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Equivariant Kazhdan—Lusztig theory of

paving matroids

Trevor Karn, George D. Nasr, Nicholas Proudfoot & Lorenzo
Vecchi

ABSTRACT We study the way in which equivariant Kazhdan—Lusztig polynomials, equivariant
inverse Kazhdan—Lusztig polynomials, and equivariant Z-polynomials of matroids change under
the operation of relaxation of a collection of stressed hyperplanes. This allows us to compute
these polynomials for arbitrary paving matroids, which we do in a number of examples, including
various matroids associated with Steiner systems that admit actions of Mathieu groups.

1. INTRODUCTION

We consider in this paper three polynomial invariants of matroids: the Kazhdan—
Lusztig polynomial [2], the inverse Kazhdan—Lusztig polynomial [6], and the
Z-polynomial [16]. These invariants have been computed for uniform matroids [5,
6, 8], then generalized to sparse paving matroids [4, 10, 11], and finally to arbitrary
paving matroids [3].

The purpose of this paper is to generalize the results of [3] to the equivariant setting.
Suppose that M is a matroid and W is a finite group that acts on the ground set
of M, preserving the set of bases. We then have the equivariant Kazhdan—Lusztig
polynomial [8], the equivariant inverse Kazhdan—Lusztig polynomial [15], and
the equivariant Z-polynomial [16]; these are polynomials whose coefficients are
isomorphism classes of W-representations over the rational numbers, and they have
the property that taking dimensions recovers the non-equivariant polynomials. The
equivariant Kazhdan—Lusztig polynomials and inverse Kazhdan—Lusztig polynomials
have been computed for uniform matroids [7, 8], and it is straightforward to use these
results to compute the equivariant Z-polynomials. Our main result extends these
computations to paving matroids.

Our approach is based on the notion of relaxation. If M is a matroid of rank k,
a hyperplane H of M is called stressed if every k-element subset of H is a circuit.
In this case, there is a new matroid M whose bases consist of all of the bases for M
along with all of the k-element subsets of H. A matroid is paving if and only if it can
be transformed into a uniform matroid by a sequence of relaxations. The operation of
relaxation changes our three polynomials in a controlled way, thus one may leverage
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the formulas for uniform matroids to obtain formulas for paving matroids [3]. We will
use the same idea in the equivariant setting, though now rather than relaxing one
stressed hyperplane at a time, we will relax one W-orbit of stressed hyperplanes at a
time.

REMARK 1.1. The notion of stressed hyperplanes and their relaxations is quite new,
appearing for the first time in [3]. When H is a circuit-hyperplane, it is a much more
well-known operation; see for example [13, Proposition 1.5.14]. A matroid is sparse
paving if and only if it can be transformed into a uniform matroid by a sequence of
relaxations of circuit-hyperplanes.

REMARK 1.2.1t is conjectured that asymptotically almost all matroids are sparse
paving [12], and a logarithmic version of this conjecture has been proved [14]. In this
sense, the results of this paper allow us to compute our three equivariant polynomials
for most matroids.

We now give a more precise statement of our results. Given a matroid M equipped
with an action of a finite group W, we denote the equivariant Kazhdan—Lusztig poly-
nomial of M by Py (t), the equivariant inverse Kazhdan—Lusztig polynomial of M
by Q¥ (t), and the equivariant Z-polynomial of M by Z}¥ (¢).

Given a stressed hyperplane H, we write M to denote the matroid obtained by
simultaneously relaxing all hyperplanes in the W-orbit of H. Note that the action of W
on M induces an action on M. Let Wy be the stabilizer of H in W. The group Wy acts
on H, inducing a homomorphism from W to the permutation group Spy. If h = |H|
and we fix an ordering of H, then we can identify Gy with the symmetric group &y.
For any representation V of &, we will write Resg,z V' to denote the pullback of V
to a representation of Wy (even though the homomorphism from Wy to &, need not
be an inclusion).

THEOREM 1.3. Fiz integers h > k > 1. There exist polynomials kaZ(t), q,(?;:(t),

and z,?;b (t), each with isomorphism classes of &y -representations as coefficients, such
that for any matroid M of rank k, any group W of symmetries of M, and any stressed
hyperplane H of cardinality h, the following identities hold:

PY(t) = Pyf () + Indyy, Resyr ph (1)
Q' (t) = QN (t) + Indyy, Resyt ¢h ()
Z¥(t) = Z37 (1) + Indyy,, Resy!, 207 ().

Next, we give explicit formulas for two of the three &j-equivariant polynomials
appearing in Theorem 1.3. Given a partition A of h, we write V) to denote the corre-
sponding irreducible representation of &;, over the rational numbers, which is called
the Specht module associated with A. More generally, given a pair of partitions A
and p with |A] — |u| = h, we write V},, to denote the corresponding skew Specht
module, which is characterized by the property that the multiplicity of V,, in V}, is
equal to the multiplicity of V) in

S
Indg s, (Vi BV, ).

For uniform matroids, the coefficients of equivariant inverse Kazhdan—Lusztig poly-
nomials are Specht modules [7, Theorem 3.2], while the coefficients of equivariant
Kazhdan—Lusztig polynomials are skew Specht modules [7, Theorem 3.7].
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THEOREM 1.4. When k = 1, we have plgz(t) =V = q?,’; (t) and zf,’; (t) = 0. When

k > 1, we have the following explicit formulas:")

pke,h(t): Z Vin—2i41,(k—2i41)i]/[k—2i, (k—2i—1)i-1] L'
0<i<k/2

QSZ(t) = Z (Vv[h,k+2’2i71’1k72i] + ‘/v[h,k+1’2'i,1k72i—1]) t.
0<i<k/2

REMARK 1.5. One can use similar methods to obtain an explicit formula for z,?}l(t),
but since this formula is considerably less elegant, we omit it.

An unpublished conjecture of Gedeon states that the coefficients of the equivariant
Kazhdan—-Lusztig polynomial of a matroid M are bounded above by the coefficients
of the equivariant Kazhdan—Lusztig polynomial of the uniform matroid of the same
rank on the same ground set. We give a precise statement of this conjecture here; the
non-equivariant version of the conjecture appears in [11, Conjecture 1.1].

CONJECTURE 1.6. Let M be a matroid of rank k on the ground set E, and let W be a
finite group that acts on E preserving M. Then the coefficients of P(%E (t) — P (t)

are honest (rather than virtual) representations of W.(?)

REMARK 1.7. The fact that the constant and linear terms of P/ _(t)— Pyy (t) are hon-
est representations follows from [8, Corollary 2.10]. In higher degrees, the conjecture
remains open.

Theorems 1.3 and 1.4 imply that Conjecture 1.6 holds for paving matroids.
COROLLARY 1.8. Conjecture 1.6 holds when M is paving.

Proof. If M is paving, then M may be transformed into Uy g by relaxing finitely
many W-orbits of stressed hyperplanes. Theorems 1.3 and 1.4 imply that each of
these relaxations changes the equivariant Kazhdan—Lusztig polynomial by adding a
correction term whose coefficients are honest representations. O

Theorems 1.3 and 1.4, along with the known formulas for uniform matroids, pro-
vide us with the tools to compute our equivariant polynomials for any paving matroid
and any group of symmetries. To illustrate this, we apply our results to compute the
equivariant Kazhdan—Lusztig polynomials in six specific examples. First, we consider
the Vamos matroid, a sparse paving matroid of rank 4 with symmetry group isomor-
phic to D4 x Dy. Our last five examples involve the Mathieu groups M1, Mis, Mos,
Mos, and Moy, which are sporadic finite simple groups. Each of the Mathieu groups
can be realized as a group of symmetries of a Steiner system, and therefore also of the
paving matroid associated with that Steiner system. The SageMath [17] code used to
study each of these six examples is available at

https://github.com/trevorkarn/equivariant-matroid-relaxation.

M1n the expression for qSZ(t), we interpret the first term to be zero if ¢ = 0, and we interpret the
second term to be zero if i > 0 and k = h.

(We write Ug,E to denote the uniform matroid of rank k on the set E, and Uy, to denote the
uniform matroid of rank k on the set [n]. This differs from the notation in some of the references,
where U,, 4 is used to denote the uniform matroid of rank d on the set [m + dJ.
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2. DEFINING THE POLYNOMIALS

For any subset S C E, we write M* to denote the matroid obtained by localizing at S
(equivalently deleting the complement of S), and we write Mg to denote the matroid
obtained by contracting S. Both of these matroids admit actions of the stabilizer
group Ws C W. We denote the trivial representation of W by 7.
The equivariant Kazhdan—Lusztig polynomial P} (t) and the equivariant Z-

polynomial Z}Y (¢) are characterized by the following conditions:

o If the ground set of M is empty, then P}/ (t) = Z}V (t) = Ty.

e If the ground set of M is nonempty, then the degree of PAV/‘[/ (t) is strictly

smaller than half of the rank of M.
e The polynomial Z}¥(¢) is palindromic, with degree equal to the rank of M:

Mz = 230 (1).
e For all M,

(1) Zy(t) = > ™S Indy, Py (1),
[S]e2E /W

REMARK 2.1. To be more explicit about how this works, let M be a matroid of
rank k£ on a nonempty ground set F, and assume that equivariant Kazhdan—Lusztig
polynomials have been defined for all matroids whose ground sets are proper subsets
of E. Let
RY () := > 5 Indyy, Py (t).
[Sle(2P~{a})/W

Then P (¢) is the unique polynomial of degree strictly less than k/2 with the property
that Z}V (¢) := Pl (t) + RY/(t) is palindromic of degree k.

The equivariant inverse Kazhdan—Lusztig polynomial is characterized by the fol-
lowing two conditions [15, Proposition 4.6):

o If the ground set of M is empty, then Q¥ (t) = .
e If the ground set of M is nonempty, then

(2) S DTSl (@U@ PE®) =o.
[S]e2E /W

REMARK 2.2. The original definition of the (ordinary or equivariant) Kazhdan-Lusztig
polynomial of M and inverse Kazhdan—Lusztig polynomial of M applied only to
loopless matroids. With this definition, one can prove inductively that P}y (t) =0 =
QY (t) whenever M has a loop. In contrast, the polynomial Z}¥ (¢) are unchanged
when we replace M with its simplification. These are the most natural definitions
from the geometric point of view.

REMARK 2.3. The contraction Mg is loopless if and only if S is a flat, so Remark 2.2
implies that we may replace the sums in equations (1) and (2) with sums over W orbits
in the lattice of flats of M. However, it will be more convenient for our purposes to
work with the sum over all subsets.

3. THE FIRST THEOREM

This section is devoted to the proof of Theorem 1.3. Let H be a stressed hyperplane
of M, and let H be the W-orbit of H. Let Wy C W denote the stabilizer of H, so
that H = W/Wg. Let M be the matroid obtained by relaxing every hyperplane in H,
and note that the W-action on M induces a W-action on M.
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Let S C H a nonempty proper subset, and let Wg C W be its stabilizer, which acts
on the contraction Mg. The matroid Mg := (M)s can be obtained from M either
by first relaxing all of the stressed hyperplanes in H and then contracting S, or by
first contracting S and then relaxing a bunch of stressed hyperplanes in Mg, namely
J NS for all J € H such that J contains S. This is not necessarily a single Ws-orbit,
but rather a collection of Wg-orbits of stressed hyperplanes.

More precisely, let L(S,H) := {w € W | wS C H}. This set admits an action
by Wy via left multiplication, as well as a commuting action of Ws via right multi-
plication. The quotients by these actions can be described as follows:

C(S,H) :={wS |weWand wS C H} 2 L(S,H)/Ws
D(S,H) = {J €M |5 CJ}=Wy\L(S, H),

where the second isomorphism takes J = wH to the coset Wyw™!. The double
quotient
Wy\C (S, H) 2 Wy\L(S,H)/Ws = D(S,H)/Ws

may be regarded as a set of Ws-orbits of stressed hyperplanes of the matroid Msg,
and relaxing all of these orbits yields the matroid Mg. Let Mg be the matroid ob-
tained by relaxing only one of those orbits, namely the one containing the stressed
hyperplane H \ S.

We now state and prove a lemma that will be a crucial ingredient in the inductive
proof of Theorem 1.3.

LEMMA 3.1. Suppose that Theorem 1.3 holds for the matroids of rank equal to the rank
of Mg. Then we have

Ind}l, (PAYZVZ (t) — Pl (t)) = Y mdl (P]% (t) - P (t)) .
[T)EWH\C(S,H)
Proof. Let i = |S|. Theorem 1.3 for the action of W on Mg tells us that
S L — 13 S —i
P]\KE (t) — PJ\VE (t)= Z Ind%smws ResWﬁmWS pl:ji,hfi(t)'
[J1eD(S,H)/Ws

Theorem 1.3 for the action of Wr on My tells us that

W, Wi W, Snii  Sn_s
PMV; (t) = Py (t) = Indyy -y, Resy pkhzi,hfi(t)'

The lemma now follows from the identification of D(S, H)/Ws with Wy \C(S, H). O
Proof of Theorem 1.3. We proceed by induction on the rank k of our matroid. If
k = 1, then H is necessarily the set of all loops in M, and Wy = W. In this case,
Remark 2.2 implies that we can take pleg(t) =V = qIGZ (t) and 2162 (t) =0.

For the induction step, we will prove only the statements about PA‘L/‘I/ (t) and ZJ\%/ (t);
the proof of the statement about Qg (t) is nearly identical. By Remark 2.1, it will be
sufficient to prove that there is a polynomial ’I”SZ (t) such that

&y .6
R (t) = Ry (t) + Indyy, Resy? 77 (1)
The polynomials pf};(t) and z,f';; (t) can be obtained from rkGZ(t) in the same way that
we obtain P}y (t) and Z}¥ (¢) from RY/(¢). Assume k > 1, and consider the difference

RYG-Ry(®) = Y e Smay (PR @) -PE®).
[Sle(@E {2}/

We break the sum into three different parts and analyze each part individually.
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e Suppose S is a subset of £ that is not contained in any element of . In this
case, Mg = Mg, so the summand indexed by [S] vanishes.
e The set S = H is a flat of M but not of M, and therefore PJ\%/H (t) =0 by
H

Remark 2.2. The contraction My is uniform of rank 1, so PJ\VXZI (t)
Thus the summand indexed by [H] is equal to

TWH.

w w <]
— Indy,, Ty, = —Indy, Resy? 76, -

e Suppose that @ C S C H. Our inductive hypothesis and Lemma 3.1 tell us
that the contribution indexed by [S] is equal to

rk S w Wi w
t Z Indyy, ( 1\7:(75) = Py, (ﬂ) .
[T]eWu\C(S,H)
If we take the sum over all such [S], we get
rk S W (pW w
t 3 Ind}}, (PAT; (t) - PY. (t)) .
(T]e (2" ~{2,H})/ Wi

Our inductive hypothesis tells us that

%% 4% _ Ws Sh_T)| Sh_|7|
Pﬁi (t) — P (t) = Indyl s, Resy o 2 iy (8),

and therefore that
Ind}}, (PAKZ (t) — PY¥r (t)) = Ind}f}, Ind{¥7 . Resyr ool o (0)
= Indyy, A, RGSSV;FW‘I;/L; pkgfha‘ﬁhﬂﬂ (t)
= Indyy, Indp? ReSVGV;FWgVLI ka—h ez ®)-
Taking the sum over all [T] € (2 < {@, H})/Wg, we get

w Wi Sy Sh_
Z Indyy, Indyf -y, Resyy iy, pkfﬂ‘{‘hﬂT\ (t)
[T)e(2H ~{o,H})/ Wy

W Ws Sy Sy
= Indy, Z Indy? Ay, ReSWrZﬂ‘;fL{ pkf\TTm\T\ (t)
[T1e(2H {2 ,H})/Wn

_ w Shoir ST
= Indy, E : Resyy aws, pk—|T|,h—|T|(t) )
@CTCH

where the second equality is a standard fact about induced representations;
see for example [15, lemma 2.7]. (Note that the individual terms in the sum
are not representations of Wy, but rather of Wy N Wr. An element w € Wy
takes the term indexed by T to the term indexed by wT.) We may rewrite
this expression as

w S Sh_T|
Indyy;, Resy;, Z Pr—ir - (B) ] 5
GCTCIH]

where now the individual terms in the sum are representations of &y, 7 =
S, |7|, and the entire sum is a representation of &y,. Finally, we once again
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employ the same standard fact about induced representations, this time using
the action of &y, to rewrite our expression as

Indyy, Resb’l E:Indb &S (TGi &pfﬁ;h_z(t)) )

which is manifestly of the desired form.

Putting the four parts together, we may take

S &
PO = —Te, + DA, (e, WP (D)
This completes the proof. O

4. THE SECOND THEOREM

This section is devoted to the proof of Theorem 1.4. The k = 1 case was treated as the
base case of the induction in the proof of Theorem 1.3, so we may assume that k£ > 1.
Following the strategy of [3], we prove this result by examining a single example. Let

My =Uk_1,, @ By

be the direct sum of the uniform matroid of rank £ —1 on h elements and the Boolean
matroid of rank 1. The group &;, acts on the first summand, ~which is a stressed hy-
perplane of cardinality h [3, Proposition 3.11]. The relaxation My, j, is equal to U p41.
We have the equalities

GL Sy Sy,
PELO = P (0= PR, (0)

Qkh(t) n (t) — QMk ,L( )s

My, n

so it will suffice to compute the four polynomials on the right-hand sides of the two
equations.
We begin with the polynomials associated with the matroid My, ;. We have

Pg!(t) = Q5! (1) = Vi,

and each of our three polynomials is multiplicative with respect to direct sums. By [7,
Theorem 3.7], we have

(3) P O =P5r, (0= Y Vinosik—20/k—2i-2)] t
i<(k—1)/2
By [7, Theorem 3.2], we have
(4) QMk L) = QUk )= Z Vin—ki2,2i 15-2i-2] T,
i<(k—1)/2

By the same theorems, we have

()

Gni1 pSht1 St )
P]%: . (t) = ResGT PU,::H(t) = Z RGSGT Vih—2i41,(k—2i41)7]/[(k—2i—1)i] T
’ i<(k—1)/2
and
Sy ;
(6) Q%}; h(t) = Resg;‘“ QU: J}:1+1( ) = Z 1%686th Vv[h k42,21, 1k—2i-1] .
' i<(k—1)/2

We compute the restrictions using the following lemma.
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LEMMA 4.1. If X\ is a partition of h+ 1, then
Resg:“ V)\ = @ VA’,
A/

where X' ranges over partitions of h with the property that the Young diagram for N
is obtained from the Young diagram for A by removing a single box. If A and p are
partitions with |A| — |u| = h + 1, then

Shit _
Resg, ™ Va/u = DV,
w

where ' ranges over partitions with the property that the Young diagram for u' is
obtained from the Young diagram for u by adding a single boz.

Proof. The first statement is a well known special case of the Pieri rule. To prove the

second statement, let v be any partition of h. By Frobenius reciprocity, the multiplicity

of V,, in Resg::“ Va/u is equal to the dimension of the hom space from Indg’;rl |

to Vi u, which is in turn equal to the multiplicity of V) in
Sh
IndG::‘r;GIX@M V, "}V KV,.

By the Pieri rule, this may be reinterpreted as the sum over all u’ of the stated form
of the multiplicity of V) in

IndSr+! V, KV,

SIPRSSIY

In other words, it is the multiplicity of V,, in @W V- d

Applying the second statement of Lemma 4.1 to Equation (5), we find that
(7
P (1) = Z (‘/[h72i+1,(k72i+1)i]/[(k—2i71)’i,1] +‘/[h72i+1,(k72i+1)i]/[k72i,(k72i—1)i*1]) t,

My p )
i<(k—1)/2

where we interpret the second term inside the parentheses to be zero if i = 0. Similarly,
applying the first statement of Lemma 4.1 to Equation (6), we find that

(®)

Q%h (t) = Z (‘/v[h_k+272i71k—2i—2] + ‘/—[h_k+272i—1,1k—2i] + ‘/[h_k_‘_l,Qi’lk—zifl]) ti,
o i<(k—1)/2

where we interpret the second term to be zero if i = 0, and we interpret the third

term to be zero if 7 > 0 and k = h.

Proof of Theorem 1.4. The k = 1 case was treated as the base case of the induction
in the proof of Theorem 1.3, so we may assume that & > 1. We compute pke’;b(t) by
taking the difference between Equations (7) and (3). We observe that we have an
isomorphism

Vih—2it1,(k—2i4+1)1)/[(k—2i—1)1,1] = Vin—2i,(k—24)i]/[(k—2i—2)i]
of skew Specht modules, which follows from the fact that the skew diagrams

[h—2i+1,(k—2i+1)"/[(k—2i—1),1]  and  [h—2i,(k—23)"]/[(k — 2i —2)"]

are related by a horizontal translation [9, Proposition 2.3.5, Lemma 2.3.12]. This
leads to a cancelation which gives us the formula for ka’,;(t) stated in Theorem 1.4.

We compute qS’?L (t) by taking the difference between Equations (8) and (4). O
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FIGURE 1. A visual representation of the circuit-hyperplanes for V.

5. THE VAMOS MATROID

In this section we consider the Vamos matroid V', which is the smallest non-
realizable matroid. The ground set of V' is equal to [8], and it is a paving matroid of
rank 4 with 5 circuit-hyperplanes corresponding to the five shaded rectangles in Fig-
ure 1. The automorphism group W of V is generated by the following four elements:

r1=(12), s =(17)(28), r2=(34), and s2 = (35)(46).

Note that W = Dy x Dy, where the first factor is generated by ry and s; and the
second factor is generated by ro and ss.

Let H := {1,2,3,4} and H' := {3,4,5,6}. The orbit of H under the action of W
consists of the four circuit hyperplanes other than H’, and the stabilizer of H is

Wi = ((12), (34), (56), (78)) = &,.
In contrast, H’ is fixed by W. By Theorem 1.3, we have
P“}V(t) = ResVGV8 ngs (t) — Ind%{ Res%; pfj(t) — Resﬁ,4 pfj(t).

Here the first restriction is the pullback along the homomorphism from Wy to G4
given by the action of Wiy on H = [4], while the second is the pullback along the
homomorphism from W to &4 given by the action of W on H’ 2 [4].

The formula for ngg (t) is given in [8, Theorem 3.1] or [7, Theorem 3.7], and the

formula for pfj(t) is given in Theorem 1.4. Note that the constant term of P((Z ()
is equal to the trivial representation of dimension 1, as is the case for all looﬁless
matroids [8, Corollary 2.10]. All three polynomials are linear, so the only nontrivial
calculation is of the coefficient of ¢.

The calculation can be done explicitly using character tables. We use the following
standard representation of the character table for Dy:
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e S T ST T
yvi|1] 1|1 ]1]1
2| 1] 1 | =11 |-1
s | 1| —1|—1] 1 | 1
xa |l |—1] 1 |1 -1
X521 0] 0 ]=2]0

The irreducible characters of W = Dy x Dy are of the form x;Xx; fori,j € {1,...,5}.
After performing all of the restrictions and inductions, we find that the character of
the linear term of PyY (¢) is equal to

Sx1 Bx1 +x1 Rxe+x1 Wxa+2x2 B x1 + x2 B xo +x2 Rxa +xa ®x: + xa W xo
+x1 Boxs + x2 M xs + xa B x5 + 2x5 K x1 + x5 K xe + x5 M xs + 2x5 X x5.

We observe that the value of this character on the identity is 33, so the non-equivariant
Kazhdan—Lusztig polynomial of V' is Py (t) = 1 4 33t.

6. STEINER SYSTEMS

A Steiner system of type (d, k,n) consists of a set E of cardinality n along with a
family H of k-element subsets (called blocks) with the property that every d-element
subset of F is contained in exactly one block. A Steiner system (E, H) of type (d, k,n)
determines a paving matroid of rank d 4+ 1 on the ground set E characterized by the
property that 7 is the set of hyperplanes [18, Chapter 12.3]. Given a Steiner system
(E,H) of type (d,k,n) and an element e € E, one can construct a new Steiner
system (E/e,H/e) of type (d — 1,k — 1,n — 1) by putting E/e := E ~\ {e} and
Hje:={H < {e}|ec HecH}.

There is a unique Steiner system of type (5,6,12) up to isomorphism, which is
typically denoted S(5,6,12). The automorphism group of S(5,6,12) is the Mathieu
group Mj,. This group acts 4-transitively on the ground set, and the stabilizer of a
point is the Mathieu group Mi;. Thus we may perform the aforementioned operation
to obtain a Steiner system S(4,5,11) with an action of My;.

There is also a unique Steiner system of type (5, 8,24) up to isomorphism, which is
denoted S(5,8,24), and is known as the Witt geometry. The automorphism group of
S(5,8,24) is the Mathieu group May, which acts 5-transitively on the ground set. The
stabilizer of a single point is the Mathieu group Mas3, which acts on the corresponding
Steiner system S(4, 7,23). The stabilizer of a pair of points is the Mathieu group Maa,
which acts on the corresponding Steiner system S(3, 6, 22). The Mathieu groups M1,
Mo, Mss, Mss, and Moy are all sporadic finite simple groups.

REMARK 6.1. The Mathieu groups M7y, Mis, Moz, and My, are each equal to the
automorphism groups of their corresponding Steiner systems. In contrast, Mas is the
unique index 2 subgroup of the automorphism group of S(3,6,22).

We will use the same notation to refer to a Steiner system and its associated
matroid. For example, we will denote by Pg(jgj‘gg 4)(15) the Mss-equivariant Kazhdan—
Lusztig polynomial of the matroid associated with the Steiner system S(5, 8,24). We
will refer to irreducible characters of the Mathieu groups by the same indices used in

the ATLAS of Finite Groups [1].
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PROPOSITION 6.2. The equivariant Kazhdan—Lusztig polynomials of the matroids as-
sociated with the aforementioned Steiner systems are characterized as follows:

char PS(4 511y (H) = X1+ (s + x8) T+ (x5 + xs) t?

charP 5(5.6,12) () =x1+ (x3a+x7+xs)t+ (x3+ X7+ X8 + X11 + X12 + x14) *
CharP 3622 t)=x1+ x5t

char PG(3% a0 (8) = X1+ X5t + X0 t°

Charpévésu (t) = x1+ (xs + Xxo) t + (X0 + X14 + x21)

Non-equivariantly, we have

=1+ 55t + 55t>

1+ 120t + 429t
=1+ 55t

5(4,7,23)(t) = 1+ 230t + 253¢
5(5,8,24)(t) = 1+ 735t + 4830¢%,

5(4,5,11) (2

(

Pg 5612)(t

Ps (3,6,22) (
(
(

N N N

Proof. All of these calculations are done using only Theorems 1.3 and 1.4 along with
the character tables found in the ATLAS. We provide a brief outline of the calculation
only for the most interesting case, namely S(5, 8, 24).

The ground set of the matroid S(5,8,24) is {1,...,24}. The group Ms, acts tran-
sitively on the set of blocks. We have a distinguished block H = {1,...,8}, whose
stabilizer group is isomorphic to g x F4, where the alternating group 2g = GL4(F5)
acts linearly on the vector space F3. The homomorphism from the stabilizer group to
Gy = Gy is given by the projection onto 2g followed by the inclusion of 2(g into Sg.
Theorem 1.3 tells us that

Pg{;; MO Res§pt P (1) - IndM2;F4 ResQl w3 D6, S5 ().

Using the formula for Pli >4 (t) in [8, Theorem 3.1] or [7, Theorem 3.7] and the formula

for pfi(t) given in Theorem 1.4, this becomes a straightforward (if cumbersome)
computer computation. O
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