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Free fermions and canonical Grothendieck
polynomials

Shinsuke Iwao, Kohei Motegi & Travis Scrimshaw

Abstract We give a presentation of refined (dual) canonical Grothendieck polynomials and
their skew versions using free fermions. Using this, we derive a number of identities, including
the skew Cauchy identities, branching rules, expansion formulas, and integral formulas.

1. Introduction
The (symmetric) Grothendieck functions Gλ(x;β), where λ is a partition inside a
k × (n − k) rectangle, are symmetric functions used to study the K-theory of the
Grassmannian, the set of k-dimensional subspaces in Cn, arising from the work of
Lascoux and Schützenberger [23, 24] with the β parameter introduced by Fomin and
Kirillov [7]. (Strictly speaking, they live in a completion of the ring of symmetric
functions, but this distinction is insignificant for our purposes.) Many formulas are
known for Grothendieck functions, such as a ratio of alternants [24, Eq. (1.8)] (see
also [25, Eq. (2.3)]) and a sum over combinatorial objects [3]. An important property is
that Gλ(x;β) is equal to sλ(x), the classical Schur function, plus higher degree terms,
which was first given explicitly by Lenart [25]. As such, they form a basis for (a
completion of) Λ and we can form the dual basis {gλ(x;β)}λ under the (continuously
extended) Hall inner product ⟨sλ, sµ⟩ = δλµ. We can also apply the involution ω,
which acts by ωsλ = sλ′ with λ′ the conjugate shape, to each basis, which produces
new bases that are called the weak versions. These other bases were first studied by
Lam and Pylyavskyy [26], where they were given combinatorial descriptions.

Galashin, Grinberg, and Liu [8] refined the parameter β into a sequence of pa-
rameters β = (β1, β2, . . .) that record additional combinatorial information for the
dual Grothendieck functions. The refined dual Grothendieck functions gλ/µ(x; β) have
been used to describe properties of a last-passage percolation model in probability
theory [33], which is a refinement of [41]. The refined version of Grothendieck func-
tions Gλ/µ(x; β) were introduced in [4] with applications to Brill–Noether varieties
from algebraic geometry. In a separate direction, Yeliussizov introduced the canoni-
cal Grothendieck functions Gλ(x;α, β) in [39] being inspired by canonical bases for
Hecke algebras (more commonly known as Kazhdan–Lusztig bases) using ω as the
defining involution. These specialize to the usual Grothendiecks at α = 0 and the
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weak Grothendiecks at β = 0, and similarly for the dual versions. These generaliza-
tions were combined into the refined canonical Grothendieck functions Gλ(x; α,β)
and their dual version gλ(x; α,β) by Hwang et al. [12] (they go even further and
define flagged versions). They proved Jacobi–Trudi formulas that specialize to other
known formulas [2, 20, 21, 33, 39] and the refined version of Yeliussizov’s symmetry
(1.1) ωGλ/µ(x,α,β) = Gλ′/µ′(x; β,α), ωgλ/µ(x,α,β) = gλ′/µ′(x; β,α).
For simplicity, from this point onward, we will drop the adjective “refined” in the
nomenclature.

Our main result (Theorem 4.1, Corollary 4.3) in this paper is a description of the
canonial Grothendieck functions and their duals using the boson-fermion correspon-
dence (see, e.g. [1, 5, 18, 19]). In more detail, a certain infinite wedge space known as
(fermionic) Fock space F has an action of the infinite dimensional Heisenberg alge-
bra (a bosonic action) that we use to construct half-vertex operators eH(x) in terms
of a Hamiltonian using the power sum symmetric functions. However, Fock space F
is also a Clifford algebra representation (which is where the fermionic name comes
from), so we can express our half-vertex operators as an action of the Clifford algebra.
This correspondence allows us to write determinant formulas for the pairing of certain
vectors and half-vertex operators by Wick’s theorem. We define a new basis |λ⟩[α,β]

of a certain subspace F0 of Fock space and its dual basis [α,β]⟨λ| (under the natural
pairing) in Theorem 3.10 by generalizing the first author’s previous work [13, 14, 15].
By the natural Clifford algebra involution, we also have another orthonormal basis
|λ⟩[α,β] and its dual [α,β]⟨λ|. Then taking the Jacobi–Trudi formulas of [12] as our
definition of the skew (dual) canonical Grothendieck functions, we show the matrix
elements

Gλ//µ(x; α,β) = [α,β]⟨µ|eH(x)|λ⟩[α,β],

where Gλ//µ(x; α,β) is the refined version of the corresponding functions of [3, 39],
and

gλ/µ(x; α,β) = [α,β]⟨µ|eH(x)|λ⟩[α,β]

(Theorem 4.1, Corollary 4.3). We also introduce modified vectors [[α,β]]⟨µ| so that

Gλ/µ(x; α,β) = [[α,β]]⟨µ|eH(x)|λ⟩[α,β].

Using our free-fermion description, we obtain a number of additional results. We
give a new simple proof the symmetries (1.1) in Theorem 4.4 and the Schur expan-
sion formulas for gλ/µ(x; α,β) (Theorem 4.5) from [12, Thm. 8.7, 8.8]. We also have
expansion formulas for Gλ/µ(x; α,β), which are similar to but slightly different from
those in [12, Thm. 8.2, 8.3], and Gλ//µ(x; α,β). A number of other results are gener-
alized, such as branching rules [39, Prop. 8.7,8.8] (Proposition 4.6), the skew Cauchy
identities [40, Thm. 5.1,Cor. 6.3] (Theorem 4.7), the skew Pieri-type identities [40,
Thm. 7.10] (Theorem 4.8), the formula in [11, Rem. 2.8] (Proposition 4.10), and in-
tegral formulas in [33, Prop. 4.28] (Theorems 4.19 and 4.20). We show determinant
formulas for the expansions of Gλ(x; α,β) into Gµ(x; 0,β) and similarly for the dual
and give combinatorial descriptions of the coefficients, which allows us to answer [39,
Prob. 12.2] in the negative (Section 4.7). Our last result is a free-fermionic presentation
for a special case of the flagged canonical Grothendieck functions in Proposition 5.3
with a flagged version of Proposition 4.10, which is a canonical version of [29, Thm. 4].

Let us briefly digress to discuss vertex models as there is a well-known relationship
with free fermions; see, e.g. [10] and references therein. There is a vertex model known
for Grothendieck functions [31, 32, 38, 42]. However, this lattice model is not at the
free-fermion point (a condition on the weights), so we cannot go between the two
descriptions. This extends to the recent work of Gunna and Zinn-Justin [9], where they
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gave a vertex model for canonical Grothendieck functions, and we cannot establish a
direct relationship with our results.

This is also the first in a series of papers where we study the relationship between
Grothendieck functions and stochastic processes. In our next paper [17], we will use
our free-fermion presentation to study the four variants of the totally asymmetric
simple exclusion process (TASEP) studied by Dieker and Warren in [6]. Indeed, we
can already see that appropriate specializations of the Jacobi–Trudi formulas are
precisely, up to a simple overall factor, the transition kernels in [6], which was first
noticed in [33]. In particular, we will extend the noncommutative operators given
in [13, 14] to the refined settings and show these encode the dynamics of the particle
motions. In [16], we will show that we can recover the combinatorial description of
canonical Grothendieck functions and their duals by using branching rules to reduce
the computation to a single variable, which requires more technical analysis.

This paper is organized as follows. In Section 2, we give some background on super-
symmetric functions and the boson-fermion correspondence. In Section 3, we describe
new vectors in fermionic Fock space and prove a number of properties. In Section 4,
we prove our main results and identities. In Section 5, we give a free-fermionic pre-
sentation of a special case of the flagged canonical Grothendieck functions.

2. Background
Let λ = (λ1, λ2, . . . , λℓ) be a partition, a weakly decreasing finite sequence of positive
integers. We denote the set of all partitions by P. We draw the Young diagrams of our
partitions using English convention. We will often extend partitions with additional
entries at the end being 0, and let ℓ(λ) denote the largest index ℓ such that λℓ > 0.
Let λ′ denote the conjugate partition. We often write our partitions as words. A hook
is a partition λ of the form a1m = (a, 1, . . . , 1) with 1 appears m times, where the
arm is a− 1 and the leg is m.

Let x = (x1, x2, . . .) denote a countably infinite sequence of indeterminates. We
will often set all but finitely many of the indeterminates x to 0, which we denote
as xn := (x1, . . . , xn, 0, 0, . . .). We make similar definitions for another sequence of
indeterminates y = (y1, y2, . . .). We also require infinite sequences of parameters α =
(α1, α2, . . .), and β = (β1, β2, . . .), which we often treat as indeterminates.

2.1. Supersymmetric functions. We set some additional standard notation from
symmetric function theory. Let

em(x) =
∑

i1<···<im

xi1 · · ·xim
, hm(x) =

∑
i1⩽···⩽im

xi1 · · ·xim
, pm(x) =

∞∑
i=1

xm
i ,

denote the elementary, homogeneous, and power sum, respectively. For λ ∈ P, we
set eλ(x) = eλ1 · · · eλℓ

, hλ(x) = hλ1 · · ·hλℓ
, and pλ(x) = pλ1 · · · pλℓ

. Let ΛQ be the
algebra of symmetric functions over Q. It is known that

ΛQ = Q[h1(x), h2(x), . . . ] = Q[e1(x), e2(x), . . . ] = Q[p1(x), p2(x), . . . ].

We can define the polynomials Eλ(p1, p2, . . .), Hλ(p1, p2, . . .), Sλ(p1, p2, . . .) with co-
efficients in Q by the equations

Eµ(p1(x), p2(x), . . .) = eµ(x),
Hµ(p1(x), p2(x), . . .) = hµ(x),
Sµ(p1(x), p2(x), . . .) = sµ(x).
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Now we recall some particular supersymmetric functions; we refer the reader to [28,
Ch. I] for more details. We define the supersymmetric elementary, homogeneous, power
sum, and Schur functions as

em(x/y) =
m∑

k=0
(−1)m−kek(x)hm−k(y), hm(x/y) =

m∑
k=0

(−1)m−khk(x)em−k(y),

pm(x/y) = pm(x) − pm(y), sλ(x/y) =
∑

µ

(−1)|λ|−|µ|sµ(x)sλ′/µ′(y).

When y = 0, that is we have set all of the y indeterminates to 0, we have f(x/y) =
f(x) for any supersymmetric function f .

From [28, Sec. I.5.Ex. 23], sλ/µ(x/y) = (−1)|λ/µ|sλ′/µ′(y/x) = sλ′/µ′(−y/−x),
and we can consider the supersymmetric Schur functions as the sum over bitableaux
of shape λ, which are fillings of λ by elements in the totally ordered set

{1 < 2 < 3 < · · · < 1′ < 2′ < 3′ < · · · }

such that rows and columns weakly increase and no primed (resp. unprimed) letter is
repeated in the same row (resp. column). Therefore, we have

sλ(x/y) =
∑

T

xT1
1 xT2

2 · · · (−y1)T1′ (−y2)T2′ · · · ,

and have a natural definition of the supersymmetric skew Schur function sλ/µ(x/y)
analogous to the skew Schur function sλ(x).

The supersymmetric functions can also be described in terms of plethystic substi-
tution. While we will not give a detailed account, we will briefly review the relevant
descriptions for understanding the results in [12] and refer the reader to [27] and [28,
Ch. I] for a more detailed description. Let X = x1 +x2 +· · · and Y = y1 +y2 +· · · . For
a symmetric function f , we define f [X] = f(x1, x2, . . .), and if Z = z1 + z2 + · · · + zn,
then we have f [Z] = f(z1, z2, . . . , zn, 0, 0, . . .). We also can define

hm[X − Y ] = hm(x/y), em[X − Y ] = em(x/y), pm[X − Y ] = pm(x/y).

As a consequence, we have that hm[−Y ] = (−1)mem(y) and em[−Y ] = (−1)mhm(y).
Furthermore, we have

hm

(
(x ⊔ x′)/(y ⊔ y′)

)
= hm[X +X ′ − Y − Y ′] =

∑
a+b=m

ha(x/y)hb(x′/y′),

em

(
(x ⊔ x′)/(y ⊔ y′)

)
= em[X +X ′ − Y − Y ′] =

∑
a+b=m

ea(x/y)eb(x′/y′),

which are well-known identities (see, e.g. [12, Prop. 2.1]). Next, we recall the notation
given in [12, Def. 2.4]:

hm[X ⊖ Y ] :=
∑

a−b=m

ha[X]hb[Y ], em[X ⊖ Y ] :=
∑

a−b=m

ea[X]eb[Y ].

We note that these can have infinite nonzero terms and be nonzero even when m is
negative.

In order to avoid confusion with the plethystic negative and negating the variables,
we will not use plethystic notation, and instead write hm(x//y) := hm[X ⊖ Y ] and
em(x//y) := em[X ⊖ Y ].
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2.2. Free fermions and Wick’s theorem. We describe free fermions and Wick’s
theorem here.

Let k be a field of characteristic 0. The (k-)algebra of free fermions A is the asso-
ciative unital k-algebra generated by {ψn, ψ

∗
n | n ∈ Z} subject to the anti-commuting

relations
ψmψn + ψnψm = ψ∗mψ

∗
n + ψ∗nψ

∗
m = 0, ψmψ

∗
n + ψ∗nψm = δm,n.

This is the Clifford algebra that often appears in mathematical physics for the vector
space with a basis indexed by Z ⊔ Z. There exists an anti-algebra involution on A
defined by ψn ↔ ψ∗n satisfying (xy)∗ = y∗x∗ for any x, y ∈ A.

We define (fermionic) Fock space F as the subspace of
∧∞

V , where V =
⊕

i∈Z kvi,
with the basis
{vi1 ∧ vi2 ∧ · · · | i1 > i2 > · · · , ik = −k+m for sufficiently large k and some m ∈ Z}.
We make F into a left A-representation generated by the vacuum vector

|0⟩ = v−1 ∧ v−2 ∧ v−3 ∧ · · ·
with the action of A given by

ψn(vi1 ∧ vi2 ∧ · · · ) = vn ∧ vi1 ∧ vi2 ∧ · · · ,

ψ∗n(vi1 ∧ vi2 ∧ · · · ) =
{

(−1)k−1vi1 ∧ · · · ∧ vik−1 ∧ vik+1 ∧ · · · if ∃k s.t. ik = n,

0 otherwise,

and extended linearly. We can see that F satisfies the relations
ψn|0⟩ = ψ∗m|0⟩ = 0, n < 0, m ⩾ 0,

and the basis can be described by the vectors
ψn1ψn2 · · ·ψnr

ψ∗m1
ψ∗m2

· · ·ψ∗ms
|0⟩, (r, s ⩾ 0, n1 > · · ·nr ⩾ 0 > ms > · · · > m1).

We refer the reader to [19, Sec. 5] and [30, Sec. 4] for more information.
In the language of Clifford algebras, Fock space is a spinor representation of A. The

basis elements of Fock space corresponds to a single (semi-infinite) wedge product of
basis vectors vi1 ∧ vi2 ∧ · · · . We can consider such basis elements as being a state in
a system of particles on a line with particles at positions i1, i2, and so on. Thus, the
vacuum vector corresponds to the state where all of the particles are to the left of
the position −1/2, which is called the step initial condition in the asymmetric simple
exclusion process (ASEP) or the Dirac sea in the mathematical physics literature.

We can similarly define the dual Fock space F∗ as the right A-representation
generated by the (dual) vacuum vector

⟨0| = · · · ∧ v−3 ∧ v−2 ∧ v−1

with the action of A given by

ψn(· · · ∧ vi2 ∧ vi1) =
{

(−1)k−1 · · · ∧ vik+1 ∧ vik−1 ∧ · · · ∧ vi1 if ∃k s.t. ik = n,

0 otherwise,
ψ∗n(· · · ∧ vi2 ∧ vi1) = · · · ∧ vi2 ∧ vi1 ∧ vn.

We can see that the roles of ψj and ψ∗j have been reversed compared to F (albeit with
the indices trivially shifted by one for their action on the wedge space). Therefore,
dual Fock space F∗ satisfies the relations

⟨0|ψm = ⟨0|ψ∗n = 0, n < 0, m ⩾ 0,
has a basis given by

⟨0|ψms
· · ·ψm2ψm1ψ

∗
nr

· · ·ψ∗n2
ψ∗n1

, (r, s ⩾ 0, n1 > · · ·nr ⩾ 0 > ms > · · · > m1),
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and has an isomorphism ∗ : F → F∗ given by X|0⟩ 7→ ⟨0|X∗. This isomorphism
encodes the particle-hole duality of Fock space, as the role the indices ij give the
positions of the locations without a particle. We will also use the shifted vacuum
vectors

|m⟩ =
{
ψm−1 · · ·ψ0|0⟩ if m ⩾ 0,
ψ∗m · · ·ψ∗−1|0⟩ if m < 0,

⟨m| =
{

⟨0|ψ∗0 · · ·ψ∗m−1 if m ⩾ 0,
⟨0|ψ−1 · · ·ψm if m < 0.

The vacuum expectation value is the unique k-bilinear map
F∗ ⊗k F → k, ⟨w| ⊗k |v⟩ 7→ ⟨w|v⟩ satisfying ⟨0|0⟩ = 1, (⟨w|X)|v⟩ = ⟨w|(X|v⟩),

for allX ∈ A. Note the relation ⟨w|X|v⟩ = ⟨v∗|X∗|w∗⟩, where |v∗⟩ = (⟨v|)∗ and ⟨w∗| =
(|w⟩)∗. We use the abbreviation ⟨X⟩ = ⟨0|X|0⟩. To compute vacuum expectation
values, we use Wick’s theorem.

Theorem 2.1 (Wick’s theorem [30]). For any r ∈ Z>0, and for any finite subsets
{m1, . . . ,mr}, {n1, . . . , nr} ⊆ Z, we have

⟨ψmr
· · ·ψm1ψ

∗
n1

· · ·ψ∗nr
⟩ = det

[
⟨ψmi

ψ∗nj
⟩
]r

i,j=1.

Next, we define the current operators as

ak :=
∑
i∈Z

:ψiψ
∗
i+k:,

where :•: denotes the normal ordering of free fermions, which only is important for
when k = 0 (see, e.g. [1, Sec. 2] and [30, Sec. 5.2]):

:ψiψ
∗
i+k: :=

{
ψiψ

∗
i+k if i ⩽ 0,

−ψ∗i+kψi if i > 0.

We have a∗k = a−k. The current operators define the infinite dimensional Heisenberg
algebra, which means they satisfy the relations
(2.1) [am, ak] = mδm,−k.

They also satisfy the additional relations
[am, ψk] = ψk−m, [am, ψ

∗
k] = −ψ∗k+m.

(See, e.g. [30, Sec. 5.3] for proofs of these relations.)
Next, we define the Hamiltonian operator and its supersymmetric analog

H(x) :=
∑
k>0

pk(x)
k

ak, H(x/y) :=
∑
k>0

pk(x/y)
k

ak = H(x) −H(y).

Note that −H(x/y) = H(y/x). It can be seen the corresponding half-vertex operators
satisfy the relations [15, Eq. (17), Eq. (18)]

eH(x/y)ψke
−H(x/y) =

∞∑
i=0

hi(x/y)ψk−i,(2.2a)

e−H(x/y)ψ∗ke
H(x/y) =

∞∑
i=0

hi(x/y)ψ∗k+i,(2.2b)

which are finite if and only if x = ∅ and finitely many y are nonzero, For partitions
λ and µ such that ℓ(λ), ℓ(µ) ⩽ ℓ, we define vectors

⟨µ| := ⟨−ℓ|ψ∗µℓ−ℓ · · ·ψ∗µ2−2ψ
∗
µ1−1, |λ⟩ := ψλ1−1ψλ2−2 · · ·ψλℓ−ℓ|−ℓ⟩.

We remark that
|λ, 0⟩ = |λ⟩, ⟨µ, 0| = ⟨µ|,
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where |λ, 0⟩ means |(λ1, . . . , λℓ, 0)⟩ for λ = (λ1, . . . , λℓ), and so we can unambiguously
consider ⟨·| : k[P] → F∗ and |·⟩ : k[P] → F as embeddings of algebras. From Wick’s
theorem and (2.2a), we have the following well-known result of free-fermion descrip-
tion of Schur functions, presented here with a plethystic substitution (see, e.g. [15,
Thm. 2.3]).

Theorem 2.2. Let λ be a partition such that ℓ(λ) ⩽ ℓ and µ ⊆ λ. Then we have

sλ/µ(x/y) = ⟨µ|eH(x/y)|λ⟩ = det
[
hλi−µj−i+j(x/y)

]ℓ
i,j=1.

Remark 2.3. The subspace
F0 = {vi1 ∧ vi2 ∧ · · · | i1 > i2 > · · · , ik = −k for sufficiently large k} ⊂ F

is isomorphic to Λ through the linear map F0 → Λ that sends |v⟩ to ⟨0|eH(x)|v⟩.
In particular, the set {|λ⟩}λ forms a basis of F0 since {sλ(x)}λ forms a basis of
Λ. Theorem 2.2 implies that the linear map πµ : F0 → F0; |v⟩ 7→ |µ⟩ · (⟨µ|v⟩)
forms a family of projections such that idF0 =

∑
µ∈P πµ. Symbolically, we will write

id =
∑

µ|µ⟩ · ⟨µ|.

In the sequel, we will use generating functions of the fermionic operators

ψ(z) =
∑
n∈Z

ψnz
n, ψ∗(z) =

∑
n∈Z

ψ∗nz
n.

Note that our convention for ψ∗(z) might differ some some places in the literature by
z = w−1.

2.3. Dual and transpose Hamiltonian operators. In the sequel, we will use
other variations of the Hamiltonian operator. We first define the (formal) dual Hamil-
tonian operator

H∗(x/y) :=
(
H(x/y)

)∗ =
∑
n>0

pn(x/y)
n

a−n.

Dual to the usual Hamiltonian operator, by applying ∗ to (2.2) we have

e−H∗(x/y)ψ∗ke
H∗(x/y) =

∞∑
i=0

hi(x/y)ψ∗k−i,(2.3a)

eH∗(x/y)ψke
−H∗(x/y) =

∞∑
i=0

hi(x/y)ψk+i,(2.3b)

where the expansion is finite if and only if only finitely many x are nonzero and y = ∅.
To encode the action of ω, we use the transposed Hamiltonian operator , which is

denoted by

J(x/y) := ωH(x/y) =
∑
k>0

ωpk(x/y)
k

ak =
∑
k>0

(−1)k−1 pk(x/y)
k

ak = −H(−x/−y).

Indeed, we have
⟨µ|eJ(x/y)|λ⟩ = ⟨µ|ωeH(x/y)|λ⟩ = ⟨µ|e−H(−x/−y)|λ⟩

= ωsλ/µ(x/y) = sλ′/µ′(x/y) = sλ/µ(−y/−x).
We can realize this more fundamentally using free fermions by realizing the 01-
sequence of λ′ is equal to that of λ in reverse and interchanging 0 ↔ 1, and so

|λ′⟩ = (−1)|λ|ψ∗−λ1
ψ∗1−λ2

· · ·ψ∗ℓ−1−λℓ
|ℓ⟩,(2.4a)

⟨µ′| = (−1)|µ|⟨ℓ|ψℓ−1−µℓ
ψℓ−2−µℓ−1 · · ·ψ−µ1 ,(2.4b)
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(cf. [1, Prop. 2.1]). Theorem 2.2 states sλ′/µ′(x/y) = ⟨µ′|eH(x/y)|λ′⟩, but by using
these alternate descriptions and Wick’s theorem, we can obtain the dual Jacobi–
Trudi formula for (−1)|λ/µ|sλ′/µ′(x/y). This is also the same determinant formula
from ⟨µ|eJ(x/y)|λ⟩ by Wick’s theorem, which yields the nontrivial relation

⟨µ|eJ(x/y)|λ⟩ = ⟨µ′|eH(x/y)|λ′⟩.

Hence, this identity is equivalent to sλ/µ(x/y) = (−1)|λ/µ|sλ′/µ′(y/x).
We also require the following expansions for a single variable γ:

(2.5) eH(γ) =
∞∑

i=0
Hi(a1, a2, . . .)γi, eJ(γ) =

∞∑
i=0

Ei(a1, a2, . . .)γi.

As a consequence, we have [eH(γ), ak] = [eJ(γ), ak] = 0 for all k ⩾ 0 and [eH(γ), a−k] =
γkeH(γ).

In order to make the indexing match the usual covariant and contravariant index-
ing, for a matrix M = [Mµ

λ ]λ,µ∈P , we will denote M∗ = [(M∗)λ
µ := (Mµ

λ )∗]µ,λ∈P . This
agrees with thinking of ∗ as the transpose conjugate and the ∗ duality operator.

3. Canonical free fermions
In this section, we give an orthonormal basis for the space F0 that generalizes the
one given in [14] and is a special case of the vectors in [15]. For finitely many (non-
commutative) expressions Φ1, . . . ,Φℓ, we will use the notation

→∏
1⩽i⩽ℓ

Φi = Φ1Φ2 · · · Φℓ,

←∏
1⩽i⩽ℓ

Φi = Φℓ · · · Φ2Φ1

to indicate the order of multiplication.

3.1. α,β-deformed vectors and their dual vectors. We will now fix sets
Ai = {−α1, . . . ,−αi}, Bi = {β1, . . . , βi} for i ⩾ 1, and Ai = Bi = ∅ for i ⩽ 0. For
i ⩽ j, we write A[i,j] = Aj ∖ Ai−1, A[i,j) = A[i,j−1], and A(i,j] = A[i+1,j]. It will be
convenient to write A[i,j) = ∅/A[j,i) and A(i,j] = ∅/A(j,i], which admit the formulas

H(A[i,j)) +H(A[j,k)) = H(A[i,k)), H(A(i,j]) +H(A(j,k]) = H(A(i,k])

for arbitrary i, j, k ∈ Z. If 1 ⩽ i ⩽ j, we have A[i,j] = {−αi,−αi+1, . . . ,−αj}. We
make the analogous definition for B[i,j) and B[i,j] using Bi.

Let σ = (σ1, σ2, . . . , σℓ) ∈ Zℓ
⩾0. We will use the vectors

|λ⟩σ
[α,β] =

→∏
1⩽i⩽ℓ

(
e−H(Aσi−1)ψλi−ie

H(βi)eH(Aσi−1)
)

|−ℓ⟩

and

|λ⟩[α,β]
σ =

→∏
1⩽i⩽ℓ

(
eH∗(Aσi

)ψλi−ie
−H∗(βi)e−H∗(Aσi

)
)
eH∗(Aσℓ

)|−ℓ⟩.
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One can check that these expressions are equivalent to the following equations:

|λ⟩σ
[α,β] = e−H(Aσ1−1)

→∏
1⩽i⩽ℓ

(
ψλi−ie

H(βi)e−H(A[σi,σi+1))
)

|−ℓ⟩

=
→∏

1⩽i⩽ℓ

(
eH(Bi−1/Aσi−1)ψλi−ie

−H(Bi−1/Aσi−1)
)

|−ℓ⟩,

|λ⟩[α,β]
σ = eH∗(Aσℓ

/Bℓ)
→∏

1⩽i⩽ℓ

(
eH∗(B[i,ℓ]/A(σi,σℓ])ψλi−ie

−H∗(B[i,ℓ]/A(σi,σℓ])
)

|−ℓ⟩,

where the second equality is obtained by using eH(Bℓ)|−ℓ⟩ = |−ℓ⟩. In most cases, we
will assume σℓ = 0, where we have eH∗(Aσℓ

) = 1 and

(3.1) |λ⟩[α,β]
σ = e−H∗(Bℓ)

→∏
1⩽i⩽ℓ

(
eH∗(Aσi

⊔B[i,ℓ])ψλi−ie
−H∗(Aσi

⊔B[i,ℓ])
)

|−ℓ⟩.

We will frequently take σ = λ, so we will simply write |λ⟩[α,β] := |λ⟩λ
[α,β] and

|λ⟩[α,β] := |λ⟩[α,β]
λ . In the case α = 0, we will simply write |λ⟩[β] := |λ⟩σ

[0,β] and
|λ⟩[β] := |λ⟩[0,β]

σ (note these are independent of σ), which were introduced in [14, 15].
We also define dual vectors [α,β]⟨λ|σ := (|λ⟩[α,β]

σ )∗ and [α,β]⟨λ|σ := (|λ⟩σ
[α,β])∗, and we

use similar shorthands as above such as [α,β]⟨λ| := [α,β]⟨λ|λ. We will justify calling
these dual vectors below in Theorem 3.10.

In the sequel, we also require the additional vector

[[α,β]]⟨µ| := ⟨−ℓ|
←∏

1⩽i⩽ℓ

(
e−H∗(Bi/Aµi

)ψ∗µi−ie
H∗(Bi/Aµi

)
)
.

Lemma 3.1. The vectors |λ⟩σ
[α,β], |λ⟩[α,β]

σ , and [[α,β]]⟨µ| are well-defined; that is

|λ, 0⟩σ̃
[α,β] = |λ⟩σ

[α,β], |λ, 0, 0⟩[α,β]
σ = |λ, 0⟩[α,β]

σ , [[α,β]]⟨µ, 0| = [[α,β]]⟨µ|,

where σ̃ = (σ1, . . . , σℓ, σℓ+1) and σ = (σ1, . . . , σℓ, σℓ+1, σℓ+1).

Proof. For the vectors |λ⟩σ
[α,β] and [[α,β]]⟨µ|, the claim follows from the fact that

eH(γ)|−ℓ⟩ = |−ℓ⟩ by applying the expansion (2.5) of eH(γ) and using ai|−ℓ⟩ = 0 for
all i > 0. For the vector |λ⟩[α,β]

σ , this is [15, Lemma 4.6]. □

Next, we give an analog of (2.4), which will be useful for writing formulas in terms of
conjugate shapes. In particular, this will be important in giving a new (free-fermionic)
proof of Theorem 4.4.

Lemma 3.2. Let ℓ ⩾ λ1, µ1. Then we have

|λ′⟩[α,β] = (−1)|λ|
→∏

1⩽i⩽ℓ

(
eH(Bλi−1/Ai−1)ψ∗i−1−λi

e−H(Bλi−1/Ai−1)
)

|ℓ⟩,

|λ′⟩[α,β] = (−1)|λ|eH∗(Aℓ/Bλℓ
)
→∏

1⩽i⩽ℓ

(
eH∗(B[λi,λℓ]/A(i,ℓ])ψ∗i−1−λi

e−H∗(B[λi,λℓ]/A(i,ℓ])
)

|ℓ⟩,

[[α,β]]⟨µ′| = (−1)|λ|⟨ℓ|
←∏

1⩽i⩽ℓ

(
eH∗(Bµi

/Ai)ψi−1−µie
−H∗(Bµi

/Ai)
)
.
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Proof. We only show the claim for |λ′⟩[α,β] as the proofs for |λ′⟩[α,β] and [[α,β]]⟨µ′| are
similar. It is sufficient to consider ℓ > max(λ1, ℓ(λ)) by Lemma 3.1. Let Xi be a finite
set of indeterminates. To prove the proposition, we use the following commutation
relation, which holds for j1 > j2 > · · · > jm > k and |Xi| ⩽ ji − ji+1:
(3.2)
ψj1e

H(X1)ψj2e
H(X2) · · · eH(Xm−1)ψjm

· ψ∗k =

(−1)m
(
eH(X1⊔···⊔Xm−1)ψ∗ke

−H(X1⊔···⊔Xm−1)
)
ψj1e

H(X1)ψj2e
H(X2) · · · eH(Xm−1)ψjm

.

Equation (3.2) follows from e−H(X1⊔···⊔Xm−1)ψj1e
H(X1)ψj2e

H(X2) · · · eH(Xm−1)ψjm
is

a linear combination of ψj with j1 ⩾ j ⩾ jm.
For a partition λ and the transpose λ′, we put I = {λ1 − 1, λ2 − 2, . . . , λℓ − ℓ} and

I∗ = {−λ′1, 1 − λ′2, . . . , ℓ− 1 − λ′ℓ}. They satisfy I ⊔ I∗ = {ℓ− 1, ℓ− 2, . . . ,−ℓ}. Let

Xi = {βi, αλi−1, αλi−2, . . . , αλi+1} = {βi}/A[λi,λi+1),

Ψm = ψλ1−1e
H(X1)ψλ2−2e

H(X2) · · · eH(Xm−1)ψλm−m,

Pm(k) = eH(Bm−1/Aλm−1)ψ∗ke
−H(Bm−1/Aλm−1).

Assume k ⩽ λm −m. We can calculate the vector Ψm|k⟩ depending on whether k ∈ I
or k ∈ I∗. If k ∈ I, we have k = λm − m and Ψm|k⟩ = Ψm−1e

H(Xm−1)ψλm−m|k⟩ =
Ψm−1|k + 1⟩; otherwise, we have k < λm −m and

Ψm|k⟩ = Ψmψ
∗
k|k + 1⟩ = (−1)m

(
eH(Aλ1−1)Pm(k)e−H(Aλ1−1)

)
Ψm|k + 1⟩

from (3.2). Summarizing, we obtain the equation

(3.3) e−H(Aλ1−1)Ψm|k⟩ =
{
e−H(Aλ1−1)Ψm−1|k + 1⟩ (k ∈ I)
(−1)mPm(k)e−H(Aλ1−1)Ψm|k + 1⟩ (k ∈ I∗)

.

Note that, if k ∈ I∗ satisfies λm+1 −m− 1 < k ⩽ λm −m, there uniquely exists some
p such that λ′p = m = p− 1 − k. Using (3.3) repeatedly for k = −ℓ,−ℓ+ 1, . . . , ℓ− 1,
we obtain

|λ⟩[α,β] = e−H(Aλ1−1)Ψℓ|−ℓ⟩

= (−1)λ′
1+···+λ′

ℓPλ′
1
(−λ′1)Pλ′

2
(1 − λ′2) . . . Pλ′

ℓ
(ℓ− 1 − λ′ℓ)e−H(Aλ1−1)Ψ0|ℓ⟩

= (−1)|λ
′|Pλ′

1
(−λ′1)Pλ′

2
(1 − λ′2) . . . Pλ′

ℓ
(ℓ− 1 − λ′ℓ)|ℓ⟩,

which concludes the lemma. □

Proposition 3.3. We have

(3.4) [α,β]⟨µ| =
∑

ν

 ∏
(i,j)∈µ/ν

−(αi + βj)

 [[α,β]]⟨ν|,

where ν ⊆ µ is formed by removing some of the corners of µ.

Proof. Let

Qm(k) = e−H∗(Bm−1/Ak−1)ψ∗k−me
H∗(Bm−1/Ak−1),

Rm(k) = e−H∗(Bm/Ak)ψ∗k−me
H∗(Bm/Ak) =e−H∗(βm)eH∗(−αk)Qm(k)e−H∗(−αk)eH∗(βm)

= Qm+1(k + 1).

We begin by noting the relation

(3.5) ψ∗k = eH∗(−αk)ψ∗ke
−H∗(−αk) − αkψ

∗
k−1,
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by rewriting (2.3a). By using (3.5) and (2.3a), we have the identity

ψ∗k = e−H∗(βm) (ψ∗k − βmψ
∗
k−1
)
eH∗(βm)

= e−H∗(βm)
(
eH∗(−αk)ψ∗ke

−H∗(−αk) − (αk + βm)ψ∗k−1

)
eH∗(βm),

which yields

(3.6) Qm(k) = Rm(k) − (αk + βm)Rm(k − 1).

Since Qm+1(k)Rm(k − 1) = Qm+1(k)2 = 0, we have the equality Qm+1(k)Qm(k) =
Qm+1(k)Rm(k). By using ⟨−ℓ|Rℓ(−1) = 0 and (3.6) repeatedly for m = 1, 2, . . . , ℓ,
we obtain

[α,β]⟨µ| = ⟨−ℓ|Qℓ(µℓ) · · ·Q2(µ2)Q1(µ1)

=
∑

(ν1,...,νℓ):
µi−νi∈{0,1}

νi⩾µi+1

( ∏
m: νm=µm−1

−(αµm
+ βm)

)
⟨−ℓ|Rℓ(νℓ) · · ·R2(ν2)R1(ν1)

=
∑

ν

 ∏
(i,j)∈µ/ν

−(αi + βj)

 [[α,β]]⟨ν|,

where ν ⊆ µ is formed by removing some of the corners of µ. □

Remark 3.4. The vector |λ⟩[α,β] is equal to |λ⟩x/y from [15, Eq. (24)] with x(i) =
Bi−1 and y(i) = Aλi−1. As a consequence, we have that the (skew) dual canonical
Grothendieck functions are (skew) multiSchur functions as defined by Lascoux [22].

Proposition 3.5. We have

(3.7) [[α,β]]⟨µ| =
∑
ν⊆µ

 ∏
(i,j)∈µ/ν

(αi + βj)

 [α,β]⟨ν|.

Proof. The proof is similar to the proof of Proposition 3.3.
Alternatively, we could prove this by applying Equation (3.4) to the right hand

side. □

3.2. Duality of α,β-deformed vectors. We will now prove that the α,β-
deformed vectors are dual bases (Theorem 3.10).

We give the rectification lemma, a key computational tool in showing how to trans-
form vectors for a general sequence v = (v1, v2, . . . , vℓ) ∈ Zℓ

⩾0 as

|v⟩σ
[α,β] =

∑
λ

rv(λ)|λ⟩[α,β], |v⟩[α,β]
σ =

∑
λ

rv(λ)|λ⟩[α,β].

In particular, we obtain the polynomials rv(λ), rv(λ) by sorting the sequence v.

Lemma 3.6 (Rectification lemma). If k ⩽ j, then

ψke
H(γ)ψj =

j∑
i=k

γj−i+1ψie
H(γ)ψk−1 −

j∑
i=k+1

γj−iψie
H(γ)ψk,

ψke
−H∗(γ)ψj =

j∑
i=k

γi−k+1ψj+1e
−H∗(γ)ψi −

j−1∑
i=k

γi−kψje
−H∗(γ)ψi,
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Proof. For the first equality, using (2.2a) and ψkψk = 0, we have

ψke
H(γ)ψj =

∞∑
i=0

ψkγ
iψj−ie

H(γ)

= −
j−k−1∑

i=0
γiψj−ie

H(γ)ψk

+
j−k−1∑

i=0
γi+1ψj−ie

H(γ)ψk−1 + γj−k+1ψke
H(γ)ψk−1,

which yields the claim after reindexing the sums. The second equality is similarly
computed but using (2.3b):

ψke
−H∗(γ)ψj =

∞∑
i=0

e−H∗(γ)γiψk+iψj

= −
j−k−1∑

i=0
γi(ψj − γψj+1)e−H∗(γ)ψk+i + γj−k+1ψj+1e

−H∗(γ)ψj ,

which is the claim after splitting the sum. □

A consequence of Lemma 3.6 is a generalization of [14, Cor. 2.10], which is the
special case when j = k.

Lemma 3.7. We have

|λ⟩[α,β] =
∑
µ⊆λ

bµ
λ|µ⟩[β], |λ⟩[α,β] =

∑
λ⊆µ

Bµ
λ |µ⟩[β],

where bµ
λ, B

µ
λ ∈ Z[α,β] with bλ

λ = Bλ
λ = 1.

Proof. Applying the relations (2.2a) and (2.3b), we have

|λ⟩[α,β] =
→∏

1⩽i⩽ℓ

(
eH(Bi−1/Aλi−1)ψλi−ie

−H(Bi−1/Aλi−1)
)

|−ℓ⟩

=
→∏

1⩽i⩽ℓ

∞∑
p=0

(
(−1)pep(Aλi−1) · eH(Bi−1)ψλi−i−pe

−H(Bi−1)
)

|−ℓ⟩

=
∞∑

p1,...,pℓ=0

→∏
1⩽i⩽ℓ

(
(−1)piepi

(Aλi−1) · eH(Bi−1)ψλi−i−pi
e−H(Bi−1)

)
|−ℓ⟩

=
∞∑

p1,...,pℓ=0

ℓ∏
i=1

(−1)piepi
(Aλi−1)|λ− (p1, . . . , pℓ)⟩[β],

|λ⟩[α,β] =
∞∑

p1,...,pℓ=0

ℓ∏
i=1

hpi
(Aλi

)|λ+ (p1, . . . , pℓ)⟩[β].

The claim then follows from Lemma 3.6. □

We require the following dual basis theorem for the special case of α = 0.

Theorem 3.8 ([15, Thm. 3.2]). We have

(3.8) [β]⟨µ|λ⟩[β] = [β]⟨µ|λ⟩[β] = δλµ.
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Lemma 3.9. For ℓ ⩾ ℓ(λ), ℓ(µ) and ℓ′ ⩾ λ1, µ1, we have

bµ
λ = det

[
hλi−µj−i+j(B[j,i)/Aλi−1)

]ℓ
i,j=1(3.9a)

= (−1)|λ|−|µ| det
[
hλ′

i
−µ′

j
−i+j(Ai−1/B(µ′

j
,λ′

i
))
]ℓ′

i,j=1,(3.9b)

Bµ
λ = det

[
h−λi+µj+i−j(Aλi/B[j,i))

]ℓ
i,j=1(3.9c)

= (−1)|µ|−|λ| det
[
h−λ′

i
+µ′

j
+i−j(B[µ′

j
,λ′

i
]/Ai−1)

]ℓ′

i,j=1.(3.9d)

Proof. We only show (3.9c) for Bµ
λ as the others are similar (see [15, Ex. 3.6] with

Remark 3.4). From (3.8), we can write

id =
∑

µ

|µ⟩[β] · [β]⟨µ| =
∑

µ

|µ⟩[β] · [β]⟨µ|.

Hence, we have

|λ⟩[α,β] =
∑

µ

|µ⟩[β] · [β]⟨µ|λ⟩[α,β] =
∑

µ

Bµ
λ |µ⟩[β],

and pairing this with [β]⟨µ|, we see that Bµ
λ = [β]⟨µ|λ⟩[α,β]. Next, note that for

Pi = eH∗(B[i,ℓ]/A(λi,λℓ])ψλi−ie
−H∗(B[i,ℓ]/A(λi,λℓ]) =

∞∑
k=0

hk(B[i,ℓ]/A(λi,λℓ])ψλi−i+k,

Qj = e−H∗(Aλℓ
/B[j,ℓ])ψ∗µj−je

H∗(Aλℓ
/B[j,ℓ]) =

∞∑
m=0

hm(Aλℓ
/B[j,ℓ])ψ∗µj−j−m,

we apply Wick’s theorem to obtain
[β]⟨µ|λ⟩[α,β] = ⟨−ℓ|Qℓ · · ·Q1P1 · · ·Pℓ|−ℓ⟩

= det
[
⟨−ℓ|QjPi|−ℓ⟩

]ℓ
i,j=1

= det

 ∞∑
k,m=0

hm(Aλℓ
/B[j,ℓ])hk(B[i,ℓ]/A(λi,λℓ])

× ⟨−ℓ|ψ∗µj−j−mψλi−i+k|−ℓ⟩

]ℓ

i,j=1

= det
[ ∞∑

k=0
h−λi+µj+i−j−k(Aλℓ

/B[j,ℓ])hk(B[i,ℓ]/A(λi,λℓ])
]ℓ

i,j=1

= det
[
h−λi+µj+i−j(Aλi/B[j,i))

]ℓ
i,j=1

as desired. □

Lemma 3.7 implies that bµ
λ = 0 and Bλ

µ = 0 whenever µ ̸⊆ λ.

Theorem 3.10. We have

[α,β]⟨µ|λ⟩[α,β] = [α,β]⟨µ|λ⟩[α,β] = δλµ.

Proof. Lemma 3.7 implies that
[α,β]⟨µ| =

∑
ν⊆µ

[β]⟨ν|(b∗)µ
ν , [α,β]⟨µ| =

∑
µ⊆ν

[β]⟨ν|(B∗)µ
ν ,

by applying ∗. This with (3.8) implies that it is sufficient to show the claim when
either λ ⊆ µ for [α,β]⟨µ|λ⟩[α,β] or µ ⊆ λ for [α,β]⟨µ|λ⟩[α,β].
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We note that it is sufficient to show [α,β]⟨µ|λ⟩[α,β] = δλµ as the other equality is
formed by applying ∗. We can write the pairing using

Pi = e−H(Aλi−1)eH(Bi−1)ψλi−ie
−H(Bi−1)eH(Aλi−1) =

∞∑
k=0

hk(Bi−1/Aλi−1)ψλi−i−k,

Qj = e−H(Aµj
)eH(Bj−1)ψ∗µj−je

−H(Bj−1)eH(Aµj
) =

∞∑
m=0

hm(Aµj
/Bj−1)ψ∗µj−j+m,

and then we apply Wick’s theorem to obtain

[α,β]⟨µ|λ⟩[α,β] = ⟨−ℓ|Qℓ · · ·Q1P1 · · ·Pℓ|−ℓ⟩

= det
[
⟨−ℓ|QjPi|−ℓ⟩

]ℓ
i,j=1

= det
[ ∞∑

m=0
hλi−µj−i+j−m(Bi−1/Aλi−1)hm(Aµj

/Bj−1)
]ℓ

i,j=1

= det
[
hλi−µj−i+j((Aµj

⊔Bi−1)/(Aλi−1 ⊔Bj−1))
]ℓ

i,j=1.

Now we need to examine the matrix
(3.10) H =

[
hλi−µj−i+j(B[j,i)/A(µj ,λi))

]ℓ
i,j=1.

If i ⩽ j, then we have λi ⩾ λj ⩾ µj , and we set m = λi − µj − i+ j. Thus, we have
hm(B[j,i)/A(µj ,λi)) = (−1)mem(A(µj ,λi) ⊔B[i,j)),

which if i < j, this is equal to 0 since there are only λi −µj − 1 + j− i < m variables.
Thus, the matrix H is triangular, so the determinant is equal to the product of the
diagonal entries. Hence, the determinant equals δλµ as desired. □

Remark 3.11. Our proof is essentially the same as [12, Thm. 3.5] in the language
of free fermions. Note that the matrix H in (3.10) is the matrix of [12, Eq. (3.10)].
The Cauchy–Binet analog [12, Lemma 3.1] is being played by Wick’s theorem. The
reduction using [12, Lemma 2.7] can be given by the analog of (III) shown in the
proof [15, Thm 3.2] (with a similar proof), but as our proof indicates this step is not
necessary.

4. Grothendieck polynomials and algebraic formulas
In this section, we show our main result (Theorem 4.1, Corollary 4.3): the (skew)
(dual) canonical Grothendieck polynomials defined in [12] (we will drop the word
“refined” here for simplicity) can be given as matrix elements using the fermionic Fock
space. From this description, we give a number of algebraic identities as a consequence
of the fermionic Fock space.

4.1. Jacobi–Trudi formulas. We show our main result by applying Wick’s the-
orem and showing that the resulting determinants are equal to the Jacobi–Trudi
formulas from [12, Thm. 1.7].

Theorem 4.1 (Jacobi–Trudi formulas). For ℓ ⩾ ℓ(λ) and ℓ′ ⩾ λ1, we have
[[α,β]]⟨µ|eH(xn)|λ⟩[α,β] = C det

[
hλi−µj−i+j

(
xn//(A(µj ,λi] ⊔B[i,j])

)]ℓ
i,j=1

= C ′ det
[
eλ′

i
−µ′

j
−i+j

(
xn//(A(j,i) ⊔B(λ′

i
,µ′

j
])
)]ℓ′

i,j=1,

[α,β]⟨µ|eH(xn)|λ⟩[α,β] = C det
[
hλi−µj−i+j

(
xn//(A[µj ,λi] ⊔B[i,j))

)]ℓ
i,j=1

= C ′ det
[
eλ′

i
−µ′

j
−i+j

(
xn//(A[j,i) ⊔B(λ′

i
,µ′

j
))
)]ℓ′

i,j=1,
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[α,β]⟨µ|eH(xn)|λ⟩[α,β] = det
[
hλi−µj−i+j(xn ⊔A[λi,µj ] ⊔B[j,i))

]ℓ
i,j=1

= det
[
eλ′

i
−µ′

j
−i+j(xn ⊔A[i,j) ⊔B(µ′

j
,λ′

i
))
]ℓ′

i,j=1,

where

C =
ℓ∏

i=1

n∏
j=1

(1 − βixj), C ′ =
ℓ′∏

i=1

n∏
j=1

(1 + αixj)−1.

Proof. We first rewrite our matrix elements using Wick’s theorem in the following
form

⟨−ℓ|Qℓ · · ·Q1MeH(xn)M−1P1 · · ·Pℓ|−ℓ⟩ = CM det
(

⟨−ℓ|Qje
H(xn)Pi|−ℓ⟩

)ℓ

i,j=1
,

where MeH(xn)M−1 = CMeH(xn), for the h versions and similarly for the dual e
versions but using the vectors from Lemma 3.2. The rest of the proof is similar to the
computation for the proof of Theorem 3.10.

For [[α,β]]⟨µ|eH(xn)|λ⟩[α,β], we use M = eH∗(Bℓ) and

Pi = eH∗(Aλi
)eH∗(B[i,ℓ])ψλi−ie

−H∗(B[i,ℓ])e−H∗(Aλi
),

Qj = eH∗(Aµj
)eH∗(B(j,ℓ])ψ∗µj−je

−H∗(B(j,ℓ])e−H∗(Aµj
).

For [α,β]⟨µ|eH(xn)|λ⟩[α,β], we use M = eH∗(Bℓ) and

Pi = eH∗(Aλi
)eH∗(B[i,ℓ])ψλi−ie

−H∗(B[i,ℓ])e−H∗(Aλi
),

Qj = eH∗(Aµj −1)eH∗(B[j,ℓ])ψ∗µj−je
−H∗(B[j,ℓ])e−H∗(Aµj −1).

For [α,β]⟨µ|eH(xn)|λ⟩[α,β], we use M = eH(Bℓ) and

Pi = e−H(Aλi−1)e−H(B[i,ℓ])ψλi−ie
H(B[i,ℓ])eH(Aλi−1),

Qj = e−H(Aµj
)e−H(B(j,ℓ])ψ∗µj−je

H(B(j,ℓ])eH(Aµj
).

To compute CM , for Gλ/µ(xn; α,β) and Gλ//µ(xn; α,β) we use

(4.1) eH∗(Bℓ)eH(x)e−H∗(Bℓ) =
ℓ∏

j=1

∞∏
k=1

(1 − βjxk)eH(x),

and we use eH(Bℓ)eH(xn)e−H(Bℓ) = eH(xn) for gλ/µ(xn; α,β). □

Definition 4.2. We define the (skew) (refined) canonical Grothendieck functions as

Gλ/µ(xn; α,β) := [[α,β]]⟨µ|eH(xn)|λ⟩[α,β],(4.2a)

gλ/µ(xn; α,β) := [α,β]⟨µ|eH(xn)|λ⟩[α,β],(4.2b)

Gλ//µ(xn; α,β) := [α,β]⟨µ|eH(xn)|λ⟩[α,β].(4.2c)

Theorem 4.1 can be rephrased as follows.

Corollary 4.3. The symmetric functions Gλ/µ(xn; α,β) and gλ/µ(xn; α,β) are
equal to those in [12, Thm. 1.7].

Note that the middle two determinants in Theorem 4.1 do not appear in [12].
Equation (3.4) gives the refined analog of Gλ//µ(xn; 0,−1) in [3, Eq. (6.4)] and

Gλ//µ(x;α, β) in [39, Prop. 8.8], which is also the generalization of [14, Prop. 4.7]:

Gλ//µ(x; α,β) =
∑

ν

 ∏
(i,j)∈µ/ν

−(αi + βj)

Gλ/ν(x; α,β),
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where ν ⊆ µ is formed by removing some of the corners of µ. Subsequently, Equa-
tion (3.7) yields the generalization of [3, Eq. (7.4)] (which is related to the previous
formula by Möbius inversion):

Gλ/µ(x; α,β) =
∑
ν⊆µ

 ∏
(i,j)∈µ/ν

(αi + βj)

Gλ//ν(x; α,β).

We require the reformulations

Gλ//µ(x; α,β) = [α,β]⟨λ|eH∗(x)|µ⟩[α,β], gλ/µ(x; α,β) = [α,β]⟨λ|eH∗(x)|µ⟩[α,β],

by applying ∗ to our formulas in the sequel.
We can obtain a Jacobi–Trudi formula for ωGλ/µ(x; α,β) (Theorem 4.4) by ap-

plying ω to each entry of the matrix since ω is an algebra morphism. By a direct
comparison, we have the following.

Theorem 4.4 ([12, Thm. 1.8]). We have

ωGλ/µ(x; α,β) = Gλ′/µ′(x; β,α), ωgλ/µ(x; α,β) = gλ′/µ′(x; β,α).

We remark that Theorem 4.4 can be reformulated as

Gλ′/µ′(x; β,α) = [[α,β]]⟨µ|eJ(x)|λ⟩[α,β], gλ′/µ′(x; β,α) = [α,β]⟨µ|eJ(x)|λ⟩[α,β].

4.2. Skew Schur expansions. We obtain [12, Thm. 8.7, 8.8] by using the iden-
tity operator and Wick’s theorem. Like Remark 3.11, this is fundamentally the same
proof in the language of free fermions. However, we obtain slightly different formu-
las than [12, Thm. 8.2, 8.3] for Gλ/µ(x; α,β). We also have the similar result for
Gλ//µ(x; α,β), which has not been stated previously in the literature. In particular,
we compute the following matrix elements.

Theorem 4.5. Let ℓ ⩾ ℓ(λ). We have

Gλ/µ(x; α,β) =
∑

η⊆µ⊆λ⊆ν

Dµ
η (α,β)sν/η(x)Iν

λ(α,β),

Gλ′/µ′(x; α,β) =
∑

η⊆µ⊆λ⊆ν

D̃µ
η (α,β)sν′/η′(x)Ĩν

λ(α,β),

Gλ//µ(x; α,β) =
∑

η⊆µ⊆λ⊆ν

(E∗)µ
η (α,β)sν/η(x)Iν

λ(α,β),

Gλ′//µ′(x; α,β) =
∑

η⊆µ⊆λ⊆ν

(Ẽ∗)µ
η (α,β)sν′/η′(x)Ĩν

λ(α,β),

gλ/µ(x; α,β) =
∑

µ⊆η⊆ν⊆λ

(I∗)µ
η (α,β)sν/η(x)Eν

λ(α,β),

gλ′/µ′(x; α,β) =
∑

µ⊆η⊆ν⊆λ

(Ĩ∗)µ
η (α,β)sν′/η′(x)Ẽν

λ(α,β),
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where, for ℓ′ ⩾ ℓ(ν),

Iν
λ(α,β) = det

[
hνi−λj−i+j(Aλj

/Bj−1)
]ℓ′

i,j=1,

Ĩν
λ(α,β) = det

[
eνi−λj−i+j(Aj−1/Bλj )

]ℓ′

i,j=1,

Dµ
η (α,β) = det

[
hµi−ηj−i+j(Bi/Aµi

)
]ℓ

i,j=1,

D̃µ
η (α,β) = det

[
eµi−ηj−i+j(Bµi/Ai)

]ℓ′

i,j=1,

Eν
λ(α,β) = det

[
hλi−νj−i+j(Bi−1/Aλi−1)

]ℓ
i,j=1,

Ẽν
λ(α,β) = det

[
eλi−νj−i+j(Bλi−1/Ai−1)

]ℓ
i,j=1.

Proof. We begin by showing the first equation. We have

Gλ/µ(x; α,β) = [[α,β]]⟨µ|eH(x)|λ⟩[α,β] =
∑
η,ν

[[α,β]]⟨µ|η⟩⟨η|eH(x)|ν⟩⟨ν|λ⟩[α,β],

and we see that Dµ
η = [[α,β]]⟨µ|η⟩ and Iν

λ = ⟨ν|λ⟩[α,β] by Wick’s theorem, shown
similarly to the proof of Theorem 3.10. Recall that sν/η(x) = ⟨η|eH(x)|ν⟩, and the
claim holds for x = xm for any m.

For the second equation, the proof is similar to the first except we now need to
evaluate

Ĩν
λ = ⟨ν′|λ′⟩[α,β] = Iν′

λ′ , D̃µ
η = [[α,β]]⟨µ′|η′⟩ = Dµ′

η′ ,

in terms of the original shapes instead of the conjugate shapes. We use Lemma 3.2
and (2.4) when applying Wick’s theorem as before.

The remaining equations are similar to the first two. □

We remark that the first four expansions in Theorem 4.5 are infinite, whereas the
last two are finite.

We also have Eν
λ = ⟨ν|λ⟩[α,β] as a consequence of [15, Ex. 3.3] using Remark 3.4.

Note that this reduces to [12, Thm. 3.2, Cor. 3.3] when taking µ = ∅. Combina-
torial interpretations of the matrix elements Dµ

λ(α,β), Eµ
λ (α,β), and Iµ

λ (α,β) were
given in [12], thus making them (degree signed) Schur positive. In particular they are
polynomials in Z⩾0[±α,±β] for an appropriate choice of sign of ±α and ±β.

Let us comment on the similarity of Theorem 4.5 and [12, Thm. 8.2, 8.3]. In
our formula, if we take n variables (so using xn), we can restrict to the case when
ℓ(ν) ⩽ ℓ(λ) + n as otherwise sν/η(xn) = 0. However, in [12, Thm. 8.2, 8.3], they
restrict their all of their partitions to have length at most m, but they use “generalized
partitions” that allow negative parts and the have an extra overall factor that appears
in the Jacobi–Trudi formulas. By using a similar proof to [12, Thm. 8.2, 8.3], we can
obtain the analogous formulas

Gλ//µ(xn; α,β) =
m∏

i=1

n∏
j=1

(1 − βixj)
∑

η⊆µ⊆λ⊆ν

(E∗)µ
η (α,β)sν/η(x)Iν

λ(α,β),

Gλ′//µ′(xn; α,β) =
m∏

i=1

n∏
j=1

(1 + αixj)−1
∑

η⊆µ⊆λ⊆ν

(Ẽ∗)µ
η (α,β)sν′/η′(x)Ĩν

λ(α,β),

where η is allowed to have negative parts and ℓ(ν) ⩽ m.
We remark that we did not require Theorem 4.5 to obtain Theorem 4.4 unlike [12].
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4.3. Branching rules. We describe branching rules for the (dual) canonical
Grothendieck functions, which are formulas where we split the set of variables.
Specifically, we have the following new branching rules, which are refinements of
those in [39, Prop. 8.7, 8.8].

Proposition 4.6 (Branching rules). We have

Gλ/µ(x,y; α,β) =
∑
ν⊆λ

Gλ//ν(y; α,β)Gν/µ(x; α,β),

Gλ//µ(x,y; α,β) =
∑

µ⊆ν⊆λ

Gλ//ν(y; α,β)Gν//µ(x; α,β).

gλ/µ(x,y; α,β) =
∑

µ⊆ν⊆λ

gλ/ν(y; α,β)gν/µ(x; α,β).

Proof. The claim follows by inserting the identity operator

id =
∑

λ

|λ⟩[α,β] · [α,β]⟨λ|(4.3a)

=
∑

λ

|λ⟩[α,β] · [α,β]⟨λ|(4.3b)

in (4.2). □

The summation “
∑

ν⊆λ" cannot be replaced with “
∑

µ⊆ν⊆λ” in the first equa-
tion. Furthermore, µ ̸⊆ λ does not imply that Gλ/µ(x; α,β) = 0. We see that
Gλ//µ(x; α,β) = 0 whenever µ ̸⊆ λ and Gλ//λ(x; α,β) = 1 by Lemma 3.7 and Theo-
rem 3.10. However, Equation (3.4) implies that

0 = G(1)//(2)(x; α,β) = G(1)/(2)(x; α,β) − (α2 + β1)G(1)/(1)(x; α,β).

We can see from the Jacobi–Trudi formula that G(1)/(1)(x; α,β) = 1, and so

G(1)/(2)(x; α,β) = α2 + β1.

For general µ ̸⊆ λ, it is straightforward to derive

(4.4) Gλ/µ(x; α,β) =
∏

(i,j)∈µ/λ

(αi + βj) ·Gλ/(λ∩µ)(x; α,β)

from Equation (3.7) and Gλ//µ(x; α,β) = 0 (µ ̸⊆ λ). One may use (4.4) as an alter-
native definition of Gλ/µ(x; α,β) (µ ̸⊆ λ) extending [12, Def. 6.5] (which is assuming
µ ⊆ λ). The non-vanishing of Gλ/µ(x; α,β) when µ ̸⊆ λ is reflecting the fact that
the skew shape description for Gλ/µ(x; α,β) is not natural from the point of view of
branching rules.

4.4. Skew Cauchy identities. Our next identities are the skew Cauchy identities,
which are the refined canonical version of [40, Thm. 5.1] and [40, Cor. 6.3].
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Theorem 4.7 (Skew Cauchy formulas). We have

∑
λ

Gλ//µ(x; α,β)gλ/ν(y; α,β) =
∏
i,j

1
1 − xiyj

∑
η

Gν//η(x; α,β)gµ/η(y; α,β),

(4.5a)

∑
λ

Gλ′//µ′(x; β,α)gλ/ν(y; α,β) =
∏
i,j

(1 + xiyj)
∑

η

Gν′//η′(x; β,α)gµ/η(y; α,β),
(4.5b)

∑
λ

Gλ//µ(x; α,β)gλ′/ν′(y; β,α) =
∏
i,j

(1 + xiyj)
∑

η

Gν//η(x; α,β)gµ′/η′(y; β,α),
(4.5c)

∑
λ

Gλ′//µ′(x; β,α)gλ′/ν′(y; β,α) =
∏
i,j

1
1 − xiyj

∑
η

Gν′//η′(x; β,α)gµ′/η′(y; β,α).

(4.5d)

Proof. We show Equation (4.5a) as the remaining identities can be derived by ω-
involution on x and/or y or can be proved in the same manner. Equation (4.5a)
follows by evaluating

(4.6) [α,β]⟨µ|eH(x)eH∗(y)|ν⟩[α,β]

in two ways using the identity operator (4.3a).
First (4.6) can be evaluated using Corollary 4.3 with ∗ being applied to the dual

canonical formula:

(4.7)

[α,β]⟨µ|eH(x)eH∗(y)|ν⟩[α,β] =
∑

λ

[α,β]⟨µ|eH(x)|λ⟩[α,β] · [α,β]⟨λ|eH∗(y)|ν⟩[α,β]

=
∑

λ

Gλ//µ(x; α,β)gλ/ν(y; α,β).

Another way to evaluate is to first use

eH(x)eH∗(y) =
∏
i,j

1
1 − xiyj

eH∗(y)eH(x),

which follows from (2.1), to compute
[α,β]⟨µ|eH(x)eH∗(y)|ν⟩[α,β]

=
∏
i,j

1
1 − xiyj

[α,β]⟨µ|eH∗(y)eH(x)|ν⟩[α,β]

=
∏
i,j

1
1 − xiyj

∑
η

[α,β]⟨µ|eH∗(y)|η⟩[α,β] · [α,β]⟨η|eH(x)|ν⟩[α,β]

=
∏
i,j

1
1 − xiyj

∑
η

gµ/η(y; α,β)Gν//η(x; α,β).

Comparing this with (4.7) yields the result. □

4.5. Skew Pieri-type identities. We can also derive the refined canonical versions
of skew Pieri-type formulas [40, Thm. 7.10] using free fermions. (The skew Pieri-type
formulas can also be derived from the skew-Cauchy formulas by Warnaar’s general
argument [37] as explained in [40, Section 7]).
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Theorem 4.8 (Skew Pieri-type formulas).

∑
λ,η

Gλ//µ(x; α,β)Gν′//η′(−x; β,α)gλ/η(y; α,β) =
∏
i,j

1
1 − xiyj

gµ/ν(y; α,β),

(4.8a)

∑
λ,η

gλ/µ(x; α,β)gν′/η′(−x; β,α)Gλ//η(y; α,β) =
∏
i,j

1
1 − xiyj

Gµ//ν(y; α,β),

(4.8b)

∑
λ,η

Gλ′//µ′(x; β,α)Gν//η(−x; α,β)gλ/η(y; α,β) =
∏
i,j

(1 + xiyj)gµ/ν(y; α,β),
(4.8c)

∑
λ,η

gλ′/µ′(x; β,α)gν/η(−x; α,β)Gλ//η(y; α,β) =
∏
i,j

(1 + xiyj)Gµ//ν(y; α,β).
(4.8d)

Proof. (4.8a) can be derived by evaluating
[α,β]⟨µ|eH(x)eH∗(y)e−H(x)|ν⟩[α,β],

in two ways. One way of evaluation is

(4.9)

[α,β]⟨µ|eH(x)eH∗(y)e−H(x)|ν⟩[α,β]

=
∏
i,j

1
1 − xiyj

[α,β]⟨µ|eH∗(y)|ν⟩[α,β] =
∏
i,j

1
1 − xiyj

gµ/ν(y; α,β).

Another way of evaluation is to insert decomposition of the identity operator as
[α,β]⟨µ|eH(x)eH∗(y)e−H(x)|ν⟩[α,β]

=
∑
λ,η

[α,β]⟨µ|eH(x)|λ⟩[α,β] · [α,β]⟨λ|eH∗(y)|η⟩[α,β] · [α,β]⟨η|e−H(x)|ν⟩[α,β]

=
∑
λ,η

[α,β]⟨µ|eH(x)|λ⟩[α,β] · [α,β]⟨λ|eH∗(y)|η⟩[α,β] · [α,β]⟨η|eωH(−x)|ν⟩[α,β]

=
∑
λ,η

Gλ//µ(x; α,β)gλ/η(y; α,β)Gν′//η′(−x; β,α).
(4.10)

Equation (4.8a) follows from (4.9) and (4.10).
We can also derive (4.8b) in the same way by evaluating the matrix coefficient

[α,β]⟨µ|eH(x)eH∗(y)e−H(x)|ν⟩[α,β]. (4.8c) and (4.8d) can be derived in the same way
or follows from (4.8a) and (4.8b) by ω-involution on x respectively. □

4.6. Determinantal formulas. We show an additional determinantal formulas
for Gλ//µ(x; α,β) and Gλ/µ(x; α,β) by using their fermionic presentation. From [11,
Rem. 2.8], let Gk(x, β) be the single row β-Grothendieck polynomial, which is the
coefficient of zk in the generating function

G(z, β) :=
∑
k∈Z

Gk(x, β)zk = 1
1 − βz−1

∞∏
k=1

1 − βxk

1 − xkz
.

Remark 4.9. We must expand (1 − βz−1)−1 = 1 + βz−1 + · · · ∈ Z[β][[z−1]] and be
careful about the cancellations rather than rewriting it as the formal power series

z
z−β = −β−1z − β−2z2 + · · · as β may not be invertible. If we instead multiply by

z
z−β ∈ Z[β−1][[z]], then we have an extra term of −β−k in zk in the expansion.
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The following is proved in [14, Cor. 3.4]:

eH(x)eH∗(β)ψ(z)e−H∗(β)e−H(x) =
∞∏

k=1
(1 − βxk)−1G(z, β)ψ(z).(4.11)

Proposition 4.10. If ℓ > ℓ(λ), we have

Gλ/µ(x; α,β) = det
[ ∞∑

m=0

∞∑
k=0

(−1)kek(Aµj
⊔B(j,ℓ])hm−k(Aλi

⊔B(i,ℓ])

Gλi−µj−i+j+m(x, βi)
]ℓ

i,j=1

,

Gλ//µ(x; α,β) = det
[ ∞∑

m=0

µj−j+ℓ∑
k=0

(−1)kek(Aµj−1 ⊔B[j,ℓ])hm−k(Aλi
⊔B(i,ℓ])

Gλi−µj−i+j+m(x, βi)
]ℓ

i,j=1

.

Proof. This can be proved in the same way as discussed in [14, Sec. 4.1]. Let us show
the case for Gλ//µ(x; α,β). The case for Gλ/µ(x; α,β) can be proven in a similar way.

We introduce the following generating function for Gλ//µ(x; α,β)

Φ := Φ(z1, . . . , zℓ, w1, . . . , wℓ)(4.12)

= ⟨−ℓ|
←∏

1⩽j⩽ℓ

(
e−H∗(Bj−1/Aµj −1)ψ∗(wj)eH∗(Bj−1/Aµj −1)

)
eH(x)(4.13)

× e−H∗(Bℓ)
→∏

1⩽i⩽ℓ

(
eH∗(Aλi

⊔B[i,ℓ])ψ(zi)e−H∗(Aλi
⊔B[i,ℓ])

)
|−ℓ⟩,

whose coefficient of
∏ℓ

i=1 z
λi−i
i

∏ℓ
j=1 w

µj−j
j is Gλ//µ(x; α,β). We first rewrite Φ as

Φ = ⟨−ℓ|Qℓ(wℓ) · · ·Q2(w2)Q1(w1)eH∗(Bℓ)eH(x)e−H∗(Bℓ)P1(z1)P2(z2) · · ·Pℓ(zℓ)|−ℓ⟩,
(4.14)

where

Pi(zi) = eH∗(Aλi
⊔B[i,ℓ])ψ(zi)e−H∗(Aλi

⊔B[i,ℓ]),

Qj(wj) = eH∗(Aµj −1⊔B[j,ℓ])ψ∗(wj)e−H∗(Aµj −1⊔B[j,ℓ]).

Next, we use (4.1), e−H(x)|−ℓ⟩ = |−ℓ⟩ and Wick’s theorem to get the determinant
form

Φ =
ℓ∏

j=1

∞∏
k=1

(1 − βjxk) × ⟨−ℓ|Qℓ(wℓ) · · ·Q1(w1)

× (eH(x)P1(z1)e−H(x)) · · · (eH(x)Pℓ(zℓ)e−H(x))|−ℓ⟩,

=
ℓ∏

j=1

∞∏
k=1

(1 − βjxk) · det
[
⟨−ℓ|Qj(wj)eH(x)Pi(zi)e−H(x)|−ℓ⟩

]ℓ
i,j=1.(4.15)

Algebraic Combinatorics, Vol. 7 #1 (2024) 265



S. Iwao, K. Motegi & T. Scrimshaw

Substituting

eH(x)Pi(zi)e−H(x)

= eH∗(Aλi
⊔B(i,ℓ])

(
eH∗(βi)eH(x)ψ(zi)e−H(x)e−H∗(βi)

)
e−H∗(Aλi

⊔B(i,ℓ])

=
( ∞∑

m=0
hm(Aλi

⊔B(i,ℓ])z−m
i

) ∞∏
k=1

(1 − βixk)−1G(zi, βi)ψ(zi),

and
Qj(wj) = eH∗(Aµj −1⊔B[j,ℓ])ψ∗(wj)e−H∗(Aµj −1⊔B[j,ℓ])

=
( ∞∑

k=0
(−1)kek(Aµj−1 ⊔B[j,ℓ])wk

j

)
ψ∗(wj),

and

⟨−ℓ|ψ∗(wj)ψ(zi)|−ℓ⟩ =
∞∑

p=−ℓ

zp
i w

p
j ,

to (4.15), we obtain

Φ = det
[( ∞∑

k=0
(−1)kek(Aµj−1 ⊔B[j,ℓ])wk

j

)( ∞∑
m=0

hm(Aλi ⊔B(i,ℓ])z−m
i

)
(4.16)

× G(zi, βi)
∞∑

p=−ℓ

zp
i w

p
j

]ℓ

i,j=1

.

Extracting the coefficients of
∏ℓ

i=1 z
λi−i
i

∏ℓ
j=1 w

µj−j
j of both hand sides of (4.16) gives

the claimed determinant representation for Gλ//µ(x; α,β). □

Remark 4.11. The summation symbol “
∑µj−j+ℓ

k=0 ” in the determinant formula for
Gλ//µ(x; α,β) (Proposition 4.10) cannot be replaced with the summation “

∑∞
k=0” as

eµj−j+ℓ+1(Aµj−1 ⊔B[j,ℓ]) is not 0 if µj = 0. Compare to eµj−j+ℓ+1(Aµj ⊔B(j,ℓ]) = 0.

Proposition 4.10 roughly differs from the Jacobi–Trudi formulas by replacing hk(x)
with Gk(x;β). This yields a distinct formula since Gk(x;β) =

∑∞
a=0 β

ask1a(x) is a
sum over Schur functions with a hook shape (see, e.g. [25]).

4.7. Decomposition of one set of parameters. We can also provide an answer
to [39, Prob. 12.2] by using

gλ(x; α,β) = ⟨0|eH(x)|λ⟩[α,β] =
∑

µ

⟨0|eH(x)|µ⟩[β] · [β]⟨µ|λ⟩[α,β]

=
∑

µ

bµ
λ⟨0|eH(x)|µ⟩[β] =

∑
µ⊆λ

bµ
λgµ(x; β),

where gµ(x; β) := gµ(x; 0,β).

Corollary 4.12. We have bµ
λ ∈ Z⩾0[α,β].

Proof. Comparing (3.9b) and the flagged Jacobi–Trudi formula from [12, Thm 1.7]
and the corresponding known positivity formula yields the result. □

Remark 4.13. From the combinatorial description in [12], we can interpret bµ
λ as the

generating function of all flagged valued-set tableau of (skew) shape λ′/µ′ such that
the entries in row i is strictly less than i
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Example 4.14. We have

g222(x; α,β) = g222(x; β) + α1g221(x; β) + α1(α1 + β2)g211(x; β)
+ α1(α1 + β1)(α1 + β2)g111(x; β).

In particular, we note that the coefficient of g111(x; β) when specialized to α = α and
β = β is

α3 + 2α2β + αβ2,

which shows that [39, Prob. 12.2(b)] is answered in the negative.

Example 4.15. We can also answer [39, Prob. 12.2(c)] in the negative. Let λ = 54321
and µ = 51111, which are both self-conjugate partitions. Taking the specialization
α = α and β = β, we have

bµ
λ = bµ′

λ′ = α6 + 3α5β + 3α4β2 + α3β3,

which has a term of the form (αβ)k (a “free term” as defined in [39, Sec. 12]). This is
still answered in the negative even if both partitions are not self-conjugate. Consider
λ = 55533 = λ′ and µ = 53111, then we have

βµ
λ = 6α10 + 28α9β + 53α8β2 + 52α7β3 + 28α6β4 + 8α5β5 + α4β6,

βµ′

λ′ = 10α10 + 44α9β + 79α8β2 + 74α7β3 + 38α6β4 + 10α5β5 + α4β6.

Additionally, we have Gλ(x; α,β) =
∑

λ⊆µ B
µ
λGµ(x; β), where Gµ(x; β) :=

Gµ(x; 0,β).

Corollary 4.16. We have Bµ
λ ∈ Z⩾0[−α,−β].

Proof. Comparing (3.9c) and the flagged Jacobi–Trudi formula from [12, Thm 1.7]
after taking the transpose i ↔ j and X[m−λi+1,m] (in the notation of [12]), for some
fixed m with xm−i = αi, yields the equality. □

Remark 4.17. Similar to Remark 4.13, we can describe Bµ
λ as the generating function

of flagged plane partitions with the entries in row i being strictly less than λi.

A natural question would be to compare these flagged plane partitions with the
recording tableau from the uncrowding algorithm of [34, Def. 3.5]. However, we must
be careful about the signs, because while the signs in our formulas only depend on
the degree, they appear in opposite ways between the combinatorial definition of
Gλ(x;α, β) and the expansion coefficients Bµ

λ . Therefore, it is not possible to make
a combinatorial comparison between the two constructions. Compare this with [34,
Cor. 4.9], which is very close to our expansion formula from Corollary 4.16.

Example 4.18. We compute

G11(x; α,β) = G11(x; β) + α1G21(x; β) + α1β1G22(x; β) + · · ·
= s11 − α1s21 − (β1 + β2)s111

+ α2
1s31 + (α1β1 + α1β2)s2111 + (β2

1 + β1β2 + β2
2)s1111 + · · · .

In particular, the coefficient of s22(x) is 0, which comes from the cancellation of the
term in

G21(x; β) = s21 − β1s22 + · · · , G22(x; β) = s22 + · · · .

We could additionally compute similar expansion formulas for Gλ(x; α,β) into
Jµ(x; α) and for gλ(x; α,β) into jµ(x; α) with similar tableau formulas. We leave the
details for the interested reader.
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4.8. Integral formulas. The Jacobi–Trudi formulas given in Theorem 4.1 can be
converted to integral formulas.

Theorem 4.19. For ℓ(λ) ⩽ ℓ, we have

gλ/µ(xn; α,β)

(4.17a)

= det
[

1
2πi

∮
γr

∏λi−1
k=1 (1 + αkw)

∏j−1
k=1(1 − βkw)∏µj

k=1(1 + αkw)
∏i−1

k=1(1 − βkw)
∏n

m=1(1 − xmw)wλi−µj−i+j+1
dw

]ℓ

i,j=1

,

Gλ/µ(xn; α,β) =
ℓ∏

i=1

n∏
j=1

(1 − βixj)

(4.17b)

× det
[

1
2πi

∮
γ̃r

∏µj

k=1(1 + αkw
−1)

∏i−1
k=1(1 − βkw

−1)∏λi

k=1(1 + αkw−1)
∏j

k=1(1 − βkw−1)
∏n

m=1(1 − xmw)wλi−µj−i+j+1
dw

]ℓ

i,j=1

,

Gλ//µ(xn; α,β) =
ℓ∏

i=1

n∏
j=1

(1 − βixj)

(4.17c)

× det
[

1
2πi

∮
γ̃r

∏µj−1
k=1 (1 + αkw

−1)
∏i−1

k=1(1 − βkw
−1)∏λi

k=1(1 + αkw−1)
∏j−1

k=1(1 − βkw−1)
∏n

m=1(1 − xmw)wλi−µj−i+j+1
dw

]ℓ

i,j=1

,

where γr is a circle centered at the origin with radius r satisfying 0 < r <
∣∣x−1

m

∣∣
for m = 1, . . . , n and 0 < r <

∣∣α−1
1
∣∣ , ∣∣α−1

2
∣∣ , . . . , ∣∣β−1

1
∣∣ , ∣∣β−1

2
∣∣ , . . . and γ̃r is a circle

centered at the origin with radius r satisfying 0 < r <
∣∣x−1

m

∣∣ for m = 1, . . . , n and
r > |α1| , |α2| , . . . , |β1| , |β2| , . . ..

Proof. We prove (4.17a) as the other identities are proved similarly.
Let us express hλi−µj−i+j(xn ⊔A[λi,µj ] ⊔B[j,i)) in

gλ/µ(xn; α,β) = det
[
hλi−µj−i+j(xn ⊔A[λi,µj ] ⊔B[j,i))

]ℓ
i,j=1,

derived in Theorem 4.1 as integrals. Using hk(xn) = 0 for k < 0 and

(4.18) hk(xn) = 1
2πi

∮
γr

1∏n
m=1(1 − xmw)wk+1 dw,

where γr is a circle centered at the origin with radius r satisfying 0 < r < |x−1
m |,

m = 1, . . . , n, we have

hλi−µj−i+j(xn ⊔A[λi,µj ] ⊔B[j,i)) =
∞∑

k=0
hλi−µj−i+j−k(xn)hk(A[λi,µj ] ⊔B[j,i))

=
∞∑

k=0

1
2πi

∮
γr

hk(A[λi,µj ] ⊔B[j,i))∏n
m=1(1 − xmw)wλi−µj−i+j−k+1 dw

= 1
2πi

∮
γr

∑∞
k=0 hk(A[λi,µj ] ⊔B[j,i))wk∏n

m=1(1 − xmw)wλi−µj−i+j+1 dw.

One can also show the sum in the integrand above can be rewritten as
∞∑

k=0
hk(A[λi,µj ] ⊔B[j,i))wk =

∏λi−1
k=1 (1 + αkw)

∏j−1
k=1(1 − βkw)∏µj

k=1(1 + αkw)
∏i−1

k=1(1 − βkw)
.
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From the computations above, we have
hλi−µj−i+j(xn ⊔A[λi,µj ] ⊔B[j,i))

= 1
2πi

∮
γr

∏λi−1
k=1 (1 + αkw)

∏j−1
k=1(1 − βkw)∏µj

k=1(1 + αkw)
∏i−1

k=1(1 − βkw)
∏n

m=1(1 − xmw)wλi−µj−i+j+1
dw,

where we further impose r <
∣∣α−1

1
∣∣ , ∣∣α−1

2
∣∣ , . . . , ∣∣β−1

1
∣∣ , ∣∣β−1

2
∣∣ , . . ., so that the origin is

the only pole surrounded by the integration contour. Hence we get (4.17a). □

The other integral formulas below are proven similarly except using the dual
Jacobi–Trudi formulas and identities such as∑

k⩾0
ek(A[i,j) ⊔B(µ′

j
,λ′

i
))wk =

∏j−1
k=1(1 − αkw)

∏λ′
i−1

k=1 (1 + βkw)∏i−1
k=1(1 − αkw)

∏µ′
j

k=1(1 + βkw)
.

Theorem 4.20. For ℓ′ ⩾ λ1, we have

gλ/µ(xn; α,β) = det
[

1
2πi

∮
γr

∏j−1
k=1(1 − αkw)

∏λ′
i−1

k=1 (1 + βkw)
∏n

m=1(1 + xmw)∏i−1
k=1(1 − αkw)

∏µ′
j

k=1(1 + βkw)wλ′
i
−µ′

j
−i+j+1

dw

]ℓ′

i,j=1

,

(4.19a)

Gλ/µ(xn; α,β) =
ℓ′∏

i=1

n∏
j=1

(1 + αixj)−1

× det
[

1
2πi

∮
γ̃r

∏i−1
k=1(1 − αkw

−1)
∏µ′

j

k=1(1 + βkw
−1)

∏n
m=1(1 + xmw)∏j

k=1(1 − αkw−1)
∏λ′

i

k=1(1 + βkw−1)wλ′
i
−µ′

j
−i+j+1

dw

]ℓ′

i,j=1

,(4.19b)

Gλ//µ(xn; α,β) =
ℓ′∏

i=1

n∏
j=1

(1 + αixj)−1

× det
[

1
2πi

∮
γ̃r

∏i−1
k=1(1 − αkw

−1)
∏µ′

j−1
k=1 (1 + βkw

−1)
∏n

m=1(1 + xmw)∏j−1
k=1(1 − αkw−1)

∏λ′
i

k=1(1 + βkw−1)wλ′
i
−µ′

j
−i+j+1

dw

]ℓ′

i,j=1

,(4.19c)

where the contour γr, respectively the contour γ̃r, is a circle centered at the origin
with radius r satisfying 0 < r <

∣∣α−1
1
∣∣ , ∣∣α−1

2
∣∣ , . . . , ∣∣β−1

1
∣∣ , ∣∣β−1

2
∣∣ , . . ., respectively r >

|α1| , |α2| , . . . , |β1| , |β2| , . . ..

5. Free-fermion presentation of the flagged version
In this section, we give a free-fermion presentation of a special case of the flagged
version of canonical Grothendieck polynomials. We take as our definition the Jacobi–
Trudi determinant formula is derived in [12, Thm. 6.7].

Definition 5.1 ([12, Thm. 6.7]). If r = (r1, . . . , rℓ) and s = (s1, . . . , sℓ) are sequences
of positive integers satisfying ri ⩽ ri+1 and si ⩽ si+1 whenever µi < λi+1 for 1 ⩽ i ⩽
ℓ− 1, then define

G
row(r,s)
λ/µ (x; α,β) =

ℓ∏
i=1

si∏
k=ri

(1 − βixk) det
[
hλi−µj−i+j

(
x[rj ,si]//(A(µj ,λi] ⊔B[i,j])

)]ℓ
i,j=1.

(5.1)

We give a free-fermion presentation for Grow(r,s)
λ/µ for the case r1 = · · · = rℓ = 1 and

si ⩽ si+1 whenever µi < λi+1 for 1 ⩽ i ⩽ ℓ − 1. We first give another determinant
representation which is an extension of Proposition 4.10 to flagged version, following
the idea of [12, Section 6.3].
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Let G
[s/r]
k (x, β) be the flagged β-Grothendieck polynomial that is defined as a co-

efficient of the following generating function

G[s/r](z, β) :=
∑
k∈Z

G
[s/r]
k (x, β)zk = 1

1 − βz−1

s∏
k=r

1 − βxk

1 − xkz
.

Note that Remark 4.9 also applies here as well.

Proposition 5.2. If r1 = · · · = rℓ = 1 and si ⩽ si+1 whenever µi < λi+1 for
1 ⩽ i ⩽ ℓ− 1, then

G
row(1,s)
λ/µ (x; α,β) = det

[ ∞∑
m=0

hm(A(µj ,λi] ⊔B(i,j])G
[si/1]
λi−µj−i+j+m(x, βi)

]ℓ

i,j=1

.(5.2)

Proof. We show this by transforming (5.2) to (5.1). Using

G[s/r]
m (x, β) =

s∏
j=r

(1 − βxj)
∑
k⩾0

βkhm+k(x[r,s]),

the matrix elements in (5.2) can be rewritten as
∞∑

m=0
hm(A(µj ,λi] ⊔B(i,j])G

[si/1]
λi−µj−i+j+m(x, βi)

=
si∏

k=1
(1 − βixk)

∞∑
m=0

hm(A(µj ,λi] ⊔B(i,j])
∞∑

k=0
βk

i hλi−µj−i+j+m+k(x[1,si]).
(5.3)

Define t := m + k and reversing the order of the double sum, the right hand side
of (5.3) can be rewtitten as

si∏
k=1

(1 − βixk)
∞∑

t=0
hλi−µj−i+j+t(x[1,si])

t∑
m=0

hm(A(µj ,λi] ⊔B(i,j])βt−m
i

=
si∏

k=1
(1 − βixk)

∞∑
t=0

hλi−µj−i+j+t(x[1,si])
t∑

m=0
hm(A(µj ,λi] ⊔B(i,j])ht−m(βi)

=
si∏

k=1
(1 − βixk)hλi−µj−i+j

(
x[1,si]//(A(µj ,λi] ⊔B[i,j])

)
.

Hence

det
[ ∞∑

m=0
hm(A(µj ,λi] ⊔B(i,j])G

[si/1]
λi−µj−i+j+m(x, βi)

]ℓ

i,j=1

= det
[

si∏
k=1

(1 − βixk)hλi−µj−i+j

(
x[1,si]//(A(µj ,λi] ⊔B[i,j])

)]ℓ

i,j=1

=
ℓ∏

i=1

si∏
k=1

(1 − βixk) det
[
hλi−µj−i+j

(
x[1,si]//(A(µj ,λi] ⊔B[i,j])

)]ℓ
i,j=1

as desired. □
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Proposition 5.3. If r1 = · · · = rℓ = 1 and si ⩽ si+1 whenever µi < λi+1 for
1 ⩽ i ⩽ ℓ− 1, then

G
row(1,s)
λ/µ (x; α,β) =

ℓ∏
i=1

si∏
k=1

(1 − βixk)⟨−ℓ|Qℓ · · ·Q1

× (eH(x[1,s1])P1e
−H(x[1,s1])) · · · (eH(x[1,sℓ])Pℓe

−H(x[1,sℓ]))|−ℓ⟩,(5.4)

where

Pi = eH∗(Aλi
⊔B[i,ℓ])ψλi

e−H∗(Aλi
⊔B[i,ℓ]), Qj = eH∗(Aµj

⊔B(j,ℓ])ψ∗µj
e−H∗(Aµj

⊔B(j,ℓ]).

Proof. The idea of proof is essentially the same with the one in Proposition 4.10. We
consider the following generating function

Ψ :=
ℓ∏

i=1

si∏
k=1

(1 − βixk) × ⟨−ℓ|Qℓ(wℓ) · · ·Q1(w1)

× (eH(x[1,s1])P1(z1)e−H(x[1,s1])) · · · (eH(x[1,sℓ])Pℓ(zℓ)e−H(x[1,sℓ]))|−ℓ⟩,(5.5)

where

Pi(zi) = eH∗(Aλi
⊔B[i,ℓ])ψ(zi)e−H∗(Aλi

⊔B[i,ℓ]),

Qj(wj) = eH∗(Aµj
⊔B(j,ℓ])ψ∗(wj)e−H∗(Aµj

⊔B(j,ℓ]).

The coefficient of
∏ℓ

i=1 z
λi−i
i

∏ℓ
j=1 w

µj−j
j of Φ is the right hand side of (5.4) on one

hand. On the other hand, we show in the following that Φ is the generating func-
tion of the determinant in the right hand side of (5.2), which is the determinant
representation of Grow(1,s)

λ/µ (x; α,β).
First, using Wick’s Theorem, Ψ defined in (5.5) can be rewritten as

Ψ =
ℓ∏

i=1

si∏
k=1

(1 − βixk) · det
[
⟨−ℓ|Qj(wj)eH(x[1,si])Pi(zi)e−H(x[1,si])|−ℓ⟩

]ℓ

i,j=1
.(5.6)

Next, we substitute

eH(x[1,si])Pi(zi)e−H(x[1,si])

= eH∗(Aλi
⊔B(i,ℓ])

(
eH∗(βi)eH(x[1,si])ψ(zi)e−H(x[1,si])e−H∗(βi)

)
e−H∗(Aλi

⊔B(i,ℓ])

=
( ∞∑

m=0
hm(Aλi

⊔B(i,ℓ])z−m
i

)
si∏

k=1
(1 − βixk)−1G[si/1](zi, βi)ψ(zi),

Qj(wj) = eH∗(Aµj
⊔B(j,ℓ])ψ∗(wj)e−H∗(Aµj

⊔B(j,ℓ])

=
( ∞∑

k=0
(−1)kek(Aµj

⊔B(j,ℓ])wk
j

)
ψ∗(wj),

and

⟨−ℓ|ψ∗(wj)ψ(zi)|−ℓ⟩ =
∞∑

p=−ℓ

zp
i w

p
j ,
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into (5.6) to get

Ψ = det
[( ∞∑

k=0
(−1)kek(Aµj

⊔B(j,ℓ])wk
j

)( ∞∑
m=0

hm(Aλi
⊔B(i,ℓ])z−m

i

)
(5.7)

G[si/1](zi, βi)
∞∑

p=−ℓ

zp
i w

p
j

]ℓ

i,j=1

.

Extracting the coefficients of
∏ℓ

i=1 z
λi−i
i

∏ℓ
j=1 w

µj−j
j of both hand sides of (5.7) gives

ℓ∏
i=1

si∏
k=1

(1 − βixk)⟨−ℓ|Qℓ · · ·Q1

× (eH(x[1,s1])P1e
−H(x[1,s1])) · · · (eH(x[1,sℓ])Pℓe

−H(x[1,sℓ]))|−ℓ⟩

= det
[ ∞∑

m=0

∞∑
k=0

(−1)kek(Aµj
⊔B(j,ℓ])hm−k(Aλi

⊔B(i,ℓ])G
[si/1]
λi−µj−i+j+m(x, βi)

]ℓ

i,j=1

= G
row(1,s)
λ/µ (x; α,β),

where the determinants agree by the basic properties of supersymmetric functions. □
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