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Free fermions and canonical Grothendieck

polynomials

Shinsuke Iwao, Kohei Motegi & Travis Scrimshaw

ABSTRACT We give a presentation of refined (dual) canonical Grothendieck polynomials and
their skew versions using free fermions. Using this, we derive a number of identities, including
the skew Cauchy identities, branching rules, expansion formulas, and integral formulas.

1. INTRODUCTION

The (symmetric) Grothendieck functions G (x;3), where A is a partition inside a
k x (n — k) rectangle, are symmetric functions used to study the K-theory of the
Grassmannian, the set of k-dimensional subspaces in C”, arising from the work of
Lascoux and Schiitzenberger [23, 24] with the 8 parameter introduced by Fomin and
Kirillov [7]. (Strictly speaking, they live in a completion of the ring of symmetric
functions, but this distinction is insignificant for our purposes.) Many formulas are
known for Grothendieck functions, such as a ratio of alternants [24, Eq. (1.8)] (see
also [25, Eq. (2.3)]) and a sum over combinatorial objects [3]. An important property is
that G (x; §) is equal to s (x), the classical Schur function, plus higher degree terms,
which was first given explicitly by Lenart [25]. As such, they form a basis for (a
completion of) A and we can form the dual basis {gx(x; )} under the (continuously
extended) Hall inner product (sx,s,) = 0x,. We can also apply the involution w,
which acts by wsy = sy with )’ the conjugate shape, to each basis, which produces
new bases that are called the weak versions. These other bases were first studied by
Lam and Pylyavskyy [26], where they were given combinatorial descriptions.
Galashin, Grinberg, and Liu [8] refined the parameter 3 into a sequence of pa-
rameters 8 = (01, f2,...) that record additional combinatorial information for the
dual Grothendieck functions. The refined dual Grothendieck functions gy /,(x; 8) have
been used to describe properties of a last-passage percolation model in probability
theory [33], which is a refinement of [41]. The refined version of Grothendieck func-
tions G/, (x; B) were introduced in [4] with applications to Brill-Noether varieties
from algebraic geometry. In a separate direction, Yeliussizov introduced the canoni-
cal Grothendieck functions G (x;a, 8) in [39] being inspired by canonical bases for
Hecke algebras (more commonly known as Kazhdan-Lusztig bases) using w as the
defining involution. These specialize to the usual Grothendiecks at o = 0 and the
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weak Grothendiecks at 5 = 0, and similarly for the dual versions. These generaliza-
tions were combined into the refined canonical Grothendieck functions G (x;a, 8)
and their dual version gy (x;a,8) by Hwang et al. [12] (they go even further and
define flagged versions). They proved Jacobi-Trudi formulas that specialize to other
known formulas [2, 20, 21, 33, 39] and the refined version of Yeliussizov’s symmetry

(11) WGA/M(Xaaaﬁ) :G)\///J//(X;B7a)7 w.g)\/u(xvaaﬁ) :g)\//u’(x;lgva)'
For simplicity, from this point onward, we will drop the adjective “refined” in the
nomenclature.

Our main result (Theorem 4.1, Corollary 4.3) in this paper is a description of the
canonial Grothendieck functions and their duals using the boson-fermion correspon-
dence (see, e.g. [1, 5, 18, 19]). In more detail, a certain infinite wedge space known as
(fermionic) Fock space F has an action of the infinite dimensional Heisenberg alge-
bra (a bosonic action) that we use to construct half-vertex operators e in terms
of a Hamiltonian using the power sum symmetric functions. However, Fock space F
is also a Clifford algebra representation (which is where the fermionic name comes
from), so we can express our half-vertex operators as an action of the Clifford algebra.
This correspondence allows us to write determinant formulas for the pairing of certain
vectors and half-vertex operators by Wick’s theorem. We define a new basis |A)©#]
of a certain subspace F° of Fock space and its dual basis [*8l()\| (under the natural
pairing) in Theorem 3.10 by generalizing the first author’s previous work [13, 14, 15].
By the natural Clifford algebra involution, we also have another orthonormal basis
|A)ja,8) and its dual [ g](A|. Then taking the Jacobi-Trudi formulas of [12] as our
definition of the skew (dual) canonical Grothendieck functions, we show the matrix
elements

G (i v, B) = = (M9 e,

where G, (x; o, B) is the refined version of the corresponding functions of [3, 39],
and

I/ (%5 0 B) = a1 (1l ),
(Theorem 4.1, Corollary 4.3). We also introduce modified vectors 1®8l(y| so that

Goyu(xia, B) = 1Bl (1] HOI| Ny [Pl

Using our free-fermion description, we obtain a number of additional results. We
give a new simple proof the symmetries (1.1) in Theorem 4.4 and the Schur expan-
sion formulas for gy ,,(x; o, 8) (Theorem 4.5) from [12, Thm. 8.7, 8.8]. We also have
expansion formulas for G/, (x; ¢, B), which are similar to but slightly different from
those in [12, Thm. 8.2, 8.3], and G, (x; a, 8). A number of other results are gener-
alized, such as branching rules [39, Prop. 8.7,8.8] (Proposition 4.6), the skew Cauchy
identities [40, Thm. 5.1,Cor. 6.3] (Theorem 4.7), the skew Pieri-type identities [40,
Thm. 7.10] (Theorem 4.8), the formula in [11, Rem. 2.8] (Proposition 4.10), and in-
tegral formulas in [33, Prop. 4.28] (Theorems 4.19 and 4.20). We show determinant
formulas for the expansions of G (x; a, 8) into G, (x;0, 8) and similarly for the dual
and give combinatorial descriptions of the coefficients, which allows us to answer [39,
Prob. 12.2] in the negative (Section 4.7). Our last result is a free-fermionic presentation
for a special case of the flagged canonical Grothendieck functions in Proposition 5.3
with a flagged version of Proposition 4.10, which is a canonical version of [29, Thm. 4].

Let us briefly digress to discuss vertex models as there is a well-known relationship
with free fermions; see, e.g. [10] and references therein. There is a vertex model known
for Grothendieck functions [31, 32, 38, 42]. However, this lattice model is not at the
free-fermion point (a condition on the weights), so we cannot go between the two
descriptions. This extends to the recent work of Gunna and Zinn-Justin [9], where they
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gave a vertex model for canonical Grothendieck functions, and we cannot establish a
direct relationship with our results.

This is also the first in a series of papers where we study the relationship between
Grothendieck functions and stochastic processes. In our next paper [17], we will use
our free-fermion presentation to study the four variants of the totally asymmetric
simple exclusion process (TASEP) studied by Dieker and Warren in [6]. Indeed, we
can already see that appropriate specializations of the Jacobi—Trudi formulas are
precisely, up to a simple overall factor, the transition kernels in [6], which was first
noticed in [33]. In particular, we will extend the noncommutative operators given
in [13, 14] to the refined settings and show these encode the dynamics of the particle
motions. In [16], we will show that we can recover the combinatorial description of
canonical Grothendieck functions and their duals by using branching rules to reduce
the computation to a single variable, which requires more technical analysis.

This paper is organized as follows. In Section 2, we give some background on super-
symmetric functions and the boson-fermion correspondence. In Section 3, we describe
new vectors in fermionic Fock space and prove a number of properties. In Section 4,
we prove our main results and identities. In Section 5, we give a free-fermionic pre-
sentation of a special case of the flagged canonical Grothendieck functions.

2. BACKGROUND

Let A = (A1, A2, ..., A¢) be a partition, a weakly decreasing finite sequence of positive
integers. We denote the set of all partitions by P. We draw the Young diagrams of our
partitions using English convention. We will often extend partitions with additional
entries at the end being 0, and let £(\) denote the largest index ¢ such that Ay > 0.
Let ) denote the conjugate partition. We often write our partitions as words. A hook
is a partition A of the form al™ = (a,1,...,1) with 1 appears m times, where the
arm is a — 1 and the leg is m.

Let x = (x1,x9,...) denote a countably infinite sequence of indeterminates. We
will often set all but finitely many of the indeterminates x to 0, which we denote
as X, := (x1,...,25,0,0,...). We make similar definitions for another sequence of
indeterminates y = (y1, y2, . . .). We also require infinite sequences of parameters o =
(a1,9,...), and B = (B1, Ba2,...), which we often treat as indeterminates.

2.1. SUPERSYMMETRIC FUNCTIONS. We set some additional standard notation from
symmetric function theory. Let

oo
em(X) = Z Xy T, hm(X) = Z Ty T, pm(X) :szn7
1<l 115 S i=1

denote the elementary, homogeneous, and power sum, respectively. For A € P, we
set ex(x) = ex, -+ €ex,, ha(x) = hx, -+ hy,, and pa(X) = pa, ---Da,- Let Ag be the
algebra of symmetric functions over Q. It is known that

Ag = Q[h1(x), he(x),...] = Qle1(x), ea(x), . ..] = Q[p1(x), p2(x), .. .].

We can define the polynomials Ey(p1,p2,--.), Hx(p1,p2,--.), Sx(p1,p2,...) with co-
efficients in Q by the equations

E,.(p1(x), P2
Hy,(p1(x), pa(

LN
1
7;3 ‘Rm
KoX
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Now we recall some particular supersymmetric functions; we refer the reader to [28,
Ch. I] for more details. We define the supersymmetric elementary, homogeneous, power
sum, and Schur functions as

m(x/y) = (-1 (hm-i(y),  hm(x/y) :Z )" Fh () em—r(y);

k=0

Pm(X/y) = (%) = pm(y),  sx(x/y) =D (=D ls, (x) s (y)-

When y = 0, that is we have set all of the y indeterminates to 0, we have f(x/y) =
f(x) for any supersymmetric function f.

From [28, Sec. L.5.Ex. 23], sy/,(x/y) = (—1)MElsy iy /x) = sx /e (=y/—x),
and we can consider the supersymmetric Schur functions as the sum over bitableaux
of shape A, which are fillings of A by elements in the totally ordered set

{1<2<3<---<l'<2<3 <}

such that rows and columns weakly increase and no primed (resp. unprimed) letter is
repeated in the same row (resp. column). Therefore, we have

sx(x/y) = le a2 ()T ()T

and have a natural definition of the supersymmetric skew Schur function sy,,(x/y)
analogous to the skew Schur function sy (x).

The supersymmetric functions can also be described in terms of plethystic substi-
tution. While we will not give a detailed account, we will briefly review the relevant
descriptions for understanding the results in [12] and refer the reader to [27] and [28,
Ch. I] for a more detailed description. Let X = z1+xzo+--- and Y = y3+y2+---. For
a symmetric function f, we define f[X] = f(21,29,...),and if Z = 21+ 29+ - - + 2,
then we have f[Z] = f(z1,22,...,%n,0,0,...). We also can define

h[X = Y] =hm(x/y),  em[X —Y]=en(x/y),  pn[X —Y]=pn(x/y).

As a consequence, we have that h,,[-Y] = (=1)"en(y) and ey, [-Y] = (=1)"hp(y)-
Furthermore, we have

hn (xUX)/(yUy") = hm[X + X' =Y =Y = > ha(x/y)hs(x'/¥'),
a+b=m

em((xUX)/(yUY)) =em X + X' =Y =Y']= > eax/y)es(x'/y"),
a+b=m

which are well-known identities (see, e.g. [12, Prop. 2.1]). Next, we recall the notation
given in [12, Def. 2.4]:

hmX©Y]i= ) hal emXOY]i= > eqX]es[Y].

a—b=m a—b=m

We note that these can have infinite nonzero terms and be nonzero even when m is
negative.

In order to avoid confusion with the plethystic negative and negating the variables,
we will not use plethystic notation, and instead write hy,(x/y) := h,[X © Y] and
em(xX)y) i=en|X ©Y].

Algebraic Combinatorics, Vol. 7 #1 (2024) 248



Canonical free fermions

2.2. FREE FERMIONS AND WICK’S THEOREM. We describe free fermions and Wick’s
theorem here.

Let k be a field of characteristic 0. The (k-)algebra of free fermions A is the asso-
ciative unital k-algebra generated by {1y, ¥} | n € Z} subject to the anti-commuting
relations

wmﬂ}n + d’nﬂ}m = 1/’:;#’: + 1/}:w;kn = 07 wm¢: + d):ﬂ/)m = 5m,n~
This is the Clifford algebra that often appears in mathematical physics for the vector
space with a basis indexed by Z LI Z. There exists an anti-algebra involution on A
defined by %, <> ¥ satisfying (zy)* = y*z* for any z,y € A.
We define (fermionic) Fock space F as the subspace of A° V', where V =
with the basis

icz Kvi,
{vi, Nvig A-++ | i1 > i > -+, i, = —k+m for sufficiently large k and some m € Z}.
We make F into a left A-representation generated by the vacuum vector
0y =v_1 Av_g Av_g A---
with the action of A given by
Y (Vg AV Avov ) =0 A0y AUy Aee e

(=D)F Yoy Ao Avg Ay Ao i Fk st =,
0 otherwise,

¢Z(Uz‘1/\viz/\"'):{

and extended linearly. We can see that F satisfies the relations
¥r|0) =47 |0) =0, n<0, mz>=0,
and the basis can be described by the vectors

Ynatng * Pn, Wi, Uy - Ui,

We refer the reader to [19, Sec. 5] and [30, Sec. 4] for more information.

In the language of Clifford algebras, Fock space is a spinor representation of 4. The
basis elements of Fock space corresponds to a single (semi-infinite) wedge product of
basis vectors v;, Av;, A---. We can consider such basis elements as being a state in
a system of particles on a line with particles at positions i1, i3, and so on. Thus, the
vacuum vector corresponds to the state where all of the particles are to the left of
the position —1/2, which is called the step initial condition in the asymmetric simple
exclusion process (ASEP) or the Dirac sea in the mathematical physics literature.

We can similarly define the dual Fock space F* as the right A-representation
generated by the (dual) vacuum vector

O>’ (7”78207711>"'nr20>ms>~~>m1).

<O| =---ANV_3ANV_2ANV_1
with the action of A given by
(—DF L Ay, Avg A Ay, if 3k st i = n,
e AN Vi NV — +1 k—1 1
¥n iz A\ Vi) {O otherwise,

Yr (o ANy Ay) =+ A0y Ay A Up.

We can see that the roles of ¢; and 97 have been reversed compared to F (albeit with
the indices trivially shifted by one for their action on the wedge space). Therefore,
dual Fock space F* satisfies the relations

{0lthm = (Ol¢py, =0, n<0, mz=0,
has a basis given by

<0|¢m3 "'l[}mﬂ/}mld):r ) "1/122%/1:117 (T75 z20n > n.20>mg > > m1)7
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and has an isomorphism *: F — F* given by X|0) — (0|X*. This isomorphism
encodes the particle-hole duality of Fock space, as the role the indices i; give the
positions of the locations without a particle. We will also use the shifted vacuum
vectors

) = {wm_l ~-3ol0) ifm >0, (] = {<0|w:; U ifm >0,
Wi E|0) i m <O, O)p_1 -+ tpy,  ifm <O.
The vacuum expectation value is the unique k-bilinear map
F o F =k, (w]|®k[v)— (w]v) satisfying (0[0) =1, ((w|X)|v) = (w|(X|v)),
for all X € A. Note the relation (w|X|v) = (v*|X*|w*), where |[v*) = ((v])* and (w*| =
(Jw))*. We use the abbreviation (X) = (0|X|0). To compute vacuum expectation

values, we use Wick’s theorem.

THEOREM 2.1 (Wick’s theorem [30]). For any r € Z~o, and for any finite subsets
{my,...,m.},{n1,...,n.} CZ, we have

T

er te wmﬂ/}:l e ¢;T> = det[<wm1w1>;]>] ij=1"
Next, we define the current operators as
a = Z Pk
i€Z
where :e: denotes the normal ordering of free fermions, which only is important for
when k = 0 (see, e.g. [1, Sec. 2] and [30, Sec. 5.2]):

i} if 1 <0,
’(/)Z,(/Jz+k T ep -
=7 e ifi>0.

We have aj, = a_j. The current operators define the infinite dimensional Heisenberg
algebra, which means they satisfy the relations

(2.1) [@m, ak) = MO,k
They also satisfy the additional relations
[a'mv '(/Jk] = wk—ma [ama 1#/:} = _’L/);;-i-m‘

(See, e.g. [30, Sec. 5.3] for proofs of these relations.)
Next, we define the Hamiltonian operator and its supersymmetric analog

y= P, 10x/y) =3 PO oy i) ).

k>0 k>0

Note that —H(x/y) = H(y/x). It can be seen the corresponding half-vertex operators
satisfy the relations [15, Eq. (17), Eq. (18)]

(2.2a) eHO/Y) e~ H/Y) — Zhi(x/}’)djk—ia

(2.2b) SO O = Zh (/¥) i 115
which are finite if and only if x = @ and ﬁnltely many y are nonzero, For partitions
A and p such that £(N), €(u) < ¢, we define vectors

(= (g, —2¥h, 1, [A) = Ya, —1¥xa,—2 - - - U] —L).
We remark that
A, 0) =[A), (1, 0] = (pl,
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where |\, 0) means |(A1, ..., Az 0)) for A = (A1,..., \), and so we can unambiguously
consider (-|: k[P] — F* and |-): k[P] — F as embeddings of algebras. From Wick’s
theorem and (2.2a), we have the following well-known result of free-fermion descrip-
tion of Schur functions, presented here with a plethystic substitution (see, e.g. [15,
Thm. 2.3]).

THEOREM 2.2. Let X be a partition such that £(\) < € and p C A. Then we have

sx/u(x/y) = (ple" CN\) = det[hy, - uj—zﬂ(X/Y)]” r
REMARK 2.3. The subspace
FO={v, Avig A+ iy > g > - = —k for sufficiently large k} C F

is isomorphic to A through the linear map .7-"0 — A that sends |v) to (0]e”™)|v).
In particular, the set {|\)}, forms a basis of FY since {sx(x)}, forms a basis of
A. Theorem 2.2 implies that the linear map m, : F° — F% |v) — |u) - ((ufv))
forms a family of projections such that idzo = > 7. Symbolically, we will write

id=3,[u - (ul
In the sequel, we will use generating functions of the fermionic operators

z) = an2n7 Vi(z) = Zw;;z"

nez neZ

neP

Note that our convention for ¢*(z) might differ some some places in the literature by

z=w"N

2.3. DUAL AND TRANSPOSE HAMILTONIAN OPERATORS. In the sequel, we will use
other variations of the Hamiltonian operator. We first define the (formal) dual Hamil-

tonian operator
* pn(x/y
H*(x/y) := x/y E n / ey

n>0
Dual to the usual Hamiltonian operator, by applying * to (2.2) we have

(2.3a) e X/Y)w*eH x/y) = Zh (x/y)v5_;,
(2.3b) B0 e 2 3 ey W
i=0

where the expansion is finite if and only if only finitely many x are nonzero and y = &.
To encode the action of w, we use the transposed Hamiltonian operator, which is
denoted by

Jxfy) = wH(xfy) = 30 ) o Syt B o ey,
k>0 k>0
Indeed, we have

<N|6.](x/)’)|/\> — <u|weH("/‘V)|)\> — <’u|e*H(7x/7y)‘)\>

= wsx/u(X/y) = sxyw (X/y) = sx/u(=y/—x).
We can realize this more fundamentally using free fermions by realizing the 01-
sequence of ) is equal to that of A in reverse and interchanging 0 < 1, and so

(2.4a) V) = (=D)Myr iy, iy, 10),
(2-4b) <Nl‘ = (_l)lﬂl<€|¢€—1—;tewé—2—uzf1 "'w—ulv
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(cf. [1, Prop. 2.1]). Theorem 2.2 states sy, (x/y) = (u/[e*/¥Y)|X), but by using
these alternate descriptions and Wick’s theorem, we can obtain the dual Jacobi—
Trudi formula for (—1)*#ls,, /w(x/y). This is also the same determinant formula
from (ule’ */¥)|\) by Wick’s theorem, which yields the nontrivial relation

(e <) = (oA ).

Hence, this identity is equivalent to sy, (x/y) = (=1)M#lsy/ /. (y/x).
We also require the following expansions for a single variable ~:

(2.5) e = ZHi(al,ag,...)’yi, ! = ZEi(al,ag,...)'yi.

i=0 i=0
As a consequence, we have [e? (V) a;] = [¢/) ay] = 0 for all k > 0 and [e"() a_;] =
yReH (),

In order to make the indexing match the usual covariant and contravariant index-
ing, for a matrix M = [M{] uep, we will denote M* = [(M*)} := (M{)*],,xep- This
agrees with thinking of * as the transpose conjugate and the * duality operator.

3. CANONICAL FREE FERMIONS

In this section, we give an orthonormal basis for the space F° that generalizes the
one given in [14] and is a special case of the vectors in [15]. For finitely many (non-

commutative) expressions @1, ..., d,, we will use the notation
— —
I[ @ =@®,-- @, I @ = 20,
1<i<e 1<i<e

to indicate the order of multiplication.

3.1. o, B-DEFORMED VECTORS AND THEIR DUAL VECTORS. We will now fix sets
Ai = {—()(1,...,—0@‘}, Bz = {617...,61'} for 4 > 1, and Ai = Bz = @ for i < 0. For
1 < j, we write A[%]] = AJ N Ai—h A[z,j) = A[i,j—l]a and A(%J] = A[i-i—l,j]' It will be
convenient to write A ;) = @/A[; ;) and A(; ;) = /A4, which admit the formulas

H(Ap ) + H(A ) = H(Ajg), H(Au ) +H(AGr) = H(AqR)

for arbitrary 4,7,k € Z. If 1 < i < j, we have A}; 5 = {—a;, —iq1,...,—a;}. We
make the analogous definition for By; ;) and By; ; using B;.
Let 0 = (01,09,...,0¢) € Zéo. We will use the vectors
—
|>‘>ﬁx,ﬁ] — H (efH(Aai_1)¢Ai_ieH(ﬁi)eH(Aai_1)> |—0)
1<ige
and
N
NeA = T] (eH*(A‘”)wxrie_H*(ﬁi)e_H*(Adi)) el (Ao |—p).
1<ige
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One can check that these expressions are equivalent to the following equations:

N
|)‘>ﬁ17ﬁ] = ¢ HlAn-1) H (wAi—ieH(ﬁi)e_H(A[”’”“))) |—¢)
1<i<l

(eH(Biil/Aaiil)w)\ifie_H(Biil/Aaiil)) |_€>7

S

1<i<t
—
P I | (eH*<B[i,a/Am,,,z])wi_iefH*(B[i,e]/Am,m)) —0),
1<i<e
where the second equality is obtained by using e”(B¢)|—¢) = |—£). In most cases, we

will assume o, = 0, where we have efl"(Ao0) = 1 and

B WA = e T (B gy e ) )

1<i<t
We will frequently take o = A, so we will simply write |A)[q g = |)\)[a g and
|\ Bl = |)\)[)\a’m. In the case a = 0, we will simply write [A)(g) := [A){; 5, and

A8 = |,\>§)’ﬂ] (note these are independent of o), which were introduced in [14, 15].
We also define dual vectors (o g] (Ao := (|)\>([,a’ﬁ])* and [@Bl(\|7 .= (M) {a,py)"> and we
use similar shorthands as above such as (o g](A| := [a,g](A[x. We will justify calling
these dual vectors below in Theorem 3.10.

In the sequel, we also require the additional vector

‘ul — £| H ( B/Aul)w;i_ieH*(Bi/A“i)>.
1<ie

[[aﬁ

LeEMMA 3.1. The vectors [A), g, |)\>([;l’ﬂ], and 1Bl (| are well-defined; that is

A 0ap = Wiy 0,00 =[x ol el of = Ay,
where ¢ = (01,...,00,0041) and @ = (01,...,00,0041,0041)-

Proof. For the vectors [\, 5 and (Bl (p|, the claim follows from the fact that
e(|—¢) = |—£) by applying the expansion (2.5) of (") and using a;|—¢) = 0 for
all ¢ > 0. For the vector |)\)£f"m, this is [15, Lemma 4.6]. O

Next, we give an analog of (2.4), which will be useful for writing formulas in terms of
conjugate shapes. In particular, this will be important in giving a new (free-fermionic)
proof of Theorem 4.4.

LEMMA 3.2. Let ¢ > A1, 1. Then we have

—
NV o = (—1)P H (e (Bar/Aimyr H(Bki—l/Ai—l)) 10),
1<i<t
|)\’>[a7ﬁ] (- )|)\| H*(A¢/Bx,) H ( By, ) /AG, tz])w _ _H*(B[)\i,)\g]/A(i,l])) 10,
1<i<t
+—
sl ) = (—1)Pe) T (eH*ww/Ai)%_l_H_efH*(BM/An) ,
1<t
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Proof. We only show the claim for [\')(4,g] as the proofs for [X)[®A] and [*All()//| are
similar. It is sufficient to consider ¢ > max(A;, £(A)) by Lemma 3.1. Let X; be a finite
set of indeterminates. To prove the proposition, we use the following commutation
relation, which holds for j; > ja > -+ > j,, > k and | X;| < ji — jit1:

(3.2)

P,V HX2) L HXmo1)qy, gt —

(1™ (eH(Xlu..-uXm—l),l/]kefH(Xll_l-nUXm—l)) ¢j1@H(X1)wj26H(X2) o 6H(Xm71)¢jm-
Equation (3.2) follows from e~ H(XitUXm-1)y,. oH(X1)y, oH(X2) . oH(Xm-1)y), g
a linear combination of 1; with j1 = j > j.

For a partition A and the transpose X', we put I = {\; — 1, Ay —2,..., )\, — £} and
I"={-N,1-X,,...,0 —1—\,}. They satisfy TUI* ={¢—1,0—2,...,—(}. Let

Xi={Bi,an—1,ax-2,-- s F =B} /A
\pm = 1p)q—1eH(Xl)'(/)/\2—261—1()(2) T eH(Xm_l),(/J/\m—m’

Pn(k) = eH(Bm—l/Axm—ﬂwzefH(Bm—l/AAm—l).

Assume k < A, —m. We can calculate the vector U,,|k) depending on whether k € T
or k€ I*. Itk € I, we have k = \,, —m and U, |k) = U,,, e Xm-1)ypy k) =
U,,—1|k + 1); otherwise, we have k < A,;, —m and

Wolk) = Wil + 1) = (=1)™ (7D Py (R)e 000 ) W [k 4+ 1)
from (3.2). Summarizing, we obtain the equation

e HAN DT,k +1) (kel

3.3 _H(Ahil)\llm k) = ’
( ) e | > (_l)mpm(k)efH(Axl—l)\I/mw + ]_> (k S I*)

Note that, if k € I* satisfies A;,+1 —m — 1 < k < A\, —m, there uniquely exists some
p such that A\, = m = p —1— k. Using (3.3) repeatedly for k = —(, —(+1,...,£ 1,
we obtain

Mgy = €00, —0)
= (=DM Py (M) Py (1= M) . Py (€= 1= Xp)e T =D 0)
= (—)NIPy (=N Py (1= Xy) ... Py (€= 1= )]0,
which concludes the lemma. O

PROPOSITION 3.3. We have

(3.9 @Ol =3 | TT —(a+5y) | L,

v \(,3)€n/v
where v C p is formed by removing some of the corners of .
Proof. Let
Qm(k) — e—H*(Bmfl/Ak,l)lp;imeH*(Bm,l/Ak,l)’
Rm<k‘) = e_H*(BWL/Ak)w;zimeH*(sz/Ak) :e—H*(er)eH*(—Oék)Qm(k.)e—H*(—()ék)eH*(ﬂnL)
=Qm+1(k+1).
We begin by noting the relation
(3'5) 11[}1: _ eH*(fozk)wkefH*(fak) _ Oélﬂ///j_u

Algebraic Combinatorics, Vol. 7 #1 (2024) 254



Canonical free fermions

by rewriting (2.3a). By using (3.5) and (2.3a), we have the identity
w’t = e_H*(ﬂm) (’L/J;; _ 5m/¢271) eH*(Bm)
= ) (M ey ) — (o )y ) O,

which yields

(36) Qm(k> = Rm(k) - (ak + Bm)Rm(k - 1)'

Since Qui1(k)Rm(k — 1) = Qumy1(k)? = 0, we have the equality Q11 (k)Qm (k‘) =
Qm+1(k)Ry (k). By using (—¢|Ry(—1) = 0 and (3.6) repeatedly for m = 1,2,...,¢,
we obtain

(Bl (1] = (—]Qe(p1e) -+ Q2 p12) Q1 (1)
- Z ( H —(au, +Bm)) (=l Re(ve) -~ Ra(v2) R (1)

(V1yeesve)t \TU Vi =[lm —1
mfuie{o,l}
Vi Z it

=3 I ey | Al

v \(j)en/v
where v C y is formed by removing some of the corners of u. O
REMARK 3.4. The vector |A)q g) is equal to [A)x/y from [15, Eq. (24)] with 29 =

B;_1 and y( = A,, ;. As a consequence, we have that the (skew) dual canonical
Grothendieck functions are (skew) multiSchur functions as defined by Lascoux [22].

ProrosiTION 3.5. We have

(3.7) Bl =32 I (8 | =l

vCp \(4,5)€pn/v

Proof. The proof is similar to the proof of Proposition 3.3.
Alternatively, we could prove this by applying Equation (3.4) to the right hand
side. 0

3.2. DUALITY OF «,[3-DEFORMED VECTORS. We will now prove that the «, -
deformed vectors are dual bases (Theorem 3.10).

We give the rectification lemma, a key computational tool in showing how to trans-
form vectors for a general sequence v = (vq,vs,...,v) € Zéo as

73] ZTV |>‘ [e,8]> a Bl — Z/r' |)\ [a7ﬂ]

In particular, we obtain the polynomials r(\), V() by sorting the sequence v.

LEMMA 3.6 (Rectification lemma). If k < j, then

J J
e o N N A
i=k

i=k+1

J j—1
e Dapy =N "kt e Mgy =N " iRy ey,

i=k i=k
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Proof. For the first equality, using (2.2a) and ¢, = 0, we have

Yre ;=Y e
=0
j—k—1
== Y e Dy
=0
j—k—1

+ Z ey g I TRy e ey

which yields the claim after reindexing the sums. The second equality is similarly
computed but using (2.3b):

ey Z Oyt

i=0
j—k—1
= Y AW = yir)e ™ gy + 7T e T Dy,
=0
which is the claim after splitting the sum. O

A consequence of Lemma 3.6 is a generalization of [14, Cor. 2.10], which is the
special case when j = k.

LEMMA 3.7. We have

IA) o Zbltm [aﬁ] ZBMW [ﬁ

nCA ACu
where by, BY € Z[a, B] with by = B} = 1.
Proof. Applying the relations (2.2a) and (2.3b), we have

N
‘)\>[a 8 = (eH(Bi—l/AAi71)wA_7ie_H(Bi—l/A>\i—l)) |_g>
1<i<t
- o0
=11 X ((—1)1’617(14&—1)'GH(Bi‘l)%,-—i—p@_H(Bi_l)) |—£)
1<i< p=0

00 —
S I | (N B L L) T

= > TV e (A DN = (01,2081
Py pg:O i=1
APl = Z thl (Ay,) (p1,...,pe))PL.
..... pe=0i=1
The claim then follows from Lemma 3.6. O

We require the following dual basis theorem for the special case of ¢ = 0.

THEOREM 3.8 ([15, Thm. 3.2]). We have

(3.8) 8 (1N g = PN P = 65,
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LEMMA 3.9. For £ > £(X),4(p) and €' = A1, u1, we have

(3.92) v = det [, —isj (Briy /Ax -]} ,_,
(3.9b) = (=)A= det [hay s i (Aim1 /B M)]fl] X
(3.9¢) B{ = det[h_x,4p,+i—j(Ax, /By, z))}” L
(3.9d) = (1)~ det [h—Aﬁu’jﬂ—j(B[u;,/\;]/Ai—l)]f:jﬂ'

Proof. We only show (3.9¢) for B as the others are similar (see [15, Ex. 3.6] with
Remark 3.4). From (3.8), we can write

id =g - ({1l = ZW )P Bl

14
Hence, we have

|AY Bl = Z"“ VBT (Bl A) oAl ZBMW
0

and pairing this with Bl(u|, we see that By = [Bl(u|\) [""ﬂ]. Next, note that for

oo
P = e BralAoiraly, e H Bua/toi) = Z P (Bli o1/ A ) ¥Ai—it ks

k=0
Q, = o H" (AA@/B[JZ)Q/J eH " (Ax,/Bij.ep) Z (Ax,/By.o)¥ g

we apply Wick’s theorem to obtain
BI APl = (—0|Qp -~ Qu Py -+ Po|—0)

= det [(—(|Q; P;|— >]” 1

=det | > hm(Ax,/Byg)he(Bpg/Ax )
k,m=0
V4

X <—€|’(/J;j_j_m¢>\i—i+k|_£>]

ij=1

00 £
=det | > hox g vioj—k(Ax,/Byig)hi(Biig /Am,xe])]
k=0 j=1

= det [, 1y +i—j (Ax. /B )]” L
as desired. O
Lemma 3.7 implies that by = 0 and B’i‘ = 0 whenever u € .
THEOREM 3.10. We have
(o) (W) [ 8 = P HUIN) P = 65,

Proof. Lemma 3.7 implies that

Pl = Plwl07)s g (1l =Y (a1 (VI(B),

vep uCr

by applying *. This with (3.8) implies that it is sufficient to show the claim when
either A C pu for @Al (u[ N8l or 1 C X for (o5 (1IA) (o 1-
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We note that it is sufficient to show [ g)(1t|A)[a,8] = Orn as the other equality is
formed by applying *. We can write the pairing using

P, = e~ H(Ax; 1) (H(Bi- 1),[/) —H(Bi—1) H(Ax;—1) — th i1/ AN, —1)WUn—i ks
k=0

Q; = efH(A“j)6H(Bj71)w;j_jefH(ijl)eH(Auj) = Z hon (A | Bie1) U5, — i
m=0

and then we apply Wick’s theorem to obtain
(.8 (N a8 = (—€|Qe - Q1 Py - Py| L)
:det[< 0Q;P;|— )]” 1

=det | Y ha,—py—itjom(Bio1 /Ax—1)hm(Au, /Bj-1)

m=0 i,j=1
= det[ha,—py—i+5 (A, UBi1)/(An—1 U Bj_1))];

ij=1"
Now we need to examine the matrix

¢
(3.10) H= [h/\i_ﬂj_i+j(B[j:i)/A(Hj,)\i))]i,j:l'
If i < j, then we have A\; > A\; > pj, and we set m = A\; — pu; — @+ j. Thus, we have

han (Bl /A 20) = (1) em (A xi) U Blisg)):
which if 7 < 7, this is equal to 0 since there are only A\; — p; — 147 — i < m variables.

Thus, the matrix H is triangular, so the determinant is equal to the product of the
diagonal entries. Hence, the determinant equals ¢y, as desired. O

REMARK 3.11. Our proof is essentially the same as [12, Thm. 3.5] in the language
of free fermions. Note that the matrix A in (3.10) is the matrix of [12, Eq. (3.10)].
The Cauchy-Binet analog [12, Lemma 3.1] is being played by Wick’s theorem. The
reduction using [12, Lemma 2.7] can be given by the analog of (III) shown in the
proof [15, Thm 3.2] (with a similar proof), but as our proof indicates this step is not
necessary.

4. GROTHENDIECK POLYNOMIALS AND ALGEBRAIC FORMULAS

In this section, we show our main result (Theorem 4.1, Corollary 4.3): the (skew)
(dual) canonical Grothendieck polynomials defined in [12] (we will drop the word
“refined” here for simplicity) can be given as matrix elements using the fermionic Fock
space. From this description, we give a number of algebraic identities as a consequence
of the fermionic Fock space.

4.1. JACOBI-TRUDI FORMULAS. We show our main result by applying Wick’s the-
orem and showing that the resulting determinants are equal to the Jacobi-Trudi
formulas from [12, Thm. 1.7].

THEOREM 4.1 (Jacobi-Trudi formulas). For £ > £()\) and ' > A\, we have
el ()M ) | NYB) = O det[hy, —p,—ie (X ( A(u]A]UB[u]))]” 1

= C’det[e,\;, i (Xn /(A U B u ))

[ Bl e Cn) | Ny Bl = O det [hy, ;i (%0 ) (A By, j) )]” )
)

= C/det[e)\;*H;*iJﬂ (Xn// |_|B()\/ ) L] 1

]1] 1’
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B8] <N|6H(x”)|/\>[a,ﬂ] = det |:h>\ri_llj—i+j (xn U Ay U By, z))}

=de t[e)\’ H__Z_;'_J(Xn U A[’L]) (] B(H/ /\/)):I

7,7=1
v
ij=1’
where
S v n
C:HH(lfﬂix]’)v O/:HH(lﬁ’ain)il
i=1j=1 i=1j=1

Proof. We first rewrite our matrix elements using Wick’s theorem in the following
form

L
(~00Qe-+ QuMeH NPy Pi|—t) = Oy det ((~€]Qe "™ P|=-))
1,)=

where M) =1 = Cyef*n) for the h versions and similarly for the dual e
versions but using the vectors from Lemma 3.2. The rest of the proof is similar to the

computation for the proof of Theorem 3.10.
For (Bl (e )| \) @Bl we use M = efT"(Be) and

P, = GH*(A“)BH*(B[”])wA._ie*H*(B[i,el)e*H*(Axi),
Q_] = eH*(Auj)GH*(B(j‘e])’l/);j_jeiH*(B(jv[])eiH*(A!"j)'
For (98] (y|eH n) | \) @B we use M = eH"(B) and
Pi = eH*(AM)eH*(B[i’z])w)\i,ie_H*(B[i-ﬂ)e_H*(AM)’
Qj = eH*(A“j*l)@H*(BU’”)d):. je’H*(B[j,z])e—H*(Aujﬂ).
FOr [a7ﬁ] <M|6H(Xn)|)\>[a ,3]7 we use M — eH(Bg) and
P, = e~ H(Ax; 1) g~ li e])wA Bli,g) H(A*i—1)7

Q= e~ H(Aw;) o—H (B, z])w H(B(] o) H(Auy)

To compute Cyy, for G/, (xn; o, B) and G)\//u(xn;a,,é’) we use

(4.1) eH" (Be) oH (x) ,—H™ (By) f[ ﬁ (1 — Bjap)e ),

j=1k=1
and we use e (Be) gH(xn) g=H(Be) — oH(xn) for Ix/pu(Xn; e, B). O
DEFINITION 4.2. We define the (skew) (refined) canonical Grothendieck functions as
(420) Gijulxns @, B) = [P (] H10x0) ) B,
(4.2) I/ (6n; @, B) = [ <M|6H("")|A>[aﬂ],
(1.2¢) G (ks 4, B) = 8 ] 100 ) A,

Theorem 4.1 can be rephrased as follows.

COROLLARY 4.3. The symmetric functions Gy,,(Xn; a, B) and gy, (X,;, B) are
equal to those in [12, Thm. 1.7].

Note that the middle two determinants in Theorem 4.1 do not appear in [12].
Equation (3.4) gives the refined analog of G/, (x,;0,—1) in [3, Eq. (6.4)] and
G yu(x;, ) in [39, Prop. 8.8], which is also the generalization of [14, Prop. 4.7]:

Grpuxia,B)=> | JI —(i+8)]GCrpixiaB),

v \(@g)ep/v
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where v C p is formed by removing some of the corners of u. Subsequently, Equa-
tion (3.7) yields the generalization of [3, Eq. (7.4)] (which is related to the previous
formula by Mébius inversion):

Gru(x; o, B) = Z H (o +B5) | Gapo (x5, B).

vCp \(i,5)€p/v

We require the reformulations

Gryu(xi e, B) = (ag(Me™ ) ap1, Iru(x; e, B) = 1Bl N7 00| )[Rl

by applying * to our formulas in the sequel.

We can obtain a Jacobi-Trudi formula for wG)/,(x; a, 8) (Theorem 4.4) by ap-
plying w to each entry of the matrix since w is an algebra morphism. By a direct
comparison, we have the following.

THEOREM 4.4 ([12, Thm. 1.8]). We have

WG)\/,LL(X;amB) = G)\’/;L’(X;/Baa)a wg,\/#(x;a,ﬂ) = g)\//,u’(x;lg7a)~

We remark that Theorem 4.4 can be reformulated as

G (x; B, ) = Bl ()T 0| xRl 9 (%3 B, @) = [0 (1]e” N a8

4.2. SKEW SCHUR EXPANSIONS. We obtain [12, Thm. 8.7, 8.8] by using the iden-
tity operator and Wick’s theorem. Like Remark 3.11, this is fundamentally the same
proof in the language of free fermions. However, we obtain slightly different formu-
las than [12, Thm. 8.2, 8.3] for G/, (x;a,B). We also have the similar result for
G yu(x; o, B), which has not been stated previously in the literature. In particular,
we compute the following matrix elements.

THEOREM 4.5. Let £ > £(\). We have

G)\//L(X;a76) = Z DZ(CX,,@)S,,/"(X)IK(CX,,B),

nCpCACy
G)\//“/(X;a,,g) = Z 157,;(a713)8u’/7]/(x)‘%§(a7/3)7
nCpCACy
GA//#(X;a7IB) = Z (5*)Z(a7ﬂ)sy/n(x)lﬁ\’(a,ﬂ),
nCuCACy
Grpwxa )= D (Ve B)syy (I (e, B),
nCuCACy
g)\/#(X;a,/B) = (I*),”](a,B)su/n(x)gi(a,ﬂ),
nCnCrCA
N /w (x;c, B) = (f*>¢7<a7ﬂ)sl”/n/ (X)gg(avﬂ)’
nCnCrCA
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where, for £’ = {(v),

V4

I3 (e, B) = det [y, —x;—i+; (A, /Bj-1)]; ;_1
T (e, B) = det[ey, -, i (411 /B, .
i@ 8) = det i1 (B/ )]
Dit(et, B) = det [ey—ny iy (B JAD],_,

EX (v, B) = det [hx,—u;—i+j(Bi_1/Ax, 71)]” o
EX(a, B) = det[en,—u,—i+; (Bai—1/Ai- 1)]” 1

Proof. We begin by showing the first equation. We have

G e, ) = [Pl (] OO ) Bl = PHB ufy) (] eH 0 ) (1) 1P,

nv

and we see that D} = Bl (p|n) and Z¥ = (v|A)!*Al by Wick’s theorem, shown
similarly to the proof of Theorem 3.10. Recall that s, ,,(x) = (n]e’®|v), and the
claim holds for x = x,,, for any m.

For the second equation, the proof is similar to the first except we now need to
evaluate

f;\, _ <V/|A/>[a,ﬁ] — IK” 55‘ _ [[e,8]] <Ml\77/> = ,DilL/y

in terms of the original shapes instead of the conjugate shapes. We use Lemma 3.2
and (2.4) when applying Wick’s theorem as before.
The remaining equations are similar to the first two. O

We remark that the first four expansions in Theorem 4.5 are infinite, whereas the
last two are finite.

We also have £ = (V|\)[«,g) as a consequence of [15, Ex. 3.3] using Remark 3.4.
Note that this reduces to [12, Thm. 3.2, Cor. 3.3] when taking x4 = @. Combina-
torial interpretations of the matrix elements D (a, 8), E{'(ax, B), and Z§ (o, B) were
given in [12], thus making them (degree signed) Schur positive. In particular they are
polynomials in Zxo[+ea, £8] for an appropriate choice of sign of £a and +0.

Let us comment on the similarity of Theorem 4.5 and [12, Thm. 8.2, 8.3]. In
our formula, if we take n variables (so using x,,), we can restrict to the case when
l(v) < £(\) + n as otherwise s,/,(x,) = 0. However, in [12, Thm. 8.2, 8.3], they
restrict their all of their partitions to have length at most m, but they use “generalized
partitions” that allow negative parts and the have an extra overall factor that appears
in the Jacobi-Trudi formulas. By using a similar proof to [12, Thm. 8.2, 8.3], we can
obtain the analogous formulas

Gapunia, B) =TI —Biws) D (E)ale, B)su/z(x)IK (e, B),

i=1j=1 nEpCACY
G)\’//;,L’(Xnv 7ﬂ) HH(1+O[1$])71 Z (g*)g(avﬁ)SV’/ﬁ/(x)fK(a7ﬂ)a
=1 =1 TCHCACY

where 7 is allowed to have negative parts and ¢(v) < m.
We remark that we did not require Theorem 4.5 to obtain Theorem 4.4 unlike [12].
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4.3. BRANCHING RULES. We describe branching rules for the (dual) canonical
Grothendieck functions, which are formulas where we split the set of variables.
Specifically, we have the following new branching rules, which are refinements of
those in [39, Prop. 8.7, 8.8].

PROPOSITION 4.6 (Branching rules). We have

GA/p(XaY§ &, ﬂ) = Z GA//V(Y? &, ﬂ)Gv/,u(XJ a?/B)a

vCA

Grpuxyia,B)= Y Gyply;a,B)Gyu(x;aB).
nCrCx

o yiaB)= Y guyienB)g. (%o B).
nCrCx

Proof. The claim follows by inserting the identity operator

(4.3a) id = Z|/\>[a,l3] Bl
A
(4.3b) = Miasl s
A
in (4.2). 0

”

The summation “)° ," cannot be replaced with “}° - -,” in the first equa-
tion. Furthermore, u € X does not imply that Ga/u(x; a,B) = 0. We see that
Gryu(x; 0, B) = 0 whenever u A and G\ yx(x; ¢, B) = 1 by Lemma 3.7 and Theo-
rem 3.10. However, Equation (3.4) implies that

0=CGaye(xa,B)=Gayexa,B) — (e + B1)Ga)0)(x a, B).

We can see from the Jacobi-Trudi formula that G(1),1)(x; e, 8) = 1, and so

Gy (xa,B) = az + Bi.

For general p A, it is straightforward to derive

(4.4) Gaju(x; o, B) = H (i + B5) - G jianp (%5 a, B)

(i,7)En/A

from Equation (3.7) and G, (x;a,8) =0 (1 € A). One may use (4.4) as an alter-
native definition of G/, (x; @, 8) (1 € A) extending [12, Def. 6.5] (which is assuming
p € A). The non-vanishing of G/, (x;a, 8) when p € X is reflecting the fact that
the skew shape description for G/, (x; e, B) is not natural from the point of view of
branching rules.

4.4. SKEwW CAUCHY IDENTITIES. Our next identities are the skew Cauchy identities,
which are the refined canonical version of [40, Thm. 5.1] and [40, Cor. 6.3].
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THEOREM 4.7 (Skew Cauchy formulas). We have
(4.5a)
ZGA//;L(XQ «, /B)g)\/u(Y§ a,B) = H 1 —zy; ZGV//” (x; @, IB)gu/U(Y7 a, fB),
A

(4.5b)
Z G)\///;/(X; IB’ a)g)\/l/(Yv «, IB) = H(l + miyj) Z Gy///’r//(x; /85 a)gu/n(y; «, 13)7
A n

ij
(4.5¢)
D Gy, B)gn (v Bya) = [0+ 2iy) Y Guyy (5 2, B)gur e (v3 B, ),
A 4,7 n
(4.5d)

ZGA'//M'(X;,B,a)gx/u'(}’;ﬁ,a)—Hl_xy ZG e (56 B, @) gyt 1 (35 B, ).
A

Proof. We show Equation (4.5a) as the remaining identities can be derived by w-
involution on x and/or y or can be proved in the same manner. Equation (4.5a)
follows by evaluating

(4.6) Bl (| T I (V) |1\ e ]

in two ways using the identity operator (4.3a).
First (4.6) can be evaluated using Corollary 4.3 with * being applied to the dual
canonical formula:
HE) H™ (v)] ) [B] — Z (Bl (1] TG | A B [l N H™ ()| (A
A

= Z G)\//#(X; a,ﬂ)gA/y(y; a7ﬂ)
A

e
(4.7)

Another way to evaluate is to first use

GH OO H* (v) H L e,
1—x;y;
i
which follows from (2.1), to compute
H() 1 (7)) 6]

— H : Bl (] ) H )|y [B]
- ‘rly]

[aﬁ‘] ) 1p\lesB] | [e,B] H(x)|,,\[a,B]
—Hl_wz (ule™” ) (1] )

> {ule

= EI m Zn: gu/n(Y? «, ,B)Gu//n(XQ «, ,3)

Comparing this with (4.7) yields the result. O

4.5. SKEW PIERI-TYPE IDENTITIES. We can also derive the refined canonical versions
of skew Pieri-type formulas [40, Thm. 7.10] using free fermions. (The skew Pieri-type
formulas can also be derived from the skew-Cauchy formulas by Warnaar’s general
argument [37] as explained in [40, Section 7]).
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THEOREM 4.8 (Skew Pieri-type formulas).

(4.8a)
1
D Onpulxi o B)Gy (= B grn(yi e B) = | [ T —gun(yi . B),
A ij o
(4.8b)
1
Zg)\/p.(x; «, ﬂ)gV'/’r]’(_X; /87 a)G)\//’I’[(yv «, /8) = H mGu//V(y7 ) 18)7
A 4,7
(4.8¢)
Z G)\’//;L/(X; /87 a)Gu//n(_x; «, IB)gA/n(y7 «, /B) = H(l + :L.Zyj)g;l./l/(y7 «, /8)7
A i,
(4.8d)
> 9w (%58, Q) g s (=% 0, B)Go (v a0, B) = [[(1 + 219) G (vi @, B).
An ,J

Proof. (4.8a) can be derived by evaluating
(081 (| T H™ () o= H () |1y [0.8]

in two ways. One way of evaluation is
(Bl (1| H ) ™ () = H(x) |\ [ex. ]

4.9 1 . 1
(4.9) :Hff : 4[a,ﬂ]<u|€H (Y)|V>[Ocﬂ] :Higu/v(ym"ﬂ)-
i LiYj i ;Y
Another way of evaluation is to insert decomposition of the identity operator as
(Bl (1| eH ) H™ () g=H ()| ) [0, B]

= Z [0B1 (|G| Ny (Bl . leeBl N | H T (9) ) Bl . [e0B (| o= H () | ) [ox,F]
Asm
= Z (Bl (11| e I N\ [BL L [Bl ()| BT W) |y [l TenBl () gwH (=) 1)) [ex, ]
Am
(4.10)
= Gayulxi o, B)gas(y;  B)Go yy (= B, ).
A

Equation (4.8a) follows from (4.9) and (4.10).

We can also derive (4.8b) in the same way by evaluating the matrix coefficient
[, 8] (p|eT Gt ) e=H )|y, )a,8)- (4.8¢c) and (4.8d) can be derived in the same way
or follows from (4.8a) and (4 8b) by w-involution on x respectively. O

4.6. DETERMINANTAL FORMULAS. We show an additional determinantal formulas
for G . (x; o, B) and G, (x; a, B) by using their fermionic presentation. From [11,
Rem. 2.8], let B(x, ) be the single row S-Grothendieck polynomial, which is the
coefficient of z* in the generating function

_ Kk 1 — By,
- kez;@k(xaﬁ)z ﬁZ 1 H 1_xkz

REMARK 4.9. We must expand (1 — 327171 =1+ 271 + ... € Z[p][z7!] and be
careful about the cancellations rather than rewriting it as the formal power series
5 = —B712 — 87222 + ... as B may not be invertible. If we instead multiply by

75 € Z[B~Y[2], then we have an extra term of —3~* in 2 in the expansion.
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The following is proved in [14, Cor. 3.4]:

o0

(4.11) e HT By ()= H (Bl g=H() — H(l — Bxr) G (2, B)(2).

k=1
PROPOSITION 4.10. If £ > £(\), we have

G)\/M(X;a,ﬁ det l Z Z ek A |_| B(] Z])hm—k(A/\qy [ B(l}é])

m=0 k=0

4
®ALMJZ+j+m<X7BZ)] 9
Jj=1

i,j=

o0 #j*jJFZ
Gryu(x; a0, B) = det [ Z Z (—1)*ex (A, —1 U By ) hm—k(Ax, U B g)
m=0 k=0

¢
B —py—itjrm (X, 62’)] .
i,j=1
Proof. This can be proved in the same way as discussed in [14, Sec. 4.1]. Let us show

the case for G, (x; a, B8). The case for G/, (x; o, 8) can be proven in a similar way.
We introduce the following generating function for G ), (x; e, B)

(4.12) b= D(21,...,20,w1,...,wp)
—
(4.13) = (—{| H (e*H*(Bj—l/Auj—1)1/)*(wj)eH*(Bj—l/Auj—l)) e (%)
1<y<L
N
e~ H"(Be) H (GH*(AAiuB[i,e])w(zi)e*H*(AAiHB[qz,e])) |,g>7
1<i<e

whose coefficient of []_, 2~ Hf 1 w i s Gyu(x; 0, B). We first rewrite ® as

i=17%

(4.14)
= (—{Qe(wy) - - Qz(w2)Q1(wl)eH*(BE)GH(X)efH*(BZ)Pl(21)P2(22) <+ Po(z0)|—0),
where
Pi(ai) = e AnbBraly(z;)e 1 (n, B0,
Q;(wy) = A =19Bu0) y (yp e~ H Ay —1UB0),

Next, we use (4.1), e"H®)|—¢) = |—¢) and Wick’s theorem to get the determinant
form

(1= Bjwx) x (=€lQe(wy) - - - Q1 (wn)

::18

St

<.
—
=
Il
—

x (") Py (z))e HE) L (B ) py(z)eHX)) | —p),

L
i.4=1"

(1 — Bjzy) - det [(—£]Q; (wy)e™ ) Py(z;)e 9| —p)]

::18

4
(4.15) H

<.
—_
ol
Il
—
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Substituting
GH(X) Pz (Zi)eiH(x)

— oH™(A\,UB( 1) (eH*WﬂeH(x)w(zi)e—H(x)e—H*W) o—H™(Ax\,UB(i )

= (Z hm (A, U B(i,[])zim> [T = Bizk) G (1, Bi)o (),

m=0 k=1
and
Q;i(w;) = eH*(Auj—1uB[j,z])w*(wj)e_H*(Auj,luB[H])
o0
= (Z(_l)kek(Auj—1 ] B[j)g])iﬂ?) w*(wj)7
k=0
and

(=™ (wj)v Z Zjw

p=—¢
o (4.15), we obtain

(4.16) ® = det [ <i(—1)kek(AH]1 (] B[J g] ) (Z hom A)\ U B(1 []) )
k=0

m=0

0o ¢
G(z, Bi) Z waé)] :
i =1

p=—L

Extracting the coefficients of Hl 1% Xt Hf 1 wj 7 of both hand sides of (4.16) gives

the claimed determinant representation for G/, (x; a, 8). O

REMARK 4.11. The summation symbol “ZM 7T iy the determinant formula for
G yu(x; a0, B) (Proposition 4.10) cannot be replaced with the summation “Y°7° ;7 as
eu;—jter1(Au,—1 U By q) is not 0 if pj = 0. Compare to ey, —joy1(Ay, U B(q) = 0.

Proposition 4.10 roughly differs from the Jacobi-Trudi formulas by replacing hy(x)
with & (x; ). This yields a distinct formula since &y (x;8) = Y o0 ) B%sk1a(x) is a
sum over Schur functions with a hook shape (see, e.g. [25]).

4.7. DECOMPOSITION OF ONE SET OF PARAMETERS. We can also provide an answer
to [39, Prob. 12.2] by using

(x5, 8) = (0[N a, g Z<0|€H(x)lu>[ﬁ “ 181N (a8
= > B0 X ) g =D bhgu(x; B).
133 nCA
where g,(x; 8) = g,.(x;0, 8).
COROLLARY 4.12. We have b\ € Zxo[a, B].

Proof. Comparing (3.9b) and the flagged Jacobi—Trudi formula from [12, Thm 1.7]
and the corresponding known positivity formula yields the result. O

REMARK 4.13. From the combinatorial description in [12], we can interpret b as the
generating function of all flagged valued-set tableau of (skew) shape A’'/u’ such that
the entries in row ¢ is strictly less than ¢
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EXAMPLE 4.14. We have

g222(%; @, B) = g222(x; B) + 19221 (%5 B) + a1 (a1 + B2)g211(x; B)

+ai(a + Br)(or + B2)g111(x; B).
In particular, we note that the coefficient of g;11(x; 8) when specialized to @ = « and
B =2p0is

a’ 42028 + af?,

which shows that [39, Prob. 12.2(b)] is answered in the negative.
EXAMPLE 4.15. We can also answer [39, Prob. 12.2(c)] in the negative. Let A = 54321
and p = 51111, which are both self-conjugate partitions. Taking the specialization
a =« and B = 3, we have

b = b‘;: =a%+3a°8 +3a8% + o333,

which has a term of the form (a3)* (a “free term” as defined in [39, Sec. 12]). This is
still answered in the negative even if both partitions are not self-conjugate. Consider
A =55533 = X\ and p = 53111, then we have

M =60’ +28a°8 + 5308 5% + 52275 + 28a°8* + 82545 + a9,
1= 1000 + 440° 8 + 790 % + 7407 5% + 3805 B* + 10a°8° + 5.
Additionally, we have Gi(x;a,8) = Z)\g“ B{G,(x;B), where G,(x;8) :=
GL(x;0,8).
COROLLARY 4.16. We have BY € Zxo|—a, —B].

Proof. Comparing (3.9¢) and the flagged Jacobi-Trudi formula from [12, Thm 1.7]
after taking the transpose i <+ j and X[,,_x,11,m] (in the notation of [12]), for some
fixed m with x,,_; = «y, yields the equality. O

REMARK 4.17. Similar to Remark 4.13, we can describe BY as the generating function
of flagged plane partitions with the entries in row ¢ being strictly less than A;.

A natural question would be to compare these flagged plane partitions with the
recording tableau from the uncrowding algorithm of [34, Def. 3.5]. However, we must
be careful about the signs, because while the signs in our formulas only depend on
the degree, they appear in opposite ways between the combinatorial definition of
G (x;a, B) and the expansion coefficients BY. Therefore, it is not possible to make
a combinatorial comparison between the two constructions. Compare this with [34,
Cor. 4.9], which is very close to our expansion formula from Corollary 4.16.

EXAMPLE 4.18. We compute
Gu(x;a, B) = Gii(x; B) + a1Ga1(x; B) + a1 f1Gaz(x;8) + - - -
=511 — 1521 — (B1 + B2)s111
+ 05%531 + (11 + a182)s2111 + (/Bf + B1B2 + 55)51111 + e

In particular, the coefficient of so2(x) is 0, which comes from the cancellation of the
term in

Ga1(x; B) = sa1 — Bisaz + -+, Gaa(x;8) = s22 + -+ .

We could additionally compute similar expansion formulas for G (x; e, 8) into
Ju(x; &) and for gx(x; o, B) into j,(x; o) with similar tableau formulas. We leave the
details for the interested reader.
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4.8. INTEGRAL FORMULAS. The Jacobi—Trudi formulas given in Theorem 4.1 can be
converted to integral formulas.

THEOREM 4.19. For £(\) < ¢, we have
(4.17a)

g)\/p,(xn; «, IB)

_ . ¢
—det | L j{ Hz'_:f(l + o) THZ1 (1= Brw) dw
2mi Sy, Tl (1 + akw) H2;11(1 = Brw) Ty (1 = @ppw)whirs =7+ i J:17
(4.17b)

{ n
G)x/p, Xn; & 7 HH(]-_BZ:EJ)

i=1j=1
1 J (1+akw‘1)Hi_l(1—Bkw_l) ‘
x det ?{ k=1 k=1 ' —dw ,
2mi r Hk 1+ apw ) [Ty (1 = Brw=1) [T (1 = zpw)whi—m —iti+l ij=1
(4.17¢)
Gju(n; . B) = HH (1 - Bix;)
1=17=1
1 “]_1(1 + apw D T (1 = Brw™t) !
x det 7{ k= 711 —dw ,
2mi 5, T, (1 axw ) TR (1= Brw ) Ty (1= g)uemm =it |
where v, is a circle centered at the origin with radius v satisfying 0 < r < ’x;ﬂ
form=1,....nand 0 <71 < ’afl a51|,...,|5f1 B;l ,... and ¥, is a circle
centered at the origin with radius v satisfying 0 < r < ’:I:;H form=1,....n and
r> |Oél|,|042|,...,|ﬁ1|,|52‘,....

Proof. We prove (4.17a) as the other identities are proved similarly.
Let us express hx, —p;—it+j(Xn U Apx, ;) U Byji)) in
9x/pu(Xn; e, B) = det [hki,w,iﬂ-(xn L A[Mw] U By, Z))]

derived in Theorem 4.1 as integrals. Using hy(x,) = 0 for & < 0 and

(4.18) hi(xpn) = L% T ! dw,

2mi 1 — zpw)wht!

i,j=1"

where 7, is a circle centered at the origin with radius r satisfying 0 < r < |a,!],
m=1,...,n, we have

Poxi—ps—ij (xn U AR, i) U B, [,0)) Z Poni— s =it j—1 (Xn) P (AL, u;] U By, )
k=0

i (A ) Y Bl

Z o L T (1 = zpw)whi—ps =ikl

_ f k=0 P (A U B Jw
2mi f, TI0 (1 — zpw)whi—rs—i+i+l

dw

dw.

One can also show the sum in the integrand above can be rewritten as

o A—1 i1
5 (1 + apw) [[Z1 (1 = Brw)

D I A ) U By w® = 2=t p— :

k=0 ey (14 agw) [T,2, (1 = Brw)
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From the computations above, we have
1U Bpji)
Ai—1 j—1
% Hk_:l (I + ow) [T521 (1 = Brw) d
T omi [, (1 + agw) Hz;ﬁ(l — Brw) [T (1 — &) ws—ms —iti+1

where we further impose r < |af1 R Y ..., so that the origin is
the only pole surrounded by the integration contour. Hence we get (4.17a). O

h>‘ —pj—i+j (Xn U A Aispg)

)

The other integral formulas below are proven similarly except using the dual
Jacobi—Trudi formulas and identities such as

Hj_l( — apw) H Y1+ ﬂkw)
> erl(Apij) U B a)w’ = b
k>0 (1 - aw) Hk (1 + Brw)
THEOREM 4.20. For ¢/ > A\, we have
(4.192)

= (lfakw) I (14 Bew) [Ty (1 + ) }
g Xn, & 76 = det i+ ! 7
A/N( )=de {2 Z}{ (1—Oék’LU Hk:1(1+5kw)U’A’ SRUEAE ’ i,j=1

n
Ga/u(xn; @, B) = H H (14 aiz)”
i=175=1
il 1 TTHS —1\ 1T . v
(4.19D) et P el MLy (L4 Ao )Hm,lqﬂmwdw} |
2mi J3 iﬂ(l*akw_l)Hk;1(1+ﬂkw_l)ﬂﬂﬁujﬂﬂﬂ ij=1

G)\//,u Xn; & 7 HH 1+OCZCEJ
i=1j=1
i-l,y 1 —1 T v
(4.19¢) « det {17£ k:.l(i apw DI (4 o ) [T 1(1f{nzw)dw}
21 B TR0 o) IR0+ eyt 7
where the contour ~y,, respectively the contour %,., is a circle centered at the origin
with radius r satisfying 0 < r < |af1| , |a51 -t ,{551 , ..., respectively r >

|O[1|7|042| 7"'a|51|7|62|a

4,j=1

gee ey

5. FREE-FERMION PRESENTATION OF THE FLAGGED VERSION

In this section, we give a free-fermion presentation of a special case of the flagged
version of canonical Grothendieck polynomials. We take as our definition the Jacobi—
Trudi determinant formula is derived in [12, Thm. 6.7].

DEFINITION 5.1 ([12, Thm. 6. 7]) Ifr=(r1,...,7¢) ands = (s1,...,81) are sequences

of positive integers satisfying r; < r;41 and s; § Si+1 whenever p; < Aip1 for 1 <i <
{—1, then define

(5.1)

l S;
G;\o/‘);(rs (x5, B) = H (1 - Bizk) det[h>\ — i —i+j (X[TJ,SL]//(A(MJ ]HB[LJ]))]K

i,j=1"

We give a free-fermion presentation for Gm/vlv ) for the case 7} = --- = 70 = 1 and

S; < Si41 whenever p; < A\jqq for 1 < i < € — 1. We first give another determinant

representation which is an extension of Proposmon 4.10 to flagged version, following
the idea of [12, Section 6.3].
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Let Qﬁt/r] (x, ) be the flagged [3-Grothendieck polynomial that is defined as a co-
efficient of the following generating function

[s/7] L [s/7] 1-— Bil'k
Gl (z,8) ==Y 6 (x,8)2F = ﬁz_l H —
keZ
Note that Remark 4.9 also applies here as well.
PrROPOSITION 5.2. If 11 = -+ = 1, = 1 and s; < s;y1 whenever u; < Aiy1 for
1<i< /-1, then
o ¢
row(1, s;/1
(5.2) GOV (xi e, B) =det | > hn(Aguy g U B )80 i (%, 58)
m=0 i,j=1
Proof. We show this by transforming (5.2) to (5.1). Using
6l/M(x, 8) = [T = B2) D B hns e (xpr.a))s
j=r k>0
the matrix elements in (5.2) can be rewritten as
S 5:/1]
D (A a0 B BB i (%, 52)
m=0
(5.3) s, - -
= H(l — Biwy,) Z Pon (A a0 U B ) Z5£€h)\if,ujfi+j+m+k(X[l,s,ﬂ,])'
=1 m=0 k=0

Define t := m + k and reversing the order of the double sum, the right hand side
of (5.3) can be rewtitten as

Sq

t
H(l - ﬁzxk Zh)‘l —pj—i+j+t X[l si] Z hm (pj,A U B(Z,j )6t "
m=0

k=1 t=0

= H 1 - ﬂzxk Zh)\ #777,+]+t [1,s4] Z him A(u Ad) U B(z ]])ht m(ﬁz)

m=0

(1 - 5z$k)h>\ — *Z+J( 1 Si]//(A(/—Ljv)\i] U B[i,j]))'

l’.’\l

S
Il
_

Hence

s;/1
det lz hom (A(Hp ]UB(Z ])6[)\ /M]]*lJerrm(X’ﬁi)

m=0 ij=1

S 4
= det [H(l = Biwr)ha - —i+5 (X150 / (A 00 U Bri )
k=1 Q=1
= [T TT(t = B det [n, i (%100 (Aguyra U By

i=1k=1

as desired. O
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PropPOSITION 5.3.If 11 = --- = r; = 1 and s; < s;41 whenever p; < Ajy1 for
1<i< -1, then

L Si
G (x; a, B) :H 1—ﬁzxk< 0Q¢ -+ Q

(5.4) x (e ) pre=Hxmen)) .. (eHO0s0) ppe=Hxms))| —g),

P, — (AAi‘—'B[i,e])qp)\ie*H (A%iUB[i‘E]), Q; — (Auj'—’Bu,Z])w;je—H (Au;UBG.a)

Proof. The idea of proof is essentially the same with the one in Proposition 4.10. We
consider the following generating function

L
U= [T T - Bizw) x (—00Qu(wr) -+ Q1 (wn)

k=1
(55) x (eH(x[le])Pl (Zl)efH(x[l,sl])) R (eH(x[lﬁsz])Pe(zé)efH(xll:sz]))|_f>7

Pi(zi) — eH*(AAiUB[i,Z])w(Zi)e_H*(AAi L’B[i,l])7

Qj(w;)

M (AuyUBG.0) ) x (wj)e_H* (Au; UBG.a)

The coefficient of Hl AR H§:1 w;t'j 7 of ® is the right hand side of (5.4) on one

hand. On the other hand, we show in the following that ® is the generating func-
tion of the determinant in the right hand side of (5.2), which is the determinant

representation of Grow(l s) (x;ax, B).
First, using chk’ Theorem, ¥ defined in (5.5) can be rewritten as

4 Siq 14
= [T I - Bian) - det[(~01Q; (wy)e e Py(z)e o) | =) | .
i=1 k=1 "=
Next, we substitute
eH(x[l,si])pi(zi)efH(x[l,si])
_ H(AxUB( 0) (eH*(Bi)eH(X[l,si]),(/}( e HOte) o= B (,81)> o~ H"(Ax,UB( 1))
o'} Si
B (Z b (Ax, U B(i,é])zim> [1( = Biw) 'G5 M (=, Bi)i (=),

k=1
Q;(wy) = e A UBu) g () H (An; B G.0)

- (e

k=0

m=0

k(Au, U Bgg)w )W(wj),

and

oo

(=™ (wj)(zi)|—0) Z 2 ]7

p=—/
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into (5.6) to get

(57) U = det Z A Ll B( ]) f Z hm(A/\i (] B(i’g])zi_m
=0 m=0
4
glsi /1] i Bi) Z 2k wJP
ij=1

Extracting the coefficients of Hle ZMt Hf 1 w 7 of both hand sides of (5.7) gives

4

11 H(l — Biwk)(—lQ¢--- Q1

i=1 k=1
x (M) pre= ey . (eHO100) ppe=Hxi500))|—¢)

¢
= det Z Z k(Ap; U B ) - (Ax, U B(i,é])®£\ii£ﬂj,i+j+m(xvBi)
m=0 k=0 i,j=1
row(1l,s
=& (x . 8),

where the determinants agree by the basic properties of supersymmetric functions. [J
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