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Expanding K-theoretic Schur ()-functions

Yu-Cheng Chiu & Eric Marberg

ABSTRACT We derive several identities involving ITkeda and Naruse’s K-theoretic Schur P- and
Q-functions. Our main result is a formula conjectured by Lewis and the second author which
expands each K-theoretic Schur @Q-function in terms of K-theoretic Schur P-functions. This
formula extends to some more general identities relating the skew and dual versions of both
power series. We also prove a shifted version of Yeliussizov’s skew Cauchy identity for sym-
metric Grothendieck polynomials. Finally, we discuss some conjectural formulas for the dual
K-theoretic Schur P- and Q-functions of Nakagawa and Naruse. We show that one such formula
would imply a basis property expected of the K-theoretic Schur Q-functions.

1. INTRODUCTION

This article proves some identities relating the K -theoretic Schur P- and Q-functions
introduced by Ikeda and Naruse in [8]. To motivate the definition of these power
series and to frame our main results, we start by reviewing some classical background
material on generating functions for shifted tableaux.

Let A = (A1 > A2 > -+~ > 0) be a strict partition, that is, a strictly decreasing
sequence of positive integers. The shifted diagram of X is the set of pairs SD)y :=
{(4,§) € ZXZ:0<i<j<i+ N} We usually refer to the elements of this set as
“positions” or “boxes.”

A shifted tableau of shape A is a filling of SD) by positive half-integers. For any
i€Zleti =i— % Then one may think of the entries of a shifted tableau as consisting
of positive integers ¢ and primed numbers 7’. A shifted tableau is semistandard if the
following conditions hold:

(S1) The entries in each row and column are weakly increasing.

(S2) No unprimed number i occurs more than once in a given column.

(S3) No primed number i’ occurs more than once in a given row.

Let ShYTqg(A) denote the set of semistandard shifted tableaux of shape A. Define
ShYTp(A) C ShYTq(N) to be the subset of tableaux also satisfying:

(S4) No primed number occurs in any diagonal position (j,j) € SD,.
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We refer to elements of ShYT p(A) and ShYT g (\) as P-shifted and Q-shifted tableaux,
respectively. We draw shifted tableaux in French notation:

4 [47]
213 23
[1]2']3]3] [1]2']3]3]
a P-shifted tableau a -shifted tableau
of shape (4,2,1) of shape (4,2,1).
The weight of a shifted tableau 7T is the monomial 27 = H¢>1 x;"" where m; is the
number of times that i or i’ appears in T. For example, we have z7 = zj23z37, for

both of the shifted tableaux shown as examples above. The Schur P- and Q-functions
indexed by A are the power series

(1.1) Py = Z 2T and Q) = Z zT.

TEeShYTp(N) TeShYTq(N)

Any way of toggling the primes in the diagonal entries of a @-shifted tableau results
in another Q-shifted tableau of the same weight, so it is clear that

(1.2) Qx =2V Py where £(\) == |[{i: X\ >0} = |{i : (i,i) € SDA}|.

It is well-known that Py and @, are symmetric functions of bounded degree. They
were first defined in work of Schur on the projective representations of the symmetric
group but have since appeared in various other contexts.

We are interested in generalizations of Py and @, that are similar generating
functions for set-valued shifted tableaux. A set-valued shifted tableau of shape A is
a filling of SDx by nonempty finite subsets of {1i : 0 < i € Z} = {1’ < 1 <
2" < 2 < ...}. We consider a sequence of such subsets Si,5,53,... to be weakly
increasing if max(S;) < min(S;41) for all 4. With this convention, we may define
a set-valued shifted tableau to be semistandard if it satisfies the same conditions
(S1)—(S3) as above.

We write SetShYTq(A) for the set of all semistandard set-valued shifted tableaux
of shape A, and SetShYTp(\) for the subset of such tableaux also satisfying (S4).
We refer to elements of SetShYT p(A) and SetShYT () as set-valued P-shifted and
set-valued Q-shifted tableaux, respectively:

345 3’5
2 [ 3 22 3/
\1 2|2 ]33 \1 2|3 34\

a set-valued P-shifted tableau a set-valued @Q-shifted tableau
of shape (4,2,1) of shape (4,2,1).

The weight 27 of a set-valued shifted tableau T is defined in the same way as in
the non-set-valued case; for both tableaux in the preceding example one has 27
x1x§x§x4x5. Write T;; for the entry of a set-valued shifted tableau in position (4, j) and
define [T'| := 3_(; ;)esp, [T35] and [A] := [SDi|. Then |[T'| — |A] is the difference between
the degree of 7 and the size of SDy. Finally, let 3 be a variable that commutes with
each x;. The K-theoretic Schur P- and Q-functions indexed by \ are the power series
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in Z[B][x1, 22, . ..] given by

GP) = Z BITI=IA T,

SetS A
(13) T€SetShYTp(A) -
GQ» = > BITI=A T,

TeSetShYTo (A)

We recover Py from GPy and @, from GQ) by setting 5 = 0. Both GPy and GQx
are symmetric in the z; variables [8, §3.4] and homogeneous of degree |A| if we set
deg(f) = —1 and deg(z;) = 1.

Ikeda and Naruse introduced these functions in [8] for applications in K-theory.
Specializations of GPy and GQ@) represent the structure sheaves of Schubert varieties
in the K-theory of the maximal isotropic Grassmannians of orthogonal and symplectic
types [8, Cor. 8.1]. More precisely, the GP- and GQ-functions represent Schubert
classes in connective K-theory, so can be turned into cohomology classes or elements
of the Grothendieck ring of vector bundles on setting § = 0 and § = 1, respectively.
The GP- and GQ-functions are also “stable limits” of connective K-theory classes of
orbit closures for symplectic and orthogonal groups acting on the type A flag variety
[14, 15]. For more results about these functions and various extensions, see [16, 17, 18].

Our first main result is a K-theoretic analogue of equation (1.2). The relevant
identity is subtler than in the classical case, and was predicted as [11, Conj. 5.15].
It expresses each K-theoretic Schur Q-function as a finite linear combination of K-
theoretic Schur P-functions with integer coefficients.

IfA= (A >X>--->0)and pp = (g > p2 > --- > 0) are strict partitions
with p; < A; for all 4 then we write 4 € A and define SD,/, = SDx \ SD, and
|A/p| = |SDy/,|. We also let cols(A/p) := [{j : (4,7) € SDy/,, for some i}| denote the
number of distinct columns occupied by the positions in SDy ..

THEOREM 1.1. If p is a strict partition with ¢(u) parts then
(1.4) GQ, = 2w Z(—l)COIS()\/H)(—B/Q)M/“‘GP)\
A

where the sum is over strict partitions A\ 2 p with £(X\) = £(u) such that SDy,, is a
vertical strip, that is, a subset with at most one position in each row.

For example, it holds that GQ(B’Q) = 4GP(3’2) +25GP(472) —BQGP(413) and GQ(n) =
2G P,y + BGP 41y for all integers n > 0. This formula applies even when y = & is
the empty partition, as then the sum has only one term indexed by A = @, giving
GQz = GPy = 1. We prove Theorem 1.1 in Section 3.

The additional complexity in (1.4) compared to (1.2) is related to the fact that
in a set-valued Q-shifted tableau, a diagonal entry may contain both ¢ and . When
this happens there is no simple way to remove all primes from the diagonal without
changing the relevant weight.

As a corollary, we may classify when only positive coefficients appear in the GP-
expansion of GQ,,. Let N:={0,1,2,...,}.

COROLLARY 1.2. If p1 is a strict partition then GQ, is an N[§]-linear combination of
GP-functions if and only if all distinct parts of p differ by at least two.

Proof. 1t suffices by Theorem 1.1 to observe that there exists a strict partition A 2O p
with £(\) = £(y) such that SD), is a vertical strip and cols(A/u) # [A/p| (mod 2) if
and only if p; — p;r1 = 1 for some i € [¢(u) — 1]. O

We also prove a few more results. Theorem 1.1 has some enumerative consequences
which we discuss in Section 4.
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The GP- and GQ-functions have skew versions GPy/,, and GQ)/,,, which are gen-
erating functions for set-valued tableaux of shifted skew shapes. In Section 5 we
derive an extension of Theorem 1.1 for these power series, along with some other
related identities.

There are also dual power series gpy and gg, defined by Nakagawa and Naruse [16]
from GPy and GQ) via a Cauchy identity. Section 6 contains some further results
about these functions, including a dual form of Theorem 1.1 (see Corollary 6.2) and
a skew Cauchy identity (see Theorem 6.11).

In Section 7, we recall a conjectural formula for gpy and ggy from [16]. We then
explain a new conjectural formula for the related functions jpy = w(gp,) and jgy =
w(ggy) obtained by applying the algebra automorphism w that sends sy — syt. We
show that these new conjectures would imply a conjecture of Tkeda and Naruse about
the GQ-functions forming a Z[f]-basis for a ring.

2. PRELIMINARIES

Fix a positive integer n and continue to let 8, x1, x2, ... be commuting variables. For
any f € Z[f][x1, z2,...] let f(z1,22,...,2,) € Z[B][x1, 22, ..., x,] be the polynomial
obtained by setting z,4+1 = Tp42 = -+ = 0. Also define

— o Z—y
(2.1) roy=z+y+Pry and zOy:= ;.

If A= ()1, \o,...) is a finite sequence of integers then let 2> = IL x;\

Tkeda and Naruse use the following formulas as their definition of the K-theoretic
Schur P- and Q-functions [8, Def. 2.1]. They derive the set-valued tableau generating
functions given in the introduction as [8, Thm. 9.1].

THEOREM 2.1 (See [8]). If A is a strict partition with r == £(\) < n then

x; Dx;

A L1 D Ly

GP\(x1,29,...,2y) = ' E w|zx || || ,
n—r T; © T,

i=1j=i+1

GQx(z1, T2, ..., Ty) = n—r' Zw l”\HQJrﬂxl H T By ,

wES, Jj=i+1 Ti O Zj
where w € S, acts on rational functions by permuting the x; variables while firing B.

For classical background on the Schur P and Q-functions, see [12, §IIL.8], [22, §5-
§9], or the appendix in [23]. As A ranges over all strict partitions the functions Py
(respectively, @) are a Z-basis for a subring of Z[x1,xs,...]. The same is true of
the polynomials Py (1,2, ...,2Zy) (respectively, Qx(z1,xa,...,2,)) if A ranges over
strict partitions with ¢(A) < n [12, §IIL8].

Since Py = GPy|g=0 and Q@ = GQ|s= it follows that the GP\’s (respectively, the

GQy’s) are linearly independent over Z[3], as are the polynomials GPy(z1,za, ..., T,)
(respectively, GQx(x1, 2, ...,Ty,)) as A ranges over all strict partitions with at most
n parts.

In fact, Ikeda and Naruse show that the sets {GPy(z1,%2,...,2,) : £(A) < n}
and {GQx(z1,22,...,2n) @ ¢(A) < n} are both Z[B]-bases for subrings of
Z[B)[x1,z2, ..., zp] [8, Thm. 3.1 and Prop. 3.2]. An analogous basis property is
known to hold for the set of all formal power series GP)’s and is expected to hold for
the GQ,’s; see the discussion before Corollary 7.9.

The GP- and GQ-power series are generalizations of Ivanov’s factorial P- and Q-
functions 9], which have another generalization studied by Okada in [19]. Comparing
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Theorem 2.1 and [19, Lem. 2.4] suggests a common generalization of these functions
which might be interesting to consider in future work.
3. EXPANSIONS

We prove Theorem 1.1 in this section. For m € N let [m] = {1,2,...,m}. Fix an
integer n > 0. Given a nonzero vector A € N”, we define rational functions

— A T Dxj
m= g w222
wES, i=1j=i+1 """ J
(3.1)
W A Ti DTy
By= Y w e H2+6wz 11 e |
wES, j=it1 7t J

where r := max{i € [n] : \; # 0}. Note the implicit dependence on n in these formulas.
For convenience we also set Ag = By = 1.

LEMMA 3.1. Let X be a strict partition with r == ¢(X) < n. Fix m € [r]. Let
=A1>X > >N\p) and vi=(Apg1 > gz >0 > A,
Then it holds that

GPy\(x1,2,..., 2y )* m)! Z (AuGP, (g1, Tmg2s- > Tn)) s
wESy,

GQA($1,£C27...,$ )_ ' Z B GQV $m+1,$m+2,...7$n)).
'wGS

Proof. Choose any polynomial f(z) € Z[B][z] and let Z; == f(x;) [[}—;,, ;lgzﬂ for

each i € [r]. By Theorem 2.1, the expression
(3.2) oY Z (222125 Z,)
" weS,

gives GPy(z1,...,2,) when f(x) =1 and GQx(x1,...,2z,) when f(z) =2+ fz. Let
Sm and Hy,—p =S, be the subgroups of permutations in S, fixing each i € [n]\[m]
and i € [m] respectively. Then we can rewrite (3.2) as

G D W S (@2 2 )oh (v s 2,

weS, (g,h)ESm XHy—m

where 7 is the sequence formed from v by prepending m zeros. The subgroups S,
and H,_,, commute, and each h € H,_,, fixes z#Z; --- Z,, while each g € S, fixes
2% Zpmy1 -+ - Zy. The preceding expression is therefore equal to

DI EDWICEESAR S IPIRICERED
weESy gESm hE€H,,_m

If f(z) = 1 then the internal sums here are #desm g(z“Zl . -~Zm) = A, and
ﬁ > heH, . h(xf’ZmH e Zr) = GP,(Tmi1,---,%n) by Theorem 2.1. This

proves the first identity. The other follows by taking f(x) = 2 + Sx. O
For r € [n] let II""(z) ==T],_, HJ —it1 igij

Algebraic Combinatorics, Vol. 6 #6 (2023) 1423
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LEMMA 3.2. Choose integers 1 < p < ¢ < and let t,y = (p,q) € Sr. Then
tpg (14 Bap)? P (z)) = —(1 4 Bap)? P (x).
Consequently if f(z) € Z[5][x1,x2,...] is any polynomial fized by t,, then

Z w (f(x)(1+ Bayp)? PII""(x)) = 0.

wES,
Proof. The first identity is a straightforward exercise in algebra. The second claim
follows since >, g w = %Zwesy, w(l +tpg) € ZS,. O
Choose an integer m € [n] and let § :== (m,m —1,...,3,2,1). For each i € [m] let

e; = (0,...,0,1,0,...,0) be the standard basis vector in Z™.

LEMMA 3.3. Let v € N™. Then A5y + BAstvte; = 0 whenever viy; = v;+1 for some
i€lm—1] orviya =vip1 +1=v; +1 for somei € [m — 2].

Proof. First assume v;41 = v; + 1 for some ¢ € [m — 1]. Then 217 is a polynomial
fixed by tii+1 50 Asyo + BAsiore, = i wes,, W@ (1 + fz;)II™"(x)) = 0 by
Lemma 3.2.

Next suppose that viyo = v;y1+1=v;+1 for somei € [m—2]. Let a .= d+v—e;.
Then we can write B(As4v + BAstvte;) aS

L3 w1+ Bz) T (@) — L > w(@®(1 + Bz;) ™" (x)).
WESm WESm
Since x® is fixed by ¢; ;42 and t; ;41, applying Lemma 3.2 with (p,¢) = (¢,7+ 2) and
(p,q) = (i, + 1) shows that both terms are zero. The ring of rational functions in
B,x1,%2,...,%, is an integral domain, so As4+, + BAstvte;, = 0. O

After expanding Bjs in terms of the A)’s, one can apply many cancellations from
Lemma 3.3. We will use the next lemma to organize these cancellations. This lemma
involves a certain directed graph G,, for m > 2 which we define inductively. In general,
the vertex set of G, consists of all nonempty subsets of [m] excluding sets of the form
[7] for i odd and including two copies of [i] for ¢ even. When m € {2, 3} the graph G,,
is given explicitly by

{2} {2} {3}
Go = 7\ and  Gs = 7\ 7\
{1,2} {1,2} {1,2} {1,2} {1,3} {2,3}

Assume that m > 4 and that G,,_2 and G,,,—1 have been constructed. Let A be the
set of vertices S € G, with {m—2,m—1,m} C S, let B be the set of vertices S € G,,
with m ¢ S, and let C be the set of remaining vertices in G,,. All of the doubled
vertices [i] € G, for i = 2,4,6,... belong to A or B.

The edges of G,,, are given as follows. The three sets A, B, and C are each unions
of connected components. An edge goes from S € A to T € A if and only if the edge
S<{m—-1,m} > T~ {m—1,m} exists in G,,,_o. An edge goes from S € BtoT € B
if and only if the same edge S — T exists in G,;,—1. The elements of C consist of the
distinct unions S U {m — 1,m}, SU{m — 2,m}, and SU {m} as S ranges over all
subsets of [m — 3], and for each S C [m — 3] there are edges SU{m—1,m} — SU{m}
and SU{m —2,m} — SU{m}.

EXAMPLE 3.4. If m = 4 then
A has elements {1,2,3,4},{1,2,3,4},{2,3,4};
B has clements {12}, {1,2}, {3}, {13}, {2,3}, {2}
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C has elements {1,3,4},{1,2,4},{1,4},{3,4},{2,4},{4};
and the graph G, is

{2.3.4) {2) (3) {1.4) {1)
/7N AR VAN 7'\

{1,2,3,4} {1,2,3,4} {1,2} {1,2} {1,3} {2,3} {1,3,4} {1,2,4} {3,4} {2,4}

LEMMA 3.5. For each m > 2 the graph G,, has the following properties:

(a) Each directed edge has the form S U {i} — S for an integer i with either
Sn{ii+1}y={i+1} or SN {i,i+1,i+2}={i+2}.

(b) Each vertex either has indegree 2 and outdegree 0 or has indegree 0 and out-
degree 1.

Proof. The explicit graphs Go and G3 have these properties. Assume m > 4 and define
the vertex subsets A, B, and C in G,, as above. The edges in C have properties (a)
and (b) by definition. The edges in B have properties (a) and (b) by induction, since
these vertices form a copy of G,,_1. The edges in A also have the desired properties
by induction, since the subgraph on these vertices is isomorphic to G,,_o via the map
S—=S~{m—-1m}. O

Our last step before proving Theorem 1.1 is to derive a simplified form of the
desired identity involving the functions Ay and B).

LEMMA 3.6. Suppose u = (q,q — 1, — 2,...,p) for integers ¢ = p > 0. Then
(3.3) B, = 9t(n) Z(_l)COIS(A/M)(_B/Q)I)\/M‘A/\
A
where the sum is over strict partitions X\ O p with £(\) = £(u) such that SDy,, is a
vertical strip, and cols(\/p) is the number of columns occupied by SDy /-

Proof. We first prove the lemma in the case when ¢ = m and p = 1. Then py = 9§ =
(mym—1,...,3,2,1) and (3.3) becomes

(3.4) Bs =2"A; = 2™ (—B/2)' Asse,+ertte,-
i=1
For a subset S C [m], let es = ), ge; It follows by expanding the defi-

nition of Bs in (3.1) that (3.4) is equivalent to Y gc(, 2m=ISIpISIAs, o =
2MA; — 3t (=1)"2" " 3" A yoy,y, which we can rewrite as the identity

(3.5) > x(9)2m 81815145 o =0

SClm)
where x(S) is defined to be 2 if S = [i] for any i € {2,4,6,...}, 0if S=@ or S = [f]
for any ¢ € {1,3,5,...}, and 1 otherwise. By Lemma 3.5, the left-hand side of (3.5)
is precisely

Z om=ISIBIS As o = Z 21518150 (A5 s e + BAsier)
S€EGm {S—=T}eGm

where the first sum is over the (sometimes repeated) vertices of the graph G,, and
second sum is over the edges in G,,. In view of Lemma 3.3 and property (a) in
Lemma 3.5, every term in the last sum is zero so (3.4) holds.

For the general identity, observe that if A is a strict partition with r parts then
x122 - xp Ay = Axy1r and x129---2,Byx = Bxjir where 17 = (1,1,...,1) €
N". Therefore, setting m = ¢ — p + 1 in (3.4) and multiplying both sides by
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(T122 ... Tq_pt1)P~ ! gives B, = 297PT14, — 207pHl Zg;f“(—ﬂ/Q)iAwe[i] which
can be rewritten as (3.3).

IEx=MN2=2--2X >0 and g = (1 > --- > pg > 0) are partitions then
let Ay denote their concatenation; this will be another partition if A, > p;. Given a
strict partition u, define A(u) to be the set of strict partitions A 2 p with £(\) = ()
such that SD, /, is a vertical strip. We can now prove Theorem 1.1, which states that

GQ, = 92t(n) Z)\ Al ( )coIS/\/u)( ﬁ/g)lz\/u\gpA

Proof of Theorem 1.1. Let u = (3 > --- > p, > 0) be a nonempty strict partition.
We first prove the desired identity specialized to the variables z1, o, . .., z,, so assume
our fixed value of n has n > r > 0. Let ¢ = 1y and suppose m € [r] is maximal with
tm = q+ 1 —m. We proceed by induction on r — m.

In the base case when m = r, the result to prove is Lemma 3.6. It remains to deal
with the inductive step. Assume 1 < m < r and set

= (1 > pg > -+ > i) and V::(Nm+1>:um+2>"'>,ur)'

Then v = (¢,¢q— 1,9 — 2,...,p) for p = p,, and ~,, = v1 + 2. We may assume by in-
duction that the desired identity holds when p is replaced by v, since this replacement
transforms 7 — r —m and m — (some positive number) so reduces the difference
r —m. This assumption and Lemma 3.6 imply that B,GQ,(Zm+1,-..,%xs) is equal to

Z Z COIS(’?/’Y)J'_COls(ﬂ/D)(—/8/2)‘;?/’”—"_‘5/”‘Aﬁ/GP,)(ZL‘m+17 ).

FEA(y) PEA(W)

Using both parts of Lemma 3.1, we deduce that GQ,,(z1,...,z,) is equal to
Z Z (_1)C°|5(’~Y/’Y)+CO|S(’7/V)(_B/Q)W/’YHW/V\GP’_Yﬁ(xl’ o Ty).
FEA(y) PEA(V)

Since pu = v and 7, > v1 + 2, the concatenation map (¥,7) — A7 is a bijection
A(y)xA(v) = A(p) and if X\ = 57 for (§,7) € A(y)xA(v) then cols(7/v)+cols(7/v) =
cols(A/u) and |5/v| + |7/v| = |A/u|. Hence

GQu(wr, .. yan) =27 Y (1) VI (=g 2)MHGPy (21, @),

AEA(n)

This even holds when p = @, so taking the limit as n — oo gives the theorem. O

4. WEIGHT-PRESERVING BIJECTIONS

As the GQ\’s and GPy’s are generating functions for set-valued shifted tableaux,
Theorem 1.1 has some enumerative consequences, which we describe here.

Let X C {1,2,3,...}x{1,2,3,...} be aset of positions. Given a set-valued shifted
tableau T', define unprimel, (T) to be the tableau formed from T by removing the
prime from the largest element of T;; for each (¢,j) € X, whenever this element is not
already primed. If X = {(1,1),(1,2),(1,3)} then

34/ 34/
unprime =
22| 3 |34'¢ 22| 3 346

for example. If T'is semistandard and X C {(1,1),(2,2),(3,3),...} then unprime*_ (T
is also semistandard. This property may fail if X is not a subset of the main diagonal

(as we see in the previous example).
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If X is a strict partition and X C {(i,4) : ¢ € [¢(N\)]} is a set of diagonal posi-
tions, then each T € SetShYT p(\) has exactly 2/*! preimages in SetShYTg () under
unprimeX . Given strict partitions A O u define SetShYTp(\ : ) to be the set of

max*

semistandard set-valued shifted tableaux T € SetShYTq(\) with

unprimeX_ (T) € SetShYTp(\) for X = {(i,7) : \j = i}

max

The diagonal entry in row 4 of such a tableau can have at most one primed element
if \; = p; and no primed elements if \; > u;.

Finally, for a strict partition u let A% () be the set of strict partitions A O p with
0(\) = €(p) such that SDy/, is a vertical strip and (—1)®s/W+A/ul = £1. Then
A(p) = AT (u) UA~ (1) and this decomposition reflects the decomposition of the right
side of Theorem 1.1 into positive and negative terms.

COROLLARY 4.1. For each strict partition u there is a weight-preserving bijection

SetShYTq(u)U | | SetShYTp(A:p) = || SetShYTp(A: ).
AEA~ (1) NEAT ()

Proof. To see that the domain of the given map is indeed a disjoint union, observe
that the set A~ (u) is empty if and only if all parts of u differ by at least two.
Since cols(u/p) + /| = 0, the set AT (u) is never empty and SetShYTq(u) and
SetShYTp (A : p) are disjoint for all A € A~ (u).

If A € A*(u) then £(p) — [A/p| = |{i : A\; = p;}|. Thus, moving the negative terms
on the right side of (1.4) to the left side, then substituting the generating functions
for GQ,, and GPy in (1.3), and finally setting 8 = 1 gives

(4.1) > Dy 3 ol{ishi=pi}| T

TeSetShYTq(p) AEA~ (1) TESetShYTp(N)

is equal to

(4.2) Z Z ol{iski=pi}| T

AEAT (1) TESetShYTp(A)

We have Y rcseisnyTr(2) QlEdi=pitl T — Y eSSy Tp(np T for any strict parti-
tion A, and the corollary follows by substituting this identity into (4.1) and (4.2) and
equating coefficients. ]

It is an interesting open problem to find a bijective proof of Theorem 1.1. One way
to achieve this would be to construct an explicit map realizing Corollary 4.1. This is
easy to do when p = (n) has only one nonzero part, in which case the bijection in
Corollary 4.1 is a map

(4.3) SetShYTg(n) — SetShYTp(n : n) U SetShYTp(n + 1).

The set SetShYTp(n : n) is contained in SetShYTg(n) and is the union of
SetShYTp(n) and the set of tableaux formed from elements of SetShYTp(n) by
adding a prime to the largest number in box (1,1).

A bijection (4.3) is given by mapping each T' € SetShYTp(n : n) to itself and each
T € SetShYTg(n) \ SetShYTp(n : n) to the tableau in SetShYT p(n + 1) formed by
adding % to the smallest primed number ¢’ = 7 — % in box (1, 1), and then splitting this
diagonal box into two adjacent boxes containing all numbers < ¢ and > 4, respectively.

This map is weight-preserving and would send

12'3'3| 34 5’ — 12 33 | 34 5
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for example. It seems difficult to generalize this idea to larger shapes. Even in the
next simplest case u = (3,1) we do not know of a straightforward way to describe a
weight-preserving bijection of the form in Corollary 4.1.

In [8, §9.2], Ikeda and Naruse derive another set of combinatorial formulas for GPy
and G@Q) as generating functions for excited Young diagrams. One could also try to
find a bijective proof of Theorem 1.1 via these expressions.

5. SKEW ANALOGUES

Let 1 C A be strict partitions. A semistandard (skew) shifted tableau of shape A/u is
a filling of SD)/,, :== SDx \ SD,, by positive half-integers such that rows and columns
are weakly increasing, with no primed entries repeated in a row and no unprimed
entries repeated in a column.

Let ShYTq (/1) be the set of all such tableaux and let ShYT p(A/p) be the subset
in which primed entries are disallowed from diagonal positions. We define both sets
to be empty if p € A. The skew Schur P- and Q-functions are

(5.1) Py = Z 2" and Q) = Z xt

TEeShYTp (N 1) TEeShYTq (M 1)

where as usual z7 = [lis, 2" with m; denoting the number of entries of 7" equal
to ¢ or i’. To motivate these symmetric functions, we need some additional notation.
If f € Z[B][z1,z2,...], then write f(z,y) for the power series f(x1,y1,x2,¥2,...)
where x1,%o,... and y1,¥ys,... are separate sets of commuting variables; we also
set f(z) = f(z1,22,...) = f and f(y) = f(y1,92,...). If f is symmetric then
specializing f(x,y) to finitely many variables gives

f($17917332,y2a-- '7xn7yn) = f(x17w27"-7xnaylay27"'7yn)~

It follows that we can write

(5.2) ZP )Py (y) and Qa(z,y) = ZQV z)Qx/w(y)

where in both sums v ranges over all strict partitions [22, Eq. (8.2)].

Define the set SetShYTq(A/p) of semistandard set-valued (skew) shifted tableaux
of shape A/ in the same way as SetShYTqg(\), just replacing references to “fillings
of SD,” by “fillings of SD,,,.” Let SetShYTp(A/u) be the subset of tableaux in
SetShYTg(A/p) with no primed numbers in any diagonal boxes. The skew K -theoretic
Schur P- and Q-functions are then

GP,\/“ — Z BlTl_I/\/”‘{ET,
TeSetShYTp(A/p)
(5.3)
GQx/p = Z BITI=IA i, T
TESetShY To (A1)

where 27 is defined in the same way as for elements of SetShYTg(A). When u Z A
we consider both SetShYTp(A/u) and SetShYTq(A/p) to be empty so that GPy/,, =
GQ»x/, = 0. These generalizations of GPy and GQ were first defined in [11, §4.6] in
the context of enriched set-valued P-partitions.

The K-theoretic version of (5.2) involves a variant of these power series. The re-
movable bozes of y1 are the positions (4, j) € SD,, such that SD,, ~{(7,7)} is the shifted
diagram of another strict partition. Let Rem(u) be the set of removable boxes of the
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strict partition u. For strict partitions g C A\ define

GPy ), = > pIrvIGPy
vCp, SD,, /, CRem(p)
5.4
(5:4) G — lu/vl
Q)\//,u g B Q/\/z/a
vCu, SD,,/, CRem()

where in both sums v must be a strict partition. For strict partitions p & A we set
GPyj = GQxy, = 0. Then the definitions of GPy and GQ» as set-valued shifted
tableau generating functions imply that

GPx(,y) ZGP 2)GPy . (y),

(5.5)
GQx(x ZGQV 2)GQx (),

where both sums are over all strict partitions v.

Since the GP,’s and GQ,’s are linearly independent and symmetric, these identities
imply that GP)y, and GQ) , are symmetric. Hence GPy/, and GQ)/, are also sym-
metric as they can be written in terms of GPy/, and GQ), via inclusion-exclusion
[11, Cor. 5.7].

More strongly, GQ» /, (respectively, GPy,,) is a possibly infinite Z[j3]-linear com-
bination of GQ-functions (respectively, GP-functions) by [11, Cor 5.13]. Since both
functions, when nonzero, are homogeneous of degree |[A| — |u| if we set deg(5) = —1
and deg(x;) = 1, it follows that

GQxjp = Zaﬁyﬁ‘”'“”‘—‘“GQu,

5.6
>0 GPyy, = b, pH+I=NaGp
Y uyﬁ v

for unique integers a;\“” bl“, € Z which must be zero when |u|+ |v| < |A]. It is expected
that these coefficients are all nonnegative, and nonzero for only finitely many strict
partitions v; see [11, Conj. 5.14].

Given strict partitions 4 C A\, we consider the statistic
overlap(\/p1) i= [{(i,7) € SDx/p : (i — 1) € SDy, }.
This quantity is closely related to cols(A/u) = [{j : (i,7) € SDy /. }|-
LEMMA 5.1. Let o C X be strict partitions with £(u) = ¢(X). Then

Z(_1)co|s()\/77)20verlap(77/,u) — Z(_l)cols('y/p)20verlap()\/7) _ 1 Zfﬂl =
0 ifusA

where the first summation is over all strict partitions n with p C n C X\ such that
SDy,y is a vertical strip, and the second summation is over all strict partitions vy with
wC v C A such that SD’y/u s a vertical strip.

n Y

Proof. The desired identity is clear if u = . Assume p # A so that SD, /,, is nonempty.
We start by showing that the first sum is zero. Suppose the rightmost box of SD) /,, is
in column n and SD /,, contains k£ > 0 boxes in this column. Choose a strict partition
n with g € n C X such that SD /,, is a vertical strip. Let L := {(4,j) € SD,,,, : j < n}
and R = {(i,j) € SD,)/,, : j = n} so that SD,,, = LU R. Because SD, ,, is a vertical
strip, there are only k+ 1 possibilities for R, which must be a set of adjacent positions
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at the bottom of column n in SDy /,. Moreover, when L is fixed and 7 varies, each of
these possibilities for R occurs exactly once. Now observe that if r := |R| then

overlap(n/p1) = [{(i,J) € L'+ (i = 1.5) € L} + |{(i.) € R (i = 1,5) € R}
=|{(i,j) € L: (i—1,j) € L}| + max{0,r — 1}
and also
w$QﬂD—Hj%Lﬁ€5DMnUR}—{é L

Since SDy/, U R = SDy/,, — L, we can rewrite the preceding identity as
cols(A/n) = [{j : (4,7) € SDy/, — L}| + min{0,k —r — 1}.

By substituting these formulas and factoring out the terms depending on L, we deduce
that the sum Zn(—1)C°'S()‘/”)2°"e”ap(”/“) is a multiple of
k
(57) Z(_1)m1n{0,k—’r‘—l}ZmaX{O,T’—l} — 20 4 20 4 21 et 2k—2 _ 2k—l — 0
r=0
and so is zero itself.

A similar argument shows that the other sum in the lemma is zero. Suppose now
that the leftmost box of SD),, is in column n and SD,,, contains k£ > 0 boxes in
this column. Choose a strict partition v with 4 C v C X such that SD,/, is a vertical
strip. Let L := {(i,j) € SDy/y : j = n} and R = {(i,j) € SDy/, : j > n} so that
SD,/y = LUR. Because SD/, is a vertical strip, there are now only k+1 possibilities
for L, which must be a set of adjacent positions at the top of column n in SDy/,,, and
when R is fixed and v varies, each of these possibilities occurs exactly once. Finally,
if £ := |L| then we have

overlap(A/7) = [{(i,j) € R: (i —1,j) € R} + [{(i,j) € L: (i — 1,j) € L}|
— [{(i,j) € R: (i — 1,j) € R}| +max{0,£— 1}
and also
1 ifl=k
cols =|Nj:(,j)e€SD,, UL} —
(/1) = 1{j : (i, j) € SD4, U LY {0ﬁ0<€<h
Since SD,,/, UL = SD,,, — R, we can rewrite the preceding identity as

cols(y/p1) = {5 : (5.4) € SDay, — RY| + min{0,k — ¢ — 1},
By substituting these formulas and factoring out the terms depending on R, we deduce

that ZV(—1)°°'5("’/“)2°"e"a"(’\/7) is also a multiple of (5.7), as needed. O

REMARK 5.2. For strict partitions A and p, define M), := 0 when u & X or £(u) # £(X),
and otherwise set M, = 2°V¢"2P(A/1) - Also define Ny, == 0 when pn & X or £(u) # £()\)
or SD,,, is not a vertical strip, and otherwise set Ny, = (—1)°\/#) | Lemma 5.1
asserts that the matrices [My,] and [N),] are inverses.

We can now derive a skew generalization of Theorem 1.1.
THEOREM 5.3. Suppose v C p are strict partitions. Then

GQupy = 3 21 —Hw ) toverian(u/ ) (_q)eols(\/ i) (_ g g/l Ml G, ),
(r.A)

where the sum is over all pairs of strict partitions (k,A) with K C v C u C A and
U(rk) = L(v) < L(p) = £(\) such that SDy,, is a vertical strip.
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Proof. Expanding GQ,(z,y) using Theorem 1.1 and then applying (5.5) gives
GQu(x.y) ZZ% 1)) (= /2)MHGP, ()G (3)

where the first sum is over strict partitions A 2O u with £(A) = £(u) such that SD,/,
is a vertical strip and the second sum is over all strict partitions v C \. Alternatively,
using Theorem 1.1 to expand the right side of (5.5) gives

GQu(x ZZ% D)W/ (—g/2) N GP, (2)GQupm (y)

where the first sum is over all strict partitions n C p and the second sum over strict
partitions v D 1 with £(v) = £(n) such that SD,/, is a vertical strip.() Equating the
coeflicients of GP, in these expressions gives

ZQZ(V)(_ )co|5(u/77)( )l /anQ ) ng M) C°'5 A/“)(Tﬂ)"\/“‘GPX//D
n

v/n

where the sums are over certain strict partitions n and A; to be precise, assuming
v C u, the preceding equation is equivalent to

GQy = ng(u)—f(l/)(_ )co|5(/\/u)( )|>\/H|GP>\// —Z(—l)w's(”/”)(%ﬁ)W”'GQM/U
A ngy

where the first sum is over strict partitions A 2O u with £(A) = £(u) such that SD,/,
is a vertical strip and the second sum is over strict partitions n C v with £(n) = ¢(v)
such that SD, /, is a vertical strip.

When v = (m,m—1,...,2,1) for some m € N, the sum over 7 has zero terms and
the preceding formula reduces to the desired identity. Otherwise, we may assume by
induction that the desired formula holds for each GQ,, ;. Substituting these formulas
into the displayed equation gives an expression for GQ,/, as a linear combination
of GPy,’s where xk and A range over all strict partitions with x C v C p C A and
l(k) = L(v) < €(u) = £(\) such that SDy,, is a vertical strip. The coefficient of
GPy, in this expansion is 2 —t(v) (_1)cols(A /) (ZE 5 )|)‘/“| as desired. The coefficient
of GPyy, when k C v C pp C X and £(k) = £(v) < £(p) = £()\) and SD,,, is a vertical
strip is

_Z 1)</ (=) lv/ml (gf(u)—f(n)-koverlap(n/ﬁ)(_1)60|5(/\/M)(—Tﬁ)\n/HIJr\/\/MI)

where the sum is over all strict partitions n with x C n C v such that SD
vertical strip. Since then ¢(k) = £(n) = £(v), we can rewrite this as

v/n 1

QL) =) (1 )cols (/) (£ IA/#IHV/HIZ 1 )cols(v/m) 1 govertap(n/ ).

so it suffices to show that Zn(—1)°°'5(”/’7)+12°"er'ap(”/”) = 20verlap(¥/%) where the sum
is again over n with x € 7 C v such that SD, /, is a vertical strip. After moving all
terms to one side, this identity is half of Lemma 5.1. O

We mention one corollary, which was noted in passing above. Let 6,, == (m,m —
1,...,2,1) for m € N. The following recovers Theorem 1.1 when m = 0.

(1)When using Theorem 1.1 to expand GQyp(z) in GQu(z,y) = En GQn(x)GQ,, sy (y) one expects
to see the factor 2¢(") | but this can be changed to 2¢(*) since £(v) = £(n).
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COROLLARY 5.4. Suppose p is a strict partition with 0., C u. Then
GQuys,, = 26(”)_7"'Z(—l)w'sw")(—ﬁ/Q)WMGP,\//Jm
A

where the sum is over strict partitions X\ 2O p with £(\) = () such that SDy,, is a
vertical strip.

Proof. If v = 4, in Theorem 5.3, then the only strict partition k C v with ¢(k) = ¢(v)
is Kk = v = d,,, which has overlap(v/k) = |v/k| = 0. O

There is some interest in determining when there are coincidences P/, = P, ., and
Qx/p = Qu/x among the skew Schur P- and Q-functions [1, 5, 21]. This phenomenon
is less well-understood than for skew Schur functions.

One could consider the same problem for the skew GP- and GQ-functions. In
particular, any equality GPy,, = GP, ., would imply that P\,, = P, (and likewise
for the @Q-functions), but it is not clear if the converse always holds. With these
questions in mind, we explain one nontrivial equality between Schur @-functions that
generalizes to the K-theoretic setting.

Define the flip of a skew shape A/u to be the skew shape ¢(A/u) whose shifted
diagram SDg(y /., is formed by reflecting SD,,, across a line perpendicular to the
main diagonal, so that in French notation the bottom row becomes the rightmost
column. We refer to this operation as “flipping the diagram SD,,, ™

‘ flips to

A= (4,2,1)/(2) (/) = (4,3,1)/(3).
The following reduces to [4, Prop. IV.13] when 8 = 0:

PROPOSITION 5.5. Let i C A be strict partitions, then
GPyxjpy =GPy and  GQg(x/py = GQx/p-

Proof. We first prove the GQ-identity. Suppose T € SetShYTg(A/p). Write min(T)
and max(7T) for the minimal and the maximal numbers appearing in any entry of T
Let n := [min(7)] be whichever of min(7T) or min(7T) + 3 is an integer, and define
N = [max(T)] similarly. Now let ¢g(T") be the set-valued shifted tableau of shape
@(A/p) formed by flipping T and then replacing each number a in each set-valued
entry by n + N — % —a.

The rows and columns of ¢¢(T') are weakly increasing since the rows and columns
of T are weakly increasing. As exactly one of a or n + N — % — a is primed, the
tableau ¢ (T") does not have any unprimed numbers repeated in a column or primed
numbers repeated in a row. We conclude that ¢¢ defines a map SetShYTg(A/p) —
SetShYT g (¢(A\/w)), which is clearly invertible.

Notice that the weight of ¢o(T) is 292(") = g(xT), where o is the permutation
with o(a) =n+ N —a for all n < a < N. Since the values of n and N are determined

by the monomial 27, the symmetry of GQ /u implies that
(5.8) GQy)p = Z Blee(MI=IA/ulpoe(T) = GQu(r/p)-
TeSetShYTq(MN/ 1)

The proof of the GP-identity is similar, except now for T' € SetShYTp(A/p) we
define ¢p(T) from ¢g(T) by adding % to all numbers in diagonal positions. Since
all numbers in diagonal entries of ¢g(7T") are primed when T € SetShYTp(A/u),
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we have x?7(T) = 292(T) and it follows that ¢p is a bijection SetShYTp(A\/u) —
SetShYTp(¢p(A/p)). We can therefore replace every letter “Q” in (5.8) by “P” to
deduce that GPy,, = GPg(x/u)- O

It is not clear if there is a meaningful way to extend the preceding result to GP, ,,
and GQ» . If one defines ¢(\//p) == A/ i where ¢(\/u) = A/ fi, for example, then it
may hold that GP¢()\//H) #* GP,\//# and GQ(#()\//M) #* GQ)\//M.

6. DUAL FUNCTIONS

Let 7 == 1+5 so that @®T = 0. Nakagawa and Naruse [16] define the dual K -theoretic
Schur P- and Q-functions gpy and ggx to be the unique elements of Z[f][x1, z2, . ..]

indexed by strict partitions A such that

(6.1) ZGQA x)gpa(y ZGPA x)gax(y Hl_ﬂ

1—x;y;
i1 iYj

Both sums in this Cauchy identity are over all strict partitions A.

The power series gpy and ggq are a special case of the dual universal factorial Schur
P- and Q-functions in [16, Def. 3.2]. One reason these specialization are interesting
(compared to the more general “universal” functions) is because they have conjectural
formulas as generating functions for shifted reverse plane partitions [16, Conj 5.1]. We
will discuss this idea in Section 7.

Both gpy and ggy are symmetric in the x; variables and of degree |\| if we set
deg(8) = 0 and deg(z;) = 1 [16, §3.2]. The sets {gpx : A is a strict partition} and
{ggx : A is a strict partition} are Z[S]-bases for subrings of Z[3][z1,x2,...] by [16,
Thm. 3.1], and it holds that Py = gpx|s=0 and Qx = ggx|s=0 [16, §3.2].

PROPOSITION 6.1. We recover gpx from gpi|s=1 (respectively, ggn from gqx|s=1) by
substituting x; — B 'x; for all i and then multiplying by B . As such, if we set
deg(B) = deg(x;) =1 then gpx and ggx are homogeneous of degree |\|.

Proof. We recover the original form of Hl i>1 iiZj after setting 8 = 1 by sub-

stituting x; — Bz; and y; — B~ 'y; for all i and j. It follows that if we define

g\ = gpals—1 and GQ\ := GQx|s—1 then

ZGQ (Bry, Bra, ... )QPA (B~ ylvﬁ y27"'): H i fz

1,521

Z GQx () gpA(Y).

As it is clear from (1.3) that GQx(z) = ﬁ"’\|GQg\1)(ﬁm1,ﬁx2,...)7 this equation
can only hold if gpy(y) = 5"\|gpg\1)(ﬁ_1y1, B~ 1ya,...) which is equivalent to what is
claimed in the lemma. The identity for gq, follows similarly. U

Theorem 1.1 has a dual version that gives a gp-expansion of ggy:

COROLLARY 6.2. If A is a strict partition then

—2“”2 1)eels /i) (— 3 /2) M vl g

where the sum is over strict partztwns p € X with £(p) = £(X) such that SDy,, is a
vertical strip.

Proof. Expand GQy(z) in 37, GQ.(x)gpu(y) = >\ GPA(2)gqx(y) using Theorem 1.1
and then equate the coefficients of GPy(x). O
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For example, 9(m,....3,2,1) = 27 GD(m,...3,2,1) for any m € N and 99(n) = 29P(n) +
Bgp(n—1) when n > 2. There is also an analogue of Corollary 1.2:

COROLLARY 6.3. If \ is a strict partition with m parts then gqx is an N[G]-linear
combination of gp-functions if and only if A — (m,...,3,2,1) is also strict.

Proof. One can check that if A — (m,...,3,2,1) is strict then every p indexing the
sum in Corollary 6.2 has cols(A\/u) = |A/u|, while if A — (m,...,3,2,1) is not strict
then at least one such p has cols(A/u) =1 and |A/pu| = 2. O

Recall that aﬁu and Bﬁu are the integers appearing in the respective expansions of
GQxyu and GPyj, in (5.6). These numbers are zero if |u| + [v] < |A|.

PROPOSITION 6.4. If 1 and v are strict partitions then
(6.2)  gpugpy = Yy, BT Wgpy and gq,gq, =y by, BTN gg,
A A

where the sums are over all strict partitions X.

Proof. This follows by a standard argument similar to the proof of [22, Prop. 8.2],

which is equivalent to (6.2) when 3 = 0. Let A(z;y) = [[; ;5, 1:?3” Introduce a
3] = iYj

third set of commuting variables z1, 29, 23, . ... Then

ZZGQ“ 2)GQxyu(y)gpa(z ZGQ,\ z,y)gpa(2) = A(z, 2)A(y, 2)

(ZGQ” ) gy (2 )(ZGQV Y)gpy (2 )

by equations (5.5) and (6.1). The first identity follows by substituting the formula (5.6)
for GQ», into the first expression and extracting the coefficients of GQ . (x)GQ (y)
The second identity follows similarly. O

Since GPy, = GQxj, = 0 when pu € A, we already know from (5.6) that

X _ A
(6.3) ay, =b,,=0
when p € A (and, as noted above, when |A| > |u| + |v|). We also have
(6.4) afw = 62‘# and bf‘w = bf,‘#

by Proposition 6.4 since Z[3][z1, xa, . ..] is a commutative ring.
If 4 and v are strict partitions then [8, Props. 3.4 and 3.5] imply that

GP,GP, = Zaﬁyglk\—lu\—lu\gp)\7
A

6.5
(6.5) GQ,.GQ, = Zbﬁyﬁl/\‘*l"'*l”‘GQh
A

for unique integerﬁ an,, by, € Z. It is known from [3] that the GP-expansion is fi-
nite with every a , €N but a priori the coefficients b could be nonzero for in-
finitely many btl‘lCt partitions A. We will discuss the problem of showing that the
GQ-expansion is finite in Section 7. It is again clear that
(6.6) a,, =ay, and by, =0b},

but the following property requires an argument.

PROPOSITION 6.5. One has aW A, =0ifuZXorvZX\or|ul+|v| > |\

pv

Algebraic Combinatorics, Vol. 6 #6 (2023) 1434



Ezpanding K-theoretic Schur Q-functions

Proof. [8, Prop. 3.4] asserts that any finite product of GP-functions is a (possibly
infinite) Z[f]-linear combination of GP-functions, while [8, Prop. 3.5] states an anal-
ogous property for the GQ-functions. Since GPy and GQ) are both homogeneous of
degree |A| if we set deg(3) = —1 and deg(z;) = 1, it must hold that a),, = b}, =0
when |p] + [v] > [A].

It remains to show that both coefficients are zero when p € A. This follows for
af;y from the Littlewood—Richardson rule for the GPy’s due to Clifford, Thomas, and
Yong [3, Thm. 1.2]: in this result, the coefficient Cj, is equal to aj, by [8, Cor. 8.1].

We turn to the b;\W coefficients. When p is a positive integer, there is a Pieri-type
formula for the GQ-expansion of GQ,GQ,y due to Buch and Ravikumar [2, Cor. 5.6]:
in this result, the coefficient cﬁyp is equal to bf;l, for v = (p) again by [8, Cor. 8.1]. Buch
and Ravikumar’s formula implies that bf;,/ =0if p € A and £(v) < 1. It follows that if
P1,DP2, - - -, Pk are any positive integers then the product GQ,GQ p)GQ () - - GQ(py)
is a possibly infinite Z[(]-linear combination of GQ,’s indexed by strict partitions
with A D p.

From this observation, to complete the proof it is enough to show that each
GQ, is a possibly infinite Z[B]-linear combination of products of the form
GQp)GQpy) -+ GQ(p,,)- This claim is a consequence of [17, Thm. 5.8], which
gives a formula for a more general universal factorial Hall-Littlewood Q-function
HQ%(x,;t|b), essentially as a linear combination of products of other such functions
indexed by one-row partitions. The notation in [17] makes it slightly nontrivial to
connect this formula to our situation. However, the property needed for GQ, follows
directly from the discussion in [17, §5.2.4] (in particular, from [17, Thm. 5.10]), once
one observes that the generating function

U
GQ(u|b)®) = 1+5uH

L+ (u™t + Bz
T )

k
X H(l + (u™ + B)b;)

j=1
in [17, Eq. (5.10)] reduces when b = 0 and n — oo to the expression below:

LEMMA 6.6. When expanded as a power series in u~?!, the expression

o0

1 I 1+ (u™t + B)z;
1+ pu Lt 1+ (ut+p5)z;

j=1
is equal to ) ., GQuyu™" where we set GQyy == (—B)~" for n <O.

Proof. This is essentially [7, Rem. 5.11] given [7, Def. 3.5]. Here is a self-contained
proof explained to us by Joel Lewis. Let £(T") denote the number boxes in a tableau T'.
Then ) o GQmt" = S BITI=UT) g THAT) where the sum is over all semistandard
set-valued shifted tableaux T with a nonempty one-row shape. Such a tableau T is
specified uniquely by the following choices:

e The finite set of positive integers {j1 < ... < ji} such that at least one of j;
or jI appears in some box of T.

e The numbers nq,...,n; > 0 such that j; or j/ appears in n; boxes of T.

e For each i € [k], whether the first box containing j; or j/ contains just j;, just
Jji, or both j; and j.

e For each i > 1, whether the first box containing j; or j! contains no smaller
numbers, or contains at least one of j;_1 or ji_;.

For the tableau T' corresponding to this data, the value of |T| (respectively, ¢(T'))
depends on the numbers nq,...,n; and the choices in the third (respectively, fourth)

Algebraic Combinatorics, Vol. 6 #6 (2023) 1435



Y.-C. CHIU & E. MARBERG

bullet point. It follows that we can write } ., GQ,t" as

k
Do @uyy + B )t x () x [ [ (2B, + B2) (5 + 1) x (a,t)™

k>0 i=2
0<g1 < <Jg
Nni,...,nE>0
Fixing k and j; < --- < jx and summing over nq,...,n, turns this into
k
Z (2zj, + ﬁl‘?l)t « H (2z;, + 5%21)@ +8)
k>0 1 —Jﬁjlt o 1 —.Ifjit
0<j1 < <Jjk

Pulling out a factor of ﬁ = Hﬁ% transforms this to

(2z;4B23) (t+8) (2x;+Bx2) (t+8)
Z t+BH ]11J _1+,8t1 H( ]1—;jt )_1

SC{1,2,...} jeS j=1
0<|S|<o0
Since 1+ (2r+’6x )(H_ﬁ) = (1+6x)1(1:fx+m) = }igigg; we conclude that
" 1 1+ (t+B)z; 1
%%GQ(n)t T 1+ pt! E 1+ Et+g;xj 14t
The desired formula follows by replacing the formal parameter ¢ by u 1. 0
This completes the proof of Proposition 6.5. g

For any strict partitions A and g we define

(6.7) 9O/ = Z“ BTV gg, and gpy, ), = ZbA BIN=lul=1vl gy,

where v ranges over all strict partitions. Proposition 6.5 1mp11es that these symmetric
functions have bounded degree and are zero whenever u € A. As gp) and gq) are
homogeneous of degree |A\| when deg(8) = 1, it follows that gp,,, and gq,,, are
homogeneous of degree |A| — || when nonzero.

PROPOSITION 6.7. If X is a strict partition then

(6.8) gpA(2,y) ngu z)gpa/v(y) and  gax(z,y) quu )90/ (Y)

where both sums are over all strict partitions v.

Proof. These identities are equivalent to the first two parts of [16, Prop. 3.2]. We show
how to derive the first identity for completeness. Observe that

ZGQA 2)gpA(y, 2) = Az, y)A(w, 2)

(ZGQ“ 2) g (y )(ZGQ ). (2 ))

= > o, BANTIHIGQ () gp (v) 940 (2)

JTRZP
= Z <GQ>\ ng# V9P /(2 ))
by (6.1) and (6.7). Now equate the coefficients of GQx(x). O

Algebraic Combinatorics, Vol. 6 #6 (2023) 1436



Ezpanding K-theoretic Schur Q-functions

REMARK 6.8. Setting f = 0 transforms (6.8) to (5.2), so P/, = gpx/ulsg=0 and
Qx/u = 99r/ulp=0- Thus gpy,,, and gq,,, are each nonzero if and only if u C \.

We may now prove a dual version of Theorem 5.3.

THEOREM 6.9. Suppose k C X are strict partitions. Then

9ar/k = Z 2@(A)—€(n)+overlap(u/ﬁ)(_1)co|s(>\/u)(_ﬁ/2)|u/n|+\k/p|gp“/y
(v,p)
where the sum is over all pairs of strict partitions (v,u) with Kk C v C u C A and

U(k) = L(v) < L(p) = £(\) such that SDy,,, is a vertical strip.

REMARK 6.10. If there were a bilinear form that made {gqy,.} the dual basis of
{GP,,.} and {gp,,,} the dual basis of {GQ,/,}, then this result would follow im-
mediately from Theorem 5.3. Since the various skew functions are not even linearly
independent, no such form is available and we need another argument.

Proof. Expanding gqy(z,y) using Corollary 6.2 and then applying (6.8) gives
QQ)\ T y Z Z 2@ )\) CO|S(A/H) (_5/2)‘)\/Mlgpn(x)gp’u‘/ﬁ(y)

where the outer sum is over all strict partitions p with 4 C A and ¢(u) = £(\) such
that SD/, is a vertical strip and the inner sum is over strict partitions x with x C p
(since gp, /. = 0 if Kk € p). Alternatively, using Corollary 6.2 to expand the right side
of (6.8) gives

9ax(z, y) ZZZ‘“” 1)cels/m) (— g /2) /%l g, (2)gqx 1 (y)

where the outer sum is over all strict partitions 7 with n C X (since gqy,,, = 0 when
n € A) and the inner sum over x with x C 1 and ¢(x) = £(n) such that SD, /. is a
vertical strip. Equating coefficients of gp,, gives

$ 9t00) (_qyeon/ ) (L yln/wl g, Zan 1)eols ) (8Nl gy

where the sums are over certain strict partltlons n and pu; we can rewrite this as

Y Z Qf(/\)—ﬁ(n)( )co|5(/\/u)( )\/\/ulgp /n Z( 1)60|S(n/~)( )\n/ﬁlqu/
2 7
where the first sum is over all strict partitions p with £ C p C A and £(u) = () such
that SD)/, is a vertical strip, and the second sum is over all strict partitions n with
x €1 C Xand (k) = £(n) such that SD, . is a vertical strip.

If k = A then gq) /. = 1 = gpy,x as the theorem predicts. Otherwise, we may assume
by induction that the desired formula holds for ggy,, with k C n C . Substituting
these formulas into the equation above expands ggy,. as a linear combination of
gpu/v’s where pand v range over the strict partitions with x € v C p C A and
U(rk) = £(v) < £(p) = £(\) such that SDy/,, is a vertical strip. The coefficient of gp,, /.
in this expansion is 2/~ (—1)eels(A/n) (=8 B)IA/ k1 as desired. The coefficient of 9P/
when k C v C p C X and (k) = £(v) < ﬁ( ) = £(\) and SD,/,, is a vertical strip is
the sum

_ Z yeols(n/ ) (=B yIn/x] (QE(A)%(WHOVSHaP(V/n)(,1)60|S(>\/M)(—TB)IV/WHIA/MI)

over all strict partitions  where k C n C v and SD,,/,; is a vertical strip. Rewriting
this as 2@()\)—@(77)(_ )cols()\/u)( )\z\/u\-‘,—\u/m\ Z ( )cols(n/m)—&-l20ver|ap(u/n)’ we see that

it suffices to show that 3, (— )°°'5(7’/"“)+12°"er'ap(”/") = 20verlap(v/%) wwhere the sum is
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again over n with x C n C v such that SD, /. is a vertical strip. After rearranging
terms, this identity is the second half of Lemma 5.1. O

By putting everything together we can also prove a generalization of (6.1). This
gives two shifted analogues of Yeliussizov’s skew Cauchy identity for symmetric
Grothendieck polynomials [24, Thm. 5.1].

THEOREM 6.11. Let p and v be strict partitions. Then

1 -7y,
(69) ZGP)\//M gq)\/l/( ) - H 1— 2 y] ZGPI///H )gqN/m( )
1,521 Ik
and
1 -7y,
(6.10) ZGQW 2aor ) = ] l,x; > GQu (@) (v)
1,51 Ik
where T; = ﬁ and where \ and k range over all strict partitions.@)

Proof. Let wy,ws,ws, ... be a fourth set of commuting variables. The first expression
n (6.9) is the coefficient of GP,(w)gg,(z) in

Y GP\(w,x)gar(2,y) = Aw; 2) Aw; y) A(w; 2) A y)
A

by (5.5), (6.1), and (6.8). Since A(z;y) = [, ;5 1:;75;, to prove (6.9) it suf-

fices to show that > GP,/.(2)gq,/.(y) is the coefficient of GP,(w)gq,(z) in
A(w; 2)A(w; y)A(z; z). By (6.1) this product is equal to

Z Z Z GPy(w)9qx(2) - GPy(w)gg- (y) - GPx(x)gqx(2).

Once we rearrange the terms of this expression as

ZZZGP (w) - GPA(2)99+(y) - 99 (2)g9ax (%)

it follows by (6.2) and (6.5) that it is equal to
Z Z Z Z Zﬁ‘““"""”‘afivGPM(w) - GPx(2)gg+ (y) - BIEHN=Ib gq,(2).
K % A w v
On rearranging the terms of this expression to be
Z ZZ Z Z GP,(w) .ﬂlnwuku@mp“x) '5‘“‘7‘”‘7‘7@‘;79%@) e
K A p v
we deduce by (5.6) and (6.7) that
Aw; 2)A(w; ) Alw;2) = > S GPu(w) - GPy (@) - 93,74 (y) - 990(2).

The coefficient of GP,,(w)gq,(z) in the last expression is ), GP, . (7)9q9,/x(y), so
(6.9) holds. The second identity (6.10) follows by the same argument after inter-
changing the symbols GP <> GQ, gp <> gq, a <> b and a <> b. O

quivalently, one can restric o the strict partitions containing bot and v since otherwise
(2 Equivalently. trict ) to the strict partiti ining both p and v si herwi
GQxyu(x)gpr/v(y) = 0, and one can restrict £ to the strict partitions contained in both p and v
since otherwise GQ,, s, (%)gp,/r = 0.

Algebraic Combinatorics, Vol. 6 #6 (2023) 1438



Ezpanding K-theoretic Schur Q-functions

7. CONJECTURAL GENERATING FUNCTIONS

In this final section we discuss some conjectural formulas for gp, /,, and gq,/,, and two
related dual functions.

Let o C X be strict partitions. A shifted reverse plane partition of shape A\/u is a
filling of SD),, by positive half-integers {1’ < 1 < 2’ <2 < ...} such that rows and
columns are weakly increasing. Examples include

2/

(7.1)

(2]
112 1
and
11 11
which both have shape (5,3,2,1)/(4,1). The weight of a shifted reverse plane partition
T is the monomial z*trer(T) .= [ i>1 x5+ where ¢; is the number of distinct columns

of T containing i and r; is the number of distinct rows of T' containing i’. This mono-
mial has degree |wtrpp(T)| = 3,5, (¢; + 1), which may be less than [T :== [A/p].

Let ShRPPg(A/p) be the set of shifted reverse plane partitions of shape A\/p.
Let ShRPPp(A/p) denote the subset of elements in ShRPPg(A/p) whose diago-
nal entries are all primed. The examples in (7.1) belong to ShRPP(5321/41) and
ShRPPp(5321/41), respectively; both have weight z$xor,. Nakagawa and Naruse
present the following conjecture in [16]:

CONJECTURE 7.1 ([16, Conj. 5.1]). If u C X\ are strict partitions then

A/ = Z (_ﬂ)|)\/#|*\WtRPP(T)\thRPP(T)’
TEShRPP p(A/ 1)
9/ = Z (_l@)P\/#\—\WtRPP(T)lxthpp(T)_
TEShRPP o (A/ 1)
EXAMPLE 7.2.If A = (2,1) and p = @ then ShRPPp(\/pu) consists of
) ) ) ) ) d
‘a’ b ‘a’ v ‘a’ a ‘a’ v ‘a’ a’ an ‘a' a

for all positive integers a < b < ¢, so Conjecture 7.1 asserts that

gp21 =2 Y TadpTe+ Y (2w + Taxh) — B Y 22— B Y TaTp = 521 — fs2.
a<b<c a<b a a<b

If A = (2,1) and 4 = @ then adding primes to the diagonal is a weight-preserving

4-to-1 map ShRPPo(A/p) — ShRPPp(A/p) so Conjecture 7.1 also predicts that

gqo1 = 4821 — 48s2. These expression match the definitions from (6.1).

REMARK 7.3.The cited conjecture [16, Conj. 5.1] only states these formu-
las when ¢ = @ and § = —1. However, this special case implies the gen-
eral result. In detail, if we knew the conjecture when 8 = —1 then we could
derive the general statement using Proposition 6.1. In turn, if we knew that
gpx = ZTQSthpP(A)(_ﬁ)lM_‘WtRPP(T)‘thRPP(T), and hence that the combinatorial
generating function were symmetric, then we would have

gpx(fl%y) = Z (7ﬁ)|>\\*|WtRPP(T)|*|WtRPP(U)letRpp(T)ywtnpp(U)
vCA
TEShRPP p (v)
UEShRPP p (/1)
= Z apu (1) Z (_ﬂ)\A/V\*\WtRPP(U)lthRPP(U)'
VCA UEShRPP p(A/v)
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We could then derive 9Pxjv = ZTGShRPPp(A/y) (_ﬁ)|/\/l/|_| wirpp (T)| wtrpp (T) by com-
paring the preceding identity with (6.8) and equating the coefficients of gp,. The
reductions in gg-case are similar.

Nakagawa and Naruse give another conjectural formula for ggy as a certain Pfaffian
in [17, §6.2], but we will not discuss this here.

Write A" for the transpose of a partition A. Let w be the operator acting on
(possibly infinite) Z[3]-linear combinations of Schur functions f = 3", exsx asw(f) =
Yoy syt . For strict partitions 1 and A define

(7.2) Joasp = w(gpasn) and  jgx/, = w(ggn/u),
setting jpx = jpr/o and jgr ‘= jgr,z. These are finite Z[f]-linear combinations of
Schur functions which are nonzero if and only if 4 C A, since the same is true of
the gp- and gg-functions. When nonzero, jp,,, and jg,, are homogeneous of degree
|A| — || under the convention that deg(5) = deg(z;) = 1.

As w fixes all skew Schur P- and Q-functions [12, Ex. 3(a), §I11.8], we have

(7.3) Py = gpajulp=0 and  Qx/. = jax/uls=o0-

Additionally, since w is an automorphism of the Hopf algebra of bounded degree
symmetric power series in Z[8][z1, xa,...], the identity (6.8) is equivalent to

(7.4) (@, y) = ipp(@)ipau(y) and  aa(x,y) =Y au(r)igx.(y)
iz 0
where both sums are over all strict partitions pu.

We may also describe a conjectural generating function formula for jpy,, and jgy -
This formula appears to be new.

A partition of a set S is a set II of disjoint nonempty subsets B C S, called blocks,
with S = | |z B. Assume p C X. We define a shifted bar tableau of shape A/ to be
a pair T' = (V,II), where V is a semistandard shifted tableau of shape A\/y and IT is a
partition of SD)/, such that each block B € II is a set of adjacent boxes containing
the same entry in V. Because V' is semistandard, each of these blocks must consist of
a contiguous “bar” within a single row or single column. One might draw a shifted
bar tableau as a picture like

(7.5)

to represent

B B 2]alsg | .
T(V’H)<I1 s ] 7)

Let ShBTq(A/p) denote the set of all shifted bar tableaux of shape A/ and let
ShBTp(A/p) be the subset of such pairs T' = (V,II) where V has no primed diagonal
entries. Given T' = (V,II) € ShBTg(\/u) we set

IT| == |TI|] and a7 := Hmf

i>1

where b; is the number of blocks in II containing ¢ or 4’ in V. The example T shown
in (7.5) belongs to ShBTp(A\/u) for A = (5,3) and ¢ = & and has |T| = 5 and
T _ 2, .2
Tt = xiTors.

If every block in II has size one then |T'| = |A/u| and 27 = zV. If I has as
few blocks as possible given V, then 27 = z"®eP(V) Finally, observe that if V is

fixed, then the sum of 27" over all IT such that 7' = (V,II) is a shifted bar tableau is
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[Iis1 2T (2; + 1)~ ~¢% where r; is the number of rows of V' containing an entry
equal to 4, ¢; is the number of columns of V' containing an entry equal to ¢/, and m;
is the number of boxes of V' containing ¢ or #'.

CONJECTURE 7.4. If pn C X are strict partitions then

A= S (CBWHITILT
TEShBT p(A/ 1)

= Y (T,
TeShBT g (A1)

As with Conjecture 7.1, to prove this result it would suffice to assume u = @.

ExXAMPLE 7.5.If A = (2,1) and p = & then ShBT p(\/u) consists of

and
b’ b’

for all positive integers a < b < ¢, so Conjecture 7.4 asserts that

Jp21 = 2 Z TaTpTe + Z (222p + 2077) Bzxaxb = 891 — Bs11.
a<b<c a<b a<b
As in Example 7.2, there is a weight-preserving 4-to-1 map ShBT(21/@) —
ShBT p(21/2); this is given by either removing all diagonal primes or applying

|l ] ol

Thus Conjecture 7.4 also predicts that jgo; = 4s9; — 48s11. These formulas are con-
sistent with Example 7.2 as jpa; = w(gp21) and jgo1 = w(gga1).

REMARK 7.6. One can systematically test Conjecture 7.1 by substituting into the
Cauchy identity (6.1) both the set-valued generating functions for GPy and GQ
and the predicted reverse plane partition generating functions for gpy and gq,, then
truncating all three expressions in (6.1) to finitely many variables and finite degree,
and finally checking that the resulting polynomials match. All computer calculations
we have done along these lines support the conjecture.

To test Conjecture 7.4, one can compute the Schur polynomial expansions of the
right hand expressions in Conjecture 7.1 and 7.4 restricted to finitely many vari-
ables x1,xs,...,x,. If n is large enough, then the corresponding expansions should
be related by transposing all partition indices. We have used a computer to verify
Conjecture 7.4 in this way for all strict partitions A with |[A| < 6.

Conjectures 7.1 and 7.4 are shifted analogues of results in [10, §9]. One may be
able to adapt the operator methods used there and in [24] to prove both formulas.
We will not pursue this here, beyond verifying the one-row case:

PROPOSITION 7.7. Conjectures 7.1 and 7.4 hold when ¢(\) < 1.

Proof. When £(\) = 0 the conjectures assert that gpy = g9 = jpe = jgo = 1. This
follows by comparing constant coefficients in (6.1) since GPy = GQgz = 1.

Suppose ¢(A) = 1. We may assume p = & in view of (6.8) and (7.4). We may also
assume [ = —1 since if f is gpa, gqx, JPr, jqr, or one of the conjectural generating
functions, then by Proposition 6.1 we can recover f from f|g=_; by substituting
x; — —B~ a; for all i and then multiplying the result by (—3)*.

Let Gy = D reshrpPp(2) aVtrer(T) and gg, = D TEShRPPG (M) xVtree (1) We wish
to show that gp(n) = 9p(,) and gq(n) = 94(,) when n is a positive integer. Nakagawa
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and Naruse assert that these identities hold [16, Prop. 5.2] but do not provide a
proof. Here is an argument. The function GP,(t) obtained by setting x; = t and
xo=x3=---=01ist" if A= (n) and 0 if £(A\) > 1. Thus, if we set 1 =t and x; =0
for 4 > 0 then (6.1) becomes

> tgawm @) =] iijf“.

n>0 =1

Rewriting y; as 2, we deduce that gg(,) = gq(»)(z) is the coefficient of t™ in

=t
TT 55 = T+ gt at? +ait® + )L ajt+ a2 + 238 4.

1—tx;
jz1 Jjz1
Each way of expanding this product into monomials corresponds to a unique one-row
shifted reverse plane partition T if we multiply the ath term of (1 + z;t + z;t* +
xjt3 + ... ) with the bth term of (1 + 2t 4+ 235t* + 23> +...), considering 1 to be the
Oth term of both sums, then the resulting monomial is 2Vt=P?(TT] where T is the
one-row shifted reverse plane partition with exactly a = a(j) entries equal to j and
b = b(j) entries equal to j for each j > 1. It follows that the coefficient of ¢ in the
above product is also gg(,,), SO 99(n) = 9q(n)-

We have gq1) = 2gp(1) = 2(1 + 22 +23+...), and if n > 2 then gp(,) — P (p—1) =
Sy 2Vtrer(T) where the sum is over one-row shifted reverse plane partitions T of size
n whose first two boxes contain distinct entries, the first of which is primed. Removing
the prime from the first entry defines a weight-preserving bijection from the set of
such T' to ShRPPg(n) — ShRPPp(n), so it follows that gg(,,) = 2gP(,) — GP(n,—1) When
n > 2. Since we likewise have gq(1) = 2gp(1) and gq(n) = 29P(n) — gP(n—1) When n > 2
by Corollary 6.2, we deduce by induction that gp(,) = gp,) for all n.

An (unshifted) reverse plane partition of shape X is a filling of the (unshifted)
diagram Dy = {(4,7) : 1 < j < A;} by positive integers, such that rows and columns
are weakly increasing. The weight of such an object is defined in the same way as
for shifted reverse plane partitions. As noted in [16, Prop. 5.3], it is easy to see that
Py = 21 2VtreP(T) wwhere the sum is over all reverse plane partitions T’ of any of
the hook shapes al”? = (a,1,1,...,1) for a € [n]; the relevant weight-preserving
bijection is given by moving all primed entries in an element of SARPP p(n) from the
first row to the first column with primes removed. This sum is precisely Y »'_; ga1n-a
where gy is the dual stable Grothendieck polynomial discussed, for example, in [10,
§9.1].

An (unshifted) bar tableau of shape A is defined in the same way as a shifted bar
tableau, except the underlying tableau is a filling of Dy (rather than SD,) by positive
integers (rather than positive half-integers); this is called a valued-set tableau in [10,
§9.8]. The weight 27 is the same as in the shifted case. Let jp, = 2 TEShBT (N 2T and
Jay = > TeshBTo () a”. Then jp,) = Y px" where the sum is over all bar tableaux
T of any of the hook shapes a1™~“ for a € [n]; the relevant weight-preserving bijection
is again given by moving all primed entries in an element of ShBT p(n) from the first
row to the first column with primes removed. (Each primed entry comprised its own
block in the first row and is assigned to its own block in the first column.) This sum
is precisely Y .'_; jain-o where jy is the generating function discussed in [10, §9.8],
which has jy = w(gy) for all partitions A [10, Prop. 9.25].

Combining the last two paragraphs shows that ﬁ(n) = (@(n)) SO Jpn) =

w(gpm)) = w(@Pm)) = Jpm) for all n. Finally, we have jaay = 2Jpay =
2(z1 + 22 + @3 + ...), and if n > 2 then jp,) — Jp_1) = 2or 2T where the
sum is over one-row shifted bar tableaux T of size n whose first two entries are
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unprimed but not in the same block. Adding a prime to the diagonal entry gives
a weight-preserving bijection from the set of such T to ShBTq(n) — ShBTp(n), so
J4(n) = 2JP(n) — IP(n—1) When n > 2. Since the same formulas relate jg(n) to jp@) by
the linearity of w, we must have jq.,) = E(n). O

Conjecture 7.4 has some consequences regarding the numbers a;\w and b;),/.

THEOREM 7.8. Suppose the formula for jqy,, (respectively, jpy;.) in Conjecture 7.4
holds. Then the coefficients in the product expansions (6.5) satisfy af;,j =0 (respec-
tively, by, = 0) whenever £(X) > £(p) + £(v).

Proof. Our argument is based on Yeliussizov’s proof of [24, Thm. 8.4]. Since consec-
utive diagonal entries in a semistandard shifted tableau differ by at least one, the
assumed formula in Conjecture 7.4 implies that jg,(x1,...,2,) # 0 if and only if
{(v) < n and that jgy,,(z1,...,2,) = 0 whenever £(\) > n +£(u). As jq,|p=0 = Q.,
the set of polynomials {jg.(x1,...,2,) : £(k) < n} is linearly independent over Z[f]
since {Qx(x1,...,xyn) : £(k) < n} is linearly independent.

Applying w to (6.7) gives jgn/, = >, aﬁ,{ﬁ"“*'“'*'”'jq,ﬁ. Thus if af;l, # 0 and
n = £(v) then jgr/u(T1,- %) = Xpoy<n aﬁﬁﬁw_‘““m‘jqn(ml,...,;vn) # 0. But
this means that £(\) < n+£€(n) = €(u) + £(v) as desired. The claim about bf‘w follows
by the same argument after swapping jg <> jp and Q < P. O

Tkeda and Naruse conjectured that the product expansions in (6.5) both have
finitely many nonzero terms [8, Conj. 3.1 and 3.2]. For the GP-functions, this fol-
lows from results in [3], which also establish that each coefficient af;l, € N; for other
proofs see [6, §4], [13, §1.2], or [20, §8].

The same claim for the GQ-functions appears still to be open, but would be a
consequence of Conjecture 7.4 by the following corollary. Specifically, this corollary
shows that Conjecture 7.4 implies [8, Conj. 3.2]. Even given these conjectures, it is
still an open problem to find a Littlewood—Richardson rule to compute bi‘w outside
the Pieri formula case v = (p) handled in [2].

COROLLARY 7.9. Suppose the formula for jpy,, in Conjecture 7.4 holds. Then each
product GQ,GQ, is a finite Z[B]-linear combination of GQ’s, so the set {GQy :
A is a strict partition} is a Z[f]-basis for a subring of Z[5][x1, z2,...].

Proof. Theorem 7.8 implies that GQ,GQ, = Ze(x)gn bﬁVﬁW*'“'*""GQA when n =
£(p) + £(v). This must be a finite sum since the set {GQx(x1,...,2zy) : £(A) < n} is
a Z|p)-basis for a subring of Z[S][x1, ..., z,] by [8, Prop. 3.2]. O

For strict partitions 4 C A\ we may likewise define
(7.6) JPyju = w(GPy/,) and  JQy, = w(GQx/p),

setting JPy == JPy/z and JQ» = JQ»/z. Interpreting these as combinatorial gener-
ating functions is easier than in the dual case. By [11, Cor. 6.6] we have

(7.7) JPy/ = GP,\/M(ﬁ) and  JQy/, = GQ/\/M(ﬁ)

where f(1=5;) denotes the power series obtained from f € Z[B][z1,22,...] by sub-

1
stituting @; = =5 = @; + faf + faf + ... for alli.

Using (7.7) it is straightforward to turn the formulas (5.3) into expressions for
JPy;, and JQ,,, as generating functions Y, BITI=IMulaT for semistandard weak
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set-valued shifted tableauz® of shape A/p, with primed numbers excluded from the
diagonal in the JP case. See [6, §3], for example, where the power series denoted K
is the same as JPy|g=1. Since w is linear, if we define

(7.8) JPyyu = w(GPyy,) and JQyj, = w(GQxyu)
then it also holds that
(7.9) Py = GPyyu(=5;) and  JQxy, = GQxyu(=5;)

and it follows from (5.5) that

JPx(z,y) ZJP 2)JPy (),

(7.10)
JQx(z,y) ZJQ 2)JQx (1),

where the sums are over all strict partitions v.

One can write down Cauchy identities relating each pair of GP/jq, GQ/jp, JP/qgq,
JQ/gp, JP/jq, and JQ/jp functions. These provide a shifted analogue of [24, Cor.
6.3]. Recall that 7; = 172 and A(z,y) = [ ;51 2.

1+8 4,521 1—zy;
COROLLARY 7.10. Let u and v be strict partitions. Then:

(a) Az, —y) X5 GPryu()ian/v(y) = 2, GP ()6 (y):
( ) ( )Z/\ GQ)\//,LL( )jp)\/u(y) = Zn GQV//K('r)jp/,L/H(y);
( ) ( T y) Z/\ JP/\//M( )QQ)\/V(y) :Zn JPV//K(x)ng/K(y);
( ) ( T y) Z/\ JQ)\//[L( )gp)\/ll(y) = E,{ JQV//H(-%')gpy/n(y);
( ) Z)\ JP)\//}L( )]CD\/V( ) = A<_‘T7 _y) EH JPu/n(aj)jQu/Ii(y);
( ) Z,\ JQA//;L( )jp)\/u(y) = A(—.’I,‘7 _y) Zn JQV//K(x)ij/K(y)'

As usual the sums are over all strict partitions A and k.

Proof. As w interchanges the elementary and complete symmetric functions e, =
sin and hy, = 5(,), it follows that w (extended to an automorphism of the ring
of symmetric functions in the z; variables over Z[t]) also interchanges E(t;z) =
donsoent™ = [[is (1 +ait) and H(t;z) = 32, 5o hnt™ = [[;5) 153 xt The desired
identities are straightforward to derive from Theorem 6.9 using "this observation with
(7.2) and (7.9), since one has

T

= 0 = Ij.
moEE 1+

=[BTy H(ziy) and -7

i>1

For example, substituting x; — 1_9“[;'% and then applying the version of w which acts

only on symmetric functions in the y-variables transforms Theorem 6.9 to

ZJPW 2)ian () = [[H @) B2 9) > TPy ()i e (v).

izl
147 ’g]
This implies (e) as Hl>1 H(z;; )E(l_’”éxi;y) = Hi,j>1 ﬁy‘f = A(—z,—y). The
other parts are derived in a similar way. (]

Acknowledgements. We thank Joel Lewis for several helpful discussions.

BA semistandard weak set-valued shifted tableau of shape A\/u is defined in the same way as
a semistandard set-valued shifted tableau, except the entries of such a tableau are finite nonempty
multisets of positive half-integers.
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