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Plethysm and the algebra of uniform block

permutations

Rosa Orellana, Franco Saliola, Anne Schilling & Mike
Zabrocki

ABSTRACT We study the representation theory of the uniform block permutation algebra in
the context of the representation theory of factorizable inverse monoids. The uniform block
permutation algebra is a subalgebra of the partition algebra and is also known as the party
algebra. We compute its characters and provide a Frobenius characteristic map to symmetric
functions. This reveals connections of the characters of the uniform block permutation algebra
and plethysms of Schur functions.

1. INTRODUCTION

The partition algebra arose in the early 1990s in the work of Martin [16, 17, 18,
15] and Jones [9] in the context of the Potts model in statistical mechanics. It is a
generalization of the Temperley—Lieb algebra and can be formulated in terms of an
important question in invariant theory: If a group G acts on an n-dimensional vector
space V, how does V®* decompose into irreducible representations of G? This question
can be studied using the centralizer algebra Endg(V®*). The partition algebra is
isomorphic to this centralizer algebra when the group G is the symmetric group
&, [9, 17], that is, Endg,, (V) ~ Py(n).

Inspired by this work, Tanabe [28] considered the case when G is a unitary reflection
group G(r, p,n), where G(r,1,n) is a group of n X n monomial matrices whose nonzero
entries are r-th roots of unity and G(r,p,n) is a subgroup of index p in G(r,1,n).
Kosuda [10, 12] studied the party algebra Uy, which corresponds to the subcase p = 1,
n > k and r > k. The party algebra is a subalgebra of the partition algebra Py (n).
Elements in the party algebra can be viewed as bijections between blocks of the same
size of two set partitions of {1,2,...,k} of the same type. To quote from Kosuda [10]:

Suppose that there exist two parties each of which consists of n mem-
bers. The parties hold meetings splitting into several small groups.
Every group consists of the members of each party of the same num-
ber. The set of such decompositions into small groups makes an alge-
bra called the party algebra under a certain product.®)
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Since the block sizes of the two set partitions are required to match, this algebra is
also known as the uniform block permutation algebra [4], which is the terminology
we will use in this paper.

FIGURE 1. An example diagram representing an element of the uni-
form block permutation monoid Uy. The connected components of
the graph visually represent the blocks of the set partitions. Each
connected component contains the same number of elements in the
top row as in the bottom row.

In this paper, we study the representation theory of the uniform block permutation
algebra Uj. It is an interesting, nontrivial example of a factorizable inverse monoid.
We use the general theory of finite inverse monoids to develop the representation the-
ory of Uy,. This relies on theorems due to Clifford [2], Munn [20] and Ponizovskil [22]
and the explicit constructions given in [23, 13]. The exposition and notation we fol-
low here is found in [5, 27]. In particular, by characterizing the idempotents, the
maximal subgroups, the ¢ -classes and the .Z-classes of U, the Schiitzenberger rep-
resentations can be employed to construct the irreducible representations of Uy. The
representations that we obtain very nicely extend Young’s construction of the irre-
ducible representations of symmetric groups: instead of a symmetric group action on
standard tableaux we obtain a monoid action on sequences of set-valued tableaux.
The action can be described on a basis indexed by combinatorial objects using famil-
iar and well-used relations on tableaux, rather than operations on paths in a Bratteli
diagram as appears in the construction by Kosuda [12].

We also compute the irreducible characters of the uniform block permutation alge-
bra U and relate them to symmetric functions by defining a Frobenius characteristic
that maps a class function of Uy, to an element of the k-fold tensor product of the
symmetric functions. More precisely, each irreducible representation of U}, is indexed
by a k-tuple of partitions X = (AW, A@ . A®)) such that Zf:l iIA@| =k, and the
associated symmetric function of the character of the restriction of this representation
to &y, is

S [51]8)\(2) [82] ce SR [Sk],
where s is the Schur function indexed by a partition A and sy[s,] is the plethysm of
s with the Schur function s indexed by a single row. In this sense, the representation
theory of U, gives a novel representation theoretic approach to plethysm.

Furthermore, having the image of the characters under the Frobenius map reduces
the computation of the characters to a computation on symmetric functions. In a 2005
talk, Naruse presented (without proof) several results on the characters of the Tanabe
algebra, and hence as a special case the uniform block permutation algebra Uj, [21].
This included character tables for U for small values of k. Using the symmetric
function connection that we establish, these tables can be verified. We are not aware
of any other proofs of Naruse’s results in the literature.

In a subsequent paper, we will consider the restriction from the general linear group
GL,, to the symmetric group &,, which involves the same restriction coefficients as
the restriction of the partition algebra Py (n) to the symmetric group &. The uniform
block permutation algebra can be viewed as an intermediate step in this restriction,
see [7, Section 4.1]. The restriction from the partition algebra Py(n) to the uniform
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block permutation algebra U} involves the Littlewood-Richardson rule, whereas the
restriction from Uy, to &y involves the plethysm operation.

To conclude, let us compare our approach in this paper with existing constructions
in the literature. Irreducible matrix representations of U}, were previously constructed
by Kosuda [12] by defining a tower of algebras Uy, C Uy41. In Kosuda’s approach [12],
the rows of the matrices are indexed by paths in the Bratteli diagram of the tower of
monoid algebras and the action is defined over the field Q(v/2,V/3, ..., \/E) In con-
trast, we use the theory of finite monoids to construct the irreducible representations
of Uy, in terms of tuples of set-valued tableaux and the action is expressed in the ba-
sis with coefficients that are integers. The bijection between the tuples of set-valued
tableaux that we use here and the path model used by Kosuda [12] is similar to the
bijection described in [3] relating the path model for diagram algebras and set-valued
tableaux. Set-valued tableaux also appear in the construction of the representations
of the partition algebra and sub-diagram algebras by Halverson and Jacobson [6].

This paper is organized as follows. In Section 2, we introduce uniform block per-
mutations and describe the monoid structure on them. In particular, we provide a
presentation of the monoid of uniform block permutations Uj, and show that it is an
inverse monoid. In Section 3, we compute the maximal subgroups, ¢ - and .Z-classes
of Uy,. Using Schiitzenberger representations, this makes it possible to construct the
irreducible representations of U. The characters of Uy are computed in Section 4.
Finally, in Section 5 the connection of the characters with symmetric functions is
established.

2. THE MONOID OF UNIFORM BLOCK PERMUTATIONS

After some preliminary notation in Sections 2.1 and 2.2 on partitions and set parti-
tions, we define uniform block permutations Uj in Section 2.3 and give its monoid
structure in Section 2.4. We show in Section 2.5 that every element of U, is a product
of an idempotent and a permutation. We recall a presentation of U}, in Section 2.6
and we conclude in Section 2.7 with a proof that U/, is an inverse monoid.

2.1. PARTITIONS. A partition of a positive integer k is a nonincreasing sequence A =
(A1, ..., Ap) of positive integers such that A\;+- - -+ Xy = k. We write |A| for A1 +-- -+
and call \; the parts of X\. The length of the partition A is £(\) = ¢. We write A F k
to mean that A is a partition of k. We declare that the empty sequence () is the
unique partition of 0, and we denote this by @. We will often use exponential notation
for partitions in which b consecutive occurrences of the part i is denoted by 3°: for
example, (4,4,4,2,1,1,1,1) can be denoted (142%43).

We use Young diagrams to represent partitions. If A = (A1,..., ) is a partition of
k, then the Young diagram of A is the left-justified array of k cells (or boxes) with A;
cells in the i-th row. We use French notation, so that the largest row is at the bottom.
This may be upside down from what is sometimes used in representation theory.

For every nonnegative integer k, we define

k
(1) I= {()\(1), A2 )\(k)) : A) are partitions such that Zi|)\(i)\ = k‘} .
i=1

We denote elements in I as X = AD AR We will see that the elements of
I, index the irreducible representations of the uniform block permutation algebra
Uy. In examples the elements of I, will be expressed by dropping the trailing empty
partitions in the list of partitions so that, for instance, the element (o, (2), 2, ) of I4
will be displayed without loss of information as (g, (2)).

Algebraic Combinatorics, Vol. 5 #5 (2022) 1167
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2.2. SET PARTITIONS. A set partition 7 of a set X is a collection of nonempty subsets
{m1,...,m} of X such that m;Nm; = @ for all ¢ # j and Ulem =X. Weusenr X
to denote that 7 is a set partition of X. The subsets 7; are called the blocks of 7.

If 7 = {my,...,m} is a set partition of [k] = {1,2,...,k}, then we order the blocks
in m using the graded last letter order: if A and B are two blocks, then A < B in the
graded last letter order if either |A| < |B| or if |A| = |B|, then max(A) < max(B).
For example, the blocks of m = {{4}, {1,6},{3,8},{2,5,7}} are listed in graded last
letter order.

To simplify notation, we often write the set partitions by separating the blocks by
vertical lines. For example, the set partition 7 = {{4},{1,6}, {3,8},{2,5, 7}} will also
be denoted by m = 4|16|38|257.

The type of a set partition 7w, denoted type(r), is the (integer) partition formed by
the sizes of the blocks of 7. For example,

type(4]16|38|257) = (3,2,2,1) = (1,2%,3).
The number of set partitions of type A = (1%1,2%2 ... k%) is

Kl
arl - ap (L) 20z - (k)

(2) spi(A) =

Set partitions are ordered by refinement: if m and «y are two set partitions, then we
say that 7 is finer than v and that «y is coarser than , if every block of 7 is a subset
of some block of . In that case, we write m < 7.

Given a set partition m = {my,...,m} F [k] and permutation o € &, we define
o(r) = {o(m),...,0(m)}, where 0(A) = {o(a) : a € A} for every subset A C [k].
Since |A| = |o(A)| for all A C [k], it follows that = and o(7) have the same type.

2.3. UNIFORM BLOCK PERMUTATIONS. We define the set of uniform block permu-
tations Uy and give three equivalent ways to view its elements: as set partitions of

[k] U [k]; as size-preserving bijections between the blocks of two set partitions; as
two-row diagrams. We will use these interpretations interchangeably throughout the

paper.

2.3.1. Set partitions of [k] U [k]. For nonzero k € N, define
k] ={1,...,k} and [k ={T,...,k}.

For each a € [k], we define @ = a so that a — @ as an involution on [k] U [k].

Let d = {d1,ds,...,d¢} be a set partition of [k] U [k]. We say that d is uniform if
|di N [k]| = [d; N [k]| for all 1 <4 < £. Let Uy be the set of uniform set partitions of
[k U [K]:

U, = {d+ [k]U[k] : d uniform}.

Let top(d) be the set partition of [k] consisting of the blocks d; N [k] for 1 <i < ¢
and bot(d) the set partition of [k] containing the blocks d; N [k] for 1 < ¢ < ¢, where
d; = {a@: a € d;}. For example,

d={{2,4},{5,7},{1,3,1,2},{4,6,3,6},{7,8,9,5,8,9}},
top(d) = {{2},{5},{1,3},{4,6},{7,8,9}},
bot(d) = {{4}, {7}, {1,2}, {3,6},{5,8,9}}.

When writing set partitions, we list the blocks in graded last letter order.
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2.3.2. Size-preserving bijections between set partitions of [k]. It is useful to think of
d as the size-preserving bijection d: top(d) — bot(d) that maps d; N [k] to d; N [k].
Continuing the previous example, the bijection associated with d, expressed in two-
line notation, is

({2} {5} {1,3} {4,6} {778,9}>
{4} {7} {1,2} {3,6} {5,8,9} )~

For this reason, the elements of U, are called uniform block permutations. With this
interpretation, it follows that the number of elements in U, is

)

Ui | = Z spr(N)2ar!---ayl.
A=(191,... ko )Fk

Starting with k& = 0, the sequence of |Uy| begins
1,1, 3,16, 131, 1496, 22482, 426833, . . .

and is listed as sequence A023998 in the Online Encyclopedia of Integer Sequences

[8].

2.3.3. Diagrams. A graph on the vertex set [k] U [k] represents a set partition d F
[k]U[k] if (the vertices of) the connected components of the graph are the blocks of d.
We draw these graphs by arranging the vertices in two rows: 1,2,...,k appear from

left to right in the top row; and 1,2,...,k from left to right in the bottom row. In

this way, the graph

represents the set partition {{1,3,1,2},{2,4},{4,6,3,6},{5,7},{7,8,9,5,8,9}}. We
call this the (two-row) diagram of the set partition. Notice that it is possible that
more than one graph represents a given set partition; therefore, a diagram represents
a class of labeled graphs that have the same connected components.

2.4. MONOID STRUCTURE. We next define a monoid structure on the set of all set
partitions of [k] U [k]. Tt follows from this definition that the product of two uniform
block permutations is again a uniform block permutation, from which we obtain a
monoid structure on Uy.

Let d,d’ € Uy, (or more generally, any pair of set partitions [k]U[k]), which we view

as diagrams. The product dd’ is defined as follows:

e stack d on top of d’ so that the bottom vertices of d line up with the top
vertices of d’;

e compute the connected components of the resulting three-row diagram;

e climinate the vertices of the middle row from the connected components.

ExAMPLE 2.1. We illustrate the product of the following two set partitions:

Algebraic Combinatorics, Vol. 5 #5 (2022) 1169
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The product dd’ is the set partition whose blocks correspond to the connected com-
ponents of the diagram obtained by stacking the diagrams of d and d':

This multiplication of diagrams is associative and the product of two uniform
block permutations is a uniform block permutations, and hence makes Uy, into a finite
monoid whose identity element is

{1, 1}, {2,2},... {k,k}} = II I

Since connected vertices in the top row of d remain connected in dd’, it follows that
the set partition top(dd’) is coarser than or equal to top(d). Similarly, the set partition
bot(dd’) is coarser than or equal to bot(d’). Furthermore, any block of dd’ contains
at least one block of top(d) and at least one block of bot(d’). If n(d) is the number of
blocks in a diagram d, then for all d,d’ € Uy,

n(dd’) < min{n(d),n(d")}.

REMARK 2.2 (Diagram multiplication and composition of bijections). As explained in
Section 2.3.2, it is often useful to think of diagrams d as bijections d : top(d) — bot(d)
that preserve block-size, and so we highlight some important nuances of this approach.

If d : top(d) — bot(d) and d' : top(d’) — bot(d’) satisfy top(d’) = bot(d), then
the composition of d and d’ is defined, and the resulting bijection is precisely the one
associated with the product dd’. In particular, in this case, dd’ maps a block B to the
block d'(d(B)).

The inverse of a bijection d : top(d) — bot(d) is obtained by reflecting the diagram
of d across a horizontal line, which we denote by d (cf. Section 2.7). Note that dd is
the identity mapping on top(d) and dd is the identity mapping on bot(d), which are
not necessarily equal to the identity element of Uj,. However, they are idempotents of
U, (cf. Lemma 2.3).

2.5. PERMUTATION-IDEMPOTENT AND IDEMPOTENT-PERMUTATION DECOMPOSI-
TIONS. We prove that every uniform block permutation can be factored as a product
of a permutation and an idempotent, and also as a product of an idempotent
and a permutation. We begin by embedding the symmetric group &y in Uy, then
we characterize the idempotents in Uy, and finally we prove the existence of the
factorizations.

2.5.1. Permutations. Let &) denote the symmetric group consisting of the permu-
tations of the set [k]. We identify each permutation o € & with the uniform block

permutation {{1,0(1)},...,{k,o(k)}}, which we also denote by o. Note that the di-

agram representing o is the diagram with an edge connecting i and o (7). (Observe
that under this identification, the product of two permutations o102 maps i € [k] to
o2(01(i)) instead of o1(02(7)); cf. Remark 2.2.) For instance, if s; is the permutation
that swaps ¢ and ¢ + 1 and fixes all other elements of [k], then

si = {{LT}..., (i + 15 {i+1,i),.. {kE}} = I I >< I I

Algebraic Combinatorics, Vol. 5 #5 (2022) 1170
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2.5.2. Idempotents. For every set partition 7 of [k] we define the following element of
Uy

er={AUA: AcT}cly,
where A = {i :i € A}. For example,

o [}
€2|7(14/36|589 = ij .
o o

It is not hard to see that e, is an idempotent, and the next result proves that all
the idempotents in Uy, are of this form.

LEMMA 2.3. The set E(Uy) = {ex : m F [k]} is a complete set of idempotents in Uy.
Furthermore, if Il is the lattice of set partitions of [k] viewed as a monoid with the
join operation V, then the map © — ey is monoid isomorphism from Iy to E(Uy).

Thus,

€r€y = Exyn.

Proof. Suppose d € Uy is an idempotent. We will prove that d = eiop(q), where
Ceop(a) = { (di N [K]) U (d; 1 [K]) : d s a block of d | .

We need to prove d; = (d; N [k]) U (d; N [k]) or equivalently, d; N [k] = d; N [k].

Let us first show that it suffices to prove bot(d) = top(d). Let ¢ : top(d) — bot(d) be
the bijection associated with d that maps d;N[k] to d;N[k]. Then J is a permutation of
top(d) and dod is the bijection associated with dd. Since dd = d, it follows that dod = 4,
and thus J is the identity mapping. Hence, d; N [k] = d(d; N [k]) = d; N [k] = d; N [K].

We now prove bot(d) = top(d); more specifically, if d; N[k] € top(d), then d; N[k] €
bot(d). Consider the three-row diagram constructed by stacking d on top of a second
copy of d, which we denote by d’. We will refer to the three vertices occurring in a
column by v,, v, and v, with v, in the top row, v/, in the middle row, and v in the
bottom row.

View d; as a connected component of d and let d} be the corresponding component
of d’. Write top(d;) = {v1,...,v¢} and top(d}) = {v],...,v;}. To prove d; N [k] €
bot(d), it suffices to prove v, ..., v} belong to the same connected component of d'.

For each v, pick u/, such that u/, and v/ are in the same connected component of
d'. Then u, and v}, are in the same connected component of d. Since v}, ...,v; € d;,
and d; is a connected component, it follows that u1, ..., u, are in the same connected
component of dd’. Since d is idempotent, the connected components of dd’ and d
coincide (up to relabelling). Thus, w1, ..., u, are in the same connected component of
d. Consequently, u},...,u, are in the same connected component of d’, and thus so
are v{,...,vy. O

EXAMPLE 2.4. There are 5 idempotents of U3 corresponding to the 5 set partitions of
[3]. These are depicted below:

(R S o () S o

2.5.3. Permutation-idempotent and idempotent-permutation decompositions. We now
prove that every uniform block permutation can be factored as the product of a
permutation and an idempotent; for example,

S
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It turns out that the idempotents in the above decomposition are determined by d:
they are etop(q) and epot(q), respectively. However, the permutation is not unique.

PROPOSITION 2.5. For every d € Uy, and every o € &y, satisfying o(BN[k]) = BN [k]
for all blocks B of d, we have

d = €top(d) T = T€ bot(d)-

Consequently,
U = E(Ux) S, = S E(Uy).

REMARK 2.6. A monoid M is said to be factorizable if M = GE, where G is a subgroup
of M and E is a set of idempotents in M. Thus, Proposition 2.5 states that U}, is
factorizable.

Proof of Proposition 2.5. Recall from Section 2.3.2 that every uniform block permu-
tation d € Uy, is associated with the size-preserving bijection defined by

top(d) — bot(d)
BNkl — BnN[k]

where B ranges over all blocks of d. If ¢ is any permutation in &y satisfying o(B N
[k]) = B N [k] for all blocks B, then =1 o d maps each block B N [k] to itself, and
so it is the bijection associated with the idempotent eiop(q). Thus, in Uy we have
do—! = Ctop(d) - [l

2.5.4. Properties of idempotents. The following lemma collects some useful properties
of the idempotents in U that we use throughout the paper. They can be proved
directly from the definition of the product of two diagrams.

LEMMA 2.7. Let m t [k], 7 € &) and d € Uy.

a) €r = €.

) top(Ter) = 77 (nw) and bot(e,T) = (7).

) TerT = €r—1(m); COnsequently, exT = Ter(z) and Ty = €r-1(m)T.
) etop(d)d =d and debot(d) =d.

) bot(der) and top(erd) are coarser than or equal to 7.

2.6. PRESENTATION OF Uy,. We recall here a known presentation of U; see [4, 10, 11].
For 1 < i < k, set s; = {{1,1},...,{i,i+1},{i +1,i},...,{k,k}}, which corre-
sponds to the permutation in &, that swaps 4 and i + 1, and b; = {{1,1},...,{i,i +
1,4+ 1},...,{k,k}}. As diagrams

Then s;,b; for 1 < i < k — 1 generate Uy, subject to the following relations:

1) s2=1, 1<i<k-—1 (2) b2 = 1<i<k—1

(3) $i8i4+18i = Si4+15iSi+1, 1 Szg k-2 (4) Si H—lsz—sz—i-lb Si+1, 1 ngk‘—2
(5) (6)

(7) bis; =sbi=0b;, 1<i<k—1 (8)

8i8; = 8;8;, |i—j]>1 6) bis; = sjb;, |i—j|>1

8) bib; =b;b;, 1<i<k—1.

Algebraic Combinatorics, Vol. 5 #5 (2022) 1172
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2.7. Uy 1S AN INVERSE MONOID. We prove that U, is an inverse monoid, which will
allow us to make use of known results for this class of monoids (see [27, Chapter 3]).

A monoid M is called an inverse monoid if for every x € M, there exists a unique
element x* € M, called the generalized inverse of x, satisfying xz*zr = x and x*xz* =
z*.

Given a set partition d of [k] N [k], let d denote the set partition whose diagram
is obtained by reflecting the diagram of d across a horizontal line. Note that if d is
uniform, then d is also uniform. If d is a permutation in Sy, then d is precisely the
inverse of the permutation. Furthermore, it can be verified directly using diagrams
that ~

ddd = d, ddd = d, dd' = d'd, d=d.
Using the fact that the idempotents of i), commute (Lemma 2.3), one can prove
that d is the unique element satisfying ddd = d and ddd = d see the proof of [27,
Theorem 3.2].

PROPOSITION 2.8.

(1) Uy is an inverse monoid, where the generalized inverse of d € Uy, is d.

(2) E(Uy) is a commutative inverse monoid that is generated by (i + 1, 7)b;(i + 1, j)
for1 < i< j <k, where (i+1,7) is the transposition in Sy that swaps i+ 1 and
J-

3. IRREDUCIBLE REPRESENTATIONS OF U},

We will develop the representation theory of Uy using results from the representation
theory of finite monoids as presented in the excellent book by Steinberg [27]. We begin
with a very brief overview to guide our development.

Let M be a finite monoid. Given an idempotent e € M, there is a unique largest
subgroup of M that contains e, which is called the maximal subgroup of M at the
idempotent e and denoted by G,. The irreducible (complex) representations of M
(i.e. the simple CM-modules) are determined by the irreducible representations of the
maximal subgroups G.. We describe the maximal subgroups of Uy in Section 3.1. Two
maximal subgroups G, and Gy of M are isomorphic if the idempotents e and f are
J -equivalent. This equivalence relation is defined in Section 3.2, where we determine
the #-classes of U,. In Section 3.3 we describe the irreducible representations of the
maximal subgroups of Uj,. The construction makes use of an auxiliary representation
called the Schiitzenberger representation that we describe in Section 3.4. In Section 3.5
we construct all the irreducible representations of Uy. Finally, in Section 3.6 we give
a tableau model for the irreducible Uy-representations.

3.1. MAXIMAL SUBGROUPS OF U). As explained above, the representation theory of
Uy can be expressed in terms of the representation theory of its maximal subgroups,
and the subsequent results will describe their structure. The next result identifies the
maximal subgroups of Uj,. Recall that every idempotent of Uy, is of the form e, where
7 is a set partition of [k] (cf. Lemma 2.3).

LEMMA 3.1. Let e; € Uy, be the idempotent corresponding to a set partition 7 - [k].
The mazimal subgroup of Uy, at the idempotent e, is

Ge, ={d el :dd=dd=e,} = {d € Uy, : top(d) = bot(d) = }.

Proof. Let G.,_ be the maximal subgroup of U}, associated with e,. Since Uy is an

inverse monoid, G._ consists of all elements d of U, such that dd = dd = er [27,
Corollary 3.6].
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Suppose top(d) = bot(d) = . By Proposition 2.5, there exists 0 € &, satisfying
d=oce, =eyo and o(r) = 7. Thus,

dd = (exo N(oer) =er and dd = (oey)(exo ') = €o—1(x) = €r-
Conversely, suppose that dd = dd = €r. Write d = oeper(q) With o € G. Then
er = dd = (ebot(a)o ") (T€bot(a)) = €bot(d):

€r = dg: (Uebot(d)) (ebot(d)a_l) = €5—1(bot(d))>
which imply that 7 = bot(d); and 7 = o~ !(bot(d)) = top(d). O

Next, we prove that each maximal subgroup is a direct product of symmetric
groups. For any set B, let G5 denote the permutation group of the elements in B.

PROPOSITION 3.2. Let m = {7y, ..., 7} b [K].
(1) Ge, =6, XS 2 X -+ X &_ ), where 7 is the set of blocks of m of size i.
(2) Let B; ={j : |mj| =i}. If d € G._, then there exists T € Gp, X --- x &p, such
that
d= {7TZ-U7T.,.(1-) 01 éiéé}.

Proof. 1If d € G, then top(d) = bot(d) = 7. Then d is a bijection from the blocks of
7 to the blocks of 7 such that blocks of the same size map to blocks of the same size.
This means that if we consider only the blocks of size i in d, there is a 7(!) € G p, that
describes the bijection for these blocks. Since this holds for any size 7, the permutation
7i=70 x 7@ x ... x 7)€ Gp, x Gp, x --- x Gp, describes the bijection for all
the blocks of all sizes. Since m; — 7.(;), the corresponding set partition has blocks
T U T () O

COROLLARY 3.3. For w - [k] with type(m) = (191292 .. k), we have
Ge, 6,4, X Gy, X -+ X Bg,.

It follows from Corollary 3.3 that G and G, are isomorphic if type(m) = type(y).

Explicitly, 071G, o = G, for any permutation o € &y, satisfying o lero = €y

COROLLARY 3.4. If 1 and 7 are two set partitions of [k] satisfying type(w) = type(y),
then G is isomorphic to G . In particular, there exists a o € &y, such that o(m) =~
and

o 'G..o=G

ey
3.2. _Z-cLASSES. Let x and y be elements of a monoid M. We say that « and y are
I -equivalent if MaM = MyM. This is an equivalence relation; hence, it partitions
the monoid M into classes which are called the ¢ -classes of M. We denote by J,

the #-class containing x. In the next proposition we give a characterization for the
J -classes of U, and show that they are indexed by partitions of k.

PROPOSITION 3.5. Let k be a nonnegative integer.

(a) Every Z-class of Uy, contains an idempotent.

(b) Two elements d,d’ € Uy, are in the same £ -class if and only if type(top(d)) =
type(top(d’)).

(c) The Z-classes are in bijection with partitions A of k. In particular, if d € Uy,
and type(top(d)) = A, then

Jy = Jg = {d : type(top(d')) = \}.
(d) If m F [k] and type(rw) = A, then
Iy ={oe 7 :0,7 € &y}.

Algebraic Combinatorics, Vol. 5 #5 (2022) 1174



Plethysm and UBP

Proof. (a) Every d € U, can be written using the permutation-idempotent represen-
tation as d = oe, for some o € &, where m = bot(d). Then Urdl), = Uroe Uy =
UyerUy, where the last equality follows because o is invertible in . Thus, Jy contains
€r.

(b) Using the permutation-idempotent representation of d and d’ we know that
d = oe, and d’' = o’e, for some 7,7y I [k] and 0,0’ € 6. Furthermore, by Lemma 2.7,
type(top(d)) = type(r) and type(top(d’)) = type(y). Therefore, it suffices to prove that
er and e, are in the same _¢-class if and only if type(m) = type(7).

If type(r) = type(7), then there exists a 7 € &, such that v = 7(7). Also, 7~ te 7 =
er(r)- Hence, uke,yuk = UkTilewTuk = Ure Uy, since L{kT” = U, = TU due to the
fact that 7 is invertible in U}. This implies that any two idempotents e, and e such
that type(m) = type(y) are in the same _#-class.

Observe that Uye Uy, contains elements d such that top(d) and bot(d) are equal to
or coarser than 7(r) for some 7 € &j. Assume that type(y) # type(n) with v, 7 b [k]
and type(y) = (1%12%2 ... k%) and type(m) = (191292 ... k%). Then for some 4, a; # b;.
Without loss of generality assume that a; = by,...,a,_1 = b;_1 and a; < b; for some
1. This means that v has more blocks of size ¢ than 7. Therefore, it is not possible for
7 to be coarser than 7(m) for any 7 € &. Hence, e, ¢ UreUj;.

(c) This is a direct consequence of (b).

(d) Multiplying e, on the left by a permutation results in a diagram whose top is
a permutation of 7 and hence has the same type as m. Similarly, multiplying e, on
the right by a permutation results in a diagram with bottom that has the same type
as w. Hence {oe,7 : 0,7 € &3} C J,. Conversely, suppose d € Jy. We may write
d = eyop(ayc for some o € &y. Since type(top(d)) = type(n), there exists a 7 € &,
such that 7(7) = top(d). Hence d = e,(no = 7~ 'ex70, proving that Jy C {oe,7 :
o, T € 6} O

EXAMPLE 3.6. There are three _¢#-classes for Us:

o= {122}
ran= (3K 111 7% X1 1% 3K
o ={] L7 NI L R R R

When constructing irreducible representations of Uy, we need only one maximal
subgroup for each _#Z-class. It is useful to make this choice standard. Recall that the
7 -classes are indexed by partitions of k. Hence, if X = (1%12%2 .. k®*), we define the
representative set partition associated to A as

3) m={{1},{2},....{a1},{ar + 1,01 +2},...,{a1 + 2a2 — 1,a1 + 2a2},...}.

This is the set partition that uses 1,...,a; for blocks of size one, a; +1,...,a1 + 2a2
for blocks of size two, et cetera. For example if k = 11 and A = (14223!), then

m = {1}, {2}, {3}, {4}, {5,6},{7,8},{9,10,11}}.

In this case, we write G = Ge” and call it the representative mazximal subgroup
associated to A. Note that {G : A F k} is a set of maximal subgroups of U, with each
subgroup associated with a distinct _#-class of U,.

3.3. IRREDUCIBLE REPRESENTATIONS OF THE MAXIMAL SUBGROUPS. We now de-
scribe the irreducible representations of the maximal subgroups G._. From Proposi-
tion 3.2, we know that G., = &, 1) X G 2 X --- x & m), where 7 is the set of
blocks of 7 of size i. Hence, each irreducible representation of G is isomorphic to a
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tensor product of the form Vi @ Vo ® - - - ® Vi, where V; is an irreducible representation
of G, forall 1 <i<k.

Recall that the irreducible representations of the symmetric group & ;) are indexed
by partitions of |7r(i)| and admit the following combinatorial description. As a vector
space, the irreducible representation indexed by the partition A9 is spanned by the
set of standard tableaux with entries the blocks in 7(¥). The action of G, is given
by permuting the entries of the tableaux; however, the result may not be a standard
tableaux, in which case one uses the Garnir relations to express the result as a linear
combination of standard tableaux. For details, see [24, Chapter 2].

For a sequence of partitions A = (A, A®@ . A®)) with A® F |70 let

3y 1 k
Vé., = éi<)1> ©® Vé\,(xic)’
where Vé‘(z) is the irreducible representation of & ¢y indexed by A By the above
discussioni this is an irreducible representation of G._ and all the irreducible repre-
sentations of G _ are of this form. In particular, the irreducible representations of Ge_
are indexed by k-tuples of partitions X = (AM, A®@ . A®)) such that A F |7(?)]
and Y2F | i|7()| = k. This implies that X € I;, with I; as defined in Equation (1).

The combinatorial descriptions of each of the irreducible representations in the
tensor product above combine to give a combinatorial description of the irreducible
representations of G._. In order to state it, we need the following definitions.

DEFINITION 3.7. Let m F [k]. A m-tableau T of shape X = AD AR AR s g
k-tuple of tableaux (T(l),T(2)7...,T(k)), where TW s a standard tableau of shape
XD = | XD filled with the blocks in T of size i.

As a vector space, the irreducible G, -representation V(f‘:e is spanned by the set of

m-tableaux of shape X By Proposition 3.2, every 7 € G can be expressed uniquely
as 7 =7M7@) ... 70 with 7() € &_;). Then the action of 7 on a 7-tableau is given
by

- T=EW. 7O . pk)

where 7() . T is obtained by permuting the entries of the tableau 79, The result
may not be a w-tableau since it may not be standard, in which case we use the
Garnir straightening relations on each component to express the result as a linear
combination of standard 7-tableaux (for details see [24, Section 2.6] or [1]).

EXAMPLE 3.8. Let m = {{1}, {2}, {3,4}, {5,6}}, so that type(m) = (1222). In this case,

AT TS KRR KR

There are four irreducible representations of G._, which are all one dimensional:

2 56
VD) with basis { ( ) } :
,
al ,
(02 5 |-
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3.4. £-CLASSES AND SCHUTZENBERGER REPRESENTATIONS. For each idempotent
e € Uy, we define a (U, G.)-bimodule CL, that is known in the semigroup theory lit-
erature as the left Schiitzenberger representation associated with e. The Schiitzenberger
representations will be used in Section 3.5 to construct irreducible Uj-representations
from irreducible G.-representations. As a vector space, CL. is spanned by the ele-
ments of the Z-class of e, so we begin by studying the Z-classes of U.

Let = and y be elements of a monoid M. We say that x and y are £ -equivalent if
Mx = My. This is an equivalence relation; hence, it partitions M into classes which
are called the Z-classes of M. The £-class of an element x is denoted by L.

PROPOSITION 3.9. Let k be a nonnegative integer.

(a) Two elements dy,ds € Uy are in the same ZL-class if and only if bot(dy) =
bOt(dQ).

(b) Every £-class in Uy, contains a unique idempotent.

(¢) The Z-classes of Uy are in bijection with the set partitions © of [k]. More pre-
cisely,

Ly =L, ={de€Uy:bot(d) =r}.

(d) Forevery A&k, the #-class Jy is a disjoint union of £-classes. More precisely,

Jy = L+J L.

mtype(m)=A

Proof. (a) By Proposition 2.5, every element d € U, can be written as d = gepo(q)
for some permutation o € &y. Thus, Urd = Uroepor(a) = Urepot(q)- The last equality
follows since o is invertible in Uy,. Therefore, if m € Uyepor(ay, then bot(m) is coarser
than or equal to bot(d). Hence, dy,ds are in the same Z-class if and only if bot(d;) =
bOt(dg).

(b) From part (a) we have that an Z-class L contains elements that have the same
set partition 7 as the bottom row. Since there is a unique idempotent, namely e,
that has bottom row m, the result follows.

(¢) Since every .Z-class contains a unique idempotent, the .Z-classes are in bijection
with the set partitions of [k].

(d) By Proposition 3.5(d), Jx = {oer7 : 0,7 € &} and type(w) = A}, while L, =
{oer : 0 € &}. Thus, the result follows. O

EXAMPLE 3.10. There are five .Z-classes for Us:

AKX T X <)

I N B
el A
g
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For any 7 I [k], let CL, be the vector space with basis the elements of the £-class
L. It has a left Uy -action defined by

ml, ifmlelL
4 é — b T
) me {0, else,

for all m € Uy and ¢ € L,, which is then extended C-linearly to all of CL,. The
nonzero products m ® £ can be characterized as follows.

LEMMA 3.11. Let m € Uy, and € € L. Then m ® £ # 0 if and only if bot(m) is finer
than top(¥).

The right Ge_-action on CL, is extended C-linearly from the action of G, on
L, given by right multiplication. Although it is true for any finite monoid that the
maximal subgroup of an idempotent e acts by right multiplication on the Z-class of e
[27, Proposition 1.10], below we provide a proof that is specific to U and we identify
the orbits of this action.

PROPOSITION 3.12. Let 7 be a set partition of [k].
(a) G., acts by right multiplication on L. and this right action is free. In other
words,

o if{e L, andg€G.,, then g € L,; and

o if ¢ € L, and bg = Lh for some g,h € G,_, then g = h.
(b) di,da € Ly are in the same Ge_-orbit if and only if top(di) = top(da).
(c) For every set partition v & [k] such that type(y) = type(r),

LY ={d € Uy, : top(d) = v and bot(d) = 7}

is an orbit for the right G._-action on L., and all the orbits are of this form.
Thus, the G, _-orbits in L, are in bijection with the set partitions v of type(n).

Proof. (a) Let £ € Lp and g,h € G.,, and think of them as bijections as in Sec-
tion 2.3.2. Since bot({) = 7 = top(g), we have that £g is the composition of ¢ and g
(see Remark 2.2). Hence, bot(¢g) = bot(g) = m and so g € L. Similarly, ¢h is the
composition of £ and h. Thus, if g = ¢h, then g = h since ¢ is a bijection.

(b) If d2 = dy1g for some g € G._, then top(d;) = top(dig) = top(dsz) since multi-
plying on the right by an element in G._ has no effect on the top row of the diagram
of d1~

Conversely, if dy,ds € L, and top(d;) = top(dz), then both d; and dy are bijections
from top(d;) to w. Since dids is a size-preserving bijection from 7 to itself, it is equal
to an element g € G._ . By composing didsy = g on the right with d;, we conclude
that d2 = dlg.

(c) This follows directly from (b). O

EXAMPLE 3.13. Let m = 12|34. The .Z-class L, contains 6 elements all with the same
bottom row. The group G._ contains two elements, the identity and the permutation
of the two blocks. Hence we obtain that L, decomposes into three G, _-orbits:

- (T )
a- (4 )
(1% 2
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We will now choose orbit representatives of the right G, _-action of L,. Let LY
be an orbit, where v F [k] and type(y) = type(w). Think of the elements of L) as
bijections £: v — 7. Assume 7 = {m < -+ < m}and v = {m < -+ < .} are
ordered using the graded last letter order. Let £Y: v — 7 be the bijection that sends
v; to m; for all 4. If v = 7, then this is the identity bijection and we have ¢ = e,.

EXAMPLE 3.14. The orbit representative for L}g}gi is Eg’}gi = .

The next result describes the relationship between the actions of U), and G., on
CL,.

PROPOSITION 3.15. Let m € U, and d € LY. If m © d # 0, then there exists a
unique g € Go_ such that md = 02 g, where v' = o= 1(v) for any o € S, such that
m = Uebot(m)'

Proof. Let m € Uy, and write m = gepor(m) for some o € &i. Let d € L] be such that
m ® d # 0. Then md € L., and so bot(m) is finer than top(d) = ~. Since bot(m) is
finer than v, we have epot(m)€y = €, by Lemma 2.3. By Lemma 2.7 we have e,d = d,
which means that md = oepot(m)d = od. Since top(od) = o~ 1(y), we have od € LZT,,
where 7/ = o~1(). By Proposition 3.12, the right G._-action on L is free and L}’
is an orbit for this action. This means that there is a unique g € G., such that
md =) g. O

EXAMPLE 3.16. Let # = 12|34 and v = 13|24. The following diagram equation is an
example of Proposition 3.15, where the left hand side product is md and the right
hand side is £ g with 7' = 23|14 and g = 1234|3412 € G (2.9).

3.5. IRREDUCIBLE REPRESENTATIONS OF Uj. In this section, we explain how each
irreducible representation of Uy, is obtained by inflating an irreducible representation
of one of its maximal subgroups. In Section 3.6, we will describe a tableau model for
these representations.

We begin by identifying a natural indexing set of the isomorphism classes of irre-
ducible representations of Uy.

PRrROPOSITION 3.17. The isomorphism classes of the irreducible representations of Uy,
are indexed by Iy, as defined in (1).

Proof. For any finite monoid M, let Irrc(M) be the set of isomorphism classes of
irreducible representations of M over C. By [27, Corollary 5.6], there is a bijection
between Irrc(M) and |J, Irrc(Ge), where the idempotents e are chosen one from each
F -class of M.

Recall from Section 3.2 that {er, : A\ F k} is a set of representative idempotents for
the _Z-classes of U, and that the associated maximal subgroup G is isomorphic to
Gay X By X+ X Gy, if A= (191292 .. k%) (Corollary 3.3). Hence, the isomorphism
classes of irreducible representations of G are indexed by sequences of partitions
(D A®)) such that AD F a; and S2F_ ia; = k (cf. Section 3.3). O

For X = AW A@  A®) with [A\O] = q;, we define WE(X) = (191292, ko).
Let X € I, , and write A = WE(X) Let VG)‘X be the irreducible representation of G
indexed by X. By [27, Theorem 5.5],

Wi, = Indi%; (V4,) /rad(Indi%; (V2,))
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is an irreducible representation of Uj. Since U is a finite inverse monoid, the
monoid algebra ClUj, is semisimple [27, Corollary 9.4], from which it follows that

rad(Ind% (VZ,)) = 0. Thus,

Wy, = Indg (V2,) = CLa &ca, V2,

where CL) is the left Schiitzenberger representation associated with the idempotent
er, (cf. Section 3.4). Since CL) is a (Uy, Gx)-bimodule, the tensor product CLy ®cg,
Vé‘jA is a left Up-module, where for all d € Uy, £ € Ly and v € VGXA:
(5) d-(lxv)=(dol) .
Notice that the tensor product is over CG\, which is the case throughout this section.

We now describe a basis of ng‘k In Section 3.3, we found that a basis of VéA is
given by the m-tableaux of shape X. To obtain a basis of Wék, it suffices to tensor this

basis with the orbit representatives of the right G -action on L), as we prove next.

PROPOSITION 3.18. Let X € Iy, A = type(N) and m = my. Let {€1 : 7 I [k], type(y) =
A} be the orbit representatives of the right Gx-action on Ly as defined in Section 3.4,
and let By(G\) be a basis for the irreducible Gx-representation Vé‘A indezxed by X

Then a basis for the irreducible Uy -representation W&‘; s
Bs(Uy) = {{I@T: v+ [k],type(y) = X and T € B;(Gx)} .

Proof. Since By(G)) is a basis of Vg}, it follows that Wi}k is spanned by ¢ ® T with
¢ € Ly and T € B;(G»). By Proposition 3.15, if d © £ # 0, then there is a unique
g € Gy and ~ F [k] satisfying type(y) = A and d ® £ = £]g. Thus,

d-((@T)=0goT=10]®gT,
which proves that Wf‘;k is spanned by elements of the form ¢Y @ T.
Furthermore, since {¢) : v F [k], type(y) = A} is a basis of CL, as a right G-

module and By(G)) is a C-basis for the irreducible G-representation Vg}, then
By (Uy) is linearly independent as a vector space over C. O

As a consequence of identifying that the basis is indexed by a pair consisting of a
set partition 7 I [k] such that type(y) = type(\) and a w-tableau of shape A, we have
the following formula for the dimension of the irreducible representation of Uy.

COROLLARY 3.19. Let X = WD XD AR e I and A = type(X), then
. 5 M) @ ()
dim Wy, = spp (VNS A

where spy,(A) is equal to the number of set partitions of type A (see Equation (2)) and
fA is equal to the number of standard tableaux of shape \.

EXAMPLE 3.20. There are five irreducible Us-representations. We give their bases be-
low:
() _ 1123
Wy, = span {€1|2|3 ® ()} )

((2,1)) _ 1‘2|3 ? 1|2‘3 7
Wy, ™" = span {612|3 ® ( 12 \) s ® ( 13 \) }’

1,1,1 112/3
Wz,({g ) = span 51{2}3 & ’
.1
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Wil = span {35 e (1 23]) 155 o (1 28]) s o (LD 28)
Wb(,?’g’(l)) = span {é%%g ® (@, 2, )} .

ExAMPLE 3.21.In this example, we illustrate the action of an element in Uy on a
basis element. To demonstrate with an example that is sufficiently large, take k = 17
and represent the labels 10 through 17 by the letters a through h.

Let X = ((2,1),(2,2),(1,1)) € L1y so that A = type(\) = (132432). Choose our
basis element to be £ ® T € WL)f\n’ where

01 =21]72|¢g3|1345|5b67|6d89|9eab|4accde|8fhfgh

3 67 | ab fgh
- et

1 2" 45| 89 cde

and

Now any element d € U7 such that the number of blocks in d¢) is smaller than
the number of blocks in £} will act as 0.

As an example then, let us consider the action of an element d such that the number
of blocks in d¢) is equal to the number of blocks of ¢). That is, bot(d) must be finer
than ~. Let

d=128|82|9g|ad|bT7|c6|ea|f3|hl|145b|679%|3d4dc|5gfh.
Then the action of d on £ ® T is £ ® g - T, where
v =8|9|b|14|67|ac|fh|3de|25g
and
g=11|23|32]4567|67ab|8989|abd5|cdecde|fghfghe G._,
since df) = E;’r/g. We must then apply some straightening relations on g- T to express
it as a linear combination of the basis elements.

3.6. TABLEAU 'MODEL FOR THE IRREDUCIBLE U-REPRESENTATIONS. We prove that

the basis of Wu in Proposition 3.18 is in bijection with certain sequences of set-valued
tableaux and we describe the action of Uy, directly in terms of these sequences.

DEFINITION 3.22. A uniform tableau of shape )= ADXR)) € I ds a sequence

of tableauz S = (SM ... S such that:

(1) S© is a tableau of shape X filled with subsets of [k] of size i;

(2) SO is standard, i.e. increasing along rows and columns in the last letter order;
and

(3) the subsets appearing in S form a set partition of [k].

We define T to be the set of uniform tableauz of shape X

EXAMPLE 3.23. Here are the elements in T(1

(m&) (@) (@
i
(@ 6) (w1 ) (= 6
).
(@) (@ 8) (= &
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We now define an action of Uy on the vector space CT; consisting of formal linear
combinations of the uniform tableaux in 75 with complex coefficients and then show

that it is isomorphic to the irreducible representation sz‘;k
Recall that Uy is generated by s; and b;, where 1 < ¢ < k — 1, as described in
Section 2.6. For S € Ty, let

(6) b;S = {S, if i and ¢ + 1 are in the same cell in S,

0, otherwise,

and let s;S be obtained from S by interchanging ¢ and 7 + 1. It is possible that s;S is
not standard, in which case we apply the Garnir straightening relations (we illustrate
this in Example 3.26 and refer the reader to [24, Section 2.6] or [1] for details) to
obtain a linear combination of elements in 7. It is straightforward to verify that the
relations in Section 2.6 hold so that CT; is a representation of Uy.

For the next result, we remind the reader that the blocks of set partitions are
ordered using the graded last letter order and that the elements ¢} @ T, where

type(y) = A and T € B;(G\), form a basis of Wf‘;k (Proposition 3.18).

THEOREM 3.24. Let X € I}, and write A = 'rpé(X) and = 5. For £] ® T € B;(Uy),
let p(£X®'T) be the sequence of tableaux obtained from T by replacing the block m; € w
with the block ~v; € v. Then p extends linearly to an isomorphism of representations

p: Wi — CT;.

Proof. Let S = p(¢) ® T). If we view £) as a bijection from + to 7, then S is obtained
by applying the inverse bijection to the entries in T. In particular, p is invertible.

Notice that S € T5: first of all, S has the same shape X as T; its entries are the
blocks of ; each S is filled with blocks of the same size i since £) preserves the
sizes of the blocks; finally, since the blocks are ordered using graded last letter order,
each SO is standard since we have replaced the entries of T with blocks in the same
order as those of 7.

Now we show that the action of U commutes with p. It suffices to show this for
the generators s; and b;. By definition,

bzgz ® T, if bZ@, € Lﬂ—,

b (D @T) = (o) eT=
(GeT)=kiof)e {0, otherwise.

Note that b;¢) € L, if and only if b;¢) = £, or equivalently, if and only if ¢ and 7 + 1
are in the same block of . Thus,

Y@ T, ifiand i+ 1 are in the same block of ~,

0, otherwise.

bi‘(€Z®T):{

Comparing with Equation (6), it follows that p(b; - ({2 @ T)) =b; - p({2 @ T).

Next, we consider the action of s;. Tracing through the definitions, we have

$i- (L1 RT)=(500)T =54 T,

where the last equality follows from the observation that s;£Y € L, because
bot(s;¢)) = .

To describe s;£Y explicitly, write v = {v1,...,7} and 7 = {m,..., 7w} with the
blocks order using graded last letter order, and recall that ¢) is the bijection that
maps v, to 7. If exchanging ¢ and 7 4+ 1 in v does not change the order of the blocks

(ie. si(11) < +++ < 8i(ve) in graded last letter order), then s;¢) = 05 so that
si- (1 eT) = 05 @ T. Tts image under p is obtained from T by replacing each
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block 7; appearing in T with s;(v;), which is precisely the definition of the action of
s;. Thus, p(s; - (L1 @ T)) = s, - p(£1 @ T).

Otherwise, there exist blocks v; and 7,41 with max(y;) = ¢, max(vy;+1) =7+ 1,
175l = |7j+1] and
(1) si(7) = {si(v1), 85 (v2)s - s si(vi—1) 80 (Vy1)s 8:(75), 86 (Vja)s -5 si(e) }

where the blocks are listed in graded last letter order. Then s;¢) = fo('” g, where

g _ 71'1 DR ’7"'] 7Tj+l ... 7Té
71'1 ... 7TJ+1 7'['] ... 776
is the permutation in G that exchanges 7; and ;1. Therefore, the image of s;- (£Y ®

T) = Eff(v) ® g - T under p is obtained from T by exchanging 7; and 7,41 and then
each 7, is replaced with the block in position h of s;(7) (as listed in Equation (7)).
Thus, p(s;- (¢2®T)) is again obtained from p(¢) ® T) by interchanging ¢ and i+1. O

EXAMPLE 3.25. Under the bijection p described in Theorem 3.24 the basis elements
of ngil)’(l)) correspond to the tableaux in 75 as follows:

fime (D) - (1),
ahs e (0 23) - (21 1)) .
fhae (D) - (B 0m).

EXAMPLE 3.26. Let X = ((2,1),(2,2),(1,1)) € I17 so that X = type(}) = (132%32).

As in Example 3.21, we represent 10 through 17 by the letters a through h. Consider

g 5b | 9e 8fh

ol 71 |13|6d|

which is the image under p of the basis element in Example 3.21. Consider the action of

d=128|82|9g|ad|bT|c6|ea|f3|hl|145b|679%e|3d4dc|5gfh

S:

on the uniform tableau S. Since bot(d) is finer than the set partition of the entries of
S, the result is non-zero and is equal to

9 14 | 67
8| b

fh|ac

This is not a basis element because the middle tableau is not standard with respect to
the graded last letter order. We then apply some straightening relations to express it
as a linear combination of the basis elements. The interested reader may then compute
that the action of d on S is equal to the following linear combination:

9 ac | fh 9 67 | £n
8b’1467’ 8b’14ac’

4. THE CHARACTERS OF U}

The last two sections of this paper are devoted to a careful analysis of the characters
of Uy. This development will allow us to give an expression of the character values in
terms of symmetric functions in Section 5 and make explicit the connection between
plethysm and the restriction of Ui-modules to the symmetric group &y C Uy.

Algebraic Combinatorics, Vol. 5 #5 (2022) 1183



R. ORELLANA, F. SALIOLA, A. SCHILLING & M. ZABROCKI

In this section, we describe the characters for the irreducible Uy-representations
that were presented in the previous section. In general, the characters of finite monoids
were studied by McAlister [19]. Here we use the notation described in [27, Chapter
7).

4.1. GENERALIZED CONJUGACY CLASSES. Let M be a finite monoid. For every m €
M, the subsemigroup of M generated by m contains a unique idempotent that we
denote m* (see [27, Corollary 1.2]). One can think of w as representing the smallest
positive integer such that m® is an idempotent. Two elements m and n in M are
conjugate if there exist x, 2’ € M such that z2’z = z, 2’z2’ = 2/, 2’z = m¥, vz’ = n¥
and zm¥tla’ = n¥*1. This is an equivalence relation whose equivalence classes are
called the generalized conjugacy classes of M. Notice that m and m**! are conjugate
for all m € M [27, Chapter 7].

By [27, Proposition 7.4], there is a bijection between the generalized conjugacy
classes of M and the union of the sets of conjugacy classes of the maximal subgroups
Ge,,...,Ge,, where ey, ..., e, are idempotents chosen one from each _¢#-class of M
that contains an idempotent. The bijection is obtained by intersecting a generalized
conjugacy class of M with the conjugacy classes of G.,: exactly one of these intersec-
tions is nonempty. In particular, to select a set of representatives of the generalized
conjugacy classes of M, it suffices to take one element from each of the conjugacy
classes of the maximal subgroups G, ,...,Ge,.

We now apply the above to Uy. Since U, is an inverse monoid, every x € Uy, has
a (unique) generalized inverse T satisfying xZx = = and TzZ = T (cf. Section 2.7).
Therefore, two elements ¢ and d are conjugate in U, if and only if there exists x € Uy,
such that Zz = ¢*, 2% = d¥ and 1z = vt

We next define a notion of “cycle type” for the elements of Uy, which will allow
us to determine whether two elements are conjugate in U. First, let d be an ele-
ment of a maximal subgroup G._ . Then d is a permutation of the blocks of 7 that
maps blocks of size i to blocks of size i for every 1 < i < k. Letting d¥ denote
the restriction of d to the blocks of size i of 7w, we define the cycle type of d to be
cycletype(d) = (M, 1@, ... u™®), where pu is the cycle type of the permutation
d®. For an arbitrary element x € Uy, we define its cycle type to be the cycle type of
7T € G, o. In other words, cycletype(z) = cycletype(z*T1).

PROPOSITION 4.1. Two elements c,d € Uy, are conjugate if and only if
cycletype(c) = cycletype(d).

Proof. Suppose cycletype(c) = cycletype(d) = (™), @, ..., u®). Hence by defini-
tion cycletype(c®t1) = cycletype(d**!). Then ¢¥ = e, and d* e, for some set
partitions 7 and . Moreover, by the definition of cycle type, 7 and v must have type
(191292 k%), where a; = |u(?| for all 1 < i < k. By Corollary 3.4, there exists a
permutation o € & such that 6G. o = Ge_; note that o = o~ for permutations.
Thus, 6c“ 1o and d**! both belong to Ge., and they both have the same cycle type.
Hence, they are conjugate in G._, which implies they are conjugate in Uj: explicitly,
there exists y € G such that y(oc*to)y = d**!, and so the element 2 = oy satisfies
T =Yy =e, =d¥, Tx = 0e,0 = e, = ¢ and xc?T1E = dwTl

Conversely, suppose ¢ and d are conjugate in Uy. Then there exists x € U such
that T = ¥, 27 = d*, and xc¢*T17 = d“*1. Let 7 = bot(z) and v = top(z) so that
¢ = e, and d¥ = e,. Then type(m) = type(y) because z is a bijection from 7 to v that
preserves block sizes. By Corollary 3.4, there exists a permutation o € & such that
0G0 =G, . Thus, octlg and d“*! both belong to Ge., and they are conjugate in
Uy Tt follows that they are conjugate in G., and so they have the same cycle type
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since G,
cycletype(d“ ™).

is a group of permutations. Hence, cycletype(c**!) = cycletype(gc“tlo) =

O

The above gives a straightforward algorithm for computing the cycle type of any
d € Uy,. To find the cycle type of d, we compute d“+! and then find the cycle type of

d“+! € Gy4o. For ji € I, define

Ci = {x € Uy, : cycletype(z)

ExXAMPLE 4.2. The generalized conjugacy classes

{1}

= .

in U3 are listed below:

EXAMPLE 4.3. Consider the element z € U;g with diagram

%%%I

We can then check that 4 is the smallest integer such that z* is idempotent and z* =

er, where m = {{6},{1,2},{7,8},{3,4,5,9,10}}.

diagram:

KE??I:

We deduce that type cycletype = type(m

we conclude that cycletype(x) = cycletype(x ) =
er by permuting the two sets of size 2 (in a cycle

The element z* has the following

AP AP
= v

(5,2,2,1). Since 2° = ze, = ey is

((1)7 (2),®,z,( )) because z acts on
) and fixing the sets of size 1 and 5.

. REPRESENTATIVE CONJUGACY CLASS ELEMENT. In this section, we describe for

each il € I, a representative conjugacy class ele
generalized conjugacy class C}; consisting of all el

ment, denoted dj, contained in the
ements of cycle type ii. As shown in

the previous section, we can choose dj to be an element of a representative maximal

subgroup of Uj.

For any set A = {z1,..., 24} and p = (p1,. ..
tative element of cycle type p in S 4 to be
A
du = (331372 T xlll)(xul"rlxﬂl"rQ T xm-&-uz) to

where d,‘j‘ is expressed in cycle notation. If A i
d, = d;‘.
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Let i = (u™,...,u®)) € Iy and p = 'E/—p%(ﬁ) Recall that G, = &) X+ - x B (1),
where 7(" is the set of blocks of size i in 7. Since dl’iiz €6, forall 1 <i<Ek, we
define

1) (@ (k)

dig = djoy dey -+ djay € G

PROPOSITION 4.4. Let ji € I;,. Then cycletype(d;) = fi.

EXAMPLE 4.5. Let k = 34 and i = ((2,1),2,(3,1,1),(2,2)). Then dj is represented
by the following diagram:

QPR Y I I - SN

4.3. CHARACTERS OF Uj. We give a formula for the characters of the irreducible
representations of Uy, in terms of the characters of the irreducible representations of
the representative maximal subgroups G.

For X € I, let Wli denote the irreducible representation of Uy defined in Sec-

tion 3.5. Its character is the function Xz;)k : U — C defined by

X2y (d) = trace (ps(d))

where B is any basis of le‘k and pp(d) denotes the matrix representing the action of
d with respect to B. Since trace is unchanged under change of basis, this definition
does not depend on the chosen basis.

As in the case of group characters, monoid characters are constant on generalized
conjugacy classes [27, Proposition 7.9]. Therefore, we need only determine the value of

Xi‘,k on the representative conjugacy class elements d; defined in Section 4.2. We begin
by expressing this in terms of the characters X)C\:A of the irreducible representations

Vé‘l. Recall the refinement order on set partitions defined in Section 2.2.

PROPOSITION 4.6. Let X € I, and A\ = 'Efp%(X) If dz € Uy is an element of the
generalized conjugacy class Cy C Uy, indexed by [i € Iy, then

X (d) = D X, (0a),
deC(dp;))
where
o C(dz; \) ={d:d>dg, top(d) = bot(d), type(top(d)) = A}, and
e 04 is the unique element in Gy satisfying df:&p(d) = E?Ap(d)od
Proof. We compute the trace of dz acting on the basis {£], @ T : type(y) = A\, T €
By (Gx)} of Proposition 3.18. Recall that the action of dz on £) ® T is given by

d,;é;A T, if bot(dﬁ@k) =T,

dm- (07 @T) = (d:® £ T =
H (m® )= (dp © ”A)® {0, otherwise.

Writing p = ’%%(/I) and noting that d; is a permutation of the blocks of 7, (since
dg € Gy), it follows that bot(dz(}, ) = my if and only if 7, = bot(dj) is finer than +.
Thus, if 7, is not finer than ~, then there is no contribution to the trace.

Suppose that 7, is finer than . Then we can merge blocks of d; to obtain a

diagram d such that bot(d) = +. Notice that the diagram d satisfies dz¢) = df] .
By Proposition 3.15, there is a unique o4 € G satisfying df] = E;Of(d)ad. Therefore,

dg- (0], ®T) = E?f(d) ® 04T, which contributes to the computation of the trace only
when top(d) = . In this case, dz maps £}, ® T to £}, ® 04T and so the trace is equal
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to the trace of the mapping T — 04T, which is precisely Xé (04) because B*(GA) is
a basis of Vé}y

EXAMPLE 4.7. Let X = (2, (1,1)) and 7 = ((2,2)). Then A = >< ><
and
LU | N w4 m:}-

For each d € C(dj; M), there is a unique 04 € G satisfying d€t°p = K:&p(d)

we illustrate below.

B B gy
LA A XA
A A XA

L A
S( )4 (2 1) (360)

Therefore,

4.4. REFORMULATION OF THE CHARACTERS OF Uj. As observed in Example 4.7,
there can be elements in C'(dz; \) that have the same cycle type in G. For 7 with
type( 7) = A, let

04, which

C(dg; V) = {d € C(dgz; \) : cycletype(d) = I/}
and define b/’; =|C(dg; 7)|. Then rewriting the formula in Proposition 4.6, we have
(8) X (di) = > bE X, (dp)

vel}
type(7)=X

Our next goal is to find an explicit formula for the multiplicities bZ‘

EXAMPLE 4.8. Consider ji = ) € I0, so that
We compute C(dj; V) for three different choices of . These examples will then be

used later to demonstrate how the algebraic formulas capture the enumeration of
these sets.

First consider 7 = (2, (2,1), 2, (1)) € I1o. Starting with the above diagram for dg,
we see that there are two ways of creating a block of size 4, either by adding edges
to the first cycle or the last cycle. Therefore, C(dg; V) consists of the following two
elements

= B XX R

Next consider ¥ = (@, (2), (2)) € I19. To make a cycle of length 2 with three vertices,
the cycle of length two in the middle of the diagram can either connect to the first or
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the last Cycle and it can connect in two ways. Therefore, there are 4 elements in the
set C(dg; vV

{:zf:xm XX XXX
A XX K Fo XXX =X

Finally, consider 7 = (g, (2,2, 1)). There is prec1sely one way to add edges to d; to
obtain an element of cycle type v and so C(dg; V) is the following singleton set

{mﬁm}

Let Aj,..., A, be the blocks of a set partition of [k] so that |A4;] = |A;| for all
1<i,j<r. Suppose that d consists of the blocks {Al,AH_l} for1<i<r—1and
{A, A1} Tf |A;l =qand A; = {(i —1)g+1,(i —1)g +2,...,iq} for all 4, then we
refer to this particular cycle as the canonical r-cycle. Notice that d is an r-cycle in
the sense that if we ignore bars and present the permutation as a two line array, then

d has the form
A Ay - A,
Ag Az - Ay )

In general, a permutation of the blocks A1, As,..., A, is called an r-cycle if there
exists a 0 € &, such that A; — A,(;) and o is an r-cycle in &,.

LEMMA 4.9. Let d € Uy be the canonical r-cycle permuting blocks Ay, ..., A, with
|A;| = TE for all i. If we take unions of blocks of d to get a new diagram d' satisfying
top(d’) = bot(d'), then d’ is an s-cycle where s divides v and the blocks of top(d') are
all of size %

Proof. Suppose d’ is a uniform block permutation obtained by taking the union of
blocks of d and top(d’) = bot(d') = {Bi,...,Bs}, where s < r. Without loss of
generality, suppose that B;j is the block containing A; and B; is the union of r;
blocks. Then B; = A3 UA;,, U---U Aim with 1 < 49 < --+ < 4. If two indices
1,72,...,1, are adjacent, then by the assumption that d is the canonical cycle and
top(d') = bot(d'), By would be the union of all A;. In this case d’ is a cycle of length
s = 1. Otherwise, since d is the canonical r-cycle, we have that AoUA;,11U-- ~UAiT1+1
is the image block of B; in bot(d’) which is the union of r; blocks, we call this block
By. By a similar argument, there are blocks Bs, By, ..., B;,_1 all of size 1 containing
As, A4, ..., Ai,_1, respectively. Notice that B;,_1 contains A, since d maps A;,_1 to
A;, and A, to Ay, so that in d’ A;, and Ay are in the same block, i.e. By, and this block
connects to the block that contains A;,_; and A,. Similar arguments show that A,_;
is contained in B;,_2, etc. So, s = iz — 1 is the total number of blocks in top(d’). In
addition, the blocks By, By, ..., B;,1 contain blocks Ay, Ag, ..., A¢,_1),, and they

are all of the same size. This means that r = (ia — 1), hence |B;| = r1|4;| = AL

Bi B, ... Bs) is an s-cycle. O

k oy r_
< By the description above we see that d <32 B, ... B

There are two takeaways from the proof of Lemma 4.9. The first is that taking a
union of blocks of the canonical r-cycle results in an s-cycle. The second take away is
that if we label the blocks of d’' as in the proof of Lemma 4.9, then B; = U;A; where
j is congruent to ¢ mod s. In addition, the proof implies that the union of blocks of
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the canonical r-cycle results in an s-cycle, where s divides r and there is only one
possible way to get an s-cycle.

ExXAMPLE 4.10. In this example we use squares for the vertices to indicate that the
vertices represent sets A, As,..., Ag all of the same size and containing consecutive

integers. Let
d— Ay Ay Az Ay As Ag\
T\ Ay A3 Ay As Ag Ay ) ’

Then there are three possible ways to take unions of the blocks of d to get diagrams
d’ with top(d') = bot(d’). We can take the union of all the blocks to get one single
block on top and on the bottom, i.e., B = U%_; A;, which yields

- (5)- LA

Alternatively, we can get a two cycle by taking the following unions B; = A; UA3U A5
and By = As U A4 U Ag, which gives

d/_ Bl B2 _ -
T\ By B ] ’

Finally, we can get a three cycle by taking the following unions B; = A; U A4 and
By = Ay U As and B3 = A3 U Ag to obtain

d = By By Bs\ _
S\ B2B3s By ) - '

LEMMA 4.11. Let r,t be positive integers. Let d € Uy consist of t r-cycles so that the

7 blocks in each cycle are labeled Bii), ey Bﬁi) for 1 < i <t and the r-cycles have the

form:

Bf) Béi) ... BY

Bél) B:gz) BY) ’
as obtained in the proof of Lemma 4.9. There are r'~1 ways to take unions of the
blocks of d to get a diagram d’ that is an r-cycle and top(d') = bot(d'). Moreover, the
blocks of d' consist of disjoint unions of the blocks of d, where there is exactly one

block from each r-cycle in d and hence all blocks of d’ have the same size.

Proof. The proof is by induction on ¢. The lemma is trivially true when ¢ = 1. Suppose
that d consists of two r-cycles, the first permutes blocks Bgl), cee Bﬁl) and the other

permutes blocks B%Q), ey B£2). Notice that there are exactly r» ways to form an r-cycle
if the union consists of one block in the first cycle with one block in the second cycle.
Since Bgl) UB](.z)7 for any 1 < j < r, can be a block in the union, by the structure of d

and the requirement that top(d’) = bot(d') we obtain that Bél) U Bj(i)l is a block and

in general Bl(l) UB;?&_1 are the blocks permuted by d’, where j+14— 1 is taken mod 7.

This is an r-cycle because there are r blocks and we have that d’ maps Bgl) U Bj(i)i_l
to the block Bz-(}r)l U B](i)l and, if ¢ = r, then it maps to B%l) U B](?).

To see that these are the only ways to obtain an r cycle, we argue by contradiction.
If the unions contain more blocks from each r-cycle, d’ has fewer than r blocks; and
if the union contains more blocks from only one cycle, then the cycles are not all of
the same size. In either case we cannot get an r-cycle of blocks all of the same size.

Now if we have t > 2 r-cycles, we know by induction that there are =2 ways in
which the first ¢ — 1 form an r-cycle. Now for each way of forming this union there
are r ways to take the union with the last r-cycle. O
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In our next Proposition we want to count the number of elements in C(dg; 7/) for
any [,V € Iy. Here, the parts of both [ and v represent the sizes of cycles. We think
of each component in i = (u,..., u®)) in exponential notation with m;(u(*)) the
number of cycles of length ¢ in d; permuting blocks of size a. For any partition p of
k, let m(p) = (ma(p), ma(p),...,mr(p)), where m;(p) is the multiplicity of ¢ in p.
For i € Iy, define m(j7) = (m(uM),m(u®),... m(u®)), where we think of m(u®)
as a sequence of length k by adding trailing zeros if necessary. Given two vectors

v = (v1,...,v;) and @ = (uy,...,ux) we define (g) = (le)(:ii) (ZZ) Given any
vector partition 7= (7). .. 7(F)) we define

m(@)) _ (m(pM) (m(u®) m(p®)

m(7))  \m(r®) ) \m(r@) m(r(*) )"
In a similar way, the multinomial coefficient generalizes to any vectors. If iy, Us, . .., U

are vectors such that iy + iy + - - - + y = ¥, then

( ' ) (17)(17_61) (17_111_62) (m)
UL, U2y - -, Uyp U U2 us Ug

For any vector partition i € Iy, let £(f1) = 25:1 £(1(*)) be the sum of the length of
the partitions in 7 and m(j7)! = [Ti_, m1 (1) ma(u®)!- - mg(u®)! be the product
of the factorial of the multiplicities of the parts of ji. Furthermore, for a partition pu,
we define m(u)! = mq (u)!mea(p)! - - - mg(p)!.

PROPOSITION 4.12. For i,V € I,

9)
g_ 1 m(f) L) ~1
T (D) (m(?(l,1)),m(77(2,1)),...,m(%’(k:,k))) II o ’

1<k
1<i<e(v)

where the sum is over all sequences T(e o) of T(i,j)’s such that for each Vi(j) # 0,
7(i,§) € I; and i =, . v 7(i, j).

i, 1
Proof. Recall that bg is the number of ways to take the union of the cycles in dz so
that the result d’ satisfies top(d’) = bot(d’) and cycletype(d') = 7.
By Lemma 4.9 and Lemma 4.11 we know that every r cycle in dz can contribute

to exactly one cycle of length s, where s divides r. Fix 1 <j < kand 1 <i < Z(V(j)),

and let C; ; be a cycle of length ui(j) in d’, an element in C(dg; 7). The cycle C; ; is

obtained as the union of cycles in dgz. We record which cycles we use to form C; ; in
a vector partition 7(i,j) that satisfies the following conditions:

(1) For every part ?(i,j)ga) of 7(i,7) there exists a nonzero u,(f) such that ,ugfl) =

ij)f'(i,j)ga), where 1 <a <k, 1 <t <l(F(4,7) @) and 1 < ¥ < ().

(2) The total number of cycles from dz used to construct C; ; is £(7(i, j)).

(3) The blocks that make up C;; have Zi:l |7(i,7)] - @ = j elements and so
7(i,7) € I;.

Condition (1) simply says that if a cycle ugfl) is used in the union that gives C; ;, then

we get a part in 7(¢, 7). Condition (2) is a consequence of condition (1). Condition (3)

follows because C; ; is a cycle that permutes blocks of size j, 7(3, j)ﬁ“) represents the

number of blocks in a cycle of length ,ugfl) that were unioned to get a cycle of length

(4)
Vi .
To count all possible ways to union the cycles of dj to form a diagram d’ € C(dg; V)
we order the cycle lengths: l/i(J) < Vi(/]) if j <j,orif j =7 and ¢ < . If it is
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possible to union the blocks of d; to get d’, then there exists a sequence of 7(3, j)

such that i = 4, ; Z( Dz 7(i,7) and each 7(i,7) € I;. For each such 7(e,e) there are
m (/1)

(m(F(l,1))»m(F(Q,l))7---7m(?(k7k))

partitions 7(7, j). Once the cycles are chosen from d;, we use Lemma 4.9 to get cycles

) ways to choose the cycles from d; to form the vector

of length I/i(j) and then by Lemma 4.11 there are (Vz(j))e(F(i’j))’l ways to union the
cycles indexed by 7(i,j) since by condition (2) there are a total of ¢(7(¢,j)) such
cycles. If the cycles were ordered as described above, there are

1 m (i) > UNVE(FG,G) 1
(10) g;) (m(m, 1), m(7(2,1)), ..., m(7(k, k)) 1@Hgk (i)
1<i<e(v9))

ways to obtain elements d’ € C(dg; V).

However, we want to count the number of ways of obtaining elements of cycle type
U, where the elements of the same length are indistinguishable. In the case when
Z/Z-( 7 = 1/(,] ) the order in which the cycles in dj; are chosen to form the cycles of this
length is interchangeable. Therefore, we need to divide by the ways to permute the
cycles of a fixed length. That is we divide Equation (10) by m(#)! to enumerate b” O

EXAMPLE 4.13. In Example 4.8 we gave three examples of constructing the elements
of C(dz;7V) with fi = ((4,2),(2)). Here, we show how Proposition 4.12 enumerates
these sets.

First, we choose V = (2,(2,1),2,(1)) € I and we compute that there are two
posmble T(e,0) = (7(1,2),7(2,2),7(1,4)) satisfying

((4,2),(2) =2-7(1,2) i 1-72.2) |4 1-7(1,4);

namely,

7(o,0) = (((2),2),(2),2), (2.(2))) and 7(e,¢) = ((2.(1)), ((2),2), ((4),2)).

Note that m(#)! = 1 and in both cases the summands in Equation (10) are equal to
1. Hence bl”; =2.

Now consider 7 = (2,(2),(2)) € I;9. There are again two possible 7(e,0) =
(7(1,2),7(1,3)) such that

((4,2),(2)) =2-7(1,2) 3 2-7(1,3)

and this time they are

(e, 0) = (((2),@), (1), (1))) and  7(e, ) = ((@, (1)), ((2,1),@)).

We have again that m(7)! = 1, however this time we see that the summands for
Equation (10) are both equal to 2, hence bz =4.

Finally, 7 = (2,(2,2,1)) € I o, there are two T(e,0) = (7(1,2),7(2,2),7(3,2))
satisfying

((4,2),(2) =2-7(1,2) |1 2-7(2.2) | 1-7(3,2);
namely,
7(o.0) = ((2).2). (2. (1), (2),2) ) and 7(o,0) = (2 (1)), ((2):2), (2):9)).
The summands of Equation (10) are both 1 for these 7(e, @), but we now have m(¥)! =

2, hence Equation (9) says that bg =1.
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For any partition p = (191292 ... r%") we define

ar

zy = 1"a112%as! .. . 1% a, .

Notice that we can rewrite this as follows:
H /sz 9
1<i<(p)

which is the product of the parts of u times the factorials of the multiplicities. Then
for [ € Iy, we set
Zﬁ = ZN(1)ZM(2) e Zu(k,).
COROLLARY 4.14. For ii,v € I,
(11) by =— =
7

7(o,0) IL:; z765)"

where the sum is over all 7(e,e) such that for each 1 < j < k and 1 < i < L(v19),
7(i,4) € 1 and i = ;51,7 7(i, ).

Proof. In Proposition 4.12 we showed

g_ L m (i SN -1
b= m - (m(?(l,1)),m(7?(2,1)),...,m(%’(k,k))) II o :

1<k
1<i<e(v@)

~

We multiply the numerator and denomlnator of the right-hand side by V ) for all

(i,7) satisfying 1 < j < k and 1 < i < £(v9)). In the denominator, we get zz and in

the numerator all the powers of the l/(] )

g_ L m(f) ENICND)!
bl Zj ﬂz <m(%’(1, 1)), m(7(2,1)),..., m(T(k, k))) H () '

(0,0 1<j<k
lgigg(u(i))

increase by 1; therefore, we have

Note that
(a)
Wyee) = T

1<a<k 7 (i, J)(a)
17 (4,5) ()

)

(@) i5 the cycle length corresponding to 7 (3, ) used in the con-

(4 ), i.e., cycles that satisfy u( 9 = y( )T(Z j)( o) for

some t and t'. Once we substitute this expression for I/(J ) , in the numerator we set the
product of all the parts of i and in the denominator we get products of the parts of
all 7(¢,7) for all 4 and j. Now expanding the multinomial coefficient and regrouping
gives Equation (11). O

where for each t, i,

struction of the cycle of length v;

5. CHARACTERS AND SYMMETRIC FUNCTIONS

This section presents a formula for the irreducible characters of Uy in terms of sym-
metric functions.
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5.1. CLASS FUNCTIONS AND A SCALAR PRODUCT. A class function of Uy is a map
a : U — C that is constant on the generalized conjugacy classes of Uy. In light of
Proposition 4.1, a : Uy, — C is a class function of Uy, if x,y € Uy,

cycletype(z) = cycletype(y) implies a(z) = a(y) .
Denote the set of class functions on Uy, by Cl1(Uy,). The class functions form a C-algebra
under pointwise product (also called the Kronecker product).

Let fi € I;; and define J; : U, — C to be the indicator function of the generalized
conjugacy class indexed by (. That is, for x € Uy,

1, if cycletype(x) = [,
0, otherwise.

(12) Iala) = {

These functions form a basis of the C-vector space of class functions of Uy.

The restriction of a class function a of Uy, to its representative maximal subgroups
G, results in a class function of G. Moreover, by [27, Proposition 7.5 and Proposition
7.6], the function

(13) Res: Cl(Uy) — [ CUG)
Ark
defined by
Res(a) = a|1—[ R

is an isomorphism of C-algebras.
As with the class functions of a finite group, there is a scalar product defined
on the class functions of finite monoids. The scalar product of two class functions

a, B € Cl(Uy) is
(14) <a7ﬂ>Cl(Z/{k) = Z ﬁ Z a(z)B(z).
Ark z€GH

The indicator functions defined in Equation 12 form an orthogonal basis with respect
to this scalar product. That is,

%7 le:ﬁ,
<JX5JP7>CI(Z/11€) - {0:\ else.

The irreducible characters of U}, also form a basis of Cl(U};) [27, Proposition 7.9 and
7.10]; note however that they are not orthogonal with respect to this scalar product.

5.2. SYMMETRIC FUNCTIONS ON MULTIPLE ALPHABETS. Let X = X7, X5,... be an
infinite number of alphabets. We define the polynomial ring

Symx = Clpi[X;] 4,7 > 1],
where the degree of p;[X;] is ¢j. If p1 = (1%12%2 ... r%) is a partition, then we define
PulXj] = piX5] " paX5]2 - pe[X] 77
for i € Iy, we define
PalX] = puo [Xa]pue [Xa] -+ puo [X],

which is an element in Symy of degree k.

For any f[X] € Sym¥k, we say that f[X] is of homogeneous degree k if f[X] is
in the linear span of {p;[X]}zcr, for some non-negative integer k. When f[X] is of
homogeneous degree k, we denote the degree by deg(f[X]) = k. The subspace of
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Symx of elements of homogeneous degree k is denoted by Symy ; and it has the set
of elements {p;[X]}zecr, as a linear basis. Therefore, we have that
Sym;( =D Sym;(,k
k>0
is a graded ring such that if f[X] € Symx ; and g[X] € Symk ,, then f[X]g[X] €

Sym;{,k+z~
We define a scalar product on Symx as follows:

Zp, ifX:/I,

0, else.

(15) (ps[X], pi[X]) = {

Note that (p3[X], pz[X]) = Hle (P [Xi], puco [Xi]), where on the right hand side
the scalar products are in the usual ring of symmetric functions for which the power
sum functions form an orthogonal basis. In particular, for any element f[X] € Symy,

(16) (f1X], pz[X]) is equal to the coefficient of pi[X] in f[X].

Zji
Define also an analogue of the Schur basis. For [i € I, set
Sﬁ[X] =S, [Xﬂsﬂ(@ [XQ] TS k) [Xk] y
where s, [X;] is the Schur function over the alphabet X;. It follows that

1, ifX=/,
17 [X],8,]X]) =
(17 <s)\[ bl ]> {0, otherwise.
Since we know for A, u I a, that the coefficient (sx\[X],p,[X]) = x&, (1), it follows
that
- ~ — AP OV AP @)y AR )
(18) (sx[X], palX]) = x&,, (W')xs,, (W) xs, (1),

k
where a; = |\ for 1 <i < k.

Note that the value on the right hand side of Equation (18) is equal to the irre-
ducible character indexed by X evaluated at an element of cycle type fi of the maximal
subgroup &,, xS, X+ - x6,, ~ Gy, where A\ = ty—pe>(X) = ’Tpé(ﬁ) = (192292 | ko).
5.3. A FROBENIUS CHARACTERISTIC MAP FOR THE MAXIMAL SUBGROUPS (). By
Corollary 3.3, for each partition A = (19129 .. k%) the maximal subgroup G, is
isomorphic to

GGy X Gy, X+ X B, .
The usual Frobenius map for &, sends the irreducible character of &, indexed by the
partition p F r to the Schur function indexed by that partition. We denote this map
by
(ZSGT(XéT) =Su -

Since the maximal subgroups are isomorphic to direct products of symmetric
groups, the Frobenius map can be extended to G by mapping the class functions
of G\ to the k-fold tensor product of the symmetric functions. Under this map, the
image of the irreducible character of G indexed by X € I, with 'Fpé(X) =\ =
(192292 | k%) is

b0, (x&, ) = 66n (Y& AL X0 ) = san [Xilsae [Xa] - 5300 [X4] = s5[X]
Equation (18) states that for X, i € I, with We(X) = We(ﬁ) =,

X (di) = (s31X], p[X])
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which by Equation (16) is equal to the coefficient p‘; [?(] in sy[X]. Furthermore, by

Equation (17), the images of the irreducible characters are all (even if they are not
characters of the same maximal subgroup) orthonormal in Symx .

5.4. A FROBENIUS CHARACTERISTIC MAP FOR U;,. We now extend the characteristic
map from the class functions on the maximal subgroups to the ring of class functions
on Uy.

The Frobenius characteristic map ¢y, = Cl(Uy) — Symx . is defined on the basis
of indicator functions by

~ pi|X
(19) b () = B
Zji
and extended linearly to all of Cl(Uy). Then for any Uk—class function vy, : U, — C,
p L
(20) bu, (V) = Y tu, iX]
pgely Zii

where d; is a representative element from the generalized conjugacy class Cj.

Recall from Equation (13) that we have an isomorphism Cl(Uy) ~ ], CU(GA)
that is given by mapping a class function of U, to the restrictions to maximal sub-
groups. A similar result also holds for the Frobenius characteristic map. Since djz
belongs to exactly one maximal subgroup, Equation (19) implies that

(21) ¢u, () = ¢a,(flay)

AFE

for any f € Cl(Uy).

Since the images of the irreducible characters of G are the symmetric functions
sx[X] and this basis is orthonormal in Symy ;, Equation (21) implies the following
important property of the Frobenius images that we have defined here.

PROPOSITION 5.1. Let X € I, A = 'ﬁ?e(j\'), and let x be a character of Uy. The
multiplicity of Xéx in the restriction of x from Uy to G is equal to

<¢Mk (X)7 SX[XD .
Proof. By Equation (21),

(60 (), 531X1) = {004, (), des (&) )
= Z <¢G«,(X|G7)5¢G>\ (Xék)>

~+k

= (#a: (Xlan), 66, (02,

because the Frobenius images of the irreducible characters of G5 are orthogonal to the
Frobenius images of the irreducible characters of G, if v # A. Since ¢¢, (xé‘;x) = sy[X],

<¢UA(X)’SX[X]> = <¢G/\(X|G,\)?¢G,\(Xé,\)> = <¢G/\ (X'GA)7SX[X]>a

which is the coefficient of s;[X] in ¢g, (X|c, ); or in other words, it is the multiplicity
of the irreducible Gy-representation indexed by A € Ij; in x|q, - O

Moreover, the Frobenius characteristic function ¢, has the property that

<,J j>\>C:1z/1) <¢Uk( )ad)uk(jx»

where, to be clear, on the left hand side of the equation the inner product is on the
class functions from Equation (14) and on the right hand side the inner product is on
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the symmetric functions from Equation (15). Hence ¢y, is an isometry with respect
to the inner products on the class functions of U, and the inner product on Symy ;.

Let 1y, denote the trivial character for U, (this is the irreducible character indexed
by (@,...,9,(1)) € I, with r—1 copies of @). This is a class function with the property
that 1z (a) =1 for all a € U,.. Then let

(22) E,:=E[X1, Xo, ..., Xo| = oy, (1)
(23) _ Z P/;[?(]
ger. H
(24) = Z Say [X1]5a2 [X2] c Sa, [XT] .

(1¢1292...par)}p

The symmetric function F, is the generating function for the character values for
the trivial representation of U,.. It will serve as a building block in a formula for the
other the irreducible characters of U,..

The notation we have been using for symmetric functions can be extended to
allow substituting an expression in place of a set of variables. This is called plethystic
notation and more details can be found in [14], but for our purposes the following
should suffice. For an element A € SymX, let pi[A] be the element obtained by first
expressing A in the power sum basis and then replacing each p,.[X;] appearing in the
expression with pg,.[X;]. Since every symmetric function f € Sym is a polynomial in
the power sum elements pq, ps, ps, . . ., we define f[A] to be the element obtained from
f by replacing each p; with p;[A]. This notation is consistent with the expressions we
have used thus far once we identify X; and p;[X;].

REMARK 5.2. This notational extension is useful for providing a generating function
for Equation (24). For any r > 0 and expressions A and B, we have

.
soldl =1, s [A+B|=Y s[dls,[Bl,  s[tX;] = s, [X).
i=0
The middle expression above is sometimes known in the literature as the alphabet
addition formula. Applying these to expand the expression below in ¢, we have

sp[l 4 tX1 + 12 Xg 4 -+t Xy = 14 Byt + Ext® + -+ Eyt® + - 4+ s [Xp]t" .

The coefficient of t" for » > k in the expression on the right hand side above are
symmetric functions that are not necessarily equal to E,. since they will depend on
both r and k.

We will use the shorthand notation
Sx[E] = S\ [El]S)\(z) [Eg] s Sa(R) [Ek]
and

P;[E] = pro) [Er]pa@ [E2] - - paoo [E] -

Then as a corollary to Equation (11), we have that the coefficients bg are given by
the following symmetric function expression.

COROLLARY 5.3. For ji,V € Iy,
(25) b = — (ps[El, paX]) .

Proof. This is found by expanding pz[E] in the power sum basis and taking the
coefficient of pz[X] to show that it agrees with Equation (11) using Equation (15).
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Using Equation (23),

1 L e P X]
(26) I nelE) =11 I re| > =20
Y oa=1 Yoj=1 7(i,5) €1, 7(4,4)
k g(,,(j)) ) X
1 pu(”F(i,j)[ ]
(27) =L > ==
20550 i1 #gyer;  2T(9)
where in the terms of the sum, we note that I/( € Zx( and the expression 1/(]) 7(i,7) is
to be interpreted as (Vi(J)F(i,])(l) v 7, ])(2) V7, )®) where for a positive

integer a and a partition A F r we have a\ = (a)\l7 ada,...,axyy)) - ar.

The coefficient of pii[_x] is equal to the sum of the coefficients such that for each
i
1<a<k,

k()
(28) U ti-J 1% j)’T (4,4) “) = ﬁ(“)
j=1 =1
More specifically the coefficient of Pi [f(] in Equation (27) is equal to
1 Z;

(29) - 5(]) ’
7 #(er0) HJ 1 H )Z‘F'(i,j)

where the sum is over all sequences of partitions 7(4,j) € I; for 1 < j <k, 1 <
¢(v\9)) such that Equation (28) holds.

(/AN

As a consequence, we have the following symmetric function expression for the
character table of the uniform block permutation algebra ClAy.

THEOREM b5.4. Let Xg{k be the irreducible character of Uy, indexed by X € Iy. For
i € Iy, let di € Uy, be any element such that cycletype(dz) = fi. Then

(30) 2o (dg) = (s5[E], pa[X])
As a consequence,
(31) bu OZy) = s5[E] -

Proof. Since characters are class functions, they are constant on generalized conjugacy
classes and so it suffices to prove the result for the conjugacy class representatives dj
defined in Section 4.2. By Equation (15), {pz[X]}# is an orthogonal basis, hence for
any symmetric function alphabet Y = Y7,Y5, Y3, ..,

=3 (s5l¥potv)) P2
We can expand

32 (55(B1pslX]) = Y- (5518, pot)) (P22 i)

Zy

This last expression is equal to Xz%tk (dz) by Equations (25), (18) and (8). Equation (31)
follows from (20) and the fact that for any f

=St pofx)) P2

Zy
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Theorem 5.4 allows us to compute the character table for U), using symmetric
function computations. In order to write down the character table, we define a total
order on the elements in I;. To do this we first define the reverse lexicographic order
on partitions: we say A <,; u if we have \; > p; at the first index ¢ where A and p differ.
This is a total order. For example, (5) <, (4,1) <11 (3,2) <u (3,1,1) <u (2,2,1) <q
(2,1,1,1) <u (1,1,1,1,1). Now for X, i € Ix, we say \ < /i if type(\) <y type(id) or if
WE(X) = ty?a(ﬁ) and there exists an 1 <4 < k such that A = p() forall 1 < j <
and \() <, u(i).

EXAMPLE 5.5. The matrices are presented below with the rows and columns ordered

from smallest to largest from the top row of the matrix to the bottom. The elements of

I, are presented compactly by dropping a layer of enclosing parentheses and commas.
The character table of Uy is

The character table of U5 is

(9,0, D)[1]1] 1 11

(1,1) {0j1] 0 13

(3) oo 1 11.

(21) 0/0|—1 02

(111) jojoj 1-11

The character table of Uy is

(2,0,0,D)[1[1] 11] 11 1 1 1 11
(1,2,1) |0[1] 00| 02/ O 1 0 24
(2,2) oo 11 11/ 1 0 3 13
(2,11) 0/0|—-11| 11|]-1 0-1 13
(2,1) 0lo| 00 11 0 0 2 26
(11,1) 00| 00/—-11] 0 0—-2 06 .
(4) 0|0 o0, 00O 1 1 1 11
(31) 0|o| 00l 00|-1 0-1 13
(22) 0lo| 00l 00 0—-1 2 02
(211) 0lo| 00l 00 1 0-1-13
(1111) 0/0|] 00/ 00O/-1 1 1-11

5.5. FACTORIZATIONS OF THE CHARACTER TABLE OF U. In [26, Section 7], Stein-
berg describes two factorizations of the character table for finite inverse semigroups
in terms of the character tables of its maximal subgroups. We describe both of these
factorizations here in Proposition 5.7 and Proposition 5.9 below.

The first factorization uses an upper uni-triangular matrix By with non-negative
integer entries. The general description for the entries in By, is discussed in [26, Propo-
sition 7.1] in which Steinberg remarks that computing this matrix is in general a
“daunting task.” In [25, Corollary 3.7], Solomon computes this factorization for the
character table of the rook monoid. For the uniform block permutation monoid Uy,
our formula for the entries of By in terms of symmetric functions will follow from the
results in Section 4.4.

The second factorization uses a different upper uni-triangular with non-negative
integer entries Uy. Its entries are the multiplicities of the irreducible representations
of the maximal subgroups when we restrict an irreducible representation of Uy, to its
maximal subgroups. Our interest in this matrix arises because of a relation with the
operation of plethysm described in Corollary 5.11.
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Throughout this section we assume that I is totally ordered as in Section 5.4. This
order satisfies the condition that if {e,, | A F k} are the idempotent representatives
for the #-classes of Uy, then Uyer, Uy, C Uyer, Uy implies y <y v. In particular, the
largest element is 1 = (1¥) since er i, 18 the identity element of Uy, and v = (k) is the
smallest element since €rin has one block and €re) is the only element in ukem)uk.

Let X} be the character table of U}, which we view as a matrix, and whose entries
are denoted by X S The following result summarizes the properties of X proved in
the previous section. They will be used to factor Xj as the product of two matrices.

PROPOSITION 5.6. Let Xj, = (X
matriz. Then

X,E)X,ﬁelk be the character table of Uy viewed as a

X5 = Xiy, (da) = (s5[E], palX])

and Xy, is upper block diagonal with respect to the total order on Iy defined in Sec-
tion 5.4.

Define Aj, = (AX,,I) 5. ger, © be the block diagonal matrix whose diagonal blocks

are the character tables of the maximal subgroups of Uy; explicitly, AX;Z = 0 if
— N . X — 1

type(N\) # type(ii), and otherwise AXﬁ = X¢, (dz), where A = type(\). By Equa-
tion (18),

A5 = Xe, (dp) = (35X, pa[X])

Define a second square matrix By = (BX ﬁ)Xﬂelk’ with the entries from Corol-
lary 5.3,
7 p7(E]
By = by = < 7y H[X]>

PROPOSITION 5.7. The matrix Ay is block diagonal, By is upper uni-triangular with
non-negative integer entries, and

X, =Ag - By .

Proof. The statement that X = Ay - By is a restatement of Equations (8) and (32).

It W(ﬁ) = 'Fpe?([[), then bg is the number of ways of merging parts of dj; to obtain
an element of cycle type v/. There is of course one way to do this if ¥ = i and zero
ways if typé(f1) <. typé(?). O

ExampLE 5.8.If £k = 2, the character table for the maximal subgroups in block
diagonal form and the matrix B are

If £ = 3, the character table for the maximal subgroups in block diagonal form and
the matrix B are

(z,2,1)[1/0] 0 00 (2,2, 1)[1|1]111
(1,1) [0[1[ 0 00 (1,1) Joj1j013
As="(3) Jojo] 1 11 Bs=(3) [0[0[100 .
(21)  |ojo|-1 02 (21)  |ojojo 10
(111) Jojo| 1-11 (111) |ojojo 01
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If kK = 4, the character table for the maximal subgroups in block diagonal form is

(2,2,2,1)[1|0 00| 00 O O O 00
(1,2,1) |0[1] 00 00/ O O O 0O
(2,2) 00| 11/ 00/ 0 0 0 00
(2,11) 0l0|—11f 00/ O 0 0O 00
(2,1) 00| 00/ 11/ 0 0 0 00
Ay = (11,1) 00| 00/—-11) 0 0O O 00
(4) 0|0 00/ 0O 1 1 1 11
(31) 0lo| 00l 00/|-1 0-1 13
(22) 0l0| 00l 00/ 0—-1 2 02
(211) 0lo| 00f 00/ 1 0-1-13
(1111) 0/0] 00/ 00/—-1 1 1-11
and the matrix By of values bg is
(2,00, D)[1|1[1 11111111
(1,2,1) ]0/1/00[02(01024
(2,2) 0[0(10[00/10200
(2,11) 0/0|01{11/00113
(2,1) 0{0j00j10/00210
B, = (11,1) 0[0[00/01/00016 .
(4) 0{0(00]00|10000
(31) 0{0(00]00/01000
(22) 0[0(00]0 000100
(211) 0{0[00]0 000010
(1111) 0{0[0 00000001

The second factorization arises from the isomorphism in Equation (13), which is
induced by restricting class functions of U} to the maximal subgroups Gy. By [27,
Theorem 6.5], the matrix corresponding to the restriction isomorphism, which we
denote by Uy, is upper triangular with 1s on the diagonal. Since Clj, is semisimple,
the entries of the matrix Uy are the multiplicities of the irreducible representations
of the maximal subgroups when we restrict an irreducible representation of Uy to the
maximal subgroups. Thus, Uy is sometimes known as the decomposition matriz.

PROPOSITION 5.9. Define the matriz U, = (Ui,ﬁ) S el by
Uxﬁ = <S;\‘[ELS[[[X}> .
Then Uy is upper uni-triangular with non-negative integer entries, and

X =Uk - Ay,

where Xy, is the character table of Uy, (see Proposition 16), and Ay is the block di-
agonal matriz whose blocks are the character tables of the maximal subgroups (see
Proposition 5.7).

Proof. For X, 7 € I, and v = typé ( ),
5= (9u 066, (xG,)) = (s3[E],s5(X]) -

By Proposition 5.1, the entries of this matrix are multiplicities of irreducible repre-
sentations in a restriction and hence they are non-negative integers; more precisely,
Us  is the multiplicity of the irreducible G-representation V4 in the restriction of

the irreducible U} -representation WMXk to the maximal subgroup G,.

Algebraic Combinatorics, Vol. 5 #5 (2022) 1200



Plethysm and UBP

The factorization Xy = Uy, - Ay is a consequence of the fact that {sz[X]}sey, is an
orthonormal basis of Sym ;, so that

(3B, palX]) = > (s5[E], s[X]) (s[X], pilX]) -
vely
Now if we examine the expansion of s;[E], then if type(7) <y type(N), there exists
an 7 such that the multiplicity of r in type(7) is @ > 0 and in type()) it is smaller
than a. This implies that the degree in X, in the symmetric function ¢g, (Xéu) isa

but that all terms in s3[E] = ¢y, (Xf;k) have degree in X, smaller than a and hence
Us»=0.

Note that s;[E] is equal to s3[X] plus terms that are of not of the same degree in
the same variables as sy[X]. Therefore, Uss=1land Uz, =0if X # 7. We conclude

that Uy is upper uni-triangular. O

ExamMPLE 5.10. For k£ = 2,3,4, the matrices corresponding to the multiplicities of
an irreducible representation in the restriction from the uniform block permutation
algebra to the maximal subgroups are given by

(2,2,1)[1{1|100

(1,1) Jo[1|j110

Us = (3) 0joj100 ,

(21) 0[0j010

(111) joj0oj0 01

and

(9,2,2,1)|1|1]10{10/{10000
(1,2,1) |0J1{00{11{]11000
(,2) 0[0{10/10/10100
(2,11) 0[0{01j10/01000
2, 1) 0[0j00[T0[T1100
Us= (11,1) |ojojoojo1j01010 .
(4) 0[0[00[00[T0000
(31) 0/0/00/00{01000
(22) 0[0{00j00j00100
(211) 0[0{00j00j00010
(1111) 0[0{00j0 000001

To dispel the impression that the entries Us 7 are always 0 or 1, we note that
Ui, (1),)),((3),(1)) = (51[E2]s1[E3], s3[X1]s1[X5]) = 2.

To indicate the importance of the decomposition matrix of Uy, we note in the
following result that some of the entries of the matrix Uy correspond to the Schur
expansion of certain symmetric function expressions involving plethysm. One objective
of this research is to give a description of the decomposition matrix in order to provide
an interpretation of these coefficients.

COROLLARY 5.11. For u F k and Xe Iy, the multiplicity of the irreducible Sy -module
ng in the restriction of the irreducible Uy-module Wg,‘k to &y, is equal to

(33) <S>\(1) [81]8)\(2) [82] crSa(k) [Sk}, 5H> .
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Proof. Since G(xy = &, Proposition 5.1 states that the multiplicity of ng in

Ue TN i
Resg' Wy, 1s

(34) (61 (O )s 060, (5,) ) = (s3[EL sulX1])
Now sy[E] has symmetric functions involving the alphabets X5, X3,..., X} while

s,[X1] does not. Thus, the value in Equation (34) is not changed if we set each of
those alphabets equal to 0 in s;[E]. From Equation (24), we know

Er|x,=Xy==x,=0 = $r[X1],

and therefore the right hand side of Equation (34) is equal to
(sxo [s1[Xa]lsxe [s2[Xa]] - saom [se[Xa]], su[X1]),

which is the same as Equation (33) upon dropping the reference to the variables
Xi. O
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