c′). Conversely, we prove that (T, c) � (T′, c′) implies x � y; assume that
T(u) � T′(u + d) for u ∈ [i − d]. To this end, we construct x1, x2 ∈ (W Ir{i})af
and T1,T2 ∈ CSTCn($i) such that YCni (x1) = (T1, c

′), YCni (x2) = (T2, c
′ − 1),

and x � x2 ≺ x1 � y as follows. Let s ∈ [0, i] be such that T′(u) = i− u+ 1 for
u ∈ [s+ 1, i], and T′(s) ≺ i− s+ 1 if s 6= 0. Define T1,T2 ∈ CSTCn($i) by

T1(u) =


1 if u = 1,
T′(u) if u ∈ [2, s],
i− u+ 2 if u ∈ [max{2, s+ 1}, i],

T2(u) =
{

T1(u+ 1) if u ∈ [i− 1],
1 if u = i.

To see that T1 is well-defined, it suffices to show that ‖T1(u)‖, u ∈ [i], are all distinct.
This follows from ‖T1(1)‖ = 1 < ‖T1(u)‖ 6 i−s+1 < ‖T1(v)‖ for u ∈ [max{2, s+1}, i]
and v ∈ [2, s]. Let x1, x2 ∈ (W Ir{i})af be such that YCni (x1) = (T1, c

′) and YCni (x2) =
(T2, c

′ − 1). Since T1(u) � T′(u) for u ∈ [i], we see from the assertion for d = 0 that
x1 � y. By Proposition 4.19(∞2 -C5), we have x2 ≺ x1. By induction hypothesis, it
remains to prove that T(u) � T2(u+ d− 1) for u ∈ [i− d+ 1]. Let u ∈ [i− d+ 1]. If
u + d − 1 ∈ [i − 1] ∩ [1, s − 1], then T2(u + d − 1) = T1(u + d) = T′(u + d) � T(u).
If u + d − 1 ∈ [i − 1] ∩ [max{2, s + 1} − 1, i − 1], then T2(u + d − 1) = T1(u + d) =
i− (u+ d) + 2 � T(u+ d− 1) � T(u). We have T2(i) = 1 � T(i− d+ 1). �
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4.5. Type B
(1)
n . Fix an integer n > 3. Set I = [n]. We assume that the labeling of

the vertices of the Dynkin diagram of type Bn is as follows.
•
1

•
2

· · · •
n− 1

•//
n

Let ε1, ε2, . . . , εn be an orthonormal basis of an n-dimensional Euclidean space Rn.
Let ∆ = {±(εs ± εt) | s, t ∈ [n], s < t} t {±εs | s ∈ [n]} be a root system of type Bn,
and let Π = {αs = εs − εs+1 | s ∈ [n− 1]} t {αn = εn} be a simple root system of ∆.

Let W be the Weyl group of ∆; we see from §4.4 that
W = {w ∈ S(Cn) | w(σ(s)) = σ(w(s)) for s ∈ [n]}.(80)

Note that r±(εs−εt) = (s t)(s t), r±εs = (s s), and r±(εs+εt) = (s t)(s t) for s, t ∈ [n],
s < t. Write CSTBn($i) = CSTCn($i). We know from Lemmas 4.1–4.2 and 4.11 that
the map

YBni : Waf → CSTBn($i)× Z, wtξ 7→
(

T(i)
w , ci(ξ)

)
,(81)

induces a bijection from the subset (W Ir{i})af ⊂Waf to CSTBn($i)× Z.

Definition 4.20. Let i ∈ I, (T, c), (T′, c′) ∈ CSTBn($i)× Z, and d := c′ − c. Define
a partial order � on CSTBn($i)× Z as follows.

(1) Assume that i = 1. Set (T, c) � (T′, c′) if either of the following holds:
(d > 2), (d = 1, T(1) = 1, and T′(1) 6= 1),
(d = 1 and T(1) 6= 1), or (d = 0 and T(1) � T′(1) in Cn).

(82)

(2) Assume that i ∈ [2, n− 1]. Set (T, c) � (T′, c′) if
(d > 0), (T(u) � T′(u+ d) in Cn for u ∈ [i− d]),(83)

and one of the following conditions holds:
(i) d is even.
(ii) d is odd. If d ∈ [i − 1], then T(i − d) � n. If d ∈ [i], T(i − d + 1) � n,
{a1 < a2 < · · · < an−i+d} = [n]r{T(u) | u ∈ [i−d]}, and T(i−d+ 1) =
ad, then 1 ≺ ad ≺ T′(ad); note that ad ∈ [d, i] since au ∈ [u, u + i − d]
for u ∈ [n− i+ d].

(3) Assume that i = n. Set (T, c) � (T′, c′) if
(d > 0) and (T(u) � T′(u+ 2d) in Cn for u ∈ [n− 2d]) .(84)

Proposition 4.21. Let i ∈ I.
(1) YBni ◦ΠIr{i} = YBni .
(2) For x, y ∈ Waf , we have ΠIr{i}(x) � ΠIr{i}(y) in (W Ir{i})af if and only if
YBni (x) � YBni (y) in CSTBn($i)× Z.

(3) Let i ∈ [n − 1] and (T, c), (T′, c′) ∈ CSTBn($i) × Z. If c′ − c > i, then
(T, c) � (T′, c′).

(4) Let i = n and (T, c), (T′, c′) ∈ CSTBn($n)×Z. If 2(c′ − c) > i, then (T, c) �
(T′, c′).

By combining Propositions 3.2 and 4.21 (2), we obtain the following tableau crite-
rion for the semi-infinite Bruhat order on Waf of type B(1)

n .

Theorem 4.22. Let J ⊂ I. For x, y ∈ (W J)af , we have x � y in (W J)af if and only
if YBni (x) � YBni (y) in CSTBn($i)× Z for all i ∈ I r J .

The remainder of this subsection is devoted to the proof of Proposition 4.21.
The proofs of Lemmas 4.23–4.24 below are straightforward.
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Lemma 4.23. Let i ∈ I and γ ∈ ∆+ r ∆+
Ir{i}. We have γ∨ ∈ Q∨,Ir{i} if and only if

one of the following conditions holds:
(1) i = 1 and γ∨ = ε1 − ε2 = α∨1 .
(2) i ∈ [2, n− 1] and γ∨ = εi − εi+1 = α∨i .
(3) i ∈ [2, n− 1] and γ∨ = εi−1 + εi = α∨i−1 + 2α∨i + · · ·+ 2α∨n−1 + α∨n .
(4) i = n and γ∨ = εn−1 + εn = α∨n−1 + α∨n .

Lemma 4.24. Let i ∈ I. We have

2〈α∨i , ρ− ρIr{i}〉 =
{

2n− i if i ∈ [n− 1],
2n if i = n.

(85)

Proposition 4.25 (cf. [4, §8.1]). Let i ∈ I, w ∈W Ir{i}, and γ ∈ ∆+. There exists a
Bruhat edge w γ−−→ bwrγc = wrγ in QBIr{i} if and only if γ ∈ ∆+ r∆+

Ir{i} and one
of the following statements holds.
(b-B1) i ∈ [n − 1], ci(γ∨) = 1, and there exists s ∈ [i] such that wrγ(u) = w(u) for

u ∈ [i] r {s}, 1 � w(s) ≺ n, and wrγ(s) = min([w(s) + 1, n] r {‖w(u)‖ | u ∈
[i], w(u) � n}); in this case, we have γ∨ = εs − εt = α∨s + α∨s+1 + · · · + α∨t
for some t ∈ [i+ 1, n].

(b-B2) i ∈ [n − 1], ci(γ∨) = 1, and there exists s ∈ [i] such that wrγ(u) = w(u) for
u ∈ [i] r {s}, n � w(s) ≺ 1, and wrγ(s) = σ

(
max([‖w(s)‖ − 1] r {w(u) | u ∈

[i], w(u) � n})
)
; in this case, we have γ∨ = εs − εt = α∨s + α∨s+1 + · · ·+ α∨t

for some t ∈ [i+ 1, n].
(b-B3) i ∈ [2, n − 1], ci(γ∨) = 2, and there exist s, t ∈ [i] such that s < t, wrγ(u) =

w(u) for u ∈ [i]r{s, t} and wrγ(s) = w(s)+1 = σ(w(t)) = σ(wrγ(t))+1 � n;
in this case, we have γ∨ = εs+εt = α∨s + · · ·+α∨t−1 +2α∨t + · · ·+2α∨n−1 +α∨n .

(b-B4) i = n, cn(γ∨) = 1, and there exist s, t ∈ [i] such that s < t, wrγ(u) = w(u)
for u ∈ [i] r {s, t} and wrγ(s) = w(s) + 1 = σ(w(t)) = σ(wrγ(t)) + 1 � n; in
this case, we have γ∨ = εs + εt = α∨s + · · ·+α∨t−1 + 2α∨t + · · ·+ 2α∨n−1 +α∨n .

(b-B5) i ∈ [n − 1], ci(γ∨) = 2, and there exists s ∈ [i] such that wrγ(u) = w(u) for
u ∈ [i] r {s} and σ(wrγ(s)) = w(s) = n; in this case, we have γ∨ = εs =
2α∨s + 2α∨s+1 + · · ·+ 2α∨n−1 + α∨n .

(b-B6) i = n, cn(γ∨) = 1, and there exists s ∈ [i] such that wrγ(u) = w(u) for
u ∈ [i] r {s} and σ(wrγ(s)) = w(s) = n; in this case, we have γ∨ = εs =
2α∨s + 2α∨s+1 + · · ·+ 2α∨n−1 + α∨n .

Moreover, for w, v ∈W Ir{i}, we have w � v if and only if w(u) � v(u) for u ∈ [i].

For i ∈ I, w ∈ W Ir{i} and γ ∈ ∆+ r ∆+
Ir{i}, let Q(i, w, γ) denote the following

statement.
Q(i, w, γ): There exists a quantum edge w γ−−→ bwrγc in QBIr{i}.

Proposition 4.26. Let i ∈ I, w ∈W Ir{i}, and γ ∈ ∆+ r ∆+
Ir{i}. Then Q(i, w, γ) is

true if and only if one of the following statements holds.
(q-B1) i = 1, c1(γ∨) = 1, and (w(1), bwrγc(1)) ∈ {(1, 2), (2, 1)}; in this case, we have

γ∨ = ε1 − ε2 = α∨1 .
(q-B2) i ∈ [2, n − 1], ci(γ∨) = 1, and 1 ≺ w(i) � i + 1. If we set k = w(i), then

w(u) = u+1 for u ∈ [k−2], k ≺ w(u) � n for u ∈ [k−1, i−1], bwrγc(1) = 1,
and bwrγc(u) = w(u− 1) for u ∈ [2, i]; in this case, we have γ∨ = εi− εi+1 =
α∨i .

(q-B3) i ∈ [2, n− 1], ci(γ∨) = 2, bwrγc(1) = w(i) = 1, bwrγc(2) = w(i− 1) = 2, and
bwrγc(u) = w(u − 2) for u ∈ [3, i]; in this case, we have γ∨ = εi−1 + εi =
α∨i−1 + 2α∨i + · · ·+ 2α∨n−1 + α∨n .
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(q-B4) i = n, cn(γ∨) = 1, bwrγc(1) = w(n) = 1, bwrγc(2) = w(n− 1) = 2, and
bwrγc(u) = w(u − 2) for u ∈ [3, n]; in this case, we have γ∨ = εn−1 + εn =
α∨n−1 + α∨n .

Before starting the proof of Proposition 4.26, we mention a consequence of Lemma
4.3 and Propositions 4.25–4.26.

Proposition 4.27. Let i ∈ I, x, y ∈ (W Ir{i})af , YBni (x) = (T, c), and YBni (y) =
(T′, c′). There exists an edge x β−−→ y in SiBIr{i} for some β ∈ ∆+

af if and only if one
of the following conditions holds:
(∞2 -B1) i ∈ [n − 1], c′ = c, and there exists s ∈ [i] such that T′(u) = T(u) for

u ∈ [i] r {s}, 1 � T(s) ≺ n, and T′(s) = min([T(s) + 1, n] r {‖T(u)‖ | u ∈
[i], T(u) � n}).

(∞2 -B2) i ∈ [n − 1], c′ = c, and there exists s ∈ [i] such that T′(u) = T(u) for
u ∈ [i] r {s}, n � T(s) ≺ 1, and T′(s) = σ

(
max([‖T(s)‖ − 1] r {T(u) | u ∈

[i], T(u) � n})
)
.

(∞2 -B3) i ∈ [2, n], c′ = c, and there exist s, t ∈ [i] such that s < t, T′(u) = T(u) for
u ∈ [i] r {s, t}, and T′(s) = T(s) + 1 = σ(T(t)) = σ(T′(t)) + 1 � n.

(∞2 -B4) c′ = c, and there exists s ∈ [i] such that T′(u) = T(u) for u ∈ [i] r {s} and
σ(T′(s)) = T(s) = n.

(∞2 -B5) i = 1, c′ = c+ 1, and (T(1),T′(1)) ∈ {(1, 2), (2, 1)}.
(∞2 -B6) i ∈ [2, n− 1], c′ = c+ 1, and 1 ≺ σ(T(i)) � i+ 1. If we set k = σ(T(i)), then

T(u) = u + 1 for u ∈ [k − 2], k ≺ T(u) � n for u ∈ [k − 1, i − 1], T′(1) = 1,
and T′(u) = T(u− 1) for u ∈ [2, i].

(∞2 -B7) i ∈ [2, n − 1], c′ = c + 2, T′(1) = σ(T(i)) = 1, T′(2) = σ(T(i − 1)) = 2, and
T′(u) = T(u− 2) for u ∈ [3, i].

(∞2 -B8) i = n, c′ = c + 1, T′(1) = σ(T(n)) = 1, T′(2) = σ(T(n − 1)) = 2, and
T′(u) = T(u− 2) for u ∈ [3, n].

We have divided the proof of Proposition 4.26 into a sequence of lemmas.

Lemma 4.28. Q(1, w, γ) implies (q-B1).

Proof. Assume that Q(1, w, γ) is true. By Lemmas 4.4 and 4.23, we have γ∨ = ε1−ε2 ∈
Q∨,Ir{1}, rγ = (1 2)(1 2), and bwrγc = wrγ(zIr{1}γ∨ )−1. Set J = I r {1} = [2, n]; note
that J is of type Bn−1. We see that 2 ∈ Jaf satisfies the condition for γ∨ ∈ Q∨ in
Lemma 4.1; note that Jr{2} = [3, n] is of type Bn−2. Hence zJγ∨ = wJ0w

Jr{2}
0 = (2 2)

and bwrγc = w(1 2)(1 2)(2 2) = w(1 2 1 2). From this we obtain bwrγc(1) = w(2),
bwrγc(2) = w(1), and bwrγc(u) = w(u) for u ∈ [3, n]. It follows from Lemma 4.11
that

max{w(1), w(2)} ≺ w(3) ≺ w(4) ≺ · · · ≺ w(n) � n.(86)

Hence bwrγc(u) = w(u) = u for u ∈ [3, n]. If w(1) ≺ w(2), then (w(1), bwrγc(1)) =
(1, 2). If w(2) ≺ w(1), then (w(1), bwrγc(1)) = (2, 1). �

Lemma 4.29. (q-B1) implies Q(1, w, γ).

Proof. Assume that (q-B1) is true. We see from Lemmas 4.5 and 4.23–4.24 that
Q(1, w, γ) is equivalent to `(bwrγc) − `(w) = 2 − 2n. Note that (q-B1) and Lemma
4.11 yield (86).

If (w(1), bwrγc(1)) = (1, 2), then w = (1 1) and bwrγc = (1 2)(1 2) = r1, by Lemma
4.11. Since `(bwrγc) = 1 and `(w) = a1(w) + b1(w) + e1(w) = (n− 1) + (n− 1) + 1 =
2n− 1, we have `(bwrγc)− `(w) = 2− 2n.
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If (w(1), bwrγc(1)) = (2, 1), then w = (1 2 1 2) and bwrγc = e, by Lemma 4.11.
Since `(bwrγc) = 0 and `(w) = a1(w)+b1(w)+e1(w) = (n−1)+(n−2)+1 = 2n−2,
we have `(bwrγc)− `(w) = 2− 2n. �

Lemma 4.30. i ∈ [2, n− 1], ci(γ∨) = 1, and Q(i, w, γ) imply (q-B2).

Proof. Assume that i ∈ [2, n − 1] and ci(γ∨) = 1, and that Q(i, w, γ) is true. By
Lemmas 4.4 and 4.23, we have γ∨ = εi − εi+1 ∈ Q∨,Ir{i}, rγ = (i i + 1)(i i+ 1),
and bwrγc = wrγ(zIr{i}γ∨ )−1. We see from Lemmas 4.5 and 4.24 that Q(i, w, γ) is
equivalent to `(bwrγc)− `(w) = i− 2n+ 1. Let I r {i} = I1 t I2, where I1 = [i− 1] is
of type Ai−1 and I2 = [i+1, n] is of type Bn−i. We see that (i−1, i+1) ∈ (I1)af×(I2)af
satisfies the condition for γ∨ ∈ Q∨ in Lemma 4.1; note that I1 r {i − 1} = [i − 2]
is of type Ai−2 and I2 r {i + 1} = [i + 2, n] is of type Bn−i−1. Hence zIr{i}γ∨ =
wI1

0 w
I1r{i−1}
0 wI2

0 w
I2r{i+1}
0 = (1 2 · · · i)(1 2 · · · i)(i+ 1 i+ 1) and bwrγc = w(i i+

1)(i i+ 1)(i+ 1 i+ 1)(i · · · 2 1)(i · · · 2 1) = w(i i+ 1 i i+ 1)(i · · · 2 1)(i · · · 2 1).
We have bwrγc(1) = w(i+ 1), bwrγc(u) = w(u− 1) for u ∈ [2, i], bwrγc(i+ 1) = w(i),
and bwrγc(u) = w(u) for u ∈ [i+ 2, n]. It follows from Lemma 4.11 that

w(i+ 1) ≺ w(1) ≺ w(2) ≺ · · · ≺ w(i− 1) ≺ w(i),
max{w(i), w(i+ 1)} ≺ w(i+ 2) ≺ w(i+ 3) ≺ · · · ≺ w(n) � n ≺ w(i).

(87)

Hence w(i) � i+ 1. Set k = w(i) = bwrγc(i+ 1). The rest of the proof will be divided
into four steps.

Step 1. We claim that k � 1 and (1)–(5) below imply (q-B2). Let l ∈ [k − 1, i] be
such that w(l − 1) � n ≺ w(l).

(1) a1(bwrγc) = b1(bwrγc) = e1(bwrγc) = 0,
(2) as(bwrγc) = as−1(w)− 1 for s ∈ [2, k − 1], as(bwrγc) = as−1(w) for s ∈ [k, i],
(3) bs(bwrγc) = bs−1(w) for s ∈ [2, k− 1]∪ [l+ 1, i], bs(bwrγc) = bs−1(w)− 1 for

s ∈ [k, l],
(4) es(bwrγc) = es−1(w) for s ∈ [2, i],
(5) ai(w) = n− i, bi(w) = n− i− 1, ei(w) = 1.

Indeed, if k � 1, then bwrγc(u) = u for u ∈ [k − 1], by (87), Lemma 4.11, and
bwrγc(i + 1) = k. Therefore w(u) = bwrγc(u + 1) = u + 1 for u ∈ [k − 2]. It follows
from w(1) = 2 and (87) that bwrγc(1) = w(i + 1) = 1. Also, by (87), we have
k − 1 = w(k − 2) ≺ w(u) ≺ w(i) = k for u ∈ [k − 1, i− 1], which implies ‖w(u)‖ > k
for u ∈ [k − 1, i − 1]. It remains to prove that w(u) � n for u ∈ [k − 1, i − 1]; we
only need to show that l = i. It follows from Lemma 4.11 and (1)–(5) above that
`(bwrγc) − `(w) = i − 2n + 1 + (i − l). Since `(bwrγc) − `(w) = i − 2n + 1, we get
l = i. �

Step 2. We prove (1)–(5) in Step 1 under the assumption that k � 1.
(1) follows from bwrγc(1) = 1.
(2): If s ∈ [2, k − 1], then As(bwrγc) = ∅ and As−1(w) = {i + 1}, which im-

plies as(bwrγc) = as−1(w) − 1. If s ∈ [k, i], then As(bwrγc) = As(w), which implies
as(bwrγc) = as−1(w).

(3): If s ∈ [2, k − 1], then Bs(bwrγc) = Bs−1(w) = ∅, which implies bs(bwrγc) =
bs−1(w). If s ∈ [k, l], then k ≺ bwrγc(s) = w(s − 1) � n, i ∈ Bs−1(w), and the
map Bs(bwrγc) → Bs−1(w) r {i}, t 7→ t − 1, is bijective. This implies bs(bwrγc) =
bs−1(w)− 1. If s ∈ [l+ 1, i], then n � bwrγc(s) = w(s− 1) and Bs(bwrγc) = Bs−1(w),
which implies bs(bwrγc) = bs−1(w).

(4) follows from bwrγc(s) = w(s− 1) for s ∈ [2, i].
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(5): Lemma 4.11 and w(i) = k � n show that ai(w) = n− i and ei(w) = 1. We see
from ‖w(s)‖ > k = ‖w(i)‖ for s ∈ [k − 1, i− 1] that bi(w) = n− i− 1. �

Step 3. It remains to prove that k � 1. On the contrary, suppose that k = 1. Then
w(i) = k ≺ w(i+ 1) � n. If we prove that

(6) e1(bwrγc) = 0, es(bwrγc) = es−1(w) for s ∈ [2, i], and ei(w) = 1,
(7) ai(w) = n− i,
(8) a1(bwrγc) = 1, b1(bwrγc) = w(i+ 1)− 2,
(9) as(bwrγc) = as−1(w) for s ∈ [2, i],

(10) bs(bwrγc) = bs−1(w)− 1 for s ∈ [2, i],
(11) bi(w) = n− i,

then `(bwrγc)−`(w) = i−2n+1+(w(i+1)+2i−4). Since `(bwrγc)−`(w) = i−2n+1
and i > 2, we have w(i+ 1) = 4− 2i 6 0, a contradiction. �

Step 4. We prove (6)–(11) in Step 3 under the assumption that k = 1; in fact, we do
not use k = 1 to prove (6)–(7).

(6) follows from (87) and bwrγc(u) = w(u− 1) for u ∈ [2, i].
(7): We deduce from (87) that Ai(w) = [i+ 1, n], which gives ai(w) = n− i.
(8): By Lemma 4.11, A1(bwrγc) ⊂ [i + 1, n]. Since bwrγc(1) = w(i + 1) � w(i) =

bwrγc(i+1), we have i+1 ∈ A1(bwrγc). Since bwrγc(t) = w(t) for t ∈ [i+2, n], we have
A1(bwrγc)∩ [i+ 2, n] = ∅. Hence A1(bwrγc) = {i+ 1} and a1(bwrγc) = 1 as claimed.
Since bwrγc(1) = w(i+ 1) ≺ 1 = w(i) = σ(bwrγc(i+ 1)), we have i+ 1 /∈ B1(bwrγc).
Therefore

B1(bwrγc) = {t ∈ [2, i] | bwrγc(1)︸ ︷︷ ︸
=w(i+1)

� σ(bwrγc(t))︸ ︷︷ ︸
=σ(w(t−1))

}

t {t ∈ [i+ 2, n] | bwrγc(1)︸ ︷︷ ︸
=w(i+1)

� σ(bwrγc(t))︸ ︷︷ ︸
=σ(w(t))

}.

It follows that the map

[2, n]→ [n], t 7→
{
t− 1 if t ∈ [2, i],
t if t ∈ [i+ 1, n],

induces a bijection from B1(bwrγc) to {t ∈ [n] | w(i + 1) � σ(w(t))} r {i}. Since
w(i+ 1) = min{w(u) | u ∈ [n]}, the latter set equals

{w−1(2), w−1(3), . . . , w−1(w(i+ 1)− 1)}.
This proves b1(bwrγc) = w(i+ 1)− 2.

(9): Let s ∈ [2, i]. Since bwrγc(i + 1) = 1 and w(i + 1) = min{w(u) | u ∈ [n]}, we
have i+ 1 ∈ As(bwrγc) and i+ 1 ∈ As−1(w). It follows from Lemma 4.11 that

As(bwrγc) = {i+ 1} t {t ∈ [i+ 2, n] | bwrγc(s)︸ ︷︷ ︸
=w(s−1)

� σ(bwrγc(t))︸ ︷︷ ︸
=w(t)

} = As−1(w),

which implies as(bwrγc) = as−1(w).
(10): Let s ∈ [2, i]. Since bwrγc(i + 1) = w(i) = 1, we have σ(bwrγc(i + 1)) �

bwrγc(s). Therefore i+ 1 /∈ Bs(bwrγc) and
Bs(bwrγc) = (Bs(bwrγc) ∩ [s+ 1, i]) t (Bs(bwrγc) ∩ [i+ 2, n])

= {t ∈ [s+ 1, i] | bwrγc(s)︸ ︷︷ ︸
=w(s−1)

≺ σ(bwrγc(t))︸ ︷︷ ︸
=σ(w(t−1))

}

t {t ∈ [i+ 2, n] | bwrγc(s)︸ ︷︷ ︸
=w(s−1)

≺ σ(bwrγc(t))︸ ︷︷ ︸
=σ(w(t))

}.

Algebraic Combinatorics, Vol. 5 #5 (2022) 1119



Motohiro Ishii

Also, w(1) = 1 implies i ∈ Bs−1(w). It follows that the map

[s+ 1, n]→ [s, n], t 7→
{
t− 1 if t ∈ [s+ 1, i],
t if t ∈ [i+ 1, n],

induces a bijection from Bs(bwrγc) to Bs−1(w) r {i}, which implies bs(bwrγc) =
bs−1(w)− 1.

(11): Since w(i) = 1, we have Bi(w) = {t ∈ [i+ 1, n] | w(i) � σ(w(t))} = [i+ 1, n].
This proves bi(w) = n− i as claimed. �

The proof of Lemma 4.30 is complete. �

Lemma 4.31. (q-B2) implies Q(i, w, γ).

Proof. Assume that (q-B2) is true; note that ci(γ∨) = 1 and (87) in the proof of
Lemma 4.30 holds. We see from Lemmas 4.5 and 4.24 that Q(i, w, γ) is equivalent to
`(bwrγc)− `(w) = i− 2n+ 1. If we prove that

(1) e1(bwrγc) = 0, es(bwrγc) = es−1(w) for s ∈ [2, i], and ei(w) = 1,
(2) ai(w) = n− i,
(3) a1(bwrγc) = b1(bwrγc) = 0,

(4) bs(bwrγc) =
{

bs−1(w) if w(s− 1) ≺ w(i),
bs−1(w)− 1 if w(s− 1) � w(i)

for s ∈ [2, i],

(5) as(bwrγc) =
{

as−1(w)− 1 if w(s− 1) ≺ w(i),
as−1(w) if w(s− 1) � w(i)

for s ∈ [2, i],

(6) bi(w) = n− i+ 1,
then `(bwrγc)− `(w) = i− 2n+ 1 by Lemma 4.11, which is our assertion. We prove
(1)–(6) as follows.

(1)–(2) follow by the same method as in Step 4 of the proof of Lemma 4.30.
(3): Since bwrγc(1) = 1, we have As(bwrγc) = Bs(bwrγc) = ∅ and as(bwrγc) =

bs(bwrγc) = 0.
(4): Let s ∈ [2, i]. We first claim that i+1 /∈ Bs(bwrγc). Indeed, we see from (q-B2)

that [k − 1] ⊂ {bwrγc(u) | u ∈ [i]} and k /∈ {bwrγc(u) | u ∈ [i]}. By Lemma 4.11, we
have

bwrγc(i+ 1) = min ([n] r {bwrγc(u) | u ∈ [i]}) = k = w(i).

Since bwrγc(s) = w(s − 1) � n ≺ k = w(i) = σ(bwrγc(i + 1)), we have i + 1 /∈
Bs(bwrγc) as claimed. It follows that

Bs(bwrγc) ={t ∈ [s+ 1, i] | bwrγc(s)︸ ︷︷ ︸
=w(s−1)

� σ(bwrγc(t)︸ ︷︷ ︸
=σ(w(t−1))

}

t {t ∈ [i+ 2, n] | bwrγc(s)︸ ︷︷ ︸
=w(s−1)

� bwrγc(t)︸ ︷︷ ︸
=σ(w(t))

}.

We next claim that i + 1 /∈ Bs−1(w). We see from Lemma 4.11 that w(i + 1) = 1.
Hence σ(w(i + 1)) = 1 � w(s − 1), which implies i + 1 /∈ Bs−1(w) as claimed. Note
that i ∈ Bs−1(w) if and only if w(s− 1) � w(i). It follows that the map

[s+ 1, n]→ [s, n], t 7→
{
t− 1 if t ∈ [s+ 1, i],
t if t ∈ [i+ 1, n],

induces a bijection from Bs(bwrγc) to Bs−1(w) (resp. from Bs(bwrγc) to Bs−1(w) r
{i}) if w(s− 1) ≺ w(i) (resp. if w(s− 1) � w(i)). This proves (4).
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(5): Let s ∈ [2, i]. Since bwrγc(i+ 1) = w(i), we have i+ 1 ∈ As(bwrγc) if and only
if w(s− 1) � w(i). It follows from Lemma 4.11 and bwrγc(t) = w(t) for t ∈ [i+ 2, n]
that As(bwrγc) = As−1(w) r {i+ 1} (resp. As(bwrγc) = As−1(w)) if w(s− 1) ≺ w(i)
(resp. if w(s− 1) � w(i)). This prove (5).

(6): By Lemma 4.11 and (87), we have w(i+ 1) = 1. Hence w(i) ≺ 1 = σ(w(i+ 1))
and i + 1 /∈ Bs(w). Also, we see from (87) that w(i) � σ(w(t)) for t ∈ [i + 2, n], and
consequently Bs(w) = [i+ 2, n]. This proves (6). �

Lemma 4.32. i ∈ [2, n− 1], ci(γ∨) = 2, and Q(i, w, γ) imply (q-B3).

Proof. Assume that i ∈ [2, n− 1] and ci(γ∨) = 2, and that Q(i, w, γ) is true. We see
from Lemmas 4.5 and 4.24 that Q(i, w, γ) is equivalent to `(bwrγc)−`(w) = 2i−4n+1.
By the same argument as in Step 2 of the proof of Proposition 4.18 in §4.4, we
have bwrγc(1) = w(i), bwrγc(2) = w(i− 1), bwrγc(u) = w(u − 2) for u ∈ [3, i],
γ∨ = εi−1 + εi, and `(bwrγc) − `(w) = 2i − 4n + 1 + 2(w(i) − 1) + 2(w(i− 1) − 2).
Hence w(i) = 1 and w(i− 1) = 2. This implies (q-B3). �

Lemma 4.33. (q-B3) implies Q(i, w, γ).

Proof. Assume that (q-B3) is true; note that ci(γ∨) = 2. We see from Lemmas 4.5 and
4.24 that Q(i, w, γ) is equivalent to `(bwrγc)−`(w) = 2i−4n+1. By the same argument
as in Step 2 of the proof of Proposition 4.18 in §4.4, we have `(bwrγc) − `(w) =
2i−4n+1+2(w(i)−1)+2(w(i− 1)−2). Since w(i) = 1 and w(i− 1) = 2 by (q-B3),
we conclude that `(bwrγc)− `(w) = 2i− 4n+ 1. �

Lemma 4.34. Q(n,w, γ) is equivalent to (q-B4).

Proof. By Lemmas 4.4 and 4.23, we may assume that γ∨ = εn−1 + εn ∈ Q∨,Ir{n}

and bwrγc = wrγ(zIr{n}γ∨ )−1. We see from Lemmas 4.5 and 4.24 that Q(n,w, γ) is
equivalent to `(bwrγc)− `(w) = 1− 2n.

We first show that Q(n,w, γ) implies (q-B4). Set J = I r {n}; note that J is of
type An−1. We see that n − 2 ∈ Jaf satisfies the condition for γ∨ ∈ Q∨ in Lemma
4.1; note that J r {n − 2} = [n − 3] t {n − 1} is of type An−3 × A1. Hence zJγ∨ =
wJ0w

Jr{n−2}
0 = wJ0w

[n−3]
0 w

{n−1}
0 is given by u 7→ u + 2 for u ∈ [n − 2], n − 1 7→ 1,

and n 7→ 2. Then bwrγc is given by 1 7→ w(n), 2 7→ w(n− 1), and u 7→ w(u − 2) for
u ∈ [3, n]. It follows from Lemma 4.11 that

w(n) ≺ w(n− 1)︸ ︷︷ ︸
�n

≺ w(1) ≺ w(2) ≺ · · · ≺ w(n− 2) ≺ w(n− 1) ≺ w(n)︸ ︷︷ ︸
�n

.(88)

Hence ‖w(n)‖ < ‖w(n− 1)‖ < ‖w(u)‖ for u ∈ [n − 2], which implies bwrγc(1) =
w(n) = 1 and bwrγc(2) = w(n− 1) = 2. This proves (q-B4).

We next show that (q-B4) implies Q(n,w, γ). We see that (q-B4) yields (88). If we
prove that

(1) as(bwrγc) = as(w) = 0 for s ∈ [n], b1(bwrγc) = b2(bwrγc) = bn(w) = 0,
bn−1(w) = 1,

(2) e1(bwrγc) = e2(bwrγc) = 0, en−1(w) = en(w) = 1, es(bwrγc) = es−2(w) for
s ∈ [3, n],

(3) bs(bwrγc) = bs−2(w)− 2 for s ∈ [3, n],
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then `(bwrγc)− `(w) = 1− 2n, which implies Q(n,w, γ). We prove (1)–(3) as follows.
(1)–(2) follows from (88). We deduce from n− 1, n ∈ Bs−2(w) that the map

Bs(bwrγc) = {t ∈ [s+ 1, n] | bwrγc(s)︸ ︷︷ ︸
=w(s−2)

� σ(bwrγc(t))︸ ︷︷ ︸
=σ(w(t−2))

}

→ Bs−2(w) r {n− 1, n}, t 7→ t− 2

is bijective, which implies bs(bwrγc) = bs−2(w)− 2 for s ∈ [3, n]. This proves (3). �

Proof of Proposition 4.21. (1) and (3)–(4) follow by the same method as in the proof
of Proposition 4.8.

We prove (2). The assertion for i = 1 follows immediately from Proposition 4.27.
Also, we can prove the assertion for i = n by a similar argument to the proof of
Proposition 4.13. Assume that i ∈ [2, n− 1]. Let x, y ∈ (W Ir{i})af , YBni (x) = (T, c),
and YBni (y) = (T′, c′). It follows immediately from Propositions 4.25–4.27 that x � y
implies c 6 c′ and T(u) � T′(u + c′ − c) for u ∈ [i − c′ + c]. Hence we may assume
that d := c′ − c > 0 and T(u) � T′(u + d) for u ∈ [i − d]. The proof is by induction
on d. The assertion for d = 0 follows immediately from Propositions 4.25 and 4.27.
Assume that d > 1. In what follows, we write e = #{u ∈ [i] | T(u) � n} and
{a1 < a2 < · · · < an−i+e} = [n] r {T(u) | u ∈ [i]}. We have n � T(i− u+ 1) � au for
u ∈ [e]. Note that T(i− d) � n is equivalent to e 6 d. We have divided the proof into
seven steps.

Step 1. We prove that if d > 2 is even, then x ≺ y. Let s ∈ [i + 1] be such that
T(s) � s+ 2 and T(u) � u+ 1 for u ∈ [s− 1]. Define T1,T2 ∈ CSTBn($i) by

T1(u) =


u+ 2 if u ∈ [min{s− 1, i− 2}],
T(u) if u ∈ [s, i− 2],
2 if u = i− 1,
1 if u = i,

T2(u) =


1 if u = 1,
2 if u = 2,
T1(u− 2) if u ∈ [3, i].

Let x1, x2 ∈ (W Ir{i})af be such that YBni (x1) = (T1, c) and YBni (x2) = (T2, c + 2).
We have T(u) � T1(u) for u ∈ [i]. Hence x � x1 by the assertion for d = 0. We have
x1 ≺ x2 by Proposition 4.27 (∞2 -B7). It remains to prove that x2 � y. By induction
hypothesis, it suffices to show that T2(u) � T′(u + d − 2) for u ∈ [i − d + 2]; note
that c′ − (c + 2) = d − 2 > 0 is even. We have T2(1) = 1 � T′(1 + d − 2) and
T2(2) = 2 � T′(2 + d − 2). Let u ∈ [i − d + 2] ∩ [3, i]. If u − 2 ∈ [min{s − 1, i − 2}],
then T2(u) = u � T′(u) ≺ T′(u+ d− 2). If u− 2 ∈ [s, i− 2], then T2(u) = T(u− 2) �
T′(u+ d− 2). �

Step 2. We prove that if x ≺ y, d is odd, and d ∈ [i − 1], then T(i − d) � n, or
equivalently, e 6 d. Since d is odd, we see from Proposition 4.27 that there exists an
edge x1

β−−→ x2, x1, x2 ∈ (W Ir{i})af , β ∈ ∆+
af , in SiBIr{i} of type (∞2 -B6) such that

x � x1 and x2 � y; we may assume that there is no edges of type (∞2 -B6) in a directed
path p from x to x1 in SiBIr{i}. Write YBni (x1) = (T1, c1) and YBni (x2) = (T2, c2);
note that c1 − c is even. Set e1 = #{u ∈ [i] | T1(u) � n}; we have e1 = 1 by (∞2 -B6).
It follows from Proposition 4.27 that there exist (c1 − c)/2 edges of type (∞2 -B7) in
the directed path p, and hence 1 = e1 > e− (c1−c). Since c′−c2 > 0 and c2−c1 = 1,
we have d = c′ − c = (c′ − c2) + (c2 − c1) + (c1 − c) > 1 + (c1 − c) > e. �
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Step 3. We prove that if x ≺ y, d is odd, d ∈ [i], and T(i − d + 1) = ad, then
1 ≺ ad ≺ T′(ad); we see from Step 2 and T(i− d+ 1) = ad that e = d and ad ∈ [d, i].
We proceed by induction on d.

Assume that d = 1. We first prove that 1 ≺ a1. It follows from d = 1, x ≺ y,
and Proposition 4.27 that there exists an edge x1

β−−→ x2, x1, x2 ∈ (W Ir{i})af ,
β ∈ ∆+

af , in SiBIr{i} of type (∞2 -B6) such that x � x1 and x2 � y. If we write
YBni (x1) = (T′′, c′′), then c′′ = c, T(u) � T′′(u) for u ∈ [i], and T′′(i) ≺ 1 (see
(∞2 -B6)). Hence a1 = T(i) � T′′(i) ≺ 1, which gives 1 ≺ a1.

Assume that d = 1. We next prove that a1 ≺ T′(a1). Suppose, contrary to our
claim, that T′(a1) � a1. By a similar argument above, we see from Proposition 4.27
(see (∞2 -B6)) that there exist l ∈ [2, a1] and T1,T2 ∈ CSTBn($i) such that T(u) �
T1(u) for u ∈ [i], T1(u) = u + 1 for u ∈ [l − 2], T1(i) = l, T2(1) = 1, T2(u) =
T1(u − 1) for u ∈ [2, i], and T2(u) � T′(u) for u ∈ [i]; it follows from Lemma 4.11
that T1(u) � u + 2 for u ∈ [l − 1, i − 1]. Since a1 − 1 ∈ [l − 1, i − 1], we have
T2(a1) = T1(a1 − 1) � a1 + 1 � a1 � T′(a1), contrary to T2(a1) � T′(a1).

Assume that d > 3. Since ad ∈ [d, i], we have 1 ≺ ad. It remains to prove that
ad ≺ T′(ad). Define T3,T4 ∈ CSTBn($i) by

T3(u) =


u+ 2 if u ∈ [a2 − 2],
T(u) if u ∈ [a2 − 1, i− 2],
2 if u = i− 1,
1 if u = i,

T4(u) =


1 if u = 1,
2 if u = 2,
T3(u− 2) if u ∈ [3, i];

note that if u ∈ [i− 2] and T(u) � a2, then u ∈ [a2 − 1, i− 2] and T3(u) = T(u). Let
x4 ∈ (W Ir{i})af be such that YBni (x4) = (T4, c+ 2). We see that c′ − (c+ 2) = d− 2
is odd, d − 2 ∈ [i − 2], T4(i − (d − 2)) � n (by Step 2), and T4(i − (d − 2) + 1) =
T3(i − d + 1) = T(i − d + 1) = ad; note that i − d + 1 ∈ [i − 2] and [n] r {T4(u) |
u ∈ [i − d + 2]} = {a3 < · · · < an−i+d}. Therefore, if we prove that x4 � y, then
ad ≺ T′(ad) by induction hypothesis.

Let us prove that x4 � y. It suffices to show that T′′ ∈ CSTBn($i) and (T, c) ≺
(T′′, c + 2) imply (T4, c + 2) � (T′′, c + 2). Indeed, we see from Proposition 4.27
that there exists x′′ ∈ (W Ir{i})af such that x ≺ x′′ � y and YBni (x′′) = (T′′, c + 2)
for some T′′ ∈ CSTBn($i). Since (c + 2) − c = 2 is even, x ≺ x′′ is equivalent to
(T, c) ≺ (T′′, c+ 2) by Step 1. Also, x4 � x′′ is equivalent to (T4, c+ 2) � (T′′, c+ 2).
Therefore, (T4, c+ 2) � (T′′, c+ 2) (and x′′ � y) yield x4 � y.

Assume that T′′ ∈ CSTBn($i) and (T, c) ≺ (T′′, c+2). We have T4(u) = u � T′′(u)
for u ∈ [a2], and T4(u) = T(u − 2) � T′′(u) for u ∈ [a2 + 1, i]. Hence (T4, c + 2) �
(T′′, c+ 2). �

Step 4. We prove that d = 1 and (ii) in Definition 4.20 (2) for (T, c) and (T′, c′) imply
x ≺ y.
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We first assume that (i 6= n−1 and T(i) � n) or (n � T(i) ≺ a1). Then n−i+e > 2
and T(i) � a2. Define T1,T2 ∈ CSTBn($i) by

T1(u) =


u+ 1 if u ∈ [a2 − 2],
T(u) if u ∈ [a2 − 1, i− 1],
a2 if u = i,

T2(u) =
{

1 if u = 1,
T1(u− 1) if u ∈ [2, i].

Let x1, x2 ∈ (W Ir{i})af be such that YBni (x1) = (T1, c) and YBni (x2) = (T2, c
′) =

(T2, c + 1). We have T(u) = u ≺ u + 1 = T1(u) for u ∈ [a1 − 1], T(u) = T1(u) for
u ∈ [a1, i − 1], and T(i) � a2 = T1(i). Hence x � x1 by the assertion for d = 0. We
have x1 � x2 by Proposition 4.27 (∞2 -B6). We have T2(u) = u � T′(u) for u ∈ [a2−1],
and T2(u) = T(u− 1) � T′(u) for u ∈ [a2, i]. Hence x2 � y by the assertion for d = 0.
Consequently, we have x ≺ y.

We next assume that i = n− 1 and T(n− 1) � n; note that n− i+ e = 1. Define
T1,T2 ∈ CSTBn($n−1) to be such that T1(u) = T(u) for u ∈ [n− 2], T1(n− 1) = a1,
T2(1) = 1, and T2(u) = T1(u− 1) for u ∈ [2, n− 1]. Let x1, x2 ∈ (W Ir{i})af be such
that YBni (x1) = (T1, c) and YBni (x2) = (T2, c

′) = (T2, c + 1). By a similar argument
above, we can see that x � x1 ≺ x2 � y.

We next assume that T(i) = a1 and 1 ≺ a1 ≺ T′(a1). Then e = d, n − i + e > 2,
a2 ∈ [3, i+ 1], and u+ 1 � T′(u) for u ∈ [a1, i] (see (ii) in Definition 4.20 (2)). Define
T3,T4 ∈ CSTBn($i) by

T3(u) =


u+ 1 if u ∈ [a1 − 2],
u+ 2 if u ∈ [a1 − 1, a2 − 2],
T(u) if u ∈ [a2 − 1, i],

T4(u) =
{

1 if u = 1,
T3(u− 1) if u ∈ [2, i].

Let x3, x4 ∈ (W Ir{i})af be such that YBni (x3) = (T3, c) and YBni (x4) = (T4, c
′) =

(T4, c + 1). We have T(u) = u ≺ u + 1 = T3(u) for u ∈ [a1 − 2], T(a1 − 1) =
a1 − 1 ≺ a1 + 1 = T3(a1 − 1), T(u) = u+ 1 ≺ u+ 2 = T3(u) for u ∈ [a1, a2 − 2], and
T(u) = T3(u) for u ∈ [a2 − 1, i]. Hence x � x3 by the assertion for d = 0. We have
x3 � x4 by Proposition 4.27 (∞2 -B6). We have T4(u) = u � T′(u) for u ∈ [a1 − 1],
T4(u) = T3(u−1) = u+1 � T′(u) for u ∈ [a1, a2−1], and T4(u) = T(u−1) � T′(u) for
u ∈ [a2, i]. Hence x4 � y by the assertion for d = 0. Consequently, we have x ≺ y. �

Step 5. We prove that if d is odd, d = e ∈ [3, i], T(i−d+1) = ad, and 1 ≺ ad ≺ T′(ad),
then x ≺ y. Let T3,T4 ∈ CSTBn($i) be as in Step 3, and let x3, x4 ∈ (W Ir{i})af
be such that YBni (x3) = (T3, c) and YBni (x4) = (T4, c + 2). We have T(u) � T3(u)
for u ∈ [i], and hence x � x3 by the assertion for d = 0. We have x3 ≺ x4 by
Proposition 4.27 (∞2 -B7). Hence x ≺ x4. By the same method as in Step 3, we see that
c′−(c+2) = d−2 is odd, d−2 ∈ [i−2], T4(i−(d−2)) � n, T4(i−(d−2)+1) = ad, and
{a3 < · · · < an−i+d} = [n]r {T4(u) | u ∈ [i]}. Also, we have T4(u) � T′(u+d− 2) for
u ∈ [i−d+ 2], because T4(u) = u � T′(u) � T′(u+d−2) for u ∈ [min{a2, i−d+ 2}],
and T4(u) = T(u − 2) � T′(u + d − 2) for u ∈ [a2 + 1, i − d + 2]. Consequently,
(T4, c + 2) � (T′, c′) (see (ii) in Definition 4.20 (2)). By induction hypothesis (and
Step 4), we have x4 � y. Hence x ≺ y. �
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Step 6. We prove that if d is odd, d ∈ [3, i], and T(i − d + 1) � n, then x ≺ y. We
proceed by induction on e; note that e ∈ [0, d− 1].

Assume that e = 0. By the same method as in Step 4, we can find x1, x2 ∈
(W Ir{i})af and T1,T2 ∈ CSTBn($i) such that YBni (x1) = (T1, c), YBni (x2) = (T2, c+
1), x � x1 ≺ x2, and T2(u) � T′(u+d−1) for u ∈ [u−d+1]. Since c′−(c+1) = d−1
is even, we have x2 � y by Step 1. Hence x ≺ y.

Assume that e ∈ [d− 1]. Let T4 ∈ CSTBn($i) and x4 ∈ (W Ir{i})af be as in Step
3; since n − i + e > 2, T4 is well-defined. By the same method as in Step 5, we see
that x ≺ x4, c′− (c+2) = d−2 is odd, and T4(u) � T′(u+d−2) for u ∈ [i−d+2]. It
remains to prove that x4 � y. We have T4(i−d+3) � max{i−d+3,T(i−d+1)} � n
and #{u ∈ [i] | T4(u) � n} = max{0, e − 2} < e. If d > 5, then c′ − (c + 2) ∈ [3, i],
and hence x4 � y by induction hypothesis. If d = 3, then e ∈ [2], c′ − (c + 2) = 1,
T4(i) � n, and hence x4 � y by Step 4. Thus x ≺ y. �

Step 7. We prove that if d is odd and d > i, then x ≺ y. Note that d > 3 and
n− i+ e > 1.

We first assume that n− i+ e = 1. Then i = n− 1 and e = 0. In a way similar to
the case of e = 0 in Step 6, we can see that x ≺ y.

We next assume that n − i + e > 2. We proceed by induction on d. Let T4 ∈
CSTBn($i) and x4 ∈ (W Ir{i})af be as in Step 3; since n − i + e > 2, T4 is well-
defined. By a similar argument to Step 5, we have x ≺ x4 and T4(u) � T′(u+ d− 2)
for u ∈ [i−d+2]. Note that c′− (c+2) = d−2 is odd. If d = 3 = i+1, then d−2 = 1,
T4(i) = 2 � n, and hence x4 � y by Step 4. If d > 5 and d ∈ {i + 1, i + 2}, then
d− 2 ∈ [3, i], T4(i− d+ 3) � T4(2) = 2 � n, and hence x4 � y by Step 6. If d > i+ 2,
then d− 2 > i, and hence x4 � y by induction hypothesis. Thus x ≺ y. �

The proof of Proposition 4.21 is complete. �

4.6. Type D
(1)
n . Fix an integer n > 4. Set I = [n]. We assume that the labeling of

the vertices of the Dynkin diagram of type Dn is as follows.

•
1

•
2

· · · •
n− 2

•
n− 1

•
n

Let ε1, ε2, . . . , εn be an orthonormal basis of an n-dimensional Euclidean space Rn.
Let ∆ = {±(εs ± εt) | s, t ∈ [n], s < t} be a root system of type Dn, and let
Π = {αs = εs − εs+1 | s ∈ [n− 1]} t {αn = εn−1 + εn} be a simple root system of ∆.

LetW be the Weyl group of ∆. Note thatW acts faithfully on {±εs | s ∈ [n]} ⊂ Rn.
Define a partially ordered set Dn by

Dn =
{

1 ≺ 2 ≺ · · · ≺ n− 1 ≺ n
n
≺ n− 1 ≺ · · · ≺ 2 ≺ 1

}
.(89)

Let σ : Dn → Dn be the bijection defined by s↔ s for s ∈ [n]. If we identify Dn with
{±εs | s ∈ [n]} by s = εs and s = −εs for s ∈ [n], then W can be described as follows:

W = {w ∈ S(Dn) | w(σ(s)) = σ(w(s)) for s ∈ [n], and
#{s ∈ [n] | w(s) � n} is even}.

(90)

Note that r±(εs−εt) = (s t)(s t) and r±(εs+εt) = (s t)(s t) for s, t ∈ [n], s < t.
For w ∈ S(Dn) and s ∈ [n], set

As(w) = {t ∈ [s+ 1, n] | w(s) � w(t) in Dn}, as(w) = #As(w),(91)
Bs(w) = {t ∈ [s+ 1, n] | w(s) � σ(w(t)) in Dn}, bs(w) = #Bs(w);(92)
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note that an(w) = bn(w) = 0. The length function ` : W → Z>0 is given by

`(w) =
n∑
s=1

(as(w) + bs(w))(93)

for w ∈ W . The longest element of W is given by u 7→ u, u ∈ [n], if n is even, and
u 7→ u, u ∈ [n− 1], if n is odd.

Let ‖ · ‖ : Dn → [n] be the map defined by ‖s‖ = s and ‖s‖ = s for s ∈ [n]. We
identify a totally ordered i-element subset T = {T(1) ≺ T(2) ≺ · · · ≺ T(i)} ⊂ Dn
with the column-strict tableau of the form (63). For i ∈ I r {n− 1} and w ∈ W , let
T(i)
w ⊂ Dn be the totally ordered i-element subset such that

T(i)
w =

{
T(i)
w (1) ≺ T(i)

w (2) ≺ · · · ≺ T(i)
w (i)

}
= {w(1), w(2), . . . , w(i)}.(94)

For w ∈W , let T(n−1)
w ⊂ Dn be the totally ordered n-element subset such that

T(n−1)
w =

{
T(n−1)
w (1) ≺ T(n−1)

w (2) ≺ · · · ≺ T(n−1)
w (n)

}
= {w(1), w(2), . . . , w(n− 1), w(n)}.

(95)

For i ∈ [n− 2], let CSTDn($i) be the family of totally ordered i-element subsets T of
Dn such that ‖T(u)‖, u ∈ [i], are all distinct. Let CSTDn($n−1) (resp. CSTDn($n))
be the family of totally ordered n-element subsets T of Dn such that ‖T(u)‖, u ∈ [n],
are all distinct, and #{u ∈ [n] | T(u) � n} is odd (resp. even). The proof of the next
lemma is standard (cf. [4, §8.1]).

Lemma 4.35. Let i ∈ I. We have
W Ir{i} =
{w ∈W | w(1) ≺ · · · ≺ w(i), and

w(i+ 1) ≺ · · · ≺ w(n− 1) ≺ w(n) ≺ w(n− 1)} if i ∈ [n− 2],

{w ∈W | w(1) ≺ · · · ≺ w(n− 1) ≺ w(n)} if i = n− 1,

{w ∈W | w(1) ≺ · · · ≺ w(n− 1) ≺ w(n)} if i = n.

If w ∈ W Ir{i}, then `(w) =
∑i
s=1(as(w) + bs(w)) and As(w) ⊂ [i + 1, n] for s ∈ [i].

The map W Ir{i} → CSTDn($i), w 7→ T(i)
w , is bijective.

We see from Lemmas 4.1–4.2 and 4.35 that the map

YDni : Waf → CSTDn($i)× Z, wtξ 7→
(

T(i)
w , ci(ξ)

)
,(96)

induces a bijection from the subset (W Ir{i})af ⊂Waf to CSTDn($i)× Z.

Definition 4.36. Let i ∈ I, (T, c), (T′, c′) ∈ CSTDn($i)× Z, and d := c′ − c. Define
a partial order � on CSTDn($i)× Z as follows.

(1) Assume that i ∈ [n− 2]. Set (T, c) � (T′, c′) if
(d > 0), (T(u) � T′(u+ d) in Dn for u ∈ [i− d])(97)

and one of the following conditions holds:
(i) d is even.
(ii) d is odd and T(i) � n.
(iii) d is odd and T(i) � n. Let

a = min ([n] r {‖T(u)‖ | u ∈ [i], T(u) � n}) ,
b = min ([n] r {‖T(u)‖ | u ∈ [i]}) ;

(98)
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note that a 6 b. If d ∈ [i], then a � T′(d). If a < b and k ∈ [i] satisfies
T(k) ≺ b ≺ T(k + 1), then (T(u) � T′(u + d − 1) for u ∈ [2,min{k, i −
d+ 1}]) and (b � T′(k + d) if k ∈ [i− d]).

(2) Assume that i ∈ {n− 1, n}. Set (T, c) � (T′, c′) if

(d > 0) and (T(u) � T′(u+ 2d) in Dn for u ∈ [n− 2d]) .(99)

Proposition 4.37. Let i ∈ I.
(1) YDni ◦ΠIr{i} = YDni .
(2) For x, y ∈ Waf , we have ΠIr{i}(x) � ΠIr{i}(y) in (W Ir{i})af if and only if
YDni (x) � YDni (y) in CSTDn($i)× Z.

(3) Let i ∈ [n − 2] and (T, c), (T′, c′) ∈ CSTDn($i) × Z. If c′ − c > i, then
(T, c) � (T′, c′).

(4) Let i ∈ {n− 1, n} and (T, c), (T′, c′) ∈ CSTDn($i)× Z. If 2(c′ − c) > n, then
(T, c) � (T′, c′).

By combining Propositions 3.2 and 4.37 (2), we obtain the following tableau crite-
rion for the semi-infinite Bruhat order on Waf of type D(1)

n .

Theorem 4.38. Let J ⊂ I. For x, y ∈ (W J)af , we have x � y in (W J)af if and only
if YDni (x) � YDni (y) in CSTDn($i)× Z for all i ∈ I r J .

The remainder of this subsection is devoted to the proof of Proposition 4.37.
The proofs of Lemmas 4.39–4.40 below are straightforward.

Lemma 4.39. Let i ∈ I and γ ∈ ∆+ r ∆+
Ir{i}. We have γ∨ ∈ Q∨,Ir{i} if and only if

one of the following conditions holds:
(1) i = 1 and γ∨ = ε1 − ε2 = α∨1 .
(2) i ∈ [2, n− 2] and γ∨ = εi − εi+1 = α∨i .
(3) i ∈ [2, n−2] and γ∨ = εi−1+εi = α∨i−1+2α∨i +2α∨i+1+· · ·+2α∨n−2+α∨n−1+α∨n .
(4) i = n− 1 and γ∨ = εn−1 − εn = α∨n−1.
(5) i = n and γ∨ = εn−1 + εn = α∨n .

Lemma 4.40. Let i ∈ I. We have

2〈α∨i , ρ− ρIr{i}〉 =
{

2n− i− 1 if i ∈ [2, n− 2],
2n− 2 if i ∈ {1, n− 1, n}.

(100)

Proposition 4.41 (cf. [4, §8.2]). Let i ∈ I, w ∈W Ir{i}, and γ ∈ ∆+. There exists a
Bruhat edge w → bwrγc = wrγ in QBIr{i} if and only if γ ∈ ∆+ r ∆+

Ir{i} and one
of the following statements holds.
(b-D1) i ∈ [n − 2], ci(γ∨) = 1, and there exists s ∈ [i] such that wrγ(u) = w(u) for

u ∈ [i] r {s}, 1 � w(s) ≺ n, and wrγ(s) = min([w(s) + 1, n] r {‖w(u)‖ | u ∈
[i], w(u) � n}); in this case, we have γ∨ = εs − εt = α∨s + α∨s+1 + · · · + α∨t
for some t ∈ [i+ 1, n].

(b-D2) i ∈ [n − 2], ci(γ∨) = 1, and there exists s ∈ [i] such that wrγ(u) = w(u) for
u ∈ [i] r {s}, n ≺ w(s) � 1, and wrγ(s) = σ(max([‖w(s)‖ − 1] r {w(u) | u ∈
[i], w(u) � n})); in this case, we have γ∨ = εs − εt = α∨s + α∨s+1 + · · ·+ α∨t
for some t ∈ [i+ 1, n].

(b-D3) i ∈ [n − 2], ci(γ∨) = 1, and there exists s ∈ [i] such that wrγ(u) = w(u) for
u ∈ [i] r {s}, and (w(s), wrγ(s)) ∈ {(n − 1, n), (n, n− 1)}; in this case, we
have γ∨ = εs + εt = α∨s + · · ·+α∨t−1 + 2α∨t · · ·+ 2α∨n−2 +α∨n−1 +α∨n for some
t ∈ [i+ 1, n− 1], or γ∨ = εs + εn = α∨s + · · ·+ α∨n−2 + α∨n .
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(b-D4) i ∈ [2, n − 2], ci(γ∨) = 2, and there exist s, t ∈ [i] such that s < t, wrγ(u) =
w(u) for u ∈ [i]r{s, t} and either (wrγ(s) = w(s)+1 = σ(w(t)) = σ(wrγ(t))+
1 � n) or (w(s) = σ(wrγ(t)) = n−1 and w(t) = σ(wrγ(s)) = n) holds; in this
case, we have γ∨ = εs+εt = α∨s + · · ·+α∨t−1 +2α∨t + · · ·+2α∨n−2 +α∨n−1 +α∨n .

(b-D5) i ∈ {n− 1, n}, ci(γ∨) = 1, and there exist s, t ∈ [i] such that s < t, wrγ(u) =
w(u) for u ∈ [i]r{s, t} and wrγ(s) = w(s)+1 = σ(w(t)) = σ(wrγ(t))+1 � n;
in this case, we have γ∨ = εs + εt = α∨s + · · ·+ α∨t−1 + 2α∨t + · · ·+ 2α∨n−2 +
α∨n−1 + α∨n .

(b-D6) i = n− 1, cn−1(γ∨) = 1, and there exists s ∈ [n− 2] such that wrγ(u) = w(u)
for u ∈ [n] r {s, s + 1} and σ(wrγ(s)) = σ(wrγ(s + 1)) + 1 = w(s + 1) =
w(s) + 1 � n; in this case, we have γ∨ = εs + εs+1 = α∨s + 2α∨s+1 + · · · +
2α∨n−2 +α∨n−1 +α∨n if s ∈ [n− 3], and γ∨ = εn−2 + εn−1 = α∨n−2 +α∨n−1 +α∨n
if s = n− 2.

(b-D7) i = n, cn(γ∨) = 1, and there exists s ∈ [n − 1] such that wrγ(u) = w(u) for
u ∈ [n]r{s, s+1} and σ(wrγ(s)) = σ(wrγ(s+1))+1 = w(s+1) = w(s)+1 � n;
in this case, we have γ∨ = εs + εs+1 = α∨s + 2α∨s+1 + · · ·+ 2α∨n−2 +α∨n−1 +α∨n
if s ∈ [n − 3], γ∨ = εn−2 + εn−1 = α∨n−2 + α∨n−1 + α∨n if s = n − 2, and
γ∨ = εn−1 + εn = α∨n if s = n− 1.

Moreover, for i ∈ I r {n − 1} and w, v ∈ W Ir{i}, we have w � v if and only if
w(u) � v(u) in Dn for u ∈ [i]. For w, v ∈ W Ir{n−1}, we have w � v if and only if
w(n) � v(n) in Dn and w(u) � v(u) in Dn for u ∈ [n− 1].

For i ∈ I, w ∈ W Ir{i} and γ ∈ ∆+ r ∆+
Ir{i}, let Q(i, w, γ) denote the following

statement.
Q(i, w, γ): There exists a quantum edge w γ−−→ bwrγc in QBIr{i}.

Proposition 4.42. Let i ∈ I, w ∈W Ir{i}, and γ ∈ ∆+ r ∆+
Ir{i}. Then Q(i, w, γ) is

true if and only if one of the following statements holds.
(q-D1) i ∈ [n − 2] and ci(γ∨) = 1. If we write {a1 < a2 < · · · < an−i+1} = [n] r

{‖w(u)‖ | u ∈ [i−1]}, then a1 = 1, {w(i), bwrγc(1)} = {1, a2} and bwrγc(u) =
w(u− 1) for u ∈ [2, i]; in this case, we have γ∨ = εi − εi+1 = α∨i .

(q-D2) i ∈ [2, n− 2], ci(γ∨) = 2, bwrγc(1) = w(i) = 1, bwrγc(2) = w(i− 1) = 2, and
bwrγc(u) = w(u − 2) for u ∈ [3, i]; in this case, we have γ∨ = εi−1 + εi =
α∨i−1 + 2α∨i + 2α∨i+1 + · · ·+ 2α∨n−2 + α∨n−1 + α∨n .

(q-D3) i = n− 1, cn−1(γ∨) = 1, bwrγc(1) = w(n) = 1, bwrγc(2) = σ(w(n− 1)) = 2,
bwrγc(u) = w(u− 2) for u ∈ [3, n− 1], and bwrγc(n) = σ(w(n− 2)); in this
case, we have γ∨ = εn−1 − εn = α∨n−1.

(q-D4) i = n, cn(γ∨) = 1, bwrγc(1) = σ(w(n)) = 1, bwrγc(2) = σ(w(n−1)) = 2, and
bwrγc(u) = w(u−2) for u ∈ [3, n]; in this case, we have γ∨ = εn−1 +εn = α∨n .

Before starting the proof of Proposition 4.42, we mention a consequence of Lemma
4.3 and Propositions 4.41–4.42.

Proposition 4.43. Let i ∈ I, x, y ∈ (W Ir{i})af , YDni (x) = (T, c), and YDni (y) =
(T′, c′). There exists an edge x β−−→ y in SiBIr{i} for some β ∈ ∆+

af if and only if one
of the following conditions holds:
(∞2 -D1) i ∈ [n − 2], c′ = c, and there exists s ∈ [i] such that T′(u) = T(u) for

u ∈ [i] r {s}, 1 � T(s) ≺ n, and T′(s) = min([T(s) + 1, n] r {‖T(u)‖ | u ∈
[i], T(u) � n}).

(∞2 -D2) i ∈ [n − 2], c′ = c, and there exists s ∈ [i] such that T′(u) = T(u) for
u ∈ [i] r {s}, n ≺ T(s) � 1, and T′(s) = σ(max([‖T(s)‖ − 1] r {T(u) | u ∈
[i], T(u) � n})).
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(∞2 -D3) i ∈ [n − 2], c′ = c, and there exists s ∈ [i] such that T′(u) = T(u) for
u ∈ [i] r {s}, and (T(s),T′(s)) ∈ {(n− 1, n), (n, n− 1)}.

(∞2 -D4) i ∈ [2, n − 2], c′ = c, and there exist s, t ∈ [i] such that s < t, T′(u) = T(u)
for u ∈ [i] r {s, t} and T′(s) = T(s) + 1 = σ(T(t)) = σ(T′(t)) + 1 � n.

(∞2 -D5) i ∈ {n− 1, n}, c′ = c, and there exist s, t ∈ [i] such that s < t, T′(u) = T(u)
for u ∈ [i] r {s, t} and T′(s) = T(s) + 1 = σ(T(t)) = σ(T′(t)) + 1 � n.

(∞2 -D6) i = n − 1, c′ = c, and there exists s ∈ [n − 2] such that T′(u) = T(u) for
u ∈ [n]r{s, s+1} and σ(T′(s)) = σ(T′(s+1))+1 = T(s+1) = T(s)+1 � n.

(∞2 -D7) i = n, c′ = c, and there exists s ∈ [n − 1] such that T′(u) = T(u) for
u ∈ [n]r{s, s+1} and σ(T′(s)) = σ(T′(s+1))+1 = T(s+1) = T(s)+1 � n.

(∞2 -D8) i ∈ [n − 2] and c′ = c + 1. If we write {a1 < a2 < · · · < an−i+1} = [n] r
{‖T(u)‖ | u ∈ [i − 1]}, then a1 = 1, {σ(T(i)),T′(1)} = {1, a2} and T′(u) =
T(u− 1) for u ∈ [2, i].

(∞2 -D9) i ∈ [2, n − 2], c′ = c + 2, T′(1) = σ(T(i)) = 1, T′(2) = σ(T(i − 1)) = 2, and
T′(u) = T(u− 2) for u ∈ [3, i].

(∞2 -D10) i ∈ {n− 1, n}, c′ = c+ 1, T′(1) = σ(T(n)) = 1, T′(2) = σ(T(n− 1)) = 2, and
T′(u) = T(u− 2) for u ∈ [3, n].

Example 4.44. (1) Let i = 1. (∞2 -D8) is equivalent to c′ = c + 1 and (T,T′) ∈{(
1 , 2

)
,
(

2 , 1
)}

.
(2) Let n = 4 and i = 2. (∞2 -D8) is equivalent to the condition that c′ = c + 1

and (T,T′) equals one of the following:(
2
3
,

1
2

)
,

(
3
2
,

1
3

)
,

(
4
2
,

1
4

)
,

(
4
2
,

1
4

)
,

(
3
2
,

1
3

)
,

(
3
1
,

2
3

)
,

(
4
1
,

2
4

)
,

(
4
1
,

2
4

)
,

(
3
1
,

2
3

)
,

(
2
1
,

3
2

)
.

(∞2 -D9) is equivalent to c′ = c+ 2, T =
2
1

and T′ =
1
2

.

We have divided the proof of Proposition 4.42 into a sequence of lemmas.

Lemma 4.45. Q(1, w, γ) implies (q-D1).

Proof. Assume that Q(1, w, γ) is true. By Lemmas 4.4 and 4.39, we have γ∨ = ε1−ε2 ∈
Q∨,Ir{1}, rγ = (1 2)(1 2), and bwrγc = wrγ(zIr{1}γ∨ )−1. Set J = I r {1}; note that J
is of type Dn−1. We see that 2 ∈ Jaf satisfies the condition for γ∨ ∈ Q∨ in Lemma
4.1; note that J r {2} is of type Dn−2. Hence zIr{1}γ∨ = wJ0w

Jr{2}
0 is given by 2 7→ 2,

n 7→ n, and u 7→ u for u ∈ [n] r {2, n}. Then bwrγc is given by 1 7→ w(2), 2 7→ w(1),
u 7→ w(u) for u ∈ [3, n− 1], and n 7→ w(n). It follows from (90) and Lemma 4.35 that

max{w(2), w(1)} ≺ w(3) ≺ w(4) ≺ · · · ≺ w(n− 1) ≺ w(n)︸ ︷︷ ︸
=n

≺ w(n− 1).(101)

Hence {bwrγc(1) = w(2), w(1)} = {a1 = 1, a2 = 2}. This implies (q-D1). �

Lemma 4.46. i = 1 and (q-D1) imply Q(1, w, γ).

Proof. Assume that (q-D1) and i = 1; we have a1 = 1, a2 = 2, and {w(i), bwrγc(1)} =
{1, 2}. We see from Lemmas 4.5 and 4.39–4.40 that Q(1, w, γ) is equivalent to
`(bwrγc) − `(w) = 3 − 2n. We check at once that (q-D1), i = 1, and Lemma
4.35 yield (101). If w(1) = 1, then `(w) = 2n − 2, `(bwrγc) = 1, and hence
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`(bwrγc)− `(w) = 3− 2n. If w(1) = 2, then `(w) = 2n− 3, `(bwrγc) = 0, and hence
`(bwrγc)− `(w) = 3− 2n. �

Lemma 4.47. n > 5, i ∈ [2, n− 3], ci(γ∨) = 1, and Q(i, w, γ) imply (q-D1).

Proof. Assume that n > 5, i ∈ [2, n− 3], and ci(γ∨) = 1, and that Q(i, w, γ) is true.
By Lemmas 4.4 and 4.39, we have γ∨ = εi − εi+1 ∈ Q∨,Ir{i}, rγ = (i i+ 1)(i i+ 1),
and bwrγc = wrγ(zIr{i}γ∨ )−1. Let I r {i} = I1 t I2, where I1 = [i − 1] is of type
Ai−1 and I2 = [i + 1, n] is of type Dn−i. We see that (i − 1, i + 1) ∈ (I1)af × (I2)af
satisfies the condition for γ∨ ∈ Q∨ in Lemma 4.1; note that I1 r {i − 1} = [i − 2]
is of type Ai−2 and I2 r {i + 1} = [i + 2, n] is of type Dn−i−1. Hence zIr{i}γ∨ =
wI1

0 w
I1r{i−1}
0 wI2

0 w
I2r{i+1}
0 = (1 2 · · · i)(1 2 · · · i)(i + 1 i+ 1)(n n). Then bwrγc is

given by 1 7→ w(i + 1), u 7→ w(u − 1) for u ∈ [2, i], i + 1 7→ w(i), u 7→ w(u) for
u ∈ [i+ 2, n− 1], and n 7→ w(n). It follows from Lemma 4.35 that

w(i+ 1) ≺ w(1) ≺ w(2) ≺ · · · ≺ w(i− 1) ≺ w(i),
max{w(i), w(i+ 1)} ≺ w(i+ 2) ≺ · · · ≺ w(n− 1)︸ ︷︷ ︸

�n

≺ w(n) ≺ w(n− 1).(102)

Let {a1 < a2 < · · · < an−i+1} = [n] r {‖w(u)‖ | u ∈ [i − 1]}. By (102), we have
w(i + 1) = min{w(u) | u ∈ [n]}, which implies a1 = 1. Since [n] r {‖w(u)‖ | u ∈
[i− 1]} = {w(i), w(i+ 1), w(i+ 2), . . . , w(n− 1), ‖w(n)‖}, we have {w(i), bwrγc(1) =
w(i+ 1)} = {a1 = 1, a2}. �

Lemma 4.48. n > 5, i ∈ [2, n− 3], and (q-D1) imply Q(i, w, γ).

Proof. Assume that n > 5, i ∈ [2, n− 3], and (q-D1) hold. We see from Lemmas 4.5
and 4.39–4.40 that Q(i, w, γ) is equivalent to `(bwrγc)− `(w) = 2− 2n+ i. We check
at once that (q-D1) yields (102). We deduce from (102) that

(1) a1(bwrγc) =
{

0 if w(i+ 1) ≺ w(i),
1 if w(i+ 1) � w(i),

(2) b1(bwrγc) =
{

0 if w(i+ 1) ≺ w(i),
w(i+ 1)− 2 if w(i+ 1) � w(i),

(3) for s ∈ [2, i] and t ∈ [s+ 1, i], t ∈ As(bwrγc) and t− 1 ∈ As−1(w),
(4) for s ∈ [2, i] and t ∈ [s+ 1, i], t ∈ Bs(bwrγc) if and only if t− 1 ∈ Bs−1(w),
(5) for s ∈ [2, i], i+ 1 ∈ As(bwrγc) if and only if i ∈ Bs−1(w),
(6) for s ∈ [2, i], i+ 1 ∈ Bs(bwrγc) if and only if i ∈ As−1(w),
(7) for s ∈ [2, i] and t ∈ [i+ 2, n− 1], t ∈ As(bwrγc) if and only if t ∈ As−1(w),
(8) for s ∈ [2, i] and t ∈ [i+ 2, n− 1], t ∈ Bs(bwrγc) if and only if t ∈ Bs−1(w),
(9) for s ∈ [2, i], n ∈ As(bwrγc) if and only if n ∈ Bs−1(w),
(10) for s ∈ [2, i], n ∈ Bs(bwrγc) if and only if n ∈ As−1(w),
(11) i+ 1 ∈ As−1(w) for s ∈ [2, i],
(12) i+ 1 ∈ Bs−1(w) if and only if s ∈ [i− w(i+ 1) + 3, i],

(13) ai(w) = n− i, bi(w) =
{
n− i− 1 if w(i+ 1) ≺ w(i),
n− i if w(i+ 1) � w(i).

Hence `(bwrγc)− `(w) = 2− 2n+ i, which is our assertion. �

Lemma 4.49. n > 5, cn−2(γ∨) = 1, and Q(n− 2, w, γ) imply (q-D1).

Proof. Assume that n > 5 and cn−2(γ∨) = 1, and that Q(n − 2, w, γ) is true. By
Lemmas 4.5 and 4.39–4.40, we have `(bwrγc)− `(w) = −n. By Lemmas 4.4 and 4.39,
we have γ∨ = εn−2 − εn−1 ∈ Q∨,Ir{n−2}, rγ = (n − 2 n − 1)(n− 2 n− 1), and
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bwrγc = wrγ(zIr{n−2}
γ∨ )−1. Let I r {n − 2} = I1 t I ′2 t I ′′2 , where I1 = [n − 3] is of

type An−3, I ′2 = {n − 1} is of type A1, and I ′′2 = {n} is of type A1. We see that
(n−3, n−1, n) ∈ (I1)af× (I ′2)af× (I ′′2 )af satisfies the condition for γ∨ ∈ Q∨ in Lemma
4.1; note that I1r{n−3} is of type An−4. Hence zIr{n−2}

γ∨ = wI1
0 w

I1r{n−3}
0 w

I′2
0 w

I′′2
0 =

(1 2 · · · n−2)(1 2 · · · n− 2)(n−1 n− 1)(n n). Then bwrγc is given by 1 7→ w(n−1),
u 7→ w(u − 1) for u ∈ [2, n − 2], n − 1 7→ w(n− 2), and n 7→ w(n). It follows from
Lemma 4.35 that

w(n− 1) ≺ w(1) ≺ w(2) ≺ · · · ≺ w(n− 3) ≺ w(n− 2),
max{w(n− 2), w(n− 1)} ≺ w(n) ≺ w(n− 1).

(103)

Let {a1 < a2 < a3} = [n] r {‖w(u)‖ | u ∈ [n− 3]} = {‖w(n− 2)‖, w(n− 1), ‖w(n)‖}.
We see from (103) that a1 = 1 and w(n − 1) < ‖w(n)‖. What is left is to show that
w(n− 2) � n and ‖w(n− 2)‖ < ‖w(n)‖. We have the following cases:

(i) w(n− 2) ≺ w(n− 1),
(ii) w(n− 2) � w(n− 1) and w(n− 2) � w(n),
(iii) w(n− 2) � w(n− 1) and w(n− 2) ≺ w(n);

we will prove that (i) or (ii) holds and these imply (q-D1). It follows from (103) that

(1) a1(bwrγc) =
{

1 if (i),
0 if (ii) or (iii),

(2) b1(bwrγc) =
{
w(n− 1)− 2 if (i),
0 if (ii) or (iii),

(3) for s ∈ [2, n− 2], n− 1 ∈ As(bwrγc) if and only if n− 2 ∈ Bs−1(w),
(4) for s ∈ [2, n− 2], n ∈ As(bwrγc) if and only if n ∈ Bs−1(w),
(5) for s ∈ [2, n− 2], n− 1 /∈ Bs(bwrγc) and n− 1 ∈ As−1(w),
(6) for s ∈ [2, n− 2], n ∈ Bs(bwrγc) if and only if n ∈ As−1(w),
(7) for s ∈ [2, n − 2] and t ∈ [s + 1, n − 2], t ∈ Bs(bwrγc) if and only if t − 1 ∈

Bs−1(w),
(8) for s ∈ [2, n− 2], n− 1 ∈ Bs−1(w) if and only if s ∈ [n− (w(n− 1)− 1), n− 2],

(9) an−2(w) = 2 and bn−2(w) =


2 if (i),
1 if (ii),
0 if (iii).

If (i) holds, then w(n− 2) = 1. Hence w(n− 2) � n and ‖w(n− 2)‖ < ‖w(n)‖.
If (ii) holds, then bwrγc(1) = w(n− 1) = 1 and w(n− 2) ≺ min{w(n), w(n)} � n.

Hence ‖w(n− 2)‖ < ‖w(n)‖.
If (iii) holds, then `(bwrγc)− `(w) = 1− n 6= −n, a contradiction. �

Lemma 4.50. n > 5, i = n− 2, and (q-D1) imply Q(n− 2, w, γ).

Proof. Assume that n > 5, i = n−2, and (q-D1) hold. By Lemmas 4.5 and 4.39–4.40,
Q(n − 2, w, γ) is equivalent to `(bwrγc) − `(w) = −n. We check at once that (q-D1)
and i = n− 2 imply (103) and (i) or (ii) in the proof of Lemma 4.49. Then (1)–(9) in
the proof of Lemma 4.49 yield `(bwrγc)− `(w) = −n. �

Lemma 4.51. n = 4, c2(γ∨) = 1, and Q(2, w, γ) imply (q-D1).

Proof. Assume that n = 4 and c2(γ∨) = 1, and that Q(2, w, γ) is true. By Lemmas
4.4 and 4.39, we have γ∨ = ε2 − ε3 ∈ Q∨,Ir{2}, rγ = (2 3)(2 3), and bwrγc =
wrγ(zIr{2}γ∨ )−1. Let I r {2} = I1 t I ′2 t I ′′2 , where I1 = {1}, I ′2 = {3}, and I ′′2 = {4}
are of type A1. We see that (1, 3, 4) ∈ (I1)af× (I ′2)af× (I ′′2 )af satisfies the condition for
γ∨ ∈ Q∨ in Lemma 4.1. Hence zIr{2}γ∨ = r1r3r4 = (1 2)(1 2)(3 3)(4 4). Then bwrγc is
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given by 1 7→ w(3), 2 7→ w(1), 3 7→ w(2), and 4 7→ w(4). It follows from Lemma 4.35
that

w(3) ≺ w(1) ≺ w(2), w(3) ≺ w(4) ≺ w(3), w(2) ≺ w(4) ≺ w(2);(104)

all w ∈W Ir{2} satisfying (104) are listed in Table 1 below. It is easy to check that
each w in the table satisfies (q-D1) for n = 4 and i = 2. �

Table 1.

w(1) w(2) w(3) w(4) bwrγc(1) bwrγc(2) bwrγc(3) bwrγc(4)
2 3 1 4 1 2 3 4
3 2 1 4 1 3 2 4
3 1 2 4 2 3 1 4
4 2 1 3 1 4 2 3
4 1 2 3 2 4 1 3
4 2 1 3 1 4 2 3
4 1 2 3 2 4 1 3
3 2 1 4 1 3 2 4
3 1 2 4 2 3 1 4
2 1 3 4 3 2 1 4

Lemma 4.52. n = 4, i = 2, and (q-D1) imply Q(2, w, γ).

Proof. Assume that n = 4, i = 2, and (q-D1) hold. By Lemmas 4.5 and 4.39–
4.40, Q(2, w, γ) is equivalent to `(bwrγc) − `(w) = −4. We see that (q-D1) im-
plies bwrγc(1) ≺ bwrγc(2) = w(1) ≺ w(2), [4] r {‖w(1)‖} = {1 < a2 < a3}, and
{w(2), bwrγc(1)} = {1, a2}. For this to happen, w must be one of the ten elements
listed in Table 1. In either case, it is easy to check that `(bwrγc)− `(w) = −4. �

Lemma 4.53. n > 5, c2(γ∨) = 2, and Q(2, w, γ) imply (q-D2).

Proof. Assume that n > 5 and c2(γ∨) = 2, and that Q(2, w, γ) is true. By Lemmas
4.5 and 4.39–4.40, we have `(bwrγc) − `(w) = 7 − 4n. By Lemmas 4.4 and 4.39, we
have γ∨ = ε1 + ε2 ∈ Q∨,Ir{2}, rγ = (1 2)(1 2), and bwrγc = wrγ(zIr{2}γ∨ )−1. Let
Ir{2} = I1t I2, where I1 = {1} is of type A1 and I2 = [3, n] is of type Dn−2. We see
that (0, 0) ∈ (I1)af × (I2)af satisfies the condition for γ∨ ∈ Q∨ in Lemma 4.1. Hence
bwrγc = wrγ acts by 1 7→ w(2), 2 7→ w(1), and u 7→ w(u) for u ∈ [3, n]. The proof
will be divided into three steps.

Step 1. We show that w(1) ≺ w(2) � n leads to a contradiction. Suppose that w(1) ≺
w(2) � n. Then w(n) � n, by (90). It follows from Lemma 4.35 that a1(bwrγc) =
a2(bwrγc) = n − 2, b1(bwrγc) = n − w(2) + 1, b2(bwrγc) = n − w(1) − 1, a1(w) =
w(1) − 1, a2(w) = w(2) − 2, and b1(w) = b2(w) = 0. Hence `(bwrγc) − `(w) =
4n− 1− 2w(1)− 2w(2) > 7− 4n, a contradiction. �

Step 2. We show that w(1) � n and n � w(2) lead to a contradiction. Suppose that
w(1) � n and n � w(2). Then w(n) � n, by (90). We have the following cases:

(i) w(1) ≺ w(2) ≺ w(n) � n,
(ii) w(1) ≺ w(n) ≺ w(2) � n,
(iii) w(2) ≺ w(1) ≺ w(n) � n,
(iv) w(2) ≺ w(n) ≺ w(1) � n,
(v) w(n) ≺ w(1) ≺ w(2) � n,
(vi) w(n) ≺ w(2) ≺ w(1) � n.
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It follows from Lemma 4.35 that

(1) a1(bwrγc) =


w(2)− 1 if (iii) or (iv),
w(2)− 2 if (i) or (vi),
w(2)− 3 if (ii) or (v),

(2) a2(bwrγc) =
{
n− 2 if (i), (ii), or (iii),
n− 3 if (iv), (v), or (vi),

(3) b1(bwrγc) =


0 if (iii) or (iv),
1 if (i) or (vi),
2 if (ii) or (v),

(4) b2(bwrγc) =


n− w(1)− 1 if (i) or (ii),
n− w(1) if (iii) or (v),
n− w(1) + 1 if (iv) or (vi),

(5) a1(w) =


w(1)− 3 if (iv) or (vi),
w(1)− 2 if (iii) or (v),
w(1)− 1 if (i) or (ii),

(6) a2(w) =
{
n− 3 if (ii), (v) or (vi),
n− 2 if (i), (iii) or (iv),

(7) b1(w) =


0 if (i) or (ii),
1 if (iii) or (v),
2 if (iv) or (vi),

(8) b2(w) =


n− w(2)− 1 if (iii) or (iv),
n− w(2) if (i) or (vi),
n− w(2) + 1 if (ii) or (v).

Hence

`(bwrγc)− `(w) =
{

2w(2)− 2w(1)− 1 if (i), (ii), or (v),
2w(2)− 2w(1) + 1 if (iii), (iv) or (vi).

(105)

If (i), (ii), or (v) hold, then 2w(2) − 2w(1) − 1 > 0, contrary to `(bwrγc) − `(w) =
7−4n < 0. If (iii), (iv), or (vi) hold, then 1 6 w(2) 6 w(1) 6 n and 2w(2)−2w(1)+1 >
3− 2n, contrary to `(bwrγc)− `(w) = 7− 4n and n > 5. �

Step 3. By Steps 1–2, we have n � w(1) ≺ w(2); note that w(n) � n, by (90). It
remains to prove that w(1) = 2 and w(2) = 1. It follows from Lemma 4.35 that
a1(bwrγc) = w(2) − 1, a2(bwrγc) = w(1) − 2, b1(bwrγc) = b2(bwrγc) = 0, a1(w) =
a2(w) = n − 2, b1(w) = (n − 1) − (w(1) − 2), and b2(w) = (n − 2) − (w(2) − 1).
Hence `(bwrγc)− `(w) = 7− 4n+ 2(w(2)− 1) + 2(w(1)− 2); note that w(2)− 1 > 0
and w(1) − 2 > 0. Since `(bwrγc) − `(w) = 7 − 4n, we conclude that w(1) = 2 and
w(2) = 1. �

The proof of Lemma 4.53 is complete. �

Lemma 4.54. n > 5, i = 2, and (q-D2) imply Q(2, w, γ).

Proof. Assume that n > 5, i = 2, and (q-D2) hold. By Lemmas 4.5 and 4.39–4.40,
Q(2, w, γ) is equivalent to `(bwrγc) − `(w) = 7 − 4n. It follows from Lemma 4.35
that w = rγ = (1 2)(1 2) and bwrγc = e. We check at once that `(bwrγc) − `(w) =
7− 4n. �
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Lemma 4.55. n > 5, i ∈ [3, n− 3], ci(γ∨) = 2, and Q(i, w, γ) imply (q-D2).

Proof. Assume that n > 5, i ∈ [3, n − 3], and ci(γ∨) = 2, and that Q(i, w, γ) is
true. By Lemmas 4.5 and 4.39–4.40, we have `(bwrγc) − `(w) = 3 − 4n + 2i. By
Lemmas 4.4 and 4.39, we have γ∨ = εi−1 + εi ∈ Q∨,Ir{i}, rγ = (i− 1 i)(i− 1 i), and
bwrγc = wrγ(zIr{i}γ∨ )−1. Let I r {i} = I1 t I2, where I1 = [i− 1] is of type Ai−1 and
I2 = [i + 1, n] is of type Dn−i. We see that (i − 2, 0) ∈ (I1)af × (I2)af satisfies the
condition for γ∨ ∈ Q∨ in Lemma 4.1; note that I1 r {i − 2} is of type Ai−3 × A1.
Hence zIr{i}γ∨ = wI1

0 w
I1r{i−2}
0 is given by 1 7→ i−1, 2 7→ i, u 7→ u−2 for u ∈ [3, i], and

u 7→ u for u ∈ [i+1, n]. Then bwrγc is given by 1 7→ w(i), 2 7→ w(i− 1), u 7→ w(u−2)
for u ∈ [3, i], and u 7→ w(u) for u ∈ [i+ 1, n]. It follows from Lemma 4.35 that

w(i) ≺ w(i− 1)︸ ︷︷ ︸
�n

≺ w(1) ≺ w(2) ≺ · · · ≺ w(i− 1)︸ ︷︷ ︸
�n

≺ w(i),

w(i+ 1) ≺ w(i+ 2) ≺ · · · ≺ w(n− 1)︸ ︷︷ ︸
�n

≺ w(n) ≺ w(n− 1).
(106)

We have the following cases:
(i) w(n) ≺ w(i− 1) ≺ w(i),
(ii) w(i− 1) ≺ w(n) ≺ w(i),
(iii) w(i− 1) ≺ w(i) ≺ w(n);

we will prove that (i) holds. It follows from (106) that
(1) a1(bwrγc) = w(i)− 1, a2(bwrγc) = w(i− 1)− 2,

(2) b1(bwrγc) =
{

0 if (i) or (ii),
1 if (iii),

b2(bwrγc) =
{

0 if (i),
1 if (ii) or (iii),

(3) for s ∈ [3, i], as(bwrγc) = as−2(w) and bs(bwrγc) = bs−2(w)− 2,

(4) ai−1(w) =
{
n− i if (i),
n− i− 1 if (ii) or (iii),

ai(w) =
{
n− i if (i) or (ii),
n− i− 1 if (iii),

(5) bi−1(w) = n− i+ 1− (w(i− 1)− 2) and bi(w) = n− i− (w(i)− 1).
Hence

`(bwrγc)− `(w) =


3− 4n+ 2i+ 2(w(i)− 1) + 2(w(i− 1)− 2) if (i),
5− 4n+ 2i+ 2(w(i)− 1) + 2(w(i− 1)− 2) if (ii),
7− 4n+ 2i+ 2(w(i)− 1) + 2(w(i− 1)− 2) if (iii);

(107)

note that w(i)− 1 > 0 and w(i− 1)− 2 > 0. Since `(bwrγc)− `(w) = 3− 4n+ 2i, we
have (i), w(i) = 1, and w(i− 1) = 2. This implies (q-D2). �

Lemma 4.56. n > 5, i ∈ [3, n− 3], and (q-D2) imply Q(i, w, γ).

Proof. Assume that n > 5, i ∈ [3, n− 3], and (q-D2) hold. By Lemmas 4.5 and 4.39–
4.40, Q(i, w, γ) is equivalent to `(bwrγc)− `(w) = 3− 4n+ 2i. We check at once that
(q-D2) yields w(n) ≺ w(i− 1) ≺ w(i) and (106). As in the proof of Lemma 4.55, we
have `(bwrγc) − `(w) = 3 − 4n + 2i + 2(w(1) − 1) + 2(w(i− 1) − 2). Since w(1) = 1
and w(i− 1) = 2, we conclude that `(bwrγc)− `(w) = 3− 4n+ 2i. �

Lemma 4.57. n > 5, cn−2(γ∨) = 2, and Q(n− 2, w, γ) imply (q-D2).

Proof. Assume that n > 5 and cn−2(γ∨) = 2, and that Q(n − 2, w, γ) is true. By
Lemmas 4.5 and 4.39–4.40, we have `(bwrγc)− `(w) = −1− 2n. By Lemmas 4.4 and
4.39, we have γ∨ = εn−3 + εn−2 ∈ Q∨,Ir{n−2}, rγ = (n− 3 n− 2)(n− 3 n− 2), and
bwrγc = wrγ(zIr{n−2}

γ∨ )−1. Let I r {n − 2} = I1 t I ′2 t I ′′2 , where I1 = [n − 3] is of
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type An−3, I ′2 = {n − 1} is of type A1, and I ′′2 = {n} is of type A1. We see that
(n − 4, 0, 0) ∈ (I1)af × (I ′2)af × (I ′′2 )af satisfies the condition for γ∨ ∈ Q∨ in Lemma
4.1; note that I1 r {n− 4} is of type An−5 ×A1. Hence zIr{n−2}

γ∨ = wI1
0 w

I1r{n−4}
0 is

given by u 7→ u+ 2 for u ∈ [n− 4], n− 3 7→ 1, n− 2 7→ 2, n− 1 7→ n− 1, and n 7→ n.
Then bwrγc is given by 1 7→ w(n− 2), 2 7→ w(n− 3), u 7→ w(u− 2) for u ∈ [3, n− 2],
n− 1 7→ w(n− 1), and n 7→ w(n). It follows from Lemma 4.35 that

w(n− 2) ≺ w(n− 3) ≺ w(1) ≺ w(2) ≺ · · · ≺ w(n− 3) ≺ w(n− 2),
w(n− 1) ≺ w(n) ≺ w(n− 1).

(108)

Analysis similar to that in the proof of Lemma 4.55 shows that w(n− 2) = 1 and
w(n− 3) = 2. This implies (q-D2). �

Lemma 4.58. n > 5, i = n− 2, and (q-D2) imply Q(n− 2, w, γ).

Proof. Assume that n > 5, i = n−2, and (q-D2) hold. By Lemmas 4.5 and 4.39–4.40,
Q(n − 2, w, γ) is equivalent to `(bwrγc) − `(w) = −1 − 2n. We see that i = n − 2
and (q-D2) imply (108). Hence a1(bwrγc) = a2(bwrγc) = b1(bwrγc) = b2(bwrγc) = 0,
As(bwrγc) = As−2(w) for s ∈ [3, n− 2], An−3(w) = An−2(w) = Bn−2(w) = {n− 1, n},
and Bn−3(w) = {n − 2, n − 1, n}. Also, for s ∈ [3, n − 2], we see that n − 3, n − 2 ∈
Bs−2(w) and the map below is bijective.

Bs(bwrγc)→ Bs−2(w) r {n− 3, n− 2},
{
t 7→ t− 2 if t ∈ [s+ 1, n− 2],
t 7→ t if t ∈ {n− 1, n}.

(109)

This implies bs(bwrγc) = bs−2(w) − 2 for s ∈ [3, n − 2]. Combining these yields
`(bwrγc)− `(w) = −1− 2n. �

Lemma 4.59. n = 4, c2(γ∨) = 2, and Q(2, w, γ) are equivalent to (q-D2).

Proof. The assertion follows by the same method as in the proof of Lemmas 4.53–4.54;
in this case, we have w = (1 2)(1 2) and bwrγc = e. �

Lemma 4.60. Q(n− 1, w, γ) implies (q-D3).

Proof. Assume that Q(n − 1, w, γ) is true. By Lemmas 4.4 and 4.39, we have γ∨ =
εn−1 − εn ∈ Q∨,Ir{n−1}, rγ = (n − 1 n)(n− 1 n), and bwrγc = wrγ(zIr{n−1}

γ∨ )−1.
Set J r {n − 1}; note that J is of type An−1. We see that n − 2 ∈ Jaf satisfies the
condition for γ∨ ∈ Q∨ in Lemma 4.1; note that J r {n − 2} is of type An−3 × A1.
Hence zIr{n−1}

γ∨ is given by u 7→ u+2 for u ∈ [n−3], n−2 7→ n, n−1 7→ 1, and n 7→ 2.
Then bwrγc is given by 1 7→ w(n), 2 7→ w(n− 1), u 7→ w(u− 2) for u ∈ [3, n− 1], and
n 7→ w(n− 2). It follows from Lemma 4.35 that

w(n) ≺ w(n− 1) ≺ w(1) ≺ w(2) ≺ · · · ≺ w(n− 2) ≺ w(n− 1) ≺ w(n),(110)

which implies w(n) = 1 and w(n− 1) = 2. This completes the proof. �

Lemma 4.61. (q-D3) implies Q(n− 1, w, γ).

Proof. Assume that (q-D3) is true. By Lemmas 4.5 and 4.39–4.40, Q(n − 1, w, γ) is
equivalent to `(bwrγc)− `(w) = 3− 2n. We check at once that (q-D3) implies (110).
It follows that

(1) a1(bwrγc) = a2(bwrγc) = b1(bwrγc) = b2(bwrγc) = 0,

(2) for s ∈ [3, n−1], As(bwrγc =
{
∅ if w(s− 2) ≺ w(n− 2),
{n} if w(s− 2) � w(n− 2),

As−2(w) = {n},
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(3) for s ∈ [3, n− 1], bs(bwrγc)− bs−2(w) =
{
−1 if w(s− 2) ≺ w(n− 2),
−2 if w(s− 2) � w(n− 2),

(4) An−2(w) = An−1(w) = {n}, Bn−2(w) = {n− 1}, Bn−1(w) = ∅.
We give the proof only for (3). Let s ∈ [3, n − 1]. We have n − 1 ∈ Bs−2(w) and
n /∈ Bs−2(w). We see that n− 2 ∈ Bs−2(w) if and only if w(s− 2) � w(n− 2). Then
the map

Bs(bwrγc)→ Bs−2(w) r {n− 2, n− 1}, t 7→ t− 2,(111)
is bijective. Combining these yields (3). By (1)–(4) above, we have `(bwrγc)− `(w) =
3− 2n. �

Lemma 4.62. Q(n,w, γ) implies (q-D4).
Proof. Assume that Q(n,w, γ) is true. By Lemmas 4.4 and 4.39, we have γ∨ = εn−1 +
εn ∈ Q∨,Ir{n}, rγ = (n − 1 n)(n− 1 n), and bwrγc = wrγ(zIr{n}γ∨ )−1. Set J =
I r {n} = [n− 1]; note that J is of type An−1. We see that n− 2 ∈ Jaf satisfies the
condition for γ∨ ∈ Q∨ in Lemma 4.1; note that J r {n − 2} is of type An−3 × A1.
Hence zIr{n}γ∨ is given by u 7→ u + 2 for u ∈ [n − 2], n − 1 7→ 1, and n 7→ 2. Then
bwrγc is given by 1 7→ w(n), 2 7→ w(n− 1), and u 7→ w(u− 2) for u ∈ [3, n]. It follows
from Lemma 4.35 that

w(n) ≺ w(n− 1) ≺ w(1) ≺ w(2) ≺ · · · ≺ w(n− 2) ≺ w(n− 1) ≺ w(n),(112)

which implies w(n) = 1 and w(n− 1) = 2. This completes the proof. �

Lemma 4.63. (q-D4) implies Q(n,w, γ).
Proof. Assume that (q-D4) is true. By Lemmas 4.5 and 4.39–4.40, Q(n,w, γ) is equiv-
alent to `(bwrγc) − `(w) = 3 − 2n. We check at once that (q-D4) implies (112).
Hence As(bwrγc) = As(w) = ∅ for s ∈ [n], B1(bwrγc) = B2(bwrγc) = Bn(w) = ∅,
Bn−1(w) = {n}, and the map Bs(bwrγc)→ Bs−2(w)r{n−1, n}, t 7→ t−2, is bijective
for s ∈ [3, n]. Since n−1, n ∈ Bs−2(w) for s ∈ [3, n], we have bs(bwrγc) = bs−2(w)−2
for s ∈ [3, n]. It follows that `(bwrγc)− `(w) = 3− 2n. �

Proof of Proposition 4.37. (1) and (3)–(4) follow by the same method as in the proof
of Proposition 4.8.

We prove (2). We can prove the assertion for i ∈ {1, n−1, n} by a similar argument
to the proof of Proposition 4.13. Assume that i ∈ [2, n − 2]. Let x, y ∈ (W Ir{i})af ,
YDni (x) = (T, c), and YDni (y) = (T′, c′). It follows immediately from Propositions
4.41–4.43 that x � y implies c 6 c′ and T(u) � T′(u + c′ − c) for u ∈ [i − c′ +
c]. Hence we may assume that d := c′ − c > 0 and T(u) � T′(u + d) for u ∈
[i − d]. If d is even, then the assertion follows by the same method as in Step 1
of the proof of Proposition 4.21. In what follows, assume that d > 1 is odd. Write
a = min ([n] r {‖T(u)‖ | u ∈ [i], T(u) � n}) and b = min ([n] r {‖T(u)‖ | u ∈ [i]})
(see (98) in Definition 4.36 (1)). Let {a1 < a2 < · · · < an−i+1} = [n] r {‖T(u)‖ | u ∈
[i− 1]}. We divide the proof into four steps.

Step 1. We show that T(i) � n implies x ≺ y. Define T1,T2 ∈ CSTDn($i) by

T1(u) =


u+ 1 if u ∈ [a2 − 2],
T(u) if u ∈ [a2 − 1, i− 1],
a2 if u = i,

(113)

T2(u) =
{
u if u ∈ [a2 − 1],
T(u− 1) if u ∈ [a2, i].

(114)
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Let x1, x2 ∈ (W Ir{i})af be such that YDni (x1) = (T1, c) and YDni (x2) = (T2, c + 1).
Since T(u) � T1(u) for u ∈ [i], we have x � x1 by the assertion for d = 0. We have
x1 ≺ x2 by Proposition 4.43 (∞2 -D8). We have x2 ≺ y because c′− (c+ 1) = d−1 > 0
is even and T2(u) � T′(u + d − 1) for u ∈ [i − d + 1]. Combining these we conclude
that x ≺ y. �

Step 2. We show that (T(i) � n, a = b, and d > i) or (T(i) � n, a = b, d ∈ [i],
and a � T′(d)) imply x ≺ y. Assume that T(i) � n and a = b; note that a1 = 1
holds. We claim that a ≺ T(1). Indeed, if T(1) � n, then a ≺ T(1). If T(1) � n, then
T(1) ∈ [n] r {‖T(u)‖ | u ∈ [i], T(u) � n} and hence a � T(1) by minimality of a.
Since a = b 6= ‖T(u)‖ for u ∈ [i], we conclude that a ≺ T(1). Thus T2 ∈ CSTDn($i)
below is well-defined.

T1(u) =
{

T(u) if u ∈ [i− 1],
max{a2,T(i)} if u = i,

(115)

T2(u) =
{
a if u = 1,
T(u− 1) if u ∈ [2, i].

(116)

Let x1, x2 ∈ (W Ir{i})af be such that YDni (x1) = (T1, c) and YDni (x2) = (T2, c + 1).
Write {b1 < b2 < · · · < bn−i+1} = [n] r {‖T1(u)‖ | u ∈ [i− 1]}; note that aν = bν for
ν ∈ [n−i+1]. Since T(u) � T1(u) for u ∈ [i], we have x � x1 by the assertion for d = 0.
We claim that x1 ≺ x2. Indeed, if ‖T(i)‖ = a1 = 1, then T1(i) = 1 and T2(1) = a = a2,
which imply b1 = ‖T1(i)‖ = 1 and b2 = T2(1). If a2 6 ‖T(i)‖, then T1(i) = a2 and
a = 1, which imply b1 = T2(1) = 1 and b2 = ‖T1(i)‖. Proposition 4.43 (∞2 -D8) now
yields x1 ≺ x2 as claimed. We claim that x2 � y. Indeed, c′ − (c + 1) = d − 1 > 0
is even. If d > i, then the condition (97) is trivial, and hence x2 ≺ y. If d ∈ [i] and
a � T′(d), then T2(1) = a � T′(d) = T′(1+(d−1)), T2(u) = T(u−1) � T′(u+(d−1))
for u ∈ [2, i− d+ 1], and hence x2 � y as claimed. Combining these we conclude that
x ≺ y. �

Step 3. Assume that T(i) � n and a < b; note that T(1) = a holds. Let k ∈ [i] be such
that T(k) ≺ b ≺ T(k + 1). In this case, we show that the condition (iii) in Definition
4.36 (1) implies x � y. Define T1,T2 ∈ CSTDn($i) by

T1(u) =


T(u+ 1) if u ∈ [k − 1],
b if u = k,

T(u) if u ∈ [k + 1, i− 1],
max{a2,T(i)} if u = i,

(117)

T2(u) =
{
a if u = 1,
T1(u− 1) if u ∈ [2, i].

(118)

If k = 1, then T2(2) = T1(1) = b � a. If k ∈ [2, i], then T2(2) = T1(1) =
T(2) � T(1) = a. Therefore T2 is well-defined. Let x1, x2 ∈ (W Ir{i})af be such that
YDni (x1) = (T1, c) and YDni (x2) = (T2, c+1). Write {b1 < b2 < · · · < bn−i+1} = [n]r
{‖T1(u)‖ | u ∈ [i−1]}. Since T(u) � T1(u) for u ∈ [i], we have x � x1 by the assertion
for d = 0. We claim that x1 ≺ x2. Indeed, if ‖T(i)‖ = a1 = 1, then b1 = ‖T1(i)‖ = 1
and b2 = T2(1). If ‖T(i)‖ = a1 > 1, then T1(i) = T(i), a = 1, and b = a2, which imply
b1 = T2(1) = 1 and b2 = ‖T1(i)‖. If ‖T(i)‖ > a2, then T1(i) = a2, a = 1, and b = a1,
which imply b1 = T2(1) = 1 and b2 = ‖T1(i)‖. Proposition 4.43 (∞2 -D8) now yields
x1 ≺ x2 as claimed. We claim that x2 � y. Indeed, c′ − (c + 1) = d − 1 > 0 is even.
If d > i, then the condition (97) is trivial, and hence x2 ≺ y. If d ∈ [i], a � T′(d),
(T(u) � T′(u+ d− 1) for u ∈ [2,min{k, i− d+ 1}]) and (b � T′(k+ d) if k ∈ [i− d]),
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then T2(1) = a � T′(d) = T′(1 + (d−1)), T2(u) = T1(u−1) = T(u) � T′(u+ (d−1))
for u ∈ [2,min{k, i − d + 1}], T2(k + 1) = b � T′(k + d) = T′(k + 1 + (d − 1)) if
k ∈ [i−d], T2(u) = T(u−1) � T′(u−1 +d) = T′(u+ (d−1)) for u ∈ [k+ 2, i−d+ 1],
and hence x2 ≺ y as claimed. Combining these we conclude that x ≺ y. �

Step 4. We show that x ≺ y and T(i) � n imply (T, c) ≺ (T′, c′). By Proposition 4.37
(3), we may assume that d ∈ [i]. Let T1,T2 ∈ CSTDn($i) and x1, x2 ∈ (W Ir{i})af be
as in Steps 2–3. By the arguments in Steps 2–3, the edge x1 → x2 is of type (∞2 -D8).
Note that (T, c) ≺ (T′, c′) is equivalent to T2(u) � T′(u + d − 1) for u ∈ [i − d + 1]
(see (iii) in Definition 4.36 (1)). Since d is odd, we see from Proposition 4.43 that
there exists an edge x3

β−−→ x4, x3, x4 ∈ (W Ir{i})af , β ∈ ∆+
af , in SiBIr{i} of type

(∞2 -D8) such that x � x3 and x4 � y; we may assume that there is no edges of
type (∞2 -D8) in a directed path from x to x3 in SiBIr{i}. Write YDni (x3) = (T3, c

′′)
and YDni (x4) = (T4, c

′′ + 1). We see from Proposition 4.43 that c′′ − c > 0 and
c′ − (c′′ + 1) > 0 are both even. Set d′ = c′′ − c and d′′ = c′ − (c′′ + 1); note that
d′ + d′′ + 1 = d and d′, d′′ ∈ [0, d − 1]. Since x4 � y, we have T4(u) � T′(u + d′′)
for u ∈ [i − d′′]. Hence (T2(u) � T′(u + d − 1) for u ∈ [i − d + 1]) follows from
(T2(u) � T4(u+ d′) for u ∈ [i− d′]).

We first claim that T2(1) � T4(1) if d′ = 0. Assume that d′ = 0. We first assume
that T(i) ≺ 1. Then T1(i) ≺ 1 and T2(1) = 1 by (∞2 -D8). Hence T2(1) � T4(1).
We next assume that T(i) = 1. Then T3(i) = 1, because x � x3 and d′ = 0. If
we write {c1 < c2 < · · · < cn−i+1} = [n] r {‖T3(u)‖ | u ∈ [i − 1]}, then c1 = 1
and T4(1) = c2 by (∞2 -D8). Also, we have T2(1) = a = a2 by (∞2 -D8); note that if
a < b, then a2 = b2, where b2 is as in Step 3, because T(1) = a and we assume that
T(i) = 1. By the definition of a, {T(u) | u ∈ [i−a2 + 1, i]} = {1, 2, . . . , a2 − 1}. Hence
{T3(u) | u ∈ [i − a2 + 1, i]} = {1, 2, . . . , a2 − 1}, because x � x3 and d′ = 0. This
implies a2 6 c2. Therefore T2(1) � T4(1).

We next claim that T2(1) � T4(1+d′) if d′ 6= 0. Assume that d′ ∈ [d−1] or d′ = 0.
Set

{p1 < p2 < · · · < pµ} = [b− 1] r {‖T(u)‖ | u ∈ [i− d′], T(u) � n},
{q1 < q2 < · · · < qν} = [b− 1] r {‖T3(u)‖ | u ∈ [i], T3(u) � n}.

(119)

If [b−1]r{‖T3(u)‖ | u ∈ [i], T3(u) � n} = ∅, then b � T3(u) for u ∈ [i]. In particular,
we have T2(1) = a � b � T3(d′) = T4(1 + d′) if d′ 6= 0, which is our claim. Therefore
we may assume that ν > 1. We see from (∞2 -D8) that q1 � T4(1) ≺ T4(2) = T3(1),
which implies qu ≺ T3(u) for u ∈ [ν]. In particular, we have b � T3(u) for u ∈ [ν, i]. If
d′ ∈ [ν, i−1], then T2(1) = a � b � T3(d′) = T4(1+d′), which is our claim. Therefore
we may assume that ν > 2 and d′ ∈ [0, ν − 1]. Then (qu ≺ T3(u) for u ∈ [ν]) gives
(qu+1 � T3(u) for u ∈ [ν−1]). By minimality of b, we have [b−1] ⊂ {‖T(u)‖ | u ∈ [i]}.
Hence there exists l ∈ [0, d′] such that

{p1 < p2 < · · · < pµ} = {T(u) | u ∈ [µ− l]} ∪ {‖T(u)‖ | u ∈ [i− l + 1, i]},(120)

which implies T(u) � pu+l for u ∈ [µ − l]. Since l 6 d′, we have T(u) � pu+d′ for
u ∈ [µ−d′]. Since x � x3, we have ‖T(u)‖ > ‖T3(u+d′)‖ if u ∈ [i−d′] and T(u) � n.
Hence µ > ν and pu 6 qu for u ∈ [ν]. Combining these gives

T(u) � pu+d′ � qu+d′ � T3(u+ d′ − 1) = T4(u+ d′) for u ∈ [ν − d′] if d′ 6= 0.(121)

In particular, T2(1) = a � T(1) � T4(1 + d′) if d′ 6= 0, which is our claim. Similarly,
we have

T(u+ 1) � T3(u) for u ∈ [ν − 1] if d′ = 0.(122)
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We next claim that T1(u) � T3(u + d′) for u ∈ [i − d′ − 1]. If u ∈ [i − d′ − 1]
satisfies T1(u) = T(u), then T1(u) � T3(u+d′) since x � x3. It remains to prove that
T1(u) � T3(u+ d′) for u ∈ [k] ∩ [i− d′ − 1] under the assumption that a < b, where
k ∈ [i] is as in Step 3. Recall that b � T3(u) for u ∈ [max{1, ν}, i]. If ν ∈ [0, 1], then
T1(u) � b � T3(u+d′) for u ∈ [k]∩[i−d′−1]. Therefore we may assume that ν > 2. We
first assume that d′ ∈ [d−1]. If u ∈ [k−1]∩[ν−d′], then T1(u) = T(u+1) � T3(u+d′)
by (121). If k ∈ [ν − d′ − 1], then T1(k) = b ≺ T(k + 1) � T3(k + d′) by (121). If
k = ν − d′, then T1(k) = b � T3(ν) = T3(k + d′). If u ∈ [ν − d′ + 1, k], then
T1(u) � b � T3(u + d′). We next assume that d′ = 0. If u ∈ [k − 1] ∩ [ν − 1], then
T1(u) = T(u+ 1) � T3(u) by (122). If k ∈ [ν− 1], then T1(k) = b ≺ T(k+ 1) � T3(k)
by (122). If u ∈ [ν, k], then T1(u) � b � T3(u).

We finally claim that T2(u) � T4(u+ d′) for u ∈ [2, i− d′]. Let u ∈ [2, i− d′]; note
that u− 1 ∈ [i− d′− 1]. By the above, we have T2(u) = T1(u− 1) � T3(u− 1 + d′) =
T4(u+ d′). �

The proof of Proposition 4.37 is complete. �

5. Tableau model for crystal bases of level-zero
representations

In this section, we apply the results in §4 to crystal bases of level-zero representations
of U of type B(1)

n , C(1)
n , and D

(1)
n . We introduce quantum Kashiwara–Nakashima

columns (see Definitions 5.15 and 5.20) and semi-infinite Kashiwara–Nakashima
tableaux (see Definitions 5.12, 5.17, and 5.22). We will see that these tableaux give
combinatorial models for crystal bases of level-zero fundamental representations and
level-zero extremal weight modules. When U is of type B(1)

n or D(1)
n , we give an

explicit description of the crystal isomorphisms among three different realizations of
the crystal basis of a level-zero fundamental representation by quantum Lakshmibai–
Seshadri paths (see §5.1), quantum Kashiwara–Nakashima columns, and (ordinary)
Kashiwara–Nakashima columns.

5.1. Quantum Lakshmibai–Seshadri paths. In this subsection, we give a brief
exposition of quantum Lakshmibai–Seshadri paths (see [25] for details). Assume that
U is of untwisted affine type.

Let λ ∈ P+. Recall the notation Jλ in (29). For a rational number 0 < a 6 1,
define QB(λ; a) to be the subgraph of QBJλ with the same vertex set but having only
the edges of the form

w
γ−−→ v with a〈γ∨, λ〉 ∈ Z;(123)

note that QB(λ; 1) = QBJλ . A quantum Lakshmibai–Seshadri path of shape λ is, by
definition, a pair (w;a) of a sequence w : w1, w2, . . . , wl of elements in W Jλ and an
increasing sequence a : 0 = a0 < a1 < · · · < al = 1 of rational numbers such that
there exists a directed path from wu+1 to wu in QB(λ; au) for u ∈ [l− 1]. Let QLS(λ)
denote the set of quantum Lakshmibai–Seshadri paths of shape λ. We call an element
(w;a) ∈ QLS(λ) a Lakshmibai–Seshadri path of shape λ if there exists a directed
path from wu+1 to wu in QB(λ; au) not having quantum edges for u ∈ [l − 1]. Let
LS(λ) denote the set of Lakshmibai–Seshadri paths of shape λ.

In the same manner as in §2.5 we can define maps wt : QLS(λ) → P , ei, fi :
QLS(λ)→ QLS(λ) t {0}, and εi, ϕi : QLS(λ)→ Z>0 for i ∈ Iaf .

Theorem 5.1 ([12, 15, 27, 25]). Let λ =
∑
i∈I mi$i ∈ P+.
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(1) The set QLS(λ) equipped with the maps wt, ei, fi, εi, ϕi, i ∈ Iaf , is a U′-
crystal. The U′-crystal QLS(λ) is isomorphic to the crystal basis of the tensor
product

⊗
i∈IW ($i)⊗mi of level-zero fundamental representations (see §2.4).

(2) The set LS(λ) equipped with the maps wt, ei, fi, εi, ϕi, i ∈ I, is a g-crystal.
The g-crystal LS(λ) is isomorphic to the crystal basis of the integrable highest
weight module of highest weight λ over the quantized universal enveloping
algebra associated with g.

5.2. Quantum Bruhat graphs and Maya diagrams. Throughout this subsec-
tion, we assume that U is of type B(1)

n , C(1)
n , or D(1)

n . The aim of this subsection is
to give descriptions of QLS($i) and LS($i) in terms of Maya diagrams.

Let i ∈ I. Note that J$i = I r {i}. We see from ci(γ∨) = 〈γ∨, $i〉 ∈ {0, 1, 2} for
γ ∈ ∆+ that the graph QB($i; a) has at least one edge only if a ∈ {1/2, 1}. Hence each
element of QLS($i) is of the form (w; 0, 1) or (v, w; 0, 1/2, 1) for some w, v ∈W Ir{i}.
For simplicity of notation, we write (w,w) = (w; 0, 1) and (v, w) = (v, w; 0, 1/2, 1).
The next lemma follows immediately from the results in §4 (see Propositions 4.17,
4.25–4.26, and 4.41–4.42).

Lemma 5.2. (1) If U is of type C(1)
n , then QLS($i) = LS($i).

(2) If (U is of type B(1)
n and i = n), (U is of type C(1)

n and i = 1), or (U is
of type D(1)

n and i ∈ {1, n − 1, n}), then w = v for all (w, v) ∈ QLS($i),
QLS($i) = LS($i), and W Ir{i} → QLS($i), w 7→ (w; 0, 1), is bijective.

We say that i ∈ I is minuscule if 〈γ∨, $i〉 ∈ {0, 1} for all γ ∈ ∆+; we see that i ∈ I
is minuscule if and only if it satisfies the assumption of Lemma 5.2 (2).

Unless otherwise stated we assume that i ∈ I is not minuscule. We call a subset
J ⊂ [n] a segment if there exist j, k ∈ [n] such that j 6 k and J = [j, k]. For segments
J = [j, k] and J ′ = [j′, k′], we write J < J ′ if k + 1 < j′. Let Si be the family of all
sequences (J1 < · · · < Jµ), µ > 1, of segments such that

∑µ
s=1 #Js = i. It is easy

to check that for w ∈ W Ir{i} there exists a unique J (w) = (J1 < · · · < Jµ) ∈ Si
such that {‖w(u)‖ | u ∈ [i]} = J1 t · · · t Jµ. For J = (J1 < · · · < Jµ) ∈ Si, set
W Ir{i}[J ] = {w ∈W Ir{i} | J (w) = J }. It follows that

W Ir{i} =
⊔
J∈Si

W Ir{i}[J ].(124)

Let 2Jν denote the power set of Jν for ν ∈ [µ]. We call an element of
∏µ
ν=1 2Jν a Maya

diagram. We see that the next map is bijective.

M : W Ir{i}[J ]→
µ∏
ν=1

2Jν ,

w 7→ M(w) = (Jν ∩ {‖w(u)‖ | u ∈ [i], w(u) � n})µν=1.

(125)

The next lemma follows immediately from the results in §4 (see (b-C3), (b-B3),
(b-B5), (q-B3), (b-D4) and (q-D2) in Propositions 4.17, 4.25–4.26, and 4.41–4.42).
Lemma 5.3.Assume that i ∈ I is not minuscule. Let w, v ∈ W Ir{i}. If (v, w) ∈
QLS($i), then J (w) = J (v).

Let J ∈ Si. Define QB($i; 1/2)[J ] to be the induced subgraph of QB($i; 1/2)
with the vertex set W Ir{i}[J ]. It follows from Lemma 5.3 that

QB($i; 1/2) =
⊔
J∈Si

QB($i; 1/2)[J ].(126)

Let J ⊂ [n] be a segment. We concern the following conditions for Maya diagrams
M,N ∈ 2J .
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(M1) There exists j ∈ [n−1] such that j ∈ N , j+1 ∈M , andMr{j+1} = Nr{j}.
(M2) n ∈ N and M = N r {n}.
(M3) n− 1, n ∈ N and M = N r {n− 1, n}.
(M4) 1, 2 ∈M and N = M r {1, 2}.

Definition 5.4.Assume that i ∈ I is not minuscule. Let J ⊂ [n] be a segment such
that #J 6 i. For W of type Bn, Cn, or Dn, define M($i; 1/2)[J ] to be the directed
graph whose vertex set is 2J and edges are given as follows. Let M,N ∈ 2J .

(1) Assume that W is of type Bn. There exists an edge M → N if (M1), (M2),
or (M4) hold.

(2) Assume that W is of type Cn. There exists an edge M → N if (M1) holds.
(3) Assume that W is of type Dn. There exists an edge M → N if (M1), (M3),

or (M4) hold.
Write M E N if there exists a directed path from M to N in M($i; 1/2)[J ]. Write
M E′ N if there exists a directed path from M to N in M($i; 1/2)[J ] not having edges
of type (M4). We see that E and E′ define partial orders on 2J ; note that if (W is
of type Cn) or ({1, 2} 6⊂ J), then E is identical to E′.

The next lemma is an easy consequence of the definition of partial orders E and
E′ on 2J .

Lemma 5.5.Assume that i ∈ I is not minuscule. Let J ⊂ [n] be a segment such that
#J 6 i. Let M,N ∈ 2J . Write M = {m1 < m2 < · · · < mr} and N = {n1 < n2 <
· · · < ns}.

(1) Assume that (W is of type Cn), (W is of type Bn, n /∈ J , and {1, 2} 6⊂ J), or
(W is of type Dn and {1, 2} 6⊂ J). We have M E N if and only if r = s and
mν > nν for ν ∈ [r].

(2) Assume that W is of type Bn and n ∈ J . We have M E N if and only if r 6 s
and mν > nν for ν ∈ [r].

(3) Assume that W is of type Dn and n− 1, n ∈ J . We have M E N if and only
if s− r ∈ 2Z>0 and mν > nν for ν ∈ [r].

(4) Assume that (W is of type Bn, n /∈ J , and {1, 2} ⊂ J) or (W is of type Dn,
n − 1, n /∈ J , and {1, 2} ⊂ J). We have M E N if and only if r − s ∈ 2Z>0
and mr−ν > ns−ν for ν ∈ [0, s − 1]. We have M E′ N if and only if r = s
and mν > nν for ν ∈ [r].

Definition 5.6.Assume that i ∈ I is not minuscule. Let J = (J1 < · · · < Jµ) ∈ Si.
Define M($i; 1/2)[J ] to be the directed graph whose vertex set is

∏µ
ν=1 2Jν and edges

are given as follows: for (Mν), (Nν) ∈
∏µ
ν=1 2Jν , set (Mν) → (Nν) if there exists

s ∈ [µ] such that Ms → Ns in M($i; 1/2)[Js] and Mt = Nt for t ∈ [µ] r {s}. Set
(Mν) E (Nν) (resp. (Mν) E′ (Nν)) if Mν E Nν (resp. Mν E′ Nν) for all ν ∈ [µ].

The next lemma is an immediate consequence of (b-C3), (b-B3), (b-B5), (q-B3),
(b-D4), and (q-D2) in Propositions 4.17, 4.25–4.26, and 4.41–4.42.

Lemma 5.7.Assume that i ∈ I is not minuscule. Let J = (J1 < · · · < Jµ) ∈ Si. The
map (125) induces an isomorphism

QB($i; 1/2)[J ]
∼=−−→ M($i; 1/2)[J ](127)

of directed graphs.

We see that an edge in M($i; 1/2)[J ] of type (M1)–(M3) (resp. (M4)) corresponds
to a Bruhat edge (resp. a quantum edge) in QBIr{i}. By Lemma 5.7, we can define a
partial order E (resp. E′) on W Ir{i} as follows. Let w, v ∈W Ir{i}. If J (w) 6= J (v),
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then w and v are incomparable to each other. Assume that J (w) = J (v). Recall the
mapM in (125). Set w E v (resp. w E′ v) ifM(w) EM(v) (resp.M(w) E′M(v)).
We have thus proved that

QLS($i) = {(v, w) | w, v ∈W Ir{i}, w E v},(128)

LS($i) = {(v, w) | w, v ∈W Ir{i}, w E′ v}.(129)

From now on, we freely identify w, T(i)
w , andM(w) with each other for w ∈W Ir{i}.

For (v, w) ∈ QLS($i), let di(v, w) ∈ Z>0 be the number of edges of type (M4) in a
directed path from w to v in QB($i; 1/2); for convenience we define di(v, w) = 0 for
(v, w) ∈ QLS($i) if i ∈ I is minuscule. We see from the next lemma that di(v, w) is
independent of the choice of a directed path from w to v in QB($i; 1/2).

Lemma 5.8.Assume that i ∈ I is not minuscule. Let (v, w) ∈ QLS($i); we see from
Lemma 5.3 that J (w) = J (v). Write J (w) = J (v) = (J1 < · · · < Jµ), r = #{u ∈
[i] | ‖w(u)‖ ∈ J1, w(u) � n}, and s = #{u ∈ [i] | ‖v(u)‖ ∈ J1, v(u) � n}; note that if
M(w) = (Mν) andM(v) = (Nν), then r = #M1 and s = #N1. If (W is of type Cn)
or ({1, 2} 6⊂ J1), then di(v, w) = 0. If (W is of type Bn or Dn) and ({1, 2} ⊂ J1),
then di(v, w) = (r − s)/2.

Proof. The assertion follows from Lemma 5.5 (4). �

Let QLS($i)af = QLS($i)× Z be the affinization of the U′-crystal QLS($i) (see
§2.2); we have wt((v, w), c) = (1/2)(v$i +w$i)− cδ ∈ Paf for (v, w) ∈ QLS($i) and
c ∈ Z. The next lemma holds for all i ∈ I.

Lemma 5.9. Let i ∈ I and m ∈ Z>0.
(1) We have an isomorphism

QLS($i)af → B
∞
2 ($i),

((v, w), c) 7→
(
vT

Ir{i}
(c+di(v,w))α∨

i
, wT

Ir{i}
(c−di(v,w))α∨

i
; 0, 1

2 , 1
)(130)

of U-crystals, where w, v ∈ W Ir{i} and c ∈ Z; we understand that
(x, x; 0, 1/2, 1) = (x; 0, 1) for x ∈ (W Ir{i})af .

(2) The crystal basis B(m$i) is isomorphic to the subcrystal of QLS($i)⊗maf con-
sisting of the elements

⊗m
ν=1((vν , wν), cν) such that

wνT
Ir{i}
(cν−di(vν ,wν))α∨

i
� vν+1T

Ir{i}
(cν+1+di(vν+1,wν+1))α∨

i
in (W Ir{i})af(131)

for ν ∈ [m− 1].

Proof. (1): If i ∈ I is minuscule, then the proof is straightforward (see also Remark
5.10 below).

Assume that i ∈ I is not minuscule. By Lemmas 4.3 and 5.5–5.8, we check at once
that the map (130) is well-defined, and is an isomorphism of U-crystals.

(2): The assertion follows from (1) and [10, Theorem 3.4]. �

Remark 5.10. Let i ∈ I. By Theorem 5.1 (1) and [16, Theorem 5.17 (vii)–(viii)], we
have a unique isomorphism QLS($i)af ∼= B($i) of U-crystals. By Theorem 2.9 (2),
we have a unique isomorphism B($i) ∼= B∞2 ($i) of U-crystals. The map (130) equals
the composition of these isomorphisms.
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5.3. Type C
(1)
n . Throughout this subsection, we assume that g and W are of type

Cn. Recall that I = [n], ∆ = {±(εs ± εt) | s, t ∈ [n], s < t} t {±2εs | s ∈ [n]}, and
Π = {αs = εs − εs+1 | s ∈ [n − 1]} t {αn = 2εn}. The highest root is θ = 2ε1 =
2α1 + · · ·+ 2αn−1 + αn; we have θ∨ = ε1. We identify $i with ε1 + ε2 + · · ·+ εi for
i ∈ I.

Let i ∈ [n]. A map C : [i] → Cn is, by definition, a Kashiwara–Nakashima Cn-
column (KN Cn-column for short) of shape $i if

(KN-C1) C(1) ≺ C(2) ≺ · · · ≺ C(i),
(KN-C2) if t = C(p) = σ(C(q)) ∈ [n] for some p, q ∈ [i], then q − p > i− t.
Let KNCn($i) be the set of KN Cn-columns of shape $i. We sometimes identify
C ∈ KNCn($i) with its image {C(u) | u ∈ [i]} ⊂ Cn.

Let C : [i] → Cn be a map satisfying (KN-C1). Let IC = {z1 � z2 � · · · � zk} be
the set of z ∈ Cn such that z � n and {z, z} ⊂ C. We say that C can be split if there
exists a subset JC = {y1 > y2 > · · · > yk} ⊂ [n] such that

(i) y1 = max{y ∈ Cn | y ≺ z1, y /∈ C, y /∈ C},
(ii) yν = max{y ∈ Cn | y ≺ min{yν−1, zν}, y /∈ C, y /∈ C} for ν ∈ [2, k].

Define rC, lC ∈ CSTCn($i) to be such that rC = (C r {z | z ∈ IC}) ∪ {y | y ∈ JC}
and lC = (C r IC) ∪ JC.

Define a g-crystal structure on KNCn($i) as follows (cf. [18, §4]). Let C ∈
KNCn($i). If we set εs = −εs for s ∈ [n], then the weight of C is

wt(C) =
∑
u∈[i]

εC(u).(132)

Let j ∈ I. Note that only the letters j, j + 1, j + 1, j may be changed in C when
we apply ej or fj . Moreover, the actions of ej and fj are uniquely determined from
C ∩ {j, j + 1, j + 1, j}. Hence, by omitting the letters not being in {j, j + 1, j + 1, j},
we can illustrate the actions of fj for j ∈ [n− 1] by

1 f1−−−−→ 2 f2−−−−→ · · · fn−2−−−−→ n− 1 fn−1−−−−→ n ,(133)

1 f1←−−−− 2 f2←−−−− · · · fn−2←−−−− n− 1 fn−1←−−−− n ,(134)

j

j + 1

fj−−−−→
j + 1

j + 1

fj−−−−→
j + 1

j

,(135)

j

j + 1

j + 1

fj−−−−→

j

j + 1

j

,

j

j + 1

j

fj−−−−→

j + 1

j + 1

j

;(136)

set fjC = 0 otherwise. Similarly, the action of fn is illustrated by

n
fn−−−−→ n ;(137)
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set fnC = 0 otherwise. The maps ej , j ∈ I, are defined to be such that the condition
(C6) in §2.2 holds. For C ∈ KNCn($i) and j ∈ I, set εj(C) = max{k ∈ Z>0 | ekjC 6= 0}
and ϕj(C) = max{k ∈ Z>0 | fkj C 6= 0}.

The next lemma is a reformulation of [34, Theorem A.1] in terms of Maya diagrams.

Lemma 5.11.Assume that g and W are of type Cn. For a map C : [i]→ Cn satisfying
(KN-C1), we have C ∈ KNCn($i) if and only if C can be split. The map

KNCn($i)→ LS($i), C 7→ (rC, lC),(138)

is an isomorphism of g-crystals. The inverse of (138) is given as follows. Let (v, w) ∈
LS($i), J (w) = J (v) = (J1 < · · · < Jµ) ∈ Si and M(w) = (Mν),M(v) = (Nν) ∈∏µ
ν=1 2Jν . The inverse image of (v, w) is

C = {v(u) | u ∈ [i], v(u) � n} ∪ {w(u) | u ∈ [i], w(u) � n}

=
µ⋃
ν=1

((Jν rNν) ∪ {z | z ∈Mν}) ;
(139)

we have IC =
⋃µ
ν=1(Mν rNν) and JC =

⋃µ
ν=1(Nν rMν).

By Lemma 5.2 (1), we have QLS($i) = LS($i) ∼= KNCn($i). Hence KNCn($i)
inherits a U′-crystal structure from QLS($i). We see that only the letters 1, 1 may
be changed in C when we apply e0 or f0, and the actions of e0 and f0 are uniquely
determined from C ∩ {1, 1}. The action of f0 is illustrated by

1 f0−−−−→ 1 ;(140)

set f0C = 0 otherwise. The map e0 is defined to be such that the condition (C6) in
§2.2 holds.

For a tuple (C1,C2, . . . ,Cm) of columns, let C1C2 · · ·Cm denote the tableau whose
ν-th column is Cν . Recall the partial order � on CSTCn($i)×Z (see Definition 4.12).

Definition 5.12. Let i ∈ I and m ∈ Z>0.
(1) Let T = (T1T2 · · ·Tm, (c1, c2, . . . , cm)), where Tν ∈ KNCn($1) = CSTCn($1)

and cν ∈ Z for ν ∈ [m]. We call T a semi-infinite KN Cn-tableau of shape
m$1 if

(Tν , cν) � (Tν+1, cν+1)(141)

in CSTCn($1)× Z for ν ∈ [m− 1].
(2) Assume that i ∈ [2, n]. Let T = (C1C2 · · ·Cm, (c1, c2, . . . , cm)), where Cν ∈

KNCn($i) and cν ∈ Z for ν ∈ [m]. We call T a semi-infinite KN Cn-tableau
of shape m$i if

(lCν , cν) � (rCν+1, cν+1)(142)

in CSTCn($i)× Z for ν ∈ [m− 1].

Let Y
∞
2
Cn

(m$i) be the set of semi-infinite KN Cn-tableaux of shape m$i. For λ =∑
i∈I mi$i ∈ P+, set Y

∞
2
Cn

(λ) =
∏
i∈I Y

∞
2
Cn

(mi$i). We call an element of Y
∞
2
Cn

(λ) a
semi-infinite KN Cn-tableau of shape λ.

Let KNCn($i)af denote the affinization of the U′-crystal KNCn($i) (see §2.2).
Combining Theorem 2.8, Proposition 4.13 (2), Lemma 5.9, and Definition 5.12 we
obtain the following theorem; note that di(v, w) = 0 for all i ∈ I and (v, w) ∈
QLS($i), by Lemma 5.8.
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Theorem 5.13.Assume that U is of type C(1)
n . Let λ =

∑
i∈I mi$i ∈ P+. For each

i ∈ I, the image of the map

Y
∞
2
Cn

(mi$i)→ KNCn($i)⊗miaf ,

(C1C2 · · ·Cmi , (c1, c2, . . . , cmi)) 7→
⊗

ν∈[mi]
(Cν , cν),(143)

is a U-subcrystal. Hence we can define a U-crystal structure on Y
∞
2
Cn

(mi$i) to be
such that the map (143) is a strict embedding of U-crystals. In particular, Y

∞
2
Cn

(λ) is
a U-subcrystal of

⊗
i∈I KNCn($i)⊗miaf . Then Y

∞
2
Cn

(λ) is isomorphic, as a U-crystal,
to the crystal basis B(λ).

5.4. Type B
(1)
n . Throughout this subsection, we assume that g and W are of type

Bn. Recall that I = [n], ∆ = {±(εs ± εt) | s, t ∈ [n], s < t} t {±εs | s ∈ [n]}, and
Π = {αs = εs − εs+1 | s ∈ [n − 1]} t {αn = εn}. The highest root is θ = ε1 + ε2 =
α1 +2α2 +· · ·+2αn; we have θ∨ = θ. We identify $i with ε1 +ε2 +· · ·+εi if i ∈ [n−1],
and with 1

2(ε1 + ε2 + · · ·+ εn) if i = n.
Set

Bn =
{

1 ≺ 2 ≺ · · · ≺ n ≺ 0 ≺ n ≺ · · · ≺ 2 ≺ 1
}
.(144)

Define σ : Bn → Bn by σ(0) = 0, σ(u) = u, and σ(u) = u for u ∈ [n].
Let i ∈ [n − 1]. A map C : [i] → Bn is, by definition, a Kashiwara–Nakashima

Bn-column (KN Bn-column for short) of shape $i if

(KN-B1) C(1) � C(2) � · · · � C(i),
(KN-B2) if 0 ≺ C(u) or C(u+ 1) ≺ 0, then C(u) ≺ C(u+ 1) for u ∈ [i− 1],
(KN-B3) if t = C(p) = σ(C(q)) ∈ [n] for some p, q ∈ [i], then q − p > i− t;

note that 0 ∈ Bn is the unique element that may appear in C more than once.
Let KNBn($i) be the set of KN Bn-columns of shape $i. We sometimes identify
C ∈ KNBn($i) with the multiset {C(u) | u ∈ [i]}. For convenience we also denote by
KNBn($n) = CSTBn($n).

Let i ∈ [n − 1]. Let C : [i] → Bn be a map satisfying (KN-B1)–(KN-B2). Let
IC = {z1 � z2 � · · · � zk} be the multiset of z ∈ C such that z � 0 and {z, σ(z)} ⊂ C;
note that {C(u) | u ∈ [i],C(u) = 0} is a multisubset of IC. We say that C can be split
if there exists a subset JC = {y1 > y2 > · · · > yk} ⊂ [n] such that

(i) y1 = max{y ∈ Bn | y ≺ z1, y /∈ C, y /∈ C},
(ii) yν = max{y ∈ Bn | y ≺ min{yν−1, zν}, y /∈ C, y /∈ C} for ν ∈ [2, k].

Define rC, lC ∈ CSTBn($i) to be such that rC = (Cr{σ(z) | z ∈ IC})∪{σ(y) | y ∈ JC}
and lC = (C r IC) ∪ JC.

Define a g-crystal structure on KNBn($i) for i ∈ [n−1] as follows (cf. [18, §5]); for
the definition of a g-crystal structure on KNBn($n) we refer the reader to [21, §2.3].
The maps wt, εj , ϕj for j ∈ I and ej , fj for j ∈ [n−1] are defined in the same manner
as those for KNCn($i). Note that only the letters n, 0, n may be changed in C when
we apply en or fn. Moreover, the actions of en and fn are uniquely determined from
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the multiset {C(u) | u ∈ [i], C(u) ∈ {n, 0, n}}. The action of fn is illustrated by

n
fn−−−−→ 0 fn−−−−→ n ,

n

0
...

0

fn−−−−→

0
...
...

0

fn−−−−→

0
...

0

n

;(145)

set fnC = 0 otherwise. The map en is defined to be such that the condition (C6) in
§2.2 holds.

The next lemma is a reformulation of [21, Corollary 3.1.11 and Remark 3.1.13] in
terms of Maya diagrams.

Lemma 5.14.Assume that g and W are of type Bn.
(1) The map LS($n) → KNBn($n) = CSTBn($n), (w; 0, 1) 7→ T(n)

w , is an iso-
morphism of g-crystals.

(2) Assume that i ∈ [n−1]. For a map C : [i]→ Bn satisfying (KN-B1)–(KN-B2),
we have C ∈ KNBn($i) if and only if C can be split. The map

KNBn($i)→ LS($i), C 7→ (rC, lC),(146)
is an isomorphism of g-crystals. The inverse of (146) is given as follows.
Let (v, w) ∈ LS($i), J (w) = J (v) = (J1 < · · · < Jµ) ∈ Si, M(w) =
(Mν),M(v) = (Nν) ∈

∏µ
ν=1 2Jν , and f = #Nµ −#Mµ ∈ Z>0. The inverse

image of (v, w) is
C = {v(u) | u ∈ [i], v(u) � n} ∪ {w(u) | u ∈ [i], w(u) � n} ∪ {0, 0, . . . , 0︸ ︷︷ ︸

f times

}

=
µ⋃
ν=1

((Jν rNν) ∪ {z | z ∈Mν}) ∪ {0, 0, . . . , 0︸ ︷︷ ︸
f times

};
(147)

we have IC =
⋃µ
ν=1(Mν rNν) ∪ {0, 0, . . . , 0︸ ︷︷ ︸

f times

} and JC =
⋃µ
ν=1(Nν rMν).

Set
B̃n = Bn ∪ {0} =

{
1 ≺ 2 ≺ · · · ≺ n ≺ 0 ≺ n ≺ · · · ≺ 2 ≺ 1 ≺ 0

}
.(148)

Definition 5.15. Let i ∈ [n − 1]. A map C̃ : [i] → B̃n is, by definition, a quantum
Kashiwara–Nakashima Bn-column (QKN Bn-column for short) of shape $i if

(QKN-B1) there exists m ∈ Z>0 such that 2m 6 i and
C̃(1) � C̃(2) � · · · � C̃(i− 2m)

≺ 0 = C̃(i− 2m+ 1) = · · · = C̃(i− 1) = C̃(i),
(149)

(QKN-B2) the map C : [i− 2m]→ Bn, u 7→ C̃(u), is a KN Bn-column of shape $i−2m;
in this case, we write C̃ = C ∪ {0, 0, . . . , 0︸ ︷︷ ︸

2m times

} for brevity. Let QKNBn($i) be the set of

QKN Bn-columns of shape $i. We sometimes identify C̃ ∈ QKNBn($i) with the mul-
tiset {C̃(u) | u ∈ [i]}. For convenience we also denote by QKNBn($n) = CSTBn($n).

Let i ∈ [n − 1]. Let C̃ ∈ QKNBn($i), and let C ∈ KNBn($i−2m) be as in (QKN-
B2). Write {x1 < x2 < · · · < xn−i+2m} = [n] r {‖rC(u)‖ | u ∈ [i − 2m]} and set
KC̃ = {x1 < x2 < · · · < x2m}; note that xν , ν ∈ [2m], are uniquely determined by

(i) x1 = min{x ∈ Bn | x � 1, x /∈ rC, x /∈ rC},
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(ii) xν = min{x ∈ Bn | x � xν−1, x /∈ rC, x /∈ rC} for ν ∈ [2, 2m].
Define rC̃ = KC̃ ∪ rC and lC̃ = {x | x ∈ KC̃} ∪ lC; note that rC̃, lC̃ ∈ CSTBn($i)
(cf. [6]; see also [26, Algorithm 4.1]).

Let i ∈ [n − 1]. Define a U′-crystal structure on QKNBn($i) as follows. Let C̃ =
C ∪ {0, . . . , 0} ∈ QKNBn($i) and j ∈ I. Set wt(C̃) = wt(C), ejC̃ = ejC ∪ {0, . . . , 0},
and fjC̃ = fjC ∪ {0, . . . , 0}; we understand that ejC̃ = 0 (resp. fjC̃ = 0) if ejC = 0
(resp. fjC = 0).

Recall that zk = min IC and #KC̃ = 2m, where m ∈ Z>0 is as in (QKN-B1). The
actions of e0 and f0 are uniquely determined from IC, JC,KC̃, and C∩{1, 2, 2, 1, zk, zk}.
Let yk = min JC. If m > 0, let x1 = minKC̃ and x2 = min(KC̃ r {x1}). The action of
f0 is illustrated as follows.

(i) Assume that m = 0 and yk /∈ {1, 2}. Set

2 f0−−−−→ 1 , 1 f0−−−−→ 2 ,
2

1
f0−−−−→

0

0
,(150)

and set fjC̃ = 0 otherwise.
(ii) Assume that m > 0 and yk /∈ {1, 2}. Set

2

1
f0−−−−→

0

0
f0−−−−→

1

2
,

2

0

0

f0−−−−→

1

x2

x2

,

1

0

0

f0−−−−→

2

x2

x2

,

(151)

and set fjC̃ = 0 otherwise.
(iii) Assume that yk ∈ {1, 2}. Set

zk

zk

2

f0−−−−→

1

0

0

,

zk

zk

1

f0−−−−→

2

0

0

,(152)

and set fjC̃ = 0 otherwise.
The map e0 is defined to be such that the condition (C6) in §2.2 holds. For C̃ ∈
QKNBn($i) and j ∈ Iaf , set εj(C̃) = max{k ∈ Z>0 | ekj C̃ 6= 0} and ϕj(C̃) = max{k ∈
Z>0 | fkj C̃ 6= 0}. It is Theorem 5.16 (2) below that makes these definitions allowable.

Similarly, we can define a U′-crystal structure on QKNBn($n). The maps e0, f0
is given as follows. Let C̃ ∈ QKNBn($n). We see that only the letters 1, 2, 2, 1 may
be changed in C̃ when we apply e0 or f0, and the actions of e0 and f0 are uniquely
determined from C̃ ∩ {1, 2, 2, 1}. The action of f0 is illustrated by

2

1
f0−−−−→

1

2
;(153)
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set f0C̃ = 0 otherwise. The map e0 is defined to be such that the condition (C6) in
§2.2 holds.

Theorem 5.16.Assume that U is of type B(1)
n .

(1) The set QKNBn($n) equipped with the maps wt, ej , fj , εj , ϕj, j ∈ Iaf , is a
U′-crystal. The map QLS($n) = LS($n) → QKNBn($n) = CSTBn($n),
(w; 0, 1) 7→ T(n)

w , is an isomorphism of U′-crystals.
(2) Assume that i ∈ [n − 1]. The set QKNBn($i) equipped with the maps

wt, ej , fj , εj , ϕj, j ∈ Iaf , is a U′-crystal. The map
QKNBn($i)→ QLS($i), C̃ 7→ (rC̃, lC̃),(154)

is an isomorphism of U′-crystals. The inverse of (154) is given as follows.
Let (v, w) ∈ QLS($i), J (w) = J (v) = (J1 < · · · < Jµ) ∈ Si and M(w) =
(Mν),M(v) = (Nν) ∈

∏µ
ν=1 2Jν . Set f = #Nµ − #Mµ ∈ Z>0 if n ∈ Jµ,

and set f = 0 otherwise. Set 2m = #M1 −#N1 ∈ 2Z>0 if 1, 2 ∈ J1, and set
m = 0 otherwise; we see from Lemma 5.8 that m = di(v, w). Define
(i) {y1 < y2 < · · · < yl} = N1 rM1,
(ii) z1 = min{z ∈ J1 | z � y1, z ∈M1 rN1}, and
(iii) zν = min{z ∈ J1 | z � max{yν , zν−1}, z ∈M1 rN1} for ν ∈ [2, l].
The inverse image of (v, w) is

C̃ = (J1 r (M1 ∪N1)) ∪ {zν , zν | ν ∈ [l]} ∪ {z | z ∈M1 ∩N1}

∪
µ⋃
ν=2

((Jν rNν) ∪ {z | z ∈Mν}) ∪ {0, 0, . . . , 0︸ ︷︷ ︸
f times

} ∪ {0, 0, . . . , 0︸ ︷︷ ︸
2m times

};
(155)

if we set C = C̃ r {0, 0, . . . , 0︸ ︷︷ ︸
2m times

}, then C ∈ KNBn($i−2m) and

IC = {zν | ν ∈ [l]} ∪
µ⋃
ν=2

(Mν rNν) ∪ {0, 0, . . . , 0︸ ︷︷ ︸
f times

}, JC =
µ⋃
ν=1

(Nν rMν).(156)

(3) Assume that i ∈ [n− 1]. The map

QKNBn($i)→
b i2c⊔
m=0

KNBn($i−2m), C̃ = C ∪ {0, 0, . . . , 0︸ ︷︷ ︸
2m times

} 7→ C,(157)

is an isomorphism of g-crystals, where C and m are as in (QKN-B1)–(QKN-
B2) for C̃. Here we understand that KNBn($0) = {∅} is a g-crystal iso-
morphic to the crystal basis of the trivial module. The inverse image of C ∈
KNBn($i−2m) under the map (157) is C̃ = C ∪ {0, 0, . . . , 0︸ ︷︷ ︸

2m times

}.

The proof of (1) and (3) in Theorem 5.16 is straightforward (cf. [7, Lemma 2.7
(i)]). In §5.6, we will give the proof for Theorem 5.16 (2).

Recall the partial order � on CSTBn($i)× Z (see Definition 4.20).

Definition 5.17. Let i ∈ I and m ∈ Z>0.
(1) Let T = (T1T2 · · ·Tm, (c1, c2, . . . , cm)), where Tν ∈ QKNBn($n) =

CSTBn($n) and cν ∈ Z for ν ∈ [m]. We call T a semi-infinite KN Bn-
tableau of shape m$n if

(Tν , cν) � (Tν+1, cν+1)(158)
in CSTBn($i)× Z for ν ∈ [m− 1].
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(2) Assume that i ∈ [n − 1]. Let T = (C̃1C̃2 · · · C̃m, (c1, c2, . . . , cm)), where C̃ν ∈
QKNBn($i) and cν ∈ Z for ν ∈ [m]. We call T a semi-infinite KN Bn-tableau
of shape m$i if

(lC̃ν , cν − di(rC̃ν , lC̃ν)) � (rC̃ν+1, cν+1 + di(rC̃ν+1, lC̃ν+1))(159)

in CSTBn($i)× Z for ν ∈ [m− 1].
Let Y

∞
2
Bn

(m$i) be the set of semi-infinite KN Bn-tableaux of shape m$i. For λ =∑
i∈I mi$i ∈ P+, set Y

∞
2
Bn

(λ) =
∏
i∈I Y

∞
2
Bn

(mi$i). We call an element of Y
∞
2
Bn

(λ) a
semi-infinite KN Bn-tableau of shape λ.

Let QKNBn($i)af denote the affinization of the U′-crystal QKNBn($i) (see §2.2).
Combining Theorem 2.8, Proposition 4.21 (2), Lemma 5.9, and Definition 5.17 we
obtain the following theorem.

Theorem 5.18.Assume that U is of type B(1)
n . Let λ =

∑
i∈I mi$i ∈ P+. For each

i ∈ I, the image of the map

Y
∞
2
Bn

(mi$i)→ QKNBn($i)⊗miaf ,

(C1C2 · · ·Cmi , (c1, c2, . . . , cmi)) 7→
⊗

ν∈[mi]
(Cν , cν),(160)

is a U-subcrystal. Hence we can define a U-crystal structure on Y
∞
2
Bn

(mi$i) to be
such that the map (160) is a strict embedding of U-crystals. In particular, Y

∞
2
Bn

(λ) is
a U-subcrystal of

⊗
i∈I QKNBn($i)⊗miaf . Then Y

∞
2
Bn

(λ) is isomorphic, as a U-crystal,
to the crystal basis B(λ).

5.5. Type D
(1)
n . Throughout this subsection, we assume that g and W are of type

Dn. Recall that I = [n], ∆ = {±(εs ± εt) | s, t ∈ [n], s < t}, and Π = {αs =
εs − εs+1 | s ∈ [n− 1]} t {αn = εn−1 + εn}. The highest root is ε1 + ε2 = α1 + 2α2 +
· · · + 2αn−2 + αn−1 + αn. We identify $i with ε1 + ε2 + · · · εi if i ∈ [n − 2], with
1
2(ε1 +ε2 + · · ·+εn−1−εn) if i = n−1, and with 1

2(ε1 +ε2 + · · ·+εn−1 +εn) if i = n.
Let i ∈ [2, n − 2]. A map C : [i] → Dn is, by definition, a Kashiwara–Nakashima

Dn-column (KN Dn-column for short) of shape $i if
(KN-D1) C(1) 6� C(2) 6� · · · 6� C(i),
(KN-D2) if t = C(p) = σ(C(q)) ∈ [n] for some p, q ∈ [i], then |q − p| > i− t;
note that n, n ∈ Dn may appear in C more than once. Let KNDn($i) be the set of
KN Dn-columns of shape $i.

Let i ∈ [2, n − 2]. Let C : [i] → Dn be a map satisfying (KN-D1). Define C∧ :
[i] → Bn to be such that C∧(u) = C∧(u + 1) = 0 if C(u) = n and C(u + 1) = n for
u ∈ [i], and C∧(u) = C(u) otherwise. We say that C can be split if C∧ can be split.
If C ∈ KNDn($i) can be split, then we write rC = rC∧ and lC = lC∧; note that
rC, lC ∈ CSTDn($i). For convenience we also denote by KNDn($i) = CSTDn($i)
for i ∈ {1, n− 1, n}.

Define a g-crystal structure on KNDn($i) for i ∈ [n − 2] as follows (cf. [18, §6]);
for the g-crystal structure on KNDn($i) for i ∈ {n− 1, n} we refer the reader to [21,
§2.3]. The maps wt, εj , ϕj for j ∈ I and ej , fj for j ∈ [n− 2] are defined in the same
manner as those for KNCn($i). Note that only the letters n − 1, n, n, n− 1 may be
changed in C when we apply en−1, en, fn−1, or fn. To define the action of fn−1, let
{C(u) | u ∈ [i], C(u) ∈ {n− 1, n, n, n− 1}} = {C(u1) 6� C(u2) 6� · · · 6� C(up)}, where
1 6 u1 < u2 < · · · < up 6 i, and continue deleting a successive pair a 6� b such that
(a, b) ∈ {(n, n), (n−1, n), (n, n− 1), (n−1, n− 1)} from C(u1) 6� C(u2) 6� · · · 6� C(up)
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until no such pair exists. Let C(v1) 6� C(v2) 6� · · · 6� C(vq) be the resulting sequence.
It follows that

C(v1)

...

C(vq)

∈

∅, n− 1 , n , n , n− 1 ,

n

n

,

n− 1

n

,

n

n− 1

 .

(161)

Then the action of fn−1 is uniquely determined from (161), and only one of the entries
in (161) may be changed in C when we apply fn−1. This is illustrated by

n− 1 fn−1−−−−→ n , n
fn−1−−−−→ n− 1 ,

n− 1

n

fn−1−−−−→
n

n

fn−1−−−−→
n

n− 1
;

(162)

set fn−1C = 0 otherwise. We next define the action of fn. Similarly, continue deleting
a successive pair a 6� b such that (a, b) ∈ {(n, n), (n− 1, n), (n, n− 1), (n− 1, n− 1)}
from C(u1) 6� C(u2) 6� · · · 6� C(up). Let C(v′1) 6� C(v′2) 6� · · · 6� C(v′r) be the resulting
sequence. It follows that

C(v′1)

...

C(v′r)

∈

∅, n− 1 , n , n , n− 1 ,

n

n

,

n− 1

n

,

n

n− 1

 .

(163)

Then the action of fn is uniquely determined from (163), and only one of the entries
in (163) may be changed in C when we apply fn. This is illustrated by

n− 1 fn−−−−→ n , n
fn−−−−→ n− 1 ,

n− 1

n

fn−−−−→
n

n

fn−−−−→
n

n− 1
;

(164)

set fnC = 0 otherwise.
The next lemma is a reformulation of [21, Corollary 3.1.11 and Remark 3.1.13] in

terms of Maya diagrams.

Lemma 5.19.Assume that g and W are of type Dn.
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(1) Assume that i ∈ {1, n− 1, n}. The map LS($i)→ KNDn($i) = CSTDn($i),
(w; 0, 1) 7→ T(i)

w , is an isomorphism of g-crystals.
(2) Assume that i ∈ [2, n − 2]. For a map C : [i] → Dn satisfying (KN-D1), we

have C ∈ KNDn($i) if and only if C can be split. Hence the map KNDn($i)→
KNBn($i), C 7→ C∧, is injective. The map

KNDn($i)→ LS($i), C 7→ (rC, lC),(165)

is an isomorphism of g-crystals. The inverse of (165) is given as follows.
Let (v, w) ∈ LS($i), J (w) = J (v) = (J1 < · · · < Jµ) ∈ Si, M(w) =
(Mν),M(v) = (Nν) ∈

∏µ
ν=1 2Jν , and f = #Nµ −#Mµ ∈ 2Z>0. The inverse

image of (v, w) is the KN Dn-column C such that
C∧ = {v(u) | u ∈ [i], v(u) � n} ∪ {w(u) | u ∈ [i], w(u) � n} ∪ {0, 0, . . . , 0︸ ︷︷ ︸

f times

}

=
µ⋃
ν=1

((Jν rNν) ∪ {z | z ∈Mν}) ∪ {0, 0, . . . , 0︸ ︷︷ ︸
f times

};
(166)

we have IC∧ =
⋃µ
ν=1(Mν rNν) ∪ {0, 0, . . . , 0︸ ︷︷ ︸

f times

} and JC∧ =
⋃µ
ν=1(Nν rMν).

Set

D̃n = Dn ∪ {0} =
{

1 ≺ 2 ≺ · · · ≺ n− 1 ≺ n
n
≺ n− 1 ≺ · · · ≺ 2 ≺ 1 ≺ 0

}
.(167)

Definition 5.20. Let i ∈ [2, n− 2]. A map C̃ : [i]→ D̃n is, by definition, a quantum
Kashiwara–Nakashima Dn-column (QKN Dn-column for short) of shape $i if

(QKN-D1) there exists m ∈ Z>0 such that 2m 6 i and

C̃(1) 6� C̃(2) 6� · · · 6� C̃(i− 2m)
≺ 0 = C̃(i− 2m+ 1) = · · · = C̃(i− 1) = C̃(i),

(168)

(QKN-D2) the map C : [i− 2m]→ Dn, u 7→ C̃(u), is a KN Dn-column of shape $i−2m;
in this case, we write C̃ = C ∪ {0, 0, . . . , 0︸ ︷︷ ︸

2m times

} for brevity. Let QKNDn($i) be the set

of QKN Dn-columns of shape $i. For convenience we also denote by QKNDn($i) =
CSTDn($i) for i ∈ {1, n− 1, n}.

For a map C̃ : [i]→ D̃n, define C̃∧ : [i]→ B̃n to be such that C̃∧(u) = C̃∧(u+1) = 0
if C̃(u) = n and C̃(u + 1) = n for u ∈ [i], and C̃∧(u) = C̃(u) otherwise. We see that
if C̃ = C ∪ {0, 0, . . . , 0︸ ︷︷ ︸

2m times

} ∈ QKNDn($i), then C̃∧ ∈ QKNBn($i) and, in consequence,

C̃∧ = C∧ ∪ {0, 0, . . . , 0︸ ︷︷ ︸
2m times

}. For C̃ ∈ QKNDn($i), define rC̃ = rC̃∧ and lC̃ = lC̃∧; note

that rC̃, lC̃ ∈ CSTDn($i).

Define a U′-crystal structure on QKNDn($i) in the same manner as that on
QKNBn($i).

Theorem 5.21.Assume that U is of type D(1)
n .

(1) Assume that i ∈ {1, n − 1, n}. The set QKNDn($i) equipped with the maps
wt, ej , fj , εj , ϕj, j ∈ Iaf , is a U′-crystal. The map QLS($i) = LS($i) →
QKNDn($i) = CSTDn($i), (w; 0, 1) 7→ T(i)

w , is an isomorphism of U′-
crystals.
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(2) Assume that i ∈ [2, n − 2]. The set QKNDn($i) equipped with the maps
wt, ej , fj , εj , ϕj, j ∈ Iaf , is a U′-crystal. The map

QKNDn($i)→ QLS($i), C̃ 7→ (rC̃, lC̃),(169)

is an isomorphism of U′-crystals. The inverse of (169) is given as follows.
Let (v, w) ∈ QLS($i), J (w) = J (v) = (J1 < · · · < Jµ) ∈ Si and M(w) =
(Mν),M(v) = (Nν) ∈

∏µ
ν=1 2Jν . Set f = #Nµ−#Mµ ∈ 2Z>0 if n−1, n ∈ Jµ,

and set f = 0 otherwise. Set 2m = #M1 −#N1 ∈ 2Z>0 if 1, 2 ∈ J1, and set
m = 0 otherwise; we see from Lemma 5.8 that m = di(v, w). Define
(i) {y1 < y2 < · · · < yl} = N1 rM1,
(ii) z1 = min{z ∈ J1 | z � y1, z ∈M1 rN1}, and
(iii) zν = min{z ∈ J1 | z � max{yν , zν−1}, z ∈M1 rN1} for ν ∈ [2, l].
Let C be the KN Dn-column of shape $i−2m such that

C∧ = (J1 r (M1 ∪N1)) ∪ {zν , zν | ν ∈ [l]} ∪ {z | z ∈M1 ∩N1}

∪
µ⋃
ν=2

((Jν rNν) ∪ {z | z ∈Mν}) ∪ {0, 0, . . . , 0︸ ︷︷ ︸
f times

};(170)

we have IC∧ = {zν | ν ∈ [l]} ∪
⋃µ
ν=2(Mν r Nν) ∪ {0, 0, . . . , 0︸ ︷︷ ︸

f times

} and JC∧ =

⋃µ
ν=1(Nν rMν). The inverse image of (v, w) is C̃ = C ∪ {0, 0, . . . , 0︸ ︷︷ ︸

2m times

}.

(3) Assume that i ∈ [2, n− 2]. The map

QKNDn($i)→
b i2c⊔
m=0

KNDn($i−2m), C̃ = C ∪ {0, 0, . . . , 0︸ ︷︷ ︸
2m times

} 7→ C,(171)

is an isomorphism of g-crystals, where C and m are as in (QKN-D1)–(QKN-
D2) for C̃. Here we understand that KNDn($0) = {∅} is a g-crystal iso-
morphic to the crystal basis of the trivial module. The inverse image of C ∈
KNDn($i−2m) under the map (171) is C̃ = C ∪ {0, 0, . . . , 0︸ ︷︷ ︸

2m times

}.

The proof of (1) and (3) in Theorem 5.21 is straightforward (cf. [7, Lemma 2.7
(ii)]). Theorem 5.21 (2) may be proved in much the same way as Theorem 5.16 (2)
(see §5.6); the details are left to the reader.

Recall the partial order � on CSTDn($i)× Z (see Definition 4.36).

Definition 5.22. Let i ∈ I and m ∈ Z>0.
(1) Assume that i ∈ {1, n − 1, n}. Let T = (T1T2 · · ·Tm, (c1, c2, . . . , cm)), where

Tν ∈ CSTDn($i) and cν ∈ Z for ν ∈ [m]. We call T a semi-infinite KN
Dn-tableau of shape m$i if

(Tν , cν) � (Tν+1, cν+1)(172)

in CSTDn($i)× Z for ν ∈ [m− 1].
(2) Assume that i ∈ [2, n− 2]. Let T = (C̃1C̃2 · · · C̃m, (c1, c2, . . . , cm)), where C̃ν ∈

QKNDn($i) and cν ∈ Z for ν ∈ [m]. We call T a semi-infinite KN Dn-tableau
of shape m$i if

(lC̃ν , cν − di(rC̃ν , lC̃ν)) � (rC̃ν+1, cν+1 + di(rC̃ν+1, lC̃ν+1))(173)

in CSTDn($i)× Z for ν ∈ [m− 1].
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Let Y
∞
2
Dn

(m$i) be the set of semi-infinite KN Dn-tableaux of shape m$i. For λ =∑
i∈I mi$i ∈ P+, set Y

∞
2
Dn

(λ) =
∏
i∈I Y

∞
2
Dn

(mi$i). We call an element of Y
∞
2
Dn

(λ) a
semi-infinite KN Dn-tableau of shape λ.

Let QKNDn($i)af denote the affinization of the U′-crystal QKNDn($i) (see §2.2).
Combining Theorem 2.8, Proposition 4.37 (2), Lemma 5.9, and Definition 5.22 we
obtain the following theorem.

Theorem 5.23. Let λ =
∑
i∈I mi$i ∈ P+. For each i ∈ I, the image of the map

Y
∞
2
Dn

(mi$i)→ QKNDn($i)⊗miaf ,

(C1C2 · · ·Cmi , (c1, c2, . . . , cmi)) 7→
⊗

ν∈[mi]
(Cν , cν),(174)

is a U-subcrystal. Hence we can define a U-crystal structure on Y
∞
2
Dn

(mi$i) to be
such that the map (174) is a strict embedding of U-crystals. In particular, Y

∞
2
Dn

(λ) is
a U-subcrystal of

⊗
i∈I QKNDn($i)⊗miaf . Then Y

∞
2
Dn

(λ) is isomorphic, as a U-crystal,
to the crystal basis B(λ).

5.6. Proof of Theorem 5.16 (2). Throughout this subsection, we assume that g
and W are of type Bn, and that i ∈ [n − 1]. This subsection is devoted to the proof
of Theorem 5.16 (2). We have divided the proof into a sequence of lemmas.

Recall the notation and terminology in §5.2 and §5.4. A segment is a subset of [n]
of the form [j, k] with j, k ∈ [n] and j 6 k. For segments J = [j, k] and J ′ = [j′, k′],
write J < J ′ if k + 1 < j′. Si is the family of all sequences (J1 < · · · < Jµ),
µ > 1, of segments such that

∑µ
ν=1 #Jν = i. For J = (J1 < · · · < Jµ) ∈ Si, write⋃

J = J1 t · · · t Jµ. For J ,J ′ ∈ Si, we have J = J ′ if and only if
⋃
J =

⋃
J ′.

For w ∈ W Ir{i}, let J (w) ∈ Si be such that
⋃
J (w) = {‖w(u)‖ | u ∈ [i]}. For

w ∈ W Ir{i}, with J (w) = (J1 < · · · < Jµ) ∈ Si, writeM(w) = (Jν ∩ {‖w(u)‖ | u ∈
[i], w(u) � n})µν=1 ∈

∏µ
ν=1 2Jν (see (125)).

Let C̃ = C ∪ {0, . . . , 0︸ ︷︷ ︸
2m times

} ∈ QKNBn($i), with C ∈ KNBn($i−2m) (see Definition

5.15). IC = {z1 � z2 � · · · � zk} is the multiset of z ∈ C such that z � 0 and
{z, σ(z)} ⊂ C. JC = {y1 > y2 > · · · > yk} is a subset of [n] such that #IC = #JC and

(i) y1 = max{y ∈ Bn | y ≺ z1, y /∈ C, y /∈ C},
(ii) yν = max{y ∈ Bn | y ≺ min{yν−1, zν}, y /∈ C, y /∈ C} for ν ∈ [2, k].

We have
rC = (C r {σ(z) | z ∈ IC}) ∪ {σ(y) | y ∈ JC} ∈ CSTBn($i−2m),
lC = (C r IC) ∪ JC ∈ CSTBn($i−2m).

(175)

Then KC̃ = {x1 < x2 < · · · < x2m}, where {x1 < x2 < · · · < xn−i+2m} = [n] r
{‖rC(u)‖ | u ∈ [i− 2m]}. Note that #KC̃ = 2m. We have

rC̃ = KC̃ ∪ rC ∈ CSTBn($i),
lC̃ = {x | x ∈ KC̃} ∪ lC ∈ CSTBn($i).

(176)

By (75) and Lemma 4.11, there exist w, v ∈W Ir{i} such that T(i)
w = lC̃ and T(i)

v = rC̃.
We have w(u) = lC̃(u) and v(u) = rC̃(u) for u ∈ [i]. Likewise, there exist w′, v′ ∈
W Ir{i−2m} such that T(i−2m)

w′ = lC and T(i−2m)
v′ = rC. It follows that⋃

J (w) = {‖lC̃(u)‖ | u ∈ [i]} = KC̃ t {‖lC(u)‖ | u ∈ [i]} = KC̃ t
⋃
J (w′),⋃

J (v) = {‖rC̃(u)‖ | u ∈ [i]} = KC̃ t {‖rC(u)‖ | u ∈ [i]} = KC̃ t
⋃
J (v′).

(177)
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We know from Lemmas 5.3 and 5.14 (2) that (v′, w′) ∈ LS($i−2m) and J (w′) =
J (v′). Hence J (w) = J (v), by (177).

In what follows, we freely identify w, T(i)
w , and M(w) with each other for w ∈

W Ir{i}. Write J (T(i)
w ) = J (w) and M(T(i)

w ) = M(w) for w ∈ W Ir{i}. From what
has already been proved, we have J (lC̃) = J (rC̃) for C̃ ∈ QKNBn($i).

Lemma 5.24. If C̃ ∈ QKNBn($i), then (rC̃, lC̃) ∈ QLS($i).

Proof. Let C̃ = C∪{0, . . . , 0︸ ︷︷ ︸
2m times

} ∈ QKNBn($i), with C ∈ KNBn($i−2m). Write J (lC̃) =

J (rC̃) = (J1 < · · · < Jµ) ∈ Si, J (lC) = J (rC) = (J ′1 < · · · < J ′κ) ∈ Si−2m,
M(lC̃) = (Mν),M(rC̃) = (Nν) ∈

∏µ
ν=1 2Jν , and M(lC) = (M ′ν),M(rC) = (N ′ν) ∈∏κ

ν=1 2J′ν . We know from (177) that
⋃µ
ν=1 Jν = KC̃ t

⋃κ
ν=1 J

′
ν . Recall that J1 is

a segment. It follows from the definition of KC̃ that there exists τ ∈ [0, κ] such
that J1 = KC̃ t

⋃τ
ν=1 J

′
ν , M1 = KC̃ t

⋃τ
ν=1M

′
ν , N1 =

⋃τ
ν=1N

′
ν , Jν = J ′ν+τ−1,

Mν = M ′ν+τ−1, Nν = N ′ν+τ−1 for ν ∈ [2, µ], and µ+ τ − 1 = κ.
We first assume that n ∈ J ′τ (⊂ J1). Then 1 /∈ J1 since J1 is a segment such that

#J1 6 i < n. Hence 1 /∈ KC̃ t J ′1. By the definition of KC̃, this implies KC̃ = ∅ and
m = 0. It follows that (rC̃, lC̃) = (rC, lC) ∈ LS($i) ⊂ QLS($i).

We next assume that n /∈ J ′τ (or equivalently, n /∈ J ′ν for ν ∈ [τ ]), and show that
(Mν) E (Nν) in

∏µ
ν=1 2Jν (see Definition 5.6 and (128)). Since (rC, lC) ∈ LS($i−2m),

we see from (129) that M ′ν E′ N ′ν in 2J′ν for ν ∈ [κ]. In particular, it follows from
Definition 5.4, {1, 2} 6⊂ Jν , Jν = J ′ν+τ−1, Mν = M ′ν+τ−1, and Nν = N ′ν+τ−1 for
ν ∈ [2, µ] that Mν E Nν in 2Jν for ν ∈ [2, µ]. Also, n /∈ J ′τ , Lemma 5.5 (1) and (4)
yield #M ′ν = #N ′ν for ν ∈ [τ ]. Since M1 = KC̃ t

⋃τ
ν=1M

′
ν and N1 =

⋃τ
ν=1N

′
ν , we

have #M1−#N1 = #KC̃ = 2m ∈ 2Z>0. Write
⋃τ
ν=1M

′
ν = {m′1 < m′2 < · · · < m′s} ⊂

M1 = {m1 < m2 < · · · < mr} and N1 = {n1 < n2 < · · · < ns}, where r = s + 2m.
It is clear that mr−ν > m′s−ν for ν ∈ [0, s − 1]. Since M ′ν E′ N ′ν in 2J′ν for ν ∈ [τ ],
we have m′s−ν > ns−ν for ν ∈ [0, s − 1], by Lemma 5.5 (1) and (4). Consequently,
mr−ν > ns−ν for ν ∈ [0, s−1], and hence M1 E N1 in 2J1 , by Lemma 5.5 (1) and (4).
We conclude that (Mν) E (Nν) in

∏µ
ν=1 2Jν , and so (rC̃, lC̃) ∈ QLS($i), by (128). �

Lemma 5.25. Let (v, w) ∈ QLS($i), J (w) = J (v) = (J1 < · · · < Jµ) ∈ Si, and
M(w) = (Mν),M(v) = (Nν) ∈

∏µ
ν=1 2Jν . Write {y1 < y2 < · · · < yl} = N1 rM1.

The elements z1 = min{z ∈ J1 | z � y1, z ∈ M1 r N1} and zν = min{z ∈ J1 | z �
max{yν , zν−1}, z ∈ M1 r N1}, ν ∈ [2, l], are well-defined (see (i)–(iii) in Theorem
5.16 (2)).

Proof. We see from Lemma 5.5 (1)–(2) and (4) that our assertion follows from (M1 r
N1) E (N1 rM1) in 2J1 . Write (temporarily) J1 = [p, q] and M1 rN1 = {w1 < w2 <
· · · < wk}.

We first assume that (n /∈ J1 and {1, 2} 6⊂ J1) or (n ∈ J1). SinceM1 E N1 by (128),
we see from Lemma 5.5 (1)–(2) that #(M1 rN1)−#(N1 rM1) = #M1 −#N1 6 0
and #(M1 ∩ [p, w]) 6 #(N1 ∩ [p, w]) for all w ∈ J1. On the contrary, suppose that
(M1 rN1) 6E (N1 rM1) in 2J1 . By Lemma 5.5 (1)–(2), there exists r ∈ [k] such that
wr < yr and wν > yν for ν ∈ [r−1]. This implies #(M1∩ [p, wr])−#(N1∩ [p, wr]) =
1 > 0, a contradiction.

We next assume that {1, 2} ⊂ J1. SinceM1 E N1 by (128), we see from Lemma 5.5
(4) that #(M1rN1)−#(N1rM1) = #M1−#N1 ∈ 2Z>0 and #(M1∩[y, q]) > #(N1∩
[y, q]) for all y ∈ [p, q]. On the contrary, suppose that (M1 rN1) 6E (N1 rM1) in 2J1 .
By Lemma 5.5 (4), there exists r ∈ [0, l− 1] such that wk−r < yl−r and wk−ν > yl−ν
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for ν ∈ [0, r − 1]. This implies #(M1 ∩ [yl−r, q]) − #(N1 ∩ [yl−r, q]) = −1 < 0, a
contradiction. �

Lemma 5.26.Under the hypotheses of Lemma 5.25, set f = #Nµ − #Mµ ∈ Z>0 if
n ∈ Jµ, and set f = 0 otherwise. Set 2m = #M1 −#N1 ∈ 2Z>0 if 1, 2 ∈ J1, and set
m = 0 otherwise. Then

C̃ = (J1 r (M1 ∪N1)) ∪ {zν , zν | ν ∈ [l]} ∪ {z | z ∈M1 ∩N1}

∪
µ⋃
ν=2

((Jν rNν) ∪ {z | z ∈Mν}) ∪ {0, . . . , 0︸ ︷︷ ︸
f times

} ∪ {0, . . . , 0︸ ︷︷ ︸
2m times

}
(178)

is a QKN Bn-column of shape $i (see (155)).

Proof. It suffices to prove that
C = (J1 r (M1 ∪N1)) ∪ {zν , zν | ν ∈ [l]} ∪ {z | z ∈M1 ∩N1}

∪
µ⋃
ν=2

((Jν rNν) ∪ {z | z ∈Mν}) ∪ {0, . . . , 0︸ ︷︷ ︸
f times

}(179)

is a KN Bn-column of shape $i−2m. It is easily seen that C satisfies (KN-B1)–(KN-
B2) (see §5.4). By Lemma 5.14 (2), we only need to show that C can be split. We see
at once that IC = {zν | ν ∈ [l]} ∪

⋃µ
ν=2(Mν r Nν) ∪ {0, . . . , 0︸ ︷︷ ︸

f times

}. We show that JC is

given by
⋃µ
ν=1(Nν rMν).

We see that Lemma 5.25 (and (i)–(iii) in Theorem 5.16 (2)) imply
(i) yl = max{y ∈ J1 | y ≺ zl, y ∈ N1 rM1},
(ii) yν = max{y ∈ J1 | y ≺ min{yν+1, zν}, y ∈ N1 rM1} for ν ∈ [l − 1].

It follows from (179) that for y ∈ J1 we have y ∈ N1 rM1 if and only if y /∈ C and
y /∈ C. Since J1 is a segment, N1 rM1 ⊂ J1, and zν ∈ J1 for ν ∈ [l], we can rewrite
(i)–(ii) as

(i’) yl = max{y ∈ Bn | y ≺ zl, y /∈ C, y /∈ C},
(ii’) yν = max{y ∈ Bn | y ≺ min{yν+1, zν}, y /∈ C, y /∈ C} for ν ∈ [l − 1].
Let τ ∈ [2, µ]. Write (Mµ rNµ) ∪ {0, . . . , 0︸ ︷︷ ︸

f times

} = {zµ1 � zµ2 � · · · � zµk }, Mτ rNτ =

{zτ1 > zτ2 > · · · > zτk} if τ 6= µ, and Nτ rMτ = {yτ1 > yτ2 > · · · > yτk}. Similarly to
(i’)–(ii’), we can deduce from Nτ DMτ , Lemmas 5.5 and 5.14 (2) that

(τ -i) yτ1 = max{y ∈ Bn | y ≺ zτ1 , y /∈ C, y /∈ C},
(τ -ii) yτν = max{y ∈ Bn | y ≺ min{yτν−1, z

τ
ν}, y /∈ C, y /∈ C} for ν ∈ [2, k].

We conclude from #IC = #
⋃µ
ν=1(NνrMν), (i’)–(ii’), and (τ -i)–(τ -ii) for τ ∈ [2, µ]

that JC =
⋃µ
ν=1(Nν rMν). This completes the proof. �

By Lemmas 5.24–5.26, we obtain the maps Φi : QKNBn($i) → QLS($i), C̃ 7→
(rC̃, lC̃), and Ψi : QLS($i) → QKNBn($i), (v, w) 7→ C̃, where C̃ is defined as (155)
or (178).

Lemma 5.27. The maps Φi and Ψi are inverses of each other.

Proof. By Lemma 5.14 (2), the map Φi is injective. The proof is completed by showing
that (Φi ◦Ψi)(v, w) = (v, w) for (v, w) ∈ QLS($i).

Let (v, w) ∈ QLS($i) and J (w) = J (v) = (J1 < · · · < Jµ) ∈ Si. If {1, 2} 6⊂ J1,
then we conclude from Definition 5.4 and (129) that (v, w) ∈ LS($i), hence that
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(Φi ◦ Ψi)(v, w) = (v, w) by Lemma 5.14 (2). Therefore we may and do assume that
{1, 2} ⊂ J1.

Let C̃ = C ∪ {0, . . . , 0︸ ︷︷ ︸
2m times

} = Ψi(v, w) ∈ QKNBn($i), with C ∈ KNBn($i−2m), and

let (rC̃, lC̃) = Φi(C̃) ∈ QLS($i). Write M(w) = (Mν),M(v) = (Nν) ∈
∏µ
ν=1 2Jν ,

J (lC̃) = J (rC̃) = (J̃1 < · · · < J̃µ̃) ∈ Si, and M(lC̃) = (M̃ν),M(rC̃) = (Ñν) ∈∏µ̃
ν=1 2J̃ν . Note that C̃ and C are described by (178)–(179). Our claim is that

(rC̃, lC̃) = (v, w). It suffices to show that µ = µ̃, Jν = J̃ν , Mν = M̃ν , and Nν = Ñν
for ν ∈ [µ].

We know from (the proof of) Lemma 5.26 that IC = {zν | ν ∈ [l]} ∪
⋃µ
ν=2(Mν r

Nν) ∪ {0, . . . , 0︸ ︷︷ ︸
f times

} and JC =
⋃µ
ν=1(Nν rMν). By (175)–(176), we have

rC̃ = KC̃ ∪ (J1 r (M1 ∪N1)) ∪ {zν | ν ∈ [l]} ∪ {z | z ∈ N1}︸ ︷︷ ︸
=rC̃1

∪
µ⋃
ν=2

((Jν rNν) ∪ {z | z ∈ Nν})︸ ︷︷ ︸
=rC̃ν

,
(180)

lC̃ = {x | x ∈ KC̃} ∪ (J1 rM1) ∪ {zν | ν ∈ [l]} ∪ {z | z ∈M1 ∩N1}︸ ︷︷ ︸
=lC̃1

∪
µ⋃
ν=2

((Jν rMν) ∪ {z | z ∈Mν})︸ ︷︷ ︸
=lC̃ν

;
(181)

set rC̃1 = KC̃ ∪ (J1 r (M1 ∪ N1)) ∪ {zν | ν ∈ [l]} ∪ {z | z ∈ N1}, lC̃1 = {x | x ∈
KC̃} ∪ (J1 rM1)∪ {zν | ν ∈ [l]} ∪ {z | z ∈M1 ∩N1}, rC̃ν = (Jν rNν)∪ {z | z ∈ Nν},
and lC̃ν = (Jν rMν) ∪ {z | z ∈Mν} for ν ∈ [2, µ]. If we prove that

{‖z‖ | z ∈ rC̃ν} = {‖z‖ | z ∈ lC̃ν} = Jν(182)

for ν ∈ [µ], then we see at once from (180)–(181) that µ = µ̃, Jν = J̃ν for ν ∈ [µ],
Mν = M̃ν for ν ∈ [2, µ], and Nν = Ñν for ν ∈ [µ]; the proof for M1 = M̃1 will be
given later. By (180)–(181), it is easy to check that (182) holds for ν ∈ [2, µ].

We give the proof only for {‖z‖ | z ∈ lC̃1} = J1; the proof for {‖z‖ | z ∈ rC̃1} = J1
is similar. Note that

{‖z‖ | z ∈ lC̃1} = KC̃ t (J1 rM1) t {zν | ν ∈ [l]} t (M1 ∩N1).(183)

It is clear that (J1rM1)t{zν | ν ∈ [l]}t(M1∩N1) ⊂ J1. Recall that J1 is a segment.
Therefore, by the definition of KC̃, it suffices to show that #{‖z‖ | z ∈ lC̃1} = #J1.
Since l = #(N1rM1) and #KC̃ = #M1−#N1, we have #M1 = #KC̃+l+#(N1∩M1).
From this, M1 ⊂ J1, and (183), we conclude that #{‖z‖ | z ∈ lC̃1} = #J1.

It remains to prove that M1 = M̃1. We have
M̃1 = {‖z‖ | z ∈ lC̃1, z � n} (by definition)

= KC̃ t {z
ν | ν ∈ [l]} t (M1 ∩N1) (by (181))

= M1 (by (182)–(183)).
This completes the proof. �

Let C̃ ∈ QKNBn($i), Φi(C̃) = (rC̃, lC̃) ∈ QLS($i), J (lC̃) = J (rC̃) = (J1 < · · · <
Jµ) ∈ Si, and M(lC̃) = (Mν),M(rC̃) = (Nν) ∈

∏µ
ν=1 2Jν . We continue to use the

notation rC̃ν , lC̃ν , ν ∈ [µ], in (180)–(181). We see from (128)–(129) that (rC̃1, lC̃1) ∈
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QLS($#J1) and (rC̃ν , lC̃ν) ∈ LS($#Jν ) for ν ∈ [2, µ]. Write C̃1 = Ψ#J1(rC̃1, lC̃1) ∈
QKNBn($#J1) and C̃ν = Ψ#Jν (rC̃ν , lC̃ν) ∈ KNBn($#Jν ) for ν ∈ [2, µ]. It follows
from (the proofs of) Lemmas 5.26–5.27 that

C̃ = Ψi(rC̃, lC̃) =
µ⊔
ν=1

Ψ#Jν (rC̃ν , lC̃ν) =
µ⊔
ν=1

C̃ν .(184)

Set pν = min Jν and J∗ν = Jν ∪ {pν − 1} ⊂ Iaf for ν ∈ [µ].

Lemma 5.28.With the notation above, we have

fjC̃ =


f0C̃1 t

⊔
ν∈[2,µ] C̃ν if j = 0 and f0C̃1 6= 0,

fjC̃τ t
⊔
ν∈[µ]r{τ} C̃ν if j ∈ J∗τ r {0} and fjC̃τ 6= 0 for some τ ∈ [µ],

0 otherwise.

(185)

Proof. The assertion for j ∈ I is immediate from the definition of fj (see (133)–(136)
and (145)). Assume that j = 0, and show that f0C̃ is determined from C̃1 (and J1).
We follow the notation in (150)–(152).

If m = 0 and yk /∈ {1, 2}, then f0C̃ is determined from C̃ ∩ {1, 2, 2, 1} (see (150)).
We see from (184) that C̃ ∩ {1, 2, 2, 1} ⊂ C̃1. Hence the assertion follows.

If m > 0 and yk /∈ {1, 2}, then f0C̃ is determined from C̃ ∩ {1, 2, 2, 1} and x2 (see
(151)). Since C̃ ∩ {1, 2, 2, 1} ⊂ C̃1 and x2 ∈ KC̃ ⊂ J1, the assertion follows.

If yk ∈ {1, 2}, then f0C̃ is determined from C̃∩{1, 2, 2, 1} and zk (see (152)). Since
C̃∩{1, 2, 2, 1} ⊂ C̃1, it follows that yk ∈ J1, hence that zk ∈ J1 by the proof of Lemma
5.26, and the assertion follows. �

Let η = (v, w) ∈ QLS($i) and j ∈ Iaf . Recall from (31)–(32) that

η̄(t) =


tv$i for 0 6 t 6 1

2 ,

1
2v$i +

(
t− 1

2

)
w$i for 1

2 6 t 6 1,

and hηj (t) = 〈α∨j , η̄(t)〉 for 0 6 t 6 1; note that the function hηj (t) is uniquely
determined from 〈α∨j , v$i〉 and 〈α∨j , w$i〉. We see from (35)–(36) that fj(v, w) is
determined from hηj (t). Consequently, fj(v, w) ∈ {0, (rjv, w), (v, rjw), (rjv, rjw)}
is determined from 〈α∨j , v$i〉, 〈α∨j , w$i〉 ∈ {−2,−1, 0, 1, 2}. Note that hηj (1) is
an integer. We know from [25, Proposition 4.1.12] that all local minima of hηj (t)
are integers. Hence (〈α∨j , v$i〉, 〈α∨j , w$i〉) is neither (−2,−1), (−2, 1), (−1,−2),
(−1, 0), (−1, 1), (−1, 2), (0,−1), (0, 1), (1,−2), (1, 0), (1, 2), (2,−1), nor (2, 1). It fol-
lows that

fj(v, w) =


(rjv, w) if (〈α∨j , v$i〉, 〈α∨j , w$i〉) ∈ {(2, 0), (2, 2)},
(v, rjw) if (〈α∨j , v$i〉, 〈α∨j , w$i〉) ∈ {(−2, 2), (0, 2)},
(rjv, rjw) if (〈α∨j , v$i〉, 〈α∨j , w$i〉) = (1, 1),

(186)

and fj(v, w) = 0 if (〈α∨j , v$i〉, 〈α∨j , w$i〉) is either

(−2,−2), (−2, 0), (−1,−1), (0,−2), (0, 0), (1,−1), or (2,−2).(187)

We now give a restatement of (186)–(187) in terms of tableaux. Let (rC̃, lC̃) ∈
QLS($i). Recall that Waf acts on Cn ∼= {±εs | s ∈ [n]} by Waf → S(Cn), r0 7→
(1 2)(1 2), rj 7→ (j j + 1)(j j + 1) for j ∈ [n− 1], and rn 7→ (n n).
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We first assume that j ∈ [n−1]. Write [lC̃]j = lC̃∩{j, j+1, j + 1, j} and [rC̃]j = rC̃∩
{j, j+1, j + 1, j}. If [rC̃]j (resp. [lC̃]j) ∈ {{j}, {j, j + 1}}, then define rjrC̃ (resp. rj lC̃)
∈ CSTBn($i) to be such that (rjrC̃)(u) = rj(rC̃(u)) (resp. (rj lC̃)(u) = rj(lC̃(u))) for
u ∈ [i]. Recall that α∨j = εj − εj+1. Since $i =

∑i
s=1 εs, we have w$i =

∑i
u=1 εlC(u)

and v$i =
∑i
u=1 εrC(u); we understand that εs = −εs for s ∈ [n]. Hence we can

rewrite (186)–(187) as

fj(rC̃, lC̃) =



(rjrC̃, lC̃) if [rC̃]j = {j, j + 1}
and [lC̃]j ∈ {{j, j + 1}, {j, j + 1}, {j, j + 1}},

(rC̃, rj lC̃) if [rC̃]j ∈ {{j, j + 1}, {j, j + 1}, {j, j + 1}}
and [lC̃]j = {j, j + 1},

(rjrC̃, rj lC̃) if [rC̃]j = [lC̃]j ∈ {{j}, {j + 1}},

(188)

and fj(rC̃, lC̃) = 0 if ([rC̃]j , [lC̃]j) is either

({j + 1, j}, {j + 1, j}), ({j + 1, j}, {j, j + 1}), ({j + 1, j}, {j + 1, j}),
({j}, {j}), ({j + 1}, {j + 1}), ({j, j + 1}, {j + 1, j}),
({j + 1, j}, {j + 1, j}), (∅,∅), ({j, j + 1}, {j, j + 1}),
({j, j + 1}, {j + 1, j}), ({j + 1, j}, {j, j + 1}), ({j + 1, j}, {j + 1, j}),
({j}, {j}), ({j + 1}, {j + 1}), or ({j, j + 1}, {j + 1, j}).

(189)

We next assume that j = n. Write [lC̃]n = lC̃ ∩ {n, n} and [rC̃]n = rC̃ ∩ {n, n}. If
[rC̃]n (resp. [lC̃]n) ∈ {n}, then define rnrC̃ (resp. rnlC̃) ∈ CSTBn($i) to be such that
(rnrC̃)(u) = rn(rC̃(u)) (resp. (rnlC̃)(u) = rn(lC̃(u))) for u ∈ [i]. Note that α∨n = 2εn.
Similarly to (188)–(189), we have

fn(rC̃, lC̃) =


(rnrC̃, lC̃) if [rC̃]n = [lC̃]n = {n},
(rC̃, rnlC̃) if [rC̃]n = {n} and [lC̃]n = {n},
0 if ([rC̃]n, [lC̃]n) ∈ {(∅,∅), ({n}, {n}), ({n}, {n})}.

(190)

We finally assume that j = 0. Write [lC̃]0 = lC̃ ∩ {1, 2, 2, 1} and [rC̃]0 = rC̃ ∩
{1, 2, 2, 1}. If [rC̃]0 (resp. [lC̃]0) ∈ {{2}, {1}, {2, 1}}, then define r0rC̃ (resp. r0lC̃) ∈
CSTBn($i) to be such that (r0rC̃)(u) = r0(rC̃(u)) (resp. (r0lC̃)(u) = r0(lC̃(u))) for
u ∈ [i]. Note that θ∨ = ε1 + ε2 and 〈α∨0 , λ〉 = 〈−θ∨, λ〉 = −〈ε1 + ε2, λ〉 for λ ∈ P .
Similarly to (188)–(189), we have

f0(rC̃, lC̃) =


(r0rC̃, lC̃) if [rC̃]0 = {2, 1} and [lC̃]0 ∈ {{1, 2}, {2, 1}, {2, 1}},
(rC̃, r0lC̃) if [rC̃]0 ∈ {{1, 2}, {1, 2}, {2, 1}} and [lC̃]0 = {2, 1},
(r0rC̃, r0lC̃) if [rC̃]0 = [lC̃]0 ∈ {{1}, {2}},

(191)

and f0(rC̃, lC̃) = 0 if ([rC̃]0, [lC̃]0) is either

({1, 2}, {1, 2}), ({1, 2}, {1, 2}), ({1, 2}, {2, 1}), ({1}, {1}), ({2}, {2}),
({1, 2}, {1, 2}), ({2, 1}, {1, 2}), (∅,∅), ({2, 1}, {2, 1}), ({2, 1}, {1, 2}),
({1, 2}, {2, 1}), ({1, 2}, {1, 2}), ({1}, {1}), ({2}, {2}), or ({2, 1}, {1, 2}).

(192)

Lemma 5.29.Keep the notation above. If fj(rC̃τ , lC̃τ ) 6= 0 for some j ∈ I and τ ∈ [µ],
then j ∈ J∗τ . If f0(rC̃τ , lC̃τ ) 6= 0 for some τ ∈ [µ], then τ = 1. In these cases, write
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(rC̃′τ , lC̃′τ ) = fj(rC̃τ , lC̃τ ) ∈ QLS($#Jτ ). For j ∈ Iaf , we have

fj(rC̃, lC̃) =

rC̃′τ t ⊔
ν∈[µ]r{τ}

rC̃ν , lC̃′τ t
⊔

ν∈[µ]r{τ}

lC̃ν

(193)

if fj(rC̃τ , lC̃τ ) 6= 0 for some τ ∈ [µ], and fj(rC̃, lC̃) = 0 otherwise.

Proof. First part follows immediately from (188)–(192). For (193), we give the proof
only for the case that j ∈ J∗τr{0, n}, rC̃τ∩{j, j+1, j + 1, j} = lC̃τ∩{j, j+1, j + 1, j} =
{j}, and (rC̃′τ , lC̃′τ ) = fj(rC̃τ , lC̃τ ) = (rjrC̃τ , rj lC̃τ ) 6= 0 for some τ ∈ [µ] (see (188));
the proofs for the other cases are similar. It follows from (J1 < · · · < Jµ) ∈ Si
and (180)–(181) that [rC̃]j = [lC̃]j = {j}. By (188), fj(rC̃, lC̃) = (rjrC̃, rj lC̃). Since
rjrC̃ν = rC̃ν and rj lC̃ν = lC̃ν for ν ∈ [µ]r{τ}, we have rjrC̃ = rjrC̃τt

⊔
ν∈[µ]r{τ} rC̃ν

and rj lC̃ = rj lC̃τ t
⊔
ν∈[µ]r{τ} lC̃ν , which is the desired conclusion. �

Lemma 5.30. QKNBn($i) is a U′-crystal, and the map Φi is a morphism of U′-
crystals.

Proof. We need to show that the set QKNBn($i)t{0} is stable under the maps ej , fj ,
j ∈ Iaf , and that the map Φi satisfies the conditions (CM2)–(CM3) in §2.2. We give
the proof only for the equality Φi(fjC̃) = fjΦi(C̃) for C̃ = C∪{0, . . . , 0︸ ︷︷ ︸

2m times

} ∈ QKNBn($i)

and j ∈ Iaf , where we understand that Φi(0) = 0 and fj0 = 0; the other statements
are left to the reader.

We continue to use the notation above. If j 6= 0 and j /∈ J∗τ for all τ ∈ [µ], then
Φi(fjC̃) = 0 = fjΦi(C̃) by Lemmas 5.28–5.29 (see also (133)–(136) and (145)). If
j ∈ J∗τ for some τ ∈ [2, µ], then fjC̃τ = Ψ#Jτ (fjΦ#Jτ (C̃τ )) by C̃τ ∈ KNBn($#Jτ )
and Lemma 5.14 (2), and hence fjC̃ = Ψi(fjΦi(C̃)) by (184) and Lemmas 5.28–
5.29, which implies Φi(fjC̃) = fjΦi(C̃), by Lemma 5.27. It remains to prove the
assertion for j ∈ J∗1 ∪ {0}. By (184) and Lemmas 5.28–5.29, it suffices to show that
Φ#J1(fjC̃1) = fjΦ#J1(C̃1). Therefore there is no loss of generality in assuming that
µ = 1, J1 = [p1, p1 + i− 1], C̃ = C̃1, and j ∈ J∗1 ∪ {0}.

We first assume that j 6= 0. If p1 > 2, then m = 0, C̃ = C ∈ KNBn($i), and the
assertion follows from Lemma 5.14 (2). Therefore we can assume that p1 = 1 and
J1 = [i]. In particular, j 6= n and

{j, j + 1} ∩ [i] ⊂ IC t JC tKC̃ t ({‖C(u)‖ | u ∈ [i− 2m]}r IC︸ ︷︷ ︸
=‖C‖rIC

);(194)

for simplicity of notation, we write ‖C‖ r IC = {‖C(u)‖ | u ∈ [i − 2m]} r IC. Recall
that [C̃]j = C̃ ∩ {j, j + 1, j + 1, j}, [lC̃]j = lC̃ ∩ {j, j + 1, j + 1, j}, and [rC̃]j = rC̃ ∩
{j, j + 1, j + 1, j}. It follows from {‖lC̃(u)‖ | u ∈ [i]} = {‖rC̃(u)‖ | u ∈ [i]} = J1 = [i]
that {‖u‖ | u ∈ [lC̃]j} = {‖u‖ | u ∈ [rC̃]j} ∈ {{j}, {j, j + 1}}. If fjC̃ 6= 0, then we
write fjC̃ = C′ ∪ {0, . . . , 0} and Φi(fjC̃) = (rfjC̃, lfjC̃); recall from (175)–(176) that

rfjC̃ = Kfj C̃ ∪ (C′ r {σ(z) | z ∈ IC′}) ∪ {σ(y) | y ∈ JC′},

lfjC̃ = {x | x ∈ Kfj C̃} ∪ (C′ r IC′) ∪ JC′ .
(195)

If fj(rC̃, lC̃) 6= 0, then we write (rC̃′, lC̃′) = fj(rC̃, lC̃), [lC̃′]j = lC̃′∩{j, j+1, j + 1, j},
and [rC̃′]j = rC̃′ ∩ {j, j + 1, j + 1, j}.

Since [C̃]j ⊂ {j, j + 1, j + 1, j}, we have the following sixteen cases.

Case 1. Assume that [C̃]j = ∅. By (133)–(136), fjC̃ = 0. It follows from [C̃]j = ∅
and (194) that (j = i ∈ KC̃), (j, j + 1 ∈ KC̃), or (j ∈ KC̃ and j + 1 ∈ JC), hence that

Algebraic Combinatorics, Vol. 5 #5 (2022) 1159



Motohiro Ishii

([rC̃]j , [lC̃]j) is either ({j}, {j}), ({j, j + 1}, {j + 1, j}), or ({j, j + 1}, {j + 1, j}). By
(189), fj(rC̃, lC̃) = 0. �

Case 2. Assume that [C̃]j = {j}. By (133), fjC̃ = (C̃ r {j}) t {j + 1}. It follows
from [C̃]j = {j} and (194) that j ∈ ‖C‖ r IC, and that (j = i), (j + 1 ∈ KC̃), or
(j + 1 ∈ JC), hence that ([rC̃]j , [lC̃]j) is either ({j}, {j}), ({j, j + 1}, {j, j + 1}), or
({j, j + 1}, {j, j + 1}).

If j = i and ([rC̃]j , [lC̃]j) = ({j}, {j}), then ([rC̃′]j , [lC̃′]j) = ({j + 1}, {j + 1}), by
(188). It follows from fjC̃ = (C̃r{j})t{j+1} that C′ = (Cr{j})t{j+1}, IC′ = IC,
JC′ = JC, and Kfj C̃ = KC̃; note that J (rfjC̃) = J (lfjC̃) = ([i − 1] < {i + 1}). By
(195), Φi(fjC̃) = (rC̃′, lC̃′).

If j + 1 ∈ KC̃ and ([rC̃]j , [lC̃]j) = ({j, j + 1}, {j, j + 1}), then ([rC̃′]j , [lC̃′]j) =
({j, j + 1}, {j + 1, j}), by (188). It follows from fjC̃ = (C̃ r {j}) t {j + 1} that
C′ = (C r {j}) t {j + 1}, IC′ = IC, JC′ = JC, and Kfj C̃ = (KC̃ r {j + 1}) t {j}. By
(195), Φi(fjC̃) = (rC̃′, lC̃′).

If j + 1 ∈ JC and ([rC̃]j , [lC̃]j) = ({j, j + 1}, {j, j + 1}), then ([rC̃′]j , [lC̃′]j) =
({j + 1, j}, {j, j + 1}) by (188). It follows from fjC̃ = (C̃ r {j}) t {j + 1} that
C′ = (C r {j}) t {j + 1}, IC′ = IC, JC′ = (JC r {j + 1}) t {j}, and Kfj C̃ = KC̃. By
(195), Φi(fjC̃) = (rC̃′, lC̃′). �

Case 3. Assume that [C̃]j = {j + 1}. By (133)–(136), fjC̃ = 0. It follows from [C̃]j =
{j + 1} and (194) that j + 1 ∈ ‖C‖ r IC, and that (j ∈ KC̃) or (j ∈ JC), hence
that ([rC̃]j , [lC̃]j) is either ({j, j + 1}, {j + 1, j}) or ({j + 1, j}, {j, j + 1}). By (189),
fj(rC̃, lC̃) = 0. �

Case 4. Assume that [C̃]j = {j + 1}. By (134), fjC̃ = (C̃ r {j + 1}) t {j}. It follows
from [C̃]j = {j + 1} and (194) that j + 1 ∈ ‖C‖r IC, and that (j ∈ KC̃) or (j ∈ JC),
hence that ([rC̃]j , [lC̃]j) is either ({j, j + 1}, {j, j + 1}) or ({j, j + 1}, {j, j + 1}).

If j ∈ KC̃ and ([rC̃]j , [lC̃]j) = ({j, j + 1}, {j, j + 1}), then ([rC̃′]j , [lC̃′]j) = ({j +
1, j}, {j, j + 1}), by (188). It follows from fjC̃ = (C̃ r {j + 1}) t {j} that C′ = (C r
{j + 1}) t {j}, IC′ = IC, JC′ = JC, and Kfj C̃ = (KC̃ r {j}) t {j + 1}. By (195),
Φi(fjC̃) = (rC̃′, lC̃′).

If j ∈ JC and ([rC̃]j , [lC̃]j) = ({j, j + 1}, {j, j + 1}), then ([rC̃′]j , [lC̃′]j) =
({j, j + 1}, {j + 1, j}), by (188). It follows from fjC̃ = (C̃ r {j + 1}) t {j} that
C′ = (C r {j + 1}) t {j}, IC′ = IC, JC′ = (JC r {j}) t {j + 1}, and Kfj C̃ = KC̃. By
(195), Φi(fjC̃) = (rC̃′, lC̃′). �

Case 5. Assume that [C̃]j = {j}. By (133)–(136), fjC̃ = 0. It follows from [C̃]j = {j}
and (194) that j ∈ ‖C‖ r IC, and that (j = i), (j + 1 ∈ KC̃), or (j + 1 ∈ JC), hence
that ([rC̃]j , [lC̃]j) is either ({j}, {j}), ({j+ 1, j}, {j + 1, j}), or ({j + 1, j}, {j+ 1, j}).
By (189), fj(rC̃, lC̃) = 0. �

Case 6. Assume that [C̃]j = {j, j+1}. By (133)–(136), fjC̃ = 0. It follows from [C̃]j =
{j, j+ 1} and (194) that j, j+ 1 ∈ ‖C‖r IC and ([rC̃]j , [lC̃]j) = ({j, j+ 1}, {j, j+ 1}).
By (189), fj(rC̃, lC̃) = 0. �

Case 7. Assume that [C̃]j = {j, j + 1}. By (135), fjC̃ = (C̃ r {j}) t {j + 1}. It
follows from [C̃]j = {j, j + 1} and (194) that j, j + 1 ∈ ‖C‖ r IC and ([rC̃]j , [lC̃]j) =
({j, j + 1}, {j, j + 1}). By (188), ([rC̃′]j , [lC̃′)]j) = ({j + 1, j}, {j, j + 1}). It follows
from fjC̃ = (C̃ r {j}) t {j + 1} that C′ = (C r {j}) t {j + 1}, IC′ = IC t {j + 1},
JC′ = JC t {j}, and Kfj C̃ = KC̃. By (195), Φi(fjC̃) = (rC̃′, lC̃′). �
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Case 8. Assume that [C̃]j = {j, j}. By (133)–(136), fjC̃ = 0. It follows from [C̃]j =
{j, j} and (194) that j ∈ IC, and that (j = i), (j + 1 ∈ KC̃), or (j + 1 ∈ JC), hence
that ([rC̃]j , [lC̃]j) is either ({j}, {j}), ({j, j + 1}, {j + 1, j}), or ({j, j + 1}, {j + 1, j}).
By (189), fj(rC̃, lC̃) = 0. �

Case 9. Assume that [C̃]j = {j + 1, j + 1}. By (135), fjC̃ = (C̃ r {j + 1}) t {j}. It
follows from [C̃]j = {j+1, j + 1} and (194) that j+1 ∈ IC, j ∈ JC, and ([rC̃]j , [lC̃]j) =
({j + 1, j}, {j, j + 1}). By (188), ([rC̃′]j , [lC̃′)]j) = ({j + 1, j}, {j + 1, j}). It follows
from fjC̃ = (C̃ r {j + 1}) t {j} that C′ = (C r {j + 1}) t {j}, IC′ = IC r {j + 1},
JC′ = JC r {j}, and Kfj C̃ = KC̃. By (195), Φi(fjC̃) = (rC̃′, lC̃′). �

Case 10. Assume that [C̃]j = {j + 1, j}. By (133)–(136), fjC̃ = 0. It follows from
[C̃]j = {j+ 1, j} and (194) that j, j+ 1 ∈ ‖C‖r IC and ([rC̃]j , [lC̃]j) = ({j+ 1, j}, {j+
1, j}). By (189), fj(rC̃, lC̃) = 0. �

Case 11. Assume that [C̃]j = {j + 1, j}. By (133)–(136), fjC̃ = 0. It follows
from [C̃]j = {j + 1, j} and (194) that j, j + 1 ∈ ‖C‖ r IC and ([rC̃]j , [lC̃]j) =
({j + 1, j}, {j + 1, j}). By (189), fj(rC̃, lC̃) = 0. �

Case 12. Assume that [C̃]j = {j, j + 1, j + 1}. By (136), fjC̃ = (C̃ r {j + 1}) t {j}.
It follows from [C̃]j = {j, j + 1, j + 1} and (194) that j + 1 ∈ IC, j ∈ ‖C‖ r IC, and
([rC̃]j , [lC̃]j) = ({j, j+1}, {j, j + 1}). By (188), ([rC̃′]j , [lC̃′)]j) = ({j, j+1}, {j+1, j}).
It follows from fjC̃ = (C̃ r {j + 1}) t {j} that C′ = (C r {j + 1}) t {j}, IC′ =
(IC r {j + 1}) t {j}, JC′ = JC, and Kfj C̃ = KC̃. By (195), Φi(fjC̃) = (rC̃′, lC̃′). �

Case 13. Assume that [C̃]j = {j, j + 1, j}. By (133)–(136), fjC̃ = 0. It follows from
[C̃]j = {j, j + 1, j} and (194) that j ∈ IC, j + 1 ∈ ‖C‖ r IC, and ([rC̃]j , [lC̃]j) =
({j, j + 1}, {j + 1, j}). By (189), fj(rC̃, lC̃) = 0. �

Case 14. Assume that [C̃]j = {j, j + 1, j}. By (136), fjC̃ = (C̃r{j})t{j+1}. It follows
from [C̃]j = {j, j + 1, j} and (194) that j ∈ IC, j + 1 ∈ ‖C‖r IC, and ([rC̃]j , [lC̃]j) =
({j, j + 1}, {j, j + 1}). By (188), ([rC̃′]j , [lC̃′)]j) = ({j + 1, j}, {j, j + 1}). It follows
from fjC̃ = (C̃r{j})t{j+1} that C′ = (Cr{j})t{j+1}, IC′ = (ICr{j})t{j+1},
JC′ = JC, and Kfj C̃ = KC̃. By (195), Φi(fjC̃) = (rC̃′, lC̃′). �

Case 15. Assume that [C̃]j = {j + 1, j + 1, j}. By (133)–(136), fjC̃ = 0. It follows
from [C̃]j = {j+1, j + 1, j} and (194) that j+1 ∈ IC, j ∈ ‖C‖rIC, and ([rC̃]j , [lC̃]j) =
({j + 1, j}, {j + 1, j}). By (189), fj(rC̃, lC̃) = 0. �

Case 16. Assume that [C̃]j = {j, j + 1, j + 1, j}. By (133)–(136), fjC̃ = 0. It follows
from [C̃]j = {j, j + 1, j + 1, j} and (194) that j, j + 1 ∈ IC and ([rC̃]j , [lC̃]j) = ({j, j +
1}, {j + 1, j}). By (189), fj(rC̃, lC̃) = 0. �

We next assume that j = 0. Similarly to (194), we have
{1, 2} ∩ J1 ⊂ IC t JC tKC̃ t ({‖C(u)‖ | u ∈ [i− 2m]}r IC︸ ︷︷ ︸

=‖C‖rIC

).(196)

Recall that [C̃]0 = C̃∩{1, 2, 2, 1}, [lC̃]0 = lC̃∩{1, 2, 2, 1}, and [rC̃]0 = rC̃∩{1, 2, 2, 1}.
If p1 > 2, then f0C̃ = 0 by (150)–(152), and f0(rC̃, lC̃) = 0 by [lC̃]0 = [rC̃]0 = ∅ and
(192). Therefore we can assume that J1 = [i] or J1 = [2, i + 1]; note that if p1 = 2,
then m = 0. If f0C̃ 6= 0, then we continue to use the notation f0C̃ = C′ ∪ {0, . . . , 0}
and (195) for j = 0. If f0(rC̃, lC̃) 6= 0, then we write (rC̃′, lC̃′) = f0(rC̃, lC̃), [lC̃′]0 =
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lC̃′∩{1, 2, 2, 1}, and [rC̃′]0 = rC̃′∩{1, 2, 2, 1}. Recall that zk = min IC and yk = min JC.
If m > 0, then x1 = minKC̃ and x2 = min(KC̃ r {x1}).

We see from (QKN-B2) and (KN-B3) that {1, 2} ∩ IC 6= ∅ implies [C̃]0 = {2, 2}.
Hence we have the following ten cases.

Case 1. Assume that [C̃]0 = ∅. It follows from (196) that (1, 2 ∈ KC̃), (1 ∈ KC̃ and
2 = yk ∈ JC), or (2 = p1 = yk ∈ JC), hence that ([rC̃]0, [lC̃]0) is either ({1, 2}, {2, 1}),
({1, 2}, {2, 1}), or ({2}, {2}).

If 1, 2 ∈ KC̃ and ([rC̃]0, [lC̃]0) = ({1, 2}, {2, 1}), then m > 0 and yk /∈ {1, 2}.
By (151), f0C̃ = (C̃ r {0, 0}) t {1, 2}. By (191), ([rC̃′]0, [lC̃′]0) = ({1, 2}, {1, 2}). It
follows from f0C̃ = (C̃ r {0, 0}) t {1, 2} that C′ = C t {1, 2}, IC′ = IC, JC′ = JC, and
Kf0C̃ = KC̃ r {1, 2}. By (195), Φi(f0C̃) = (rC̃′, lC̃′).

Assume that 2 = yk ∈ JC, and that ([rC̃]0, [lC̃]0) is either ({1, 2}, {2, 1}) or
({2}, {2}). By (150)–(152), f0C̃ = 0. By (192), f0(rC̃, lC̃) = 0. �

Case 2. Assume that [C̃]0 = {1}. By (150)–(152), f0C̃ = 0. It follows from [C̃]0 = {1}
and (196) that 1 ∈ ‖C‖ r IC, and that (i = 1), (2 ∈ KC̃), or (2 ∈ JC), hence
that ([rC̃]0, [lC̃]0) is either ({1}, {1}), ({1, 2}, {1, 2}), or ({1, 2}, {1, 2}). By (192),
f0(rC̃, lC̃) = 0. �

Case 3. Assume that [C̃]0 = {2}. By (150)–(152), f0C̃ = 0. It follows from [C̃]0 = {2}
and (196) that 2 ∈ ‖C‖ r IC, and that (p1 = 2), (1 ∈ KC̃), or (1 ∈ JC), hence
that ([rC̃]0, [lC̃]0) is either ({2}, {2}), ({1, 2}, {2, 1}), or ({2, 1}, {1, 2}). By (192),
f0(rC̃, lC̃) = 0. �

Case 4. Assume that [C̃]0 = {2}. It follows from (196) that 2 ∈ ‖C‖ r IC, and that
(p1 = 2), (1 = x1 ∈ KC̃), or (1 = yk ∈ JC), hence that ([rC̃]0, [lC̃]0) is either ({2}, {2}),
({1, 2}, {2, 1}), or ({2, 1}, {1, 2}).

If p1 = 2 and ([rC̃]0, [lC̃]0) = ({2}, {2}), then m = 0 and yk /∈ {1, 2}. By (150),
f0C̃ = (C̃ r {2}) t {1}. By (191), ([rC̃′]0, [lC̃′]0) = ({1}, {1}). It follows from f0C̃ =
(C̃ r {2}) t {1} that C′ = (C r {2}) t {1}, IC′ = IC, JC′ = JC, and Kf0C̃ = KC̃ = ∅;
note that J (rf0C̃) = J (lf0C̃) = ({1} < [3, i+ 1]). By (195), Φi(f0C̃) = (rC̃′, lC̃′).

If 1 = x1 ∈ KC̃ and ([rC̃]0, [lC̃]0) = ({1, 2}, {2, 1}), then m > 0 and yk /∈ {1, 2}. By
(151), f0C̃ = (C̃ r {2, 0, 0}) t {1, x2, x2}. By (191), ([rC̃′]0, [lC̃′]0) = ({1, 2}, {1, 2}). It
follows from f0C̃ = (C̃r {2, 0, 0})t {1, x2, x2} that C′ = (Cr {2})t {1, x2, x2}, IC′ =
IC t {x2}, JC′ = JC t {2}, and Kf0C̃ = KC̃ r {1, x2}. By (195), Φi(f0C̃) = (rC̃′, lC̃′).

Assume that 1 = yk ∈ JC and ([rC̃]0, [lC̃]0) = ({2, 1}, {1, 2}). By (152), f0C̃ =
(C̃ r {zk, zk, 2}) t {1, 0, 0}. By (191), ([rC̃′]0, [lC̃′]0) = ({1, 2}, {1, 2}). It follows from
f0C̃ = (C̃ r {zk, zk, 2}) t {1, 0, 0} that C′ = (C r {zk, zk, 2}) t {1}, IC′ = IC r {zk},
JC′ = JC r {1}, and Kf0C̃ = KC̃ t {2, zk}. By (195), Φi(f0C̃) = (rC̃′, lC̃′). �

Case 5. Assume that [C̃]0 = {1}. It follows from (196) that 1 ∈ ‖C‖ r IC, and that
(i = 1), (2 = x1 ∈ KC̃), or (2 = yk ∈ JC), hence that ([rC̃]0, [lC̃]0) is either ({1}, {1}),
({2, 1}, {2, 1}), or ({2, 1}, {2, 1}).

If i = 1 and ([rC̃]0, [lC̃]0) = ({1}, {1}), then m = 0 and yk /∈ {1, 2}. By (150),
f0C̃ = (C̃ r {1}) t {2} = {2}. By (191), ([rC̃′]0, [lC̃′]0) = (rC̃′, lC̃′) = ({2}, {2}).
It follows from f0C̃ = {2} that C′ = {2} and IC′ = JC′ = Kf0C̃ = ∅; note that
J (rf0C̃) = J (lf0C̃) = ({2}). By (195), Φi(f0C̃) = (rC̃′, lC̃′).

If 2 = x1 ∈ KC̃ and ([rC̃]0, [lC̃]0) = ({2, 1}, {2, 1}), then m > 0 and yk /∈ {1, 2}. By
(151), f0C̃ = (C̃ r {1, 0, 0}) t {2, x2, x2}. By (191), ([rC̃′]0, [lC̃′]0) = ({2, 1}, {1, 2}). It
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follows from f0C̃ = (C̃r {1, 0, 0})t {2, x2, x2} that C′ = (Cr {1})t {2, x2, x2}, IC′ =
IC t {x2}, JC′ = JC t {1}, and Kf0C̃ = KC̃ r {2, x2}. By (195), Φi(f0C̃) = (rC̃′, lC̃′).

Assume that 2 = yk ∈ JC and ([rC̃]0, [lC̃]0) = ({2, 1}, {2, 1}). By (152), f0C̃ =
(C̃ r {zk, zk, 1}) t {2, 0, 0}. By (191), ([rC̃′]0, [lC̃′]0) = ({1, 2}, {2, 1}). It follows from
f0C̃ = (C̃ r {zk, zk, 1}) t {2, 0, 0} that C′ = (C r {zk, zk, 1}) t {2}, IC′ = IC r {zk},
JC′ = JC r {2}, and Kf0C̃ = KC̃ t {1, zk}. By (195), Φi(f0C̃) = (rC̃′, lC̃′). �

Case 6. Assume that [C̃]0 = {1, 2}. By (150)–(152), f0C̃ = 0. It follows from [C̃]0 =
{1, 2} and (196) that 1, 2 ∈ ‖C‖ r IC and ([rC̃]0, [lC̃]0) = ({1, 2}, {1, 2}). By (192),
f0(rC̃, lC̃) = 0. �

Case 7. Assume that [C̃]0 = {1, 2}. By (150)–(152), f0C̃ = 0. It follows from [C̃]0 =
{1, 2} and (196) that 1, 2 ∈ ‖C‖ r IC and ([rC̃]0, [lC̃]0) = ({1, 2}, {1, 2}). By (192),
f0(rC̃, lC̃) = 0. �

Case 8. Assume that [C̃]0 = {2, 2}. By (150)–(152), f0C̃ = 0. It follows from [C̃]0 =
{2, 2} that 2 = zk ∈ IC, 1 = yk ∈ JC, and ([rC̃]0, [lC̃]0) = ({2, 1}, {1, 2}). By (192),
f0(rC̃, lC̃) = 0. �

Case 9. Assume that [C̃]0 = {2, 1}. By (150)–(152), f0C̃ = 0. It follows from [C̃]0 =
{2, 1} and (196) that 1, 2 ∈ ‖C‖ r IC and ([rC̃]0, [lC̃]0) = ({2, 1}, {2, 1}). By (192),
f0(rC̃, lC̃) = 0. �

Case 10. Assume that [C̃]0 = {2, 1}. By (150)–(151), f0C̃ = (C̃ r {2, 1}) t {0, 0}.
It follows from [C̃]0 = {2, 1} and (196) that 1, 2 ∈ ‖C‖ r IC and ([rC̃]0, [lC̃]0) =
({2, 1}, {2, 1}). By (191), ([rC̃′]0, [lC̃′]0) = ({1, 2}, {2, 1}). It follows from f0C̃ = (C̃ r
{2, 1}) t {0, 0} that C′ = C r {2, 1}, IC′ = IC, JC′ = JC, and Kf0C̃ = KC̃ t {1, 2}. By
(195), Φi(f0C̃) = (rC̃′, lC̃′). �

The proof is complete. �

References
[1] T. Akasaka and M. Kashiwara, Finite-dimensional representations of quantum affine algebras,

Publ. Res. Inst. Math. Sci. 33 (1997), 839–867.
[2] T. Arakawa, Two-sided BGG resolutions of admissible representations, Represent. Theory 18

(2014), 183–222.
[3] J. Beck and H. Nakajima, Crystal bases and two-sided cells of quantum affine algebras, Duke

Math. J. 123 (2004), 335–402.
[4] A. Björner and F. Brenti, Combinatorics of Coxeter Groups, Graduate Texts in Mathematics,

vol. 231, Springer-Verlag, New York, 2005.
[5] F. Brenti, S. Fomin, and A. Postnikov, Mixed Bruhat operators and Yang–Baxter equations for

Weyl groups, Internat. Math. Res. Notices 1999 (1999), 419–441.
[6] C. Briggs, On Combinatorial Models for Kirillov–Reshetikhin Crystals of Type B, Ph.D. thesis,

State University of New York at Albany, 2017.
[7] V. Chari, On the fermionic formula and the Kirillov–Reshetikhin conjecture, Internat. Math.

Res. Notices 2001 (2001), 629–654.
[8] V. V. Deodhar, Some characterizations of Bruhat ordering on a Coxeter group and determina-

tion of the relative Möbius function, Invent. Math. 39 (1977), 187–198.
[9] G. Hatayama, A. Kuniba, M. Okado, T. Takagi, and Y. Yamada, Remarks on fermionic formula,

in Recent developments in quantum affine algebras and related topics (Raleigh, NC, 1998),
Contemp. Math., 248, Amer. Math. Soc., 1999, pp. 243–291.

[10] M. Ishii, Semi-infinite Young tableaux and standard monomial theory for semi-infinite
Lakshmibai–Seshadri paths, Algebr. Comb. 3 (2020), 1141–1163.

[11] M. Ishii, S. Naito, and D. Sagaki, Semi-infinite Lakshmibai–Seshadri path model for level-zero
extremal weight modules over quantum affine algebras, Adv. Math. 290 (2016), 967–1009.

[12] A. Joseph, Quantum groups and their primitive ideals, Results in Mathematics and Related
Areas (3), vol. 29, Springer-Verlag, Berlin, 1995.

Algebraic Combinatorics, Vol. 5 #5 (2022) 1163



Motohiro Ishii

[13] V. G. Kac, Infinite Dimensional Lie Algebras, 3rd edition, Results in Mathematics and Related
Areas (3), Cambridge University Press, Cambridge, 1990.

[14] M. Kashiwara, Crystal bases of modified quantized enveloping algebra, Duke Math. J. 73 (1994),
383–413.

[15] , Similarity of crystal bases, in Lie algebras and their representations (Seoul, 1995),
Contemp. Math., 194, Amer. Math. Soc., 1996, pp. 177–186.

[16] , On level zero representations of quantized affine algebras, Duke Math. J. 112 (2002),
117–175.

[17] , Level zero fundamental representations over quantized affine algebras and Demazure
modules, Publ. Res. Inst. Math. Sci. 41 (2005), 223–250.

[18] M. Kashiwara and T. Nakashima, Crystal graphs for representations of the q-analogue of clas-
sical Lie algebras, J. Algebra 165 (1994), 295–345.

[19] S. Kato, S. Naito, and D. Sagaki, Equivariant K-theory of semi-infinite flag manifolds and the
Pieri–Chevalley formula, Duke Math. J. 169 (2020), 2421–2500.

[20] T. Lam and M. Shimozono, Quantum cohomology of G/P and homology of affine Grassman-
nian, Acta Math. 204 (2010), 49–90.

[21] C. Lecouvey, Schensted-type correspondences and plactic monoids for types Bn and Dn, J.
Algebraic Combin. 18 (2003), 99–133.

[22] C. Lenart, From Macdonald polynomials to a charge statistic beyond type A, J. Combin. Theory
Ser. A 119 (2012), 683–712.

[23] C. Lenart and A. Lubovsky, A generalization of the alcove model and its applications, J. Alge-
braic Combin. 41 (2015), 751–783.

[24] C. Lenart, S. Naito, D. Sagaki, A. Schilling, and M. Shimozono, A uniform model for Kirillov–
Reshetikhin crystals I: lifting the parabolic quantum Bruhat graph, Int. Math. Res. Not. IMRN
2015 (2015), 1848–1901.

[25] , Quantum Lakshmibai–Seshadri paths and root operators, in Schubert calculus–Osaka
2012, Adv. Stud. Pure Math., 71, Math. Soc. Japan, 2016, pp. 267–294.

[26] C. Lenart and A. Schultze, On combinatorial models for affine crystals, 2019, https://arxiv.
org/abs/arXiv:1911.10957v1.

[27] P. Littelmann, Paths and root operators in representation theory, Ann. of Math. 142 (1995),
499–525.

[28] G. Lusztig, Hecke algebras and Jantzen’s generic decomposition patterns, Adv. Math. 37 (1980),
121–164.

[29] S. Naito and D. Sagaki, Demazure submodules of level-zero extremal weight modules and spe-
cializations of Macdonald polynomials, Math. Z. 283 (2016), 937–978.

[30] M. Okado, R. Sakamoto, and A. Schilling, Affine crystal structure on rigged configurations of
type D

(1)
n , J. Algebraic Combin. 37 (2013), 571–599.

[31] M. Okado, R. Sakamoto, A. Schilling, and T. Scrimshaw, Type D
(1)
n rigged configuration bijec-

tion, J. Algebraic Combin. 46 (2017), 341–401.
[32] D. Peterson, Quantum Cohomology of G/P , Lect. Notes, Massachusetts Institute of Technology,

Spring, Cambridge, MA, 1997.
[33] Anne Schilling and Travis Scrimshaw, Crystal structure on rigged configurations and the filling

map, Electron. J. Combin. 22 (2015), no. 1, Paper 1.73, 56 pages.
[34] J. T. Sheats, A symplectic jeu de taquin bijection between the tableaux of King and of De

Concini, Trans. Amer. Math. Soc. 351 (1999), 3569–3607.

Motohiro Ishii, Department of Mathematics, Cooperative Faculty of Education, Gunma University,
Maebashi, Gunma, 371-8510, Japan
E-mail : m.ishii@gunma-u.ac.jp

Algebraic Combinatorics, Vol. 5 #5 (2022) 1164

https://arxiv.org/abs/arXiv:1911.10957v1
https://arxiv.org/abs/arXiv:1911.10957v1
mailto:m.ishii@gunma-u.ac.jp

	1. Introduction
	2. Preliminaries
	2.1. Untwisted affine root data
	2.2. Crystals
	2.3. Semi-infinite Bruhat order
	2.4. Extremal weight modules and their crystal bases
	2.5. Path model for Demazure crystals

	3. Deodhar-type criterion for semi-infinite Bruhat order
	3.1. The map  and Demazure crystals
	3.2. Proof of Proposition 3.4
	3.3. Proof of Proposition 3.2

	4. Tableau criterion for semi-infinite Bruhat order
	4.1. Explicit description of (WJ)af
	4.2. Quantum Bruhat graphs
	4.3. Type An-1(1)
	4.4. Type Cn(1)
	4.5. Type Bn(1)
	4.6. Type Dn(1)

	5. Tableau model for crystal bases of level-zero representations
	5.1. Quantum Lakshmibai–Seshadri paths
	5.2. Quantum Bruhat graphs and Maya diagrams
	5.3. Type Cn(1)
	5.4. Type Bn(1)
	5.5. Type Dn(1)
	5.6. Proof of Theorem 5.16 (2)

	References

