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Top-degree components of Grothendieck

and Lascoux polynomials

Jianping Pan & Tianyi Yu

ABSTRACT The Castelnuovo-Mumford polynomial B, with w € Sy, is the highest homogeneous
component of the Grothendieck polynomial &,,. Pechenik, Speyer and Weigandt define a statis-
tic rajcode(-) on Sy that gives the leading monomial of &.. We introduce a statistic rajcode(-)
on any diagram D through a combinatorial construction “snow diagram” that augments and
decorates D. When D is the Rothe diagram of a permutation w, rajcode(D) agrees with the
aforementioned rajcode(w). When D is the key diagram of a weak composition «, rajcode(D)
yields the leading monomlal of Ea, the highest homogeneous component of the Lascoux poly-
nomlals £a. We use Ea to construct a basis of Vn7 the span of QSw with w € Sy,. Then we show
Vn gives a natural algebraic interpretation of a classical g-analogue of Bell numbers.

1. INTRODUCTION

Introduced by Lascoux and Schiitzenberger [13], the Grothendieck polynomial &,, is
a polynomial representative of the K-class of structure sheaves of Schubert varieties
of flag varieties. It is the inhomogeneous analogue of the Schubert polynomial &,,
The lowest-degree component of &,, forms &,,. Pechenik, Speyer and Weigandt [18]
introduce the Castelnuovo-Mumford polynomial QASU,(D, the top-degree component
of &,,. They describe the leading monomial of @w with respect to the tail lexicographic
order by defining a new statistic rajcode(:) on S,,. We summarize some of their results
on &,

THEOREM 1.1 ([18]). Let w,u be permutations in S,,.

(A) The polynomial &, has leading monomial z<°%e(®)

(B) We have &, is a scalar multiple of B, if and only if rajcode(w) = raJcode( ).

(C) If w is inverse fireworks (see §5), then x'%°% (W) has coefficient 1 in By
Moreover, there exists exactly one u' € S, that is inverse fireworks such that
rajcode(u) = rajcode(u’).

Dreyer, Mészaros and St. Dizier [6] provide an alternative proof of (A) via the
climbing chain model for Grothendieck polynomials introduced by Lenart, Robinson,
and Sottile [15]. Hafner [9] provides an alternative proof of (A) for vexillary permu-
tations via bumpless pipedreams.

Manuscript received 8th March 2023, revised 11th July 2023, accepted 18th July 2023.

KEYWORDS. Grothendieck polynomials, Lascoux polynomials, Hilbert series, Castelnuovo-Mumford
polynomials.
(1)Pechenik, Speyer and Weigandt [18] denote it as €My,
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Schubert polynomials are related to key polynomials k. which are indexed by weak
compositions. The key polynomials are the characters of Demazure modules [5]. Both
Schubert and key polynomials can be defined recursively via the divided difference
operators (see §2). In addition, Schubert polynomials expand positively into key poly-
nomials [19]. The key polynomials also have inhomogeneous analogues called Lascoux
polynomials £, [12]. Grothendieck polynomials and Lascoux polynomials are related:
An expansion of Grothendieck polynomials into Lascoux polynomials was conjectured
by Reiner and Yong [20] and proven by Shimozono and Yu [24].

Due to tlle connection between &,, and £,, one would expect the top Lascoux
polynomial £,, the top-degree component of £, to parAallel ®.,. We define a statistic
rajcode(-) on weak compositions and show in §4 that £, enjoy properties analogous
to the properties of QASU, listed in Theorem 1.1:

THEOREM 1.2. Let o and ~ be two weak compositions.

(a) The polynomzal 2 has leading monomial x'2ic0de(e)

(b) We have €, is a scalar multiple ofS if and only if rajcode(a) = rajcode(7).

(c) We say « is snowy if its posztwe entries are distinct. If o is snowy, then
graicode(a) pg coeﬁiczent 1 in 2 Moreover, there exists exactly one snowy
weak composition v such that rajcode(y) = rajcode(v’).

Our definition of rajcode(-) on weak compositions is diagrammatic. Given a dia-
gram D, we define a combinatorial construction called the snow diagram that aug-
ments and decorates D. Let rajcode(D) be the weight of the snow diagram. Every
weak composition « is naturally associated with a diagram called the key diagram
D(a) (see Subsection 2.2). Then we define rajcode(c) := rajcode(D(«)).

Snow diagrams unify the computation of leading monomials in QAiw and Ea. Each
permutation w is also associated with a diagram called the Rothe diagram RD(w).
In §5, we show rajcode(w) = rajcode(RD(w)). In other words, we give a diagrammatic
way to compute raJcode( ).

Finally, let V}, := Q- 5pan{®w we Sy} and V= Uzt V. In Prop051tlon 2.7, we
show V is a filtered algebra. Theorem 1.1 can be used to construct a basis of Vn and V
consisting of @w. In particular, the dimension of XA/n is B,,, the n*™ Bell number. In §6,
we use Theorem 1.2 to construct another basis consisting of f}a. This basis allows us
to compute the Hilbert series of ‘A/n and V involving a g-analogue of B,,.

The rest of the paper is organized as follows. In §2, we provide necessary background
information and notation. In §3, we construct a snow diagram from any diagram and
define statistics rajcode(-) and raj(-) on all diagrams. In §4, we prove Theorem 1.2.
In §5, we show the statistics rajcode(-) and raj(-) on a Rothe diagram are equivalent
to that defined in [18]. We also relate the snow diagram to two classical constructions:
Schensted insertion and the shadow diagram. In §6, we derive the Hilbert series of ‘7”
and V. In §7, we present several open problems and future directions.

2. BACKGROUND

2.1. PoLyNoMIALS. We provide necessary background for Grothendieck polynomlals
and Lascoux polynomials. Then we introduce QSU, and E which span the spaces V
and V.
The Grothendieck polynomials B, € Zsolx1, T2, ... ][B] were recursively defined by
Lascoux and Schiitzenberger [13]. Let 0;(-) be the d}videdfdifference operators acting
s

on the polynomial ring. For each i, define ¢;(f) :=
Ti — Tit+1

, where s; is the operator
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that swaps x; and ;1. Then for w € Sy,

Oi((L+ Bais1)Bys,) if w(i) <w(@+1).

Let Sy be the set of permutations of {1, 2, ...} such that only finitely many numbers
are permuted. Take w € Sy and assume w only permutes numbers in [n]. Let w’ € S,
be the restriction of w to [n] and define &,, as &,,. It is shown in [13] that &,, is
well-defined.

A weak composition is an infinite sequence of non-negative integers with finitely
many positive entries. Let C'y be the set of weak compositions. For a € C,, we use
a; to denote its i entry, and write o = (v, @a, . . ., @, ) Where a, is the last positive
entry. We use z“ to denote the monomial a:llxgz cexfmand |of = Y o The
Lascouzx polynomials £, indexed by weak compositions, are in Zso|z1,zo,...]|[S].
By [12], they are defined recursively

o {xrf A Y if wis [n,n —1,...,1] in one-line notation,
w

o x® if o is weakly decreasing,
: (1 + Brip1)Ls,a) i ap < ayp,

where 7; is the operator m;(f) := 0;(x; f).
We say a pair (i,7) is an inversion of w € S,, if i < j and w(i) > w(j). Let Inv(w)

be the set of all inversions in w and let inv(w) = |Inv(w)|. Then we may view &,, as
a polynomial in 3, where
[8®., := coefficient of 3¢ in &,,

is a homogeneous polynomial in the xz-variables with degree inv(w) + d in
Zso|z1,72,...]. The Schubert polynomial &, := [B°]®,. Similarly, viewing £,
as a polynomial of 3, [3?]£, is a homogeneous polynomial with degree |a| + d in
Zso|x1,2,...]. The key polynomial ks = [3°]L4. The representation theoretic, geo-
metric and combinatorial perspectives of Schubert polynomials and key polynomials
are well-studied [5, 25, 1].

Define V,, := Q-span{&,, : w € S,} and V := Q-span{&,, : w € Sy} = U,=, Va-
In fact, V = Q[z1, 22, ...]. By the increasing sequence V; ¢ Vo  --- < V, V has the
structure of a filtered algebra.

In this paper, we are interested in the top-degree components of &,, and £,. For
a polynomial f € Q[z1,z2,...][F], let f = [B9(f) where d is the largest such that
[87](f) # 0. The Castelnuovo—Mumford polynomial of w € Sy is defined as B,,.
The top Lascoux polynomial of a € Cy is defined as ,XA} In appendix §8, we list
some Grothendieck polynomlals and Lascoux polynomials. Pechemk Speyer and
Weigandt [18] first study Qﬁ . To the best of the authors knowledge, 2 has not been
studied previously.

Now consider the tail lexicographic order on monomials in the z-variables. We say
a monomial z® is larger than z7 if there exists k such that oy > v and a; = v; for
all j > k. The leading monomial of f € Q[z1,x2,...] is the largest monomial in f.
Among the four homogeneous polynomials above, three of them have combinatorial
rules for their leading terms:

(1) [1] The leading monomial of &,, with w € S,, is 2'"ve°de(*) where

invcode(w); = |{j : (4,7) € Inv(w)}|.

(2) [14] The leading monomial of k,, is z®.
(3) [18] The leading monomial of &,, is 2™<°%(®) defined as follows.

DEFINITION 2.1. [18] Let LIS (q) be the length of the longest increasing subsequence
of w € S, that starts with q. The rajcode(w) for w € S, is a weak composition
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where rajcode(w), = n + 1 —r — LISY(w(r)) for r € [n] and 0 if r > n. Then
raj(w) := |rajcode(w)]|.

EXAMPLE 2.2. Consider w = 3721564 € S;. We have LISV (2) = 3, so rajcode(w)3 =
7+ 1—3—3=2. All together, we get rajcode(w) = (4,5,2,1,1,1) and raj(w) = 14.

We will define rajcode(-) on C; and show the leading monomial of £, is zraicede(@)
in §4.

A connection between &,, and £, is established by Shimozono and Yu [24]. To
describe this connection, we need the following notion.

DEFINITION 2.3. Let f, f1, fa, ... be polynomials in Zso[x1, 22, ...]. We say f expands
positively into {f1, fa,...} if there exist c1,ca,-- - € Zzo such that f =3}, ¢ fi.

Now assume f, f1, fa, ... are polynomials in Z=o[B][x1, z2,...]. We say f expands
positively into {f1, fa,...} if there exist g1, g2, - € Z=o[B] such that f = gif;.

THEOREM 2.4 ([24]). For w e Sy, &, expands positively into {Ly : € C4}.

This result implies @w also expands positively into Ea by the following lemma
whose proof is sufficiently elementary.

LEMMA 2.5. Let f, f1, fo,... in Zso[B][x1,22,...]. If f expands positively into
{f1, f2,...}, then f expands positively into f1, fa,....

COROLLARY 2.6. For we S, @w ezxpands positively into {ﬁa e O}

Define ‘A/n = Q—Span{@w cwe S,}and V.= @—Span{@w cwe Syt =, XA/n By
work of Lascoux, Schiitzenberger [13] and Brion [2], the product ®,&, with u € Sy,
and v € S, expands positively into &,, with w € S;,4,. By Lemma 2.5, (”Su&, with
u € Sy, and v € S,, expands positively into QASw with w € Sy,4,. Finally, we conclude
the following.

PROPOSITION 2.7. The space Visa filtered algebra with respect to the filtration Vi
Voo V.

2.2. DIAGRAMS. A diagram is a finite subset of Z~y x Z~ . We represent a diagram by
putting a cell at row r and column ¢ for each (r, ¢) in the diagram. The leftmost column
(resp. topmost row) is called column 1 (resp. row 1). The weight of a diagram D,
denoted as wt(D), is a weak composition whose i*" entry is the number of boxes in
its row 7. We recall two classical families of diagrams.

Each weak composition « is associated with a diagram called the key diagram,
denoted as D(«). It is the unique left-justified diagram with weight a.. One important
key diagram we will use later is Stair,, := D((n —1,n —2,--- ,1)).

ExAMPLE 2.8. The following are two examples of key diagrams. For clarity, we put

W

an “i” on the left of row ¢ and put a small dot in each cell.
1

D(0,2,1)= 2| | | , Stairy =
3

W N =

Each permutation w is associated with the Rothe diagram RD(w) := {(r,w(r’) :
(r,r") € Inv(w)}.
ExXAMPLE 2.9. Let w = 41532 € S5. Then
Inv(w) = {(1,2),(1,4),(1,5),(3,4),(3,5), (4,5)} .
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The Rothe diagram is depicted as follows.

HEn
]

RD(w) =

T o W N =

2.3. K-KOHNERT DIAGRAMS. We recall a combinatorial formula for Lascoux polyno-
mials. To simplify our description, we introduce the following definition.

DEFINITION 2.10. A labeled diagram is a diagram where each cell can be labeled by
a symbol. The underlying diagram of a labeled diagram is the diagram obtained by
ignoring all labels. The weight of a labeled diagram D, denoted as wt(D), is just the
weight of its underlying diagram.

Then a ghost diagram is a labeled diagram where cells can be labeled by X. We call
cells labeled by X as “ghosts”. For a ghost diagram D, its excess, denoted as ex(D),
is the number of ghosts in D. Next, we define a move on ghost diagrams.

DEFINITION 2.11 ([21]). A K-Kohnert move is defined on a ghost diagram D.
We pick a cell (r,c) and move it up, subject to the following requirements.
The cell (r,c) must be the rightmost cell in row r.
The cell (r,c) is not a ghost.
The cell (r,c) is moved to the lowest empty spot above it.
The cell (r,c) may jump over other cells but cannot jump over any ghosts.

After the move, we may or may not leave a ghost at (r,c). When we leave a ghost,
we refer this move as a ghost move.

For a weak composition «, a ghost diagram is called a K-Kohnert diagram of «
if it can be obtained from D(«) by K-Kohnert moves. Let KKD(«) be the set of all
K-Kohnert diagrams of . As proved in [17], K-Kohnert diagrams give a formula for
Lascoux polynomials. This rule was first conjectured by Ross and Yong [21]. Notice
that our convention is different from [17]: row 1 is the top most row in this paper
while it is the bottom most row in [17].

THEOREM 2.12 ([17]). Let @ be a weak composition. Then we have

£, = Z l‘Wt(D)BeX(D).
DeKKD(«)

EXAMPLE 2.13. Let a = (0,2,1), then KK D(«) consists of the following:

S i o (S
3] 3H3B 3 3

) ) )

] ] o]
.\2-x 2 | X 2| . 2 |[x]| 2] [x
X 3] - 30 3 x| 3 31X

E— ) E— ) E— ? E— ) ) E—

By the rule above, we have
Lo = 1‘33?3 + x1x903 + xfxg + xlxg + x%@

+ B(z12523 + 212523 + TIT0T3 + TIT2x3 + TITE) + frairias.
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3. SNOW DIAGRAMS

We associate each diagram with a labeled diagram called the snow diagram which
allows us to define two statistics on diagrams. For each diagram D, we describe the
following algorithm that outputs snow(D). Cells in snow(D) can be labeled by e or k.

- ITterate through rows of D from bottom to top.

- In each row r of D, find the rightmost cell (r,¢) with no e in column c. If
such an (r,c) exists, label it by e and put a cell labeled by sk in (17, ¢) for
r"e[r—1] and (+',c) ¢ D.

We call cells labeled by e dark clouds and cells labeled by % snowflakes.

ExXAMPLE 3.1. The following is a diagram together with its snow diagram.

1 . 1 k|%] -
2 D::‘ 2| e | - |k
3 :‘, snow(D) = 3 k| o
4 4 *k
) D:‘ 5 L .

The positions of dark clouds will be important, so we make the following definition.

DEFINITION 3.2. The dark cloud diagram of a diagram D, dark(D), is the set of cells
(r,c) that are dark clouds in snow(D).

EXAMPLE 3.3. In Example 3.1, dark(D) = {(2,1), (3,3), (5,2)}.

A diagram is a non-attacking rook diagram if it has at most one cell in each row
or column. Let Rook; be the family of all non-attacking rook diagrams.

REMARK 3.4. We make the following observations about dark(D).
e By construction, dark(D) € Rook..
e Take (r,c) € D. If there are no ' > r with (1, ¢) € dark(D) and there are no
¢ > ¢ with (r,c') € dark(D), then (r,c) € dark(D).

Finally, we associate two statistics to each diagram via its snow diagram.

DEFINITION 3.5. Let D be a diagram. The rajcode of D, rajcode(D), is the weak
composition wt(snow(D)). Let raj(D) denote |rajcode(D)|, the total number of cells in
snow(D).

EXAMPLE 3.6. Continuing with Example 3.1, we have rajcode(D) = (3,3,2,1,2) and
raj(D) = 11.

REMARK 3.7. Recall that Pechenik, Speyer and Weigandt [18] define the statistics
rajcode(-) and raj(-) on permutations using increasing subsequences. We show that
our rajcode and raj on Rothe diagrams agree with their definitions in Theorem 5.6.
Therefore, our construction on Rothe diagrams is a diagrammatic way to compute
the leading monomial and degree of QAiw. In addition, we notice that positions of
dark clouds in snow(RD(w)) are connected to the Schensted insertion and Viennot’s
geometric construction. These connections are explored in §5.

4. PROOF OF THEOREM 1.2

To prove Theorem 1.2, we study top Lascoux polynomials via snow diagrams of key
diagrams. With a slight abuse of notation, we define rajcode(«) := rajcode(D(«)),
raj(a) := raj(D(«)) and dark(a) = dark(D(«)) for @ € Cy. We start by introducing
some definitions.
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DEFINITION 4.1. A weak composition « is called snowy if its positive entries are all
distinct.

Our main goal in this section is to establish Theorem 1.2:

THEOREM 1.2. Let o« and ~ be two weak compositions.
(a) The polynomml S has leading monomial z"ic°de(@)

(b) We have 2, is a scalar multiple 0f2 if and only if rajcode(a) = rajcode(7).

(c) We say « is snowy if its posztwe entries are distinct. If o is snowy, then

graicode(a) pg coeﬁ%czent 1in S Moreover, there exists exactly one snowy

weak composition v such that rajcode(ry) = rajcode(v’).

This task is broken into four major lemmas established in the following four sub-
sections. In Subsection 4.1, we use K-Kohnert diagrams to establish the first major
lemma:

LEMMA 4.2. The polynomial £, has the term xriccde(a) graj(a)—lal

Lemma 4.2 proves f}a has degree at least raj(a). To show fla indeed has degree
raj(c), we need the following equivalence relation on weak compositions.

DEFINITION 4.3. Let o and ~y be two weak compositions. We say « is rajcode equivalent
to v, denoted as « ~ 7, if rajcode(«) = rajcode(7).

ExAMPLE 4.4. Let a = (2,0,4,3,1) and v = (3,1,4, 3,1). Then we have:

[ T] 1 o [%|x

2 2 [ | [
D(a)= 3 | snow(D(a)) = 3 ol

4 4 °

5_ 5;

1 |‘ 1 . %k

2 2 * | %
D(y)= 3 | snow(D(y)) = 3 .

4 4 °

5_ 5L

Be aware that the cell (2,2) is not in snow(D(«a)) or snow(D(7v)). Observe that
rajcode(a) = (4,3,4,3,1) = rajcode(y), so a ~ .

In Subsection 4.2, we study this equivalence relation. We show that snowy weak
compositions form a complete set of representatives:

LEMMA 4.5. For each equivalence class of ~, there is a unique a such that a is snowy.
Moreover, if v ~ o and « is snowy, then v, = a.. for all r. In other words, a snowy
weak composition is the unique entry-wise minimum in each equivalence class.

In Subsection 4.3, we focus on f}a for snowy « and give a recursive description
of £, which leads to the third major lemma.

LEMMA 4.6. If o is snowy, then x'%°9(®) is the leading monomial of Ea with coeffi-
cient 1.
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Finally, we devote the Subsection 4.4 to proving the last major lemma:
LEMMA 4.7. If a ~ 7y, then f}a = ciAI7 for some ¢ # 0.

Once we have these four major lemmas, we can easily check Theorem 1.2.

Proof. First, statement (c) follows from Lemma 4.5 and Lemma 4.6.

Given a weak composition «. Let § be the unique snowy weak composition such
that a ~ /3. Statement (a) follows from Lemma 4.6 and Lemma 4.7.

For statement (b), the backward direction is just Lemma 4.7. For the forward
direction, if Z)a is a scalar multiple of }AZ,W then they have the same leading monomial.
By statement (a), we have rajcode(«) = rajcode(7). O

4.1. PROOF OF LEMMA 4.2. We show the monomial zraicede(@) graile)—lal exists in £,.
We give an algorithm whose output is a K-Kohnert diagram for «, which has the same
underlying diagram as snow(D(«)). First, observe that snow(D(«)) contains no dark
clouds if and only if « contains only zero entries. In this case, fla = 1 and rajcode()
only has zero entries. Our claim is immediate. In the rest of this subsection, we assume
a is a weak composition with at least one positive entry, and thus snow(D(«a)) has
at least one dark cloud. To describe the algorithm, we introduce two useful moves on
ghost diagrams.

DEFINITION 4.8. Let D be a ghost diagram. Let (r,c) be a non-ghost cell in D and let
(", ¢) be the highest empty space in column c. If ' < r, let UP,, .)(D) be the diagram
we get after moving (r,c) to (r',c). Let UP&C)(D) be the diagram we get after moving
(r,c) to (r',¢) and putting a ghost on (r,c) and all empty spaces between (r,c) and
(r',¢). If ' > r, define UPS (D) = UP. ¢ (D) = D.

REMARK 4.9. Assume U P, or UP(CT; ¢) Ioves a cell to (77, ¢). Then this move can be
achieved by a sequence of K-Kohnert moves if both of the following conditions hold
for each 1’ < j < r:

e If (4,¢) ¢ D, then D has no cell to the right of column ¢ in row j.

e If (j,¢) € D, then it is not a ghost cell.

Now we can describe the algorithm. Let D = D(a). Recall by Remark 3.4, there
is at most one dark cloud in each column of snow(D(«)). We can label all the dark
clouds as (ri,¢1), ..., (Fm,cm) where ¢; < ¢y--+ < ¢, for some m = 1. We iterate i
from 1 to m. At iteration i, compute

(1) D' =UPE. . 0UPy, cis1y - 0 UPppy o (D).

EXAMPLE 4.10. Consider o = (1,3,4,0,4,3), we compute its snow diagram and we
have the dark clouds at (2,1),(3,2),(6,3), (5,4). We compute D* according to the
above algorithm.

1 k| ok [ % 1] 1T
21 e %k 2 2
(D)= 3L [e[-[ -} b3 J— s ]
snow « 4 ** 4 (2,1)4
5 R 5 \ 5 \
6 . 6 6
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1 1 1
2 2 2
_ 3 3] [x o3[ x] X2 ps
(3,2) 4 (6,3) 4 X (5,4) 4 X | X
5 5 5 X
6 6 X 6 X

We observe that in the previous example, D* has the same underlying diagram as
snow(D(«)). This is true in general.

LEMMA 4.11. The labeled diagram D™ defined by (1) has the same underlying diagram
as snow(D(a)).

Proof. For a number ¢, we compare the column ¢ of snow(D(«)) and D™. If column
¢ of snow(D(«)) has no dark cloud, then it is the same as column ¢ of D(«). In this
case, the algorithm will not move any cells in column c¢. Thus, D™ and D(«) also
agree in column c.

Now suppose snow(D(«)) has a dark cloud in column ¢, say at row r. In the
underlying diagram of snow(D(«)), column c is obtained from column ¢ of D(«) by
filling all empty spaces above row r. On the other hand, consider what the algorithm
does on column c. It first might move cells above row r and then it fills all empty spaces
weakly above row r. Thus, column ¢ in D™ is the same as column ¢ of snow(D(«))
after ignoring the labels. O

Next, we want to show D™ produced by the algorithm is in KKD(«). We just need
to check each U P, ;) and U P(C: o) in each iteration is a sequence of K-Kohnert moves.

To that end, we first make the following observation about the diagram D?.

LEMMA 4.12. Let ¢g = 0. In D?, if a cell is strictly to the right of column c;, then
there is a cell immediately on its left. In other words, the diagram D' is left-justified
if we ignore the first ¢; columns.

Proof. Prove by induction on i. The lemma holds for D°, which is left-justified.

Assume D! is left-justified if we ignore the first ¢;_; columns, for some i > 1.
Consider an arbitrary cell (r,c) in D? with ¢ > ¢;. We show (r,c — 1) is in D® by
considering two possibilities.

- The cell (r,c) is not in D~1. Then during iteration i, a cell is moved to (r, c),
which is the highest blank in column ¢ of D*~!. By our inductive hypothesis
and ¢ — 1 > ¢;_1, the highest blank in column ¢ — 1 of D*~! is weakly lower
than row 7. Thus, (r,c — 1) is in D"

- Otherwise, (r,c) is in D*~1. By our inductive hypothesis, (r,c—1) is in D71
If r # r;, then we know that no cell from row r is moved during iteration i.
Thus, (r,c — 1) is still in D?. If r = r;, then there are no empty spaces above
(r,c) in D1, By our inductive hypothesis, there is no empty spaces above
(r,c—1), 80 (r,c— 1) is still in D% O

The above lemma shows that the diagram D? is left-justified if we ignore the first
¢; columns. We will use this property to show that D™ is in KKD(«).

PRrROPOSITION 4.13. The above algorithm can be achieved by K-Kohnert moves, so
D™ e KKD(«).

Proof. We focus on one iteration of the algorithm, say iteration i. We check the
operators in (1) can be achieved by K-Kohnert moves. We ignore all cells to the left
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of the column ¢; in D*~'. By the previous Lemma, this part of the diagram is left-
justified. The highest empty spaces in columns ¢;,--- , a,, are going weakly up from
left to right. Moreover, the condition in Remark 4.9 holds for all (r;, ¢;), -, (13, ;).

Now UP(,,a,,) can be achieved by K-Kohnert moves. After that, the conditions
in Remark 4.9 hold at each step for (r;, ., —1),..., (7, ¢;). Following this logic, this
iteration can be achieved by K-Kohnert moves. O

Using Theorem 2.12:
LEMMA 4.2. The polynomial £ has the term xricode(e)grai(e)—lal,

4.2. PROOF OF LEMMA 4.5. First, notice that we can recover the underlying diagram
of snow(D(a)) from dark(a).

LEMMA 4.14. Let o be a weak composition. The underlying diagram of snow(D(«)) 4s:

(2) U (] x{ep) v ({r} < [c)).

(r,c)edark(a)
Proof. First, we show that the elements of the set (2) are cells in snow(D(«)). Take
(r,c) € dark(a). We know (7, ¢) € D(«). Since D(«) is left-justified, {r} x [c] € D(«).
Thus, these cells are in snow(D(«)). By the construction of snow(D(a)), the cells
in [r] x {c} are also in snow(D(a)).

Now suppose there is a cell (r,¢) in snow(D(«)) that is not in the set (2). Then
there is no ' > r with (r’,¢) € dark(D), which implies (r,¢) is not a snowflake in
snow(D(a)). Thus, (r,¢) € D(a). Also, there is no ¢ > ¢ with (r,¢') € dark(D). By
Remark 3.4, (r, ¢) € dark(D). Thus, (r, ¢) is in the set (2), which is a contradiction. O

Furthermore, we can recover dark(a) from rajcode(w).

LEMMA 4.15. Let «,v be weak compositions. If rajcode(ar) = rajcode(vy), then
dark(a) = dark(7y).

Proof. We prove the two diagrams dark(«) and dark(y) agree on each row r, by a
reverse induction on r. The base case is immediate. Suppose r is large enough such
that a; = 7 = 0 if ¢ > r. Then dark(a) and dark(y) clearly agree on row r and
underneath.

Next, we show that the value rajcode(a), and cells in dark(a) under row r deter-
mines whether dark(«) has a cell on row r. Moreover, if such a cell exists, its column
index is also determined.

Let r = 1. Define

B, := {c: There are no dark clouds under (r, ¢) in snow(D(a)}.

The complement of B, is B, := Z~q — B, = {c: (r',¢) € dark(a) for some ' > r}.
For ¢ € B,, (r,c) of snow(D(a)) is a snowflake or an unlabeled cell. If there is no
dark cloud on row r of snow(D(a)), rajcode(a), = |B,|. Otherwise, we assume the
dark cloud is at (r,¢) for some ¢ € B,. Then row r of snow(D(«)) has cells on
(r,c') for ¢ € B, or ¢ < c. Suppose c is the i smallest number in B,. We have
rajcode(a), =i + | B,|.

Consequently, rajcode(«), and dark(«) under row r uniquely determines row r of
dark(a). If we assume dark(«) and dark(y) agree underneath row r as our inductive hy-
pothesis, then they also agree on row r since rajcode(«), = rajcode(7y),.. The induction

is finished. O
Now we have two equivalent ways of describing rajcode equivalence.

PROPOSITION 4.16. Let o and v be two weak compositions. The following are equiva-
lent:
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(1) a~7;
(2) dark(ar) = dark(y).
(3) The underlying diagrams of snow(D(«)) and snow(D(v)) are the same;

Proof. By Lemma 4.15, (1) implies (2). By Lemma 4.14, (2) implies (3). Clearly, (3)
implies (1). O

Our next goal is to find representatives of rajcode equivalence classes. At the end
of this subsection, we will see snowy weak compositions form a complete set of rep-
resentatives. To understand snowy weak compositions, we start with the following
observation.

REMARK 4.17. For a weak composition «, the following are equivalent:
e « is snowy.
e The rightmost cell in each row of D(«) are in different columns.
e The rightmost cell in each row of D(«) is a dark cloud in snow(D(a)).

One advantage of working with snowy weak compositions is that we can tell their
rajcode(-) and raj(-) easily:
LEMMA 4.18. Let a be a snowy weak composition. Then the following statements hold.
(1) dark(a) = {(r, ) : ar > 0},
(2) rajecode(a), = a, + [{r' > r:a, <al}], and
(3) raj(a) = X, (o + {(r,7") t @ < oyr < 7'}]) = |a| + {(r,7) :r <1’ <

Ozr/}|.
Proof. (1) follows from Remark 4.17. (2) follows from (1) and Lemma 4.14, and (3)
immediately follows from (2). O

As a consequence, we have the following rule which tells us how rajcode(s;«) differs
from rajcode(a) when « is snowy.

COROLLARY 4.19. Let a be a snowy weak composition and consider i with a; > a;1q.
Then rajcode(s; ) = s;rajcode() + e;, where e; is the weak composition with 1 on its
it" entry and 0 elsewhere.

The second advantage of working with snowy weak compositions is that they are
in bijection with Rook. .

LEMMA 4.20. The map dark(-) is a bijection from {« € Cy : « is snowy} to Rook, .
Its inverse dark~'(-) is given by dark '(R) = o where

0 if rowr of R is empty;
oy =
¢ if (r,c) € R.

Proof. Follows from Remark 4.17. g
We are ready to show that they are representatives of all equivalence classes.

LEMMA 4.5. For each equivalence class of ~, there is a unique « such that o is snowy.
Moreover, if v ~ a and « is snowy, then v, = a.. for all r. In other words, a snowy
weak composition is the unique entry-wise minimum in each equivalence class.

Proof. Let v be an arbitrary weak composition. First, we construct a snowy « such
that a ~ . We know dark(y) € Rook,. We send it to a snowy « using the map in
Lemma 4.20. Then dark(«) = dark(y). By Proposition 4.16, a ~ .

Next, take a positive integer r. If o, = 0, then v, > a, trivially. Otherwise, we
know (r, o) € dark(a) = dark(y). Thus, v, = a,.
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Finally, we establish the uniqueness of this snowy a. Assume o’ is a snowy weak
composition such that o/ ~ 5. Then o] > «, and a, > «. for all r € Z~g, so
a=da. O

A snowy weak composition has more snowflakes in its snow diagram than any
others in its equivalence class; hence the name. Say o ~ v and « is snowy while
7 is not. By Lemma 4.5, || < |y|. On the other hand, the number of snowflakes in

snow(D(a)) (resp. snow(D(v))) is raj(a) — || (resp. raj(y) —|v|). Since raj(a) = raj(y),
snow(D(a)) has more snowflakes than snow(D(7))

4.3. PROOF OF LEMMA 4.6. By Lemma 4.2, £, has degree at least raj(«). Next, we
can show the degree of £, equals to raj(a) when « is snowy.

LEMMA 4.21. Let « be a snowy weak composition. The B-degree of £, is raj(a) — |¢],
s0 the degree of £, is raj(c).

Proof. We prove the result by induction on
U(a) == [{(i,)) | s < aj and i < j}|.

For the base case, if £(«) = 0, then « is weakly decreasing. The polynomial £, is an
monomial with S-degree 0. Correspondingly, raj(a) = |a.

Now if ¢(«) > 0, we can find ¢ with o; < a;41. By Corollary 4.19, raj(s;a) =
raj(a) — 1. Notice that ¢(s;a) = £(«) — 1. By our inductive hypothesis, the S-degree
of £, is raj(s;a) — |a| = raj(a) — 1 — |a|. By the recursive definition of Lascoux
polynomials,

Lo = 71—1’(2510) + /Bwi(x’i+125ia>'
The f-degree in £, is at most raj(o) — |a|. Lemma 4.2 implies the 8-degree of £, is
at least raj(a) — |a, so the inductive step is finished. O

Combine with Lemma 4.18, we have:

COROLLARY 4.22. Let o be a snowy weak composition. The degree of Z}a is laf +
{(r,r") :r <7 a0, < ap}l.

Now we can describe £, for snowy « recursively.

LEMMA 4.23. Let a be a snowy weak composition. Then

Ti(®it186,a)  if 07 < Qig1.
Proof. When « is weakly decreasing, our rule is immediate. Now assume «; < ay11
for some ¢ € Z~¢. By Corollary 4.19, raj(s;a) = raj(ar) — 1. We write £5,, as g +
praite)=1=lal g for some g € Z[x1, x2, - - - |[] with B-degree less than raj(a) —1—|al.
Now we write £, as
'Soc = 7"-i('gsiw) + /gﬂ-i(xi-‘rl'gsia)
Wi(gsm) + 57Ti($i+19) + 5raj(a)_|alﬂi(xi+1ﬁsm)

When we extract the coefficient of (®)~1l the left-hand side is }Ea On the right-
hand side, the first two terms are ignored and we get m;(z;+1Ls,0)- d

Combining Lemma 4.2 and Lemma 4.21, we know z3%d(®) appears in Ea when «
is snowy. Next, we show this monomial is the leading monomial of £,. We start with
the following observation about the operator f — m;(x;+1f).
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REMARK 4.24. Let v be a monomial. We may describe the leading monomial of
m;(z;4127) and its coefficient as follows.

o If v; > v;41, then z;2°7 is the leading monomial with coefficient 1.
o If Yi = Yi+1, then 7'('1‘(1'“_1‘%7) =0.
o If v, < 11, then z;27 is the leading monomial with coefficient —1.

We can understand how the operator f — m;(x;11f) changes the leading monomial
of polynomial f satisfying certain conditions.

LEMMA 4.25. Take f € Z[x1,xa, -] with f # 0. Assume x* is the leading monomial
in f with coefficient ¢ # 0. Pick an i € Z~q such that o; > «;11. Furthermore,
assume for any monomial in f, its power of x; is at most «;. Then x;x%% is the
leading monomial in w;(x;41f) with coefficient c.

Proof. In this proof, we use “>” to denote the monomial order. Let I'" be the set of
weak compositions v such that z7 appears in f. Let ¢y be the coeflicient of 7 in f.
We may write f = >, pcy2”. Then mi(zis1f) = 2 cp ¢ymi(2i4127). By the remark
above, z;x%% appears in ¢,m;(z;+12%) as the leading monomial with coefficient ¢, = c.
It is enough to show the following claim.
Claim: Take v € T such that m;(z;4127) # 0 (i.e. 75 # 7it1). Let 27" be the leading
monomial in 7;(z;y127). If 27 > z;x%%, then v =a.
Proof: Assume « # ~. Let k be the largest index such that the power of x; differs
in 27" and z;z%°. By > ;%% the power of x; in 7 is greater than the power
of z in z;x%“. We must have k < i + 1. Otherwise, 7 > z®, which contradicts z¢
being the leading monomial in f.

Now we know 7', @ and « all agree after the (i + 1) entry. Then ~/ 41 is at least
the power of ;1 in x;x%“, which is «;. On the other hand, by 7 < %, ;41 < Qj41.
Thus,

/
(4) Vil S Qi1 < QG S Vg

If 75 < 7vi41, Remark 4.24 implies ¥, = 7,41, which is impossible. Thus, we must
have v; > 7;41. By Remark 4.24 again, v;, ; = 7;. By the assumptions in the statement
of the lemma, v; < a;, s0 vj,, = Vi = 4.

Next, 7, is at least the power of z; in ;%% which is a; 41 +1. Remark 4.24 implies
v = Yit1 + 1. Thus, yi41 = aiy1. By (4), vi41 = aiga-

Now we know k < i and y; = a; for j = ¢ or ¢ + 1. Thus, v; = a; for all j > k,
so 7 > z%, which is a contradiction. O

Now we can establish our third major lemma.

LEMMA 4.6. If o is snowy, then x4 js the leading monomial of Ea with coeffi-
cient 1.

Proof. We prove the result by induction on
Ua) == |{(3,7) | s < aj and i < j}|.

If /(a) = 0, then « is weakly decreasing, then £, = z® = z"°%(®) Qur claim is
immediate.
Now if () > 0, we can find r with o, < «,41. Pick the largest such r. For

rajeode(sr@) g the leading monomial of ?}S,’,a with

our inductive hypothesis, assume x
coefficient 1.

By the maximality of r, a,41 = ay42 = apip3 = ---. Thus, in any K-Kohnert
diagram of s,.a, there cannot be more than ;.7 cells in row r. In other words,

for any monomial of SA}ST@, the power of x, is at most a,11. Lemma 4.25 implies
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that x,zsrraicode(sr@) g the leading monomial of Z‘,a with coefficient 1. Finally, by
Corollary 4.19, z,arricode(sra) — yprajcode(a) O

4.4. PROOF OF LEMMA 4.7. We first derive two consequences of a ~ . We start
with the following definition.

DEFINITION 4.26. Let D be a diagram. Let D := Ugreenlr] x {c}-

In plain words, D is the diagram obtained by filling the empty spaces above each
cell of D. Then D(«) is completely determined by dark(«):

LEMMA 4.27. Let a be a weak composition. Then D(a) = U, cyedark(a [T] % [€]-

Proof. We show each side is a subset of the other. Take (1, ¢;) € D(«). By Remark 3.4,
there is (r2, c2) € dark(a) such that ro = 11 and cg > ¢;. Thus, [r1] x{c1} S [r2] X [e2].

Take (r1,c1) € dark(a). Thus, for any c € [¢1], (r1,¢) € D(a). Then [r1] x {¢} S
D(a), so [r1] x [e1] € D(a). O

We have the following consequence of o ~ .
COROLLARY 4.28. If a ~ 7, then D(«) = D(7).

Notice that the converse is not true. If & = (1,2) and v = (0,2),
[2] x [2] = D(v). However, o and y are not similar, since dark(a) =
dark(7) = {(2,2)}.

Another nice consequence of o ~ =y one might expect is s,a ~ s,.7v. Unfortunately,
this is not always true. It is easy to check (0,1) ~ (1,1) but s1(0,1) = (1,0) and
s1(1,1) = (1,1) are not similar. However, it is true when « and r satisfy the following
condition.

LEMMA 4.29. Let o be a weak composition and v € Z~q. Assume there exists ¢ such

that (r,c) ¢ snow(D(«)) but (r + 1,c¢) € snow(D(«x)). Then

(1) Qpry1 > Qp;
(ii) The diagram dark(s,«) is obtained from dark(a) by switching row r and row
r+1;
(iii) For any v with v ~ «, we must have .41 > v and s, ~ $,7.

Proof. Since (r,¢) is not in snow(D(c)), we can deduce two facts:

(1) There are no dark clouds under row r in column ¢, and
(2) ar <c.

By (1), the cell (r + 1,¢) in snow(D(«)) is not a dark cloud or a snowflake. Thus,
it is unlabeled and (r + 1,¢) € D(«). By Remark 3.4, there must be a ¢ > ¢ such
that (r+1,¢) is a dark cloud in snow(D(«)). This implies a;-+1 > ¢. By (2), we have
Q1 > o, proving (i). Also by (2), the dark cloud in row r of snow(D(«)), if exists,
is in the first ¢ — 1 columns. Thus, dark(s,«a) is obtained from dark(«) by switching
row r and row r + 1, proving (ii).

Now consider any v ~ «. By Proposition 4.16, snow(D()) and snow(D(«)) have
the same underlying diagram. By (ii), dark(s,y) is obtained from dark(y) by switching
row 7 and row r + 1. Since dark(a) = dark(y), we have dark(s,a) = dark(s,7), so
SpQ ~ Sp7. [l

These two consequences of a ~ 7 allow us to prove the last main Lemma.

LEMMA 4.7. If a ~ vy, then Ea = CSAL, for some ¢ # 0.
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Proof. By Lemma 4.5 it is enough to assume = is snowy, and we proceed by induction
on raj(a). The base case is raj(a) = 0, which implies « only has 0s. Our claim is
immediate. -

Now assume raj(c) > 0. Consider the diagram D(«). Clearly, the underlying dia-

gram of any K-Kohnert diagram of « will be a subset of D(«). In other words, any

monomial in ﬁa must divide z"t(P (@)

wt(D(a))

If the underlying diagram of snow(D(«)) is D(«), then x is the only mono-
mial in £,. On the other hand, Corollary 4.28 gives D(«a) = D(y). By the same

argument, z"(P(®) is the only monomial in ﬁy. Our claim holds.

Otherwise, we can find (r,¢) € D(«) but not in snow(D(«)). Choose the (r, ¢) with
the largest r. First, we know (r,¢) ¢ D(«), which implies (r + 1,¢) € D(«). By the
maximality of r, (r + 1,¢) is in snow(D(«)). We invoke Lemma 4.29 and conclude
Qri1 > Oy Y41 > Y and s;a ~ s;7y. Since 7 is snowy, by Corollary 4.19, we know
raj(s,7y) = raj(y) — 1, which implies raj(s,«) = raj(a) — 1. By our inductive hypothesis,

Ls,a = €L, ~ for some ¢ # 0.
We may write £, , as gailsre)=lalg | +g where g has f-degree less than raj(s,.a)—
|e|. Then

'ga = 7T-i('gsrw) + ﬁﬂ-i(xi-‘rl'gsra)
= Wi(gsra) + 57Ti(33i+19) + 5raj(a)_|a|7ri($i+lﬁsra)

The first two terms on the right-hand side have § degree less than raj(a) — |a|.
Thus, the S-degree in £, is at most raj(a) — |a|. By Lemma 4.2, the S-degree in £,
is raj(a) — |a|. Extract the coefficient of fra(®)=lel and get

204 = ﬂi(wi-i—lgsroz) = C’/Ti(xi+1£sr'y) = 0277

by Lemma 4.23. O

5. SNOW DIAGRAMS FOR ROTHE DIAGRAMS

Fix an n € Z~( throughout this section. We move on to study the snow diagrams of
RD(w) for w € Syp. In subsection 5.1, we recall a version of Schensted insertion on S,.
In subection 5.2, we show the positions of dark clouds in snow(RD(w)) is related to
the Schensted insertion. We then use this connection to prove that rajcode(RD(w)) is
consistent to the rajcode(w) defined in [18]. In Section 5.3, we show the dark clouds
in snow(RD(w)) corresponds to the turning points in the shadow diagram for w. In
Section 5.4, we study the snow diagrams for inverse fireworks permutations.

5.1. THE SCHENSTED INSERTION. If a diagram is top-justified and left-justified, we
say it is a Young diagram. A filling of a Young diagram with positive integers is called
a tableau. A tableau is called partial if it contains distinct numbers and each row (resp.
column) is decreasing from left to right (resp. top to bottom). Notice that usually in
literature, columns and rows are increasing. We reverse the convention to make our
results easier to state.

The Schensted insertion [23] is an algorithm defined on a partial tableau 7" and a
positive number z that is not in 7. It finds the largest z’ in the first row of T such
that © > 2’

e If such 2’ does not exist, it appends = at the end of row one and terminates.
e Otherwise, it replaces ' by = and insert z’ to the next row in the same way.
When the algorithm terminates, the resulting partial tableau is the output.
For w € S,,, we insert w(n), w(n—1),...,w(1) to the empty tableau via the Schen-
sted insertion and denote the result by P(w).
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EXAMPLE 5.1. Take w € S; with one-line notation 3721564. The Schensted insertion
on w yields:

[a] 6] [e6]5] [6]5]1] [6][5]2],
4

411

o
o
—

’»pm\l
[

One classical application of the Schensted insertion is to study increasing sub-
sequences in a permutation. Recall LIS (q) is the length of the longest increasing
subsequence of w € S,, that starts with ¢. It is related to the Schensted insertion as
follows.

LEMMA 5.2.[22, Lemma 3.3.3] Take w € S,, and perform the Schensted insertion on
w. For any r € [n], when w(r) is inserted, it goes to column LISY (w(r)) in row one.

EXAMPLE 5.3. Consider the w € S7 in Example 5.1. Notice that LIS (w(4)) = 3.
When w(4) = 1 is inserted to row one, it indeed goes to column 3.

5.2. RAJCODE OF ROTHE DIAGRAMS. We show that rajcode(w) defined by Pechenik,
Speyer and Weigandt (see Definition 2.1) agrees with the rajcode(RD(w)) (see Def-
inition 3.5). To do so, we need a better understanding of snow(RD(w)). We start
by describing how the positions of dark clouds in snow(RD(w)) are related to the
Schensted insertion described in Subsection 5.1.

PROPOSITION 5.4. Take w € S,,. Consider the Schensted insertion on w. The dark
cloud in row r of snow(RD(w)) can be described based on the insertion of w(r).

(1) If w(r) is appended to the end of row one, then there is no dark cloud in the
™ row of snow(RD(w));
(2) If w(r) bumps ¢ in row one, then (r,c) is a dark cloud in snow(RD(w)).

EXAMPLE 5.5. Let w € S; with one-line notation 3721564. Consider the corresponding
Rothe diagram RD(3721564) and its snow diagram:

HEN

*
&

o -

.
7

S T s W N

N O Ot s W N

The Schensted insertion of w is presented in Example 5.1. We check Proposition 5.4
in the table below.

r | w(r) insertion of w(r) in row one | position of e in snow(RD(w)),
7| 4 | appended at the end of row one row 7 has no e

6| 6 bumps 4 in row one row 6 has e at (6,4)

5 5 appended at the end of row one row 5 has no dark cloud

4 1 appended at the end of row one row 4 has no dark cloud

31 2 bumps 1 in row one row 3 has e at (3,1)

2| 7 bumps 6 in row one row 2 has e at (2, 6)

11 3 bumps 2 in row one row 1 has e at (1,2)
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Proof. We prove the statement by induction on r starting from r = n. The number
w(n) is inserted into the empty tableau. In this case, it is appended to the end of
the first row. It is also clear that there can not be any dark cloud on row n of
snow(RD(w)).

Now suppose the statement holds for r+1,7+2,...,n for some r < n—1. Let P be
the tableau right before the insertion of w(r). By the inductive hypothesis, for each
r’ > r, w(r’) appears in row 1 of P if and only if there is no dark cloud in column
w(r’) under row 7 of snow(RD(w)). Now consider the insertion of w(r).

(1) Case 1: w(r) is appended to the end of row 1.

Assume toward contradiction that (r, w(r’)) is a dark cloud of snow(RD(w))
for some 7’ > r. Then w(r) > w(r’). Moreover, there is no dark cloud in the
column of w(r") under row r, so w(r’) is in row 1 of P. Thus, w(r) cannot be
appended in row 1, a contradiction.

(2) Case 2: w(r) bumps w(r’) in row 1 for some 1’ > r.

Then w(r) > w(r’). The cell (r,w(r')) is in RD(w). We need to show that
it is a dark cloud in snow(RD(w)). By Remark 3.4, we just need to make sure
there is no dark cloud under it or on its right.

Suppose that there is a dark cloud in column w(r’) under row r. By the
inductive hypothesis, w(r’) cannot appear in row 1 of P, which is a contra-
diction.

Finally, suppose there is a dark cloud on the right of (r,w(r’)). We may
write this dark cloud as (r,w(r”)) with w(r”) > w(r'). Since it is a cell in
RD(w), we also have r” > r and w(r) > w(r”). Since it is a dark cloud, there
is no dark cloud under it. By the inductive hypothesis, w(r”) is in row 1 of
P. This is a contradiction: w(r) should bump w(r”) instead of w(r’) since
w(r) > w(r”) > w(r). O

THEOREM 5.6. For w € S, rajcode(w) = rajcode(RD(w)).

Proof. Take r € [n]. Consider row r of snow(RD(w)). It contains invcode(w), cells
that are not snowflakes. Let d, be the number of dark clouds in snow(RD(w)) that
are southeast of (r,w(r)). Clearly, d, is also the number of snowflakes in row r of
snow(RD(w)). We have rajcode(RD(w)), = invcode(w), + d,.

Consider the Schensted insertion of w. Let P be the tableau right before the inser-
tion of w(r). Define A as the number of elements in P that are larger than w(r). We
compute A in two ways.

e The tableau P consists of numbers w(r +1),...,w(n). There are invcode(w),
of them less than w(r), so A = n —r — invcode(w),..

e Assume when inserting w(r) to P, it goes to column ¢ of row 1. Thus, ¢ —1 is
the number of entries in row 1 of P that are larger than w(r). By Propo-
sition 5.4, d, is the number of entries under row 1 of P that are larger
than w(r). We have A = ¢ — 1 + d,. By Lemma 5.2, ¢ = LIS (w(r)), so
A =TLIS"(w(r)) — 1 + d,.

Combining the two expressions of A yields
n —r — invcode(w), = LISY(w(r)) — 1 + d,., so
rajcode(RD(w)), = invcode(w), +d, =n —r + 1 — LIS*(w(r)) = rajcode(w),.
0

5.3. DARK CLOUDS OF THE ROTHE DIAGRAM VIA VIENNOT’S GEOMETRIC CON-
STRUCTION. In 1977, Xavier Gérard Viennot gave a diagrammatic construction of
the RSK correspondence in terms of shadow lines ([26]). It is also known as the
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matrix-ball construction. We will show that the dark clouds in the snow diagram
of a permutation can be obtained via Viennot’s geometric construction. We denote
Row; (P(w)) to be the first row of the tableau obtained by Schensted insertion on w.

For two cells (i,7), (m,n) € N x N, (m,n) lies in the shadow of (¢,7) if and only
if m < ¢ and n < j. This can be visualized by imagining shedding light from
the Southeast.(?) To obtain the shadow diagram of w € Sy, consider the points
(1,w(1)), ..., (n,w(n)). Let (Z-g”,w(iw)) (i@?,w(ig?)) be the points that are

not in the shadow of any other point for some ¢; > 1 and igl) > iél) > > ig).

Then the first shadow line Lq(w) is the boundary of the combined shadows of the

points (igl),w(igl))) yeees (ig),w(ix))). The rest of the L;(w) can be constructed
recursively. Supposed L, ..., L;_1 have been constructed, remove all points in the
set

{7 wG) s1<p<j-11<k <0,
then L; is the boundary of the shadow of the remaining points of the points left,

which we label as

(. w@) o (5w
for some ¢; > 1 and igj) > igj) > > 11(,3) Once there is no point left, the shadow
lines we obtained form the shadow diagram for w.

THEOREM 5.7 ([26]). Given w € S, and suppose Li,...,Ls are the shadow lines
obtained from w until there is no point left. Then s equals the size of Rowq (P(w)).

For each shadow line L;, it also consists £; — 1 “turning points”, which are points
(x,y) of L; such that (z —1,y), (z,y — 1) ¢ Lj, i.e.,

<i§j>,w(z’§j))) , (i§j>,w(z‘§j>)) (ig),w(igll)) .

In total, there are n—|Row; (P(w))| turning points for each w € S,,. There is a classical
result connecting these turning points to the Schensted insertion.

THEOREM 5.8 ([26, 10]). Let a shadow line L; of a permutation w consists of points
(9, wG?)) - (1, w2))

for some £; = 1 and igj) > igj) > > i@j). Then during Schensted insertion on w,

when we insert w(i,(fll), it bumps w(ig)) from the first row.
Combining Proposition 5.4 and Theorem 5.8, we have the following.

COROLLARY 5.9. Each of the turning points in the shadow diagram of w contains
a dark cloud in snow(w). Any dark cloud in snow(w) is also a turning point in the
shadow diagram of w.

EXAMPLE 5.10. Consider w = 3721564 € S7. We present its Rothe diagram, its shadow
diagram, and the snow diagram of RD(w). From Example 5.1, the Schensted insertion
on w yields a tableau whose row 1 has three cells. Correspondingly, there are three
shadow lines. The turning points of the shadow lines are (3,1),(1,2),(6,4),(2,6),
which are positions for dark clouds in snow(RD(w)).

(2)The usual convention can be thought of shedding light from the Northwest, which corresponds
to the usual Schensted insertion. We reverse the direction to match our decreasing Schensted insertion
convention.
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FIGURE 1. Left: RD(w); Middle: shadow diagram of w; Right: snow(RD(w))

REMARK 5.11. A geometric interpretation for the rajcode is given in [18, Section 4] in
terms of the “blob diagrams.” Specifically, the set of points in the same shadow line
in the shadow line diagram is labeled as By, B,,_1,... from southeast to northwest.
With the labeling on the blob diagrams, we can obtain the rajcode directly. That is,
if (i,w(i)) € B, then rajcode(w); = k — i.

5.4. INVERSE FIREWORKS PERMUTATIONS. Now we have seen that our snow diagrams
are connected to the work of Pechenik, Speyer and Weigandt [18]. We recall another
interesting notion in their work.

DEFINITION 5.12 ([18, Definition 3.5]). A permutation w € S,, is a fireworks permuta-
tion if its initial element in each decreasing run is increasing. A permutation w € S,
is an inverse fireworks permutation if w1 is a fireworks permutation.

Inverse fireworks permutations are the representatives of equivalence classes, given
by permutations with the same rajcode [18]. The snowy weak compositions play the
same role in our study of 2. We investigate the similarities between inverse fireworks
permutations and snowy weak compositions. For w inverse fireworks, RD(w) enjoy
analogous properties as the D(«) of snowy a. We start with the following observation
about RD(w).

LEMMA 5.13. Let w € S, be an inverse fireworks permutation. Consider each r € [n]
such that row r of RD(w) is not empty. The rightmost cell in row r of RD(w) is

(r,w(r) —1).

Proof. Recall that (r,w(r’)) € RD(w) if and only if (r,7') € Inv(w) if and only
if (w(r"),w(r)) € Inv(w™1). Let ¢ = w(r). Clearly, cells in row r of RD(w) are within
the first ¢ — 1 columns. It remains to check (r,c¢ — 1) € RD(w), which is equivalent
to (c—1,¢) € Inv(w™1).

Since row r of RD(w) is nonempty, it must contain a cell (r,4) such that (i,¢) €
Inv(w™1) for some i € [¢ — 1]. Since w™1(i) > w™1(c) and w™? is fireworks, w=!(c)
can not be the initial element in its decreasing run. Therefore w=!(c — 1) > w™1(c)
and we have (¢ —1,¢) € Inv(w™1). O

We can characterize the inverse fireworks permutations using Rothe diagrams or
the snow diagram of the permutation. This is similar to Remark 4.17, where we
describe snowy weak compositions using key diagrams and dark clouds.

PROPOSITION 5.14. Take w € S,,. The following are equivalent:

(1) w is an inverse fireworks permutation.
(2) In RD(w), the rightmost cells in each row are in different columns.
(3) In snow(RD(w)), the rightmost cell in each row is a dark cloud.
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Proof. The last two statements are clearly equivalent. Now we establish the equiva-
lence of the first two statements.

Assume w is inverse fireworks. Take 7,7’ € [n] with r # ' such that row r and row
r" of RD(w) are not empty. By Lemma 5.13, the rightmost cell in row r (resp. ') is
at (r,w(r) —1) (resp. (', w(r") —1)). Clearly, w(r) — 1 # w(r’) — 1, so we have our
second statement.

Now we assume w is not inverse fireworks. We can find a number r in w ™! such that
r is the initial element in its decreasing run, but r is less than 7/, the initial element
of the previous decreasing run. Let ¢ = w(r’) and ¢ = w(r). Since (¢, c) € Inv(w™1),
(r,c) € RD(w). Thus, row r of RD(w) is not empty. Let (r,4) be the rightmost cell in
row 7. In other words, 7 is the largest such that (i, c) € Inv(w™1). We have ¢’ <i < c—1.
Consider the decreasing run before w=(c): w=(¢') > w= (' +1) > -+ > w™Hc—1).
We see (i,4 + 1) is also in Inv(w™1). In row w=1(i + 1), the cell (w=!(i + 1),4) is the
rightmost cell of its row. Thus, the second statement does not hold, and the proof is
finished. 0

With the above proposition, we can compute rajcode(w) easily if w is inverse fire-
works. The following rule is similar to Lemma 4.18(2).

PROPOSITION 5.15. Assume w € S,, is inverse fireworks. For each r € [n],

rajcode(w), = |{r" > r :(r,7") € Inv(w) or

w(r') > w(r) and (r',r") € Inv(w) for some r"}|.

Proof. First, we know rajcode(w), = rajcode(RD(w)), is the number of cells in the
7t row of snow(RD(w)). The number of non-snowflake cells on this row is given by
{r" : (ry7") € Inv(w)}.

Now we count the number of snowflakes in row 7 of snow(RD(w)). It is the number
of 7 > r such that row 7’ of snow(RD(w)) has a dark cloud on the right of the
column w(r). By Lemma 5.13, row 7’ has a dark cloud at column w(r') — 1 if RD(w)
is nonempty in row 7/. Thus, the number of snowflakes in row r of snow(RD(w)) is
the number of v/ > r such that w(r") > w(r) and (r',7") € Inv(w) for some r”. O

6. VECTOR SPACE SPANNED BY &,

We now study the spaces V, = Q—span{@w cw € Sy} and V= Q-span{@w cwe Sy}
By Theorem 1.1, they have bases

{®, : we S, is inverse fireworks} and {®, :w e S, is inverse fireworks}

respectively. By [4], the number of inverse fireworks permutations in S, is B, the
nt" Bell number. Thus, IA/n has dimension B,,.

We introduce another basis of f/n and V consisting of f}a, the top-degree compo-
nents of Lascoux polynomials. One application of the top Lascoux basis is to compute
the Hilbert series of ‘7” and V. For a vector space V € Q[x1,x2, -], the Hilbert
series of V' is

Hilb(V;q) := . maq*,
d=0
where my is the number of polynomials with degree d in a homogeneous basis of V.
In Subsection 6.1, we recall the definition of B, and its g-analogue B,(q). In

A~

Subsection 6.2, we compute Hilb(V,,;q) using B, (¢) and rook-theoretic results. In

A

Subsection 6.3, we compute Hilb(V; q).
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6.1. STIRLING NUMBERS, BELL NUMBERS AND THEIR ¢-ANALOGUES. Let n,k be
non-negative integers throughout this subsection. Let S, ;, be the Stirling number of
the second kind, defined by the recurrence relation

SnJrl,k: = Sn,kfl + ks’n,k>

together with S0 = 1 and So, = 0if k > 0. Let B,, := Z?:o Shp,; be the Bell number
which satisfies the following recurrence relation

n
n
Bn+1 = Z ()BJ
j=o M
Let Rook,, be the set of non-attacking rook diagrams contained in Stair,,. It is an
exercise to show B,, = |Rook,|. In [3], Butler, Can, Haglund, and Remmel built an
explicit bijection between Rook,, and set partitions of [n] .

Now consider the polynomial ring Q[q]. Define [n], := 1+ ¢+ -+ ¢"!. Define a
g-analogue of Sy, recursively by:

Sn+1,k(q) = qkilsn,kfl(q) + [k]qsn,k(Q)v

with base cases Spr(q) = Sok. Similarly, define a g-analogue of B, by By(q) :=
Z?:o Sh.;i(q). The coefficients in B, (q) are given in OEIS A126347. By [27], B,(q)
satisfies the recurrence relation

n
(n
Buia(g) = ), qj( .>Bj(q)~

PR
Milne [16] first gave a combinatorial model for S, (¢) using set partitions. We
use the combinatorial model developed by Garsia and Remmel [8]. They defined a
statistic on Rook,, called “inversion”. We rename it as GR,, to distinguish it from the

inversion on permutations.

DEFINITION 6.1 ([8]). Assume R € Rook,,. For each (r,c) € R, mark all cells (r',c)
with r' € [r] in Stair,. Also, mark all cells (r,c") with ¢ € [c] in Stair,. The number
GR,(R) counts cells in Stair,, that are not marked.

Garsia and Remmel prove that

(5) Suile) = >, ¢*FP),

DeRook,,
|[D|=n—k

which implies

(6) Bu(g)= >, ¢
DeRook,,

From this formula, By, (g) has degree (}) since GR,, (&) = (}).

6.2. CoMPUTING Hilb(V,;q). Define
Cp:={aeCy :supp(a) € [n—1],0; <n —iforallie[n—1]}.
Then we can refine Theorem 2.4.
COROLLARY 6.2. For w € S, &, expands positively into {L, : a € Cp}.

Proof. By Theorem 2.4, we can expand &,, into a sum of Lascoux polynomials. We
just need to make sure for each £, appearing in the expansion with a nonzero coeffi-
cient, we have a € C,,.

We know the monomial z¢ is the leading monomial of k,, so x® appears in £,.
Since all coefficients in the sum are positive, we know z“S™ appears in &,, for some
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m € Zsg. By the monomial expansion of &,, given by Fomin and Kirillov [7], we
have o € C,,. O

By this corollary and Lemma 2.5, we have the following.
COROLLARY 6.3. For w € S, @w expands positively into {Z)a taeChl.
Now we are ready to give another basis of ‘7“:

PROPOSITION 6.4. The space XA/n is also (@—span{ﬁa : € Cp}. Moreover, it has a basis
{La : € Cy is snowy}.

Proof. By Corollary 6.3 , ‘A/n is a subspace of Q—span{f}a :a € Cp}. By Lemma 4.5,
for any « € C),, we can find a snowy « € C,, such that v ~ a. Then by Theorem 1.2,
Ea is a scalar multiple of 27. Thus, Q-span{ﬁa :a € Cy} is a subspace of the vector
space Q—Span{?}a : a € Cy, is snowy}. Notice that {:‘\Ja : a € C, is snowy} is linear
independent since its polynomials have distinct leading terms by Theorem 1.2.

By [18, Theorem 1.4] ‘ZL has dimension B,,. It remains to check the number of snowy
weak compositions in C,, is also B,,. In Lemma 4.20, we show dark(-) a bijection from
snowy weak compositions in Cy to Rook, . Clearly it restricts to a bijection from C,,
to Rook,,, which has size B,,. O

We use the top Lascoux basis to derive Hilb(f/n; q). Let us translate the statistic
raj(-) on snowy weak compositions to non-attacking rook diagrams.

DEFINITION 6.5. Take R € Rooky. Define the Northwest number of R, denoted as
NW(R) := raj(c), where o is any weak composition with dark(a) = R.

Equivalently, we may compute NW(R) as follows: For each (r,c) € R, we mark all
cells weakly above it and to its left. By Lemma 4.14, these marked cells agree with
the underlying diagram of snow(D(«)) for any « with dark(a) = R. Then NW(R)
is just the number of marked cells. Comparing this statistic with GR,,(-) defined in
Subsection 6.1, we have the following connection.

REMARK 6.6. Take R € Rook,,. Then GR,,(R) = [Stair,| — NW(R) = () — NW(R).
Finally, we can derive an expression for the degree generating function of \7”.
PROPOSITION 6.7. We have
Hilb(Va: ) = o3 B (¢7") = rev(Ba(a)),

where rev(-) is the operator that reverse the coefficients of a polynomial. In other
words, it sends a polynomial f(q) of degree d to q®f(q™1).

Proof. By Prop 6.4, Hilb(f/n; 9= 2. ¢"(®) where the sum is over snowy a € C,,.
Apply the bijection dark(-) to « in the summation, we have

Hilb(f/n;q): Z R = Z q(g’)—GRn(R)
ReRook, ReRook,,

—q®) 3 R® = (BB, (Y,
ReRook,,

where the second equality is by Remark 6.6 and the last equality is by (6). Since B,,(q)
has degree (%), we have Hilb(V,,; q) = rev(B,(q)). O
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6.3. COMPUTING Hilb(f/; q). First, we show the top Lascoux polynomials also span
the space V.

PROPOSITION 6.8. We have Q-span{f}a |laeCL} = v

Proof. By Corollary 2.6, V is in the Q-span of {2 ta€ C+} Now consider a € C .
There exists n large enough such that o € C,. Then 2 € V V. d

COROLLARY 6.9. The space V has a basis {Ea s e Cy is snowy}.

With the top Lascoux basis, we have

Hilb(Vig) = > ¢ = 3 WO,

aeCy, ReRook ;-
o is snowy

where the second equality is obtained by applying dark(-) on « in the second expres-
sion. On the other hand, since V = Ups1 Vo

Hilb(V; q) is the limit of Hilb(V,,; ¢) as n goes to infinity. According to OEIS, coef-
ficients in B, (q) are in A126347 and the coefficients of Hllb(V q) are in A126348. A
formula for Hilb(V; q) in OEIS is given by Jovovic: [ L1501+ 7). For completeness,

we check this rule using our formula of Hilb(‘A/; q) involving snowy weak compositions.

PROPOSITION 6.10. We have

Hib(T;) = Y ¢¥@ = ] (Hq’”)

a 15 snowy m>0 1- q

Proof. Let snowy(M) be the set of all snowy weak compositions with the largest entry
being at most M. It suffices to show

m

M
raj(a) __ q
Z q™ —H(l—l—l_ )

aesnowy (M) m>0

We prove it by induction on M. The claim is immediate when M = 0 as both sides
are 1.

Now assume the claim above holds for some M > 0. Let snowy(M); be the set
of all snowy weak compositions « such that its largest entry is a; = M. With this
notation, we can express snowy(M) recursively:

snowy (M) = snowy(M |_| <|_| snowy (M >

i>1
Next, we define a map
¢ : snowy(M — 1) — snowy(M ),
(a1,0a0,...)— (M,a1,as,...)

It is straightforward to see that ¢ is a bijection. Furthermore, we have raj(¢(a)) =
raj(e) + M. To get snowy(M); for i > 1, notice that the operator s; on the set of weak
compositions is a bijection between snowy(M); and snowy(M); 1. For a € snowy(M);,
we have raj(s;(a)) = raj(a) + 1 by Corollary 4.19. Inductively, we have

Z qraj(a) _ qM+i—1 Z qraj(a).
aesnowy (M), aesnowy (M —1)
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Finally,

Z qraj(a) _ Z qraj(a) + (Z qM+i—1> 2 qraj(a)

aesnowy (M) aesnowy (M —1) =1 aesnowy (M —1)

<1 + Z qMJril) Z qraj(a)

=1 aesnowy (M —1)

qM M—-1 qm
=(1+-—+2— 1 .
( +IQ) H < +1q)

m>0

7. OPEN PROBLEMS AND FUTURE DIRECTIONS

We conclude with several open problems for future study. In Section 5.3, we present
the connections between the following three constructions:

- Positions of dark clouds in snow(RD(w));
- First step of Viennot’s geometric construction;
- Bumps in the first row during Schensted insertion.

QUESTION 7.1. Find further connections between Viennot’s geometric construction of
Schensted insertion and snow(RD(w)).

QUESTION 7.2. Find further connections between the Schensted insertion and the snow
diagram of a permutation.

The Grothendieck to Lascoux expansion, proven in [24], involves finding certain
tableaux and computing their right keys.

QUESTION 7.3. Find a combinatorial formula for the expansion of Castelnuovo—
Mumford polynomials into top Lascoux polynomials indexed by snowy weak composi-
tions.

Finding a combinatorial formula for the structure constants c;;,, for Grothendieck
polynomials, defined as

6,6, = > ¢ 6y,

has been a long-standing open problem. These coefficients have a geometric interpre-
tation: They are the intersection numbers for the Schubert classes in the connective
K-theory. If we consider only the top-degree terms on both sides, we get the structure
constants for Castelnuovo—-Mumford polynomials, which we denote as c/;f:), which are
still non-negative integers.

QUESTION 7.4. Find a combinatorial formula for c¥,.

The Grothendieck polynomial &,,(x) is a specialization of the double Grothendieck
polynomial &, (x,y) by setting y3 = y2 = --- = 0. In [11], Knutson and Miller
introduced pipe dream rules for both &,,(x) and &,,(x, y). For Castelnuovo-Mumford
polynomials Qg;(a;), we can think they correspond to a subset of pipe dreams for
&, (x). In [18], the authors proved a factorization of Q/ﬁ;(as, y) into a a-polynomial
and a y-polynomial, and they showed the the leading term is in fact,

. . —1
mraJcode(w)yraJcode(w )

9

with coefficient 1 by constructing a pipe dream associated with it iteratively.
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QUESTION 7.5. Use the snow diagrams to give an explicit construction of pipe dreams
for the leading term in &, (x,y).

In general, one can define a K-Kohnert polynomial for any diagram D:

rp(a;f):= Y @)

D’eKKD(D)

QUESTION 7.6. Find characterizations of diagram D such that the leading monomial
of Kp is given by rajcode(D).

8. APPENDIX

Permutation w &, (&, in bold blue)

el 1

21341 = 5 xy

13241 = s (1 + 22) + Br122

2314 = 5189 T1T2

31247 = 595 x?

32147 = 51595, 3o

12437 = g4 (21 + 29 + 23) + B(T172 + 1173 + T273) + fPr1T2T3

21437 = 5153 (T122 + 2123 + 23) + B(T17973 + 2372 + TIT3)
+B%x2xx3

1342 = 59583 (x122 + T123 + T223) + f2T1T2X3

14237 = s359 (2% + 23 + z122) + B(xiT2 + T123)

2341 = s18953 T1T2L3

24137 = 515359 (v123 + 2329) + Bxix?

3142 = 595183 (2339 + 2323) + fxix2T3

41231 = S$38981 :1:{{’

14321 = 535953 (2322 + 2173 + 2323 + T12273 + TET3)
+ B(x323 + 223 x9m3 + 2712373) + B2 2ix3ws

2431 = $1835283 (233273 + 217323) + BriTiTs

3241 = 59515253 T3ToT3

3412 = 555183589 w%w%

41327 = $35951 53 (2339 + 2323) + fxdxa3

42137 = 53595189 mi‘wz

3421 = 5951535253 x3zxirs

4231 = 5352518253 xi’mzwg

43127 = 5359515389 :B‘I’w%

43217 = 5359581538283 wi‘w%wg

TABLE 1. Grothendieck polynomials in Sy. { refers to inverse fire-
works permutations.
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Weak compositions « | £, (£, in bold blue)

(0,0,0)T 1

(1,0,0)T x1

(0,1,0)" (z1 + 22) + B T1T2

(1,1,0) T1xo

(2,0,0) x?

(2,1,0)f z2xo

(0,0, 1)f (v1 + @9 + x3) + B(T172 + 1123 + T273) + BPET1T2T3

(0,1,1) (x122 + 123 + T2x3) + f2T1T2X3

(0,2,0)t (22 + 2120 + 23) + B (2325 + T172)

(1,0,1) (x129 + 123) + fr1T223

(3,0,0)f x3

(2,0, 1)f (2329 + 2323) + Brizaxs

(1,2,0)f (v123 + 2329) + PBrIT3

(0,2,1)7 (2329 + 2323 + 2103 + 112273 + T33)
+B(x22% + 2237923 + 231 7323) + BPairizs

(1,1,1) T1x2T3

(3,1,0)7 z3xo

(3,0, 1)f (2329 + 2323) + fxdxas3

(2,2,0) x2x2

(2,1,1) x3x3

(1,2,1) (232073 + 217323) + frixiTs

(3,2,0)T 32

(3,1,1) x3TaT3

(2,2,1) x3x3xs3

(3,2, )f x3x3xs3

TABLE 2. Lascoux polynomials in Cy. T refers to snowy weak compositions.
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