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A spectral bound for vertex-transitive
graphs and their spanning subgraphs

Arindam Biswas & Jyoti Prakash Saha

Abstract For any finite, undirected, non-bipartite, vertex-transitive graph, we establish an
explicit lower bound for the smallest eigenvalue of its normalised adjacency operator, which
depends on the graph only through its degree and its vertex-Cheeger constant. We also prove
an analogous result for a large class of irregular graphs, obtained as spanning subgraphs of
vertex-transitive graphs. Using a result of Babai, we obtain a lower bound for the smallest
eigenvalue of the normalised adjacency operator of a vertex-transitive graph in terms of its
diameter and its degree.

1. Introduction
The graphs that are considered in this article are undirected, finite and connected.
The properties of the spectra of a graph, for instance, the distribution of eigenvalues
of its adjacency operator or its Laplacian operator, encode a lot of information about
its structural characteristics. Thus, they are an important object of study not only
in mathematics, but in other sciences as well where graph theory is applied. Some
of the structural properties, e.g. expansion, diameter, Hamiltonicity, etc. (to name a
few), are related to the spectral gap, which depending on the context can mean either
the difference between the largest and the second largest eigenvalue of its adjacency
operator, or the difference between the largest and the second largest eigenvalue in
absolute value of its adjacency operator. The study of spectral bounds, that is, bounds
for the spectral gap in terms of various invariants of a graph, is thus an important
direction of research. Moreover, the two notions of spectral gap mentioned above and
the relationship between them is interesting. Very often for applications, we need
to consider the latter notion. This motivates the question of whether the two are
equivalent or not, at least for particular classes of graphs.

1.1. Combinatorial expansion implies spectral expansion. From the discrete
Cheeger–Buser inequality, established by Dodziuk [16], Alon and Milman [3], and
Alon [2], it follows that the second largest eigenvalue of the normalised adjacency
operator of a finite graph is bounded uniformly away from 1 in terms of its degree
and its vertex-Cheeger constant, a phenomenon which one sometimes refers to as
combinatorial expansion. If the second largest eigenvalue in absolute value of the
normalised adjacency operator of a finite graph is bounded uniformly away from 1 in
terms of its degree and its vertex-Cheeger constant, then we shall sometimes refer to
it as two-sided spectral expansion.
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Breuillard–Green–Guralnick–Tao in [10, Appendix E] showed qualitatively that for
Cayley graphs, combinatorial expansion implies two-sided spectral expansion. Later,
a quantitative version of this fact was derived by the first author [6] and the same
phenomenon with explicit bounds were also shown to hold true for variants of Cay-
ley graphs, in prior works of the authors [7, 9]. Under suitable hypothesis, there is
an interplay between the expansions of these graphs as studied in [8]. Recently, an
improved bound for Cayley graphs has been given by Moorman–Ralli–Tetali [24].
However, it is known that the above fact is not true for general regular graphs [24,
Example 2.1]. This leads to the question that for which other subclass of regular
graphs or even irregular graphs, does the above phenomenon occur. In particular,
the situation for vertex-transitive graphs, which form an important class of regular
graphs encompassing Cayley graphs, was unknown. In this article, we adapt some of
the techniques developed by Breuillard–Green–Guralnick–Tao in [10, Appendix E] for
Cayley graphs to the context of vertex-transitive graphs, and combine them with a
technique of Frĕıman [18], to address this issue. Further, we go beyond regular graphs
and obtain spectral bounds for irregular graphs obtained as spanning subgraphs of
vertex-transitive graphs.

1.1.1. Vertex-transitive graphs. We prove that the vertex-transitive graphs have the
property that combinatorial expansion implies two-sided spectral expansion.

Theorem 1.1. For any finite, undirected, non-bipartite, vertex-transitive graph of de-
gree d having vertex-Cheeger constant h, the nontrivial spectrum of its normalised
adjacency operator is contained in the interval

(
−1 + h4

602d10 , 1 − h2

2d2

]
.

The above result is obtained in Proposition 4.2, which follows from Theorem 3.5,
which proves the more general statement that a non-bipartite spanning subgraph
of a finite, undirected, vertex-transitive graph has the property that the nontrivial
spectrum of its normalised adjacency operator is bounded away from −1 and 1 in
terms of its degree and its vertex-Cheeger constant if the maximum degrees of these
graphs are equal and the difference of their edge sets is ‘small.’ Further, by Theo-
rem 3.5, such a result also holds for non-bipartite, spanning subgraphs of regular
graphs (with maximum degree equal to the degree of the ambient regular graph) such
that these graphs have ‘small’ difference in their edge sets, and the regular graph is
nearly vertex-transitive (see Definition 3.3). These results imply that combinatorial
expansion implies two-sided spectral expansion in more general contexts (for instance,
for ‘large’ spanning subgraphs of Cayley sum graphs), and also extend the result es-
tablished by Breuillard–Green–Guralnick–Tao for Cayley graphs [10, Appendix E].

For undirected, non-bipartite, vertex-transitive graphs, Theorem 1.1 gives a lower
bound for the smallest eigenvalue of the normalised adjacency operator in terms of the
vertex-Cheeger constant and the degree, thus, providing an analogue of the discrete
Cheeger–Buser inequality for the smallest eigenvalue of the normalised adjacency
operator. It would also be interesting to investigate whether an upper bound for
the smallest eigenvalue of the normalised adjacency operator in terms of the vertex-
Cheeger constant and the degree can be established for undirected, non-bipartite,
vertex-transitive graphs, or even for the special case of Cayley graphs.

Using fractional decomposition of graphs, Knox–Mohar have shown that the small-
est eigenvalue of the normalized adjacency operator of a undirected, regular, non-
bipartite, distance-regular graph with odd girth g is greater than or equal to 1−cos π

g

[19, Corollary 5], generalizing and strengthening a result of Qiao–Jing–Koolen [26,
Theorem 1].
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1.1.2. Irregular graphs. Stevanović obtained a lower bound for the gap between the
maximum degree and the largest eigenvalue of the adjacency operator of an irregular
graph in terms of its number of vertices and the maximum degree [29]. For further
related results, we refer to the works of Alon–Sudakov [4], Zhang [32], Liu–Shen–
Wang [20], Cioabă–Gregory–Nikiforov [15], Cioabă [14], Zhang [31], Feng–Zhang [17].
They obtained bounds on this gap in terms of the number of vertices, and one or both
of the maximum degree and the diameter.

Note the the discrete Cheeger–Buser inequality states that the second smallest
eigenvalue of the Laplacian operator and the Cheeger constant of a finite graph con-
trols each other. As a consequence, the nontrivial spectrum of the normalized adja-
cency operator of a finite, undirected graph is bounded away from 1 in terms of its
vertex-Cheeger constant and its degree.

To the best of the knowledge of the authors, there is no known result that proves
that combinatorial expansion implies two-sided spectral expansion for a large class of
irregular graphs, in other words, a result implying that the smallest eigenvalue of the
adjacency operator of a graph with maximum degree d is bounded away from −d in
terms of its vertex-Cheeger constant and its maximum degree.

We obtain the following result for ‘large’ spanning subgraphs of vertex-transitive
graphs, thus establishing an analogue of the discrete Cheeger–Buser inequality for
these graphs.

Theorem 1.2. Suppose Γ is a finite, undirected, connected, non-bipartite graph with
vertex-Cheeger constant h and maximum degree d. Suppose it is a subgraph of a
vertex-transitive graph Γ̃ such that the difference of their edge sets is ‘small.’ Then
the smallest eigenvalue of the adjacency operator of Γ is greater than or equal to
d
(

−1 + h4

602d10

)
, and the largest eigenvalue of the Laplacian operator of Γ is less than

or equal to d
(

2 − h4

602d10

)
.

We refer to Proposition 5.1, Theorem 5.2 for the precise results. Theorem 5.2 also
deals with ‘large’ spanning subgraphs of nearly vertex-transitive graphs, which include
Cayley sum graphs.

1.2. Spectral bound involving diameter and degree. Aldous established that
a Cayley graph with diameter ∆ is an 1

2∆ -expander [1, Lemma 3.1]. Babai proved that
a vertex-transitive graph with diameter ∆ is also an 1

2∆ -expander [5, Proposition 3.5].
This result combined with Theorem 1.1 yields the following.

Theorem 1.3. For any finite, undirected, non-bipartite, vertex-transitive graph of de-
gree d having diameter equal to ∆, the smallest eigenvalue of its normalised adjacency
operator is greater than −1 + 1

2402∆4d10 .

For a bound on the second largest eigenvalue in terms of the diameter and the
degree, we refer to the works of Saloff-Coste [27, Corollary 3.2.7], Shkredov [28].

2. Notations
Let Γ be a finite graph with adjacency matrix AΓ. For u, v lying in the vertex set
of Γ, the (u, v)-th entry of AΓ is equal to the number of edges from u to v if u ̸= v,
and for u = v, the (u, v)-th entry of AΓ is equal to the number of loops at u. The
matrices TΓ, T

−1
Γ , LΓ,LΓ are defined as follows. The matrix TΓ is diagonal, and its

(v, v)-th entry is equal to the degree of v. The matrix obtained by inverting the nonzero
diagonal entries of TΓ is denoted by T−1

Γ . The matrix TΓ −AΓ is denoted by LΓ. The
normalised Laplacian of Γ is denoted by LΓ and it is defined to be T− 1

2
Γ LΓT

− 1
2

Γ . The
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normalised adjacency matrix of Γ is T− 1
2

Γ AΓT
− 1

2
Γ . The square-graph of Γ is denoted

by Γ2, and it has the same set of vertices as that of Γ and has adjacency matrix equal
to A2

Γ. The vertex-Cheeger constant of Γ is defined as

min
X⊆V (Γ),0<|X|⩽ |V (Γ)|

2

|{v ∈ V (Γ) ∖X | v is adjacent to some element of X}|
|X|

,

where V (Γ) denotes the set of vertices of Γ.
In the following, (V,E) denotes a finite graph (which may contain multiple edges,

and even multiple loops at certain vertices) with |V | ⩾ 4. The maximum (resp. min-
imum) degree of (V,E) is denoted by d (resp. d′). The adjacency operator of (V,E)
is denoted by A. The vertex-Cheeger constant of (V,E) (resp. (V,E)2) is denoted
by h (resp. h). Let A be a subset of V where the vertex-Cheeger constant of (V,E)2

is attained. The neighbourhood of a subset V ′ of V in (V,E) is denoted by N (V ′).
Henceforth, we assume that Condition 2.1 holds.

Condition 2.1.
(1) The graph (V,E) is undirected, that is, its adjacency matrix is symmetric.
(2) The graph (V,E) is non-bipartite.
(3) The vertex-Cheeger constant h of (V,E) satisfies the inequality h ⩾ ε where

ε is a positive real number.

Set

ν = νd =
{

2 if d = 2,
5
2 if d ⩾ 3.

Since |V | ⩾ 4 holds and the graph (V,E) is an ε-vertex expander with ε > 0, it follows
that there are two distinct vertices u, v of V which are adjacent, and

ε|{u, v}| ⩽ |(N (u) ∪ N (v)) ∖ {u, v}| ⩽ |N (u) ∖ {v}| + |N (v) ∖ {u}| ⩽ 2(d− 1),

which implies ε ⩽ d− 1, and hence ε ⩽ ν − 1 if d = 2. If |V | is odd (resp. even), then
the vertex-Cheeger constant h of (V,E) satisfies the inequality h ⩽ 3

2 (resp. h ⩽ 1)
and hence ε ⩽ ν − 1 if d ⩾ 3.

In the results below, we will work under Condition 2.2.

Condition 2.2. There exists an undirected graph (V, Ẽ) of degree d (that is, its ad-
jacency matrix is symmetric and has the constant vector [1, . . . , 1] as an eigenvector
with eigenvalue d) such that (V,E) is a subgraph of (V, Ẽ).

Under the above condition, the size of the difference of the edge sets of (V,E) and
(V, Ẽ) is denoted by r, the size of the difference of the edge sets of their square graphs
is denoted by s, the vertex-Cheeger constant of (V, Ẽ) is denoted by h̃. Note that 2r
(resp. 2s) is equal to the difference of the sum of the entries of the adjacency operator
of (V, Ẽ) (resp. (V, Ẽ)2) and the sum of the entries of the adjacency operator of (V,E)
(resp. (V,E)2).

Remark 2.3. If Condition 2.2 holds, then the neighbourhood of a subset V ′ of V in
(V, Ẽ) is denoted by Ñ (V ′). By the Birkhoff-von Neumann theorem [30, Theorem 5.5],
there exist permutations θ1, . . . , θd : V → V such that the vertices v, θi(v) are adjacent
in (V, Ẽ) for any v ∈ V and 1 ⩽ i ⩽ d, and that Ñ (v) is equal to ∪d

i=1{θi(v)} for any
v ∈ V . For a subset V ′ of V , denote the subset θi(V ′) of Ñ (V ′) by Ñ i(V ′), and the
subset θi(V ′) ∩ N (V ′) of N (V ′) by N i(V ′).
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3. Bounds on the vertex-Cheeger constant of the square graph
Proposition 3.1. Suppose the vertex-Cheeger constant h of the graph (V,E)2 satisfies
h ⩽ β for some 0 < β < ε. Then, the following statements hold.

(1) The inequalities
|V | − s

2 + β + νβ
ε

⩽ |A | ⩽ 1
2 |V |

hold.
(2) Let τ : V → V be a bijection such that

Ñ (Ñ (τ(A ))) ⊆ τ(Ñ (Ñ (A )))

holds. If 2dβ
ε2 (2ν + 1) + 2ds

ε2|A | + 3dr
ε|A | + 2ds

ε|A | < 1, then exactly one of the
inequalities

|A ∩ (τ(A ))| ⩽ dβ

ε2 (ε+ ν + 2)|A | + ds

ε2 + 2dr
ε

+ ds

ε
,

|A ∩ (τ(A ))| ⩾
(

1 − dβ

ε2 (ε+ ν + 2)
)

|A | − ds

ε2 − dr

ε
− ds

ε

holds.

Proof. Note that |A ∪ N (A )| ⩾ |V |
2 . Otherwise, we obtain

ε|A | ⩽ ε|A ∪ N (A )| ⩽ |N (A ∪ N (A )) ∖ (A ∪ N (A ))| ⩽ β|A |,

which contradicts β < ε. It follows from the proof of [7, Proposition 2.7] that for a
subset X of V with |X| ⩾ 1

2 |V |, the inequality

|N (X) ∖X| ⩾ ε

ν
|V ∖X|

holds. Consequently, we obtain

ε|V ∖(A ∪N (A ))| ⩽ ν|N (A ∪N (A ))∖(A ∪N (A ))| ⩽ ν|N (N (A ))∖A | ⩽ νβ|A |,

which yields

|V | ⩽ νβ

ε
|A | + |A ∪ N (A )|

⩽
νβ

ε
|A | + |A | + |N (A )|

⩽
νβ

ε
|A | + |A | + |Ñ (A )|

⩽
νβ

ε
|A | + |A | + |Ñ (Ñ (A ))|

⩽
νβ

ε
|A | + |A | + |N (N (A ))| + s

⩽
νβ

ε
|A | + 2|A | + |N (N (A )) ∖ A | + s.

This proves statement (1).
Since s is the size of the difference of the edge sets of the square graphs of

(V,E), (V, Ẽ), it follows that

|N (N (τ(A ))) ∖ τ(A )| ⩽ |τ(Ñ (Ñ (A ))) ∖ τ(A )|

⩽ |Ñ (Ñ (A )) ∖ A |
⩽ s+ |N (N (A )) ∖ A |.
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Let B = A ∆(τ(A ))c. The identity map from V to V is denoted by id. We shall
compute certain upper bounds on |N (B)∆B| and on |N (Bc)∆Bc|. It follows that

|N i(B)∆B|
⩽ |N i(A )∆N i((τ(A ))c)∆A ∆(τ(A ))c|
⩽ |N i(A )∆N i((τ(A ))c)∆A c∆τ(A )|
⩽ |N i(A )∆A c∆N i((τ(A ))c)∆τ(A )|
⩽ |N i(A )∆A c| + |N i((τ(A ))c)∆τ(A )|
⩽ |N i(A )∆A c| + |N i(τ(A ))∆(τ(A ))c| + 2r

⩽
∑

ϕ∈{id,τ}

(
|V | − 2|N i(ϕ(A )) ∩ ϕ(A c)|

)
+ 2r

=
∑

ϕ∈{id,τ}

(
|V | − 2|N i(ϕ(A ))| + 2|N i(ϕ(A ))| − 2|N i(ϕ(A )) ∩ ϕ(A c)|

)
+ 2r

⩽
∑

ϕ∈{id,τ}

(
|V | − 2|A | + 2|N i(ϕ(A )) ∩ ϕ(A )|

)
+ 4r

= 2(|V | − 2|A |) + 2
∑

ϕ∈{id,τ}

|N i(ϕ(A )) ∩ ϕ(A )| + 4r

⩽ 2(|V | − 2|A |) + 2
ε

∑
ϕ∈{id,τ}

ε|N (ϕ(A )) ∩ ϕ(A )| + 4r

⩽ 2(|V | − 2|A |) + 2
ε

∑
ϕ∈{id,τ}

|N (N (ϕ(A )) ∩ ϕ(A )) ∖ (N (ϕ(A )) ∩ ϕ(A ))| + 4r

⩽ 2(|V | − 2|A |) + 2
ε

∑
ϕ∈{id,τ}

|N (N (ϕ(A )) ∖ ϕ(A )| + 4r

⩽ 2(|V | − 2|A |) + 2
ε

(s+ 2|N (N (A )) ∖ A |) + 4r

⩽ 2
(
β + νβ

ε

)
|A | + 2

ε
2|A |β + 2s

ε
+ 4r + 2s

= 2β
ε

(ε+ ν + 2)|A | + 2s
ε

+ 4r + 2s.

This implies that

|N (B)∆B| ⩽ 2dβ
ε

(ε+ ν + 2)|A | + 2ds
ε

+ 4dr + 2ds.

Note that

|N i(Bc)∆Bc| ⩽ |N i(A )∆N i(τ(A ))∆A ∆τ(A )|
⩽ |N i(A )∆N i(τ(A ))∆A c∆(τ(A ))c|
⩽ |N i(A )∆A c∆N i(τ(A ))∆(τ(A ))c|
⩽ |N i(A )∆A c| + |N i(τ(A ))∆(τ(A ))c|)
⩽ |N i(A )∆A c| + |V | − 2|N i(τ(A )) ∩ (τ(A ))c|

⩽
2β
ε

(ε+ ν + 2)|A | + 2s
ε

+ 2r + 2s.
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This yields

|N (Bc)∆Bc| ⩽ 2dβ
ε

(ε+ ν + 2)|A | + 2ds
ε

+ 2dr + 2ds.

Finally, we consider the following cases, namely, |B| ⩽ |V |
2 and |B| > |V |

2 . When
|B| ⩽ |V |

2 holds, we obtain

ε|B| ⩽ |N (B) ∖B| ⩽ |N (B)∆B| ⩽ 2dβ
ε

(ε+ ν + 2)|A | + 2ds
ε

+ 4dr + 2ds,

which gives

|B| ⩽ 2dβ
ε2 (ε+ ν + 2)|A | + 2ds

ε2 + 4dr
ε

+ 2ds
ε
.

From
|V | − |B| = |Bc| = |A ∆(τ(A ))| = 2|A | − 2|A ∩ (τ(A ))|,

we obtain

2|A ∩(τ(A ))| ⩽ |V |−2|A |+2|A ∩(τ(A ))| = |B| ⩽ 2dβ
ε2 (ε+ν+2)|A |+2ds

ε2 +4dr
ε

+2ds
ε
.

When |B| > |V |
2 holds, we obtain

ε|Bc| ⩽ |N (Bc) ∖Bc| ⩽ |N (Bc)∆Bc| ⩽ 2dβ
ε

(ε+ ν + 2)|A | + 2ds
ε

+ 2dr + 2ds,

which gives

|Bc| ⩽ 2dβ
ε2 (ε+ ν + 2)|A | + 2ds

ε2 + 2dr
ε

+ 2ds
ε
,

and hence

|A ∩ (τ(A ))| ⩾ |A | − dβ

ε2 (ε+ ν + 2)|A | − ds

ε2 − dr

ε
− ds

ε

=
(

1 − dβ

ε2 (ε+ ν + 2)
)

|A | − ds

ε2 − dr

ε
− ds

ε
.

This completes the proof of statement (2). □

Theorem 3.2. Assume that a group G acts transitively on V from the left, no index
two subgroup of G acts transitively on V , and for any g ∈ G, the set Ñ (Ñ (g(A ))) is
contained in g(Ñ (Ñ (A ))). Let µ > 0 be such that for any subgroup H of G of index
two and for any u, v ∈ V lying in the same H-orbit with u ∈ Ñ (v), the inequalities

(i) |θi(Hv) ∩Hu| ⩾ |V |
2µ , |θi(Hcv) ∩Hcu| ⩾ |V |

2µ
hold for some integer iu,v depending on u, v and lying between 1 and d.

(1) If

(ii) µ = 1, |V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
30d

)(
ds

ε2 + dr

ε
+ ds

ε

)
+ s,

then the vertex-Cheeger constant of the graph (V,E)2 is greater than ε2

30d .
(2) If

(iii) µ = 2, |V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
72d

)(
ds

ε2 + dr

ε
+ ds

ε

)
+ s,

then the vertex-Cheeger constant of the graph (V,E)2 is greater than ε2

72d .
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(3) If

(iv) µ = d, |V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
30d3

)(
d3s

ε2 + d3r

ε
+ d3s

ε

)
+ s,

then the vertex-Cheeger constant of the graph (V,E)2 is greater than ε2

30d3 .

Proof. On the contrary, assume that the vertex-Cheeger constant h of the graph
(V,E)2 satisfies h ⩽ ε2

30d . Set

r = 1 − dh

ε2 (ε+ ν + 2).

Since ε ⩽ ν − 1, it follows that

1 − r = dh

ε2 (ε+ ν + 2) ⩽ dh

ε2 (2ν + 1) ⩽ 2ν + 1
30 ⩽

3
10 .

Using h ⩽ ε2

30d and Equation (ii), we obtain

|A |
(

2 + h + νh

ε

)
⩾ |V | − s

⩾ 108
(

2 + (ν − 1)(2ν − 1)
30d

)(
ds

ε2 + dr

ε
+ ds

ε

)
⩾ 108

(
2 + ε(ε+ ν)

30d

)(
ds

ε2 + dr

ε
+ ds

ε

)
⩾ 108

(
2 + h + νh

ε

)(
ds

ε2 + dr

ε
+ ds

ε

)
,

which implies ds
ε2 + dr

ε + ds
ε ⩽ |A |

108 . Similarly, if h ⩽ ε2

72d , then Equation (iii) implies
ds
ε2 + dr

ε + ds
ε ⩽ |A |

108 . Moreover, if h ⩽ ε2

30d3 , then Equation (iv) implies ds
ε2 + dr

ε + ds
ε ⩽ |A |

108 .
Consequently, r ⩾ 7

10 and
2dh
ε2 (2ν + 1) + 2ds

ε2|A |
+ 3dr
ε|A |

+ 2ds
ε|A |

⩽
3
5 + 3

108 < 1.

Consider the subset H of G defined by

H :=
{
g ∈ G : |A ∩ (g(A ))| ⩾ r|A | − ds

ε2 − dr

ε
− ds

ε

}
.

Note that H contains the identity element of G. Let g1, g2 be elements of H. By the
triangle inequality,

|A ∖ (g1(g2(A )))| ⩽ |A ∖ (g1(A ))| + |(g1(A )) ∖ (g1(g2(A )))|
= |A ∖ (g1(A ))| + |A ∖ (g2(A ))|
= |A | − |A ∩ (g1(A ))| + |A | − |A ∩ (g2(A ))|

⩽ 2|A | − 2r|A | + 2ds
ε2 + 2dr

ε
+ 2ds

ε
,

which yields that

|A ∩ (g1(g2(A )))| = |A | − |A ∖ (g1(g2(A )))|

⩾ |A | − 2|A | + 2r|A | −
(

2ds
ε2 + 2dr

ε
+ 2ds

ε

)
= (2r − 1)|A | −

(
2ds
ε2 + 2dr

ε
+ 2ds

ε

)
.
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If |A ∩ (g1(g2(A )))| ⩽ (1 − r)|A | + ds
ε2 + 2dr

ε + ds
ε , then we obtain

(1 − r)|A | + ds

ε2 + 2dr
ε

+ ds

ε
⩾ |A ∩ (g1(g2(A )))|

⩾ (2r − 1)|A | −
(

2ds
ε2 + 2dr

ε
+ 2ds

ε

)
,

which yields (3r − 2)|A | ⩽ 3ds
ε2 + 4dr

ε + 3ds
ε ⩽ |A |

11 , which contradicts r ⩾ 7
10 . So,

the inequality |A ∩ (g1(g2(A )))| ⩽ (1 − r)|A | + ds
ε2 + 2dr

ε + ds
ε does not hold. By

Proposition 3.1(2), H contains the product g1g2. Consequently, H is a subgroup of G.
Let t denote the cardinality of the stabiliser of an element of V under the action

of G. Note that for any g ∈ G, the map

A ∩ g−1A → A × A , x 7→ (x, gx)

induces a map
φ :

∐
g∈G

A ∩ g−1A → A × A .

Each fibre of this map contains exactly t elements. This implies

|A |2 = |im(φ)| =
∑

x∈im(φ)

|φ−1(x)|
|φ−1(x)| = 1

t

∑
x∈im(φ)

|φ−1(x)| = 1
t

∑
g∈G

|A ∩ g−1A |.

If G = H, then

|A | · |V |
2 ⩾ |A |2 = 1

t

∑
g∈G

|A ∩ g−1A | ⩾ 1
t
|G| ·

(
r|A | − ds

ε2 − dr

ε
− ds

ε

)
,

which implies r ⩽ 1
2 + 1

108 . This contradicts the bound r ⩾ 7
10 . So, H is a proper

subgroup of G.
The estimate

t|A |2 =
∑
g∈G

|A ∩ g−1A |

⩽ |H||A | +
(
dh

ε2 (ε+ ν + 2)|A | + ds

ε2 + 2dr
ε

+ ds

ε

)
|G ∖H|

yields

t|A | ⩽ |H| +
(
dh

ε2 (ε+ ν + 2) + α

)
(|G| − |H|)

with α = ds
ε2|A | + 2dr

ε|A | + ds
ε|A | . Proposition 3.1(1) implies(

1
2 + h + νh

ε + s
|A |

)
|G| =

(
t

2 + h + νh
ε + s

|A |

)
|V |

⩽

(
dh

ε2 (ε+ ν + 2) + α

)
|G| +

(
1 − dh

ε2 (ε+ ν + 2) − α

)
|H|.

Now we show that H is a subgroup of G of index two. To establish this fact, we use

1
3

(
1 − dh

ε2 (ε+ ν + 2) − α

)
<

(
1

2 + h + νh
ε + s

|A |

)
− dh

ε2 (ε+ ν + 2) − α,

equivalently, (
2 + h + νh

ε
+ s

|A |

)(
1 + 2dh

ε2 (ε+ ν + 2) + 2α
)
< 3.
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Since h ⩽ ε2

2xd holds with x = 15, it follows that(
2 + h + νh

ε
+ s

|A |

)(
1 + 2dh

ε2 (ε+ ν + 2) + 2α
)

⩽

(
2 + h

ε
(ν + ε) + s

|A |

)(
1 + 2dh

ε2 (ε+ ν + 2) + 2ds
ε2|A |

+ 4dr
ε|A |

+ 2ds
ε|A |

)
⩽

(
2 + h

ε
(2ν − 1) + s

|A |

)(
1 + 2dh

ε2 (2ν + 1) + 2ds
ε2|A |

+ 4dr
ε|A |

+ 2ds
ε|A |

)
<

(
2 + (ν − 1)(2ν − 1)

2xd + 1
108

)(
1 + 2ν + 1

x
+ 1

27

)
⩽

{(
2 + 3

4x + 1
108
) (

1 + 5
x + 1

27
)

if d = 2,(
2 + 1

x + 1
108
) (

1 + 6
x + 1

27
)

if d ⩾ 3,
< 3.

This proves the claim that H is a subgroup of G of index two. Since no index two
subgroup of G acts transitively on V , the action of H on V has at least two distinct
orbits. Since the action of G on V is transitive, the action of H on V has exactly two
orbits. Denote the orbits of the action of H on V by O1,O2.

Now we use Frĕıman’s technique [18] to conclude the proof. For any g ∈ G∖H and
for any subsets B,C of V contained in O1, O2 (in some order), the map B ∩ g−1C →
B × C, sending x 7→ (x, gx), induces a map φ :

∐
g∈Hc B ∩ g−1C → B × C. If B × C

is nonempty, then each fibre of this map contains exactly t elements and hence

|B × C| = |im(φ)| =
∑

x∈im(φ)

|φ−1(x)|
|φ−1(x)| = 1

t

∑
x∈im(φ)

|φ−1(x)| = 1
t

∑
g∈Hc

|B ∩ g−1C|.

Note that |B × C| = 1
t

∑
g∈Hc |B ∩ g−1C| holds even if B × C = ∅. For any g ∈ Hc,

we have

A ∩ g−1A = ((A ∩ O1) ∪ (A ∩ O2)) ∩ (g−1((A ∩ O1) ∪ (A ∩ O2)))
= ((A ∩ O1) ∩ (g−1(A ∩ O2)) ∪ ((A ∩ O2) ∩ (g−1(A ∩ O1)),

which implies

|A ∩ O1||A ∩ O2|

= 1
2 |A ∩ O1||A ∩ O2| + 1

2 |A ∩ O2||A ∩ O1|

= 1
2t
∑

g∈Hc

|(A ∩ O1) ∩ g−1(A ∩ O2)| + 1
2t
∑

g∈Hc

|(A ∩ O2) ∩ g−1(A ∩ O1)|

= 1
2t
∑

g∈Hc

|A ∩ g−1A |

⩽
1
2t

(
dh

ε2 (ε+ ν + 2)|A | + ds

ε2 + 2dr
ε

+ ds

ε

)
|H|

= 1
2t

(
dh

ε2 (ε+ ν + 2)|A | + ds

ε2 + 2dr
ε

+ ds

ε

)
t|V |

2

⩽
dh

ε2 (ε+ ν + 2) |V |2

8 +
(
ds

ε2 + 2dr
ε

+ ds

ε

)
|V |
4 .
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So, the orbit O of some element of V under the action of H satisfies

|A ∩ Oc| ⩽

√
dh

8ε2 (ε+ ν + 2) +
(
ds

ε2 + 2dr
ε

+ ds

ε

)
1

4|V |
|V |.

If the inequalities h < ε2

2xd1+2δ and d1+2δs
ε2 + d1+2δr

ε + d1+2δs
ε ⩽ |A |

108 hold with δ ∈ {0, 1},
then for any 1 ⩽ i ⩽ d,

|θi(O) ∩ O|
= |θi(O ∩ A ) ∩ O| + |θi(O ∖ A ) ∩ O|
⩽ |θi(A ) ∩ O| + |O ∖ A |
= |θi(A ) ∩ (O ∩ A )| + |θi(O ∩ A ) ∩ (O ∖ A )| + |O ∖ A |
⩽ |θi(A ) ∩ A | + 2|O ∖ A |
= |θi(A ) ∩ A | + 2|O| − 2|O ∩ A |
= |θi(A ) ∩ A | + |V | − 2|A | + 2|A ∩ Oc|

⩽ s+ |N (A ) ∩ A | + s+
(

2 + h + νh

ε

)
|A | − 2|A | + 2|A ∩ Oc|

⩽ 2s+ h

ε
|A | +

(
h + νh

ε

)
|A | + 2

√
dh

8ε2 (ε+ ν + 2) +
(
ds

ε2 + 2dr
ε

+ ds

ε

)
1

4|V |
|V |

⩽ 2s+
(
h

ε
(ν + 1 + ε) +

√
2dh
ε2 (ε+ ν + 2) +

(
ds

ε2 + 2dr
ε

+ ds

ε

)
4

|V |

)
|V |
2

⩽ 2s+
(

2νh
ε

+

√
2dh
ε2 (2ν + 1) +

(
ds

ε2 + 2dr
ε

+ ds

ε

)
4

|V |

)
|V |
2

⩽
ε2

d1+2δ

|A |
54 +

(
νε

xd1+2δ
+ 1
dδ

√
2ν + 1
x

+ 4
108

)
|V |
2

⩽
(ν − 1)2

d1+2δ

|V |
108 +

(
ν(ν − 1)
xd1+2δ

+ 1
dδ

√
2ν + 1
x

+ 4
108

)
|V |
2

⩽

(
(ν − 1)2

54d1+2δ
+ ν(ν − 1)

xd1+2δ
+ 1
dδ

√
2ν + 1
x

+ 4
108

)
|V |
2

⩽

(
(ν − 1)2

54d + ν(ν − 1)
xd

+
√

2ν + 1
x

+ 4
108

)
|V |
2dδ

⩽


(

1
108 + 1

x +
√

5
x + 4

108

)
|V |
2dδ if d = 2,(

1
72 + 5

4x +
√

6
x + 4

108

)
|V |
2dδ if d ⩾ 3,

<

{
|V |
2dδ if x ⩾ 9,
|V |
4dδ if x ⩾ 36.

So, under the hypothesis of each of statements (1), (2), (3), it follows that

|θi(O) ∩ O| < |V |
2µ

for any 1 ⩽ i ⩽ d. Suppose two vertices u, v of O† are adjacent in (V, Ẽ) where
O† is one of O,Oc = V ∖ O. Let H† denote H (resp. Hc = G ∖ H) if O† = O
(resp. O† = Oc). Note that O = H†u = H†v. Using Equation (i), we obtain that
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|θi(O) ∩ O| = |θi(H†v) ∩H†u| ⩾ |V |
2µ for some 1 ⩽ i ⩽ d. It follows that O and Oc are

independent subsets of (V, Ẽ), implying that (V, Ẽ) is bipartite, which in turn shows
that (V,E) is bipartite, contradicting the hypothesis. So, the vertex-Cheeger constant
of the graph (V,E)2 satisfies the claimed bounds. □

Definition 3.3. The graph (V, Ẽ) is said to be nearly vertex-transitive under a
group G if G acts transitively on V from the left, no index two subgroup of G
acts transitively on V , the set Ñ (Ñ (g(A ))) is contained in g(Ñ (Ñ (A ))) for any
g ∈ G, and for each θi, 1 ⩽ i ⩽ d and v ∈ V , there is an automorphism or an
anti-automorphism ψi,v of the group G such that one of

θi(g · v) = ψi,v(g) · θi(v), θi(g · v) = ψi,v(g−1) · θi(v)

holds for any g ∈ G. In this situation, we say that (V, Ẽ) is nearly vertex-transitive
under G with respect to {ψi,v}.

It is worth considering nearly vertex-transitive graphs. We refer to Remark 3.6.
Proposition 3.4.

(1) If (V, Ẽ) is nearly vertex-transitive under G, then for any subgroup H of G of
index two and v ∈ V , Equation (i) holds for µ = 2.

(2) If (V, Ẽ) is nearly vertex-transitive under G with respect to {ψi,v}, and ψi,v

sends any index two subgroup of G to itself, then for any subgroup H of G of
index two and v ∈ V , Equation (i) holds for µ = 1.

(3) If (V, Ẽ) is vertex-transitive, then for any index two subgroup H of any transi-
tive subgroup G of the automorphism group of (V, Ẽ) and v ∈ V , Equation (i)
holds for µ = d.

Proof. Note that for any two subgroups H1, H2 of G of index two, the inequalities
|H1 ∩H2| ⩾ |H1|

2 , |Hc
1 ∩Hc

2 | ⩾ |H1|
2 hold. A proof of it can be found in [9].

Suppose (V, Ẽ) is nearly vertex-transitive under G. Let H be an index two subgroup
of G and let H† denote one of H,Hc. For any u, v ∈ V with u = θi(v),

|θi(H†v) ∩H†u| = |ψi,v(H†)θi(v) ∩H†θi(v)|
⩾ |(ψi,v(H†) ∩H†)θi(v)|

⩾
|ψi,v(H†) ∩H†|

t

⩾
|H|
2t

= |V |
4

holds for any 1 ⩽ i ⩽ d. So, Equation (i) holds for µ = 2. This proves statement (1).
Moreover, if ψi,v fixes any index two subgroup of G, then

|θi(H†v) ∩H†u| ⩾ |ψi,v(H†) ∩H†|
t

⩾
|H|
t

= |V |
2

holds for any 1 ⩽ i ⩽ d, and hence Equation (i) holds for µ = 1. This proves
statement (2).

Note that for a vertex v ∈ V and an automorphism g of (V, Ẽ), the image of a
neighbour of v under g−1, is a neighbour of g−1(v), and hence the neighbour g−1(θj(v))
of g−1(v) is equal to θig,v,j

(g−1(v)) for some 1 ⩽ ig,v,j ⩽ d. Consequently, for any
automorphism g of the graph (V, Ẽ), and v ∈ V and 1 ⩽ j ⩽ d,

θig,v,j
(g−1(v)) = g−1(θj(v))
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holds for some 1 ⩽ ig,v,j ⩽ d.
Suppose G is a transitive subgroup of the automorphism group of (V, Ẽ). Let H

be an index two subgroup of G and let H† denote one of H,Hc. Let u, v be elements
of V with u = θj(v). Consider the map

ψv,j : H† → {1, 2, . . . , d}, g 7→ ig,v,j .

Note that a fibre of this map having maximal size contains at least |H†|
d = |H|

d ele-
ments, and hence for some integer 1 ⩽ i ⩽ d, the inequality |H‡| ⩾ |H†|

d holds where
H‡ = ψ−1

v,j(i). Thus, for any g ∈ H‡, it follows that ig,v,j = ψv,j(g) = i, which yields

θi(g−1(v)) = g−1(θj(v)).

This implies that

|θi(H†v) ∩H†u| = |{θi(h−1v) |h ∈ H†} ∩H†u|

⩾ |{θi(h−1v) |h ∈ H‡} ∩H†u|

⩾ |{h−1(θj(v)) |h ∈ H‡} ∩H†u|

= |{h−1(u) |h ∈ H‡} ∩H†u|

= |{h−1(u) |h ∈ H‡}|

⩾
|H‡|
t

⩾
|H|
dt

= |V |
2d

hold. So, Equation (i) holds for µ = d. □

Theorem 3.5.
(1) If (V, Ẽ) is nearly vertex-transitive under G with respect to {ψi,v}, and ψi,v

sends any index two subgroup of G to itself, and

|V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
30d

)(
ds

ε2 + dr

ε
+ ds

ε

)
+ s

holds, then the vertex-Cheeger constant of the graph (V,E)2 is greater
than ε2

30d .
(2) If (V, Ẽ) is nearly vertex-transitive under G and

|V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
72d

)(
ds

ε2 + dr

ε
+ ds

ε

)
+ s

holds, then the vertex-Cheeger constant of the graph (V,E)2 is greater
than ε2

72d .
(3) If (V, Ẽ) is vertex-transitive and

|V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
30d3

)(
d3s

ε2 + d3r

ε
+ d3s

ε

)
+ s

holds, then the vertex-Cheeger constant of the graph (V,E)2 is greater
than ε2

30d3 .

Proof. This follows from Theorem 3.2, Proposition 3.4. □
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Remark 3.6. The consideration of nearly vertex-transitive graphs may appear su-
perfluous because a significant number of important graphs are vertex-transitive,
being Cayley graphs. However, there are several reasons for studying them. First,
the lower bound obtained for nearly vertex-transitive graphs through our method is
stronger than the bound that our method yields for vertex-transitive graphs. Next,
there are graphs of group-theoretic origin, other than Cayley graphs, which may fail
to be vertex-transitive, for instance, Cayley sum graphs. Moreover, the class of nearly
vertex-transitive graphs includes Cayley graphs, Cayley sum graphs, along with gen-
eralised Cayley graphs introduced by Marušič, Scapellato and Zagaglia Salvi [23],
and twisted Cayley graphs and twisted Cayley sum graphs studied by the authors [9].
Thus, the class of nearly vertex-transitive graphs includes plenty of graphs of interest
and for this class, the lower bound obtained is stronger than the bound obtained for
vertex-transitive graphs in general.

4. Bounds on the smallest eigenvalue of regular graphs
Let −1 + λ denote the smallest eigenvalue of a d-regular, non-bipartite graph Γ.
Since Γ is non-bipartite, it follows that λ ̸= 0. So, the second largest eigenvalue of
the normalised adjacency operator of Γ2 is ⩾ (1 − λ)2. This implies that the smallest
nontrivial eigenvalue of the normalised Laplacian operator of Γ2 is ⩽ 1 − (1 − λ)2.
By the discrete Cheeger–Buser inequality [13, Theorem 2.2], it follows that the edge-
Cheeger constant of Γ2 is ⩽

√
2(1 − (1 − λ)2) < 2

√
λ. Hence, if the vertex-Cheeger

constant of Γ2 is ⩾ ϖ, then the inequality 2
√
λ > ϖ

d2 holds, and hence the smallest
eigenvalue of Γ is > −1 + ϖ2

4d4 . The above discussion, combined with Theorem 3.5,
yields the following.

Proposition 4.1. Suppose (V,E) is regular and it is nearly vertex-transitive under G.
Then the smallest eigenvalue of the normalised adjacency operator of (V,E) is greater
than −1 + ε4

2834d6 . Assume in addition that (V,E) is nearly vertex-transitive under G
with respect to {ψi,v} and ψi,v sends any index two subgroup of G to itself. Then
the smallest eigenvalue of the normalised adjacency operator of (V,E) is greater than
−1 + ε4

602d6 .

Proposition 4.2. If (V,E) is vertex-transitive, then the smallest eigenvalue of its
normalised adjacency operator is greater than −1 + ε4

602d10 .

5. Bounds on the smallest eigenvalue of irregular graphs
Without any assumption on the regularity of (V,E), one obtains the following results,
which deals with a more general set-up, and under suitable hypotheses, obtains bounds
similar to those of Propositions 4.1 and 4.2.

Proposition 5.1.
(1) If (V, Ẽ) is nearly vertex-transitive and

|V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
72d

)(
ds

ε2 + dr

ε
+ ds

ε

)
+ s.

then the smallest eigenvalue of the adjacency operator of (V,E) is greater
than d(−1 + ε4

2834d6 ).
(2) If (V, Ẽ) is nearly vertex-transitive under G with respect to {ψi,v}, and ψi,v

sends any index two subgroup of G to itself, and

|V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
30d

)(
ds

ε2 + dr

ε
+ ds

ε

)
+ s,
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then the smallest eigenvalue of the adjacency operator of (V,E) is greater
than d(−1 + ε4

602d6 ).
(3) If (V, Ẽ) is vertex-transitive, and

|V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
30d3

)(
d3s

ε2 + d3r

ε
+ d3s

ε

)
+ s

then the smallest eigenvalue of the adjacency operator of (V,E) is greater
than d(−1 + ε4

602d10 ).

Proof. By Theorem 3.5, it suffices to show that the smallest eigenvalue of the adja-
cency operator A of (V,E) is greater than or equal to −d

(
1 − h2

4d4

)
.

For an n × n Hermitian matrix M , let λ1(M) (resp. λ2(M), λn−1(M), λn(M))
denote its largest (resp. second largest, second smallest, smallest) eigenvalue. By the
Courant–Weyl inequality [11, Theorem 2.8.1], we obtain

λ1(T ) = λ1(A2 + T −A2) ⩾ λ2(A2) + λn−1(T −A2)
where T = T(V,E)2 denotes the diagonal matrix consisting of the degrees of the vertices
of (V,E)2. By [13, pp. 34–35],

λn−1(T −A2) ⩾ h′2

2D ⩾
h2

2D,

where D denotes the maximum degree of (V,E)2 and h′ denotes the isoperimetric
number(1) of (V,E)2. It follows that

λ2(A2) ⩽ λ1(T ) − h2

2D ⩽ λ1(T ) − h2

2d2 ⩽ d2 − h2

2d2 .

Since (V,E) is non-bipartite, by [30, Theorems 31.11, 31.12], it follows that the small-
est eigenvalue λn(A) of A and the largest eigenvalue λ1(A) of A have distinct absolute
values, and hence λn(A)2 ̸= λ1(A)2 = λ1(A2). This implies that the smallest eigen-
value of A satisfies λn(A)2 ⩽ λ2(A2), and this yields

λn(A) ⩾ −
√
λ2(A2) ⩾ −

√
d2 − h2

2d2 = −d
(

1 − h2

2d4

)1/2

⩾ −d
(

1 − h2

4d4

)
,

as required. □

For any finite, undirected, non-bipartite, vertex-transitive graph, Proposition 5.1
establishes an explicit lower bound for the smallest eigenvalue of its normalised adja-
cency operator, which depends on the graph only through its degree and its vertex-
Cheeger constant. From [9], it is known that there are non-vertex-transitive graphs
possessing the same property. One may hope to obtain irregular graphs exhibiting
this property.

It seems that such a result can be deduced from Theorems 3.2 and 3.5. Indeed,
we could begin with a vertex-transitive graph (V, Ẽ) and remove few edges to obtain
an irregular graph (V,E). However, to be able to apply Theorems 3.2 and 3.5, we
need to prove that |V | is large enough in terms of d, the number of removed edges
and the vertex-Cheeger constant of (V,E). The difficulty remains in estimating the
vertex-Cheeger constant of (V,E) in order to obtain a lower bound on the number of
vertices in terms of the degree and the number of removed edges that ensures a lower
bound on the smallest eigenvalue on the adjacency operator through an application
of Proposition 5.1.

(1)We refer to [13, p. 34] for the notion of isoperimetric number of a graph.
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Theorem 5.2.
(1) If (V, Ẽ) is nearly vertex-transitive, no index two subgroup of G acts transi-

tively on V and ψi,v sends any index two subgroup of G to itself, and

|V | ⩾ 224
(

4d2

h̃2
+ 2d2 + 2

h̃

)
dr + d2r, r ⩽

(d′ + 1)h̃
4 , d ⩾ 3,

then the smallest eigenvalue of A is greater than d
(

−1 + h4

602d6

)
, and the

largest eigenvalue of L(V,E) is less than d
(

2 − h4

602d6

)
.

(2) If (V, Ẽ) is vertex-transitive, and

|V | ⩾ 217
(

4d2

h̃2
+ 2d2 + 2

h̃

)
d3r + d2r, r ⩽

(d′ + 1)h̃
4 , d ⩾ 3,

then the smallest eigenvalue of A is greater than d
(

−1 + h4

602d10

)
, and the

largest eigenvalue of L(V,E) is less than d
(

2 − h4

602d10

)
.

Proof. Note that if Γ is a finite, undirected graph with minimum degree dmin and
vertex-Cheeger constant at most 1, and if X is a subset of the set of vertices of Γ where
the vertex-Cheeger constant is attained, then X contains at least dmin+1

2 elements.
Indeed, one has

1 ⩾
|∂X|
|X|

⩾
dmin − (|X| − 1)

|X|
,

which implies that |X| ⩾ dmin+1
2 . This shows that if X is a subset of V where the

vertex-Cheeger h constant of (V,E) is attained, then

h = |N (X) ∖X|
|X|

⩾
|Ñ (X) ∖X| − r

|X|
⩾ h̃− r

|X|
⩾ h̃− 2r

d′ + 1 ⩾
h̃

2 .

Note that

224 ⩾ 108
(

2 + (ν − 1)(2ν − 1)
30d

)
, 217 ⩾ 108

(
2 + (ν − 1)(2ν − 1)

30d3

)
for d ⩾ 3, and (

4d2

h̃2
+ 2d2 + 2

h̃

)
r ⩾

d2r

h2 + (d2 + 1)r
h

⩾
s

h2 + r

h
+ s

h
.

So, under the hypothesis of part (1), we obtain

|V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
30d

)(
ds

h2 + dr

h
+ ds

h

)
+ s,

and by Proposition 5.1(2), it follows that the smallest eigenvalue of A is greater than
d
(

−1 + h4

602d6

)
. Moreover, under the hypothesis of part (2), we obtain

|V | ⩾ 108
(

2 + (ν − 1)(2ν − 1)
30d3

)(
d3s

h2 + d3r

h
+ d3s

h

)
+ s,

and by Proposition 5.1(3), it follows that the smallest eigenvalue of A is greater than
d
(

−1 + h4

602d10

)
.

For an n × n Hermitian matrix M , let λ1(M) (resp. λn(M)) denote its largest
(resp. smallest) eigenvalue. By the Courant–Weyl inequality [11, Theorem 2.8.1], we
obtain

d ⩾ λ1(T(V,E)) = λ1(A+ L(V,E)) ⩾ λn(A) + λ1(L(V,E)).
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Using the lower bound on λn(A), the result follows. □

By the discrete Cheeger–Buser inequality, the vertex-Cheeger constant of a Ra-
manujan graph of degree d is at least d−2

√
d−1

2d . Thus, we obtain the following corollary
of Theorem 5.2.

Corollary 5.3. Assume that (V, Ẽ) is a Ramanujan graph.
(1) If (V, Ẽ) is nearly vertex-transitive, no index two subgroup of G acts transi-

tively on V and ψi,v sends any index two subgroup of G to itself, and

|V | ⩾ 224
(

16d4

(d− 2
√
d− 1)2

+ 4d3 + 4d
d− 2

√
d− 1

)
dr + d2r, r ⩽

(d′ + 1)h̃
4 , d ⩾ 3,

then the smallest eigenvalue of A is greater than d
(

−1 + h4

602d6

)
, and the

largest eigenvalue of L(V,E) is less than d
(

2 − h4

602d6

)
.

(2) If (V, Ẽ) is vertex-transitive, and

|V | ⩾ 217
(

16d4

(d− 2
√
d− 1)2

+ 4d3 + 4d
d− 2

√
d− 1

)
d3r + d2r, r ⩽

(d′ + 1)h̃
4 , d ⩾ 3,

then the smallest eigenvalue of A is greater than d
(

−1 + h4

602d10

)
, and the

largest eigenvalue of L(V,E) is less than d
(

2 − h4

602d10

)
.

Corollary 5.3 has interesting applications to spanning subgraphs of existing ex-
plicit constructions of Ramanujan graphs. Lubotzky, Phillips and Sarnak [21] and
Margulis [22] constructed arbitrarily large (p+ 1)-regular Ramanujan graphs when p
is an odd prime. Chiu [12] constructed 3-regular Ramanujan graphs. Further, Morgen-
stern [25] proved that there are arbitrarily large d-regular Ramanujan graphs when
d− 1 is a prime power. These graphs are Cayley graphs, and hence are nearly vertex-
transitive. By removing a small number of edges from any one of these graphs and
applying Corollary 5.3(1), we obtain examples of irregular graphs whose normalised
adjacency operators have their smallest eigenvalues bounded uniformly away from −1.

Acknowledgements. We thank the anonymous reviewers and the editor for the con-
structive comments and suggestions. The work of the first author was supported by
the ERC grant 716424 - CASe of Karim Adiprasito. The second author acknowledges
the INSPIRE Faculty Award (IFA18-MA123) from the Department of Science and
Technology, Government of India.

References
[1] David Aldous, On the markov chain simulation method for uniform combinatorial distributions

and simulated annealing, Probab. Engrg. Inform. Sci. 1 (1987), no. 1, 33–46.
[2] N. Alon, Eigenvalues and expanders, Combinatorica 6 (1986), no. 2, 83–96, Theory of computing

(Singer Island, Fla., 1984).
[3] N. Alon and V. D. Milman, λ1, isoperimetric inequalities for graphs, and superconcentrators,

J. Combin. Theory Ser. B 38 (1985), no. 1, 73–88.
[4] Noga Alon and Benny Sudakov, Bipartite subgraphs and the smallest eigenvalue, Combin.

Probab. Comput. 9 (2000), no. 1, 1–12.
[5] László Babai, Local expansion of vertex-transitive graphs and random generation in finite

groups, in Proceedings of the Twenty-Third Annual ACM Symposium on Theory of Computing,
STOC ’91, Association for Computing Machinery, 1991, pp. 164–174.

[6] Arindam Biswas, On a Cheeger type inequality in Cayley graphs of finite groups, European J.
Combin. 81 (2019), 298–308.

[7] Arindam Biswas and Jyoti Prakash Saha, A Cheeger type inequality in finite Cayley sum graphs,
Algebr. Comb. 4 (2021), no. 3, 517–531.

Algebraic Combinatorics, Vol. 6 #3 (2023) 705



Arindam Biswas & Jyoti Prakash Saha

[8] , Expansion in Cayley graphs, Cayley sum graphs and their twists, 2021, https://arxiv.
org/abs/2103.05935.

[9] , Spectra of twists of Cayley and Cayley sum graphs, Adv. in Appl. Math. 132 (2022),
article no. 102272 (34 pages).

[10] Emmanuel Breuillard, Ben Green, Robert Guralnick, and Terence Tao, Expansion in finite
simple groups of Lie type, J. Eur. Math. Soc. (JEMS) 17 (2015), no. 6, 1367–1434.

[11] Andries E. Brouwer and Willem H. Haemers, Spectra of graphs, Universitext, Springer, New
York, 2012.

[12] Patrick Chiu, Cubic Ramanujan graphs, Combinatorica 12 (1992), no. 3, 275–285.
[13] Fan R. K. Chung, Spectral graph theory, CBMS Regional Conference Series in Mathematics,

vol. 92, Published for the Conference Board of the Mathematical Sciences, Washington, DC; by
the American Mathematical Society, Providence, RI, 1997.

[14] Sebastian M. Cioabă, The spectral radius and the maximum degree of irregular graphs, Electron.
J. Combin. 14 (2007), no. 1, article no. 38 (10 pages).

[15] Sebastian M. Cioabă, David A. Gregory, and Vladimir Nikiforov, Extreme eigenvalues of non-
regular graphs, J. Combin. Theory Ser. B 97 (2007), no. 3, 483–486.

[16] Jozef Dodziuk, Difference equations, isoperimetric inequality and transience of certain random
walks, Trans. Amer. Math. Soc. 284 (1984), no. 2, 787–794.

[17] Rongquan Feng and Wenqian Zhang, A note on spectral radius and maximum degree of irregular
graphs, Graphs Combin. 37 (2021), no. 3, 1121–1127.
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