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The one-sided cycle shuffles in the

symmetric group algebra

Darij Grinberg & Nadia Lafreniere

ABSTRACT We study an infinite family of shuffling operators on the symmetric group Sy, which
includes the well-studied top-to-random shuffle. The general shuffling scheme consists of re-
moving one card at a time from the deck (according to some probability distribution) and
re-inserting it at a position chosen uniformly at random among the positions below. Rewritten
in terms of the group algebra R [Sy], our shuffle corresponds to right multiplication by a linear
combination of the elements

to = cycytcycy piq +CYC 1 042t CYC 1, 0 € R[SR]
for all £ € {1,2,...,n} (where cyc,

through i1,42,...,1p).
We compute the eigenvalues of these shuflling operators and of all their linear combinations.

1182y emrip denotes the permutation in S, that cycles

In particular, we show that the eigenvalues of right multiplication by a linear combination A1t; +
Xata + - -+ Aptn (With A1, A2,..., An € R) are the numbers Aymyr 1 +Xamro+ -+ Apmy o,
where I ranges over the lacunar subsets of {1,2,...,n — 1} (i.e., over the subsets that contain
no two consecutive integers), and where my , denotes the distance from £ to the next-higher
element of I (this “next-higher element” is understood to be £ itself if £ € I, and to be n + 1
if £ > max I). We compute the multiplicities of these eigenvalues and show that if they are all
distinct, the shuffling operator is diagonalizable. To this purpose, we show that the operators of
right multiplication by t1,t2,...,t, on R[Sy] are simultaneously triangularizable, and in fact
there is a combinatorially defined basis (the “descent-destroying basis”, as we call it) of R [Sy]
in which they are represented by upper-triangular matrices. The results stated here over R for
convenience are actually stated and proved over an arbitrary commutative ring k.

We finish by describing a strong stationary time for the random-to-below shuffle, which is
the shuffle in which the card that moves below is selected uniformly at random, and we give
the waiting time for this event to happen.

1. INTRODUCTION

Card shuffling operators have been studied both from algebraic and probabilistic point
of views. The interest in an algebraic study of those operators bloomed with the dis-
covery by Diaconis and Shahshahani that the eigenvalues of some matrices could be
used to bound the mixing time of the shuffles [9], which answers the question “how
many times should we shuffle a deck of cards to get a well-shuffled deck?”. We now
know a combinatorial description of the eigenvalues of several shuffling operators,
including the transposition shuffle [9], the riffle shuffle [4], the top-to-random shuf-
fle [28] and the random-to-random shuffle [10], among several others. An interesting
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research question is to characterize shuffles whose eigenvalues admit a combinatorial
description. We contribute to this project by describing a new family of shuffles that
do so.

Given a probability distribution P on the set {1,2,...,n}, the one-sided cycle shuf-
fle corresponding to P consists of picking the card at position i with probability P (i),
removing it, and reinserting it at a position weakly below position i, chosen uniformly
at random. By varying the probability distribution, we obtain an infinite family of
shuffling operators, whose eigenvalues can be written as linear combinations of cer-
tain combinatorial numbers with coeflicients given by the probability distribution.
Special cases of interest include the top-to-random shuffle, the random-to-below shuf-

fle (where position ¢ is selected uniformly at random), and the unweighted one-sided
2(n+1—i)

I CESY ). A more explicit

cycle shuffle (where position 7 is selected with probability
description of the shuffles can be found in Section 3.

Two of our main results — Corollary 12.2 and Theorem 13.2 — give the eigenvalues
of all the one-sided cycle shuffles. These eigenvalues are indexed by what we call
“lacunar sets”, which are subsets of Z that do not contain consecutive integers (see
Section 5 for details). As a consequence, all eigenvalues are real, positive and explicitly
described.

Most studies of eigenvalues of Markov chains focus on reversible chains, which
means that their transition matrix is symmetric. In that case, eigenvalues can be
used alone for bounding the mixing time of the Markov chain. This is however not
the case for the one-sided cycle shuffles.

Examples of non-reversible Markov chains whose eigenvalues have been studied
include the riffle shuffle [4], the top-to-random and random-to-top shuffles [28], the pop
shuffles and other ‘BHR’ shuffling operators [5], and the top-m-to-random shuffles [7].
All these admit a combinatorial description of their eigenvalues. It is surprising that
non-symmetric matrices admit real eigenvalues, let alone eigenvalues that can be
computed by simple formulas. It is these surprisingly elegant eigenvalues that have
given the impetus for the present study.

To prove and explain our main results, we decompose the one-sided cycle shuffles
into linear combinations of n operators t1,ts,...,t,, which we call the somewhere-to-
below shuffies. Each somewhere-to-below shuffle ¢, moves the card at position ¢ to a
position weakly below it, chosen uniformly at random. We show that the somewhere-
to-below shuffles are simultaneously triangularizable by giving explicitly a basis in
which they can be triangularized. This later gives us the eigenvalues. The triangularity,
in fact, is an understatement; we actually find a filtration 0 = Fy C F; C Fy C

- C Fy,,, = Z[Sy] of the group ring of S, that is preserved by all somewhere-
to-below shuffles and has the additional property that each t, acts as a scalar on
each quotient F;/F;_1. Here, perhaps unexpectedly, f,1 is the (n + 1)-st Fibonacci
number. Thus, the number of distinct eigenvalues of a one-sided cycle shuffle is never
larger than f, 1.

A diversity of algebraic techniques for computing the spectrum of shuffling oper-
ators have appeared recently [29, 8,6 10, 21, 3, 27, 25]. This paper contributes new
algebraic methods to this extensive toolkit.

We end the paper by establishing a strong stationary time for one shuffling operator
in our family, the random-to-below shuffle, which happens in an expected time of at
most n (logn + log (logn) + log 2) 4+ 1. The arguments used here are similar to those
used to get a stationary time for the top-to-random shuffle; see Section 15.

1.1. REMARK. The arXiv version [17] of this paper is longer and includes some details
that have been omitted from the present journal version. We will thus refer to [17]
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for some proofs that we leave to the reader here. See also the extended abstract [18]
for a brief summary of this and some related work.

2. THE ALGEBRAIC SETUP

Card shuffling schemes are often understood by mathematicians as drawing, randomly,
a permutation and applying it to a deck of cards. Therefore, our work takes place in
the symmetric group algebra, which we define in this section.

2.1. Basic NOTATIONS. Let k be any commutative ring. (In most applications, k is
either Z, Q or R.)

Let N:={0,1,2,...} be the set of all nonnegative integers.

For any integers a and b, we set [a,b] := {a,a+1,...,b}. This is an empty set
ifa>b.

For each n € Z, let [n] :=[1,n] ={1,2,...,n}.

Fix an integer n € N. Let S,, be the n-th symmetric group, i.e., the group of
all permutations of [n]. We multiply permutations in the “continental” way: that is,
(o) (i) =7 (0 (z)) for all 7,0 € S,, and 7 € [n].

For any k distinct elements 4y, 4z, ..., of [n], we let cyc, ;, . be the permuta-
tion in S, that sends i1,49,...,ix—_1, 1% tO i2,13,...,1k, 11, respectively while leaving
all remaining elements of [n] unchanged. This permutation is known as a cycle. Note
that cyc; = id for any single i € [n].

2.2. SOME ELEMENTS OF k[S,]. Consider the group algebra k [S,]. In this algebra,
define n elements t1,t, ..., t, by setting

(1) tyi=cycy+Cycp o1 +CYCopi1 pr2t+  FCYCopp1 o € K[Sh]

for each ¢ € [n]. Thus, in particular, ¢, = cyc,, = id = 1 (where 1 means the unity
of k[S,]). We shall refer to the n elements tq,ts,...,t, as the somewhere-to-below
shuffles, due to a probabilistic significance that we will discuss soon.

The first somewhere-to-below shuffle ¢; is known as the top-to-random shuffle, and
appears, e.g., under the name Bj in [7], where it is studied extensively. () It shares
a lot of properties with its adjoint operator, the random-to-top shuffle, also widely
studied (sometimes with other names, such as the Tsetlin Library or the move-to-front
rule, as in [19, 11, 28, 12, 5]), and described in Section 14 as .

We shall study not just the somewhere-to-below shuffles, but also their k-linear
combinations A\1t1 + Agta + -+ + Aptyn (with Ap, g, ..., A, € k), which we call the
one-sided cycle shuffles.

2.3. THE CARD-SHUFFLING INTERPRETATION. For k = R, the elements ¢1,%s,...,t,
(and many other elements of k [S,,]) have an interpretation in terms of card shuffling.

Namely, we consider a permutation w € S, as a way to order a deck of n cards(?)
such that the cards are w (1) ,w (2),...,w (n) from top to bottom (so the top card
is w (1), and the bottom card is w (n)). Shuffling the deck corresponds to permuting
the cards: A permutation o € S,, transforms a deck order w € S,, into the deck
order wo (that is, the order in which the cards are w(c(1)),w (c(2)),...,w(c(n))
from top to bottom).

(DThe (German) diploma thesis [26] provides a detailed exposition of the results of [7] (in par-
ticular, [26, Satz 2.4.6] is [7, Theorem 4.2]).

See also [13] for an exposition of the most basic algebraic properties of ¢; (called A there). An
unexpected application to machine learning has recently been given in [30, proof of Lemma 29].

P Asis customary in card-shuffling combinatorics, the cards are bijectively numbered 1,2,...,n;
there are no suits, colors or jokers.
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A probability distribution on the n! possible orders of a deck of n cards can be iden-

tified with the element . P (w)w of R[S,], where P (w) is the probability of the
weSy,
deck having order w. Likewise, a nonzero element », P (o) of R[S,] (with all P (o)
O'ESn

being nonnegative reals) defines a Markov chain on the set of all these n! orders, in
P

which the transition probability from deck order w to deck order wr equals 2:(;)()

o

oeS,

for each w, T € S,,. This is an instance of a right random walk on a group, as defined

(e.g.) in [22, Section 2.6].

From this point of view, the top-to-random shuffle ¢; describes the Markov chain in
which a deck is transformed by picking the topmost card and moving it into the deck
at a position chosen uniformly at random (which may well be its original, topmost
position). This explains the name of ¢; (and its significance to probabilists). More
generally, a somewhere-to-below shuffle ¢, transforms a deck by picking its ¢-th card
from the top and moving it to a weakly lower place (chosen uniformly at random).
Finally, a one-sided cycle shuffle Ajt; + Aata + -+ + Apty, (With Mg, Ao, ..., A € Ryg
being not all 0) picks a card at random — specifically, picking the ¢-th card from the

(n—LC+1)A
n
(n—i+ 1)\
i=1
uniformly at random).

top with probability — and moves it to a weakly lower place (chosen

3. THE ONE-SIDED CYCLE SHUFFLES

In this section, we shall explore the probabilistic significance of one-sided cycle shuffles
and several particular cases thereof. We begin by a reindexing of the one-sided cycle
shuffles that is particularly convenient for probabilistic considerations. Note that, since
transition matrices of Markov chains have their rows summing to 1, the operators,
as we describe them in this section, are scaled to satisfy this property. However,
throughout the paper, the coefficients can sum up to any numbers; multiplying the
operators by the appropriate number would give the corresponding Markov chain.

For a given probability distribution P on the set [n], we define the one-sided cycle
shuffle governed by P to be the element

P(l)tl + :(_2)1t2 + :(_3)2t3 4+t Pin)

This one-sided cycle shuffle gives rise to a Markov chain on the symmetric group
Sy, which transforms a deck order by selecting a card at random according to the
probability distribution P (more precisely, we pick the position, not the value of the
card, using P), and then applying the corresponding somewhere-to-below shuffle. The
transition probability of this Markov chain is thus given by

OSC(P,n) := t, € R[S,].

n

> Pi) ifo=m;

n+l—12?
Q(r,0) =< Py £ ; S
prar pl L0 =7T-CyC;;41,. . 5 IOr some j >1;
0, otherwise.

The n! x nl-matrix (Q(7,0)), ,cg, is the transition matrix of this Markov chain;
when we talk of the eigenvalues of the Markov chain, we refer to the eigenvalues of
the corresponding transition matrix.

These Markov chains are not reversible, which means that their transition matrices
are not symmetric.
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3.1. INTERESTING ONE-SIDED CYCLE SHUFFLES. Some probability distributions
on [n] lead to one-sided cycle shuffles that have an interesting meaning in terms of
card shuffling. We shall next consider three such cases.
(1) The top-to-random shuffle.
The top-to-random shuffle ¢; is the one-sided cycle shuffle that garnered
the most interest. We obtain it by setting P(1) = 1, and P(¢) = 0 for all ¢ # 1.
The transition matrix for the top-to-random shuffle, with 3 cards w; :=
w (1), wy :=w(2) and w3 := w (3), is

[wiwows] [wiwsws] [wowiws] [wawzwi] [wzwiwsz] [wswawi]
[wy waws] % 0 % % 0 0
[w1wzwa] 0 % 0 0 % %
_ (wawiws] % % % 0 0 0
T2Rs = [wawzw1] 0 0 0 % % %
[wawiwa] % % 0 0 % 0
[wawawi] 0 0 % % 0 %

(where [w;wjwy)] is shorthand for the permutation in S3 that sends 1,2, 3 to
w;, w;, W, respectively).

The eigenvalues of this matrix are known since [28] to be 0, %, %, e "T_Q, 1,
and the multiplicity of the eigenvalue % is the number of permutations in .S,
that have exactly i fixed points.(® In other words, the eigenvalues of ¢
are 0,1,2,...,n — 2,n with multiplicities as just said. Other descriptions
of the eigenvalues of the top-to-random shuffle are given in terms of set

partitions [5] and in terms of standard Young tableaux [29].

(2) The random-to-below shuffle.

The random-to-below shuffle consists of picking any card randomly (with
uniform probability), and inserting it anywhere weakly below (with uniform
probability). This is the one-sided cycle shuffle governed by the uniform dis-
tribution (i.e., by the probability distribution P with P(i) = % for all i € [n]).

T n

Hence, the random-to-below operator is, in terms of the somewhere-to-below
operators,
1 1 1 1
R2B,, = —t t t R e
" n21+n(n—1)2+n(n—2)3+ +nn

A sample transition matrix for the random-to-below shuffle is given here
for a deck with 3 cards:

[wiwews]  [wiwzwz] [wawiws] [wewzwi] [wzwiwz] [wzwawi]
11 1 1 1

el [ ; 0 ! !

[wrwzwa] ? ? 101 (1) 3 5

R2B. — [wawqws] 9 9 18 G 0 0
3= [ 0 0 1 11 1 1
wawsl 1 1 6 18 191 ?

S B ; ! S

[wzwow1] 0 0 9 9 6 1z

A recently studied shuffle admits a similar description, namely the one-
sided transposition shuffle [3], that picks a card uniformly at random and
swaps it with a card chosen uniformly at random among the cards below.

ctually, studies a more general kind of shuffling operators wi urther parameters
(3) Actually, [28] studi 1 kind of shuffii t ith furth. t
P1,P2,---,Pn, but these can no longer be seen as random walks on a group and do not appear
to fit into a well-behaved “somewhere-to-below shuffle” family in the way t; does.
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Despite its similar-sounding description, it is not a one-sided cycle shuffle
(unless n < 2), and a striking difference between the two shuffles is that the
matrix of the one-sided transposition shuffle is symmetric, unlike the one for
random-to-below.

(3) The unweighted one-sided cycle.

Consider a variation of the problem, in which we pick a somewhere-to-
below move uniformly among the possible moves allowed. That is, we choose
(with uniform probability) two integers ¢ and j in [n] satisfying ¢ < j, and
then we apply the cycle cyc; ;1 ; ;. Thus, the probability of applying the
cycle cyc; ;49 . ;18 ﬁ for all ¢+ < j, and the probability of applying the
identity is %_H This is the one-sided cycle shuffle governed by the probability

distribution P with P (i) = % For n = 3, its transition matrix is

[wiwaws]  [wiwzwz] [wawiws] [wawzwi] [wzwiwe] [wzwawi]
[1wzws] 3 3 : : 0 0
orwswa] | g 2 0 0 o 5
[wow; ws] % % % é 0 0
wzwsun) |0 0 g 2 g g
] S A T
oawzuwn] \ 0 0 o o o 3

3.2. EIGENVALUES AND MIXING TIME RESULTS FOR ONE-SIDED CYCLE SHUFFLES.
Corollary 12.2 further below describes the eigenvalues for any one-sided cycle shuffle.
For a deck of n cards, the eigenvalues are indexed by lacunar subsets of [n — 1],
which are subsets of [n — 1] that do not contain consecutive integers. Given such a
subset I, we define in Section 5 the nonnegative integers myr 1,mr2,...,mr . Then,
the eigenvalue of the one-sided cycle shuffle OSC(P,n) indexed by I is

P(1 P(2 P
PO) P@) L P
n n—1 1

mrimn-

A consequence of this description is that all the eigenvalues are nonnegative reals
(and are rational if the P (1),P(2),...,P (n) are). This is a surprising result for a
matrix that is not symmetric.

However, the fact that the matrices are not symmetric means that their eigenvalues
cannot be used alone to bound the mixing time for the one-sided cycle shuffle. To
palliate this, we describe a strong stationary time for the one-sided cycle shuffles in
Section 15. In the specific case of the random-to-below shuffle, we give the waiting
time to achieve it.

Eigenvalues of some interesting one-sided cycle shuffles. The statement above can be
used to find the eigenvalues of any one-sided cycle shuffle, including the top-to-random

m
shuffle. In this case, the eigenvalues are given as “LL 1t should become clear, after

n
we define the numbers m;; and lacunar sets in Section 5, that the values that my;

can take are exactly the integers 0,1,2,...,n — 2, n.
Similarly, Corollary 12.2 (as restated above) yields that the eigenvalues for the
unweighted one-sided cycle shuffle are given by ﬁ (mr1+mpa+...+mry),and

are indexed by the lacunar subsets of [n — 1]. As far as we can tell, there is no known
simple combinatorial expression for the sum myr 1 +my2 4+ -+ +myp.
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4. THE OPERATORS IN THE SYMMETRIC GROUP ALGEBRA

We now resume the algebraic study of general one-sided cycle shuffles (with arbitrary k
and not necessarily governed by a probability distribution). We will find it more
convenient to work with endomorphisms of the k-module k [S,] rather than with
n! X nl-matrices.

For each element z € k [S,,], let R (z) denote the k-linear map

k[S,] = k[Sh],
Yy = ya.

This map is known as “right multiplication by x ”, and is an endomorphism of the

free k-module k [S,,]; thus, it makes sense to speak of eigenvalues, eigenvectors and
triangularization.
One of our main results is the following:

THEOREM 4.1. Let A\, Xo,..., A\, € k be arbitrary. Then, the k-module endomor-
phism R (At 4+ Aata + - -+ Aptyn) of kK[Sy,] can be triangularized — i.e., there ex-
ists a basis of the k-module k [S,] such that this endomorphism is represented by an

upper-triangular matriz with respect to this basis. Moreover, this basis does not depend
on )\1,)\2, .. ~7>\n-

We shall eventually describe both the basis and the eigenvalues of this endomor-
phism R (At1 4+ Aato + -+ - + Anty) explicitly; indeed, both will follow from Theo-
rem 11.1.

REMARK 4.2.In general, the endomorphism R (A1t1 4+ Aata + -+ - + Apty,) cannot be
diagonalized. For example:

o If we take k = C, n =4 and A; = 1 for each i € [n] (which is the unweighted
one-sided cycle shuffle), then the minimal polynomial of the endomorphism
R(Ait1 + Aoty + -+ Aty) is (z —10) (z — 6) (x — 4)* (z — 2), so that this
endomorphism is not diagonalizable.

o If we take k = C, n = 3 and \; = ¢ for each i € [n], then the minimal polyno-
mial of the endomorphism R (A1t 4 Aata + - + Anty) is (z — 8)% (x — 26),
so that this endomorphism is not diagonalizable.

Consequently, there is (in general) no basis of k [S,] such that all the endomor-
phisms R (t1),R(t2),..., R(t,) are represented by diagonal matrices with respect to
this basis. Triangular matrices are thus the best one might hope for; and Theorem 4.1
reveals that this hope indeed comes true. Eventually, we will see (Theorem 12.3) that
the endomorphism R (A1t1 + Aata + -+ - + A\pty) is diagonalizable (over a field) for a
sufficiently generic choice of A1, Aa, ..., Ap.

5. SUBSET BASICS: LACUNARITY, ENCLOSURE AND NON-SHADOW

In order to concretize the claims of Theorem 4.1, we shall introduce some features of
sets of integers and a rather famous integer sequence. The main role will be played
by the lacunar sets, which will later index a certain filtration of k[S,] on whose
subquotients the endomorphisms R (ty) act by scalars. This is especially convenient
since the number of lacunar sets is relatively small (a Fibonacci number).

Let (fo, f1, f2,...) be the Fibonacci sequence. This is the sequence of integers de-
fined recursively by

fo=0, fi=1, and fm = fm—1+ fim—z for all m > 2.

We shall say that a set I C Z is lacunar if it contains no two consecutive integers
(i-e., there exists no ¢ € I such that i+1 € I). For instance, the set {1,4,6} is lacunar,

Algebraic Combinatorics, Vol. 7 #2 (2024) 281



DARIJ GRINBERG & NADIA LAFRENIERE

while the set {1,4,5} is not. Lacunar sets are also known as “sparse sets” (in [1]) or
as “Zeckendorf sets” (in [6], at least when they are finite subsets of {1,2,3,...}).

It is known (see, e.g., [15, Proposition 1.4.9]) that the number of lacunar subsets
of [n] is the Fibonacci number f,12. Applying this to n — 1 instead of n, we conclude
that the number of lacunar subsets of [n — 1] is f,4+1 whenever n > 0. A moment’s
thought reveals that this holds for n = 0 as well (since [—1] = &), and thus holds for
each nonnegative integer n.

If T is any set of integers, then I — 1 will denote the set {i—1 | i€ I} C Z.
For instance, {2,4,5} — 1 = {1,3,4}. Note that a set I is lacunar if and only if
INI-1)=g.

For any subset I of [n], we define the following:

e We let T be the set {0} UIU{n + 1}. We shall refer to I as the enclosure of I.

For example, if n = 5, then {2,3} = {0,2,3,6}.
e For any ¢ € [n], we let my be the number

(smallest clement of T that is > é) —Le0,n+1—¢ C[0,n].

Those numbers my ¢ already appeared in Subsection 3.2, as they play a crucial
role in the expression of the eigenvalues of the one-sided cycle shuffles.
For example, if n =5 and I = {2, 3}, then

(mI,l, mr.2, My3, My 4, mI,E)) = (1, Oa Oa 27 ]-)

We note that an ¢ € [n] satisfies my, = 0 if and only if ¢ € T (or, equiva-
lently, ¢ € I).
e We let I’ be the set [n — 1] . (J U (I —1)). This is the set of all i € [n — 1]
satisfying ¢ ¢ T and i + 1 ¢ I. We shall refer to I’ as the non-shadow of I.
For example, if n = 5, then {2,3} = [4] ~ {1,2,3} = {4}.

6. THE SIMPLE TRANSPOSITIONS s;

In this section, we will recall the basic properties of simple transpositions in the
symmetric group S, and use them to rewrite the definition (1) of the somewhere-to-
below shuffies.

For any i € [n—1], we let s; := cyc, ;;1 € S,. This permutation s; is called
a simple transposition. It is well-known that s, ss,...,s,—1 generate the group S,.
Moreover, it is known that two simple transpositions s; and s; commute whenever
|i — j| > 1. This latter fact is known as reflection locality.

It is furthermore easy to see that

(2) CYCp41,.. b = SESL4+1" " Sk—1

.....

for each £ < k in [n]. Thus, (1) rewrites as follows:
(3) tg=1+ 50+ 8¢spp1+ -+ 8pSp41° 5p-1 = 2543€+1 S8
j=L

for each £ € [n].
The following relationship between simple transpositions follows easily from (2):

LEMMA 6.1. Let £ € [n] and j € [n]. Let i € [¢,5 — 2]. Then,

S¢Sp4+1 " Sj—1 "8 = Si41 - SeSe+1 - Sj—1-
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7. THE INVARIANT SPACES F'(I)

Recall that our goal is to prove Theorem 4.1, which claims that the one-sided cycle
shuffles are triangularizable. To that end, we will construct a k-submodule filtration
of k [S,,] that is preserved by all the somewhere-to-below shuffles. In this section, we
first define a family of submodules F' (I) of k[S,], which will later serve as building
blocks for this filtration.

7.1. DEFINITION. For any subset I of [n], we define the following:

o We let sum/ denote the sum of all elements of I. This is an integer with
0<sumI<n(n+1)/2
e We let
F(I):={qek[S,] | gsi=qforaliel}.

This is a k-submodule of k [S,,]. Intuitively, it can be understood as follows:
Write each permutation 7 € S, as the n-tuple [ (1) 7 (2) ... 7 (n)] (this is
called one-line notation, and we write it without commas between the entries
for the sake of brevity). Thus, each element ¢ € k [S,,] can be viewed as a k-
linear combination of such n-tuples. The group S, acts on such n-tuples from
the right by permuting positions, and thus acts on their linear combinations
by linearity. An element ¢ € k [S,,] belongs to F' (I) if and only if it is invariant
under permuting any two adjacent positions ¢ and ¢ + 1 that both lie outside
of I. We thus call F (I) an invariant space.

In terms of shuffling operators, one can think of F(I) as the set of all
random decks (i.e., probability distributions on the n! orderings of a deck)
that are fully shuffled within each contiguous interval of [n]\I. This is to be
understood as follows: Let ¢ € F(I), and let o € S,, be a term appearing
in ¢ with coefficient c. Let [i,j] be an interval of [n] containing no element
of I. Then, for any permutation 7 € S,, that fixes each element of [n]\[4, j],
the coefficient of o7 in ¢ is also ¢. Moreover, this property characterizes the
elements ¢ of F(I).

Note that F ([n]) = k [S,,], since [n]' = @.
Here are some more examples of the sets F' (I):

EXAMPLE 7.1.Let n = 3. Then, there are 23 = 8 many subsets I of [n] = [3]. We
shall compute the non-shadow I’ and the invariant space F' (I) for each of them:
e We have @’ = [2] and thus
F(@)={qekl[S,] | gsi =qforalliec 2]}
= span ([123] + [132] 4 [213] + [231] + [312] + [321]).

Here, the notation “span” means a k-linear span, whereas the notation [ijk]

means the permutation o € S3 that sends 1,2,3 to i, j, k, respectively. (In

our case, we are taking the span of a single vector, but soon we will see some

more complicated spans.)
e We have {1}’ = {2} and thus

F({1})={qek[S] | gs2=4q}
= span ([123] + [132], [213] +[231], [312] + [321]).

e We have {3}’ = {1} and thus

F({3}) ={gck(Si] | ¢51=4¢}
=span ([123] + [213], [132] + [312], [231] + [321]).
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e If I is any of the sets {2}, {1,2}, {1,3}, {2,3} and {1,2,3}, then I’ = @ and
thus

F(I) ={q € k[Sn]} =k [5,]
=span ([123], [132], [213], [231], [312], [321]).
EXAMPLE 7.2. Let n = 4. Then, {1} = {2,3} and thus

F({1})={qek[Sn] | gsi=qforallie {2,3}}
= span([1234] + [1243] + [1324] + [1342] + [1423] + [1432],

[2134] + [2143] + [2314] + [2341] + [2413] + [2431],
[3124] + [3142] + [3214] + [3241] + [3412] 4 [3421],
[4123] + [4132] 4 [4213] + [4231] + [4312] 4 [4321]).

Here, [ijk¢] means the permutation o € Sy that sends 1,2, 3,4 to i, j, k, £, respectively.

In Section 8, we shall define a filtration of k[S,] that requires sorting subsets
according to the sum of their elements. Hence, for each k € N, we set

(4) F(<k):== > F(J).
JC[nl;
sum J<k

7.2. RIGHT MULTIPLICATION BY t;—mj ¢ MOVES US DOWN THE F (I)-GRID. We now
claim the following theorem, which will play a crucial role in our proof of Theorem 4.1:

THEOREM 7.3. Let I C [n] and € € [n]. Then,
F(I) . (tg — ng) - F(< sum[) .
In other words, for each g € F (I), we have q - (ty —myy) € F (< sumlI).

This theorem is essential to establishing the triangularization stated in Theo-
rem 4.1, which requires sorting the submodules F'(I) according to the sum of elements
in 1.

Proof of Theorem 7.8. Fix ¢ € F(I). We must prove that ¢ - (tr —msy) €
F (< sum/). There are three main parts to our proof. In the first part, we ex-
press q-(t¢ — my ) as a sum of products of ¢ with simple transpositions (Equation (7)).
In the second part, we will break this sum up into smaller sums (Equation (8)). In
the third and last part, we will show that each of these smaller sums is in F (K) for
some K C [n] satisfying sum K < sum [. This will complete the proof. This is a long
proof, and some claims might not be obvious at first sight. Proofs that have been
omitted require no clever tricks, and can be found in the more detailed version of
this paper [17].

Write the set [ in the form I = {41 < iy <--- <i,}, and furthermore set iy := 0
and 7,11 :=n + 1. Then, the enclosure of I is

I={0=1ip<iy <ipg<-- <ip<ipy1 =n+1}.

Let ix be the smallest element of T that is greater than or equal to £. Thus, my, =
i, — £ (by the definition of mr ) and

(5) i0<i1<"'<’L'k71<£<ik<ik+1<~'~<’ip+1.

Note that k& > 1 (since £ < i), so that i > 1.
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From 4,41 = n+ 1, we obtain n = i,11 — 1. Now, multiplying the equality (3) by ¢,
we obtain

n ipy1—1
qty = E qS¢Seq1 - - Sj—1 = E qSeSe41 - Sj—-1 (since n = ipy1 — 1)
j=t Jj=t
ig—1 ipy1—1
(6) = E qS8eSe+1 -+ Sj—1 + E qSeSe+1 - Sj-1-
=t J=ik

Now, from (5), it is easy to see that each u € [{,i; — 2] belongs to the non-
shadow I’, and thus satisfies ¢s,, = ¢ (since ¢ € F' (I)). By applying this observation
multiple times, we see that ¢sgse+1---s;—1 = g for each j € [¢,4; — 1]. Thus,

in—1 in—1
> aseseqr-sioi =Y q=(ir— ) g =mq.
= N— —— = ——

=q =mr,

Hence, we can rewrite (6) as

ipt1—1
qte = mreq + Z qseSer1 " Sj-1
J=ik
Subtracting my ¢q from both sides of this equality, we obtain

tpt1—1

(7) q-(te—mry) Z qseSes1

J=ik
Next, recall that ix < ig41 < -+ < ipt1, and write the interval [ig,ip11 — 1] as
[iks ik — U [ipgr, iz — 1 U U [, dpgn — 1]

Therefore, (7) can be rewritten as

P 747‘+17
(8) q-(te—mre) =Y > qsesesr-
r=k J=tr

Recall that our goal is to prove that ¢ - (t, —my) € F (< sumI). In view of (8),
it is sufficient to show that
b1 —1
Z gseSes1 - 8j—1 € F(<suml) for each r € [k, p].
J=ir
Let us fix some r € [k, p]. We set

Trg1—

(9) Z qseSe+1 -

J=ir

We must show that ¢’ € F (< sum ).

To do so, we make extensive use of the facts stated in Section 6 about simple
transpositions, and the rest of the proof is obtained by dealing with several cases.

From r € [k, p], we obtain k <7 < p. From k < p and k > 1, we obtain k € [p], so
that i, € {i1,%2,...,ip} = I C [n]. Therefore, i, < n.

Also, from r < p and r > k > 1, we obtain r € [p], so that i, € {i1,42,...,ip} =
I C [n]. Therefore, i, < n.

Furthermore, from k < r < p, we obtain iy < 4, < i) (since i1 < ig < -+ < ip).
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Moreover, from i, € [n], we obtain i, > 1. From iy < i1 < ig < -+ < ip < ipy1 =
n + 1, we obtain 7,41 < n+ 1, so that i,;1 — 1 < n. Combining this with i, > 1, we
conclude that [i,, 41 — 1] C [n].

We define a set

K:= (I~ {ik,ik+1,...,i7~}) U {ik -1, iy —1, ..., i, — 11N [n} .
Thus, K is obtained from I by replacing the elements i, ix+1,...,% by ipx—1, ip4+1—1,
.., ir—1 (and intersecting the resulting set with [n], which has the effect of removing 0

if we have replaced 1 by 0). Therefore, K is a subset of [n] and satisfies sum K <
sumI — (r —k+1) (since ik, ikt1,...,4. are r — k + 1 distinct elements of I, and
we subtracted 1 from each of them). Hence, sum K < sum/l — (r —k+1) < sum/
(because r > k). Thus, F (K) C F (< suml/). Hence, in order to prove that ¢’ €
F (< sum ), it will suffice to show the more precise statement that

¢ € F(K).

We shall thus focus on proving this.

In order to prove this, it will clearly suffice to show that ¢'s; = ¢’ for each i € K’,
because of the definition of F (K). So let us fix i € K’. We must prove that ¢'s; = ¢'.
The rest of the proof is dedicated to that goal.

We have i € K/ = [n — 1]~ (K U (K — 1)) (by the definition of K’, the non-shadow
of K). Thus, i € [n—1] and i ¢ K U (K —1). From the latter fact, we conclude
that i ¢ K andi+1 ¢ K. From i € [n — 1], we obtain i 4+ 1 € [n].

Using the definition of K (and the facts ¢ ¢ K and i + 1 ¢ K), one can show that

i+1¢1.
Thus, it is also relatively straightforward to show that
(10) i€l ifié¢ [ig,i].
Similarly, one can see that
(11) i+lelifielli,—1].

From (5) and r > k, we obtain £ < 4, < i,41. Hence, we are in one of the following
five cases:

Case 1: We have 1 < £ — 1.

Case 2: We have i = ¢ — 1.

Case 3: We have ¢ < i < i,.

Case 4: We have i, <14 < ip41.

Case 5: We have © > i,41.

For each of these cases, we need to prove that ¢’s; = ¢'.

Let us first consider Case 1. In this case, we have i < £—1. Thus, i < {—1 < £ < iy,
so that ¢ ¢ [ig,,]. Hence, from (10), we obtain ¢ € I’. Thus, ¢s; = ¢ (since ¢ € F (I)).
Furthermore, from ¢ < ¢ — 1, we see that s; commutes with all the permutations
5¢,5041,- -, 5i,,,—2 that appear on the right hand side of (9) (by reflection locality).
Hence, multiplying the equality (9) by s;, we find

Gpy1—1 Gpp1—1
/ /
qSi = E qS¢Se+1 - Sj—1"5i = E qS; *S¢Se+1° 0 Sj—-1 =4(q -
— — ~~
J=1r J=1r =q

We have thus proved ¢'s; = ¢’ in Case 1.

Let us next consider Case 2. In this case, we have i = /—1. Thus, i = {—1 < £ < iy,
so that i ¢ [ix,4,], and therefore ¢ € I’ by (10). Hence, ¢gs; = g (since g € F (I)). We
must prove that ¢’s; = ¢’. This easily follows in the case when £ = n (since ¢’ = ¢ in
this case). Hence, for the rest of Case 2, we assume, without loss of generality, that

Algebraic Combinatorics, Vol. 7 #2 (2024) 286



The one-sided cycle shuffles in the symmetric group algebra

¢ # n. Therefore, £ € [n — 1]. Hence, it is easy to see that £ € I’ (since { =i+ 1¢ K

and £ =i+ 1 ¢ I and i, — 1 € K and since the smallest element of T that is >/
is ix). Hence, gsy = q. From ¢ € I', we furthermore obtain ¢ ¢ I and thus £ # i,
(because i, € I). Hence, £ < i,.. Now, (9) rewrites as

Gpp1—1 Gpyp1—1
/
(12) q = E (qs¢) “Se418042---8j-1 = E qSe+18e+2 " Sj—1-
J=1r =q J=1r
From ¢ = £—1, we see that s; commutes with the permutations s¢y1, s¢42,...,84,,,-2

that appear on the right hand side of (12), and, multiplying the equality (12) by s;,
we find

’L‘r+171
/ /
qSs; = E qS; *Sey18¢4+2° " 8j-1=¢Q .
— N~
J=r =q

We have thus proved ¢'s; = ¢’ in Case 2.

Let us now consider Case 3. In this case, we have ¢ < i < 4,.. Thus, i < i, —1 (since
i ¢ Kandi#0, but i, —1 € KU{0}). Hence, i + 1 < i, < n, and i € [{,4, — 1].
Thus, (11) yields ¢ + 1 € I'. Hence, gs;+1 = q (since g € F (I)).

Let j € [ip, 441 — 1], so that i < i, — 1 < j — 1. Hence, i € [{,j — 2], and, using
Lemma 6.1,

(13) q 505041 Sj—1"5; = qSi41 505041 """ Sj—1 = qS¢Sp41" " Sj—1-
=q

Forget that we fixed j. We thus have proved (13) for each j € [ir, 41 — 1]. Now,
multiplying the equality (9) by s;, we find

Gpp1—1 iry1—1
/ /
qs; = E qSeSe+1 - 8j—1 "8 = E qSeSe+1 0 Sj—1 = ¢ -
J=ir J=ir

We have thus proved ¢’'s; = ¢’ in Case 3.

Next, let us consider Case 4. In this case, we have i, < ¢ < i,41. It is easy to see
that the latter inequality can be strengthened to i + 1 < 4,41 — 1 (because i + 1 ¢ I,
i <n,and i,41 € IU[n+1]). Thus, both ¢ and i+ 1 belong to the interval [i,, i, +1 — 1]
(since i, <7 <i+1).

Now, we make the following three claims:

e Claim 1: For any j € [ip,ir+1 — 1] \ {4,744+ 1}, we have
qSeSp41 " Sj—1° Si = qSpSe41 Sj—1.

o Claim 2: We have

qSeSe+1 -0 8i—1 " 8i = qSeSe+1 0 S

o Claim 3: We have

qSeSe+1 -8 8¢ = S¢Se+1 0 Si—1-
2

i

Note that Claim 2 is trivial, while Claim 3 follows from s
Claim 1:

[Proof of Claim 1: Fix some j € [ir,ir41 — 1] \ {i,9+ 1}. Thus, j € [ip,ir41 — 1]
and j ¢ {i,7+ 1}. The latter fact reveals that either j < i or j > ¢ + 1. This means
that we are in one of two subcases, which we consider separately:

= id. Let us now prove
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o Let us first consider the subcase when j < i. In this subcase, s; commutes
with each of s¢,s¢41,...,5j—1. Thus, sgsp11---8j—1-5; = ;- SgSp41 - Sj—1.
Because i > j > iy, i ¢ [ik, 4], and (10) yields ¢ € I’. Thus, ¢s; = ¢ (since
q € F(I)). Now,

qSeSe+1 - Sj—1°Si = (qS; *S¢Se4+1 - Sj—1 = SeSe41 0 Sj—-1-
—~
=q
We have thus proved Claim 1 in the subcase when j < i.

e Let us now consider the subcase when 5 > ¢ + 1 or, equivalently, : < j — 2.
Combining this with ¢ < 4, < 4, we obtain ¢ € [{,j—2]. Hence,
Lemma 6.1 yields sgsg41---Sj—1 - 8i = Sit1 - SeSe41- - Sj—1. Moreover,
from j € [iy,ir4+1 — 1] C [n], we obtain j < n, so that n > j > ¢ + 1. Hence,
i+1<mn,sothati+1¢€[n—1].

Furthermore, i, <4 < ¢4 1. On the other hand, from j > i+ 1, we obtain
i+1<j<irp1 — 1 (since j € [ip,ir41 — 1]), so that ¢ + 2 < i,41. Hence,
ip <441 < i+ 2 < ipy1. This chain of inequalities shows that both numbers
141 and ¢+ 2 lie strictly between the two numbers i, and 4,1, which are two
adjacent elements of the enclosure T (in the sense that there are no further
elements of T between them). Hence, neither ¢ 4+ 1 nor ¢ + 2 can belong to f,
nor to I (since I C I). In other words, i+1 ¢ TU(I —1). Since i+1 € [n — 1],
we obtain i+1 € I’ (by the definition of I’). Thus, gs;+1 = ¢ (since g € F (I)).
Now

)
qSeSe4+1 " Sj—1Si = (Si41°S¢Se+1 " Sj—1 = qS¢Se41 0 Sj—1-
——
=q
We have thus proved Claim 1 in the subcase when j > i+ 1.

We have now covered both possible subcases. Hence, Claim 1 is proved.]

We have now proved all three Claims 1, 2 and 3. Now, consider the sum
’Lr+1—1
> qseSes1 - . This sum contains both an addend for j = ¢ and an ad-
J=ir
dend for j = i+ 1 (since both ¢ and ¢ + 1 belong to the interval [i,,4,41 — 1]).
When we multiply this sum by s; on the right, the addend for j = ¢ becomes
qSeSp+1 - Si—1 + Si = qS¢Sew1 -+ S; (by Claim 2), whereas the addend for j = i + 1
becomes qsgspy1 -+ Si - S; = qSeSe+1 - Si—1 (by Claim 3), and all remaining addends
ZT+171
stay unchanged (by Claim 1). Hence, multiplying the sum Z qSeSe+1 1
j=ir
by s; on the right merely permutes its addends (specifically, the addend for j =4 is
swapped with the addend for j =i+ 1, while all other addends stay unchanged) and
therefore does not change the sum. In other words, we have

irp1—1 iry1—1
/ /
qS; = E qseSe+1 - E qseSe+1 0 Sj-1 =4,
Jj=ir J=ir

proving ¢’'s; = ¢’ in Case 4.

Finally, let us consider Case 5, in which ¢ > 4,41. Thus, i > 4,41 > i,, so that
i & [ig,ir]. From (10), we obtain ¢ € I’, so that ¢s; = ¢. Furthermore, from i > 4,41,
we see that s; commutes with all the permutations sy, s¢11,...,5;,,, 2 that appear
on the right hand side of (9). Hence, multiplying the equality (9) by s;, we find

g1 —1 7«T+1—
/ /
qSsi = E qSeSe+1 - g qu *S¢Se+1Sj—-1 = (¢ .
J=tr J=tr =q
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We have thus proved ¢'s; = ¢’ in Case 5.

We have now proved ¢'s; = ¢’ in all five cases. As explained above, this completes
the proof of ¢’ € F (K). Therefore, ¢ € F(K) C F (< sumI). But this is precisely
what we needed to prove. Thus, Theorem 7.3 is proven. 0

8. THE FIBONACCI FILTRATION

In this section, we shall build a filtration of k [S,,] by k-submodules that are invariant
under the somewhere-to-below shuffles R (t;), which furthermore has the property that
the latter shuffles act as scalars on the subquotients of the filtration. This filtration
will be built up from the submodules F'(I) defined in the previous section, and its
properties will rely on Theorem 7.3.

8.1. DEFINITION AND EXAMPLES. Recall from Section 5 that the number of lacunar
subsets of [n — 1] is the Fibonacci number f,11. Let Q1,Q2,...,Qy,,, be all the
lacunar subsets of [n — 1], listed in an order that satisfies

(14) sum (@Q1) < sum (Q2) < -+ < sum (an+1) .
Then, define a k-submodule

for each i € [0, fr+1] (so that Fy = 0). We claim the following:

THEOREM 8.1.
(a) We have
0=FRCFHCFRC---CF; , =k[S,].

In other words, the k-submodules Fy, F1, ..., Fy, ., form a k-module filtration
of k [Sh].

(b) We have F; -t; C F; for each i € [0, fry1] and £ € [n].

(c) For each i € [fny1] and £ € [n], we have

Fi-(te —mgq, ) C Fi_1.

We will eventually prove this theorem; we will also show that each Fj is a free k-
module, so that its dimension dim F; (also known as its rank) is well-defined whenever
k # 0. First, let us tabulate the dimensions of the Fy, Fy,..., Fy, ., for some small
values of n:

EXAMPLE 8.2.Let n = 3. Then, the lacunar subsets of [n—1] are Q; = @ and
Q2 = {1} and Q3 = {2} (this is the only possible ordering that satisfies (14), because
no two lacunar subsets of [n — 1] have the same sum). The corresponding F' (I)’s have
already been computed in Example 7.1. Here are some properties of the corresponding
F;’s (note that Fy = 0):

i 1 2 3

Qi g |{1} {2}

Q; (1,2} {2} | @

dim F; 1 3] 6

dim Fz — dim Fi,1 1 2 3
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EXAMPLE 8.3.Let n = 4. Then, the lacunar subsets of [n—1] are Q; = @ and
Q2 = {1} and Q3 = {2} and Q4 = {3} and Q5 = {1,3} (again, there is no other
ordering). Here are some properties of the corresponding F;’s:

i 1 2 | 3|4 5

Qi @ {131 {2y | 3} | {1,3}

Q; {1,2,3} 1 {2,3} | 3} | {1} | @

dim F 1 4 |12 | 18| 24
dim F; — dim F;_, 1 3 | 8|6 6

EXAMPLE 8.4.Let n = 5. Then, the lacunar subsets of [n—1] are Q1 = @ and
Q2 = {1} and Qs = {2} and Q4 = {3} and Q5 = {4} and Q = {1,3} and Q- = {1,4}
and Qg = {2,4} (this is one of two possible orderings; another can be obtained by
swapping Q5 with Qg). Here are some properties of the corresponding F;’s:

¢ [ v [ 2 [e a7 ]s]
Qi @ (20| 8 | {4 [ {13} ] {14} | {2,4}
Q, (1,2,3,4} | {2,3,4} | (3,4} | {14} | {12} | {4} | {2} | @
dim F, 1 5 20 | 40 | 50 | 70 | 90 | 120

dim F; — dim F;_; 1 4 15 [ 20 | 10 | 20 | 20 | 30

EXAMPLE 8.5. Let n = 6. Then, the lacunar subsets of [n — 1] (in one of several
orderings) can be found in the following table:

‘iHl‘2‘3‘4‘5‘6‘7‘8‘9‘10‘11‘12‘13‘
Qi || @ | {1} [ {2} | {3} | {4} [ {13} | {5} | {1,4} | {L,5} | {2,4} | {2,5} | {3,5} | {1,3,5}
4116 [30]75 [115] 160 [175] 255 | 300 | 420 | 540 | 630 | 720
1l 5 [2a]as]a0] a5 [15] 80 | 45 | 120 | 120 | 90 90

where we set d; := dim F; and §; := dim F; — dim F;_1 for brevity.

When k is a field, Theorem 8.1 entails that the endomorphisms R (¢1), R (t2), ...,
R (t,) on k[S,] can be simultaneously triangularized (as endomorphisms of the k-
module k [S,,]). So, in particular, a k-linear combination R (A1t1 + Agta + - + Aptn)
of R(t1),R(t2),...,R(t,) has all its eigenvalues in k. However, we will later prove
this more generally, without assuming that k is a field, by explicitly constructing a
basis of k [S,,] that triangularizes R (t1), R (t2),..., R (tn).

8.2. PROPERTIES OF NON-SHADOWS. So far, it may seem mysterious that the def-
inition of our filtration Fy € Fy € F, C --- C Fy, ., relies only on the F (I) for
the lacunar subsets I of [n — 1], rather than using the F' (I) for all subsets I of [n].
The reason for this is the observation (Corollary 8.8 further below) that the lacunar
subsets I of [n — 1] are “enough” (i.e., the F'(I) for which I is not a lacunar subset
of [n — 1] “contribute nothing new” to the filtration). More precisely, each F' (I) (for
any I C [n]) is contained in the sum of the F (J) where J C [n — 1] is lacunar and
satisfies sum J < sum I.

Before we can prove this, we shall show a few combinatorial properties of non-
shadows.
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PROPOSITION 8.6. Let I be a subset of [n]. Let j € I. Set K := (I~ {j})U{j—1}
if 3 > 1, and otherwise set K := 1~ {j}. Then:

(a) We have K' C I' U{j}.

(b) Ifj+1€l, then K' CI'.

Proof. (This is a sketch; see [17] for details.)

(a) Recall that the non-shadow I’ of T is obtained by starting with the set [n — 1]
and removing all the numbers ¢ and ¢ — 1 for ¢ € I. In particular, the numbers j and
j — 1 have to be removed, since j € I.

The set K is obtained from I by “moving the element j one unit to the left” (and
removing 0 if necessary). Hence, its non-shadow K’ is constructed in the same way
as I’, but instead of removing the numbers j and j — 1, we now have to remove the
numbers j — 1 and j — 2. Therefore, the only element of K’ that may fail to belong
to I’ is j. In other words, K’ C I' U {j}. This proves part (a).

(b) Assume that j+1 € I. Then, j+1 € K as well, so that j ¢ K'. Hence, part (b)
follows from part (a). O

PROPOSITION 8.7. Let I C [n]. Assume that I is not a lacunar subset of [n — 1]. Then,
there exists a subset K of [n] such that sum K < sumI and K' C I'.

Proof. We have assumed that I is not a lacunar subset of [n — 1]. Thus, we are in one
of the following two cases:

Case 1: The set I is not a subset of [n — 1].

Case 2: The set I is not lacunar.

Let us first consider Case 1. In this case, the set I is not a subset of [n — 1].
Hence, n € I. Setting K := (I ~{n}) U {n —1} (or just K := I \ {n} in the case
when n = 1), one can easily verify that sum K < sum 7 and K’ C I’. Hence, Propo-
sition 8.7 is proved in Case 1.

Let us now consider Case 2. In this case, the set I is not lacunar. In other words,
I contains two consecutive integers ¢ — 1 and ¢. Consider these ¢ — 1 and ¢. Let
K:=({I~{qg—1})U{q—2} (or just K := I~ {qg— 1} in the case when ¢ — 2 = 0).
Then, sum K < sum I (similarly to Case 1). However, Proposition 8.6 (b) (applied
toj=g¢q—1) yields K C I’ (since ¢g—1 € I and (¢—1)+ 1 = ¢q € I). Hence,
Proposition 8.7 is proved in Case 2.

We now have proved Proposition 8.7 in both Cases 1 and 2. O

Roughly speaking, Proposition 8.7 tells us that if a subset I of [n] is not a lacunar
subset of [n — 1], then we can replace it by a subset K that has a smaller sum and a
non-shadow that is contained in that of I. The latter subset K may or may not be a
lacunar subset of [n — 1]. If it is not, then we can apply Proposition 8.7 to it again.
Repeatedly applying Proposition 8.7 like this (and observing that the sum of a subset
of [n] cannot keep decreasing forever), we obtain the following corollary:

COROLLARY 8.8. Let I C [n]. Then, there exists a lacunar subset J of [n — 1] such
that sum J <sum I and J' C I'.

Corollary 8.8 is largely responsible for the fact that the filtration in Theorem 8.1
uses only the lacunar subsets of [n — 1] (rather than all subsets of [n]).

Next, we observe a fact that follows directly from the definition of F' (I) (given at
the beginning of Section 7): If A and B are two subsets of [n] satisfying B’ C A’
then F'(A) C F (B). As a consequence, the lacunar subset .J in Corollary 8.8 satisfies
F(I) C F(J). Thus, for any given k € N, the sum on the right hand side of (4)
has many redundant addends, and we can restrict this sum to just those addends for
which 7 is a lacunar subset of [n — 1]. In other words:
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COROLLARY 8.9. Let k € N. Then,

F(<k)= > F(J).
JC[n—1] is lacunar;
sum J <k
We now have the tools to restrict our study of the k-submodules F'(I) to the sets I
that are lacunar subsets of [n — 1].

8.3. PROOF OF THE FILTRATION. Using the properties of non-shadows that we just
established, we can prove Theorem 8.1, which gives a filtration of k [S,,] preserved by
the somewhere-to-below shuffles.

Proof of Theorem 8.1. We must establish the following three claims:
Claim 1: We have 0 = Fy C Fy C Iy, C--- C Fy, =k |[S,].
Claim 2: We have F; -ty C F; for each i € [0, f,4+1] and £ € [n].
Claim 3: For each i € [f,41] and £ € [n], we have

Fi-(te —mq, ) C Fi_1.
First of all, let us show an auxiliary claim:

Claim 0: Let k € N. Let i, be the largest ¢ € [f,41] satisfying
sum (@Q;) < k (or 0 if no such i exists). Then, F (< k) = F;, .
[Proof of Claim 0: Recall that sum (Q1) < sum(Q2) < --- < sum (Qy,.,).
Thus, the inequality sum (Q;) < k holds for each i < i but does not hold for any

other 4. Therefore, the lacunar subsets J of [n — 1] satisfying sum J < k are precisely
@1,Q2,...,Qi,, and we obtain

> F(J)=F(@Q1)+F(Q)+- -+ F(Qi) =F.
JC[n—1] is lacunar;
sum J<k
In view of Corollary 8.9, we can rewrite this as F' (< k) = F;, , and Claim 0 is proved.]
We can now easily prove Claims 1, 3 and 2 in this order:
[Proof of Claim 1: From the construction of the modules Fj, it is clear that 0 =
Fo CF CF, C--- CFy, . We thus only need to prove Fy, , = k[S,].

Let k = (Z) + 1. Then, sum[n] = (;‘) < k, so that F ([n]) C F (< k). How-

ever, I'([n]) = k[S,] because the non-shadow [n)’ = @. Thus, k[S,] = F([n]) C
F (< k) C Fy,,, (since Claim 0 yields F (< k) C F;, for some iy € [fn41], and this iy,
in turn satisfies F;, C FYy, . ). Thus, Fy, , = k[S,]. The proof of Claim 1 is thus
finished.

[Proof of Claim 3: Let i € [fn+1] and £ € [n].

The definition of Fi—l yields Fi—l =F (Ql) + F (QQ) +--+ F (Qi—1)~ 1\IOW7 from
Corollary 8.9, it is easy to see that each i € [k] satisfies

(15) F(<sum (Qr)) € Fr
(since the lacunar sets Q1,...,Qy, ., are ordered by increasing sum, so that all of
them that have a smaller sum than Q) must appear among Q1,Qo, ..., Qk—1).

The definition of F; yields F; = F (Q1)+ F (Q2)+- -+ F (Q;) = ZZ: F (Qg). Thus,
k=1
Fi-(te—mq.e) = > F(Qx) - (te — mq,.0)
k=1
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~.

F(Qr) - ((te = mqy0) + (mqye — Mm@, 0))

o

=l

_

CY F(Qn) - (te—mqu0) + > F(Qr) - (mq,.c —mq,.0)

k= CF(<sum(Qy)) k=1 =0 for k=i,
(by Theorem 7.3) and CF(Qy) for all other k

=

C F (< sum (Qy)) + iF (Qr)

k=1

=

=l

—

- Fr1+Fi (by (15))

N
w1

(SinCeFogFlgFgg---).

This proves Claim 3.]

[Proof of Claim 2: Let ¢ € [0, fr41] and £ € [n]. We must prove that F; - t, C Fj.
If ¢+ = 0, then this is clearly true. Thus, we assume, without loss of generality, that
i # 0. Hence, ¢ € [fn11], and Claim 3 yields F; - (t, — mg,.¢) C Fi—1 C F;. Now,

Fi -ty =F;-((te —mq, ¢) + mqg, ) € Fi- (te —mq,0) + Fi -mq, ¢ C F; + F; C F;.

This proves Claim 2.]
We have now proved all Claims 1, 2 and 3. This proves Theorem 8.1. O

9. THE DESCENT-DESTROYING BASIS OF k [S),]

We now analyze the filtration I C Iy C Iy C--- C Fy, ., from Theorem 8.1 further.
We shall show that each of the k-modules Fy, F1,..., Fy, ., in this filtration is free,
and even better, that there exists a basis of the k-module k [S,,] such that each F; is
spanned by an appropriate subfamily of this basis.

9.1. DEFINITION. To construct this basis, we need the following definitions (some of
which are commonplace in the combinatorics of the symmetric group):

e The descent set of a permutation w € S,, is defined to be the set of all
i € [n — 1] such that w (¢) > w (¢ + 1). This set is denoted by Desw.

For example, the permutation in S; that sends 1,2,3,4 to 3,2,4,1 has
descent set {1, 3}.

o We define a total order < on the set S,, as follows: If u and v are two distinct
permutations in S, then we say that u < v if and only if the smallest i € [n]
satisfying w (7) # v (¢) satisfies u (¢) < v (7). This relation < is a total order
on the set S, and is known as the lexicographic order on S,,.

e For each I C [n— 1], we let G (I) be the subgroup of S,, generated by the
subset {s; | i€ I}.

For instance, if n =5 and I = {2,4}, then G (I) = (s2, s4) < S5.

e For each w € §,,, we set

(16) Uy i = Z wo € k[S,].
c€G(Des w)

ExAMPLE 9.1. For this example, let n = 3. We write each permutation w € S3 in
one-line notation (i.e., as the list [w (1) w(2) w (3)]). Then,

an23] = [123];
apgg) = [132] + [123];
af13) = [213] + [123];
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a[231] = [231] + [213];
a[312] = [312] + [132];
a[321) = [321] + [312] + [231] 4 [213] + [132] + [123].

The quickest way to compute a,, for a given permutation w € .S,, is as follows:

e Break the n-tuple (w (1),w(2),...,w(n)) into decreasing blocks by placing
a vertical bar between w (i) and w (i + 1) whenever w (i) < w (i + 1). (For
example, if (w(1),w(2),...,w(n)) = (3,5,1,2,7,6,4), then the result of
this break-up is (3| 5,1]27,6,4).)

e Within each decreasing block, we permute the entries arbitrarily.

e All resulting n-tuples are again interpreted as permutations v € S,,. The a,,
is the sum of these permutations v.

9.2. THE LEXICOGRAPHIC PROPERTY. As Example 9.1 demonstrates, it seems that
an element a,, is a sum of w and several permutations that are smaller than w in the
lexicographic order. This is indeed always the case, and will follow from the following
proposition:

PROPOSITION 9.2. Let w € S,,. Let 0 € G (Desw) satisfy o # id. Then, wo < w (with
respect to the lexicographic order).

Proof sketch. Here is an informal argument. See [17] for a detailed formal proof.

Let 41,12,...,4, be the elements of the set [n — 1] \ Desw in increasing order.
Furthermore, let i = 0 and ip41 = n, so that 0 =iy < i1 < ip < -+ <ip < ipgp1 =N,
Define an interval

Ji = lig—1 + 1, ig) for each k € [p+1].

Then, the p + 1 intervals Jy, Jo, ..., Jp41 form a set partition of the interval [n]. The
permutation w is decreasing on each of these p+ 1 intervals, and these p + 1 intervals
are actually the inclusion-maximal intervals with this property.

Now, o € G (Desw) means that the permutation o preserves each of the p + 1
intervals Ji, Jo, ..., Jp+1 (that is, we have o (Ji) = Ji for each k € [p + 1]), because
all the generators s; of G (Desw) preserve these intervals. Hence, the permutation wo
is obtained from w by separately permuting the values on each of the p 4+ 1 intervals
J1,J2, ..., Jp41. However, recall that w is decreasing on each of these p 41 intervals;
thus, if we permute the values of w on each of these p+ 1 intervals separately, then the
permutation w can only become smaller in the lexicographic order. Hence, wo < w.
Combining this with wo # w (which follows from o # id), we obtain wo < w. This
proves Proposition 9.2. g

COROLLARY 9.3. Let w € S,,. Then,

ay = w + (a sum of permutations v € Sy, salisfying v < w).

9.3. THE BASIS PROPERTY. Using Corollary 9.3, we can now see that the elements a,,
for all w € S,, form a basis of k[S,], and furthermore, by selecting an appropriate
subset of these elements, we can find a basis of each F (I). To wit, the following two
propositions hold:

PROPOSITION 9.4. The family (a.,) is a basis of the k-module k [S,].

wESy,

PROPOSITION 9.5. For each I C [n], the family (a,)
k-module F (I).

weS,: I'CDesw S @ basis of the

We shall derive both Proposition 9.4 and Proposition 9.5 from a more general
result. To state the latter, we introduce another notation:
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e For any subset I of [n — 1], we set
Z(I)={qek[Sy] | gsi=qforalliel}.
This is a k-submodule of k [S,,].

The definition of those k-submodules reminds us of the definition of F'(I), so we
make the relation between the two notions explicit:

PROPOSITION 9.6. Let I C [n]. Then, F(I)=Z (I').

Proof. Both F (I) and Z (I') are defined to be {g € k[S,] | ¢si = qforallie I'}.
Thus, we have F' (I) = Z (I'). This proves Proposition 9.6. O

Now, we can state the general result from which both Proposition 9.4 and Propo-
sition 9.5 will follow:

PROPOSITION 9.7. Let I be a subset of [n — 1]. Then, the family (aw),cs,. 1cDesw
a basis of the k-module Z (I).

Proof. We proceed in three steps. First, we shall prove that each element of this family
belongs to Z(I) (Claim 1 below). Then, we will show that this family spans Z(I) (a
consequence of Claim 2 below). Finally, we will show that the (larger) family (aw),,cg.
is k-linearly independent (Claim 3). The precise arguments are fairly straightforward,
so we shall only sketch them; more details can be found in [17].

In the proof that follows, we shall use the notation [w]gq for the coefficient of
a permutation w € S, in an element ¢ € k[S,]. (Thus, each ¢ € k[S,] satisfies
g= Y. ([w]¢)w.) The definition of multiplication in the group algebra k [S,,] shows

(17) [w] (g0) = [wo™] ¢

for any w € S,,, 0 € S,, and ¢ € k[S,].
We shall first show that the family (aw),,cg .
In other words, we shall show the following;:

ICDes w 18 @ family of vectors in Z (I).

Claim 1: For each w € S,, satisfying I C Desw, we have a,, € Z (I).

[Proof of Claim 1: Let w € S,, satisfy I C Desw. Let ¢ € I. Then, i € I C
Desw. Hence, s; is one of the generators of the group G (Desw) (by the defini-
tion of G (Desw)). Hence, the map G (Desw) — G (Desw), o +— os; is a bijection
(since G (Desw) is a group).

However, multiplying the equality (16) by s;, we find

AyS; = E wos; = g wo

0€G(Des w) c€G(Desw)

(due to the bijection from the previous paragraph). Comparing this with a, =
> wo, we obtain a.,s; = Qy.
oc€G(Desw)
Now, forget that we fixed i. We thus have shown that a,,s; = a,, for each ¢ € I. In
other words, a,, € Z (I) (by the definition of Z (I)). This proves Claim 1.]
Next, we shall show that the family (aw),cs,. rcpesw SPans the k-module Z (I).
To achieve this, we will first prove the following:

Claim 2: Let u € S,,. Then,

A (I) M span ((U’)wesn; wéu) c span ((aw)wesn; IQDesw) :
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[Proof of Claim 2: We proceed by strong induction on w (using the lexicographic
order as a well-ordering on S,,). Thus, we fix some permutation z € S,,, and we assume
(as induction hypothesis) that Claim 2 has already been proved for each u < x. We
must then prove Claim 2 for u = x.

Using our induction hypothesis, we can easily see that

(18) Z (I) N span <(w)w€Sn; w<m) C span <(aw)wesn; IgDcsw) .

(Indeed, if z is the smallest permutation in Sy, then this is clear because the left hand
side is 0. In all other cases, this follows by applying our induction hypothesis to u
being the permutation that precedes z in the lexicographic order.)

Our goal is to prove Claim 2 for w = =, that is, to prove that Z(I) N

(e e S0 (s .

To do so, we let ¢ € Z (I) Nspan ((w)wesn; w<w>. Thus, ¢ € span ((w)wesn; wgm)v
so that

(19) [w]g=0 for every w € S, satisfying w > x.

We want to show that ¢ € span ((aw)wesn; ICDcsw).

We are in one of the following two cases:

Case 1: We have I € Desz.

Case 2: We have I C Deszx.

First, let us consider Case 1. In this case, we have I € Desz. Hence, there exists
some k € I such that k ¢ Desz. Consider this k. Then, k € I C [n— 1]. Hence,
(k) <xz(k+1) (since k ¢ Desx), so that x (k) <  (k + 1). Hence, by the definition
of lexicographic order, it follows that xzs; > x. Thus, (19) yields [xs] ¢ = 0.

On the other hand, ¢ € Z (I), and therefore ¢gs; = ¢ for all 7 € I (by the definition
of Z(I)). Applying this to ¢ = k, we obtain gsx = ¢ (since k € I). However, (17)
yields

[2] (gsk) = [ws; '] g = [wsk] g = 0.

In view of gs = ¢, this rewrites as [z] ¢ = 0. In other words, [w] ¢ = 0 holds for w = z.
Combining this with (19), we obtain

[w]g=0 for every w € S,, satisfying w > x.

Hence, ¢ € span ((w) ) Combining this with ¢ € Z (I), we obtain

weESy; w<w
q € Z (I) N span ((w)wesn; w<x> C span ((aw)wes'"; IgDesw)

(by (18)). Hence, we have proved that ¢ € span <(aw)wesn~ ICDesw) in Case 1.

Let us next consider Case 2. In this case, we have I C Desx. Hence, a, € Z (I) (by
Claim 1, applied to w = z). Moreover, a, is an element of the family (aw),cs. . 1cDesw
(since = € S, satisfies I C Desx). Hence, a, € span ((aw)wesn- ICDesw |-

Let A := [z]q. Let r := ¢ — Aay € kI[S,]. Then, r € Z(I) (since ¢ € Z(I)
and a, € Z (I)). Moreover, Corollary 9.3 yields

a; = x + (a sum of permutations v € S, satisfying v < x).
Therefore, a, € span ((w)wesn; wgz) and [z] (az) = 1.

Now, r = ¢ — Aay € span ((w)wesn, w<z ) (since both ¢ and a; lie in this span).
That is, r can be written as a linear combination of the permutations w € S, satis-

fying w < z. Moreover, the permutation x does not appear in this combination, since
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its coefficient in r is
[]r = [x] (¢ — Aag) = [z] ¢ — A[z] (az) = A —A-1=0.
Hence, r is a linear combination of the permutations w € S,, satisfying w < z. In

other words, € span ((w)wesn, w<m). Combining this with » € Z (I), we obtain

r € Z (I) N span ((w)wesn; w<x) C span ((aw)wesn; IgDesw)

(by (18)). Now, from r = ¢ — Aa,, we obtain
q=7r+ A\a; € span ((aw)wGSn; IgDesw)

(since both r and a,, lie in this span). Hence, we proved ¢ € span ((aw)wesn; ICDesw)
in Case 2.
Now, we have proved g € span ((aw)wesn- ICDesw> in both Cases 1 and 2.

Forget that we fixed ¢. We thus have shown that ¢ € span ((aw)wesn; IgDcsw) for

each g € Z (I)Nspan <(w) ) In other words, Z (I) Nspan ((w)wesn; wgz) C

WESy; wkx
span <(aw)wesn; ICDesw). Thus, Claim 2 is proven.]

Now, it is easy to see that the family (aw),cg . rcpesw SPaNS the k-module Z (1).
Indeed, let uw be the largest permutation in S,, so that every w € S, satis-

fies w < u, and Desu = [n—1]. Then, span ((w),,cg ) = span ((w)wesn; wgu)- Hence,
Z (I) C k[S,] = span ((w)wesn; w<u>, and Z (I) = Z (I) N span <(w)wes”; w<u> -
span ((aw)wesn; IgDesw> (by Claim 2).

We shall now show that this family is k-linearly independent. Slightly better:
Claim 3: The family (aw),cg.

[Proof of Claim 3: Corollary 9.3 shows that this family is obtained from the fam-
ily (w),,eg, by a unitriangular change-of-basis matrix (where we arrange the permuta-
tions w € S, in lexicographic order). Since the latter family is a basis of the k-module
k [S,], we thus conclude that the former family is a basis as well. In particular, it is
thus k-linearly independent. This proves Claim 3.

Now, we have proved Claim 3. In other words, we have proved that the fam-
ily (aw),es, is k-linearly independent. Hence, its subfamily (aw),es, . 1cpesw 15 K-
linearly independent as well. Since we also know that it spans the k-module Z (I), we
thus conclude that this subfamily is a basis of Z (I). This proves Proposition 9.7. O

is k-linearly independent.

Proof of Proposition 9.4. The definition of Z (&) yields
Z(@)={qek[Sy] | ¢gsi =qforalliec @} =k[S,]

(because the statement “gs; = ¢ for all i € @7 is vacuously true for each ¢ € k[S,,]).
However, Proposition 9.7 (applied to I = &) yields that the family (aw)wesn; J———
is a basis of the k-module Z (@). Since the family (aw),cs, . gcpesw 1S Dothing other
than the family (ay),cg, , We can rewrite this as follows: The family (@), s, isa
basis of the k-module Z (@). In other words, the family (a.),cg, i a basis of the

k-module k [S,,] (since Z (&) = k[S,]). This proves Proposition 9.4. O

Proof of Proposition 9.5. Let I C [n]. Then, Proposition 9.6 yields F' (I) = Z (I").
However, Proposition 9.7 (applied to I’ instead of I) yields that the fam-
iy (@w)yes,. cpesw 18 @ basis of the k-module Z (I'). Since F'(I) = Z (I"), we can
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rewrite this as follows: The family (auw),cs, . 1/cpesqw 1S @ basis of the k-module F' (I).
This proves Proposition 9.5. B O

We refer to the basis (aw),cg, of k[Sn] as the descent-destroying basis, due to
how a,, is defined in terms of “removing” descents from w. As with any basis, we can
ask the following rather natural question about it:

QUESTION 9.8. How can we explicitly expand a permutation v € S, in the ba-
518 (@w) e, of kK[Sn]?

EXAMPLE 9.9. For this example, let n = 4. We write each permutation w € Sy as the
in one-line notation. Then,

[3412] = a[1234) — G[1324] + A[1342) + A[3124] — A[3142] + A[3412]-

We note that it is not generally true that when we express a permutation v € S,
as a k-linear combination of the basis (ay),cg , all coefficients belong to {0, 1, —1}.
However, the smallest n for which this is not the case is n = 8.

10. Q-INDICES AND BASES OF Fj

10.1. DEFINITION. We can now use our basis (aw),cs, and its subfamilies
(aw)wesn; I'CDesw 1O obtain a basis for each piece F; of the filtration Fy C F} C
F, C.--CFy, . First, for the sake of convenience, we define a certain permutation
statistic we call the “Q-index”. It is worth pointing out that this “Q -index” depends
on the way how we numbered the lacunar subsets of [n —1] by Q1,Q2,...,Qy, ,,,
o it is not really a natural permutation statistic. We will show in Proposition 10.3,
however, that the assignment of the lacunar set @; (where i is the Q-index of w) to
a permutation w is canonical (i.e., does not depend on the numbering of the lacunar
subsets).
First, we prove a lemma:

LEMMA 10.1. Let w € S,,. Then, there exists some i € [fn+1] such that Q; C Desw.

Proof. Let I ={j € [n—1] | j =n— 1mod2}. Then, I is a lacunar subset of [n — 1].
Thus, there exists some i € [f,41] such that I = Q; (since Q1,Q2,...,Qy, , are all
lacunar subsets of [n — 1]). Consider this i. We shall show that @} C Desw.

The definition of I yields that each j € [n — 1] lies either in I (if j =n—1 mod 2)
or in I — 1 (if not). Thus, the definition of I’ yields I’ = & C Desw. In other words,
Q@ C Desw (since I = @;). This proves Lemma 10.1. O

Now, we can define the Q-index:

o If w € S, is any permutation, then the @-index of w is defined to be the
smallest i € [f,+1] such that @} C Desw. (This is well-defined, because
Lemma 10.1 shows that such an i exists.) We denote the Q-index of w by
Qind w.

ExaMpPLE 10.2. For this example, let n = 4. Recall Example 8.3, in which we
listed all the lacunar subsets of [3] in order. Let w € S, be the permutation
such that (w(l),w(2),...,w(n)) = (4,3,1,2). Then, Desw = {1,2}. Hence,
Q4 = {1} C Desw, but it is easy to see that Q} € Desw for all i < 4. Hence, the
smallest ¢ € [f,+1] such that Q) C Desw is 4. In other words, Qind w = 4.
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10.2. AN EQUIVALENT DESCRIPTION. As we said, the Q-index of a permutation w €
S, depends on the ordering of Q1,Q2,...,Qy,,,. However, the dependence is not as
strong as it might appear from the definition; indeed, we have the following alternative
characterization:

PROPOSITION 10.3. Let w € S,, and i € [fn41]. Then, Qindw = i if and only if
Q: CDesw C [n—1]\ Q.

Before we prove this proposition, we need two further lemmas about lacunar sub-
sets:

LEMMA 10.4. Let I and K be two subsets of [n — 1] such that I is lacunar and K # 1
and K' C[n—1]~I. Then, sum] < sum K.

Proof of Lemma 10.4. First, we observe that I ~ K C (K ~\T) — 1.

[Proof: Let i € I \ K. Thus, i € I and i ¢ K.

If we had i + 1 ¢ K, then we would have i € K’ (sincei € I C[n—1] and i ¢ K
and ¢ + 1 ¢ K), which would entail ¢« € K’ C [n — 1] \ I; but this would contradict
1 € I. Thus, we have i +1 € K. Furthermore, [ is lacunar; thus, from ¢ € I, we obtain
i+1 ¢ I. Combining this withi+1 € K, we find i+1 € K~ I. Hence, i € (K \1T)—1.

Forget that we fixed i. We thus have proved that i € (K ~ I)—1 foreachi € INK.
In other words, I ~ K C (K 1) — 1]

Now, the set I is the union of its two disjoint subsets I . K and I N K. Hence,

(20) sum/ =sum (I N K) +sum (I N K).
The same argument (with the roles of I and K swapped) yields
(21) sum K =sum (K \I) +sum (K NI).

Our goal is to prove that sum7 < sum K. If I C K, then this is obvious (since
we have K # I, so that I must be a proper subset of K in this case). Thus, we
assume, without loss of generality, that I € K from now on. Hence, I ~ K # @. In
view of I N~ K C (K ~TI)— 1, this entails (K ~I) — 1 # &, so that K ~\ I # @.
Hence, |[K ~\ I] > 0.

Now, from I ~ K C (K ~\ I) — 1, we obtain

sum (I N K) <sum ((KNI)—1)=sum (K \I)— |[K N I| <sum (K \1).
>0

Therefore, the right hand side of (20) is smaller than that of (21) (since KNI = INK).
Thus, the same holds for the left hand sides. That is, we have sum I < sum K. This
proves Lemma 10.4. d

LEMMA 10.5. Let I be a subset of [n]. Let j € I. Then, there exists a lacunar subset K
of [n — 1] satisfying sum K < sumI and K' C I' U {j}.

Proof. Set R := (I~ {j})U{j—1}1if j > 1, and otherwise set R := I \ {j}. Thus,
the set R is obtained from I by replacing the element j by the smaller element j — 1
(unless j = 1, in which case j is just removed). In either case, we therefore have
sum R < sum I. Also, it is easy to see that R C [n] and R' C I’ U {j} (by Proposi-
tion 8.6 (a), applied to K = R). Thus, Corollary 8.8 (applied to R instead of I) yields
that there exists a lacunar subset J of [n — 1] such that sum J < sum R and J' C R'.
Consider this J. Then, sumJ < sum R < sum I and J' C R’ C I' U{j}. Hence, there
exists a lacunar subset K of [n — 1] satisfying sum K < sum 7 and K’ C I' U {5}
(namely, K = J). This proves Lemma 10.5. O
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Proof of Proposition 10.5. =>: Assume that Qindw = i. We must prove that @} C
Desw C [n—1] \ Q;.

In view of the definition of the @-index, our assumption Qindw = i means
that @} C Desw and that ¢ is the smallest element of [f, 1] with this property. The
latter statement means that

(22) Q). Z Desw for each k < i.

Now, let j € (Desw) N @;. We shall derive a contradiction.

Indeed, we have j € (Desw) N Q; C @Q;. Hence, Lemma 10.5 (applied to I = Q;)
shows that there exists a lacunar subset K of [n — 1] satisfying sum K < sum (Q;)
and K’ C @} U {j}. Consider this K. Since K is a lacunar subset of [n —1],
we have K = @Qj for some k € [fn,t1] (since the lacunar subsets of [n —1]
are Q1,Q2,...,Qy,,,). Consider this k. Thus, Qi = K, so that sum (Q) = sum K <
sum (Q;). In view of (14), this entails that k < . Therefore, (22) yields Q}, Z Desw.
In other words, K’  Desw (since Qj = K).

However, K’ C  Q; U{j} C (Desw)U {j} = Desw (since j € (Desw) N Q; C

g?gw
Desw). This contradicts K’ € Desw.

Forget that we fixed j. We thus have obtained a contradiction for each j €
(Desw) N @Q;. Hence, there exists no such j. In other words, Desw is disjoint from Q);.
Hence, Desw C [n — 1] \ Q;. Combining this with Q; C Desw, we obtain @} C
Desw C [n — 1] \ Q;. Thus, we have proved the “=-" direction of Proposition 10.3.

<=: Assume that Q; C Desw C [n — 1] \ Q;. We must prove that Qindw = i.

We shall show that Q) € Desw for each k < 4. Indeed, let us fix a posi-
tive integer k£ < 4. Thus, sum (Qy) < sum(Q;) (by (14)) and Qr # Q; (since
the sets Q1,Q2,...,Qy, , are distinct). Also, the set @; is lacunar (since the
sets Q1,Q2,...,Qy,., are lacunar).

Now, assume (for the sake of contradiction) that @}, C Desw. Then, @}, C Desw C
[n — 1] ~ @;. Therefore, Lemma 10.4 (applied to I = @; and K = Q) yields
sum (@Q;) < sum (Qy). This contradicts sum (Qx) < sum(Q;). This contradiction
shows that our assumption (that @), C Desw) was false. Hence, we have Q. Z Desw.

Forget that we fixed k. We thus have shown that Q) ¢ Desw for each k < i.
Since we also know that Q) C Desw (by assumption), we thus conclude that ¢ is the
smallest element of [f,11] such that Q) C Desw. In other words, ¢ is the Q-index
of w (since this is how the @Q-index of w is defined). That is, Qindw = i. Thus, we
have proved the “<=" direction of Proposition 10.3. d

10.3. BASES OF THE F; AND F;/F;_;.

THEOREM 10.6. Recall the k-module filtration 0 = Fy C Fy C Fo C--- C Fy, =
k[Sy] from Theorem 8.1. Then:

(a) For each i € [0, fny1], the k-module F; is free with basis (aw),es, . Qindw<i-
(b) Foreachi € [fny1], the k-module F; /F;_1 is free with basis (Gw) ,cs, . Qind w=i-
Here, T denotes the projection of an element x € F; onto the quotient F;/F;_1.

Proof. (a) Proposition 9.4 yields that the family (a.,),,cg is a basis of the k-module
k[S,]. Hence, this family (ay),,c s, 1s k-linearly independent.
Let i € [0, fn41]. For each k € [i], we have

(23) F (Qk) = Span ((a”w)wESn; Q1. CDes w)

Algebraic Combinatorics, Vol. 7 #2 (2024) 300



The one-sided cycle shuffles in the symmetric group algebra

(since Proposition 9.5 (applied to I = Q) shows that the family (ay ), g . O/ CDesw
i Q1,C
is a basis of the k-module F (Qf)). However, the definition of F; yields

F=F(Q)+F Q)+ +F@Q)=Y F(Q)
k=1

= i: span ((GW)wGSn; Q;CQDesw) (by (23))

k=1
(24) = Span ((aw)wesn; Q1. CDesw for some ke[i]) :

However, if w € S, is a permutation, then the statement “Q} C Desw for some k € [i]”

is equivalent to the statement “Qind w < ¢” (since Qind w is defined as the smallest

J € [fn+1] such that @} C Desw). Thus, the family (aw),cg,. o/ c
ni Q

Des w for some k€&([i]

is precisely the family (aw),cs, . Qindws<i- Hence, we can rewrite (24) as follows:

F;, = span ((aw)wesn; Qind wéi) .

In other words, the family (aw),,c S,: Qindwsi SPans the k-module F;. Furthermore,
this family is k-linearly independent (since it is a subfamily of the k-linearly indepen-
dent family (ay),cg, ). Thus, this family is a basis of the k-module F;. In other words,
the k-module Fj is free with basis (aw),cs, . qindwsi- Lhis proves Theorem 10.6 (a).

(b) For each i € [0, frt1], we let A (i) denote the set of all permutations w € S,
satisfying Qindw < i. Clearly, A(0) CA(1) C - C A(fnt1)-

Let i € [fn+1]. Then, the permutations w € S,, satisfying Qind w < 4 are precisely
the permutations w € A(i). Hence, the family (aw),cg, . Qindw<i 1S precisely the
family (aw) e a(i)-

In view of this, Theorem 10.6 (a) yields that the k-module F; is free with basis
(aw)we AG) - The same argument yields that the k-module F;_; is free with basis
(aw)yea(i—1)- Note that A (i —1) C A (i) and that F;_, is a k-submodule of F;.

However, the following fact is simple and well-known:

Fact 1: Let B and C be two sets such that C C B. Let U be a k-
module that is free with a basis (fw),cp- Let V be a k-submodule of
U that is free with basis (fu),cc- Then, the k-module U/V is free
with basis (E)w cBC" Here, T denotes the projection of an element
x € U onto the quotient U/V.

We apply Fact 1 to B = A(i) and C = A(i—1) and U = F; and V = F;_;.
As a consequence, we conclude that the k-module F;/F;_; is free with basis
(@w) we A~ AGi-1)-

However, A(i)NA (i —1) ={w € S,, | Qindw = i} (by the definitions of A (¢) and
A (i —1)). Thus, the family (@), a(i)- a(i—1) 18 exactly the family (@w) e s, . Qind wei-
The previous paragraph is thus saying that the k-module F;/F;_; is free with basis
(@w)wes,: Qndw=i- This proves Theorem 10.6 (b). O

10.4. OUR FILTRATION HAS NO EQUAL TERMS. For our next corollary, we need a
simple existence result:

LEMMA 10.7. Let i € [f,+1]. Then, there exists some permutation w € S, satisfying
Qindw = 3.

Proof. We shall construct such a permutation w as follows:
Let J :=[n — 1] \ Q;. Thus, J is a subset of [n — 1].
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Let m := |J|. Let w € S, be the permutation that sends the m elements of J (from
smallest to largest) to the m numbers n,n —1,n — 2,...,n —m + 1 (in this order)
while sending the remaining n — m elements of [n] (from smallest to largest) to the
n—m numbers 1,2, ..., n—m (in this order). For example, if n = 8 and J = {2,4,5},
then m = 3 and (w(1),w(2),...,w(n)) = (1,8,2,7,6,3,4,5). The definition of w
easily yields that Desw = J.

Thus, we have Desw = J = [n — 1] \ @;. The definition of Q) yields

Qi=n—-1~(Q:;U(Q;—1)C[n—-1]\Q; =J = Desw.
Ry —
2Q;

Combining this with Desw C Desw = [n — 1]\ Q;, we obtain Q; C Desw C [n — 1]\
Q;. However, the latter chain of inclusions is equivalent to Qindw = i (because of
Proposition 10.3). Thus, we have Qind w = 1.

So we have constructed a permutation w € S,, satisfying Qind w = 7. As explained
above, this proves Lemma 10.7. g

Combining Lemma 10.7 with Theorem 10.6, we obtain the following corollary
(which, roughly speaking, says that our filtration Fy C Iy C F C --- C Fy .,
cannot be shortened):

COROLLARY 10.8. Assume that k # 0. Then, F; # F;_1 for each i € [fni1]-

Proof. Let i € [fn+1]. Theorem 10.6 (b) yields that the k-module F;/F;_; is free with
basis (@w)es,: Qindw=i- Lhis basis is nonempty (by Lemma 10.7). Hence, F;/F;_1 #
0, so that F; # F;_1. Thus, Corollary 10.8 is proved. O

11. TRIANGULARIZING THE ENDOMORPHISM
We are now ready to prove Theorem 4.1, made concrete as follows:
THEOREM 11.1. Let w € Sy, and £ € [n]. Let i = Qindw. Then,
awte = Mq, 0w + (@ k-linear combination of a,’s for v € S, satisfying Qindv < 7).

This theorem shows that for each ¢ € [n], the n! x nl-matrix that represents the
endomorphism R (t,) of k [S,] with respect to the basis (aw),,cg is upper-triangular
if we order the set S,, by increasing Q-index (note that this is not the lexicographic
order!). Thus, the same holds for any k-linear combination

R (At 4+ Xoto 4+ + Aptn) = MR (1) + AR (t2) + -+ AR (1) -

Theorem 4.1 therefore follows, if we can prove Theorem 11.1. We shall do this in a
moment; first, let us give an example:

ExAMPLE 11.2. For this example, let n = 4. We write each permutation w € Sy as the
list [w (1) w(2) w(3) w(4)] (written without commas for brevity, and using square
brackets to distinguish it from a parenthesized integer). Then,

afa312]t2 = Q4312 + A[4321] — A[4231] — Q[3241] — A[2143]

this is a k-linear combination of a.’s
for v€S,, satisfying Qind v<i, where i=Qind[4312]

Indeed, Example 8.3 tells us that Qind[4312] = 4, whereas Qind [4321] = 1 and
Qind [4231] = Qind [3241] = Qind [2143] = 3.

Proof of Theorem 11.1. Theorem 10.6 (a) yields that the k-module F; is free with
basis (av),cs, . Qindvsi- (Here, we have renamed the index w from Theorem 10.6 (a)
as v in order to avoid confusion with the already-fixed permutation w.)
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Now, w € S,, and Qindw < i (since Qindw = 7). Hence, a,, is an element of the
family (av)vGS’n; Qind v<i- Since the latter family (av)uesn; Qindv<i 1S 2 basis of F}, this
entails that a,, € F;. Hence,

ay - (te — mth) eF;-(ty— mQ“g) CF,_4 (by Theorem 8.1 (c)).
eF;

However, Theorem 10.6 (a) (applied to ¢ — 1 instead of ) yields that the k-module
Fj_ is free with basis (av),ecs,. Qinavci1- (Here, again, we have renamed the index
w from Theorem 10.6 (a) as v in order to avoid confusion with the already-fixed
permutation w.) Thus, in particular, (av),cs. . Qndv<i_1 18 @ basis of the k-module

F;_,. Hence, F;_; = span ((aU)UESn; Qindv<i71>' Now,

Ay - (te —mq, ) € F;—1 = span ((G’U)UES"; Qindygz‘ﬂ) = span ((av)uesn; Qindv<i)
(since the condition “Qindv < i — 1”7 is equivalent to “Qind v < ¢”). In other words,
ay - (te — Mm@, ¢) = (a k-linear combination of a,’s for v € S, satisfying Qindv < 7).
Equivalently,
awte = MQ, 00y + (a k-linear combination of a,’s for v € S, satisfying Qindv < 7).

This proves Theorem 11.1. O

12. THE EIGENVALUES OF THE ENDOMORPHISM

12.1. AN ANNIHILATING POLYNOMIAL. We have now shown enough to easily obtain
a polynomial that annihilates any given k-linear combination A1ty + Aoto + -+ +
Anty of the shuffles tq,ta,...,t, (and therefore the corresponding endomorphism
R (Mt1 + Aata + - - + Apty)):

THEOREM 12.1. Let )\1, )\2, ceey An €Kk, Lett := Aty + Aoto + -+ + Apty. Then,

H (t—mra+Xamra + -+ Aymp ) =0.

IC[n—1] is
lacunar

(Here, the product on the left hand side is well-defined, since all its factors t —
(AMmra+Xamro + -+ Aumyp ) lie in the commutative subalgebra k[t] of k[S,]
and therefore commute with each other.)

Proof. For each i € [fn 1], we set

n
gi = Aimg, 1 + damqguo + -+ Aamqn = D Aemq,¢ € k.
=1

First, we note that
(25) F; - (t — gz) CF;,4 for each 7 € [fn-&-l} s

which follows easily from Theorem 8.1 (c). Details can be found in [17].
Using this, we can easily show that

(26) F,, - H (t—yg;)=0 for each m € [0, fr11] -
j=1
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(Again, the product [] (¢t — g;) is well-defined, since all its factors ¢ — g; lie in the
j=1
commutative subalgebra k [t] of k [S,,] and therefore commute with each other.) Equa-
tion (26) can be proven by induction on m, where the base case (m = 0) follows from
Fy =0, and the induction step follows from (25). More details can be found in [17].
Now, recall that Q1,Qs2,...,Qy,,, are all the lacunar subsets of [n — 1], listed
without repetition. Hence,

I Cumra+ damps + -+ Aumr))

IC[n—1] is
lacunar

fnt1

= H (t — (AlmQj,l + )\QmQj,Q + e + Aan]’n))

j=1
fn+l fn+1 fn+1
=[¢-9)=1-T[C-9)eFr,. - [[ t-g)=0
j=1 j=1 j=1

(by (26)). In other words,

H (t— (/\1m1,1 +/\2ml,2+"'+/\nm1,n)) =0.

IC[n—1] is
lacunar

This proves Theorem 12.1. O

12.2. THE SPECTRUM. We now describe the spectrum of R (A1t1 4+ Aata + -+ - + Anty)
when k is a field:

COROLLARY 12.2. Let A1, Ao, ..., A, € k. Assume that k is a field. Then,
Spec (R (A1t1 + Aato + -+ - + \pty))
={dmr1+remia+--+ X yomrn | IC[n—1] is lacunar}.
Here, Spec f denotes the spectrum (i.e., the set of all eigenvalues) of a k-linear

operator f.

An interesting fact here is that the number of distinct eigenvalues cannot exceed the
number of lacunar subsets of [n—1], which was shown in Section 5 to be the Fibonacci
number f,,+1. This is a surprisingly low number compared to the number of distinct
eigenvalues that R (a) can have for an arbitrary a € k [S,,]. In fact, the latter number
is the number of involutions of [n], or equivalently the number of standard Young
tableaux with n cells.(®)

Proof of Corollary 12.2. Let

Let wq,ws, ..., w, be the n! permutations in 5, ordered in such a way that
(27) Qind (w1) < Qind (ws2) < -+ < Qind (wyy) -

(This ordering is not the lexicographic order!)

(4)This is due to the fact that (when k is a Q-algebra) k [Sy,] decomposes into a direct sum of
Specht modules indexed by partitions of n, and that the Specht module corresponding to the partition
X appears f» many times, where f* is the number of standard tableaux of shape A. Since R (a) acts
by the same endomorphism on all copies of a single Specht module, but can act independently on all
non-isomorphic Specht modules, we see that the maximum number of distinct eigenvalues of R (a)

equals the sum of the dimensions of all non-isomorphic Specht modules. But this number is the
number of standard tableaux with n cells, i.e., the number of involutions of [n].
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Proposition 9.4 says that the family (a.,),,cg is a basis of the k-module k [S,,]. In
other words, the list (@, , Gy, - - - A, ) 1S & basis of the k-module k [S,,]. We shall
refer to this basis as the a-basis. Let M = ('uiaj)i,je[n!] be the matrix that represents
the endomorphism p with respect to this a-basis (@w,, G, - - - s G, ). Then, for each
J € [nl], we have

n!
(28) p(auw;) =D b ju,
k=1

On the other hand, recall that p = R A1ty + dato+ -+ A\ptn) = R (Z /\gtg).
=1
Hence, by the definition of R (z), we have

(29) P (aw;) = au, - Z Aete = Z e te-
=1 =1

Define an element g; € k for each i € [f,,+1] as in the proof of Theorem 12.1.
We shall now prove the following two properties of our matrix M = (Mi’j)i,j ik
Claim 1: The diagonal entries of M satisfy u;; = gqind(w,) for each

je[nl].
Claim 2: For any j, k € [n!] satisfying k > j, we have p ; = 0.
[Proof of Claim 1: Let j € [n!]. We must prove that i ; = gQind(w,)-
The equality (28) shows that j; ; is the coefficient of a,,, when p (awj) is expanded
as a k-linear combination of the a-basis.
Let ¢ := Qind (w,). Then, Equation (29) becomes

n
P (a,,,j) = Z )\Zawjtf
{=1

n
= Amaq, eau,
=1

+ (a k-linear combination of a,’s for v € S, satisfying Qindv < 7)

(by Theorem 11.1, applied to w = wj;). In view of

n
> Aemg, . = gi,
=1

we can rewrite this as
(30)
p (au,j) = giw; + (a k-linear combination of a,’s for v € S, satisfying Qindv <1).

The right hand side of (30) is clearly a k-linear combination of the a-basis. The
basis vector a,,, appears in this combination with coefficient g; (since the k-linear
combination of a,’s for v € Sy, satisfying Qind v < i does not contain a,,;, because w;
is not such a v). In other words, p;; = g; (since p;; is the coefficient of a,,; when
p (awj) is expanded as a k-linear combination of the a-basis). In view of ¢ = Qind (w;),
this rewrites as i1 j = gQind(w,)- This completes our proof of Claim 1.]

[Proof of Claim 2: Let j, k € [n!] satisfy k > j. We must prove that py ; = 0.

The equality (28) shows that py, ; is the coefficient of a,,, when p (awj) is expanded
as a k-linear combination of the a-basis. Thus, our goal is to show that this coefficient
is 0.

Let ¢ := Qind (w;). Just as in the proof of Claim 1, we obtain the equality (30),
which expands p (a,,) as a k-linear combination of the a-basis. The right hand side
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of this equality is clearly a k-linear combination of the a-basis. The element a,,, of
the a-basis does not appear in this combination (since k > j and (27) ensure that wy,
is neither w; nor a permutation v € S, satisfying Qindv < ¢). Thus, when p (awj)
is expanded as a k-linear combination of the a-basis, the basis element a,, appears
with coefficient 0. This completes our proof of Claim 2.]

Claim 2 shows that the matrix M is upper-triangular. Hence, its eigenvalues are
its diagonal entries. Thus,

Spec M = {all diagonal entries of M} = {gqina(w,) | J €[0!}

by Claim 1.

The values Qindw for all w € S,, belong to the set [f,+1] (by their definition).
Conversely, each ¢ € [f,+1] can be written as Qindw for at least one permutation
w € S, (by Lemma 10.7). Combining these two observations, we obtain

{Qindw | we Sp} = [fnt1].

Now, recall that the matrix M represents the endomorphism p with respect to
the basis (@, ; Gw,s - - -, Guw,, ). Hence, its eigenvalues are the eigenvalues of the latter
endomorphism. In other words, Spec M = Spec p. Hence,

Spec p = Spec M = {gqind(w,) | J € [0} = {9qinaw | w € Sn}
={g: | i € [fas1]} (since {Qindw | w € Sy} = [fns1])
={\mg, 1 +Xamqg, 2+ F Amgn | 1€ [fuya]}
={Aimr1+Aomra+---+Aymr, | I C[n—1] is lacunar}

(since Q1,Q2,...,Qy,,, are exactly the lacunar subsets I of [n — 1]). This proves
Corollary 12.2 (since p = R (A1t + Aata + -+ + Apty)). O

12.3. DIAGONALIZABILITY. We have already seen in Remark 4.2 that the endomor-
phism R (A1t + Aata + -+ - + Ayty,) of k[S,] may fail to be diagonalizable (even if
k = C). However, in a large class of cases, it is diagonalizable:

THEOREM 12.3. Let A1, Aa, ..., Ay € k. Assume that k is a field. Assume that the
elements \ymp1+Aamy o+ - -+Aymy,, for all lacunar subsets I C [n — 1] are distinct.
Then, the endomorphism R (At1 + Aato + -+ + Antn) of k[Sy] is diagonalizable.

In order to prove Theorem 12.3, we will need a slightly apocryphal concept from
algebra:

o A k-algebra antihomomorphism from a k-algebra A to a k-algebra B means
a k-linear map f : A — B that satisfies f (1) =1 and

f(araz2) = f (a2) f (a1) for all a1,as € A.

Thus, a k-algebra antihomomorphism from a k-algebra A to a k-algebra B is the
same as a k-algebra homomorphism from A°P to B, where A°P is the opposite algebra
of A (that is, the k-algebra A with its multiplication reversed).

It is well-known that k-algebra homomorphisms preserve univariate polynomials:
That is, if f is a k-algebra homomorphism from a k-algebra A to a k-algebra B, and
if P € k[X] is a polynomial, then f (P (u)) = P(f (u)) for any u € A. The same
holds for k-algebra antihomomorphisms:

PROPOSITION 12.4. Let f be a k-algebra antihomomorphism from a k-algebra A to
a k-algebra B. Let P € k[X] be a polynomial. Then, f (P (u)) = P(f (u)) for any
u e A.

Proof. This can be proved in the same way as the analogous result about k-algebra
homomorphisms. O
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Proof of Theorem 12.3. Consider the endomorphism ring Endy (k[S,]) of the k-
algebra k [S,].

We have defined an endomorphism R (z) € Endy (k[S,]) of the k-module k [S,,]
for each z € k [S,]. Thus, we obtain a map

R :k[S,] = Endyg (k [S,]),
x+— R(x).

It is well-known (and straightforward to check) that this map R is a k-algebra an-
tihomomorphism. In fact, R is the standard right action of the k-algebra k[S,] on
itself.
Let
t:= Mt1+ Aato + -+ + Aty € k[Sn]

Let p be the endomorphism R (¢) of k [S,,]. We shall show that p is diagonalizable.
A univariate polynomial P € k [X] is said to be split separable if it can be factored
as a product of distinct monic polynomials of degree 1 (that is, if it can be written

k
as P = [] (X —p;), where p1,ps,...,py are k distinct elements of k).
j=1

Let P be the polynomial [] (X — (AMmyr1+damro+ -+ Aumr ) € k[X].
1C[n—1]
is lacunar

This polynomial P is split separable, since we assumed that the elements A\ymy 1 +

Aamypo + -+ Aymy p, for all lacunar subsets I C [n — 1] are distinct.
Moreover, the definition of P yields

Pt)y=J[ - Ouma+demria+-+Aamrn)) =0
IC[n—1] is
lacunar

by Theorem 12.1. However, R is a k-algebra antihomomorphism. Hence, Propo-
sition 12.4 (applied to A = k|[S,], B = Endk (k[S,]) and f = R) yields
that R(P(u)) = P(R(u)) for any u € k[S,]. Applying this to u = ¢, we ob-
tain R(P (t)) = P(R(t)) = P(p). Hence, P (p) = R(P (t)) = R(0) = 0. Therefore,
the minimal polynomial of p divides P. (Note that the minimal polynomial of p is
indeed well-defined, since p is an endomorphism of the finite-dimensional k-vector
space k [S,].)

It is easy to see that any polynomial @ € k[X] that divides a split separable
polynomial must itself be split separable. Hence, the minimal polynomial of p is split
separable (since this minimal polynomial divides P, which is split separable).

Now, recall the following fact (see, e.g., [20, §6.4, Theorem 6]): If the minimal
polynomial of an endomorphism of a finite-dimensional k-vector space is split sepa-
rable, then this endomorphism is diagonalizable. Hence, the endomorphism p is diag-
onalizable (since the minimal polynomial of p is split separable). Since p = R (t) =
R (M\t1 + Aato + -+ - + Aty ), then R (A\1t1 + Aato + - - - + Ayty,) is diagonalizable. This
proves Theorem 12.3. O

Note that Theorem 12.3 is not an “if and only if” statement. We do not know if there
is an easy way to characterize when R (A1t1 + Aata + - -+ + Ayty,) is diagonalizable.

REMARK 12.5. Let I be a subset of [n]. Then, the numbers my1,ms 2, ..., M1, to-
gether uniquely determine /. Indeed, a moment’s thought reveals that

I={ten] | mre=0}.

Hence, if k is a field of characteristic 0, then the main assumption of Theorem 12.3
will be satisfied for any “sufficiently” generic A1, A9, ..., A, € k.
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EXAMPLE 12.6. We cannot use Theorem 12.3 to show that the random-to-below shuffle
is always diagonalizable. For example, when n = 12, two lacunar sets ({1,6,8,10}

and {6,8,11}) yield nrzi’ie = %. This is the smallest example we could find,
=1

meaning that the shuffle is certainly diagonalizable for k[S,], n < 11. It is an open
question whether the random-to-below shuffle is diagonalizable.

ExAMPLE 12.7. There are diagonalizable one-sided cycle shuffles that do not satisfy
the hypotheses of Theorem 12.3. For example, it is known since [7, Theorem 4.1]
that the top-to-random shuffle (¢1) is diagonalizable. In our notation, it corresponds
to Ay = land Ay = A3 = ... = X\, = 0, which does not satisfy the conditions of
Theorem 12.3 in general.

QUESTION 12.8. Can a necessary and sufficient criterion be found for the diagonaliz-
ability of a one-sided shuffle (as opposed to the merely sufficient one in Theorem 12.3)¢

13. THE MULTIPLICITIES OF THE EIGENVALUES

13.1. THE DIMENSIONS OF F;/F;_1, EXPLICITLY. In Theorem 10.6 (b), we have given
bases for all the quotient k-modules F;/F;_;. The sizes of these bases are the dimen-
sions of these quotient k-modules. Let us now characterize these dimensions more
explicitly:
THEOREM 13.1. Let i € [fn41]. Let 0; be the number of all permutations w € Sy
satisfying Qindw = i. Then:
(a) Thek-module F;/F;_1 is free and has dimension (i.e., rank) equal to ;. (Here,
of course, Fy CFy CFy C--- C Fy, ., is the filtration from Theorem 8.1.)
(b) The number ¢; equals the number of all permutations w € S,, that satisfy

w(j) <w(@G+1) forall j € Q;
and
w(j)>w(+1) for all j € Q..

(c) Write the set Q; in the form @Q; = {i1 < i <--- <ip}, and set iy = 1 and
ipt1 =n+ 1. Let ji, = ix —ig—1 for each k € [p+ 1]. Then,

n p+1
31 5i<. ) . ) Je—1).
( ) J15J25 -5 Jp+1 H( F )

k=2

n!

Here, ) denotes the multinomial coefficient -

n
<j1aj2>"'ajp+1 .71'.]2'Jp+1'

(d) We have §; | nl.

Proof. (a) Theorem 10.6 (b) shows that the k-module F;/F;_; is free with basis
(aw)wes Qind w—i- Hence, its dimension is the number of all permutations w € S,
satlsfylng Qindw = 4. But this latter number is §; (by the definition of ;). This
proves Theorem 13.1 (a).

(b) For any permutation w € S,,, we have the following chain of equivalences:

(Qindw = 1)

< (Q; CDesw C [n—1]\ Q) (by Proposition 10.3 )

<= (Q; C Desw and Desw C [n — 1] \ Q)
<= ((j € Desw for all j € Q) and (Desw is disjoint from Q;))
<= ((j € Desw for all j € Q) and (j ¢ Desw for all j € Q;))
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— (w(@)>w(+1) foral jeQ)) and (w(j) <w(j+1) forall j €Q;)).
Thus, §; equals the number of all permutations w € S,, satisfying
(w(j) <w(i+1) forall j € Q;) and (w(j) >w(j+1) forall j € Q)

(because §; was defined as the number of permutations w € S, satisfying Qind w = 7).
This proves Theorem 13.1 (b).

(c) We introduce a bit of terminology: If K = [u,v] is an interval of Z, and if T
is an arbitrary subset of Z, then a map f : K — T will be called up-decreasing if it
satisfies

fw<fu+l)>fu+2)>fw+3)>--->f(v)

(that is, if it is increasing on [u, u + 1] and decreasing on [u + 1, v]). For instance, the
map [5] — [—3,0] that sends each k € [5] to — |k — 2| is up-decreasing.
The following fact is easy to see:
Claim 1: Let h > 2 be an integer. Let K = [u, v] be an interval of Z
having size |K| = v —u+1 = h. Let T be a subset of Z that has size
h. Then, the number of up-decreasing bijections f: K — T is h — 1.

[Proof of Claim 1: We assume, without loss of generality, that K = [h] and T' = [h],
because we can otherwise rename the elements of K and of T' while preserving their
relative order. Thus, the bijections f : K — T are precisely the permutations of [h],
and we must show that the number of up-decreasing permutations of [h] is h — 1.

But this is easy to show: An up-decreasing permutation of [h] is a permutation f
of [h] satisfying f (1) < f(2) > f(3) > f(4) > --- > f(h). Thus, any up-decreasing
permutation f of [h] is uniquely determined by its first value f (1), because its re-
maining values must be the remaining elements of [h] in decreasing order (to ensure
that f(2) > f(3) > f(4) > --- > f(h) holds). The first value f (1) cannot be h
(since this would violate f (1) < f(2)), but can be any of the other h — 1 elements
of [h]. Thus, there are h — 1 choices for f (1), and each of these choices leads to a
unique up-decreasing permutation f of [h]. Hence, there are h — 1 such permutations
in total. This completes the proof of Claim 1.]

Recall that i1 < i9 < --- < 4, are the p elements of @); C [n — 1], and we have
furthermore set i = 1 and 4,41 = n + 1. Hence,

1:i0<i1<z‘2<~~<z'p<ip+1:n+1.
Define an interval
J = [ig—1, ix — 1] for each k € [p+1].

Then, the interval [n] is the disjoint union J; U Jy Ul - - - U Jp4q. We have

(32) Q’i = {i13i27"'7ip}

and
p+1

33) @Q={L2 ..., i1—-220 U {ikc1+1 ko1 +2, ..., ik — 2},
k=2

Note further that each k € [p + 1] satisfies |Ji| = ix —ix—1 (since Jx = [ig—1, i — 1])
and therefore |Ji| = ip — ig—1 = Jjk-

The set {i1 < i <--- <ip} = @Q; is a lacunar subset of [n — 1] (since it is one of
the sets Q1,Q2,...,Qy,,,). Thus, inserting ip,41 = n + 1 into it, we still obtain a
lacunar set (since n + 1 is at least by 2 larger than any element of [n — 1]). In other
words, the set {i; < i < --- < ip11} is lacunar. The p integers jo, j3, . . ., jp+1 are (by
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their definition) the distances between adjacent elements of this lacunar set, and thus
are > 2. In other words, we have

(34) Jk =2 for each k € [2,p+1].
Moreover, j; =141 — ig = 0 (since ig < 41).

Now, Theorem 13.1 (b) shows that ¢; is the number of all permutations w € S,
that satisfy

(35) w()<w(@G+1) for all j € Q;
and
(36) w(j)>w(EG+1) for all j € Q.

In view of (32) and (33), we can rewrite this as follows: ¢; is the number of all
permutations w € S,, that satisfy

w(l)>w(2)>w(3) > - >w(i —1)
and
w(ik,l)<w(i;€,1+1)>w(i;€,1+2)>w(ik,1+3)>--->w(ik—1)

for each k € [2,p+ 1]. In other words, d; is the number of all permutations w € S,
such that the restriction w |j, is strictly decreasing whereas the restrictions w |j,,
w |y, .. w |g,,, are up-decreasing (since Jp = [ix_1, ix — 1] for each k € [p+ 1]).

We can construct such a permutation w as follows:
e First, we choose the sets w (Jy) for all k& € [p+1]. In doing so, we must
ensure that these p+ 1 sets are disjoint and cover the entire set [n], and have

the size |w (Jx)| = |Jx| = ji for each k. Thus, there are < S >
J15J25 -+ 5 Ip+1
many options at this step.

e At this point, the restriction w |, is already uniquely determined, since w |,
has to be strictly decreasing and its image w (J;) is already chosen.

e Now, for each k € [2,p + 1], we choose the restriction w |, . This restriction
has to be an up-decreasing bijection from the interval Jy to the (already
chosen) set w (Jg), which has size |w (Jx)| = |Jk| = ji; thus, by Claim 1
(applied to h = ji and K = J and T = w (Jg)), there are jr — 1 options
for this restriction w |z, (since (34) yields ji > 2). Hence, in total, we have

+1
pH (jx — 1) options at this step.
k=2

Altogether, the total number of possibilities to perform this construction is thus

(oo ) G-y
.. . . Jr — 1). Hence,
J1,J2, y Jp+1

k=2
n p+1
5i:<. ) ) ) Je—1).
J15925 -5 Ip+1 ,};[2( )
This proves Theorem 13.1 (c).

(d) Define the integers ig, i1, - - ., ip+1 and j1,j2,...,Jp+1 as in Theorem 13.1 (c).
Then, we have jj > 2 for each k € [2,p + 1] (in fact, this is the inequality (34), which
has been shown in our above proof of Theorem 13.1 (c)).

The definition of a multinomial coefficient yields

( n ) B n! _oonl n!

J1yd2s e esdpi1)  gildelecedppd!  pEL Pl

’ o g IT k! gt IT ds!
k=1 k=2
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Hence, we can rewrite (31) as

n! pl , n! nl
6i:.p+1' 'H(jk_l):. Pl . = .
it IT et =2 st I Gkt Ge = 1) gt T1 (Ge = 2)4- i)
=2 =2 =2

(since a straightforward computation shows that each k € [2,p+ 1] satisfies
gkt (e = 1) = Gk = 2)! Jie)-

p+1

Thus, J; | n! (since the denominator j1!- [] ((jx — 2)! - jk) in this equality is clearly
k=2

an integer). This proves Theorem 13.1 (d). O

13.2. THE MULTIPLICITIES OF THE EIGENVALUES. Finally, we can find the algebraic
multiplicities of the eigenvalues of the endomorphism R (A1t + Aata + -+ + A\pty)
(when k is a field and A1, Ag, ..., A\, € k are arbitrary). Roughly speaking, we want
to claim that each eigenvalue Aymjy1 + demyra + -+ + Aymy, (where I C [n—1]
is a lacunar subset) has algebraic multiplicity d;, where ¢ € [f,4+1] is chosen such
that I = @; (and where 0; is as in Theorem 13.1). This is not fully precise; indeed,
if some lacunar subsets I C [n — 1] produce the same eigenvalues A\ymy 1 + Aamr o +
-+« + Apmyp p, then their respective d;’s need to be added together to form the right
algebraic multiplicity. The technically correct statement of our claim is thus as follows:

THEOREM 13.2. Assume that k is a field. Let A1, Ao, ..., A\, € k. For each i € [fni1],
let §; be the number of all permutations w € S, satisfying Qindw = i. For each
i € [fnt1], we set

n
Gi == AimQ, 1+ Aamg, 2+ F Aamg, n = Z Aemg, e € k.
=1
Let k € k be arbitrary. Then, the algebraic multiplicity of k as an eigenvalue
of R(Ait1 + Aato + -+ 4+ A\pty) equals
S 6

ie_([,{i?];
Proof. We shall use the notations introduced in the proof of Corollary 12.2. In that
proof, we have shown that the matrix M is upper-triangular.

Recall that the eigenvalues of a triangular matrix are its diagonal entries, and
moreover, the algebraic multiplicity of an eigenvalue is the number of times that it
appears on the main diagonal. We can apply this fact to the matrix M (since M
is upper-triangular). Using Claim 1 from the proof of Corollary 12.2, we recall that
the entries on the diagonal of M satisfy 1;; = gqQina(w,) for each j € [n!]. We thus
conclude that

(the algebraic multiplicity of x as an eigenvalue of M)

= (the number of times that k appears on the main diagonal of M)

(the number of j € [n!] such that p;; = k) (since M= (Mi’j)ije[n!])

(the number of j € [n!] such that 9Qind(w;) = K)
= (the number of w € S, such that gqindw = k)
Z (the number of w € S,, such that Qindw = 1)

i€[fnt1l;
gi=kK
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= > b

€[ fnt1l;
gi=K

This proves Theorem 13.2. g

14. FURTHER ALGEBRAIC CONSEQUENCES

In this section, we shall derive some more corollaries from the above. To be more
specific, we first study the algebraic properties of the antipode of the one-sided cycle
shuffle A1t1 + Aoty + - - + Apty,; this corresponds to the reversal of the corresponding
Markov chain. Then, we discuss the endomorphism L (A1t + Aato + - -+ + Apty) cor-
responding to left multiplication (as opposed to right multiplication, which we have
studied before) by the shuffle. We next use our notions of @-index and non-shadow
to subdivide the Boolean algebra of the set [n — 1] into Boolean intervals indexed
by the lacunar subsets of [n — 1]. Finally, we explore what known results about the
top-to-random shuffle our results can and cannot prove.

14.1. BELOW-TO-SOMEWHERE SHUFFLES. We have so far been considering the
somewhere-to-below shuffles ¢, ts, ..., t,, which are sums of cycles. If we invert these
cycles (i.e., reverse the order of cycling), we obtain new elements of k[S,], which
may be called the “below-to-somewhere shuffles”. Here is their precise definition:

For each £ € [n], we define the element

(37) ty == cycy+Cycppy o+ CYCoiopp1,0t  FCYC 10 €EK[S0].

In terms of card shuffling, this element ¢, corresponds to randomly picking a card
from the bottommost n — £+ 1 positions in the deck (with uniform probabilities) and
moving it to position £. Thus, we call t],t,,..., ¢, the below-to-somewhere shuffles.
The first of them, ¢/, is known as the random-to-top shuffle (as it picks a random card
and surfaces it to the top of the deck).

It is natural to ask whether our above properties of t1,ts, ..., t, have analogues for
these new elements t},t5,...,t, . For example, an analogue of Theorem 12.1 holds:

THEOREM 14.1. Let )\1, )\2, ey An € k. Let t = >\1t/1 + )\2t’2 + -+ Ant;l Then,

H (t/ — ()\1777,[71 + AQm],Q + -+ )\nan)) =0.
1C[n—1] is
lacunar

Theorem 14.1 can actually be deduced from Theorem 12.1 pretty easily:

Let S be the k-linear map k [S,,] — k [S,;] that sends each permutation w € S,, to
its inverse w 1. This map S is known as the antipode of the group algebra k [S,,] (see,
e.g., [24, Example 2.2.8]); it is an involution (i.e., it satisfies SoS = id) and a k-algebra
antihomomorphism (i.e., it is k-linear and satisfies S (1) = 1 and S (uv) = S (v)-S (u)

for all u,v € k[S,]). For any k distinct elements iy, ia, ..., i of [n], we have
S (cycil’i2 _____ Zk) = (Cycil’i2 ’’’’’ Z-k)fl (by the definition of S)

(38) = CYCiy in1yenyin

Hence, for each ¢ € [n], we have

S(te) = 8 (cyce+cyco o +CyCppit oot + Vi1, n) (by (1))

= S(cycy) + S (CYCMH) +5 (C}’Cz,e+1,e+2) +-- S (C}’Ce,z+1,...,n)
= CyCy+CYCpiy p+CYCoya o1t T CYCy 1, ¢ (by (38))

(39) =1 (by (37)).
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Thus, we can obtain properties of t}, 5, ..., ¢/ by applying the map S to corresponding
properties of t1,t2, ..., t,. In particular, we can obtain Theorem 14.1 this way:

Proof of Theorem 14.1. Let t := At1 4+ Aata + - - - + Apty. Thus,
S(t) =8 (At1 + Aata + -+ -+ Apty)

=M S(t1) + XS (t2) + -+ AnS (En) (since S is k-linear)
= Mt + Xath + -+ At (by ( 39))
=t (by the definition of ¢').
Let P be the polynomial [H | (X —(Mmri+Aempa+ -+ dymry)) € k[X].
ICin—1
is lacunar

Then,
P(t) = H (t—(mra+Xamra+ -+ Aampy)) =0

IC[n—1] is
lacunar

(by Theorem 12.1). Thus, S (P (t)) = S (0) = 0.

However, S is a k-algebra antihomomorphism. Thus, Proposition 12.4 (applied
to A=k[S,], B=k|[S,], f =S and u = t) yields that S (P (¢)) = P (S (¢)). In view
of S(t) =t', we can rewrite this as

S(P@)=P()= H (" = (A\impy 4+ Xompg 4o+ Aumy )
IC[n—1] is

lacunar

(by the definition of P). Comparing this with S (P (t)) = 0, we obtain

H (t/— (A1m1,1+)\2m172+---+)\nm17n)) =0.

IC[n—1] is
lacunar

This proves Theorem 14.1. O

A more interesting question is to find an analogue of Theorem 4.1 for the below-to-
somewhere shuffles: Is there a basis of the k-module k [S,,] with respect to which the
k-module endomorphisms R (A1t} + Aath + - -+ + \,t])) are represented by triangular
matrices for all Ay, Ag,..., A\, € k7 Again, the answer is “yes”, but this basis is no
longer the descent-destroying basis (a.w),,¢ s, (ordered by increasing @-index); instead,
it is the dual basis to (ay),cg With respect to a certain bilinear form (ordered by
decreasing Q-index). Let us elaborate on this now.®

First, we recall some concepts from linear algebra (although we are working at a
slightly unusual level of generality, since we do not require k to be a field):

e The dual of a k-module U is defined to be the k-module Homy (U, k) of all
k-linear maps from U to k. We denote this dual by U"V.

o A bilinear form on two k-modules U and V is defined to be amap f: UxV —
k that is k-linear in each of its two arguments. A bilinear form f: U xV — k
canonically induces a k-module homomorphism

oV =UY,
v — (the map U — k that sends each u € U to f (u,v)).
A bilinear form f : U x V. — k is called nondegenerate if the k-module

homomorphism f°:V — UV is an isomorphism.

)Note that, with respect to the standard basis (w of k[Sy], the matrix representing
weSy
the endomorphism R (Alt’l + Xoth + -+ )\"t;) is the transpose of the matrix representing the

endomorphism R (A1t1 + Aata + - -+ + Apty). However, neither of these two matrices is triangular.
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o If U and V are two k-modules with bases (uw),cp and (V) ey, respec-

tively(®), and if f : U x V — k is a bilinear form, then we say that the basis
(V) wew is dual t0 (Uw),, ey With respect to f if and only if we have

(f (up,vq) = [p=¢q| for all p,q € W).

Here, we are using the Iverson bracket notation: For each statement A, we
let [A] denote the truth value of A (that is, 1 if A is true and 0 if A is false).

The following three general facts about dual bases are easy and known (see [17] for
proofs):

PROPOSITION 14.2. Let U and V be two k-modules, and let f : U xV — k be a
bilinear form. Let (uw),cy be a basis of the k-module U such that the set W is
finite. Let (vy),,cy be a basis of the k-module V' that is dual to (), - Then, the
bilinear form f is nondegenerate.

PROPOSITION 14.3. Let U and V' be two k-modules, and let f : U x V — k be a
nondegenerate bilinear form. Let (uy), oy be a basis of the k-module U, where W is
a finite set. Then, there is a unique basis of V' that is dual to (), with respect

to f.

PRrROPOSITION 14.4. Let U and V' be two k-modules, and let f : U x V — k be a
bilinear form. Let (uw),cy be a basis of the k-module U such that the set W is
finite. Let (vy ), be a basis of the k-module V' that is dual to (uy),, ey - Then:

(a) For any u € U, we have
u= Z I (Uy V) Uy
weWw
(b) For anyv €V, we have

v = Z I (U, 0) V.

weWw

Now, we apply the above to the k-module k [S,]. We define a bilinear form f :
k [S,] x k[S,] — k by setting

(40) f(p,g)=[p=4d for all p,q € S,.

(This defines a unique bilinear form, since (w),,cg is a basis of the k-module k [S,,].)
Clearly, the basis (w),,cg of k[Sy] is dual to itself with respect to this form f. Thus,
Proposition 14.2 (applied to U = k[S,], V = k[Su], W = S, (Uw)pew = (W)yes,
and (Vy),epy = (W),eg,) Yields that the bilinear form f is nondegenerate. Hence,
Proposition 14.3 (applied to U = k[S,], V = k[S,], W = S, and (uw),cpy =
(@w)yes, ) vields that there is a unique basis of k [S,] that is dual to (aw),cg Wwith
respect to f (since Proposition 9.4 tells us that (aw),cg is a basis of k[S,]). Let us
denote this basis by (by) . Thus, the basis (by),cg, is dual to (aw),cg ; in other
words, we have

(41) [ (ap,by) =[p=4q] for all p,q € S,,.

Now, we claim the following analogue to Theorem 11.1:

wESy,

THEOREM 14.5. Let w € S,, and ¢ € [n]. Let i = Qindw. Then,

bty = mq, ebw + (a k-linear combination of b,’s for v € S,, satisfying Qindv > 7).

(6)Note that the bases must have the same indexing set in this definition.
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Once we have proved Theorem 14.5, it will follow that if we order the basis (by),,c g
in the order of decreasing Q-index, the endomorphisms R (t}), R (t}),..., R () (and
thus also their linear combinations R (A1t] + Aoty + - - 4+ A,t,,)) will be represented
by upper-triangular matrices. The analogue of Theorem 4.1 for below-to-somewhere
shuffles will thus follow. So it remains to prove Theorem 14.5. In order to do so, we
need a simple lemma about the bilinear form f : k[S,] x k[S,] — k defined by (40):

LEMMA 14.6. We have
f(u,vS (z)) = f (uz,v) for all z,u,v € k[S,].

Proof. This is an easy consequence of the k-bilinearity of f (which allows us to assume
that x,u, v all belong to S,,) and of the definition of S (which shows that S (z) = 27!
when z € S,,). Details can be found in [17]. O

Proof of Theorem 14.5. Forget that we fixed w and i (but keep ¢ fixed). For each
u € Sy, define two elements

~ !
Ay = Ayl — MQGing u,0u and by = byuly — MQging ., tbu

of k [S,].

We know that the family (a.),cg 15 a basis of the k-module k [S,,]; we called this
basis the descent-destroying basis. We also know that (by),cg is a basis of k[S,]
that is dual to (aw),cg, With respect to f. Thus, Proposition 14.4 (a) shows that
each u € k[S,,] satisfies

(42) w= > f(uby)ay.
weSy
Furthermore, Proposition 14.4 (b) shows that each v € k[S,,] satisfies
(43) U= f(awv)by.
wWESn
For each u € S,,, we have
(44) =Y f(@ubw)auw
’LUESn

(by (42)).
For each v € S,,, we have

=31 (awsb0) b

(by (43)). Renaming the indices v and w as w and v in this sentence, we obtain the
following: For each w € S,,, we have

(45) b= 3 1 (@b b
vESy
We shall now prove the following:
Claim 1: Let uw,w € S, be such that Qindw > Qindu. Then,
f (@, by) = 0.
Claim 2: Let u,w € S,,. Then, f (au,gw) = [ (Qu, bw)-
[Proof of Claim 1: Let j = Qind u. By assumption, we have Qindw > Qindu = j.
Thus, w does not satisfy Qindw < j.
Theorem 11.1 (applied to u and j instead of w and ) yields

ayty —mq; ra, = (a k-linear combination of a,’s for v € S, satisfying Qindv < j).
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In view of @y = aute — MQging u,t0u = Aute —MQ; 0y, We can rewrite this as
a, = (a k-linear combination of a,’s for v € S, satisfying Qindv < 7).

The k-linear combination on the right hand side here does not contain a,, (since
w € Sy, does not satisfy Qind w < 7). Thus, the coefficient of a,, when @, is expanded
as a k-linear combination of the descent-destroying basis is 0.

However, the equality (44) shows that this coefficient is f (ay, by ). Thus, we con-
clude that f (@, by,) = 0. This proves Claim 1.]

[Proof of Claim 2: The definition of @, yields @, = auts — MQqnq.,0u- Thus,

[ (@, b0) = f (autl — MQqina u,bu> bw)

= f(aute,bw) = MQouma u.tf (Gus bw) (since f is a bilinear form)

(46) = f (autfa bw) ~ MQqind u,? [u = w] ) (by (41)) .

However, it is easy to see that
(47) MQqind w,t [u = w} = MQqind u,t [u = w]
(indeed, this equality is obvious when u = w and otherwise).

On the other hand, the definition of by, yields b, = buty = MQguna w,tbw- Since f is
k-bilinear, we thus obtain

f (am?;w) =f (auvbwté) - mQQindw,éf (am bw)

= f (au» by S (tf)) — MQqind w,t [U‘ = ’LU} (by (39) and (41))
= f(aute,bw) = MQguna .0 [U = W] (by Lemma 14.6 and (47))
= f(awbw)

by (46). This proves Claim 2.]
Now, let w € S,,. Let i = Qind w. Then, the definition of b,, yields

b = buth = MQguna . tbw = buty — mQ, bw
(since Qind w = 7). However, (45) yields

by = Z f (a,U,E,w) by = Z f @y, by) by (by Claim 2)

vES, veES,

> @y b)) by

vES,;
Qind w<Qind v

since Claim 1 shows that all
addends with Qindw > Qind v are zero

= (a k-linear combination of b,’s for v € S,, satisfying Qindw < Qindv)

= (a k-linear combination of b,’s for v € S,, satisfying i < Qind v).
In view of Ew = byt — mq, ebw, this can be rewritten as
bty = m@, ebw + (a k-linear combination of b,’s for v € S, satisfying i < Qindv).
This proves Theorem 14.5. g

14.2. LEFT MULTIPLICATION. For each element x € k[S,], let L (x) denote the k-
linear map

k[S,] = k[Sh],
Yy = xy.

This is a “left” analogue to the right multiplication map R(z). It is interest-
ing to study from a shuffling perspective, as this corresponds to shuffling on the
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labels of a permutation instead of shuffling on the positions. Thus, having stud-
ied R (A1t1 4+ Aata + - - + Apty) in detail, we may wonder which of our results extend
to L (Ait1 + Aato + -+ - + Aptp). In particular, does an analogue of Theorem 4.1 hold
for L (Altl + /\2t2 —+ -+ >\ntn) instead of R (/\1t1 + )\2152 + -+ >\ntn)?

The answer is “yes”, and in fact it turns out that this question is equivalent
to the analogous question for R (At} + Aoty + -+ A, t],) answered (in the posi-
tive) in Subsection 14.1, because the endomorphisms L (A1t; 4+ Aota + -+ + Apty)
and R (Ait] + Aath + - - + A\,t),) are conjugate via the antipode S. More generally,
the following holds:(")

PROPOSITION 14.7. Let = € k[Sy,]. Then, the endomorphisms L (z) and R (S (z))
of k[S,] are mutually conjugate in the endomorphism ring Endy (k[S,]) of the k-
module k [S,,]. Namely, we have

(48) R(S(z))=So(L(x))oS™ .

Proof. Recall that S is an involution; thus, S is invertible. Hence, S~! exists. More-
over, recall that S is a k-algebra antihomomorphism; thus, we have

(49) S(xzz)=5(2)S (x) for each z € k[S,].
Now, for each y € k[S,], we obtain
(R(S () (y) = (So(L(z)oS™") (y)
as a result of comparing
(R(S (2))) (y) = yS () (by the definition of R (S (z)))
with
(So(L(@)o85™) () =S (L) (57 ) = § (=57 )
—S(57 () S () (by (49))
=yS(z).

In other words, R (S (z)) = S o (L(x)) o S™!. This proves (49), and the rest of
Proposition 14.7 follows. O

COROLLARY 14.8. Let A1, Ao,..., A\, € k be arbitrary. Then, the endomorphisms
L (At + Aato+ -+ -+ Apty) and R (Art] + Aath + -« + A\ptl) of k[Sn] are mutually
conjugate in the endomorphism ring Endy (k [S,]) of the k-module k [S,]. Namely,
we have

R(A\th 4+ Xath + -+ X\ptl) = So (L (Mt + Mato + -+ Anty)) 0 S7L
Proof. 1t is easy to see that the map
R:k[S,] — Endk (k[S,]),
x+— R(z)

is k-linear. Hence,
n
R(At) + Aoty + -+ + Anth) = MR (1)) + MR (th) + - + AR (8,) = > MR (t)) .
=1

Similarly,

LAty + Nata + -+ Antn) = > AL (te) .
=1

(DRecall that S is the k-linear map from k [Sn] to k [Sy] that sends each w € S;, to w™ L.
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Hence,

So (L (Aty+Aata + -+ Antn)) 0 S =So [ Y AL (m) oS!
{=1

=1
(by linearity). Comparing this with
R(Ath + Xath + -+ M) = D MR () = D NR(S(tr))  (since tj = S (tr))
=1 =1
=Y NS0 (L(t))oS™ (by (48)),
=1
we obtain
Rty 4+ Xathy + -+ X\pth)) = So (L (Mity + dato + -+ Auty)) 0 S7L
Thus, Corollary 14.8 follows. O

Using Corollary 14.8, we can derive properties of L (A1t; 4+ Aata + -+ + Apty)
from properties of R (A1t] + Aath + -+ + A\utl,) by conjugating with S~!. In par-
ticular, we obtain an analogue of Theorem 4.1 for L (Aitq + Aata + -+ Anty)
instead of R (A1t1 + Aata + -+ - + Ayty), since we already know (from Subsection 14.1)
that such an analogue exists for R (At} + Aoty + -+ -+ A,t7,). Thus, we shall not
discuss L (A1t1 + Aot + - - - + A\pty) any further.

14.3. A BOOLEAN INTERVAL PARTITION OF P ([n —1]). Our results on Q-indices
and lacunar subsets shown above quickly lead to a curious result, which may be
of independent interest (similar results appear in [1] and other references on peak
algebras and cd-indices):

COROLLARY 14.9. Let J be a subset of [n — 1]. Then, there exists a unique lacunar
subset I of [n — 1] satisfying I' CJ C[n—1] N 1.

Proof. As in our proof of Lemma 10.7, we can construct a permutation w € S,
satisfying Desw = J. Fix such a w.

There exists a unique ¢ € [f,,+1] such that Qind w = 4. In view of Proposition 10.3,
we can rewrite this as follows: There exists a unique ¢ € [f,,+1] such that Q} C Desw C
[n —1] N Q;. Since Q1,Q2,...,Qy,,, are all the lacunar subsets of [n — 1] (listed
without repetition), we can rewrite this as follows: There exists a unique lacunar
subset I of [n — 1] satisfying I’ C Desw C [n — 1] \ I. But this is precisely the claim
of Corollary 14.9 (since Desw = J). O

In the language of Boolean interval partitions (see [14, §4.4]), Corollary 14.9 says
that there is a Boolean interval partition of the powerset P ([n — 1]) whose blocks are
the intervals [I’, [n — 1] \ I] for all lacunar subsets I of [n — 1].

14.4. CONSEQUENCES FOR THE TOP-TO-RANDOM SHUFFLE. Let us briefly comment
on what our above results yield for the top-to-random shuffle ¢;. It is easy to derive
from Corollary 12.2 that when k is a field, we have

Spec (R (t1)) ={mr1 | I C[n—1] islacunar} ={0,1,...,n—2,n}
(the latter equality sign here is a consequence of the definition of my; and the fact
that I C {0,1,...,n —1,n+4 1}). This, of course, is a fairly well-known result (e.g.,
being part of [7, Theorem 4.1]). Unfortunately, the fact that R (¢1) is diagonalizable
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when k is a field of characteristic 0 (see, e.g., [7, Theorem 4.1]) cannot be recovered
from our above results (as the assumptions of Theorem 12.3 are not satisfied when
n>4dand g =A3=---= X\, =0).

15. STRONG STATIONARY TIME FOR THE RANDOM-TO-BELOW SHUFFLE

We now leave the realm of algebra for some probabilistic analysis of the one-sided
cycle shuffles.

We shall start this section by recalling how a strong stationary time for the top-to-
random shuffle has been obtained ([2]). Using a similar but subtler strategy, we will
then describe a strong stationary time for the one-sided cycle shuffles, and compute
its waiting time in the specific case of the random-to-below shuffle.

15.1. STRONG STATIONARY TIME FOR THE TOP-TO-RANDOM SHUFFLE. A stopping
time for the top-to-random shuffle can be obtained using the following clever ar-
gument: At any given time, the cards that have already been moved from the top
position will appear in a uniformly random relative order. Hence, once all cards have
been moved from the top position, all permutations of the deck are equally likely. To
estimate the time for this event to happen, we follow the position of the card that is
originally at the bottom of the deck. This card occasionally moves up a position, but
never moves down until it reaches the top of the deck. It moves from the bottommost
position to the next-higher one with probability %, then to one position higher with
probability %, etc., until (as we said) it reaches the top. One iteration of the top-to-
random shuffle later, the deck will be fully mixed, therefore giving a strong stationary
time. The waiting time for this event can be easily seen to approach nlogn. Details
can be found in the introduction of [2], or in [22, §6.1 and §6.5.3].

15.2. A SIMILAR ARGUMENT FOR THE ONE-SIDED CYCLE SHUFFLES. A similar ar-
gument can be used for the one-sided cycle shuffles. However, unlike for the top-
to-random shuffle, we do not follow the bottommost card any more, since it may fall
down before reaching the top (and is thus much more difficult to track). Thus, instead
of following a specific card, we follow a space between two cards.

Namely, we stick a bookmark right above the card that was initially at the bottom.
This bookmark will serve as a marker that will distinguish the fully mixed part (which
is the part below the bookmark) from the rest of the deck. The bookmark itself is
not considered to be a card in the deck, so the only way it moves is when a card
that was above it is inserted below it.(® Thus, the bookmark never moves down but
occasionally moves up the deck. The deck is mixed once the bookmark is at the top.

The following theorem follows:

THEOREM 15.1. If P(1) # 0, then the one-sided cycle shuffle OSC(P,n) admits a
stopping time T corresponding to the first time that all cards have been inserted below
a bookmark initially placed right above the card at the bottom of the deck before the
shuffling process. If Xy is the random variable for OSC(P,n), the distribution of X
is uniform for all t > 7, meaning that T is a strong stationary time.

If P(1) = 0, then the top card never moves, and the stationary distribution is not
the uniform distribution over all permutations.

®we agree that if a card moves into the space that contains the bookmark, then it is inserted
below (not above) the bookmark.
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15.3. THE WAITING TIME FOR THE STRONG STATIONARY TIME OF THE RANDOM-TO-
BELOW SHUFFLE. Knowing the existence of a strong stationary time for the one-sided
cycle shuffle (with P (1) # 0), one might be interested to know when it is reasonable
to expect this phenomenon to occur. We shall compute this waiting time for the
random-to-below shuffle; the computations for other one-sided cycle shuffles would
result in other numbers.

e If the bookmark is below the i-th card from the bottom, the probability for
it to move in one iteration of the random-to-below shuffle is the sum of the
probabilities for cards above it to move below it. The card at position j (count-
ing from the bottom) is selected with probability P (j) = %, and (assuming
that j > ¢) is inserted below the bookmark with probability f (this includes
the case when it is moved inbetween positions ¢ and 7 — 1, because in this
case we insert it below the bookmark). Hence, the bookmark climbs up one
position in the deck with probability

N A A
S L= LN e = L (Hy - Hi),
Zn J nz] n( ) 1)
Jj=t j=t
where H; := 3 — is the i-th harmonic number.

k=1
Thus, the probability of the bookmark climbing from position i to i+ 1 at

any single step follows a geometric distribution with parameter % (H, — H;_1),
and therefore the expected time needed for the event to happen is

1 _ n
Ci(H, — Hi )’

1
ﬁ (Hn - Hi—l)
(Recall that the expected time for an event with probability p to happen is %)
e The stopping time is the time required for the bookmark to reach the top of
the deck (position n). This is achieved in an expected time corresponding to

" n
; i(H, —Hi_1)

THEOREM 15.2. Let n > 2. The expected number of steps to get to the strong stationary
time for the random-to-below shuffle is

Z’LH Hz 1)

1=2
Moreover, this time satisfies the following bound:

n

;m < nlogn + nlog (logn) + nlog(2) + 1.

Here, log denotes the natural logarithm In.

Proof. The statement that the expected number of steps is E S L follows
=2 { (H H1 1)

from the discussion above. Hence, we only need to prove the upper bound.

For this purpose, we shall show several analytic lemmas. We begin with three prop-
erties of the logarithm function that can be proved fairly straightforwardly (see [17]
for details):
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LEMMA 15.3. Let a and b be two positive reals. Then:

b b
(a) We have loga+ < -
a a
a+b b
b) We have 1 > .
(b) We have log P P
LEMMA 15.4. Let m be a positive real. Then, the function f: (0,m) — R given by
1
f(x) = ——7 for all x € (0,m)
xlog —
T

1S convex.

1 11
LEMMA 15.5. If n > 3, then ot~ _ 2+ 1 087
n

3 2n
LEMMA 15.6. Let i < n be a positive integer. Then,
n+1

Hn — Hi—l > log .
1

Proof of Lemma 15.6. For each j € {i,i+1,...,n}, we have
g+l

J
=log(j+1)—logj.

1
Hij—H;_ 1 =-2>log (by Lemma 15.3 (a))
J

n+1
Pt

O

Summing up these inequalities yields H,, — H;_1 > log (n+ 1) —logi = log
The next lemma we need is a simple inequality between integrals and their Riemann
sums for convex functions:

LEMMA 15.7. Let a and b be two integers satisfying a < b. Let f: (a—1,b+1) > R
be a convex function. Then,

b b+1/2
Zf<i></ f (2) d.
i—a a—1/2
Proof of Lemma 15.7. See [17]. The idea is that the convexity of f entails f (i) <
f;jll//; (x) dx for each i € [a, b]. O

Now, we return to the proof of the upper bound

(50) ;i(HnnHil)<nlogn+nlog(logn)+nlog2+1
claimed in Theorem 15.2.

Indeed, this upper bound can be checked by straightforward computations for
n = 2. So let us assume, without loss of generality, that n > 3.

Let m := n + 1. Define a function f : (0,m) — R as in Lemma 15.4. Then,
Lemma 15.4 says that this function f is convex. We note also that the function f
has antiderivative F' : (0,m) — R given by F (z) = — log (log %) (This can be easily
verified by hand.)

From Lemma 15.6, we obtain

n n n
< = (since n +1=m)
=T < 2 g T

=2
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Hence, in order to prove (50), we only need to show that

- 1
51 ) <1 log (1 log2 + —.
(51) > /(@) <logn +log (logn) +log2 +
So let us prove this inequality now.

Since f is convex on (0, m), we can apply Lemma 15.7toa =2and b=n=m—1.
We thus obtain

n n+1/2
- ]
IR / f (z) da

/2

“(reor i) - (o (e

:10g<10g3/2) ( n+lfl/2l/2)

<log 3/2) + 1 (by Lemma 15.3 (b))
1/2
=1 =1 2m1
() ) o )
Thus, in order to prove (51), it suffices to show that

1
log (Qm log 3/2> < logn + log (logn) +log2 + —.
n

After exponentiation, this rewrites as

(52) 2mlog 37—2 < 2nlogn - et/".
Upon division by 2, this rewrites as
(53) mlog T <nlogn-e'/™.

However, since Lemma 15.3 (a) yields logfl’;’z

< L and because log 3 > 1,
1

log —— = log n-@/3 —logn + log — — 1g§<10g"+*_
3/2 n’ 2 n n

so that

57

\V]

m 1 1 1 1
m10g3/—2<m 10gn+ﬁfg =(n+1) lognJrﬁfg

1 1
— 1)+ 2E —"g

logn

<nlogn+logn +

(by Lemma 15.5)

1 1
=nlogn - <1+ + ™ 2) gnlogn-el/"

11 211\ =11\
(since 1 + +— 5z = PR (n) < kZ::OH <n> = e!/™). This proves (53). Thus,

the proof of Theorem 15.2 is complete. 0

One might ask if this is a good upper bound, or, in other terms, if the order of
magnitude of the bound given in Theorem 15.2 is also the order of magnitude of E(7).
Numerical checks suggest that this is indeed the case, allowing us to make the following
conjecture.
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CONJECTURE 15.8. Let n > 2. The expected number of steps to get to the strong
stationary time for the random-to-below shuffle satisfies the following lower bound:

n

n
Er)=) ———— >nl log (1 .
(1) ;i(Hn—Hi—l) nlogn + nlog (logn)

Here, log denotes the natural logarithm In.

15.4. OPTIMALITY OF OUR STRONG STATIONARY TIME. A legitimate question to ask
is whether there is a strong stationary time that occurs faster than 7 for the one-sided
cycle shuffles. Our stopping time 7 is the waiting time for the bookmark to reach the
top of the deck. We now shall explain why there is no faster stopping time, i.e., why
we need to wait for the bookmark to reach the top. To do so, we claim that some
permutations cannot be reached until the bookmark reaches the top.

Consider the card that was initially at the bottom. This card was initially the only
card to be below the bookmark. For this card to go up, a card needs to be inserted
below it, and thus below the bookmark. Hence, all the cards that are above the
bookmark are atop of the card that was initially at the bottom. Note that cards that
are below the bookmark can still be above the card initially at the bottom. As long
as there are k cards above the bookmark, the card initially at the bottom cannot be
among the top k cards. Hence, for any permutation of our deck to be likely, we need
the bookmark to reach the top, showing that our stopping time is optimal.

A consequence of this fact is that, assuming Conjecture 15.8, the random-to-below
shuffle would be slower than top-to-random, for which the strong stationary time
approaches n log n. We attribute the fact that random-to-below is slower to its greater
laziness, in other words, to the fact that the probability of applying the identity
permutation is higher for random-to-below than for top-to-random.

16. FURTHER QUESTIONS

16.1. SOME IDENTITIES FOR t1,ts,...,t,. We have now seen various properties of
the somewhere-to-below shuffles t1,ts,...,t,. In particular, from Theorem 4.1, we
know that they can all be represented as upper-triangular matrices of size n! x nl.
Thus, the Lie subalgebra of gl (k [S,,]) they generate is solvable. In a sense, this can be
understood as an “almost-commutativity”: It is not true in general that t1,%s,...,t,
commute, but one can think of them as commuting “up to error terms”. There might
be several ways to make this rigorous. One striking observation is that the commu-
tators [t;, t;] == tit; — t;t; satisfy [t;,#;]> = 0 whenever n < 5 (but not when n = 6
and 7 = 1 and j = 3). This can be generalized as follows:

THEOREM 16.1. We have [ti,tj]j*i+1 =0 forany1<i<j<n.
THEOREM 16.2. We have [ti,tj]((”—j)/ﬂﬂ =0 forany1<i<j<n.

Both of these theorems are proved in the preprint [16]. The proofs are surprisingly
difficult, even though they rely on nothing but elementary manipulations of cycles
and sums. Actually, the following two more general results are proved in [16]:

THEOREM 16.3. Let j € [n], and let m be a positive integer. Let ki, ka, ... ky, bem
elements of [§] (not necessarily distinct) satisfying m > j — kn, + 1. Then,

[tk17t]] [tk2’t]] e [tknL’tj] = O

THEOREM 16.4. Let j € [n] and m € N be such that 2m > n—j+2. Let iy,i2,...,im
be m elements of [j] (not necessarily distinct). Then,

[tiutj] [tizvtj] T [tim’tj] =0.
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The following identities are proved in [16] as well:
PROPOSITION 16.5. We have t; = 1 + s;t;+1 for any i € [n —1].
PROPOSITION 16.6. We have (1+ s;) [t;,t;] =0 forany 1 <i < j < n.
PROPOSITION 16.7. We have t,,_1 [t;,tn—1] =0 for any 1 < i < n.
PROPOSITION 16.8. We have [t;, t;] = [siSit1---sj—1,t;]t; forany 1 <i<j<n.
PROPOSITION 16.9. We have t;y1t; = (t; — 1) t; for any 1 < i < n.
PROPOSITION 16.10. We have t;12 (t; —1) = (t; — 1) (tig1 — 1) forany 1 <i<n—1.

16.2. OPEN QUESTIONS. The above results (particularly Propositions 16.9 and 16.10)
might suggest that the k-subalgebra k[t1,ts,...,t,] of k[S,] can be described by
explicit generators and relations. This is probably overly optimistic, but we believe
that it has some more properties left to uncover. In particular, one can ask:

QUESTION 16.11. What is the representation theory (indecomposable modules, etc.) of
this algebra? What power of its Jacobson radical is 07 (These likely require k to be a
field.) What is its dimension (as a k-vector space)?

Any reader acquainted with the standard arsenal of card-shuffling will spot another
peculiarity: We have not once used any result about k [S,]-modules (i.e., representa-
tions of the symmetric group S,,). The subject is, of course, closely related: Each of
the F'(I)’s and thus also the F;’s is a left k [S),]-module, and it is natural to ask for
its isomorphism type:

QUESTION 16.12. How do the F (I) and the F; decompose into Specht modules when k
is a field of characteristic 0

We have been able to answer this question (see [18]), and will prove our answer in
forthcoming work.

A different direction in which our results seem to extend is the Hecke algebra. In
a nutshell, the type-A Hecke algebra (or Iwahori-Hecke algebra) is a deformation of
the group algebra k[S,] that involves a new parameter ¢ € k. It is commonly de-
noted by H = H, (Sy); it has a basis (T),,cg, indexed by the permutations w € Sy,
but a more intricate multiplication than k[S,]. A definition of the latter multipli-
cation can be found in [23]. We can now define the g¢-deformed somewhere-to-below

shuffles t3t t3 ...t} by
it = Toye, + T¢ + T e

Surprisingly, these g-deformed shuffles appear to share many properties of the origi-
nal t1,%o,...,t,; for example:

+ -4+ T

YCe,e41 YCe, 041,042 YCe,041,...,n

CONJECTURE 16.13. Theorem 4.1 seems to hold in H when the ty are replaced by
the t]t.

Attempts to prove this conjecture are underway.

Thus ends our study of the somewhere-to-below shuffles t1,¢s,...,%¢, and their
linear combinations. From a bird’s eye view, the most prominent feature of this study
might have been its use of a strategically defined filtration of k [S,,] (as opposed to, e.g.,
working purely algebraically with the operators, or combining them into generating
functions, or finding a joint eigenbasis). In the language of matrices, this means that
we found a joint triangular basis for our shuffles (i.e., a basis of k [S,,] such that each
of our shuffles is represented by an upper-triangular matrix in this basis). In our case,
this method was essentially forced upon us by the lack of a joint eigenbasis (as we
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saw in Remark 4.2). However, even when a family of linear operators has a joint
eigenbasis, a filtration might be easier to find. Thus, the following question is quite
natural:

QUESTION 16.14. Are there other families of shuffles for which a filtration like ours
(i.e., with properties similar to Theorem 8.1) exists and can be used to simplify the
spectral analysis?

We have proven that the somewhere-to-below shuffles are triangularizable, as well
as that they are diagonalizable for a sufficiently generic choice of coefficients. However,
the coefficients of the shuffles arising naturally have a lot of structure, as exhibited
in Remark 4.2 (about the unweighted one-sided cycle shuffle), Example 12.6 (about
the random-to-below shuffle), and Example 12.7 (about the top-to-random shuffle).
Hence, we are prompted to ask the following:

QUESTION 16.15. (Question 12.8) Can a necessary and sufficient criterion be found
for the diagonalizability of a one-sided shuffle?
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