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Simplicial resolutions of powers of

square-free monomial ideals

Susan M. Cooper, Sabine El Khoury, Sara Faridi, Sarah
Mayes-Tang, Susan Morey, Liana M. Sega & Sandra Spiroff

ABSTRACT The Taylor resolution is almost never minimal for powers of monomial ideals, even
in the square-free case. In this paper we introduce a smaller resolution for each power of any
square-free monomial ideal, which depends only on the number of generators of the ideal. More
precisely, for every pair of fixed integers r and g, we construct a simplicial complex that supports
a free resolution of the " power of any square-free monomial ideal with g generators. The
resulting resolution is significantly smaller than the Taylor resolution, and is minimal for special
cases. Considering the relations on the generators of a fixed ideal allows us to further shrink
these resolutions. We also introduce a class of ideals called “extremal ideals”, and show that
the Betti numbers of powers of all square-free monomial ideals are bounded by Betti numbers
of powers of extremal ideals. Our results lead to upper bounds on Betti numbers of powers of
any square-free monomial ideal that greatly improve the binomial bounds offered by the Taylor
resolution.

1. INTRODUCTION

Important insight about the underlying structure of an ideal in a polynomial ring
is gained from a careful analysis of its minimal free resolution. As such, significant
effort has gone into the development of methods to compute resolutions. The ap-
proach of leveraging connections between commutative algebra and other fields, such
as combinatorics and topology, has proven to be quite fruitful. Diana Taylor’s the-
sis [19] initiated the exploration of these connections, followed by simplicial resolutions
(Bayer, Peeva, and Sturmfels [1]), polytopal complexes (Nagel and Reiner [15]), and
cellular complexes (Bayer and Sturmfels [2]), to name just a few. See [14, 17] for an
overview of these developments.

The Taylor resolution is powerful: given any ideal I minimally generated by ¢
monomials, Taylor constructed a simplicial complex Taylor(I) by labeling the ver-
tices of a (¢ — 1)-simplex with the monomial generators of I. She showed that this
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complex supports a free resolution of I, in the sense that its simplicial chain com-
plex can be transformed, via a process called homogenization, to a free resolution of I,
called the Taylor resolution of I. Unfortunately, even though every monomial ideal
has a Taylor resolution, the Taylor resolution is often far from minimal. In particu-
lar, for powers of ideals it is almost never minimal due to certain syzygies that are
automatically created when taking powers.

The central theme of this paper is to find an analogue for the Taylor complex
for powers of square-free monomial ideals. We seek a construction that takes the
automatically generated non-minimal syzygies into account and removes them from
the Taylor resolution to produce a much smaller free resolution of I" that works for
any monomial ideal I. Our ultimate goal is to find a uniform combinatorial structure
that depends only on the number of generators and the power of the ideal. More
precisely, the question at the heart of this paper is the following:

QUESTION 1.1. Given positive integers r and q, is it possible to find a simplicial com-
plex (considerably) smaller than the simplex Taylor(I™) that supports a free resolution
of I", where I is any ideal generated by ¢ monomials in a polynomial ring?

When r = 1, Taylor(7) is in fact the optimal answer to the question above, as there
are ideals I for which Taylor(I) supports a minimal resolution. But when r = 2, the
resolution supported on Taylor(I?) is never minimal for any non-principal square-free
monomial ideal I ([3]). As expected, the resolution supported on Taylor(I") becomes
further from minimal as r grows.

Although Taylor’s complex for the r*"* power of a monomial ideal with ¢ generators
can be quite large - a simplex of dimension (‘H:*l) - we can improve the situation
considerably by studying the general relations among the generators of I" that must
always exist for all monomial ideals regardless of the generating set for I. Similar
to the idea used in Lyubeznik’s resolutions [12], in the case of square-free monomial
ideals, this investigation involves detecting and trimming redundant faces of the Taylor
complex Taylor(I"), bringing us closer to a minimal resolution.

th

To illustrate our underlying process, let r = 2,¢g = 3 and consider any
ideal I = (mj,mg,m3) in the polynomial ring k[zi,...,2,] where my,mg and
ms are minimal, square-free monomial generators and k is a field. Now I? =

(m12,ma2,m3?, myma, mims, mams) and Taylor(I?) is a 5-dimensional simplex

with 6 vertices, where each vertex is labeled by a generator of I? and each face
is labeled with the least common multiple of its vertices. A non-minimal syzygy
occurs when a face and a subface have the same label (see Theorem 3.1). When
considering I2?, no matter what the monomial generators of I are, when i,j,k are
distinct we always have the following;:

lem(m;?, mj2) = lcm(miz,mimj, ij)
lcm(mf,mjmk) = lcm(mf,mjmk7mimk).
These equalities lead to non-minimal syzygies in the Taylor resolution of I2, and as a
result the edges
{’ITL12, m22}, {m12, m32}, {m22, m32}, {mlz, TYLng}, {mgz, mlmg}, {m32, mlmg},

and all faces containing these edges, can be removed from Taylor(I?). The resulting
2-dimensional subcomplex L3 of Taylor(/?) supports a resolution of I? ([3]). This
simple observation has a considerable impact on bounding the Betti numbers of I2.
For example, in this small case we can conclude that for every ideal I with three
square-free monomial generators, the projective dimension of I? is at most 2 (the
dimension of IL3), versus the bound 5 (the dimension of Taylor(7?)).
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In this paper we show that a similar argument can be made more generally. If I is
minimally generated by square-free monomials my, ..., m,, then we can identify faces
of the simplex Taylor(I") which lead to non-minimal syzygies for I”. Eliminating
these faces results in a much smaller subcomplex of Taylor({"), which we call Ly
(Definition 4.2).

Our main result, Theorem 5.9, shows that Ly supports a resolution of I". This
echoes the power of Taylor’s complex in that we have a topological structure depending
solely on r and ¢ that supports a resolution of I" for any square-free monomial ideal
with ¢ minimal generators. By further deleting redundancies specific to the generators
of I, we obtain a subcomplex IL"(I) of L, so that we have

L"(I) € Ly, C Taylor(I").

Theorem 5.9 also shows that L"(I) supports a free resolution of I". Our approach
to proving this involves showing that L"(I) and Lj are both quasi-trees (see Defini-
tion 2.2), meaning (roughly) that are built from a special ordering on their facets.
In Theorem 3.6, we show that for a quasi-tree to support a free resolution one only
needs to check that certain induced subcomplexes are connected. This extends the
main result of [9].

Our complex L"(I) gives natural and useful bounds on homological information
of I". Indeed, the Betti numbers of I" are bounded in terms of the number and size
of faces of L"(I), yielding bounds that are significantly smaller than those given by
the Taylor resolution. In the later sections of this paper we examine just how much
smaller these bounds on the Betti numbers are and when the resolutions obtained
are minimal. We define a class of square-free monomial ideals, which we call extremal
ideals, whose Betti numbers of powers bound the Betti numbers of powers of any
square-free monomial ideal with the same number of generators. As a result, we
reduce the question of minimality of Ly to the study of when Ly supports a minimal
free resolution of the 7" power of an extremal ideal.

To put this work in context of the broader literature, studying powers of ideals and
bounding their invariants has received much attention in recent years. Powers play
an important role in Rees algebras and associated graded rings among other uses,
making understanding their behavior desirable but difficult. In another direction,
there has been considerable interest in describing minimal topological resolutions
for all monomial ideals using a variety of methods, such as using chain maps from
multiple simplicial complexes (see [16, 20]). There are situations where the structure
of a minimal topological resolution leads to minimal topological resolutions for powers
(see, for example [4, 5, 10]), but in general, this is a challenging task. In this paper we
combine the two interests and seek, for powers of monomial ideals, resolutions that
are supported on a single topological structure which is practical to determine based
on the generators of the original ideal I.

The paper is organized as follows. Section 2 contains basics of simplicial resolutions.
In Section 3 we use simplicial collapsing and the Bayer—Peeva—Sturmfels criterion to
prove the above-mentioned criterion for quasi-trees (Theorem 3.6). In Section 4 we
introduce the definition of the simplicial complex L7, and we prove in Proposition 4.6
that Ly is a quasi-tree. In Section 5 we define IL"(I), discuss some examples, and
then prove the main result, Theorem 5.9. Section 6 investigates the bounds on the
Betti numbers of I" that follow from the main result. Finally, Section 7 introduces
extremal ideals, which have maximal Betti numbers among powers of square-free
monomial ideals. In particular, Proposition 7.11 provides a full characterization of
the conditions on r and ¢ that guarantee L; supports a minimal free resolution of 1"
for some ideal 1.
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This paper is an extension of the work in [3] where the focus is on the second
power of the ideal I. The collaboration was initiated at the 2019 workshop “Women
in Commutative Algebra” hosted by the Banff International Research Station.

2. SIMPLICIAL RESOLUTIONS

Fix S = k[z1,...,2,] to be a polynomial ring over a field k. We begin by reviewing
necessary background for simplicial complexes and simplicial resolutions and then
demonstrate the potential relationship to resolutions of ideals.

A simplicial complex A on a vertex set V is a set of subsets of V such that
if ¥ € Aand G C F then G € A. We use the following terminology for simplicial
complexes:

DEFINITION 2.1. Let A be a simplicial complex.

An element of A is called o face.

The facets of A are the maximal faces under inclusion.

The dimension of a face F € A is dim(F) = |F| — 1.

The dimension of A is the maximum of the dimensions of its faces.

A is called o simplex if it has one facet.

The f-vector f(A) = (fo,..., fa) of a d-dimensional simplicial complex A
has f; = the number of i-dimensional faces of A.

Note that a simplicial complex can be uniquely determined by its facets. One writes
A= (F,...,F)

to denote a simplicial complex A with facets Fi,. .., Fj.

In subsequent sections, we will use the tool of trimming simplicial complexes via
certain rules. Essentially, we will delete vertices in a specified fashion. Vertex deletions
naturally lead to the consideration of subcomplexes of simplicial complexes, which
are defined below, together with additional structures and notions that will be used

throughout the paper.

)

DEFINITION 2.2. Let A be a simplicial complex on a vertex set V.
o Ifuv is a vertex of A, then the deletion of v from A is the simplicial complex
AN{v}={ceAlvgo}.
e A subcomplex of A is a subset of A which is also a simplicial complez.
o Given W C V, the induced subcomplex of A on W is the subcomplex
Ay ={ceA|o CW}
o A leaf [8] is a facet F' of A such that F is the only facet of A, or there is a
facet G of A with F # G such that
FNHCG

for all facets H # F. The facet G is called a joint of F. (Note that the joint
of a leaf need not be unique (see [8]).

o A is called a quasi-forest [22] if the facets of A can be ordered as F1,. .., Fy
such that for i = 1,...,q, the facet F; is a leaf of the simplicial complex
(F1,..., Fy).

e A is a quasi-tree if it is a connected quasi-forest.

ExAMPLE 2.3. The simplicial complex below is a quasi-tree. The leaf order is
Fi,..., Fs5, meaning that each F; is a leaf of (Fi,..., F;). In this example the joint of
F,L' is Fi—l for all ¢ 2 1.
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Fy Fy Fy i

EXAMPLE 2.4. The star-shaped complex drawn below on the left is a quasi-tree, with
leaf order Fy, Fy, F5, F3. In particular, the center facet Fj is the joint of F; for every
¢ > 1. This complex is a standard example of a quasi-tree which is not a simplicial tree
in the sense of [8]. This particular quasi-tree is shown in [3] to support a free resolution
of the second power of any ideal with three square-free monomial generators.

If one removes F{, from the center, the remaining complex is shown in the picture
on the right. This simplicial complex is not a quasi-tree, since no facet is a leaf.

quasi-tree not a quasi-tree
A free resolution of I is an exact sequence of the form

0— 8P 5 8Pt ... 5 G0 58P0 T 0,

where S% is a free S-module of rank 3; and t € N. When f3; is the smallest possible
rank of a free module in the j** spot of any free resolution of I for each j, the resolution
is minimal. In this case, the numbers ; are invariants of I and are called the Betti
numbers of I.

In the 1960s, Diana Taylor demonstrated a striking connection between a (¢ — 1)-
simplex and a resolution of a monomial ideal I in S. If I is a monomial ideal in S
minimally generated by monomials my,...,m,, then Taylor(I) denotes the simplex
with ¢ vertices indexed by the set [¢] = {1,..., ¢}, where each vertex i is labeled with
one of the monomials m;, and each face o is labeled with the monomial

M, =lem(m;: i € o).

In her Ph.D thesis [19], Taylor proved that the simplicial chain complex of Taylor(I)
gives rise to a multigraded free resolution of I. In particular, the i** Betti number of I
is bounded above by the number of i-dimensional faces of Taylor(I), which is (iil).
This method has been generalized so that if A is a simplicial or cellular complex
whose vertices are labeled with the monomial generators my,...,mq of an ideal I
and whose faces are labeled with the least common multiple of the vertex labels as
above, then we say that A supports a free resolution of I if the homogenization of
the simplicial (or cellular) chain complex of A is a multi-graded free resolution of I,
denoted by Fa, see [1, 2]. The multi-graded complex Fa is described as follows. For
each t > 0, the free module (Fa); has basis elements denoted by e, where o ranges
over all faces of A with |o| = ¢+ 1, and e, is considered to have multi-degree M, .
The differential is described by

M,
(1) INeg) =D (1) ——€ofu; }»
; Moy =7
where o = {v;y,...,v;, } with ig < i1 < -+ < 4.
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EXAMPLE 2.5. Let I = (zy,yz,2u) in R = k[z,y, z,u]. The labeled simplicial chain
complex

ryz Y? YzU

Ty ZU

supports a free resolution of I. The chain complex of A is

1 0
-1 1
0 -1

0—k? —=5Kk3 >k

and homogenization results in the free resolution

z 0
0 — R(zyz) ® R(yzu) M R(zy) ® R(yz) ® R(zu) — I — 0,

where the notation R(z%y’z¢ud) refers to the R-free module with one generator in

multi-degree (a, b, ¢, d).

REMARK 2.6. Simplicial complexes that support a free resolution of a monomial ideal
are usually constructed such that the vertices correspond to and are labeled by a
minimal set of generators of the ideal. However, one can also work with non-minimal
generators, at the expense of producing a larger complex. In particular, one can mimic
the construction of Taylor(I), but use instead any set of monomial generators of I.
The same considerations show that this complex supports a free resolution of I.

There are various combinatorial ways to build subcomplexes A of Taylor(I) that
support a free resolution of I. One such well known complex is the Lyubeznik complez,
which supports the Lyubeznik resolution of I ([12]). The Lyubeznik resolution is the
main inspiration for the complexes I, and I." (1) which appear later in this paper. We
will not define this resolution since it is not used in this paper, but refer the reader
to [12, 13] for additional information.

3. RESOLUTIONS SUPPORTED ON QUASI-TREES

Taylor’s resolution is usually far from minimal. However, for a given monomial ideal I,
a criterion of Bayer, Peeva and Sturmfels (see Theorem 3.1) allows one to check if
a subcomplex of Taylor(I) supports a free resolution of I. In this section, using the
above criterion and by observing that quasi-trees are collapsible, we show that a
quasi-tree A supports a free resolution of a given monomial ideal if and only if certain
subcomplexes of A are connected.

For a subcomplex A of Taylor(I) and a monomial M in S, let Ay be the subcom-
plex of A induced on the vertices of A whose labels divide M.

The following is the criterion of Bayer, Peeva and Sturmfels [1, Lemma 2.2]; see
also [6, Theorem 2.2] for the statement on minimality.

THEOREM 3.1 (Criterion for a simplicial complex to support a free reso-
lution). Let A be a simplicial complex whose vertices are labeled with a monomial
generating set of a monomial ideal I in a polynomial ring S over a field. Then A sup-
ports a free resolution of I over S if and only if for every monomial M, the induced
subcomplex Apr of A on the vertices whose labels divide M is empty or acyclic.

Furthermore, a free resolution supported on A is minimal if and only if M, # My
for every proper subface o' of a face o of A.

REMARK 3.2. The results of Theorem 3.1 are usually stated with the assumption that
one uses the minimal monomial generating set of I for the labels. However, the proof
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of [1, Lemma 2.2] does not make use of this assumption, hence we formulated the
result above to reflect this observation.

In particular, Theorem 3.1 implies that the f-vector of a complex A supporting a
resolution of a monomial ideal I is an upper bound for the vector of Betti numbers
of I. In other words, for each i < d = dim(A),

BiI) < fi  where £(A) = (fo,..., fa)-
In particular, if A supports a minimal free resolution of I, then equality holds above.

Using Theorem 3.1 it is straightforward to see that to determine whether A sup-
ports a free resolution of I, it suffices to check that A,; is empty or acyclic only for
monomials M in the lem lattice of I; that is, for monomials M that are least common
multiples of sets of vertex labels.

If the complex A under consideration in Theorem 3.1 is a simplicial tree, then it
suffices to show that Ay, is connected, instead of acyclic, see [9]. More precisely, it
is established in [9] that every induced subcomplex of a simplicial tree is a simplicial
forest, and then it is shown that simplicial trees are acyclic, and hence an induced
subcomplex of A is acyclic if and only if it is empty or connected (see [9, Theorems 2.5,
2.9, 3.2)).

We now generalize the work in [9] by showing that the criterion in Theorem 3.1 can
be extended to the class of quasi-trees. To do so we need to argue that quasi-trees,
and their connected induced subcomplexes, are acyclic. We do so using the following
series of results.

PROPOSITION 3.3 (Induced subcomplexes of quasi-forests are quasi-forests).
If a simplicial complex A is a quasi-forest, then every induced subcomplex of A is a
quasi-forest.

Proof. By [10, Proposition 6], a simplicial complex A with vertex set V is a quasi-
forest if and only if for every subset W C V', the induced subcomplex Ay has a leaf.
If W C V, consider the induced subcomplex Ay of A. If U C W, then Ay = (Aw)u
has a leaf, and hence, Ay is a quasi-forest. O

A face o of a simplicial complex A is called a free face if it is properly contained in
a unique facet F' of A. A collapse of A along the free face o is the simplicial complex
obtained by removing the faces 7 such that ¢ C 7 C F from A. If additionally
dim(c) = dim(F) — 1, then the collapse is called an elementary collapse. The
simplicial complex A is called collapsible if it can be reduced to a point via a series
of (elementary) collapses.

ExXAMPLE 3.4. Consider the quasi-tree in Example 2.4. To illustrate that this complex
is collapsible to a point, we label in Figure 1 the vertices and then demonstrate one
collapsing sequence. At each step, the two faces that play the roles of o and F' in the
exposition above are indicated. Note that the first two steps are elementary collapses
for demonstration purposes. Alternate collapsing sequences exist.

In general, by starting with a leaf and the face that contains it, any quasi-tree can
be collapsed to a point.

PROPOSITION 3.5. Every quasi-tree is collapsible.

Proof. Proceed by induction on ¢, the number of facets of A. When ¢ = 1, A is a
simplex, and known to be collapsible (e.g. [9, Proposition 2.7]). Suppose the statement
holds for all quasi-trees with fewer than ¢ facets.

Let A be a quasi-tree with facet ordering Fi, ..., Fy so that, fori =1,...,q, each
F;is aleaf of (Fy,..., F;). Since Fy is a leaf of A, it intersects A’ = (Fy, ..., F,_1) in
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Vg " Us Vg " Us
1 1
o1 = {vi,va} o2 = {va}
V2 U3 Fy = {v1,v2,va} V2 U3 Fay = {v2,v4}
ey —_—
Ve Ve
Us
(1 U1
o3 = {vs} o4 = {vg}
V2 U3 F3 = {v1,v3,v5} V2 U3 Fy = {v2,v3,v6}
Ve Ve

o5 = {v1}

og = {v2}

U1
Vg A U3

F5 = {vi,v2,v3} V2 e———— U3 Fg = {v2,v3} e U3
— = —

FIGURE 1. An example of collapsing

a face F' of A’. By [9, Proposition 2.7], F, collapses down to the face F’ by removing
faces outside A’. As a result, this series of collapses brings A to the quasi-tree A,
which, by the induction hypothesis, is collapsible. O

We now use Proposition 3.5 and Proposition 3.3 to show that the Bayer-Peeva-
Sturmfels criterion in Theorem 3.1 can be extended to the class of quasi-trees.

THEOREM 3.6 (Criterion for a quasi-tree to support a free resolution). Let A
be a quasi-tree whose vertices are labeled with a monomial generating set of a mono-
mial ideal I in a polynomial ring S over a field. Then A supports a free resolution
of I over S if and only if for every monomial M, the induced subcomplexr Ay of A
on the vertices whose labels divide M is empty or connected.

Proof. By Theorem 3.1, A supports a resolution of I if and only if Aj; is empty or
acyclic for every monomial M € S. If M € S is a monomial, then by Proposition 3.3
above, Ay is a quasi-forest. Moreover, by Proposition 3.5, every connected component
of A,y is contractible, i.e. homotopy equivalent to a point, and hence acyclic. The
only possible homology that Aj; could have would be that which comes from it being
disconnected. As a result, A supports a resolution of I if and only if A, is empty or
connected for every monomial M € S. O

4. THE QUASI-TREE IL,Z

Recall that our goal is to find a simplicial complex smaller than Taylor’s complex that
supports a free resolution of I” when I has g square-free monomial generators. In this
section we construct a subcomplex Ly of the Taylor simplex, which depends only on
the integers r and ¢, and contains a subcomplex supporting a free resolution of I".
The base case for our construction is the case r = 1. In this case ]Lé is the well-
known Taylor complex [19]: a simplex with ¢ vertices that supports a free resolution of
any monomial ideal with ¢ generators. The case r = 2 was investigated in the earlier

Algebraic Combinatorics, Vol. 7 #1 (2024) 84



Simplicial resolutions of powers

work of the authors [3]. For example, it was shown in [3] that L% is the quasi-tree in
Example 2.4.

We now collect and formalize the notation needed for the extension to the case
r > 3.
NoOTATION 4.1. Let r and ¢ be two positive integers.

o Let eq,..., e, denote the standard basis vectors for RY; i.e. for each ¢ € [q],
e; is the ¢g-tuple with 1 in the i*" coordinate and 0 elsewhere.

e Define qu to be the set of points in Z;O whose coordinates add up to r:

./\/Z’z{(al,...,aq)EZ;O:G1+~-~+aq:r}

={a1e1+---+ageq: a; €EZzpand a1 + -+ ag =71}

e Set s = [H, that is, when r is odd, » = 2s — 1, and when r is even, r = 2s.

DEFINITION 4.2 (The simplicial complex Lj - see also Proposition 4.3).
Let r,q > 1 be two integers. Following Notation 4.1 we define Ly to be the simplicial

complex with vertex set N(; whose faces are all subsets of the (not necessarily distinct)

sets FY,..., F/,GY,..., Gy defined as

Fl ={(a1,...,aq) € NJ: a; <max{r —1,s} and a; < s for j # i}

G ={(a1,...,a9) ENJra; Z2r -1} ={(r—1)e; +e;: j € [q]}
for each i € [q]. We refer to the set {FY,..., Fy} as the first layer of L and the set
{G7,..., Gy} as the second layer of L]. We define the base of i, to be the face
B" ={(a1,...,aq) € NJ: a; <s for alli € [q]},
so that
F=B"U{(a1,...,a0) ENJ:s+1<a; <r—1}
In general, FY,... F7,GY,...,Gy are the facets of Ly (Proposition 4.3); however,

for small values of r and ¢, these sets need not be distinct. We summarize these facts
in Proposition 4.3 to give a more precise description of the facets of Ly,.

PROPOSITION 4.3 (Equivalent definition of L}). The simplicial complex L, in Def-
inition 4.2 can be described in terms of its distinct facets:

(F1, F5, .. Fy, Gy, Gy ifr >3 and g > 2
>

L — (B",GY,...,Gy) ifr=3andqg>=>2o0rr=2andq>2
7 )(G3,G3) ifr=2andqg=2
NT) ifr=1o0rq=1.

Proof. When r =1, then s = 1 and qu = {e1,...,e,}. It follows that
B'=F'=G;=N, forall ic]q.

In this case L is a simplex with ¢ vertices (the Taylor simplex).
If g=1and r > 1, then

B"=F =2 and Gi=N]={(r)}
If g=r =2, then
Gi ={(2,0),(1,1)} and G3={(0,2),(1,1)}
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and since s =1=1r —1,
F{=F =B"={(1,1)} CGING3.

When ¢ > 2 and r = 3, or ¢ > 2 and r = 2, then the GJ are distinct as each G is

the unique facet containing the vertex re;. Furthermore, since s+ 1 =r,
F/=---=F/ =B

contains all the vertices (r —1)e; +e; where ¢ # j, and so B" is not embedded in any
of the G}.

Finally, when ¢ > 2 and r > 3, then s < r — 1. Therefore, the G} are distinct, since

each G7 is the unique facet containing the vertex re;.
For i,j € [g], i # j, F} is not contained in F since

(s+1)ej+(r—s—1)e; € F] \ F.
Moreover, re; ¢ F], showing that
G} ¢ F.
Lastly, no F;" can be contained in G7 since B" C F/, but B" N G} = & when
s<r—1. g

EXAMPLE 4.4. The geometric realization of the simplicial complex L3 is a path of
length 3, as can be seen in the figure below.

3eq 2eq + es e; + 2ey 3es
& B3 a3

N3 =1{(3,0),(2,1),(1,2),(0,3)} = {3e1, 2e; + ez, e; + 2e2,3e2},
according to Proposition 4.3, the facets of L3 are

B? ={(2,1),(1,2)} = {2e1 + e2,e1 + 2e2}

G3 =1{(3,0),(2,1)} = {3e1,2e; +es}

G5 =1{(0,3),(1,2)} = {3ez,e1 + 2e5}.

By contrast, if ¢ =2 and r > 4 is even, then B” is a single vertex
B" ={(r/2)e1 + (r/2)es} C F] forall i€ ]q]

For instance, if 7 = 6, then LS is pictured below, and B® is the single point at the
middle of the ‘bow-tie’ and only the F}'s and G7s are facets.

Since

oe; + eo 2e; +4dey

de; + 2eq e; + 5ey

Note that the points in N, 4 can be viewed as lattice points in RY. Indeed, they are
precisely the integer lattice points in a hyperplane section of the first octant, cut out
by the hyperplane whose equation is

1+t xyg =7

While for small values of ¢ this gives a natural way to depict the points, it does
not illustrate the simplicial structure well. For instance, in Example 4.4, the 6 points
would be co-linear, while our depiction emphasizes the existence of the two triangles.
Using the combinatorial approach rather than the embedding in R? also allows for a
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6 _ 6 6 _ 6 6 _ 6 6
BS = FSnF§ = F§ nF§ = F§ n F$

FIGURE 3. A picture of L§

generalized depiction, seen in the following example, that can easily be extended to
higher ¢ and r.

EXAMPLE 4.5. We examine the case ¢ = 3 in the same manner as above. The simplicial
complexes L}, L2 and L3 appear in Figure 2, and L§ appears in Figure 3.

The following statement generalizes [3, Proposition 3.3], which deals with the spe-
cial case r = 2.

PROPOSITION 4.6 (L is a quasi-tree). The simplicial complez 1Ly, is a quasi-tree.

Proof. Following Proposition 4.3 for a description of the facets of Ly, we consider each
case separately.

When r = 1 or ¢ = 1, L1 is a simplex, and hence by definition a quasi-tree.

When r = ¢ = 2, L3 has only two facets, and it is trivially a quasi-tree.

When r = 2 and g > 2, then order the facets of ]Lg by

B%,G2,...,G2.
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In this case, if 4 # j with ¢, € [¢], then
GiNB*CB® and G;NG;={e +e;} CB.

Thus each G? is a leaf of (B2, G%,...,G?) with joint B2.
When r = 3 and ¢ > 2, then as in the previous case,
B3G3 ...,G3

q

is a leaf order. Since G3 N G;’ = @ when i # j, for each i € [g] the facet G is a leaf of
(B*,G3,...,G?)

with joint B3.
When r > 3 and ¢ > 2, we claim

(2) F[,F},...,Fl.G,....G!

is a leaf order for Ly, making it a quasi-tree. To see this note that if i # j, i,7 € [q],
then

F/NG; =92, F NF =B", G/NG;=2,
F'NnG ={(r—1)e; +ep: h#i}.
These observations show that for each j € [g], G7 is a leaf of
(F1,..., Fy, I,...,G;>
with joint FY, and for each j € {2,...,q} F] is a leaf of
(FT,...,F})

with joint, say, F{. Hence (2) is a leaf order and Ly, is a quasi-tree. O

5. THE QUASI-TREE L" () SUPPORTING A FREE RESOLUTION OF ["

Given an ideal I with ¢ square-free monomial generators, we now define an induced
subcomplex of Ly, denoted L"(I), which is obtained by deleting vertices representing
redundant generators of I”. We show in Theorem 5.9 that both LLj and IL"(I) support
a free resolution of I".

DEFINITION 5.1 (The simplicial complex L"(I)). Let I be an ideal minimally gen-

erated by monomials mq, ..., my in the polynomial ring S. Fora = (a1,...,a4) € ./\/:;
we set

m? =m* ... mqaq.
Define a partition of./\/qr into equivalence classes Vy,...,V; by

a~b < m?®=mP
We use these equivalence classes to build an induced subcomplex L"(I), of Ly using
the following steps:
Step 1. From each equivalence class V; pick a unique representative c; in the following
way: if V; N B" # &, then c; € B". Otherwise, choose any c; € V;.
Step 2. From the set {cy,...,c}, eliminate all c; for which m® | m® for some j # 1.
We call the remaining set, without loss of generality, {c1,..., ¢y}
Step 3. Set V ={cy,...,cyu}.

Define IL"(I) to be the induced subcomplex of Ly, on the vertex set V.
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The complex L"(I) is a subcomplex of Taylor(I"). While L"(I) is dependent on
the choices made when building its vertex set V, we will abuse the notation and
ignore these choices, as they do not have an impact on our results. Also note that
the set of monomials {m®,... m®} forms a minimal monomial generating set for
the ideal I". There are known classes of ideals, e.g., square-free monomial ideals of
projective dimension 1 [4, Proposition 4.1], where the generating set {m® | a € N}
does not contain redundancies, in which case Lj = L"(I). However, in general, L."(])
will be a proper subcomplex of Lg. Information about known redundancies in the
set {m? | a € NJ} can be used to produce L"(I). As an example, consider edge
ideals of graphs. For such ideals, the redundancies in {m?* | a € N} are encoded in
the ideal of equations of the fiber cone of the ideal, whose generators correspond to
primitive even closed walks in the graph (see [21] for relevant definitions and details).

EXAMPLE 5.2.Let S = k[z,y,z,w] and I = (ay,yz, 2w, zw) = (my, ma, ms, my).
By Proposition 4.3, the facets of L2 are a 5-simplex B? and four tetrahedra G? for
1 < i < 4, depicted on the left in the figure below.

By Definition 5.1, since mims3 = mamy is the only equation determining an equiv-
alence class with more than one element, we select the vertex e; + es to represent this
equivalence class and form IL2(I). Then IL%(I) consists of a 4-simplex on the vertices

e ez, e +e3,e1+e4,e2+€3,e3+¢€y

together with two triangles and two tetrahedra depicted on the right in the figure
below. Note that vertex es + e4 has been removed. The edges depicted by dotted
lines in the figure of .3 do not appear in L2(I) and higher dimensional faces of 1.3
containing es + e4 have also been deleted.

2e1 2e3

L L2(1)
Next, consider I3. The equation mims = mamy4 produces four non-trivial equiva-
lence classes from Definition 5.1, namely the sets
{291 +es3,e;+e2 -5-64}7 {91 +ez+es, 2€2+e4}, {61 +2e3, ez +e3—|—e4}, {61 +esz+eq, e2+2€4}-

One can check that the above relations are the only ones. Since r = 3, we have
s = 2 and so all the above duplicated vertices are in B3. In particular, L3(I) will be
the induced subcomplex of L3 on a vertex set V with 16 vertices. The sets below are
two different possible sets of vertices V for L3(I):

V ={3e1,2e; + e3,2e1 + €4, 3e2,2e2 + €1, 2e2 + €3, 3e3, 2e3 + €q, 2e3 + €4, 3ey,

2e4+e1,2e4+e3,e1 —|—eg—|—e3,e1—|—e2+e4,e1 +e3—|—e4,eg—|—e3—|—e4}
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or

Vv :{361,281 + es,2e1 + e3,2e; + e4,3ea,2e5 + €1, 2e5 + e3,2e5 + €4, 3es,
2e3 + e1,2e3 + e3,2e3 + e4,3e4,2e4 + €1,2€4 + €3,2€4 + €3}

EXAMPLE 5.3. Let S = K[a, b, ¢, d, e, f,z,y, 2] and
I = (xyz,abe, def, vza, xzb, xyc, xyd, yze,yzf) = (m1,ma, ..., mg).
We have the following relation:
mitmams = mamsmememsme .
For r = 6 we have s = 3, and so
4ei1 + ey t+e3 € F16\B6 but e;+es+eg+e;+eg+egc BS.

Therefore, the induced subcomplex 1L5(I) would not contain the vertex 4e; + e + e3
4

corresponding to mj*meoms.

While the examples above show that, in general, L"(I) is smaller than L7, there
are also cases when the two complexes are the same. In Section 7 we identify an ideal
&, with L"(&,) = Ly for each ¢. The two complexes are also equal for all I with ¢ < 3,
as shown below.

PROPOSITION 5.4. Let I be an ideal minimally generated by square-free monomials
mi,...,mq in the polynomial ring S. If ¢ < 3 then L"(I) =Ly, for allT > 1.

Proof. 1f ¢ = 1, then I" = (m,") for all r, and both L"(I) and L; consist of a single
point, so the equality holds.

Assume 1 < ¢ < 3. By Definition 5.1 it suffices to show that L"(/) and Lj have
the same vertex set, or in other words

m® |m® = a=b forall abel\].

Suppose ¢ = 2 and m? | mP with
az(al,ag), b:(bl,bg), and a; +as =0b; +by=r.

If a # b, then we may assume a; > b; and as < bs. Since the monomials m; are
square-free, we have

ba

a a b a;—b ba—a
mllmgz\mllmg :>m11 1|m22 2:>m1|m2,

which contradicts the minimality of the generators of I.
Suppose ¢ = 3 and m® | m® with

a:(al,ag,ag), b:(bl,bg,bg) and a1 +ags+az3=0b; +by+bg=r.

Assume a # b. If a; = b; for some ¢ then we can reduce to the case ¢ = 2, so we
may assume a; # b; for all 7. Without loss of generality, assume a; > by.
We have three cases:
(i) Suppose ag > by. In this case, we must also have a3 < bs. Then

b3 a1—by bz—as3

ay az a3 by b2 az—bz bz —as3 a1—by
mi "Mm2 “ms |m1 mo “ms — m1 mao ‘TTL5 — m1 |m3

Since my and mg are square-free, this implies that m; | ms which gives a
contradiction.
(ii) Suppose az < by and ag < bs. We have

b2 bs

my“tmg*2mgz® \mlblmg msz*° = mlalibl m2b27a2m3b37a3.
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Let = be a variable such that « | m;. It follows that « | ms or = | m3. Assume
x 1 m3. We then have o1 —b | me?27% . Since my is square-free, it follows
that by — as > a1 — by. This is a contradiction, since

a1 — by =by —as + b3 —ag > by — as.

A similar contradiction is obtained when x { mo. We conclude that for
every x | my, we must have x | mg and x | mg. This implies m; | mg and
my | ms, which is a contradiction.

(iif) Suppose az < by and ag > bs. After relabeling, this case reduces to Case (i).

0

REMARK 5.5. Note that the square-free assumption is necessary in Proposition 5.4,
for if I = (22y,yz?, zyz), then mymy | mz? in I2, but (1,1,0) # (0,0,2) in NZ.

The next proposition shows that the vertices labeled by re; belong to the induced
subcomplex L"(I) for all ¢ € [g], regardless of the choices made in Definition 5.1.
Moreover, if ¢ > 2, then for each i € [g] there exists some j € [g] \ {i} such that the
vertex labeled by (r — 1)e; + e; belongs to L"(1).

In what follows we use the standard notation LCM(I") to denote the lem lattice
of I", which is the set of all least common multiples of subsets of the minimal monomial
generating set of I", partially ordered by division.

PROPOSITION 5.6. Let r > 1, I an ideal in S minimally generated by square-free
monomials ma, ..., mgq, and i € [q].
(i) If m® | m;", then a = re;, for any a € N.
(i) If ¢ = 2 and m;"~* | M for some monomial M # m;" with M € LCM(I"),
then there exists j € [q] \ {i} such that m; | M and, for every a € N,

m? | m;" 'm; = m?*=m;""'m; &= a=(r—1)e; +e;.

In particular, for all i, and all j as in (i),
re; and (r—1)e; +e;
are vertices of L"(I), and
m;" and m/'_lmj

are minimal monomial generators of I".
Proof. We first observe that, for g,h > 0 and u,v € [q], we have:
(3) my | my? = u=v

Indeed, since m, is square-free, if m” divides m¢, then m,, | m,, and we conclude
u = v because m,, m, are minimal generators.

Let a = (a1,...,a4) € N, and suppose m?* | m;". If, for some j € [q], a; # O then
m;% | m;", which by (3) implies that j = 4, which results in a = re;. Thus (i) holds.

We now prove (ii). If » = 1 the statement is trivial, so assume r,q > 2 and
M € LCM(I") satisfies m;"~1 | M but M # m;". Then there exists k € [q] with k # i
and my | M. Let

A={kelqg: my| M}

Choose j € AN {i} such that m; has the fewest number of variables not dividing m;.

Now suppose for some a = (a1, ...,a,) € Ny,
(4) m? =m;* - omy® | m"

If a; > 2, by canceling a copy of m; in (4) we will have m?"_l | m;"~% which by
(3) implies that i = j, a contradiction. Similarly if a; = r then by canceling a copy of
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m;"~! in (4) we obtain m; | m;, again a contradiction since m; and m; are minimal
generators. So we must have a; <1 and a; <7 — 1.

Now we claim that we must have a; = 1 or a; = r — 1. Otherwise, if a; = 0 and
a; <1 —2,since a1 + -+ + ag = r, there must exist ¢, d € [¢] \ {¢,7} with ac,aq >0
(c and d could be equal). In particular by (4)

(5) memgq | mir_lmj.

Let

mq = ged(ma,m;)-ml; and  m; = ged(my, m;)-m.

(6) me = ged(me, m;)-m, :

c)

From (6) one can see that m/ and m/; do not share any variables with m;, and so
by (5)

(7) g | m;
and also
(8) my, | m |m; | M and  mg [ ml | m;| M.

On the other hand m; | M, so (6) and (8), together with the fact that m. and mg are
square-free, imply that
me | M and  mg | M,

which in turn implies that ¢,d € A. Assume without loss of generality that degm/, <
deg m/,. The fact that j € A was picked so that m, has the fewest number of variables
outside m; and (7) together imply

degmy, + degmy < degm; < degm;, < degmy;

a contradiction since my, mjy and m/ all have positive degrees.
So the only possibilities are a; = 1 or a; = r — 1. If a; = 1 then by (i) we have

a— mfflmj, and we are done. If ¢; = r — 1 we have m?® = m;" 'm; | mfflmj

m
for some k € [q], hence by cancellation k¥ = j and m® = m;"~'m;.
The remaining statements now follow immediately from (i), (ii) and Definition 5.1.

O
One additional lemma is necessary before the statement of our main result.
LEMMA 5.7. Using Notation 4.1, let i,j € [¢] with i # j, and let a = (a1, ..., aq) and
b = (b1,...,b,) bein /\/'qr. If a is a non-negative integer such that
a;zo and bj>r—a
Then
(i) m®fm?;

(11) mio‘mjai_o‘ m*

m; i

| lem(m?®, mP);

(iii) deg(miamj“i_o‘%) < deg(m?) < deg(m;) > deg(m;) or a; = .

m
Proof. To prove (i), assume mP | m®. Set
a'=a—ae e Nj7%
so that
/ .
m?® = m?* m;*" .

Let = be a variable such that = | m;. Then 2% | m® and hence 2% | m®. Suppose
that = does not divide m;. Then 2% | m® . Since m? is a product of 7 —a; square-free
monomials, we have then

bj <r— Q; .
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The hypothesis on a; and b; gives
r—a; <r—oa<b;.

The contradiction that arises shows x | m;. We conclude m; | m;, hence i = j, a
contradiction.
Now we prove (ii). Set
a'=a—ae €N, and b =b-—bje e N "
so that
m? =m?®m;% and mP=mP mjb-f .
It will be shown that

[0}

deg, (m;*m;*~ ma,) < max{deg, (m?), degx(mb)}

for all variables z, where for a monomial M, deg, (M) = max{t: z' | M}.

Let u = deg, (m?) and v = deg, (m®"). Since m?" is a product of r — a; square-free
monomials, and m® is a product of r — b; square-free monomials, we have
©) O<u<r—a; and 0<v<r—b,.

Also note that

[e3

deg, (m;“m;*~ ma/) = a-deg,(m;) + (a; — @) - deg,(m;) + u.
o If x| m;, then

“em?) =+ (a; - a) deg,(m;) +u
<a+(al_a)+u:al+u
= degm(ma)

< max{deg, (m?), deg, (mP)}.

deg, (m;*m;

o If x { m;, but x | m;, then

a; — o

m?) = (a; — a) +u
<(ai —a) +(r—ai) by (9)
=r—a<b; <bj+v

degm (mio‘mj

= deg, (m")
< max{deg, (m?), deg, (m®)}.
o If xtm; and x { m;, then
deg,, (m;*m;*~*m®) = deg, (m*) = deg,(m*) < max{deg, (m®),deg, (m")}.

This finishes the proof of (ii).
Finally, (iii) follows directly from the fact that

o

deg(m;“m %~ m?) = a - degm; + (a; — a) - deg mj + deg(m?')
= - degm; + (a; — a) - degm; + deg(m?®) — a; - degm;
= deg(m®) — (a; — o) (deg(m;) — deg(m;)).
g
REMARK 5.8. Recall that s = [5]. When « = s, the condition on b; in Lemma 5.7
can be translated as follows:
bj 2 s when r is odd

bj >r—s5 < .
b; > s when r is even.
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Recall that, by Theorem 3.6, if A is a quasi-tree with vertices labeled with the
monomial generating set of a monomial ideal I C k[zy,...,x,], then A supports a
resolution of I if and only if A,; is connected for every monomial M. It is easy to
check that the connectivity need only be verified for M in LCM(I). We now use this
criterion to prove the main result of the paper.

THEOREM 5.9 (Main Result). Let ¢ > 1 and let I be a monomial ideal minimally
generated by square-free monomials mq, ..., mq. By labeling each vertex a of the sim-
plicial complexes below with the monomial m?, the following hold for any r > 1:

(i) Ly supports a free resolution of I";

(if) L"(I) supports a free resolution of I".

Proof. In this proof, we let I denote either L} or IL"(I). Fix L. as one of these two

choices. Let V' denote the set of vertices of L and let {m,...,mq} be the minimal
monomial generating set of I. Following Notation 4.1, for a = (ai,...,a4) € qu we
let m® =m* ---m,% and ey, ..., e, denote the standard basis vectors for R.

We will show that for every M in LCM(I"), Ly, is empty or connected, where Ly,
is the induced subcomplex of the complex IL on the set

VM:{aEV:ma|M}.

By Proposition 4.6, Ly is a quasi-tree and by Proposition 3.3, L" (I ) is a quasi-forest,
which is connected and thus a quasi-tree. In view of Theorem 3.6, we can then conclude
that I supports a free resolution of I”.

Suppose M € LCM(I") and Ly; # @. If M = m;" for some i € [g], then Ly, is a
point by Proposition 5.6 (i), and hence is connected.

Assume M # m;" for all i € [g]. Note that this implies ¢ > 1.

The facets of ILj; are the maximal sets, under inclusion, among the sets

(10) F{OVM,...,FJQVN[,GqﬂVM,...7Gng]y[.

Note that not all these sets are facets of Ly, but all facets of Ly, are among those
listed in (10). We refer to the facets of Lys of form F NV, as the first layer, and
those of the form G} NVys as the second layer. We refer to B" NV, as the base of L.
The base B" N V), could become empty, depending on the choice of M.

We use the faces in (10) to argue the connectedness of Ly; as follows: Claim 1
below shows that any facet of ILp; in the second layer is connected to a facet in the
first layer. Claim 2 implies that any two facets of L, that are in the first layer connect
through the nonempty base. The combination of these two facts implies that L, is
connected, which will end our proof.

Claim 1: (The second layer facets of L), intersect the first layer facets).
For any i € [q] we have:

GINVu#2 = GINF NVy # 2.

Proof of Claim 1. Assume G} N Vi # @ for some i € [q]. By Definition 4.2, there
exists a € [g] such that
d:(T’fl)eiﬁ’eaGG;ﬂVM.
If i # a, then d € F} as well, and hence G} N F N Vi # @ as desired.
Assume a = 4. Then d € V) implies m;” | M. Since M # m;", Proposition 5.6
guarantees that there exists j € [q] with j # ¢ and m; | M so that (r—1)e;+e; € V.
Since m;" | M and m; | M, we see that m;"~'m; | M. Indeed, we set M = m;" M’
and, since m; is square-free, we have m; | m; M’, hence m;"~'m; | m;" M’ = M. Thus
we have
(’I“ — l)ei +e; € G: ﬂFiT NVuy.

Algebraic Combinatorics, Vol. 7 #1 (2024) 94



Simplicial resolutions of powers

Claim 2: (The first layer facets connect through the base of Ly;). For any
i,7 € [q] with i # j we have:

it (FFUG)NVy#@ and (F;UG;)NVy #9 then B 'NVy # 2.

Proof of Claim 2. Assume for some i,j € [q] with i # j that
(FFuG)NVy #@ and (FjUGE) NV # 9.
Without loss of generality, assume deg(m;) > deg(m;). We choose
a=(ay...,a) €(FTUG))NVy and b= (by,...,b) € (Ff UGT)NVy
such that
(11) deg(m®) = min{deg(m?) | d € (FJ UGY) N V).

Assume, by way of contradiction, that B" N Vy; = @. Since a,b € V), we have then
a,b ¢ B". Therefore,

s <a;,b; <r and m?,mP | M.
Set

a'=a—ae; € NJ7%and ¢ := (c1,...,¢q) = se; + (a; — 5)e; + Z arer € Ny.
1<k<q,k#i

Since b; > s > r — s, by Lemma 5.7 (ii) and Remark 5.8,
(12) m° = mismj‘“_sma/ | lem(m?®, mP) | M.

Moreover ¢ € B", because

C; = S
cj=a;—s+a;<a;,—s+(r—a;)=r—s<s since a; +a; <r
cr=ap <r—a; <r—s<s for all k #£ 4, j.

IfL =1Lg, then V = N,;- Since (12) shows ¢ € V), we conclude ¢ € B" NV}, a
contradiction. This finishes the proof of part (i).

Assume now L = LL"(I). Since we assumed B" NV = &, we must have ¢ ¢ V.
Definition 5.1 implies then

m® |m® for some ¢ := (chynhey) €V

Note that m® | M by (12) and hence ¢’ € Vy. Since B" N'Vy; = &, we must have
¢’ ¢ B". Using the notation in Definition 5.1, let V;, be the equivalence class of which
¢ is a representative. If m¢ = m€, then ¢ € V, as well, and hence V, N B" # @. Then
Step 1 in Definition 5.1 implies ¢/ € B”, a contradiction. Hence m¢’ # m°.

Since ¢’ ¢ B", there exists k € [¢] such that ¢, > s > r — s. Since ¢; = s and
m¢ | m®, Lemma 5.7 (i) implies k = 4. In particular, ¢ > s, and thus

e (FfUuGHNVy.
Since m¢ strictly divides m® = mismj‘“_Sm*"/7 using Lemma 5.7 (iii), we have
deg(m®) < deg(m®) < deg(m?),

contradicting the assumption made in (11). This finishes the proof of part (ii). O
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REMARK 5.10. One may feel that part (i) of the statement above is weaker than (ii),
since L"(I) C Lj. However, the remarkable aspect of (i) is that, before labeling,
[Lj does not depend on the ideal I. Thus the same topological structure, depending
only on r and ¢, supports a free resolution of the r*" power of any ideal generated
by ¢ square-free monomials. The idea is that Ly provides an alternative notion to the
Taylor complex for powers of I: when r = 1, Ly is the Taylor simplex, and when r > 1,
[ is significantly smaller than the Taylor simplex but still supports a resolution of I".

6. BOUNDS ON BETTI NUMBERS

One of the key applications of Theorem 5.9 is that we are able to improve the bounds
on Betti numbers for powers of ideals from that given by the standard Taylor resolu-
tion of I" since

L"(I) C Ly C Taylor(I").
This section contains computations that illustrate the extent to which our results
improve the Taylor bounds.

When r = 2, we were able to provide a concrete formula for the number of faces
of L™(I) in [3], and as a result we provided bounds for Betti numbers of 12, which
are shown in Proposition 7.11 to be sharp. When r > 2, however, such formulas are
not as easy to write and the numbers are very large even for small examples. In this
case we shift our attention to Lj. While the bound on the Betti numbers stemming
from IL"(I) is dependent on the relations among the generators of I, one can use the
structure of Ly, to get a general, albeit weaker, bound on §;(I").

THEOREM 6.1 (Bounds on Betti numbers of I"). If I is a square-free monomial
ideal with g minimal generators, then the Betti numbers of I" for r > 2 are bounded

above by
() () = (00)+ ()

where t > 0, b is the coefficient of " in the expansion of
A+az+a22+-+alsl)
and o
PO G
q

In particular, pd(I") < max{q—1,f —1}.

+b.

Proof. Let s = [g] Note that 5;(I") is bounded above by the number of faces of
dimension ¢ of Lj. To count the faces of dimension ¢, we use the sets B", F}", and G
from Definition 4.2.

Observe that the coefficient b of 2" in the expansion of

(I+z+a?+- +a°)1

is exactly the number of g-tuples (a1,...,aq) With a; < sand a1 +---+ay =, in
other words b = |B"|.

Note that the vertices of Ly, are formed by selecting r of the original ¢ generators,
so using the standard formula for counting with repetition, we have

vap= ("),

Now |F]| = |F}| for all i, j, so let f = [F]|. Since |G} \ F]| = 1, there are [V (Lg)| — ¢
vertices in U{_, F{. Also Fj N F] = B" for all i, j such that i # j, so we have
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q+'r71) —q- b

W s=1E= g o - ) e = O b

To count the number of faces of dimension t, that is, faces with ¢ + 1 vertices, in
Ly, we separate the faces into three distinct types.

(i) Faces containing m;" for some i: by the definition of Ly, faces of this type
must be contained in G}. Since the vertex corresponding to m;” has been
fixed, ¢t additional vertices of G} are needed. There are ¢ — 1 such vertices
since all vertices of G have the form (r — 1)e; + e; where 1 < j < ¢. Since
there are ¢ choices for i, there are

q—1
Wy
such faces.

(ii) Faces contained in B": setting b = |B"| as above, there are

(1+1)

such faces.
(iii) Faces contained in F; but not in B": recalling that f = |F]| and B" C F,
there are
f b
(L) (4)
such faces.

Combining the three cases, we see that there are

q((qt1>+(ti1><ti1>>+<tj1>

faces of Iy of dimension ¢. Thus for I",

5t(f’"><q<(qt1>+ (til) ) <t—|b—1>>+<t—ili1>'

In particular, if ¢t > ¢ — 1 and ¢t + 1 > f, we must have 8;(I") = 0. Thus
(14) pd(I") < max{q—1, f — 1}.
[l

COROLLARY 6.2. If an ideal I is minimally generated by q square-free monomials,
then the Betti numbers of I" are bounded by

wr<of”, )+ (5

for r = 2,3, where b is as defined in Theorem 6.1. In the case where r = 2, b = (g)
and the bound reduces to the bound given in [3].

Proof. When r = 2 or r = 3, then F] = B" for all 4, so b = f and the result follows
immediately from simplifying the formula in Theorem 6.1. Moreover, when r = 2, the
coefficient of 22 in the binomial expansion of (1 + )9 is (g) as stated. The reduction
is then evident. g

Notice that when r» = 2, the bound is known to be sharp; it agrees with the result
in [3]. In Proposition 7.11 we characterize the values of 7 and ¢ for which these bounds
are sharp, i.e. can be realized by some ideal.
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EXAMPLE 6.3. As a first example, we examine cases where r or ¢ is small. We first
consider b and f for small values of g.

e For ¢ = 2, computing (1 + 2 + 2% + - -- + 2°)? shows that b = 1 when r = 2s
is even and b = 2 when r = 2s — 1 is odd. If r is even, we then have

24r—1

-2-1 1-2-1

(15) f:( r )2 c1="F . —|—1:g:s.
A similar computation shows that when r is odd, f = s as well.

o If g=3and r =3 or r = 4 (so that s = 2), then computing (1 + 2 + 2?)3

yields b=7 and f =7 when r =3 and b =6 and f = 8 when r = 4.

Applying the equations from Theorem 6.1 yields:

e For r = 2, any ¢, and any ¢,

s <" 1)+ (1Y),

e For any r, ¢ =2, and any t > 2, if s = [r/2],

B(I7) < 2( N )

t+1

e For r = ¢ =3 and any ¢,

snefl) (1)

e Forr=4,¢g=3 and any t > 3,

Pl <3(ti1> _2<ti1>'

REMARK 6.4.In (14) it is useful to understand which of the integers ¢ — 1, f — 1
achieves the maximum. For small values of ¢ and r, it is possible to have ¢ > f.
However, the opposite holds in most cases. More precisely, we show below that if r, ¢
satisfy any of the following assumptions:

(i) g=2and r > 5;
(ii) ¢ =3 and r > 3;
(iii) ¢ > 4 and r > 2,

then f > ¢, and hence
pd(I") < f —1=dimLj.

In the case ¢ = 2, (15) shows f = s = [§]. If » > 5, we must have s > 2, thus
f =s>2=gq. This settles (i).

Now suppose g > 2. If r = 2, then Corollary 6.2 shows that f =b = (g) When
q > 4, we have f = (g) > ¢. Thus, to show (ii) and (iii) it remains to consider the
case when ¢ > 3 and r > 3. Observe that when r > 3, s > 2. In this scenario, since b

is the coefficient of z" in (1+x +--- 4+ 2°)? and ¢ > 2, then b > 2 and bg — b > q.
To see that f > ¢ holds, we will show f — ¢ > 0, which by (13) amounts to

q+r—1\ _ b qgt+r—1\ _ —b bg — 2

q q
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It is sufficient to show the numerator is positive, so we observe the following, where
the first inequality results from bg — b > g and the second follows since r > 3:

-1 -1
’)"+q 7qu+bq—q2> 7"+q 7(]2
qg—1 qg—1

> <q+2)_q2
q—1

(¢+2(a+1g . _ala—Die=-2)

>0.
6 6

This ends our argument.

EXAMPLE 6.5. In general, the bounds from Theorem 6.1 will be considerably smaller
than those provided by the Taylor complex, which is a simplex, and the bound on the
projective dimension will also decrease significantly. We display this phenomenon in
the table below.

Bound Comparisons
q=2,r=3 q=3,r=3 q=3,r=4
Thm. 6.1 | 3-simplex | Thm. 6.1 | 9-simplex | Thm. 6.1 | 14-simplex
Bo(I") < | 4 4 10 10 15 15
B1(I") < |3 6 27 45 60 105
B2(I") < | 0 4 38 120 131 455
pd(I") < | 1 3 6 9 7 14

The bounds on Betti numbers and projective dimension given by the complex Ly
in Theorem 6.1 are most effective when the generating set {m® [ a € NV} does not
contain redundancies. When there are redundancies, using IL"(I) will yield improved
bounds. We illustrate how to use this improvement by continuing Example 5.2.

EXAMPLE 6.6. Let I = (zy, yz, 2w, zw) = (my, ma, ms, my) as in Example 5.2. Count-
ing faces of size i in the complex L2(I) provides a bound on the i'" Betti number
of I?. Note that in general, these improvements in the Betti numbers follow from
knowledge of the redundancies in {m® | a € A7} and can often be computed from
that information using the equivalence classes without explicitly constructing L" ().
For instance, a comparison of the bounds is summarized in the table below for I? and
for I® using the first of the two vertex sets for L3(I) given in Example 5.2.

Bound Comparisons
r=2 r=3
L2(I) | 8- L3 9- L3(I) | 15- L3 19-
simplex | Thm. 6.1 | simplex simplex | Thm. 6.1 | simplex

Bo(I™) < | 9 9 10 10 16 16 20 20
B1(I") < | 20 36 27 45 74 120 132 190
Ba(I™) < | 18 84 32 120 224 560 572 1,140
pd(I") < | 4 8 5 9 11 15 15 19

7. EXTREMAL IDEALS: WHEN DOES ]Lg SUPPORT A MINIMAL RESOLUTION?

Based upon the above work, a natural question that arises is the following: for given
r and ¢, can one find ideals I for which I" has a minimal free resolution supported
on Ly itself? When r = 1, Ly is the Taylor complex, which one can easily see always
supports a minimal free resolution of the ideal generated by ¢ variables (z1, 2, ..., Z4).
In the case where r > 1, Proposition 7.11 describes exactly when the bounds for Betti
numbers in Theorem 6.1 and Corollary 6.2 are sharp, in the sense that there exist
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ideals for which equality is attained. We call the ideals which realize these bounds g¢-
extremal ideals and denote them by &;. In fact we can show a much stronger statement
in Theorem 7.9: the powers &," have maximal Betti numbers among the ideals I"
where [ is generated by ¢ square-free monomials.

DEFINITION 7.1 (Extremal ideals). Let g be a positive integer. For every set A with
@ #+ A C qg], introduce a variable x 4, and consider the polynomial ring

Sg:k[o:A: g #+AC [q”

over a field k. For each i € [q] define a square-free monomial €; in Sg as

€; = H TA.

AClq]
i€A

The square-free monomial ideal £, = (€1,...,€q) is called a g-extremal ideal.

When it is unlikely to lead to confusion, we will simplify the notation by writing x
for x 1y, x12 for (g oy, etc., and refer to a g-extremal ideal simply as an extremal ideal.
The ring Sg has 29 — 1 variables, corresponding to the power set of [¢] (excluding &),
and each ¢; is the product of 291 variables; that is, those corresponding to the subsets
of [g] that contain i. The following example illustrates how this works for &,.

EXAMPLE 7.2. When ¢ = 4, the ideal &, is generated by the monomials

€1 = T1T127132142123L124T134L1234;
€2 = X2X12T2324L123L124L234L1234;
€3 = X3T13T23L34L123L134L234L1234;
€4 = T4T14X24347124L1342234L1234

in k[$175€27$3,$4,9512,51313,9614,33237932475634,33123,331247$1347$23479€1234]~

Using the terminology of [18], it naturally follows that &, is precisely the nearly
Scarf ideal of a (¢ — 1)-simplex: we see this by matching the variable x(; g with the
face B of the simplex.

Following Notation 4.1, let r and g be positive integers and I an ideal generated

by square-free monomials my, ..., mq. If a = (aq,...,a4) € N9, set
m? = mlal [N mqaq and € = €1a1 e anq.
Observe
(16) e=T[ [ aa” = I a2
j€lal AC[q] 2#AC[q]
JEA

The 7" powers I" and &," are generated by monomials of the form m? and €2,
respectively, with a € N, . - Proposition 7.3 demonstrates that for £,", the elements €*
with a € Nj form a minimal generating set. In fact, all faces of L} are necessary in
L"(&,); i-e. none may be removed when constructing L"(&,).

PROPOSITION 7.3. Let r and g be positive integers, and a = (a1,...,aq),b =
(b1,...,by) € N Then

(i) €® | e* < b; < a; for everyi € [q].
(i) Ifa,b e N, then € | € < b=a.

In particular, if a,b € N, then then 1), = L"(&,).
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Proof. To prove (i), use (16) to justify the first equivalence below.
| e — ij < Zaj for each @ # A C [¢] <= b; < a; for each j € [q].
jeA jeA
Now (ii) follows from (i) and the added assumption
by+---+bg=ar+---+ag=r.
The final claim follows directly from Definition 5.1. U

In general, given the discussions above (see also [13]), for every r and ¢ we have
(17) L"(&;) = Ly, € Taylor(&,"),

where we assume that every vertex a of Ly is labeled with a generator €* of &, and
each face o is labeled with the lem of the labels of its vertices, denoted M, . The
following observation will be useful when working with the monomial label M, of
o € Taylor(&,").

REMARK 7.4.Let 0 = {€*',...,e*} € Taylor(&,") and set a; = (a1, a42, . .., a;y) for
i € [t]. Using (16), we then have

max E . a;;

(18) M, = lcm( H (;CA)EJ'GA Wi e [t]) _ H (24)1<< jea

@#ACq] @#AC]q]
Furthermore, if ¢ = (c1,...,¢;) € N, (16) and (18) give
c < g C ql.
(19) €| M, — ;cj < &1%;% forall @ # AClq|
j j

We show in Theorem 7.9 that powers of extremal ideals attain maximal Betti
numbers among powers of all square-free monomial ideals with the same number of
generators. To prove this, we first define a ring homomorphism Sg — S and discuss
its properties.

DEFINITION 7.5 (The ring homomorphism ;). Let I be an ideal of the polynomial
ring S = k[z1,. .., z,] minimally generated by square-free monomials mq, ..., mg. For
each k € [n], set
A ={j € la]: x| m;}.
We have thus
JEAL <= x| my.
Define ¢y to be the ring homomorphism

H xp if A= Ay for some k € [n],

Yr: Se =S where  Yr(xa) = ji[ﬂ

1 otherwise.

Before proceeding directly with our work on extremal ideals, we illustrate how the
map 7 works in a sample case where there are four generators and seven variables.

EXAMPLE 7.6. Let I be the ideal of k[z1, ..., z7] generated by the square-free mono-
mials
my = T12T9X5T7, Mg = ToX3T7, M3 = T3T4Tg, M4 = T1T4.
Since n = 7 and ¢ = 4, it follows that
Ay ={1,4}, Ay ={1,2}, A3 ={2,3}, Ay = {3,4}, A5 = {1}, A = {3}, Ar = {1,2}.
The function
Vr i klza: @ #AC[q]] = K[z, ..., 27]

Algebraic Combinatorics, Vol. 7 #1 (2024) 101



S. M. COOPER, S. EL KHOURY, S. FARIDI, S. MAYES-TANG, S. MOREY, L. M. SEGA & S. SPIROFF

maps

Yr(x1ay) = 21, Y1(xg2)) = oxr, Yr(Tq2,3y) = 23, Y1(2(3.4)) = T4,

wj(x{l}) = 5, ¢](I{3}) = Tg, and Yr(xa) =1 otherwise.
Observe that

61)=¢1( 11 QSA) 11 vitza)

AC[q] AClq]
leA 1€A

= (v ,a))Vr(x,20) 0 (Try) = 21 (T207)25 = M)

Generalizing the properties of 1; from the example, we arrive at the following
lemma.

LEMMA 7.7. Let I be an ideal of the polynomial ring S = K[z1,...,x,], minimally
generated by square-free monomials my, ..., mq. Then

(i) ¥r(e?) =m® for ecach a € N;
(ii) ¥r(&")S =17 for every r > 0;
(iii) s preserves least common multiples, that is:
Yr(lem(e™, ... €*)) =lem(m™,...,m*) forall ay,...,a; €NJ, t>1

Proof. By definitions 7.1 and 7.5, for every j € [q]

wl(ej)zl/}I(H ) I ¢ra) =TT 11 == I == [] o =ms-

AC|q] ACq] ACq] keln] ke[n] ke[n]
JEA JEA JEA A=Ay JEAL a:k\mj
It follows that ¢;(e*) = m® for all a € N, which establishes (i) and also (ii). It
remains to show (iii).
Set a; = (a1, @iz, - -, aiq), for i € [t]. Using (18) in the first equality below, we
have:

srllemee) = (] <>m2)

2#AC]q]
= H ( H ) jea @i
2£AC[q)
A Ak
- H (m)l“Q?it 2 e, i
ken],Ap#2
ctem( J] @oen [T @des)
kE[n] Ap#D ke[n],Ar#2
lcm< )4 H H Tk a”)
Jj€ld] ke J€lal k€[n
JeAk jEAk
lcm( H 4 H ma”>
j€lal J€ld]
= lem(m®,..., m%).
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Theorem 7.9 below demonstrates why the ideals from Definition 7.5 are called
extremal: they have the greatest Betti numbers among all ideals minimally generated
by g square-free monomials. The following lemma provides the technical preliminaries
necessary for the proof of Theorem 7.9.

LEMMA 7.8. Let I be an ideal minimally generated by q square-free monomials in a
polynomial ring k[z1, . .., x,]. With notation as in Definition 7.5, if S is viewed as an
Sg-module via the ring homomorphism ¥y: Se — S, then

Se/E" ®s. 8= S/I" and Torys(Sg/E,",S) =0 for alli> 0.
Proof. First, note that

S, S S S
7(1 ®g, S =
&g

(&S~ i(&N)S I

To compute Tor? (Sg/&,", S), use the Taylor complex Taylor(&,”), which supports
a free resolution F of Sg/&,"; see (1) for a description of the differentials of F. Since
the homomorphism ; changes the labels €* to the labels m® and preserves least
common multiples, the chain complex F ®g, S is isomorphic to a homogenization of
the chain complex associated to the simplex with vertices corresponding to a € qu
and labeled with the monomials m?®. This is a version of the Taylor resolution of S/I"
defined starting with a possibly non-minimal generating set of I". Such a non-minimal
version is a free resolution of S/I" as well, hence Tor>® (Sg /E,",S) = 0 when i > 0.
(See Remark 2.6.) O

THEOREM 7.9 (Powers of extremal ideals have maximal Betti numbers).
Given positive integers r and q,

BEUT) < B7E(EST)

for any v = 0 and any ideal I minimally generated by q square-free monomials in a
polynomial ring S.

Proof. Let F be a minimal free resolution of Sg/&," over Sg. Then Lemma 7.8 shows
that F ®g, S is a free resolution of S/I" over S. Consequently,

B2 (E,") = ranks, (Fiyq) = rankg(Fis1 ®s, S) = 55 (I7).
O

In view of Theorem 7.9, the homogenized chain complex of any (cell) complex that
supports a minimal free resolution of £," can be thought of as an upper bound for
the minimal free resolution of the 7" power of any ideal minimally generated by ¢
square-free monomials. Proposition 7.10 establishes when our simplicial complex Ly
supports a minimal free resolution of &,".

PROPOSITION 7.10 (When Lj supports a minimal free resolution of £,"). Let
r and q be positive integers. The following statements are equivalent:

(i) The simplicial complex Ly, supports a minimal free resolution of the ideal &
(ii) pdg,(&") = dimLy.
(iii) One of the following conditions holds:
e g=1andr >1;
e g=2and 1 <r <4
e g>3andl <r<2.
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Proof. (i) = (ii): This implication is clear.

(ii) == (iii): Assume that pdg,(£,") = dimL} and the values of r and ¢ do not
satisfy the conditions in (iii). In particular, we must have ¢ > 2 and r > 5, or ¢ > 3
and r = 3,4. By Remark 6.4 and (13), for all 4,5 € [q],

(20) [F|=f>q=|G]]
and so FY,...,F are the facets of L of highest dimension, with the caveat that
F{ = ... = F/ when r = 3 = ¢, and thus dimLj = f — 1. Since we assumed

pdg,. (&) = dimLy, we have pdg,(€,") = f — 1 as well. Let F denote the free
resolution supported on Ly, and let @ denote its differential, which is described in (1).
Since pdg, (&,") = f —1 and a minimal free resolution of £," is isomorphic to a direct
summand of F, there must exist a basis element e € Fy_1 \ (Sg)>1Fy_1 such that
(21) d(e) € (Sg)>1Fy—2.

As in (1), let e, denote the basis element in F corresponding to o € Lj. We write
€ = Z apep
Fely,|Fl=f

with ap € Sg. The assumption e ¢ (Sg)>1Fs_1 implies that ap is a unit for some
F e Ly with |F| = f. By (20), we see that F' = F]" for some i € [g]. Without loss of
generality, assume ¢ = 1.

Recall that M, denotes the lem of the monomial labels of the vertices in o € IL;.

CLAIM. There exists ¢ € Fi \ G{ such that Mpy = Mpr(c}-

Proof of Claim. Assume first r > 4, and ¢ > 2, so that s = [5] > 3. Let a,b,c € N
be such that

6a _ €1r_5€23, 6b — 61r—s+2€2s—2

so that a,b,c are distinct vertices of Lj. Note that €® | lem(e®,€®). Indeed, after
removing the common factors, this divisibility is equivalent to

and €€ =" eyt

)

162 | lem(e?, €2),
and can be verified using (19).

Now let r =3 or r = 4, and ¢ > 3. Then s = 2, and if one sets

r—2

a T_2622 b T_1€3 and € = €1 €2€3,

€ = €1 s € =€
then we see that €° | lem(e?,€®). Indeed, after removing the common factors, this
divisibility is equivalent to
€ae3 | lem(e3, eres) ,

and can be verified using (19).

In both cases, we have a,b,c € FJ and ¢ ¢ G7. The divisibility €° | lcm(e?, €P)
establishes the conclusion of the Claim.

We finish the proof of (ii) = (iii) as follows. We have

(22) d(e) = Z apd(ep) = Z ap (Z iJ\/WFeF\{C/}> .
c'cF Fxfer}

Fely,|F|=f Fely,|F|=f

Let ¢ be as in the Claim and let I € Ly with [F| = f. By (20), we have I = F for
some j. If ¢’ € F', observe

(23) Fi~{c}=F~{} & F/ =Fandc=Cc.

To prove this statement, we refer to Section 4 for basic properties of the sets F)", G}
and B". Indeed, (23) is clear when r = 3, since F]' = B" = F} for all j € [g] in this
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case. Assume now r > 3, and recall that ¢ > 2. Assuming I \ {c} = F] ~ {c’} and
j # 1, weuse F{ N F] = B", and conclude F{ = B" U {c}. Since B" N G} = & and
c ¢ G7, this contradicts the fact that F{ NG} # @ when r > 3 and ¢ > 2. Thus, (23)
must hold.

In view of the Claim, (23) and (22), we see that the coefficient of epr_ (¢} in d(e)
is equal to +apr hence it is a unit. This contradicts (21).

(iii) = (i): Theorem 5.9 shows that L} supports a free resolution of &," for all
r,q = 1. To show minimality, according to Theorem 3.1, it suffices to show that
M, # M,y for any faces 0,0’ € Lj with o # o', or, in other words, that each
monomial label appears only once.

If g =1, then I" = (m;") for all , and all complexes in (17) are one point, so each
supports a minimal resolution by default.

If ¢ = 2, then & = (x1712, T2712), and L?(&;), L3(E), and L*(&;) are shown below.
Observe that each monomial label appears once in each complex, hence L2(€5), L3 (&),

and IL*(&;) support a minimal free resolution of &2, &° and &*, respectively.
2

2
z1%219 T1°T12 z2°T12

2 2
17 T2T12

3 3 3.3
2
T1ToT12 EIREDET z1w2’ T2
2 2
z1z2?T12
2 3 2 3
z1%T2T12 z1w2’T12
2 2 2 2 3
z2%w12 z1%w2w12
2 3
L= (&2) L°(&2)
4.4 44
z1%z12 z2tw12
4 4 4.4
z1tTawi2 z1w2tT12
2 2 4
z1?waw12
3 4 3 4
z1 wowin® 8 EIEPRETD)
3 2 a4 2 3 4
ESRE PRSP z1%we w12
4
L%(€2)

Now assume ¢ > 3 and 1 < r < 2. We will show that, for every ¢ € ./\/'qr and o € IL;,
(24) €| M, < ceco.

When r = 1 observe that for every i € [q],
(25) € tlem(eg,,...,ex,) forall deq], Fki,...,ky € [q] ~{i}.

This can be seen by noting that the right-hand side of (19) becomes 1 < 0 for A = {i},
€ =¢ and 0 = {€,,..., €, }. Therefore L} = LL'(&;) = Taylor(&;), and (24) follows
immediately.
Now let =2, ¢ >3, 0 € L? and ¢ € N7, with €° | M,. Since r = 2, €© = ¢¢; for
some i, j € [g]. Pick A = {4, j} in the right-hand side of (19).
o If i = j, then € = ;2 and A = {i}. By (19) we must have ¢ € 0.
e If i = j, then by (19) there exists b € o with
Eb = €€y, 61‘2 or €j2.
If ® = €;€; then ¢ = b € o, as desired. Suppose € ¢ o, so without loss of
generality e® = ¢;2. As o € ]L(QJ, we must have o C G?. So there exist ki, ..., k,
in [g] ~ {7, 7} such that

2
My = lem(e;”, €i€p,, - - -, €56, ) = €lem(eg, epyy ooy €p, ) -
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Since €;¢; | My, it follows that €; | lem(e;, €y, ..., €x,), which contradicts
(25). Thus ¢ € 0.

We have now proved the statement in (24), and by Theorem 3.1 we conclude that
]L?I supports a minimal free resolution of 5q2 for every q > 3. g

A direct consequence of our work in Proposition 7.10 is the following statement.

PROPOSITION 7.11 (When L} supports a minimal resolution of some I"). If
r and q are positive integers, then Ly supports a minimal free resolution of I" for
some ideal I minimally generated by q square-free monomials if and only if one of the
following holds

e g=1andr >1;

e g=2and1 <r<4;

e g>3andl <r<2.

Proof. For any square-free monomial ideal I with ¢ minimal generators the Betti
numbers of I" are bounded above by the Betti numbers of £," by Theorem 7.9. So
the question is reduced to when Lj = L"(&,) supports a minimal free resolution of &,".
The rest follows from Proposition 7.10. g

When r = 2, the fact that these bounds are sharp had been previously announced
in [3]. The search for sharp(er) bounds when r > 2 is continued in [7].
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