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On generalized Steinberg theory for type
AIII

Lucas Fresse & Kyo Nishiyama

ABSTRACT The multiple flag variety X = Gr(CP14,r) x (FI(CP) x FI(C?)) can be considered as
a double flag variety associated to the symmetric pair (G, K) = (GLp+4(C), GLp(C) x GL4(C))
of type AIII. We consider the diagonal action of K on X. There is a finite number of orbits for
this action, and our first result is a description of these orbits: parametrization (by a certain
set of graphs), dimensions, closure relations and cover relations.

In [5], we defined two generalized Steinberg maps from the K-orbits of X to the nilpotent
K-orbits in £ and those in the Cartan complement of ¢, respectively. The main result in the
present paper is a complete, explicit description of these two Steinberg maps by means of a
combinatorial algorithm which extends the classical Robinson—Schensted correspondence.

1. INTRODUCTION

1.1. A MULTIPLE FLAG VARIETY AND ITS ORBITAL DECOMPOSITION. In this paper,
we consider the multiple flag variety

(1) X =Gr(V,r) x F(VT) x F(V ™),
where
e V = CP"4 is equipped with a polar decomposition V = VT @V~ with V' =
C?P x {0}7 and V— = {0}? x C%;
e Gr(V,r) denotes the Grassmann variety of r-dimensional subspaces of V;

e FI(V*) and F1(V~) denote the varieties of complete flags of V™ and V—,
respectively.

Each factor of the variety X has a natural action of

a0
0d

and X is endowed with the resulting diagonal action of K.
The multiple flag variety X can be written in the form

X =G/P x K/Bg,

where G = GL(V), P C G is a maximal parabolic subgroup, Bx C K is a Borel
subgroup. In this way, X is a double flag variety associated to the symmetric pair

K :=GL(V') x GL(V") = {( ) ta € GL,(C), de GLq((C)} C GL(V),
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(G, K) in the sense of [10] and [8]. In particular, it is known from [10] that the above
variety X has a finite number of K-orbits.

In [3, 5], we have initiated an analogue of Steinberg theory for double flag varieties
associated to symmetric pairs such as X. Specifically, we have defined two Steinberg
maps, from the set of K-orbits of X to the sets of nilpotent K-orbits of ¢ := Lie(K)
and of its Cartan complement s, respectively.

For general symmetric pairs, the calculation of the generalized Steinberg maps
appears to be quite difficult. In [5], we have considered the variety X of (1) in the
special case where p = ¢ = r and we have computed the Steinberg maps on a special
subset of K-orbits parametrized by partial permutations. The present paper deals
with the variety X of (1) and its K-orbits in full generality.

Here we summarize the main results achieved in this paper:

e We describe completely the decomposition of X into K-orbits: we give a para-
metrization of the orbits (in terms of certain graphs), we provide a dimension
formula, and describe the closure relations and the cover relations; see Section
2.2.

e Our main result (Theorem 2.5) is the calculation of the two Steinberg maps
mentioned above. This calculation is concrete, and it is done by means of a so-
phisticated combinatorial algorithm that generalizes the Robinson—Schensted
correspondence; see Sections 2.3-2.4.

In the following subsection, we explain the construction of the generalized Steinberg
maps and we give more insight on our main result.

1.2. CONORMAL VARIETY AND STEINBERG MAPS. We consider the Lie algebras

a0
g=g9l,,C)Dt= {(0 d) ra€gl,(C), de g[q((C)}
and a Cartan decomposition

g=tds where 5= {(2 8) :beM,,(C), cEMq,p((C)}.

We write © = x¢ + x5 with (¢, zs) € € x s for the decomposition of an element z € g
along the Cartan decomposition. Moreover, we identify the Lie algebras g and ¢ with
their duals g* and " through the trace form.

Any partial flag F = (Fp =0 C Fy; C ... C F = V') of a vector space V' gives
rise to a parabolic subalgebra p(F) of gl(V’) and the corresponding nilradical nil(F)
defined by

p(]:) = Stabg[(vf)(f) = {l’ S g[(V’) : J)(FZ) CF;, Vi=1,.. .,k},

For a subspace W C V', we denote by p(W) and nil(W) the (maximal) parabolic
subalgebra and the nilradical associated to the partial flag (0 Cc W C V).

As explained in [5, §3], the cotangent bundle 7*X inherits a Hamiltonian action of
K, which gives rise to a moment map ux : T*X — € = €. The nullfiber Y = u3'(0)
is called a conormal variety. It can be described explicitly as

V={(W,F*,F,2) € X x gl(V) : 2 € nil(W), z¢ € nil(F) x nil(F)}.

Every K-orbit @ C X yields a conormal bundle 73X that can be realized as a
(locally-closed) subvariety of ) given by

TexX = (W, F*,F,2)eY: (W,F+,F) O}

The variety ) is equidimensional of dimension dim X, and its irreducible components
are precisely the closures of the various conormal bundles 733X, since the set of orbits
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X/K is finite. One can find a more comprehensive introduction to the theory of
conormal varieties in [5, §3] (see also [1]).

The conormal variety Y is equipped with two K-equivariant projections to € and
5, namely

Ge:Y =t W, FH F  2)rsxe and ¢s:Y — s, (W, FH F ™ 2) = a,.

It immediately follows from the description of the conormal variety that the image of
¢ is contained in the cone of nilpotent elements NV C €. It is shown in [3, Proposition
4.2] that (for the variety X considered in this paper) the image of ¢4 is also contained
in the nilpotent cone N, C s. It is known that both nilpotent cones NV and N; consist
of finitely many adjoint K-orbits

Therefore, we can define two maps

Dp: X/K - Ne/K and O, X/K — N, /K

in the following way: for every orbit O € X/K, define ®¢(0) € N¢/K, resp. ®;(0) €
N;/K, as the unique nilpotent K-orbit which is open and dense in the image of the
conormal bundle 733X by the projection map ¢, resp. ¢s. According to the terminology
introduced in [5], we will refer to @, as the symmetrized Steinberg map and to @, as
the exotic Steinberg map.

In Section 2.3, we describe the maps ®; and ®,. In [5], in the special case where
p = q = r, the images ®P¢(0) and P;(0) are determined when an orbit O is contained
in a “big cell” of X/K. Moreover, in Section 2.4, we describe the fibers of ®; by
means of a combinatorial procedure that extends the classical Robinson—Schensted
correspondence; this also generalizes [5, Theorem 7.8]. In this way, the results in the
present paper are new and complement those in [5], as now we have a full description
of the two Steinberg maps and a better understanding of them at the same time.
Note that the results given in Section 2.3 regarding ®¢ and for p = g = r were already
announced in [4, §2] without proofs.

2. MAIN RESULTS

2.1. COMBINATORIAL NOTATION ON PAIRS OF PARTIAL PERMUTATIONS. By %, . we
denote the set of p X r matrices whose coefficients are 0 or 1, with at most one 1
in each row and each column. (If p = r, we recover the set of partial permutation
matrices considered in [5].) By T = T, ;) » we denote the set of (p + ¢) x 7 matrices
of rank r (we have r < p + ¢) of the form

T1
w = ,
T2

where 7 € T, and 72 € T, . Note that the symmetric group &, acts on T by right
multiplication, and we denote the quotient set by T = T/&,..

In Section 2.2, we will show that the elements of T parameterize the K -orbits of X.
a) Graphic representation of a pair of partial permutations:

We represent any element w € T by a graph G(w) obtained as follows:

e The set of vertices consists of p “positive” vertices 17,..., p* and ¢ “negative”
vertices 17,...,q ", displayed along two horizontal lines.

e Put an edge between iT and j~ for every column of w that contains exactly
two 1’s, in positions ¢ (within the block 71) and p + j (within the block 7).

e Put a mark at the vertex it, respectively j~, for every column of w that
contains exactly one 1, in position ¢ (within 7 ), respectively p+j (within 73).
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For instance, for (p,q) = (5,3) and r = 4,

0000
1000 1t 2t 3t 4t 5t
0000 . . ®

_lo100 _

@) w=|[o100 = g(w)X
0100 ®
0001 - 2 33—
1000

We will say that a vertex is free whenever it is not a marked point nor an end point
of an edge (like 17 and 3% in the above example).

In general, the assignment w + G(w) establishes a bijection between T and the
set of graphs with vertices {1%,...,pT} U {17,...,¢7}, exactly r edges or marked
vertices, where every vertex is incident with at most one edge, and such that there is
no edge which is incident with a marked vertex or joins two vertices of the same sign.
b) Numerical invariants for the graph:

The following data associated to an element w € T and its graphic representation
G(w) will play a role in the statement of our main results.

e Set the degree of a vertex of G(w) as 0, 1, or 2, depending on whether this
vertex is free, incident with an edge, or marked.

We define a™*(w), respectively a™(w), as the number of pairs of positive
vertices (iT,71) with ¢ < j and deg(i™) < deg(j™), respectively pairs of
negative vertices (7,7 7) with ¢ < j and deg(i™) < deg(j ™).

Let b(w) be the number of edges of G(w).

Finally, let c(w) be the number of crossings, i.e. pairs of edges (iT,57),
(k*T,£7) such that i < k and j > /.

e For all (i,5) € {0,1,...,p} x {0,1,...,¢}, let r; j(w) be the number of edges
and marks contained in the subgraph of G(w) formed by the vertices k™
(1 <k<i),l (1<L<j) and the edges/marks contained within this set
of vertices. Let R(w) = (r,j(w))o<;<p. 0<jcq P the (p+1) x (¢ + 1) matrix
containing these numbers.

In particular, r; o(w) (resp. 7o, ;(w)) is the number of marked vertices among

(1+,...,iY (resp. {17,...,57}).

In Section 2.2, the numbers a*(w), b(w), c(w) appear in the dimension formula for
the K -orbits of X, while the matrices R(w) are used to describe the inclusion relations
between orbit closures.

e We decompose {1,...,p} =T U LU L in the following way: I, resp. L, resp.
L/, denotes the set of elements i € {1,...,p} such that i is a vertex of G(w)
of degree 1, resp. 2, resp. 0.

We decompose {1,...,q} = JUM UM’ in the same way: J, resp. M, resp.
M, consists of the elements j such that j~ has degree 1, resp. 2, resp. 0.

Let o : J — I be the bijection defined by letting o(j) = ¢ if (i7,57) is an
edge in G(w).

Note that w is characterized by the subsets I, L, L', J, M, M’ and the bijection
o:J — I. In Section 2.3, these data are used to compute the symmetrized and ezotic
Steinberg maps, by means of a combinatorial algorithm.

Note also that we have b(w) = #I = #J, and ¢(w) is the number of inversions
of o.
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EXAMPLE 2.1. Let w be as in (2). Then,

S
+
—~
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~
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=~
QI
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€
~
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—~
&
~
|
N
o
—~
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~
Il
\')—‘
=y
—~
&
~—
Il
EE=R=R=N=l)

vMHOOOO
WM == e
AW N =

I={2,4}, L={5}, L' ={1,3},

J={13}, M= {2}, M' =2, o= <‘11 g) € Bij(J, ).
Note that the matrix R(w) can also be viewed as a plane partition.

2.2. ORBIT DECOMPOSITION OF THE MULTIPLE FLAG VARIETY X. Recall that we
consider the space V = CP™4 endowed with the polar decomposition

V=VtaV- where VT =CPx{0}? and V~ ={0}* x CL
Let

Ff = (C x {0)7 x {02, and  Fy = ({0} x ©F x {0}779),

be the standard complete flags of V* and V.

Every (p+ ¢q) X r matrix w determines a subspace [w] :=Imw C V, which remains
the same up to permutation of the columns of w. In particular, every w € ¥ determines
a point [w] in Gr(V,7), and thus a point ([w], F",F; ) in X = Gr(V,r) x FI(VF) x
F1(V~).

THEOREM 2.2. (1) Buvery K-orbit in X is of the form Q,, = K - ([w], F, Fy) for
a unique element w € T = Tip.q)r/Sr.
(2) dimO,, = p(pgl) + q(qul) +at(w)+a (w)+ b(W)(béw)H) + c(w).
(3) O, is the set of triples (W, F* = (F;")}_o, F~ = (F} )]—,) € X satisfying the
condition
dim W N (F;" + F)=rijw) forall(i,j) €{0,...,p} x{0,...,q}.
(4) O, C O if and only if r; j(w) = r; ; (W) for all (i,5) € {0,...,p}x{0,...,q}.

As a complement of this result, we determine the cover relations in the poset
({0}, C). We say that Q. covers Q, if O, strictly contains O, and is minimal
(among the orbit closures) for this property. Equivalently, this means that O, is an
irreducible component of the boundary 90, = O, \ Q.

THEOREM 2.3. The following conditions are equivalent:
(1) O, covers Q,,;
(2) dim Qs = dim O, +1 and (the graph of) w is obtained from (the graph of) w’
by modifying the pattern of at most four vertices a*, b+, ¢c=,d~ (a <b, c < d),
according to one of the cases indicated in Figure 1.
As a consequence, the boundary of every non-closed orbit is equidimensional of
codimension one.

It follows from Theorem 2.3 that the boundar}ﬁ@w = 0,0, of every non-closed
orbit is equidimensional of codimension one in Q. This boundary is in general not
irreducible as it already appears in Example 2.4 (a).

EXAMPLE 2.4. (a) In Figure 2, we represent the elements w € T (under the form
of their graphic incarnations G(w)) in the case where p = ¢ = r = 2. We indicate
the dimensions of the corresponding K-orbits Q,. An edge joining two parameters
indicates a cover relation.

Algebraic Combinatorics, Vol. 6 #1 (2023) 169



L. FRESSE & K. NISHIYAMA

Case 1 Case 2
at bt at bt
at bt at bt r4
c c
PONN
or
¢ d~ c” d- at ot
] - \
c™ d— c™ d-
Case 3 Case 4 Case 5
at bt at bt at at at bt at bt
. . @ . @ @ .
L]
c™ c™ c” c
or or or
at at at at
)
L] L] @ L] @ @ L]
c™ d— c d— c” c” c” d— c” d—

FIGURE 1. Elementary moves yielding cover relations in the poset

{0.},©).

AT AN
| \\W //
| \\ //

FIGURE 2. The parameters of the K-orbits of X and the cover rela-
tions for p=q =1 = 2.
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(b) In Figure 1, the vertices a*,b* or ¢~,d™ involved in an elementary move that
yields a cover relation are not necessarily consecutive. For example, Qs covers Q,, if

1+ %+ 3+ 1+ 3+ 3+
- ] 7|
1~ ;7 3 1~ ;7 3~

This corresponds to Case 1 of Figure 1 with a = ¢ = 1, b = d = 3. Note however
that in Case 5 of Figure 1, the vertices a™,b" (resp. ¢~,d~) must be consecutive for
having a cover relation.

The proofs of Theorems 2.2 and 2.3 are given in Section 3.

One ingredient for showing the parametrization of the orbits in Theorem 2.2(1)
is that the orbits of a pair of Borel subgroups B, x B} C GL,(C) x GL,(C) on
the space of p X r matrices are parametrized by partial permutations (Lemma 3.4).
This classification of orbits is also shown in [6], where dimension formulas, closure
relations, and properties of closures of orbits are described.

2.3. DESCRIPTION OF SYMMETRIZED AND EXOTIC STEINBERG MAPS. We turn our
attention to the maps @ : X/K — N¢/K and @5 : X/K — N;/K defined in Section
1.2. The three orbit sets arising here can be parametrized combinatorially.

e X/K ={0, :w € T} (see Section 2.2).
For the other two orbit sets, the parametrization is well known (see, e.g. [2]):
e MN; is the nilpotent cone of the Lie algebra

- {(8 2) La€ql,(C), de g[q((C)} ~ g1, (C) x g1, (C),

and its adjoint K-orbits O, ,) are parametrized by pairs of partitions A - p
and p F g (viewed as Young diagrams) through Jordan normal form. Specifi-
cally, the number of boxes in the first k& columns of A (resp. u) indicates the
dimension of ker a® (resp. ker d¥).

e N, is the nilpotent cone of

5= {x - (2 g) .beM,,(C), ce Mq,p(C)},

and its adjoint K-orbits £, are parametrized by signed Young diagrams A
of signature (p, q). Specifically, the number of +’s (resp. —’s) in the first k
columns of A indicates the dimension of V* N kerz* (resp. V= N ker 2*) for
T € O,

We give a combinatorial algorithm which describes ® and ®; completely. If w :
S — R is a bijection between two sets of integers, let (RS;(w), RS2(w)) denote the
pair of Young tableaux associated to w via the Robinson—Schensted correspondence,
so that the set of entries of RSy (w) (resp. RSa(w)) is R (resp. S) (see, e.g. [7]).

Let w € T, and let I, L, L', J, M, M’, o be the corresponding data in the sense of
Section 2.1. Thus we have partitions ITULUL' = {1,...,p}, JUMUM' ={1,...,q},
and o : J — I is a bijection. We write I = {iy < ... < i}, J = {j1 < ... < jr},
L={Hh<...<t}, I'={<...<l}, M={m <...<m}, M' ={m} <
... <m},}, and we consider the following permutations

(1 ss+1---s+ks+k+1---p
) “’“v*‘(ﬁs---el o(jr) - o) Ly ---f&)eG’”
(1t t41 etk t+k+1- g
) wk’__<mt~-~m101(i1)'“0l(ik) my ’)EGQ’
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and the bijections

5 = 5 ; ,
() Ws,+ (_1"'—t0(]1)"'0'(jk) o, )
which maps JUM U {g+1,...,q+ s'} to {—t,...,—1}UTU L, and
6 _= 1. . ,
() ws’ <_1_80' 1(7,1)...0' 1(lk?) m;, “ee m{l
which maps TULU{p+1,...,p+t'} to {—s,..., -1} UJUM’.

In the next theorem, # <. denotes the number of boxes in the first ¢ columns of
a Young diagram A, and #A¢.(+) (resp. #A<.(—)) denotes the number of +’s (resp.
—’s) in the first ¢ columns of a signed Young diagram A.

THEOREM 2.5. Let w € T, and consider the above notation.

(1) The image of O, by the symmetrized Steinberg map is ¢(0,,) = Oy, where
(A, 1) is the pair of Young diagrams given by

(A, 1) = (shape(RSy(we 1)), shape(RSy (we,—))).

(2) The image of Q,, by the exotic Steinberg map is Ps(0Q,,) = O where A is the
signed Young diagram determined as follows:
(a) For every c > 1 even,

#A<c(+) = #A<e  and  #A(—) = H#ue,

where (A, p) s the pair of Young diagrams given in part (1).
(b) For every ¢ = 1 odd,

H#A<o(+) = s —t +#N, and FA(—) =t — s+,
where (N, 1') is the pair of Young diagrams given by
(Nou) = (shape(RSl(ws,Jr)),shape(RSl(wi_))).
We prove this theorem in Section 4.

EXAMPLE 2.6. (a) For w as in Example 2.1, we have s =t =1,

e (12345 (123
b+~ \54231)° We—=1931)"

(12 345 1 (245
Ws+=\4_-1231) ¢ Ws==1{371_1)>

hence we get

AE; qul X:i‘t Mﬁ,am A=

(b) In Figure 3, we calculate the pair of Young diagrams (A, ) and the signed
Young diagram A such that ®¢(0,) = O, , and ®,(0,,) = Oy for all w € T, for
p=¢q =1 =2 (the same case as in Example 2.4).

REMARK 2.7. Note that the pair of bijections (ws +,ws —) of (5)—(6) determines the
original element w € T, as the data (I,J, L, L', M, M’, o) can be recovered from this
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e | [OH oM o | o (o) B (o) 5

F S N == == = = s = s = s [ s [ s s R s
L W2 | BEE | BEE | B | BEE | BH | EH

FIGURE 3. Calculation of ®¢(0,) = Oy, and ®,(0,) = O, for
p = q =r = 2

pair. On the contrary, the pair (we+,we—) of (3)-(4) does not determine w. For
instance, for the elements w corresponding to the two graphs

] o

we get the same pair of permutations (we 4, we,—) = (idfy 2y, 1d{1,2})-

The tableaux RS;(we 4+) and RSy (we ) involved in Theorem 2.5 can also be ob-
tained as the result of the following combinatorial algorithms. We need more notation:
o If TS are Young tableaux with disjoint sets of entries, we denote by T xS

the rectification by jeu de taquin of the skew tableau obtained by displaying
S on the top right corner of T. For example,

2[4]5]

1]2]4]5]

13‘* 4‘E)‘:l{ect 7 =37 .
6

2
6] L7 1|3
6]
If U is a third tableau whose entries do not appear in T nor S, the properties
of jeu de taquin imply that (T S) « U = T % (S x U) (see [7]), hence the
notation 7" % .S * U is unambiguous.
e Let [L],[L'],[M],[M’] denote the vertical Young tableaux whose entries are
the elements in L, L', M, M’, respectively.

We then have:

(7) RS (we 1) = [L] * RSy (o) * [L']
and
(8) RSy (we, ) = [M]*RS1(071)  [M'] = [M] x RSz(0) * [M'].

Algebraic Combinatorics, Vol. 6 #1 (2023) 173
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REMARK 2.8. Assume that p=¢=r=mnand L = M' = &, thus s’ =t = n— k. This
special case is the one considered in [5, §9-10] (except that the set L in the notation
of [5, §9-10] corresponds to the set L’ in the notation of the present paper). In this
case:

(1) The tableaux RSq(we +) and RS;(we,—) coincide with the tableaux RSy (o) *
[L'] and [M] * RS2(c) involved in [5, Theorems 7.4, 9.1, and 10.4 (1)].

(2) The skew tableau obtained from RS;(ws 1) by deleting the boxes with neg-
ative entries coincides with the skew tableau [M] * RSy(0) A RSi(0) * [L/]
involved in [5, Theorem 10.4 (2)]. This follows from [5, Lemma 10.9].

(3) We have just ws _ = 0!, hence RS;(ws _) = RSa(c), which is the tableau
involved in [5, Theorem 10.4 (3)].

Thus, Theorem 2.5 recovers the results stated in [5, Theorems 9.1 and 10.4].

2.4. AN EXTENSION OF THE ROBINSON—SCHENSTED CORRESPONDENCE. As pointed
out in Remark 2.7, the pair of permutations (we 4, we —) of (3)—(4), involved in the
calculation of the symmetrized Steinberg map image ®¢(w), does not fully determine
the element w € T. A fortiori the map ®; itself is far from being injective.

In fact, we can determine the fibers of ®; in terms of a combinatorial correspon-
dence which extends the Robinson—Schensted correspondence. The following theorem
also generalizes [5, Theorem 7.6]. We use the previous notation. In addition, we write
A @ A whenever X is a Young subdiagram of A such that the skew diagram A~ X’ is
column strip (i.e. it contains at most one box in each row). Hereafter, P(n) denotes
the set of partitions A - n, also seen as Young diagrams of size |A| = n.

THEOREM 2.9. There is an explicit bijection
gRS: T =T := | ] Toon
(A\p)EP(P)xP(q)
where T, is the set of 5-tuples (T1,To; N, 1’5 v) satisfying
(%) Ty and Ty are standard Young tableauz of shapes \ and p, respectively;
) veNachvaey Cu, and |(N|+ || =|v|+r.
Specifically, to the element w € T, we associate the 5-tuple
gRS(w) = (T4, Tos N, 13 v) 1= (IL] * RSy (o) + [L'], [M] + RSa(0) « [M'];
shape([L] * RS1(0)), shape([M] * RS3(0));
shape(RS1(0))).

By combining Theorems 2.5 (a) and 2.9, we get a commutative diagram

~

X/K~% RS

7—)\,;1, > (T17 T27 )‘lv /Lla V)
(Ap)EP(P)xP(q)

Dy

Pp)xPla) > (Ap)
from which we have that gRS restricts to a bijection @;1()\, ) = T

Proof. First, we note that the considered map is well defined: the fact that A ~ )/,
N N v, p~ i/, and g’ \ v are column strips follows from [7, Proposition in §1.1], and
we have

N+ =(6+k)+(E+k)=k+(k+s+t)=|v|+r
where, as before, s = #L, t = #M, k = #I1 = #J.
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Next, we show that the map is bijective. Let (T%, To; X', p/; v) € Tx .. Applying twice
[7, Proposition in §1.1], we find that there is a unique 6-tuple (S, 52, L, L', M, M"),
where S1,S> are Young tableaux of shape v and L,L’, M, M’ are sets of integers,
such that T} = [L] * Sy = [L'], To = [M] * Sy * [M'], N = shape([L] * S1), and
p' = shape([M]* Ss) (understanding that the contents of L, Sy, L’ are disjoint, as well
as those of M, Sz, M'). Let I (resp. J) be the set of entries of Sy (resp. S2). By the
Robinson—Schensted correspondence, we get (S1,52) = (RS1(0), RS3(0)) for a unique
bijection o : J — I. Then, the data I, L, L', J, M, M’ o determine a unique element
w € T (see Section 2.1) such that gRS(w) = (11, To; N, i'; v). O

ExAMPLE 2.10. (a) The 5-tuple corresponding to the element w of Example 2.1 is

]

1
gRS(w) = (T4, To; N, p'sv) = % ) A ‘yH =
= L

[
w

»

(we encode the 5-tuple as the pair of tableaux (77, T) where the boxes of X, u/, v are
colored).

(b) In Figure 4, we give the bijection of Theorem 2.9 in the case where p = 3,
g =7 = 2. In this case, the set T has 34 elements.

REMARK 2.11. We point out that Singh [12] has recently developed a Robinson—
Schensted correspondence for partial permutations. Specifically, he has established a
bijection between the set of partial permutations of size p x ¢ and a set of triples
(A, P, Q) consisting of a signed Young diagram of size p 4+ ¢ and two standard Young
tableaux of sizes p and ¢. Note that, if r = ¢, the set of partial permutations of size
p X g can be realized in a natural way as a subset of our set T. One can ask whether
there is a relation between the correspondence in Theorem 2.9 and the bijection given
in [12, Theorem A].

We refer to [11, 15, 16] for other generalizations of the Robinson—Schensted corre-
spondence that arise in geometry.

We derive from Theorem 2.9 an interpretation of the cardinals of the fibers

®, (D) based on representation theory. If A € P(n), let pg\n) denote the corre-

sponding irreducible representation of &,,. In this way, the (isomorphism classes of)

irreducible representations pf\p 'K pEf) of 6, x &, are parametrized by the pairs of

partitions (A, u) € P(p) x P(q). Here X stands for the outer tensor product.
For every triple of nonnegative integers (k, s, t) such that

(9) s =p—k—-520, tt=q—-k—-t>0, k+s+t=nr,
we consider the subgroup of &, x &, given by
Hk,s,t = {(al,ag,ag;bl,bQ,bg) S (Gk X 65 X Gs/) X (Gk X Gt X Gt’) tap = bl}
= AGk X 63 X 68/ X Gt X 6t/,

where AS; stands for the diagonal embedding of & in & x &p. Let ¢ denote
the signature representation of Hy s, (the restriction of pgfz,) X pgg)). The induced

. Spx6 . . .
representation Indy?" ““c decomposes as a sum of irreducible representations
38y

Indgi:t@qg _ @ (pgp) X pl(iq))mk,s,t(hlt),
' (M )EP(p)XP(q)

where my s (A, t) denotes the multiplicity of pg\p ) K} p&q). The next corollary is a
generalization of [5, Corollary 7.10].
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FIGURE 4. The correspondence w — (T, To; N, p';v) in the case
(p,q,r) = (3,2,2).
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COROLLARY 2.12. For every pair of partitions (A, u) € P(p) X P(q), we have

#@ (Orp) = Z M5t (A, 14) dlmp&)ﬁpi),
(k,s,t)

where the sum is over triples (k, s,t) satisfying (9).

Proof. Note that ¢ = 1 K €’, where 1 is the trivial representation of AG and &’ is
the signature representation of G5 X Gy X &; X Sy Let

Hy ot = (6 x 65 x Gy) x (6, x &; x Gy).

. . . . Hy, o .
The intermediate induced representation Ind"*'e can be written as

Hkbt &p(t/)

Indy (1t

GLx& s s’ (t
= (Ind{L* kl)@a/:(CGkngl)s)XpEls))Xp())

- p) (s) (k) (t) () y*
- ueg?(k)( X P( 19) X p(l.s )) X (py X P(lt) X P(lﬂ)) ’

where C&, = EByep( %) p,(,k) (pl(,k))* is the regular representation of Gy x &j. Applying
twice the Pieri rule (see [7, §2.2 and §7.3]), we have

(k) g () (") y _ (»)
IndeXG XS, /( X p( 1¢) IE (15 )) )\’€7§(9k+3) Aeg?(p) Py’
withvc A with MG A

S x(‘aq c—1In dbPXGQI d kst

Since Ind €, we deduce that

mhs’t()\,u) = #{(v, )\’,//) e Pk ) X P(k +s)xPk+t):veN e vey cu}l

for all triples (k, s,t). Note also that dim pf\p 'K pflq) is the number of pairs of standard
Young tableaux (77,7%) of shape A and p, respectively. The claimed equality now
follows from Theorem 2.9. g

COROLLARY 2.13. The total number of K-orbits in X is given by

C qu q |
#X/K = ) dimIndy = > (k \ 3>(k7t’t/>k.,

(k,s,t) (k,s,t)

where the sums are over triples (k, s,t) satisfying (9).

3. ON THE DECOMPOSITION OF X INTO K-ORBITS

The purpose of this section is to prove the results stated in Theorems 2.2 and 2.3,
regarding the decomposition of X = Gr(V,r) x FI(VT) x FI(V ™) into orbits of K =
GL(V*T) x GL(V ™).

By B,‘: C GL(C) we denote the subgroup of invertible upper triangular matrices
in GL(C). Then

Bk = {(gg) :aGB;, dEB;} :B; XB;_ C GL(VT) x GL(V™)

is a Borel subgroup of K. Recall that F;” and F; denote the standard flags of V* and
V~. Thus, By is the stabilizer of the pair (F,", F, ) for the action of K on the product
of flag varieties F1(V) x F1(V 7). In Section 3.1, we observe that there is a one-to-
one correspondence between the orbit sets X/K and Gr(V,r)/Bg, which preserves
the inclusion relations between closures of orbits. This fact is a useful ingredient in
the rest of the section.

In Section 3.2, we show the parametrization of orbits and the dimension formula
stated in Theorem 2.2(1)—(3). In Section 3.3, we describe the closure relations of
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orbits by proving Theorems 2.2(4) and 2.3. In Section 3.4, we make further remarks
and mention relations with the existing literature.

3.1. A PRELIMINARY LEMMA. We will use the following lemma.

LEMMA 3.1. (1) The mapping Gr(V,r) — X, W — (W, F, Fy ) induces a one-
to-one correspondence between the orbit sets

E:Gr(V,r)/Bg = X/K, O =Bk -W = E(0) =K - (W,F,Fy ).

(2) If O = Z(0) C X is the K-orbit corresponding to O C Gr(V,r), then O =
K xBx 0. In particular, dim Q = dim O + dim K /By .

(3) The correspondence preserves the closure relations. Namely, if O1, Oz are By -
orbits of Gr(V,r) and if 01 = Z(01) and Oy = Z(O3) are the corresponding
K-orbits of X, then

O, C Oy < 0; C0,.

Lemma 3.1 is a consequence of the following lemma (which applies to a general
connected reductive group K). As already used in Lemma 3.1, K x% X stands for
the quotient of K x X by the action of Q given by ¢ - (k,z) = (kq~*, qx), and [k, 2]
denotes the class of (k,z) in this quotient.

LEMMA 3.2. Let K be a connected reductive group and let Q@ C K be a parabolic
subgroup. Let X be an algebraic variety endowed with an action of K. Consider the
diagonal action of K on X := K/Q x X. Note that there is an isomorphism x :
X = K x9 X given by x(kQ,x) = [k,k~'z]. Also we consider the closed immersion
t: X =X,z (Q,x).
(1) There is a one-to-one correspondence (in fact an isomorphism of partially
ordered sets)

= : {Q-stable subsets M C X} — {K-stable subsets N C X}

given by (M) = K - o«(M). The inverse bijection is given by N + t=1(N).
Moreover, Z restricts to a one-to-one correspondence between the orbit sets
X/Q and X/K.

(2) Every Q-stable subset M C X yields a subset K x9® M C K x9 X, and we
have x(E(M)) = K x% M.

(3) Let N = Z(M) for some Q-stable subset M. Then, M is closed in X if and
only if N is closed in X. More generally, we have N = Z(M).

Though this lemma is well known, we give a proof for the sake of completeness.

Proof. (1) The map E is certainly well defined. For a Q-stable subset M C X, the
inclusion M C ¢~ }(K - «(M)) = +=Y(E(M)) is clear, while for x € :71(Z(M)) there
are k € K and y € M such that «(z) = k - ¢(y), which means that (Q,z) = (kQ, ky),
whence k € Q and x = ky € Q - M = M. We have shown that M = (=1 (Z(M)).

For a K-stable subset N C X, given z € 1 ~}(NV) and ¢ € Q we have

gr) = (@ q2) = ¢~ (Q,z) € N,
hence gx € :~(INV); this shows that :=1(V) is Q-stable.

Since N is K-stable, the inclusion Z(:7}(N)) = K - t(t:7}(IN)) C N is clear, while
for (kQ,z) € N we have «(k~'z) = (Q,k~'z) = k=1 - (kQ,x) € N, hence (kQ,z) €
K -1(t7Y(N)) = Z(t71(N)). This shows that N = Z(:~1(N)).

We have thus shown that = is a bijection, with inverse bijection given by N —
t~1(N). Note also that the implications

(M cM =ZM)CZEZM)) and (NcC N =.YN)c.:HN))
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are clear, which show that = is in fact an isomorphism of posets.

Finally, if M = @Q-x is a Q-orbit, then E(M) = K- (Q-t(z)) = K -1(x) is a K-orbit.
If N =K (kQ,z) is a K-orbit, then N = K - (Q,k~'z) = 2(Q - (k~'z)) is the image
of a Q-orbit. The proof of part (1) is complete.

(2) First we note that, if M C X is Q-stable, then the quotient K x% M =
(K x M)/Q coincides with the subset {[k,2] € K x? X : 2 € M} C K x? X. This
subset can also be written as

K x9M={x(kQ,kz) : k€ K, x € M} = x(K - 1(M)) = x(E(M)).

(3) Let N = Z(M). If N is closed, then M = :~!(N) is closed. Conversely, assume
that M is closed. Then, ¢(M) C X is closed and @Q-stable, and this implies that the
set {(k,&) € K x X: k1. &€ (M)} is closed as well as its image in K/Q x X. Note
that

N = K - o(M) = pry({(kQ.€) € K/Q x X: k™1 - € € u(M)}).
Since K/Q is complete, we conclude that N is closed.

More generally, using that Z(M) and Z-1(N) are closed, and the fact that = is an
isomorphism of posets, we get

N =E(M)cCc E(M)==2(E"1(N)) cZ(Z"(N)) =N,
hence N = Z(M), as claimed. O

REMARK 3.3. In Lemma 3.2, the assumption that @ is parabolic is used only in part
(3). Also note that the isomorphism x is K-equivariant when K acts on X = K/Q x X
diagonally and on K x® X by left multiplication.

3.2. PARAMETRIZATION AND DIMENSION FORMULA — PROOF OF THEOREM 2.2(1)—
(3). As before, we denote by B, C GL,(C) (resp. B} C GL,(C)) the Borel subgroup
of upper triangular matrices. We need two lemmas. The first one is an analogue of
[5, Proposition 6.3]. It is also shown in [6, p. 390], but we give a proof for the sake of
completeness.

LEMMA 3.4. Every p X r matriz can be written in the form byTbs for some by € B;‘,
by € B)f, and a unique 7 € T, .

ro

Proof. Through Gauss elimination, any p X r matrix a can be transformed into a
matrix 7 € ¥,, by a series of operations consisting of multiplying a row (resp. a
column) by a nonzero scalar or adding to a row (resp. to a column) another row
(resp. column) situated below it (resp. on its left). These operations correspond to
multiplying on the left (resp. on the right) by an element of B; (resp. B;T). Hence the
double coset B,faB,! contains an element 7 € T, ., which means that a € B;f7B;}f.

For every pair (i,7) € {1,...,p} x {1,...,r}, the mapping a — f;;(a) =
rank (ag ¢)i<r<p 15 constant on the set B 7B,f, and we have

1<

Bi,j(a) = B ;(17) = #{1’s within the submatrix (7% ¢)i<r<p}-
1<

This implies that two different elements 7, 7" € ¥, . cannot belong to the same double
coset BfaB;", whence the uniqueness. O

The second lemma is analogous to [5, Lemma 8.2].

LEMMA 3.5. For every 7 € T, ,, there is a permutation w € &, such that TwB;," C
Bfrw.
P
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Proof. By (ef,...,e5) we denote the standard basis of C’. By efJ» we denote the
elementary ¢ x £ matrix whose (i, j) coefficient is 1 and the other coefficients are 0. By

diag(t1,...,ts), we denote the diagonal matrix with coefficients t1,...,t; along the
diagonal.
Let k = rank 7. Let 1 <4y < ... <) < p be such that Im7 = (e} ,..., e} ). We

choose w € &, such that Tw(e ) =0for 1 <j<r—kandTw(e;_,;) = e for
1<j<k
For every diagonal matrix ¢ = diag(t1,...,t.) € B, we have

Twt =t'Tw € B;_TU)

for any diagonal matrix ¢ = diag(t;,...,t,) € B such that ti, = tr—p4; for all
j €{1,...,k}. For every transvection u = 1, + zej, € B, Where 1<j<l<r, we
have
{Tw if j<r—k,
TWU = s
(1 "‘176@, i (e k))rw if j>r—k,

hence Twu € B; Tw in each case. Since B, is generated by the diagonal matrices and
the transvections, we conclude that TwB,!" C B,frw. O

Now we are ready to prove parts (1) and (3) of Theorem 2.2.

Proof of Theorem 2.2(1) and (3). Every W € Gr(V,r) is the image of a matrix

a= (Zl> with a; € M, (C), az € M, (C), ranka =r.
2

By Lemma 3.4, there are 7y € ¥, by € B, by € B} such that a; = bi7ibs.
Moreover, by Lemma 3.5, there is w € &, such that mywB;}f C Bf rw. We have

- (2)- (7)o
as (2%}

for some a), € M, -(C). Applying again Lemma 3.4, there are 75 € T, ., b3 € B, and
by € B; such that ay = by7eb3. Moreover, there is b} € B;‘ such that lebgl =binw.

This yields
(bbb mw 1, (biby O TIW 1
a= ( biTs bsw™ by = 0 by ™ bsw™ by

W =Ima € Bg - [w] where w= (T;_;U> € Tip,q).r

hence

This implies that Gr(V,r) =
3.1.
The mappings

5 = (VV, (F+)€:Ov (FJ’_)Z:O) = dm‘(f) =dimWn (Fi+ + Fj—)’

7

wew Bi - [w], hence X = .z O, in view of Lemma

for (i,5) € {0,...,p} x{0,...,q}, are constant on every K-orbit of X. Let (e], ..., )
(resp. (er,...,e;)) be the standard basis of V* = CP x {0}7 (resp. V~ = {0}? x
C?), so that the standard flags .@ are given by F = ({ef,...,e/ ), and Fy =
((ers---y€5))j=g- For every w € T, the definition of the graph G(w) implies that the
subspace
[w]ﬂ((eﬂ..., e +{er,..,e5)

is spanned by the vectors e; (1 < k < i) such that G(w) has a mark at k™, the vectors
e, (1 << j)such that G(w) has a mark at =, and the linear combinations e} +e,
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(1 <k<iand1<¥<j)such that G(w) has an edge joining the vertices k™ and £~.
This implies that

di s (([W], o Fo ) = dimfw] N ({ef, .., e ) + (er, .., €5) =705 (w).
We deduce that
(10) O, Cc{¢=W,FF,F)eX:d;;j(¢)=r;j(w) forali,j} forallweT.

If w, ' are two different elements of the set T, then their graphs G(w), G(w') must
be different, hence the matrices R(w) = (r;,;(w)) and R(w’) = (r; j(w’)) are different.
From (10), it follows that the orbits @, and O, are disjoint. Therefore, X is the
disjoint union of the orbits Q,, for w € T. This also implies that the inclusion in (10)
must be an equality for all w € T. This establishes Theorem 2.2(1) and (3). O

Proof of Theorem 2.2(2). Lemma 3.1 implies

(11)  dimO, = dim By - [w] + dim K/Bx = dim Bg - [w] + <’2’) + (g)

Let bx = Lie(Bg) = {(g 2) rxebl, ye b;r}, where b} = Lie(B,}') C M,(C) and
by = Lie(B,) C My(C) are the subspaces of upper triangular matrices. We have
(12) dim B - [w] = dim Bg — dim{b € Bk : b([w]) = [w]}

=dimbg — dim{z € bg : z([w]) C [w]}.

As before, we denote by (ef,...,e}), resp. (e7,..., e, ), the standard basis of V' =

CP x {0}9, resp. V™~ = {0}? x C%. The linear space [w] is spanned by the vectors e
with a@ € {1,...,p} such that the graph G(w) has a mark at a™, the vectors e, with
c € {1,...,q} such that there is a mark at ¢, and the linear combinations e + e
for all pairs (a,c) € {1,...,p} x {1,...,q} such that G(w) has an edge joining a™ and
z 0
Oy
upper triangular matrices © = (z; j)1<i,j<p and y = (i j)1<i,j<q satisfy the following
equations:

¢~ . This implies that a matrix z = € bk satisfies z([w]) C [w] if and only if the

(1) For every a € {1,...,p} such that G(w) has a mark at a™, we must have
2; o = 0 for all ¢ < a such that there is no mark at it

(2) For every ¢ € {1,...,q} such that G(w) has a mark at ¢~, we must have
yj,c = 0 for all j < ¢ such that there is no mark at j~.

(3) For every pair (a,c) € {1,...,p} x {1,...,q} such that G(w) has an edge
(a™,c¢™), we must have x; , = 0 for all i < a such that i is a free vertex (i.e.
not marked nor incident with an edge) in G(w), and we must have y;. = 0
for all j < ¢ such that j~ is a free vertex in G(w).

(4) For (a,c) asin (3), we must also have z; , = y; . for all pair (4, j) € {1,...,a}x
{1,...,c} such that (i7,j) is an edge in G(w), i.e. for all edge which is
situated on the left of (a™,c¢™) or coincides with (a™,¢™) itself. Finally, we
get one more equation z; , = 0, or resp. y; . = 0, for every edge (¢*, j ) which
has a crossing with (a™,¢™), i.e. such that 4 < @ and ¢ < j, resp. ¢ > a and
Jj<ec.

We have listed linearly independent equations which characterize the subspace {z €
br : z(Jw]) C [w]} C bg. With the notation of Theorem 2.2(2), the above items
(1)—(3) yield a™(w) + a~ (w) equations, while the item (4) yields Mg")ﬂ) + c(w)
equations. This implies that

dim{z € by : 2([w]) C [w]} = dimbg — (a+(w) +a~(w)+
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Combining this equality with (11) and (12), we get the dimension formula stated in
Theorem 2.2(2). O

3.3. CLOSURE RELATIONS — PROOF OF THEOREMS 2.2(4) AND 2.3. For w,w’ € T,
we write w < w’ if we have r; j(w) > r; ;(w') for all (4,5) € {0,...,p} x{0,...,q}.
This clearly endows T with a partial order and, for showing Theorem 2.2(4), we have
to show that this order characterizes the inclusion relations between orbit closures in
X. We need four lemmas.

LEMMA 3.6. Assume that w is obtained from w' by one of the elementary moves de-
scribed in Figure 1. Then, the following relations hold:

w=<w and 0, C Q.

Proof. We consider the cases described in Figure 1.

e In Case 1, we have r; j(w) = r; j(w') +1if a <i < band ¢ < j < d, and we
have r; j(w) = r; j(w’) otherwise. Hence ; ;(w) > r; ;(w') for all ¢, j, and this
implies that w < w’.

e In Case 2, upper subcase (resp. lower subcase), we have 7; ;(w) =75 ;(w') +1
ifa<i<band j <c(resp.i < aandc<j<d)),and rjw) =r;;w)
otherwise. Hence, again, we get w < w’.

o In Case 3, upper subcase (resp. lower subcase), we have 7; j(w) = r; ;(w') +1
ifa<i<band c<j(resp.a<iand ¢ < j<d)and r;(w) = r;;(w)
otherwise. Whence w < w’.

e In Case 4, upper subcase (resp. lower subcase), we have 7; ;(w) =75 ;(w') + 1
if a <iandj <c(resp.i < aandc < j)and r;;(w) = 7 j(w') otherwise.
Once again this yields w < w'.

o In Case 5, upper subcase (resp. lower subcase), we have 7; j(w) = r; ;(w') +1
if a <i<b(resp. ¢ <j<d)andr;;(w)=r;;(w) otherwise, and once again
we deduce that w < w’ in this case.

In each case, we have shown that w < w'.

As before, we denote by ei—f ; the k x k elementary matrix with 1 at position (4,7)
and 0 elsewhere. Then, let uf ;(t) = 1), + tef ; and 67 (t) = 1 + (t — 1)ef,;. For t € C*,
we consider the matrix h; given by

(A0
ht‘(o Dt>’

where A; and D, are blocks of respective sizes p X p and ¢ X ¢ given by

up (—t)dh(t) in Cases 1, 2%, uf 4(t)04(—t) in Cases 1, 27,
A, = uyp () in Cases 3%, 5T, = ugd 4(t) in Cases 37, 57,
52 (t) in Cases 37, 41, 89(t) in Cases 3%, 47,
1, in Cases 27,47,57, 1, in Cases 21,4%,5T.

Here the notation N (resp. N ™) refers to the upper (resp. lower) subcase of Case N
in Figure 1. In each case, we obtain a subset {h:}+cc~ C K such that

([W]vf(;rvf[;) = tlir&ht : ([w/]vf(;rvf(;)v
and this shows that the inclusion Q,, C O, holds. O

LEMMA 3.7. For every w,w' € T, the following implication holds:

0,Cc0, = w=xu.
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Proof. Assume that Q, C O,. For each pair (i,5) € {0,...,p} x {0,...,q}, the
mapping

X = Zso, (W, (F)o_os (F,)i_) > dimW N (EFF + F)
is upper semicontinuous. Thus, in view of Theorem 2.2(3), we have
O, € O € {(W (B Vgr (F7 Vi) € X dimW 1 (FF + F7) > 7y (@)},
whereas
O, C {(W, (FJ)LO’ (Fy )i=o) € X : dimW N (Fi+ + Ff) =rij(w)}
This yields 7; ;(w) > r; j(w’) for all pair (4, j), hence w < w'. O

LEMMA 3.8. For every w,w” € T such that w < ", there is w' € T with w < W' < W
such that one of the pairs (w,w'), (w',w") fits in one of the cases described in Figure 1.

Proof. We reason by induction on p+q > 0, with immediate initialization if p+¢ = 0.
Assume that w,w” € T are such that w < w”. In particular we have w # w”, which
forces r > 1, i.e. the graphs G(w) and G(w”) have at least one edge or marked vertex.

In the case where G(w) and G(w”) have one common edge or mark — call it z,
by removing this edge or mark together with the corresponding vertices (or vertex),
and after renumbering of the vertices, we obtain subgraphs G(&) = G(w) \ = and
G(@") = G(w") \ x associated to smaller sized matrices & and &”, and we still have
@ < &" due to the definition of the relation <. The induction hypothesis yields &’
with & < & < &”, whose associated graph G(&') yields G() or is yielded by G(&)
through one of the elementary moves described in Figure 1. There is an element «’ € T
such that G(&') = G(w’) \ z, and this element satisfies the requirements of the lemma.
In conclusion,

(13)  we may assume G(w) and G(w”) have no common edge nor marked vertex.

Notation: Tt is convenient to encode the set of edges and marks of the graph G(w) in
the following way:

Ew) = {(a,c) e {1,...,p} x{1,...,q}: (aT,c7) is an edge in G(w)}
U{(a,0): a € {1,...,p}, G(w) has a mark at a™}
U{(0,¢) : c€{1,...,q}, G(w) has a mark at ¢ }.

Then we note that

(14) rij(w) =#Ew)N ({0,...,i} x{0,...,5}) foralli,j.

We define the set E(w”) relative to w” in the same way. Both sets E(w) and E(w’)
have r elements, in particular they are nonempty.

We choose an element (ag,cp) € F(w”) with the minimal possible value of ¢y. If
co # 0, then ¢y is not a free vertex in G(w”): it is marked if ay = 0 or incident with
an edge (ag,cy ) if ag # 0. Moreover, the minimality of ¢y guarantees then that every
vertex ¢~ with ¢ < ¢ is free in G(w”), and G(w”) contains no mark at a* for all
a€{l,...,p} (because (a,0) cannot belong to E(w”), due to the minimality of ¢p).

If cg = 0, then ag is a marked vertex in G(w”). There may be more than one
marked vertex of this type in G(w”), and we choose ag minimal for this property.
Thus, in any situation, we have rq, ¢, (w”) = 1.

Case 1 (cp # 0 and 74,,co—1(w) = 1)
The condition means that G(w) has an edge or mark within the vertices {i* :
1<i<aU{j” :1<j <o} In other words, we can find a pair (a1,¢1) €
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E(w) with 0 < a1 < ap and 0 < ¢1 < ¢g. Note that (ag,c1) # (0,0) since
(a1,¢1) # (0,0). There is an element w’ € T such that

E(w') = (EW") ~ {(a0, c0)}) U{(ao, c1)}-

This incorporates several situations, and in each one the graph G(w’) is de-
duced from G(w”) through one of the elementary moves depicted in Figure
1:

e Ifap # 0 and ¢; # 0 (resp. ¢; = 0), then G(w') is obtained from G(w”) by
replacing the edge (ag,cy ) by an edge (af,c;) (resp. by a mark at af),
whereas c¢; becomes a free vertex. This corresponds to Case 3 — lower
subcase (resp. Case 4 — upper subcase) in Figure 1.

e Ifap = 0, then G(w”) has a mark at ¢; , and G(w’) is obtained by replacing
this mark by a mark at ¢, whereas c¢; becomes a free vertex. This
corresponds to Case 5 — lower subcase in Figure 1.

In each situation, we get w’ < w” in view of Lemma 3.6. For (i,j) €
{0,...,p} x{0,..., ¢}, we have r; ;(w') = r; j(w”) (hence 7; (W) < 1y ;(w))
unless ¢ > ag and ¢; < j < ¢g. If i > ag and ¢; < j < ¢g, we have

rij(W) =rijW)+1=1<r;w)

(the second equality is due to the minimality of ¢g, while the inequality follows
from (14) and the fact that (a1,¢1) € E(w)). We conclude that the inequality
i (W) < r;j(w) holds for all pair (), hence w < w’, and the element w’
satisfies all the requirements of the lemma.

(co =0 o0r r4g,c0—1(w) = 0)

This condition implies that the set E(w) contains no pair of the form (a,c)
with 0 < a < ap and 0 < ¢ < ¢g (see (14)). Note also that (ag,co) ¢ E(w)
(due to (13)).

Since Tgg,co(W) = Tag,eow”) = 1, there is a pair (ap,c) € E(w) with
0 < ajy < ag. In particular this forces ag # 0.

The fact that ag # 0 implies that af is a vertex in G(w). Either af is
incident with an edge/marked in G(w), in which case F(w) contains an element
of the form (ag, do) with ¢y < dy < ¢, or ag is a free vertex in G(w), in which
case we set dyg = q + 1.

We choose a1 € {ag,...,ap — 1} maximal such that (a1,¢1) € E(w) for
some ¢; with ¢y < ¢1 < dg. There is an element w’ € T such that

BE(W) = { (E(w) ~{(a1, 1), (a0, do)}) U{(a1,do), (a0, 1)} if do < g,

(E(w) ~A{(a1,c1)}) U{(ao,c1)} if dy =q+ 1.

In each situation, the graph G(w’) yields G(w) by one of the moves of Figure
1:

e In the case where dy < g, the graph G(w) has an edge (a7 ,dy ). If ar, 1 #
0, then (a],¢] ) is also an edge in G(w), and the relation between G(w')
and G(w) is as depicted in Case 1 of Figure 1. If ¢; = 0 (resp. a1 = 0),
then G(w) has a mark at a (resp. ¢; ) and the relation with G(w') is as
in Case 2 - upper subcase (resp. lower subcase) of Figure 1.

e In the case where dy = g + 1, the vertex ag is a free vertex in G(w).
The relation between G(w') and G(w) is as described in Case 3 - upper
subcase, Case 5 - upper subcase, or Case 4 - lower subcase of Figure 1,
depending on whether aj,c; # 0, ¢ = 0 (and a1 # 0), or a; = 0 (and
&1 7é 0)

In particular we have w < w’ (by Lemma 3.6).
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For all (i,7) € {0,...,p} x {0,...,q}, we have r; ;(w') = 7;;(w) unless
a1 < i <apand ¢; < j < do, in which case we have r; ;(w') = r; j(w) — 1. In
the latter situation, we nevertheless have

73 (W) = Tagj (W) = 14y (W) =1+ 7a,-1,5(wW") = 147 ;(w")

(where the first equality is due to the maximality of aq). Thus, the inequality
ri; (W) = r; ;(w”) holds for all pair (4, j), and therefore we have w’ < w”. The
element w’ satisfies the required conditions. This completes the proof of the
lemma. O

LEMMA 3.9. If Qs covers O, then dim Q. = dim Q,, + 1.

Proof. Note that O, covers Oy, if and only if Q,, is an irreducible component of
O, ~ Q. The conclusion of the lemma is implied by the following general fact,
taking also Lemma 3.1 into account.

Fact: Given a connected solvable algebraic group acting on an algebraic variety, the
boundary &0 = O \ O of each (non closed) orbit is equidimensional of codimension
1in O.

A proof of this fact can be found in [14, Lemmas 2.12-2.13]. O

Now we are in position to proceed with the proof of Theorems 2.2(4) and 2.3.

Proof of Theorem 22(4}7 The “only if” part is shown in Lemma 3.7. For the inverse
implication, let w,w’ € ¥ be such that w < w’. Repeated applications of Lemma 3.8
yield a sequence of elements

wW=wyg<w < <wp=w

such that (wg_1,wy) fits in one of the cases of Figure 1 for all k. Then, Lemma 3.6
shows that the following sequence of inclusions holds:

Oy, C0O,, C---CQ,,.
In particular, we get the desired inclusion Q, C Q. O

Proof of Theorem 2.3. Assume that condition (1) of Theorem 2.3 holds. First, the
equality dim O, = dim Q,, + 1 follows from Lemma 3.9. Next, we have in particular
w < &' in view of Theorem 2.2(4). Lemma 3.8 yields an element wy € T with w <
wop = ' and such that (w,wy) or (wp,w’) fits in one of the cases of Figure 1. By
Theorem 2.2(4) again, we get Q,, C O, C O, and therefore w = wy or wy = w’, due
to the assumption that @, covers Q,,. In both cases this implies that the pair (w,w’)
fits in one of the cases of Figure 1, that is, the graph G(w) is obtained from G(w’) by
one of the moves listed in Figure 1. This yields condition (2) of Theorem 2.3.
Conversely, assume (2). By Lemma 3.6, the inclusion @, C @, holds. This in-
clusion, combined with the fact that dim Q. = dim Q,, + 1, implies that O, covers
Oy. O

3.4. FURTHER REMARKS. (a) In view of Lemma 3.1, the results shown in Section 3
establish the properties of the K-orbits on X as well as of the Bg-orbits on Gr(V,r).
Specifically, we obtain the decomposition

Gr(V,r) = |_| Bk - |w].
wes
Note that Gr(V,r) is a fortiori a union of finitely many orbits for the action of K. The

description of these K-orbits is well known, and it can be related to the decomposition
into By-orbits in the following way.
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Given w € T, we have introduced a matrix R(w) = (r; j(w))o<i<p Which determines
0<7<q
the orbit Bg -[w] (Theorem 2.2(3)) and its closure relations with other orbits (Theorem

2.2(4)). In particular, the pair of integers (1p,0(w), ro,q(w)) can be expressed as
(rp.o(w),70,4(w)) = (dim[w] N VT, dim[w] NV ),
and we have actually
K- -w={WeGe(V,r): dmWnVT,dmWNV~) = (r,o(w),roqw))}
Thus

K- [w] = K- [w] <= (rp0(w),m0,4(w)) = (rp,0(w); 70,4 (w"))-

Moreover,

K [w] C K- W] <> (rpow) = rpow) and rgq(w) = roqw)).

Note that the number s = 7, o(w) (resp. ¢t == 794(w)) is the number of marks
among the positive (resp. negative) vertices of the graph G(w). In view of Theorem
2.2(2), the Bi-orbit B -[w] is dense in its K-saturation K -[w] if and only if the degree
of vertices is nondecreasing from left to right along the row of positive (resp. negative)
vertices of G(w) (i.e. marked vertices are located on the right and free vertices are
located on the left), and each pair of edges has a crossing. Thus there are (g) crossings,
where k :==r — (s + ¢) is the number of edges, and we have

dimK - [w] =dim Bk - [w] = (s + k)(p—8) + (t + k) (¢ — ) — k°.
For example, if p = g = r = 2, the variety Gr(V,r) is the union of six K-orbits. In
Figure 5 we indicate the graphs G(w) corresponding to the Bg-orbits By - [w] which

are dense in their K-saturation K - [w], the dimensions of the K-orbits, and the cover
relations; this diagram is deduced from Figure 2 given in Example 2.4.

dim : 4 ><

@@ e e
0 o« ©® ©®

FIGURE 5. The parameters of the K-orbits of Gr(V,r) and the cover
relations for p =g =r = 2.

(b) In [9], Matsuki and Oshima classify the orbit set K\G/B, where B C
G = GL,44(C) is a Borel subgroup. It appears that our parametrization of
X/K = Bg\G/P resembles to theirs; here P C G denotes the maximal parabolic
subgroup obtained as the stabilizer of an r-dimensional subspace, and which satisfies
B C P. In particular, by gluing orbits, Matsuki and Oshima’s classification yields
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a parametrization of K\G/P which coincides with the one described in part (a)
above. We can speculate on a deeper relation between the two orbit sets K\G/B and
Br\G/P. We also refer to [15], where the image of the moment map for the action
of K on G/B is considered.

4. CALCULATION OF SYMMETRIZED AND EXOTIC STEINBERG MAPS

4.1. CONORMAL DIRECTION. As shown in Theorem 2.2, every K-orbit in X takes the
form

@w:K'([w]wFS_VFO_)
for a matrix w = (:1> €T = T(p,q).r/Sr, where [w] € Gr(V,r) stands for the image
2

of wand (F;, Fy ) € FI(V*) xF1(V ™) is the pair of standard flags. With the notation
of Section 1.2 we have

nil(w]) = {z € gl(V) : Ima C [w] C Kerz}, nil(F) = nt, and nil(Fy) =n/

where 1 C gl,(C) denotes the subalgebra of strictly upper-triangular matrices.
Hence, the conormal bundle to the orbit O, is obtained as

T5, %X = K - {([w], 7, Fy ,x) s w € Dy}

where
(15) D, = {x = ((cl Z) egl(V): (a,d) enf xn}, Imz C [w] C Kerx}.
This immediately implies:

LEMMA 4.1. Let w € T. Then, ®¢(Q,,), respectively ®4(0,,), is characterized as being
the unique K-orbit of N, resp. N, which intersects the space {x¢ : © € D,}, resp.
{zs: x € Dy}, along a dense open subset.

For the computation of the maps ®¢ and ®,, we need a more detailed description
of the conormal direction D,,. We use the following notation: if a is a k x ¢ matrix,
then for every subsets R C {1,...,k} and S C {1,...,£¢}, we denote by (a)r,s the
submatrix of a formed by the coefficients a; ; with ¢ € R, j € S, and we view it as a
linear map from C* to C%. Recall from Section 2.1 that w gives rise to decompositions
p=A4l,...,pt=TULUL and q :=={1,...,q} = JUM U M’ and to a bijection
o : J — I which we view as a linear map from C” to C'.

LEMMA 4.2. A matriz x = (CCL Z) (with a € wt, d € n}) belongs to D, if and only if

it satisfies the following conditions:

(16) { ()5, =0, (c)z.. =0, (b)pm =0, (d)g.m =0,
(b)p,s = —(a)p,r0, (d)g7,7 = —(c)g,10,
(a7) { (@) 5=0, O)rrg=0, (c)m3=0, (A)n,7=0,
()rp=0(c)sp (b)1g=0(d)sg

Proof. Let (ef ..., e} ) be the standard basis of V* = CP x {0}7 and let (e, ..., e;)
be the standard basis of V'~ = {0}? x C?. Then

(18) [w] = (e :i€L; e; 1J €M; ej(j)—kej_:jeﬂ.
For every matrix z such that a € n} and d € n}f, we have z € D, if and only if
Imz C [w] C Kerz, and in view of (18) the second inclusion is equivalent to (16)

while the first inclusion is equivalent to (17). O
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Figure 6 illustrates the form of the elements in the conormal direction D,,. The
matrix is represented blockwise with blocks indicating the submatrices (X) g g relative
to the subsets R, S € {I,J, L, L', M, M'}. Note that in the decompositions TULUL’ =
pand JU M UM’ = g the subsets are not consecutive, and the matrix is thus
represented modulo permutation within the rows and the columns. In particular, it is
required in addition that the blocks a and d be strictly upper triangular.

I L L J M M’

I ocy 0 oco —oc1o 0 odo
L as 0 ay —aso 0 b4
L 0 0 0 0 0 0
J C1 O C2 —C10 0 d2
M c3 0 Cy4 —c30 0 dy
M’ 0 0 0 0 0 0

FIGURE 6. Form of the elements z = (¢ %) (with a € nt, d € nf)
belonging to the conormal direction D,,.

4.2. A REVIEW OF THE ORBIT SETS, AND AN INVOLUTION. As explained in Section
2.3, the orbits of K in the nilpotent cone

Nect— {(g 2) : (a,d) € g1, (C) x g[q(C)}

are parametrized by pairs of partitions (A, ) € P(p) x P(q), and we denote by Oy ,
the orbit corresponding to the pair (A, u). Note that

a0 do
(19) (0 d> € D)\_’# = (0 a) S D#’)\,
though here the notation O, ) refers to an orbit of K* := GL,(C) x GL,(C) on

gl,(C) x gL, (C).
Recall also from Section 2.3 that the orbits of K in the nilpotent cone

N, Cs= {(2 g) : (b¢) € M, (C) x Mq,p(C)}

are parametrized by signed Young diagrams of signature (p, ¢), and we denote by O,
the orbit corresponding to A. We have

0b 0c
(20) (c0> € Op (b O) € O
where A* denotes the signed Young diagram of signature (q,p) obtained from A by
switching the +’s and the —’s, and D« is an orbit of the group K*.
As shown in Theorem 2.2, the orbits of K in
X =Gr(V,r) x FI(VT) x FI(V ™)
are parametrized by the elements of T, and Q,, is the orbit corresponding to w. If

w = (:1) is an element of T = T(p,q),r/Gr, then w* = (T2 is an element of

2 T1
T = T(qp),r/ Gy which thus yields an orbit Q- of K* in a suitable multiple flag
variety X*. The graphic representation G(w*) of w* is obtained from G(w) by switching
the two rows of vertices, i.e. by relabeling every vertex i (resp. j7) as i~ (resp. j1).
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This implies that, if (I, J, L, L', M, M’, o) are the data corresponding to w in the sense
of Section 2.1, then the relevant data for w* are

(21) (I*,J*, L*, L', M*, M"* o) = (J,I, M,M', L, L, o™ ").

Finally, by the description of the conormal direction in (15), we have

ab dc
(22) (C d) €D, — <b a) €D,-.

The observations made in (19), (20), (22) combined with Lemma 4.1 yield the
following statement:

LEMMA 4.3. (1) If ®¢(0y) = O p, then Pe(Oy) = Oy x.
(2) If ®5(0y) = On, then ®5(Oy) = Op-.

There is an abuse of notation in that statement, since we use the notation P

and @, to designate also the symmetrized and exotic Steinberg maps relative to the
symmetric pair (G, K*) = (GLp44(C), GLe(C) x GL,(C)).

4.3. SYMMETRIZED STEINBERG MAP ®¢. For a permutation w € & we consider the
space
n N (“nd) =af 0 (Ad(w)(n))) = {a e nf twtaw e nf Y.

The following is a well-known fact from classical Steinberg theory.

THEOREM 4.4 ([13]). The unique nilpotent orbit Oy C gl (C) which intersects the

space ni N (“’nz) along a dense open subset is the one corresponding to the Young

diagram X = shape(RS;(w)) = shape(RSs(w)), where (RS1(w), RSa(w)) denotes the

pair of Young tableaur associated to w via the Robinson—Schensted correspondence.

In our situation, we consider the permutations we 1 € &), and we— € &, of (3)
and (4), associated to an element w € .

LEMMA 4.5. Let a € n;‘. The following conditions are equivalent:

(1) There are matrices b, c,d such that x = (Ccl Z) €D,;

(2) o7 (a)1, 10 is strictly upper triangular, (a)r 3 =0, and (a)p,, = 0;
(3) acntn(Wetnl).

Proof. The equivalence between conditions (1) and (2) is implied by Lemma 4.2 (see
Figure 6). Given a € n}, condition (2) is equivalent to:
iel
1<i<j<p and or jEL = a;; =0.
or (i,j €I and o~ 1(i) > o71(j))
Condition (3) is equivalent to:
1<i<j<p and w;i(z)>w;i(j) = q;,; =0.
By definition of we 4+ (see (3)), for 1 <14 < j < p, we have
iel’
we i (i) > we 1 () = or jEL
or (i,j €1 and o 1(i) > o 1(j)).

Therefore, conditions (2) and (3) are equivalent. O
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Proof of Theorem 2.5(1). Let

Be(0,) = O = {(g 2) (a,d) € Oy x O, C gL (C) x g[q((C)}.

By Lemmas 4.1 and 4.5, the nilpotent orbit Oy C gl,,(C) is characterized as being the
unique GL,(C)-orbit which intersects the space

{a €nt :3b,c¢,d such that (Z Z) € Dw} =ntn(“rn))

along a dense open subset. By Theorem 4.4, this implies that
A = shape(RS1 (we,4)).
By (21) and Lemma 4.3, we also deduce that
p = shape(RS1 (we,—)).
The proof of Theorem 2.5(1) is complete. O

4.4. EXOTIC STEINBERG MAP ®,. We introduce notation which extend our notation
on matrices. Given subsets R, S of integers, we let Mp s(C) denote the space of linear
homomorphisms z : C¥ — CF, which can be viewed as well as matrices of coefficients
(i) (,j)erxs- Let n} C Mg, r(C) be the subspace of endomorphisms that are strictly
upper triangular as matrices.

If R, S are respectively subsets of R’,S’, we denote by

(23) 7727[98 :Mg,s(C) = Mp/ 5/(C), =+ &= (2i;)3j)er xs
the linear morphism which maps a matrix x to its extension by zero given by &; ; = x; ;
if (4,5) € R x S and &; ; = 0 otherwise.

A bijection w : S — R yields an element of Mg ¢(C) also denoted by w by abuse
of notation. In addition, through the Robinson—Schensted algorithm, w gives rise to
a pair of Young tableaux (RS;(w),RSa2(w)) of the same shape, whose respective sets
of entries are R and S.

The following is a reformulation of Theorem 4.4.

PROPOSITION 4.6. Given a bijection w : S — R, the Jordan normal form of a general
element x in the space

nk N (“nd) = {z enf: wltzw € n}}
is given by the Young diagram shape(RS;(w)) = shape(RSz(w)). In other words, for
all k > 1, dimker ¥ is the number of boxes in the first k columns of RS (w).

Take an element w € T with corresponding data (I,.J, L,L', M, M’ o). As in Sec-
tion 2.3, we write J ={j1 < ... <gx}, I' ={f1 < ... <}, M ={m1 <...<m}.
Moreover, we denote

S=JuUuMU{q+1,...,q+s} and R={—t,...,—1}UIUL"
We will consider the bijection w = wq 4 : S — R defined in (5).
We denote ¢ = nﬁf]L JOM () and T = n75(0) =070 sua(s) (see (23)), that is,
J M M
S M I /o | 0] 0\
_ I (o0 0 _

(24) <= ot "= L0 0 0]
L'\0 0 0/

(after changing the order of rows and columuns).
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b 0 0b
LEMMA 4.7. Let © = (i d) € D, so that xy = (g d) and s = (c 0). Then, for

every m = 0, we have

a2m

2m __ (_1\m 2m __ (_1\m O 2m+1 _ (_1\m 0 *

@™ = 1 = 0" (% ) and @ = 0" (o

where the symbol x stands for some matriz in M, ,(C), whose precise description is
Pq

not needed).

Proof. Every element = € D, is such that 22 = 0. On the other hand, we can see that
(22)¢ = (2¢)% + (25)2. The formula for (x)?™ ensues.
It readily follows that

0 a*™b
2m+1 _ (_1\ym
(@2 = 0" (g o)

For every ¢ > 1, using the notation of Figure 6, we can see that (—1)“d‘c is the matrix
(written blockwise)

I L L

J / (610)401 0 (Cl(T)ECQ \

(25) M (czo(c10) ey 0 cs0(c10) e )
M\ 0 0 0

and this coincides with (cr)’c. Letting £ = 2m, this yields the formula claimed for
(5)*™F! in the case of m > 1. The claimed formula is immediate if m = 0. O

We consider the following extension-by-zero mappings:

Myum,ron (C
AW “:M rurL’
Mz5(C) = Mg ,( Mg, r(C

In addition, we consider the subspace I' := {v € Myuam,rur (C) : gy € nj{uL,, v €
nt ot (where ¢ is as in (24)).

LEMMA 4.8. The maps 11 and ny restrict to linear isomorphisms

()|r: T =5 {c € M, ,(C) : 3a,b,d such that (‘c‘ Z) € Dw}

and
(o)lr : T 5 {2 € Mg r(C) : wz € nR, Zw € nS} ={z € Mg r(C) :wze nRﬂ( )},

where w = ws 1 15 the bijection defined in (5). Moreover, for every v € I' such that
c=m(7v) and z = na2(7y), we have

m((96) ) = (en)e and m((19)) = (zw)’z = w™ (w2)" forall £>0
where ¢ and T are given by (24).

Proof. The space I' consists of the matrices

I L
(26) v = AJ4< z; Z >€MJUM,IUL'((C)
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(written blockwise) such that

)
)

I r J M
0
0

21/001‘002\ :J[cla‘
(27) Sy and =y oo |

are strictly upper triangular (before rearranging the rows and the columns). Moreover,
for every £ > 1, we have

I r

(cla)ecl ‘ (ClO’)ZCQ \

(28) (v)'y =

One can see from Figure 6 that the space

C = {c € M, ,(C) : 3a,b,d such that <Z Z) € Dw}

consists of the matrices of the form

I L L
J [/ G 0 C2 1\
c= M ( C3 0 Cy4 ]
M\ 0 0 0o /
such that the matrices
I L L
I [/ oc 0 ocy
L0 0 0 ]€M,(C)
L'\ 0 0 0o /
J M’

and M [ —czo
M\ 0

M
J [/ —co 0
0
0

are strictly upper triangular (before rearranging the rows and the columns). From the
above description of T', these conditions are equivalent to having that ¢ = () for
some 7y € I'. Hence C = 7 ("), and this implies that 1, restricts to a linear isomorphism
(n)|r : T' — C. Moreover, by comparing the expressions of (¢7)‘c and (y5)’y given
in (25) and (28), respectively, one can see that the equality 7, ((7<)*y) = (c7)’c holds
for all £ > 0 whenever n;(y) = c.

We have R = RUIUL and S = JUM U S’ where R == {—i}{_; and S’ =
{¢g+ j}j;l Let z be an element in Mg zg(C), and let us write it (blockwise) as

R I L
J / 21 Z9 23 \
(29) 2= M =z z5 z |
S/ \ z7 z8 zZ9 /

Algebraic Combinatorics, Vol. 6 #1 (2023) 192



On generalized Steinberg theory for type AIIl

The bijection w = ws 4 : S — R of (5)) can be written in the following matrix form

J M s’

R / 0 a0 0
w= 1 q 0 0
L'\ 0 0 oy 7

where the block o9 € Mg/ 3/ (C) is yielded by the unique decreasing bijection M — R’;
this corresponds to a block with 1’s on the antidiagonal and 0’s elsewhere. The block
0y € M/ s/ (C) is defined in the same way. We get

R I L J M S’
R' / 0024 0025 0026 \ J [ =m0 2100 2300 \
wz = ] o021 029 023 ] and zw = M( 250 2400 2600 '
L' \ o2 o028 ohzg / S' \ 20 2700 2900 /

Note that we have i < j whenever (i,j) € R’ x (I UL’). We have also i < j whenever
(i,7) € (JUM) x S'. We obtain that (wz, zw) € nj; x n¥ if and only if the following
conditions are satisfied:

e the blocks 21, z4, 27, 28, 29 are zero,

I L J M
e the submatrices I, / g%2 ‘ g%3 \and J ( “20 ‘ 0 \are
r{ o | 0 ) M\ zo | 0 )

strictly upper triangular.

Combining these observations with the description of the space I' given above, we
conclude that the elements in the space Z = {z € Mg z(C) : wz € n},, 2w € nk} are
exactly of the form z = ny(7y) for v € T" (see (26)—(27)) and, therefore, 1 restricts to
an isomorphism (n2)|r : I' = Z as asserted.

Finally, let z = n2(y) for v € T written as in (26). In the notation of (29), this
means that zo = ¢y, 23 = ¢2, 25 = ¢3, 26 = ¢4, and the other blocks of z are zero. In
view of the expression for zw and (y5)*y given in (28), this yields

R I L
J /s 0 (cr0)fe; (c10)fes
(zw)fz= M [ 0 c30(c10)" " e1 [ e30(c10) ey | = n2((7<)")
S\ 0 0 0 /
for all £ > 1. The lemma is proved. ]

Proof of Theorem 2.5(2). Let ®¢(0,,) = Oy, and ®4(0,,) = O,. Let

- (2}

be a general element of D,,, so that x¢ € O, , and x5 € O, (see Lemma 4.1). It

follows from Lemma 4.7 that, for every ¢ > 1, the number #A¢¢(+) of +’s in the first

£ columns of the signed Young diagram A is equal to

2m s
if

dim ker a ¢ =2m is even, respectively dimker(cr)*™c if £ = 2m + 1 is odd

(with 7 from (24)). If £ = 2m is even, Theorem 2.5 (1) shows that this number is equal
to the number #A\¢a,, of boxes in the first 2m columns of A. This confirms the first
assertion made in Theorem 2.5(2) (a).
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Now assume that £ = 2m + 1 is odd. By Lemma 4.8, we have ¢ = n(y) with
~ € I'. Moreover, we can assume that z := n(7y) is general in {z € Mg r(C) : wz €
n; N (Ynk)}, with w = ws 4 as in (5). Hence, by Proposition 4.6, this element z is
such that

dim ker(wz)*" ' = #X oy, 1

with X' = shape(RS;(w)). Note also that dimker(wz)?™*! = dimker(zw)?™z. In
view of the previous observations, and by Lemma 4.8, we get

#Acomyi1(+) = dimker(er)?™c
= #L + dim ker(y¢)*™y
= #L + dimker(2w)*"z — #R’'
=s—t+#XNeomi1-

This establishes the claim in Theorem 2.5(2) (b) regarding the number of +’s. The
formulas regarding the number of —’s stated in Theorem 2.5(2) (a)—(b) can now be
deduced, by invoking Lemma 4.3 and taking (21) into account. The proof of Theorem
2.5(2) is complete. O
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