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Reconnectads

Vladimir Dotsenko, Adam Keilthy & Denis Lyskov

ABSTRACT We introduce a new operad-like structure that we call a reconnectad; the “input” of
an element of a reconnectad is a finite simple graph, rather than a finite set, and “compositions”
of elements are performed according to the notion of the reconnected complement of a subgraph.
The prototypical example of a reconnectad is given by the collection of toric varieties of graph
associahedra of Carr and Devadoss, with the structure operations given by inclusions of orbits
closures. We develop the general theory of reconnectads, and use it to study the “wonderful
reconnectad” assembled from homology groups of complex toric varieties of graph associahedra.

1. INTRODUCTION

In this paper, we define and study a new algebraic structure for which we propose
the term reconnectad®). Tt captures a certain self-similarity of stratifications of toric
varieties whose dual polytopes are the so called graph associahedra, originally defined
by Carr and Devadoss in [10]. Their original goal was to find convex polytopes that
would give tilings of Coxeter complexes of general Coxeter groups in the same way
the associahedra of Stasheff give tilings of the Deligne-Mumford compactifications
Mo (R) of the moduli space of real projective lines with marked points. The
answer found in [10], originating in the theory of wonderful models for subspace
arrangements due to De Concini and Procesi [14], turned out to be quite remarkable.
Particular cases of that construction lead to well known families of polytopes: the
associahedra [51, 52], the cyclohedra [6], and the permutahedra [7], and the general
notion of a graph associahedron has been studied in a wide range of contexts,
including algebraic combinatorics, complex algebraic geometry, polyhedral geometry,
theoretical computer science, toric topology etc. See, for example, a highly non-
exhaustive list of references [1, 11, 16, 26, 57]. To mention two remarkable concrete
examples of applications, face posets of certain graph associahedra are responsible
for the “correct” combinatorics behind the algebraic structures arising in Floer
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homology [5, 43], and the intersection theory on complex toric varieties of stellahedra
is shown to be invaluable for studying combinatorial invariants of matroids, see [8, 23].

Specifically for the associahedra themselves, the corresponding complex toric
varieties were studied in [21] where the natural nonsymmetric operad structure on
the homology of those varieties was studied; it was found that many properties of that
nonsymmetric operad ncHyperCom are remarkably similar to the known properties of
the symmetric operad HyperCom obtained as the homology of the operad of complex
Deligne-Mumford compactifications M ,,(C), controlling what is known as the tree
level part of a cohomological field theory [41]. One important deficiency, however,
is that the operad ncHyperCom is not cyclic, meaning that there is no meaningful
notion of a compatible scalar product on an algebra over that operad. To deal with
this problem, the second author of this paper proposed to view the operadic structure
on toric varieties of associahedra in a wider context. This paper is the first step of
this bigger programme: we exhibit a way to organise toric varieties of all possible
graph associahedra in a remarkable operad-like structure. Classically, components
of operads are indexed by finite sets in a functorial way, so that automorphisms of
finite sets acts on components. In the situation that we consider, components are
indexed by simple connected graphs in a functorial way, and structure operations
arise from inclusions of orbit closures of the tori; those orbit closures are products of
toric varieties of smaller graph associahedra which is the self-similarity we referred
to above. The combinatorics of orbit closures is closely related to the notion of the
reconnected complement of a subgraph in a graph, hence the terminology that we
propose.

The motivation of De Concini and Procesi was to construct a compactification of
the complement of the given subspace arrangement by gluing in a normal crossing
divisor. In our case, the hyperplane arrangement in question is the arrangement of
coordinate hyperplanes, and hence we already are dealing with the complement of
a divisor with normal crossings. However, something bizarrely remarkable happens:
even in this extremely simple situation, there are other nontrivial choices of compact-
ifications that turn out to be notable algebraic varieties. To give a simple example, if
one chooses the mazimal building set and blows up all possible intersections, in other
words, if one considers the case of the complete graph, the resulting varieties, first
studied by Procesi [48], are found in the work Losev and Manin [38]; they encode
a certain version of the notion of a cohomological field theory [39, 50], and which
were recently shown in [20] to play the role analogous to that played by the spaces
Mo +1(C) in an analogue of the BV formalism arising in topological quantum
mechanics [40]. The operad-like structure on these varieties is very close to that of
that describing permutads of Loday and Ronco [36], though without a total ordering
of the underlying set.

A closely related though different operad-like structure in the context of graph
associahedra was recently defined by Forcey and Ronco in [27] using the formalism
of operadic categories of Batanin and Markl [2]. Our approach is different in several
ways. First, the formalism of [27] imposes a total ordering of the set of vertices
and thus is closer to “shuffle reconnectads”; second, our approach allows us to view
reconnectads as monoids in a certain monoidal category, similarly to how it can be
done for operads. The advantage of such approach is that there is a very powerful
existing range of ideas and methods available, and we are able to use those ideas and
methods in a very meaningful way. If one wishes to place our approach under the
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umbrella of a general formalism for studying generalisations of operads, Feynman
categories of Kaufmann and Ward [34] furnish an example of such a formalism;
however, for us, several other more concrete approaches turn out to be available.

It is worth mentioning that our work may be viewed as a shadow of a much more
general theory developed by Coron [12] for the full generality of geometric lattices
and their building sets. However, since unlike the op. cit., our focus is on a very
particular case (of Boolean lattices and their graphical building sets), a lot of general
statements become much more concrete, some generally very complicated objects
become much simpler, and, as a result, some elegant combinatorial patterns shine
through. We hope that our work will help in further understanding of the Feynman
category of built lattices of [12], and in placing constructions from toric geometry
like the Bergman fan of a matroid [24] in the categorical context.

An intriguing question that is for the moment left outside the scope of this paper
is to give a generalisation of the Batalin-Vilkovisky operad BV in the context of
reconnectads, and to compute its homotopy quotient by the circle action, at least
on the algebraic level, generalising some of the results of [20]. This task that is not
obvious for a number of reasons. First, it is absolutely crucial for reconnectads to
have no nontrivial elements associated to the empty graph, which is where the BV
operator would be expected to appear. Second, for the triangle graph there are two
contradicting wishes of what the corresponding component of the BV reconnectad
should be: viewing the triangle as a cycle relates it to path graphs and the ncBV
operad of [21], while viewing it as a complete graph relates it to the tBV twisted
associative algebra of [20], and reconciling those two relationships is not an easy task.
We hope to address this question elsewhere.

The paper is organised as follows. In Section 2, we recall some necessary back-
ground information. In Section 3, we present three equivalent constructions of toric
varieties of graph associahedra, including an interpretation as a “graphical Grass-
mannian” which allows us to give a new explicit description of the stratification by
toric orbits (Theorem 3.4). In Section 4, we give several equivalent definitions of
a reconnectad, identify two known particular cases, and define the “commutative
reconnectad”. In Section 5, we develop a wide range of methods for studying algebraic
reconnectads (reconnectads whose components are vector spaces). Finally, in Section
6, we define the gravity reconnectad and determine its presentation by generators
and relations (Theorem 6.4), obtain a presentation by generators and relations of the
“wonderful reconnectad” formed by the collection of homologies of all complex toric
varieties of graph associahedra (Theorem 6.7), and give an algebraic and a geometric
proof of Koszul duality between these reconnectads and of the Koszul property of
both of them. Geometrically, the reconnectadic Koszul duality is implemented by the
compactifications to open orbits of the torus action on these varieties (Proposition
6.9); this is analogous to the celebrated result of Getzler [31].

2. BACKGROUND, NOTATIONS, AND RECOLLECTIONS

By C we denote a category that has all coproducts (which we denote @) and an initial
object (which we denote by 0), and is equipped with a symmetric monoidal structure
(for which we denote the monoidal product by ® and the unit object by 1c) that
distributes over coproducts. In most applications, C will be either the category of
“spaces” (topological spaces, projective varieties, etc) or the category of “modules”
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(vector spaces, chain complexes, etc). For a finite set I and a family of objects {V; }ier
of C, the unordered monoidal product of these objects is defined by

® Vi =

‘/7;1 R V;n
iel (i1,...,in) a total order on I

Aut(I)

In cases where we work with “modules”, we assume that all of them are defined over
a field k of zero characteristic. All chain complexes are graded homologically, with
the differential of degree —1. To handle suspensions of chain complexes, we introduce

a formal symbol s of degree 1, and define, for a graded vector space V, its suspension
sVasks®V.

2.1. TORIC VARIETIES. Let us give a short summary of basics of toric varieties, re-
ferring the reader to [13, 28] for more details.

We denote by G,,, the algebraic group Spec (]k[x, xil]), i.e. the multiplicative group
k*. An algebraic torus is a product of several copies of G,,,. A toric variety is a normal
algebraic variety X that contains a dense open subset U isomorphic to an algebraic
torus, for which the natural torus action on U extends to an action on X.

Toric varieties may be constructed from the combinatorial data of a lattice (free
finitely generated Abelian group) N and a fan (collection of strongly convex rational
polyhedral cones closed under taking intersections and faces) ¥ in N ®zR. Each cone
in a fan gives rise to an affine variety, the affine spectrum of the semigroup algebra of
the dual cone. Gluing these affine varieties together according to face maps of cones
gives an algebraic variety denoted X (X) and called the toric variety associated to the
fan >.

It is known that a toric variety X (X) is projective if and only if ¥ is a normal fan
of a convex polytope P, uniquely determined from 3 up to normal equivalence. In
such situation, we also use the notation X (P) instead of X (X). The variety X (P) is
smooth if and only if P is a Delzant polytope, that is a polytope for which the slopes
of the edges adjacent to each given vertex form a basis of the lattice N.

For a complex toric variety Xc(P) corresponding to an n-dimensional Delzant
polytope P, the Betti numbers of X¢(P) are given by the coefficients h; of the h-

polynomial of P
D_hit' =) filt =1,
i=0 i=0

where f; denotes the number of faces of P of dimension 1.

2.2. WONDERFUL COMPACTIFICATIONS OF SUBSPACE ARRANGEMENTS. We also give
a short summary of basics of (projective) wonderful compactifications of subspace
arrangements in the particular case of the the coordinate subspace arrangements,
referring the reader to [14, 25, 49] for details as well as for the general theory.

Let I be a finite set. We shall consider the vector space k!, and the collection of
coordinate subspaces Cr := {x; = 0: ¢t € T'} in that vector space. The Boolean lattice
27 of all subsets of I ordered by inclusion can be identified with the poset of all sums
of the subspaces Cr, ordered by reverse inclusion.

A building set of 2! is a collection G of subsets of 2/ \ {@} such that for each
2 € 2! the natural map

I[I (24—l
gEmax(GN[@,x])
sending a tuple of elements to their union is an isomorphism of posets. This definition
is valid in full generality of atomic lattices [25], and in the case of 2! is equivalent to
containing all singletons {i} and containing, together with any two elements z,y € 27
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with Ny # @, their union z Uy. We shall only consider building sets that contain
the whole set I.

Since every building set contains all singletons, for each building set G, the com-
plement in k! of the union of the subspaces C7 for T € G is the algebraic torus GZ,.
Since GI, = (k*), we have the maps

G /G — P! /(KT) ™)
for all T' € G, and therefore a map

(1) G, /Gm — P(k') x [ B(Cr).
TeG

The projective wonderful compactification Y ¢ of GE /G,, is the closure of the image
of G! /G,, under the map (1). It is known that for every building set G, Y¢ is a
smooth projective irreducible variety. The natural projection map 7: Y g — P(k!) is
surjective, and restricts to an isomorphism on G/, /G,,. Additionally, the complement
Yo~ (Gl /G,,) is a divisor with normal crossings. Its irreducible components Dy are
in one-to-one correspondence with elements T' € G \ {I}, and we have
W_l(P(CT)) = U DT’ .
T<T'

Intersections of the divisors Dy may be described combinatorially using the notion
of a nested set. For a fixed building set G, a subset 7 of G is said to be nested if
for any elements T1,T5,...,T; € 7 which are pairwise incomparable (as subsets of I,
that is by inclusion), we have Ty UTo U --- U Ty ¢ G. It is known that for 7 C G, the
intersection D = (¢, Dr is non-empty if and only if 7 is nested.

The collection of all nested sets forms a simplicial complex N(I,G) with the set
of vertices G. Topologically, N(I,G) is a cone with apex {I}, and the link of {I}
is denoted N(I,G) and called the nested set complex with respect to G. A closely
related notion is the augmented nested set complex obtained by adding to N(I,G)
one —1-simplex &. For our purposes, it will be convenient to realize the augmented
nested set complex as the set N1 (I, G) of all nested sets containing I as an element;
removing I from such a nested set gives a bijection with the augmented nested set
complex as described above.

EXAMPLE 2.1. Let G be the maximal building set of 2{12}, that is,

G ={{1},{2},{1,2}}.
Then
N({1,2},G) = {{{1}}, {{2}}. {{1}, {2}},

while

NT({L 2} G) = {123} {1 {12 ({2 {1 23 {1 {21 {1 21}

Let us recall a useful way to visualise elements of N*(I,G) using labelled rooted
trees going back to [24, 47].

DEFINITION 2.2. Suppose that T € N*(I,G). We associate to T a rooted tree T,
whose vertices have additional labels by disjoint subsets of I. The rooted tree structure
is defined as follows. We take T as the set of vertices, and say that a vertex T is a
parent of another vertex T' if in the restriction of the order of 2T to T the element T
covers the element T'. To define extra labels, we associate to each vertex T the subset

MNT) =T~ u 7.
T'er,T'CT

Algebraic Combinatorics, Vol. 7 #3 (2024) 805



V. DOTSENKO, A. KEILTHY & D. Lyskov

FIGURE 1. Rooted tree associated to a nested set

T={{1}{3.41,{1,2,3,4}} & T,= @

EXAMPLE 2.3. Let G be the maximal building set of 2{1:23:4} In Figure 1, we give
an example of the labelled rooted tree T, corresponding to the element

7= {{1},{3,4},{1,2,3,4}}

of N*(I,G). For example, the root vertex of the tree corresponds to {1,2,3,4} € T,
and the label of that vertex is {2} = {1,2,3,4} ~ ({1} U {3,4}). (We always depict
rooted trees in the way that the root is at the bottom.)

2.3. GRAPHS. By a graph we shall mean what is usually referred to as a finite simple
graph. In other words, the datum of a graph is a pair I' = (Vr, Er), where Vr is a
(possibly empty) finite set of vertices and Er C V;? is a symmetric irreflexive relation
on Vi (two vertices vy, ve such that (vi,ve) € Er are said to be connected by an edge).
We shall frequently use the following particular examples of graphs:

e the empty graph (&, @), which we denote simply by &,

e the complete graph K, on the vertex set {1,...,n}, whose edges are all pos-
sible pairs (7, ) with @ # j,

o the stellar graph S,, on the vertex set {0, ...,n}, whose edges are all possible
pairs (0,4) with 1 <7< n,

e the path graph P, on the vertex set {1,...,n}, whose edges are all possible
pairs (i,i+ 1) with 1 <i<n—1,

e the cycle graph C,, on the vertex set Z/nZ, whose edges are all possible pairs
(4,14 1) with i € Z/nZ.

The disjoint union of two graphs is defined by the formula
rur’ = (Vo UV, Er U Er).

We shall denote by Cr C Vi x Vr the minimal equivalence relation containing Er. If
every two vertices of I" belong to the same equivalence class of Cr, we say that our
graph T' is connected, otherwise, I' coincides with the disjoint union of its connected
components Conn(T"):

r= || r.

I'"eConn(T")

Recall that for a subset V' of Vr, the corresponding induced subgraph is the graph I'y
whose vertex set is V' and whose edges are precisely the edges that exist in I'.

3. GRAPHICAL VARIETIES

In this section, we shall discuss a remarkable collection of algebraic varieties asso-
ciated to graphs. It relies on a beautiful combinatorial construction that emerged
independently in [10, 47, 53, 57].
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3.1. GRAPH ASSOCIAHEDRA, GRAPHICAL BUILDING SETS, GRAPHICAL NESTED SETS.
Let T be a graph. We define graphical building set Gp of the Boolean lattice 2'7 as
the set of all subsets V' C Vi for which the induced graph T'y is connected (in the
context of graph associahedra such subsets are often referred to as the tubes of T',
following [10]).

The graph associahedron PT is the convex polyhedron obtained as follows. Take a
simplex with the vertex set Vi, and index each of its faces by the vertices it misses.
Then truncate the faces corresponding to elements of Gr, in the increasing order of
dimension. It follows from [10, Th. 2.6] that the combinatorial type of PI' does not
depend on the way in which the partial order by dimension is refined to a total order.
As an example, suppose that I' is the path graph P3. Then the vertices of the simplex
are the two-dimensional subsets {1, 2}, {1, 3}, and {2, 3}, of which {1,3} ¢ Gr. Thus,
we should truncate two vertices of the triangle, obtaining the pentagon, which is the
classical Stasheff associahedron K2.

For the two connected graphs on three vertices, the corresponding polyhedra (in
this case, polygons) are displayed in Figure 2.

FIGURE 2. Graph associahedra for the path P; and the cycle Cj

In the context of graph associahedra, one often uses the combinatorics of “tubings”;
however, the precise definition of that notion varies throughout the literature, for
instance the tubings of [10] are elements of the nested set complex N(Vr, Gr), while
tubings of [27] are elements of the realisation N*(Vr,Gr) of the augmented nested
set complex. Both notions arise naturally in different aspects of the story; to simplify
the notation, we denote N(Vr,Gr) by N(T') and N*(Vp,Gr) by NT(T'). Tt follows
easily from the definition that both N(I') and N (T') consist of sets {T4,...,T,} of
subsets of Vp for which each graph I'7, is connected and for all i # j either one of the
subsets T; and T} is a subset of the other or Ir,ur; = I'r; UTy;; the only difference
is that in the case of N(I') we require that all T; are proper subsets of Vr, and in
the case of NT(T") one of them must be equal to Vr. Two examples of nested sets in
NT(T) for two different graphs I" are displayed in Figure 3.

It is also prudent to note that in [56] the notion of a “nesting” of a graph are
used, where edges rather than vertices are in the spotlight; in our terminology, those
correspond to the nested sets of the derived graph [3].

3.2. TORIC VARIETIES OF GRAPH ASSOCIAHEDRA AND WONDERFUL COMPACTIFICA-
TIONS. In the context of toric geometry, each truncation of a face of a polytope P
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FIGURE 3. Examples of nested sets in N (I")

corresponds to a certain blow up of the toric variety X (P). In our case, the sim-
plex with the vertex set Vi corresponds to the projective space P(k'T), and the toric
variety X (PI') can be obtained from the latter by iterated blow ups centered at co-
ordinate subspaces P(Ur) corresponding to elements of Gr, in the increasing order of
dimension.

PROPOSITION 3.1. For the graphical building set Gr of the Boolean lattice 2Vr | the
corresponding projective wonderful compactification Y g, of GIT /G, is naturally iso-
morphic to the toric variety X (PT).

Proof. Recall that Y, is the closure of the image of the map

Gyl /G — P(k'T) x [ P(Cr).
TeGr

The codomain of this map has the obvious action of G'T'/G,,, and the map is equi-
variant, so the algebraic torus acts on Y g, with an open orbit, therefore the variety
Y ¢, is toric. Moreover, the projection from Y g, on each individual factor P(k'T /g*)
is surjective, and hence by [29, Prop. 8.1.4], the polytope corresponding to the toric
variety Y g,. is the Minkowski sum of simplices corresponding to elements of Gr. The
same is known [47] for each graph associahedron PT. O

3.3. GRAPHICAL GRASSMANNIANS. Let us give an equivalent description of the toric
variety X (PI') as the parameter space of certain collections of subspaces in a vector
space; for that reason, we shall call that parameter space a “graphical Grassmannian”.
This notion is very close to that of a type A brick manifold [21, 22] in the case where
I" is a path graph, and so we shall use the symbol B to emphasize that relationship.

DEFINITION 3.2. Let T be a graph. The graphical Grassmannian B(T') parametrises
collections {Hr }reg, of subspaces of kK'T satisfying the following properties:

o Hr Cc kT Cck'r,

[ ] dimHT = |T‘ - 1,

o if T C T/, then Hp C Hp.

PROPOSITION 3.3. The graphical Grassmannian B(T') is naturally isomorphic to the
toric variety X (PT).

Proof. In view of Proposition 3.1, it is enough to identify B(T') with the projective
wonderful compactification Y g,. of GYT. We shall see that this is ‘a simple consequence
of projective duality, exactly as in [21, Th. 5.2.1]. The variety Y g, is the closure of
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the image of the map

Gyl /G — P(k'T) x [ P(Cr).

TeGr

Using the canonical basis of kT, we may identify the linear dual (k'7)* with k'T.
Under this identification, a point of P(C7) is identified with a hyperplane in k', so
a point in [[rcq,. P(Cr) gives rise to a collection of subspaces {Hr}recy satisfying
the first two conditions. Moreover, the third condition is also satisfied because of the
compatibility of the canonical basis of kT with the canonical bases of all k”. The pro-
cedure we described is clearly invertible: to each point of the graphical Grassmannian,
we may associate a point in [[cq. P(Cr). Moreover, if point of k'" associated to
Hy,. is in the complement of the coordinate hyperplanes, all other subspaces Hy are
reconstructed uniquely as Hy;. Nk", so the open piece of the graphical Grassmannian
maps isomorphically to the open piece of Y¢,., and hence the image of the inverse
map is precisely Yg,.. O

The torus action is completely transparent in this equivalent description of our
varieties. Indeed, the torus (G,,)"" acts on k'T by diagonal matrices, and this action
leads to the action on the collections {Hr}reg, in the obvious way. Clearly, the
diagonally embedded torus G,, C (G,,)"" acts trivially, so we have the action of the
quotient torus (G,,)""/G,,.

3.4. TORUS ORBITS. From the point of view of toric geometry, the varieties X (PT")
have natural stratifications where the open boundary strata are toric orbits with
stabilizers given by the tori corresponding to faces of PI'. From the point of view of
wonderful compactifications, the varieties Y ¢, have natural stratifications where the
closed boundary strata are intersections D, of the divisors D7 for all nested sets 7.
Our previous comparisons of these two approaches show that the two stratifications
are equivalent. We shall now give a direct description of the open strata in the language
of graphical Grassmannians, generalising the stratification of brick manifolds given in
[21, Def.5.1.4]; since we do not restrict ourselves to the boundary, it is more natural
to use the augmented nested set complex N*(T") to index the strata.

Suppose that 7 € NT(I'). We define a variety B(I',7) as the set of collections
{Hr}rea, € B(T') satisfying two conditions, both expressed in terms of the tree T,
and the labels A\(T") of its vertices introduced in Definition 2.2:

e For each T € 7 with the parent 7" in T, and for each v € A(T') such that
T U {v} € Gr, we have
Hrypy =k'.
e For each T € 7 and each vy # ve € A(T), if for some 77 C T ~ {v1,v2} we
have
T' e rU{o} and T" U{vi} U {vs} € Gr,
then the subspace Hry{y,}u{v,) is different from k”“{*1} and from k7V{v},
Note that the first condition is a “boundary” condition and that the second one is an
“open” condition.

As a sanity check, let us consider 7 = {Vr}. In this case, the first condition is

empty, and the second condition, once restricted to edges, is easily seen to describe

precisely the open piece discussed above (Hy;. is in the complement of all coordinate
hyperplanes), as expected.

THEOREM 3.4. The subsets B(T',7) for 7 € N*(T) describe the stratification of B(T')
by torus orbits.
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Proof. Let us first show that
BI)= U B{T,7).

TEN+(T)
Given a collection of subspaces parametrised by B(T'), let consider all T € Gr which
satisfy Hy = k" for some 7" C T and which are maximal such, that is, there does
not exist T C S € Gr such that Hg = kS with T z S

We claim we must have Hg = kT for all S € Gp with S = T’ U {vg} for some
vs € Vp. Otherwise, let us take such S and consider Hpyg. Since Hg # Hrp, we
must have Hrus = Hg + Hr = kT + kwg, where wg € kT & ke,s. But this implies
Vrus = kT @ ke,s = k=, contradicting the maximality of T.

Running through all such Hp, we obtain a collection

7:={T": Hr = k”" for some maximal T}.
We claim that 7 € N(T'), so 7 := 7U{Vr} € N*(T'). Suppose that there exist T}, T5 € 7
that are incomparable and satisty I'r,ur, # I'ry UDI'p,. Then Hp,ur, contains k™1 and
k2. But
dim(k™ +k™2) = |Ty| + |Ta| — [T N Ty
while
dimHTlUD = |T1| + |T2| - |T1 ﬂT2| - 17
so we have a contradiction, and therefore 7 :=: 7 LI {Vp} € N (I'). The collection of
subspaces { Hr} clearly satisfies the first condition defining B(T, 7). If it fails to satisfy
the second condition, then one can find T' € 7, v1 # v € A(T), and T" C T~ {v1, v}
with
T e rU{@} and T' U {v1} U {vs} € Gr,

so that Hpy(y,ufe,} coincides with kTY{v1} In that case, we can find a maximal
such T, in the sense of the previous paragraph, which would imply that we have
T U{v1} € 7, which is a contradiction, since in this case vy ¢ A(T).

We next show that the subsets B(T, 7) for various 7 € NT(T') are disjoint, so that

BI)= || B@7).
(r)

TENt

Suppose we have a collection {Hr} contained in B(T',71) N B(T', 72). The argument
will depend on whether 7 U € NT(T).

If 4 Ume ¢ NT(T), there exist T € 71 and Ty € 7> that are incomparable and
Iy, UTp, # I'pyur,. In this case, there are vertices {vy, v} such that vy € Th \ T,
vy € To N\ T, and Ty U {ve} € Gr, To U {v1} € Gr. The first condition for B(T, )
implies that Hr,y,} = k™. Note that the first condition defining the subset B(T',7)
also forces Hpr = k™ ¥} for all T’ € Gr such that v € T" C T U {v}. Therefore,
H 1) u{oiufvs) = k(G1NG2)U{v1d) - Qimilarly, Hr,uq0,3 = k™2, and so

H(TlﬂTQ)U{vl}U{vg} — ]k(TlﬂTQ)U{vz}),

which is a contradiction.

Suppose that 7y UTe € N*T(T). Let T' € Gr belong to 71 \ T2. Because of the nested
set condition for 74 U7y, there exists at least one vertex v for which T'U {v} € G and
the set T'U {v} is disjoint from every set of 75 that does not contain 7" as a subset.
Thus, the first condition for B(T', 7o) implies that Hpyg,y = kT, which means that
T € 79, a contradiction.

Finally, we note that the first condition defining the subset B(I',7) implies that,
once the second condition is applicable, the subspace Hrpyfy,jugo,) different from
kTY{v1} and from k7V{v2} always contains k7, which gives a G,, of choices for such
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subspace. This easily implies that the subsets B(I', 7) are toric orbits. In fact, exam-
ining the second condition defining the subset B(T', 7), it is immediate to describe the
stabiliser:

Stab(B(T, 7)) = (H Gm> /G C (H Gﬁi”) /Gm 2 (G) "™ /G,

Tet Ter

where the product is over all the diagonal inclusions G, C G;\n(T). O

It follows from either of the descriptions of our varieties that the closure of each
stratum is isomorphic to a product of graphical varieties for smaller graphs, and so
inclusions of closed strata provide the collection of all graphical varieties with an
operad-like structure. The notion that is instrumental for describing this structure is
that of a reconnected complement of a subgraph, which we shall now recall.

DEFINITION 3.5 (reconnected complement). Let V € 2VT. The reconnected comple-
ment of V in I', denoted I'};, is the graph obtained from I' by deleting some vertices
and adding some new edges as follows. Its vertex set is Vi \'V, and its edge set is the
union of the set of edges connecting vertices from Vr NV in I' and the set of all pairs
(v1,v2) € (Vr N V)2 such that vi # vy and there is a path in T that connects vy to vo
and only uses vertices of V' along the way.

FIGURE 4. Examples of reconnected complements

In the context of graph associahedra, Devadoss and Carr [10] proved in [10, Th. 2.9]
that facets of PI" are in one-to-one correspondence with elements of Gr and that the
facet corresponding to Vr # T € Gr is combinatorially equivalent to the product
PI';. x PT'r. In the language of graphical Grassmannian, this corresponds to the fol-
lowing picture. Among the toric orbits we described above, the orbits of codimension
one are the orbits B(T', 7) where 7 = {T, V¢} for some Vr # T € Gr, and we expect
that for such 7 we have

BT, )= B(I7) x B(I'r).

Let us construct a map
wF,T: B(F;) X B(FT) — B(F)
whose image coincides with B(T", 7). Suppose that

{Hé}SeGF; € B('y), {H§}secr, € B(Ir).
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We define the image of this pair as the element {Hgs}seq. € B(I') defined by the
formula

- . {H’S\T kST, iS¢ T,
S p—

Hg, if ScT.

By a direct inspection, the image of this map is the closed stratum B(T", 7). Considering
how smaller closed strata are obtained of iterations of such maps is precisely what
leads one to the definition of a reconnectad in the following section. Let us note that,
though this last remark used the reconnected complement of T" € Gr, the definition
is available for any V € 2'7, not necessarily belonging to Gr, and we shall later use
it in full generality.

REMARK 3.6. The combinatorics of reconnected complements was used in the recent
work of Forcey and Ronco [27] to define a strict operadic category in the sense of
Batanin and Markl [2]. The formalism we develop below is very close to that one,
except for two important differences. Firstly, we do not require the set of vertices
of a graph to carry a linear order, and when we impose a linear order to define
the related “shuffle” formalism, this will constrain the existing morphisms. Secondly,
operads for the operadic category of [27] are defined by taking as the starting point
the reconnected complements for 7' € G, and then building all possible composition
maps as composites of these. Our approach will arrive at these operations from two
other definitions which exhibit clearly defined categorical constructions that are not
apparent at a first glance for the approach of [27].

4. RECONNECTADS

In this section, we shall define and study a new operad-like structure responsible for
stratifications of graphical varieties by toric orbits. We begin with the definition of
a graphical collection, generalising the notion of a species of structures valued in the
category C, see [4, 33].

DEFINITION 4.1 (graphical collection). The groupoid of connected graphs CGr is the
category whose objects are connected simple graphs and whose morphisms are graph
isomorphisms. A graphical collection with values in C is a functor F: CGr — C
satisfying F(2) = 1c. All graphical collections with values in C form a category
GrColc, where morphisms are natural transformations.

4.1. THE MONAD OF NESTED SETS. Operads can be thought of as algebras over the
monad of trees. We shall now define the monad of nested sets on the category of
graphical collections.

DEFINITION 4.2 (nested set endofunctor). The nested set endofunctor N on the cate-
gory of graphical collections is defined as follows. Let X be a graphical collection. The
graphical collection N'(X) has the components
N@)I) = D & X((Tr)7 )
TeNH({) Ter

Note that according to the definition of A(T'), the set T ~ A(T) in this formula can
be rewritten as \Jpi e, peqp T’ It is also useful to note that the set of vertices of the
graph (FT)*T\/\(T) is the non-empty set \(T).

Let us explain how to give A/ a natural structure of a monad. The unit is the
natural inclusion X — N(X) corresponding to 7 = {Vr}. The natural maps

NN (X)) = N(X)
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come from the slogan saying that “a nested set of nested sets is a nested set”. More
precisely, suppose that 7 € N (I'). We would like to define a map
7{%TN(?{)((TT)}\A(T)) = N (X)(D).

For that, we note that the left hand side is the sum of tensor products over all
possible nested sets of connected graphs (I'r)7. A(r) on the vertex sets A(T), and to
each such collection of nested sets one can canonically associate a nested set of I'
by joining together the subsets which violate the condition I'yyyy = 'y U 'y, thus
obtaining a map of the required form. (In terms of trees T, associated to nested sets,
this corresponds to grafting of trees, which can be used to establish the associativity
required by the monad axioms.)

In particular, for every 7 = {T, Vr} with Vr # T € Gr, the corresponding tree T,
has A(T') = T and A(Vr) = Vr \ T, and moreover,

1) =Tr, Tw)vw e = O
so we find a summand X (I'}:) @ X (') in N(X). This observation will shine through

in the following sections; for now we use this particular kind of nested sets in an
example.

EXAMPLE 4.3. Let us consider the graph I' depicted in the top left corner of Figure 5.
We choose the subset T' = {1,2,3} for which the induced graph I'r is isomorphic
to K3 and the reconnected complement I'}, is isomorphic to Ps. For the nested set

FIGURE 5. Nested sets of nested sets and compositions

7 ={T,Vr}, there is a term in N (N (X)) corresponding to the tensor product of the
term of N(X)(I'4.) associated to the nested set {{4},{6},{4,5,6}} and the term of
N(X)(T'r) associated to the nested set {{1,2},{1,2,3}}. Joining these together gives
us the nested set {{4}, {1,2},{1,2,3},{1,2,3,6},{1,2,3,4,5,6}} of I" depicted in the
bottom right corner of Figure 5.
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DEFINITION 4.4 (reconnectad, monadic definition). A reconnectad is an algebra over
the nested set monad. Concretely, it is a graphical collection F equipped with structure
maps

N(F)—=F

compatible with the monad structure on N in the usual sense.

Our definition of a reconnectad leads to an immediate definition of the free recon-
nectad generated by a graphical collection X.

DEFINITION 4.5 (free reconnectad). The free reconnectad generated by a graphical
collection X is the graphical collection N'(X) with the structure maps

NN (X)) = N(X)
defined above to encode the monad structure.

The following proposition, which will be very useful for us, is straightforward from
the definition.

PROPOSITION 4.6. Suppose that C and C' are two symmetric monoidal categories sat-
isfying all the assumptions we impose on a symmetric monoidal category, and that
¢: C— C' is a symmetric monoidal functor. Then for each reconnectad F in C, we
obtain a reconnectad ¢(F) in C'. In particular, for a reconnectad F in topological
spaces, the graphical collection Ho(F,K) is a reconnectad in dgVect.

Our definition of a reconnectad is not very easy to unwrap to handle various par-
ticular cases. We shall now present two equivalent definitions that will allow us to
view reconnectads in a much more concrete way.

4.2. THE MONOIDAL CATEGORY OF GRAPHICAL COLLECTIONS. There is an obvi-
ous symmetric monoidal structure on the category of graphical collections called the
Hadamard product. It is defined by the formula

(]—"% G)I) :=F{I)®G(T).

The graphical collection I with I(T") = 1¢, equipped with the trivial action of the group
Aut(T"), is the unit of this monoidal structure. For our purposes, another (highly non-
symmetric) monoidal structure on the category of graphical collections will play an
important role. It is defined as follows.

DEFINITION 4.7 (reconnected product). The reconnected product of two graphical
collections F and G is the graphical collection F or G defined by the formula

(For 9)(I) = VECBV Fry)e &  gI)

I'"eConn(T'y)

Here, as in Section 2.3, Conn(T'y) denotes the set of connected components of the
graph T'y .

It turns out that the product we defined makes the category of graphical collections
into a monoidal category.

PROPOSITION 4.8. The category GrColc equipped with the reconnected product og is a
monoidal category whose unit is the graphical collection 1 defined by

3 = {1C, if T = o,

0, otherwise.
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Proof. Let us allow ourselves to evaluate each graphical collection on not necessarily
connected graphs by putting

Q(Fl ] Fz) = Q(Fl) X Q(Fg)
This permits us to write the definition of the reconnected product in a more compact

way

(ForG)(I)= @ F(IV)@G(Iy).

VCVr
Notice that this convention does not lead to a contradiction when evaluating the
reconnected product on disconnected graphs: we have

(ForG)(T1UTy) = (For G)(I'1) @ (For G)(T2)
@ F(()y)edTvw)e © F(T2)i,)@a(T2)vn),

VicVr, VaCVr,

which, thanks to the symmetry isomorphisms of C, the property G(@) = 1¢, and the
properties

T1UT2)y = )vav, UT2)vav,

(Frul)v = C)va, U (C2)vave,

is isomorphic to

@ F(Tul)y)@g((Tiuls)y).
VTV ur,

Because of that, we have

(For (Gor H))(I) = D F(Iy)@(GorH)(Ty)

VCVr
= @ Fy)e @ 9((Tv)y) @ H((Tv)v)
VCVr ucv

and

((For G)or H)(I) = UECQ/ (For G)Iy) @ H(Tw)

=& & FATpw) @d((Ty)w)eH([Tv),

UcVr WCVp~\U
which, if we denote V := U LU W, becomes

& & ATy @d((Ty)vw)@H([Tv),

ucvruCvcCcvr

and the associativity isomorphism follows from the obvious properties

Tovew =Ty, Tpvw=0v)y, Tv)v=Tv
that hold for any U C V' C Vp. Moreover, the associativity isomorphisms are immedi-
ately seen to satisfy the axioms of a monoidal category. Finally, we note that we have
I'y = @ and I'y; = I' and, dually, we have I'y;, = I' and I'j,, = &. This immediately
implies the isomorphisms
Forl=1og F=F,

and the necessary compatibility of these isomorphisms with the monoidal structure
is verified by direct inspection. O

This result ensures that the following definition of a reconnectad makes sense; it is
straightforward to see that it is equivalent to the monadic definition.

DEFINITION 4.9 (reconnectad, monoidal definition). A reconnectad is a monoid in the
monoidal category of graphical collections equipped with the reconnected product og.
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For a reconnectad F, a connected graph I', and a subset V' of V-, we shall denote
by pi the restriction of the structure map (F og F)(I') — F(I') to the summand
F(I'Y) ® ®rreconn(ry) F (). In the particular case when Vi # T' € Gr, we shall use
the notation o}, for uk; this distinction should help the reader to navigate between
the connected and the disconnected situation. Additionally, when V' = {v}, we write
ol instead of olfv} to simplify the notation slightly.

One immediate consequence of the monoidal definition is that whenever one can
talk about monoids, one can also talk about comonoids, and so the notion of a core-
connectad arises naturally. We shall denote by AE the composition of the structure
map G(I') = (Gor G)(I") of a coreconnectad G with the projection onto the summand

g(l'u{/) ® ®F’€Conn(Fv) g(r/) of (g OR g)(r)

4.3. THE COLOURED OPERAD ENCODING RECONNECTADS. In the case of operads, one
can use the operations o;, often referred to as infinitesimal compositions, or partial
compositions, to give an equivalent definition. Even though this viewpoint somewhat
obscures the fact that operads are associative monoids, it allows one to view operads
as algebras over a coloured operad, which has its advantages.

The following proposition is proved by direct inspection (using the properties of
restrictions and reconnected complements used in the proof of Proposition 4.8).

PRrROPOSITION 4.10. The datum of a reconnectad on a graphical collection F is equiv-
alent to the datum of infinitesimal compositions

ol : F(I's) @ F(I'r) — F(T)

for all elements T # Vr of the graphical building set Gr; these operations must satisfy
the following properties:

o (unit axiom) Under the identifications
FEZF, *{/FZQ, leX2Z2XR1c =X,

r _ I _;
we have oy = oy, = idz ().

e (parallel axiom) For allTy,Te € Gr such that U'r,ur, = T, U, the diagram

*
T2

F(T4op,) ® F(Pry) ® F(T'p,) —— F(T4,) ® F(T'z,)

*
T

o
T2

f(F;1)®f(FT1)

commutes.
o (consecutive axiom) For oll Ty, Ty € Gr with Th C Ty, the diagram

id®o§€2
F(T3,) ® F((Tr,)%,) @ F(Tr,) — F(T4,) @ F(T'r,)
Oi?iTl ®idl - 01;{
F(T3)® F(Tr,) o F(T)

commutes.
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o (equivariance) For every T € Gr and every automorphism o € Aut(T') the

diagram
F(3) ® F(Lp) —Z— F(T)
J o,k
f(FZ(T)) ® f(Fa(T)) — F()
commutes.

This proposition immediately implies that the maps ¢r 1 defined by Formula (2)
give the collection of all toric varieties of graph associahedra the structure of a re-
connectad, thus introducing the central example of a reconnectad that motivated our
work.

DEFINITION 4.11 (wonderful reconnectad). The wonderful reconnectad is the graphical
collection W with
W) :=B(T) = X(PT)
and with the structure operations
op: W(I's) @ W(I'r) — W(T)
given by ok, := vy 7.

We shall use Proposition 4.10 in conjunction with the notion of a groupoid coloured
operad of Petersen [44] as follows, mimicking the approach to modular operads of
Ward [56], see also [20].

DEFINITION 4.12. We define the CGr-coloured operad Rec = T (E)/(R) as follows. It
is generated by the elements

x
Lr

T
B(T;T5,Tr) == 4 Aut(T%) x Aut(T'r) x Vi £T € Gr,
T

with the reqular Aut(I'},) x Aut(T'y)-action and with the Aut(I')-action given by
N4
(O%‘/vldvld) = (Og(v)7¢|r;‘,a¢|rv) .

The quadratic relations R are the ones given in Proposition 4.10.
We are now in the position to give another equivalent definition of a reconnectad.
DEFINITION 4.13. A reconnectad is an algebra over the CGr-coloured operad Rec.

One immediate consequence of this definition is that all the standard constructions
for algebras over operads are available for reconnectads. It is also useful to note that
the CGr-coloured operad Rec has an obvious diagonal making it a Hopf CGr-coloured
operad. In particular, the category of reconnectad has a symmetric monoidal struc-
ture: that structure is the Hadamard product equipped with the obvious composition
maps.

REMARK 4.14. Expressing certain operadic structures as algebras over groupoid
coloured operads is essentially equivalent to talking about operads over a Feynman
category [34]. Let Gr denote the category whose objects are simple (not necessarily
connected) graphs and whose morphisms are generated by graph isomorphisms and
the morphisms
¢ Ty Ul =T

that are associated to the datum of a graph I' and a choice of a subset V' C Vr. The
groupoid of connected graphs CGr is a full subcategory of Gr. By a direct inspection,
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the triple (CGr,Gr,1), where ¢ is the inclusion CGr — Gr defines the datum of a
Feynman category, and reconnectads are operads over this Feynman category.

4.4. PARTICULAR TYPES OF GRAPHS. If we restrict ourselves to various families of
graphs, we may recognize known algebraic structures in the guise of reconnectads.

Recall that a twisted associative algebra is a symmetric collection (a functor from
the groupoid of finite sets to C) which is a monoid with respect to the Cauchy monoidal
structure

(F-9))= & F(J)eJi(K).
I=JUK

on symmetric collections. A twisted associative algebra A is said to be connected if

A(@) =1lc.

PROPOSITION 4.15. Suppose that we restrict ourselves to the full subcategory of col-
lections supported on complete graphs. The datum of a reconnectad in that category
is the same as the datum of a connected twisted associative algebra.

Proof. Note that the datum of a graphical collection supported on complete graphs
is obviously the same as the datum of a symmetric collection whose evaluation on
the empty set is 1¢: indeed, a complete graph carries as much information as its
set of vertices. Moreover, for a complete graph I and every V' C Vr, the graph I'y is
connected and complete, and the graph I'j; is also complete, so the monoidal structure
on our category corresponds precisely to the Cauchy monoidal structure. g

Recall that a nonsymmetric operad is a nonsymmetric collection (a functor from
the groupoid of finite totally ordered sets to C) which is a monoid with respect to the
composition product

(Fog))=b & F{L....k)@G(h)®- & GI).
k20 I=I1+4-+1Ij
on nonsymmetric collections. A nonsymmetric operad O is said to be reduced if O = 0
and connected if O({pt}) = 1c. Let us call a nonsymmetric operad mirrored if it comes
from a functor from the groupoid quotient by the Z/2Z-action reversing the order.
Components of such an operad have actions of the group Z/2Z for which the generator
o of that group satisfies, for all elements f and g of arities p and g respectively, the
property
o(foig) =0o(f)op-it10(g).

PROPOSITION 4.16. Suppose that we restrict ourselves to the full subcategory of collec-
tions supported on path graphs (that is, on the type A Dynkin diagrams). The datum
of a reconnectad in that category is the same as the datum of a connected reduced
mirrored nonsymmetric operad.

Proof. Let us consider the assignment to each nonempty finite totally ordered set I
the set of gaps

Gap([) = {(il,iz)i i1,10 € I, {’L el i <i< 22} = @}
The identification of reconnectads supported on path graphs with nonsymmetric op-
erads is conveniently described using gaps: if F is a reconnectad, we may define a
nonsymmetric collection O supported on non-empty finite totally ordered sets by the
rule
o) == F(I'y),
where the path graph I'; has the vertex set Gap(I), and two pairs are connected by

an edge if they share a vertex. If O comes from a functor from the groupoid quotient
by the Z/2Z-action reversing the order, this rule really defines a graphical collection
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compatible with the automorphisms of path graphs. Noting that for a path graph I’
and every V C Vr for which the graph I'y, is connected, the graph I'y, is also a path
graph, and the graph I'j; is also a path graph, we see by direct inspection that un-
der our identification the composite product of nonsymmetric collections corresponds
precisely to the reconnected product of graphical collections. O

The notion of a twisted associative algebra, as explained in [9], is a symmetric
version of the notion of a permutad of Loday and Ronco [36] who in turn refer to
permutads as a “noncommutative version of nonsymmetric operads”. We now see that
the universe of reconnectads is where the two notions meet in a meaningful way.

It would be interesting to consider the algebraic structures corresponding to other
families of graphs that are closed under the operations I'y: and I'j,. Two very inter-
esting examples are the family including all complete graphs and all stellar graphs
(see Figure 6), which is already featured in a prominent way in [23], and the fam-
ily including all path graphs and all cycle graphs, which should be examined in the
context of the notion of a noncommutative cohomological field theory [21].

FIGURE 6. Reconnected complements of a stellar graph

REMARK 4.17. Reconnectads themselves can be viewed as a restriction of a much more
general formalism of operads over a Feynman category of built lattices developed in
the recent work of B. Coron [12] for all geometric lattices and their building sets.
However, some pleasant geometric aspects of the context we work in, particularly the
underlying toric geometry, are not available in that generality.

4.5. THE COMMUTATIVE RECONNECTAD. The simplest possible example of a recon-
nectad is the terminal reconnectad in the category of sets, which we shall refer to as
the commutative reconnectad because of its similarity with the operad of commutative
associative algebras. Following the notational pattern chosen in [20], we denote this
reconnectad by grCom, intending the letters ‘g’ and ‘r’ to remind the reader of the
words “graphs” and “reconnected”. This reconnectad has the components

grCom(T') = 1c,
and each structure operation arises from the monoid unit property for 1¢. The recon-
nectad axioms are trivially satisfied. We already saw this graphical collection as the

unit I of the Hadamard product.
The construction of the reconnectad grCom can be naturally generalised as follows.
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DEFINITION 4.18. Let X be an object of the category C. We define the commutative
reconnectad of X , denoted by grComx, by putting

grComyx(I') = Q X,
veVr

with the structure operations
iy grComy (T'5) ® grCom y (T'y) — grCom «(T)
coming from the isomorphisms

R X X X~ ® X.

veEV=Vr,, ’UEVF\V:VF"«/ veVr

The reconnectad axioms are trivially satisfied for grCom .

5. ALGEBRAIC CONSTRUCTIONS FOR RECONNECTADS

In this section, we shall develop the necessary algebraic formalism to work with recon-
nectads in the linearised context, so we assume that the symmetric monoidal category
C is the category dgVect of chain complexes (or its full subcategory of homologically
graded vector spaces, viewed as chain complexes with zero differential, or the full
subcategory of ungraded vector spaces, viewed as chain complexes concentrated in
homological degree zero).

Since a lot of results of this section rely on good understanding of free reconnectads,
let us remind the reader that, within our approach, elements of the free reconnectad
are linear combinations of elements corresponding to additional decorations of trees
T, associated to nested sets: each vertex T of such tree is decorated by an element of
X((Tr)5 /\(T)). There are many other ways to view the free reconnectad: for instance,
one may use the general result of [54] on free monoids in monoidal categories, or
the general formalism of [34] that constructs the free operad for the given Feynman
category. It is almost immediate that our construction of the free reconnectad is
isomorphic to those other ones; we choose it since it can be made sufficiently concrete
but yet has certain categorical elegance.

5.1. PRESENTATIONS BY GENERATORS AND RELATIONS. The notion of an ideal is
available for reconnectads in the category of vector spaces. In general, the notion of
ideal should be given in a way that the first isomorphism theorem holds: ideals are
kernels of surjective morphisms of reconnectads. Precisely, an ideal in a reconnectad F
is a graphical subcollection Z C F for which every structure map i, when evaluated
on elements of F(I'},) @ F(I'y) where at least one tensor factor is in 7, assumes values
in Z.

Using ideals of free reconnectads, we may talk about presentations of reconnectads
by generators and relations. A reconnectad F is presented by generators X and re-
lations R C N(X) if it is isomorphic to the quotient of the free reconnectad N (X)
by the ideal (R) generated by R. Let us give some examples of presentations by
generators and relations.

PROPOSITION 5.1. The reconnectad grComy is generated by the graphical collection
X supported at Py for which X(Py) = X, and the defining relations are
1 (o1 @ w2) = pip? (21 ® w2) ™).

(1,2

Here the superscript (12 denotes the symmetry isomorphism exchanging the factors.
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Proof. First, we note that the component X = grCom y (P;) generates the reconnectad
grComy, since for each graph I' and each vertex v € Vr, we can consider the set
S = Vr ~ {v}, and already the map

s grComy (T'%) x grComy (I's) — grCom y(T')

is surjective, since I'y = {v}, and we may argue by induction on |Vr|. Let us show
that the given relations are sufficient to present the reconnectad grComy. For that,
we note that the given relations and the parallel axioms of a reconnectad allow one
to transform any iterated composition into one defined by a chosen spanning tree of
I' and a particular way of “assembling” that tree by adding vertices one by one while
keeping the intermediate graph connected. O

5.2. BAR-COBAR DUALITY AND KOSZUL DUALITY. In the case of operads, the “true”
reason behind the bar-cobar duality and the closely related to it Koszul duality comes
from the fact that the coloured operad encoding operads happens to be Koszul. In this
section, we shall see that the situation with reconnectads is completely analogous.

5.2.1. Koszulness of the coloured operad Rec.
PROPOSITION 5.2. The groupoid-coloured operad Rec is Koszul.

Proof. We shall use the relationship to Feynman categories discussed in Remark
4.14, assuming a certain fluency in the language of Feynman categories [34]. Let
us define a degree function deg on morphisms of Gr as follows. We set deg(f) = 0
if f is an isomorphism, deg(f) = 1 if f = ¢L for T € Gr, and then imposing
deg(f U g) = deg(f) + deg(g) and deg(f o g) = deg(f) + deg(g). It is immediate to
see that the degree is well defined and is a proper degree function in the sense of [34,
Def. 7.2.1]. If we consider the set C,(X,Y) of all chains of n or more composable
morphisms of Gr of which exactly n have non-zero degree, such that the composition
is a morphism X — Y, modulo the equivalence relation induced by composing degree
zero morphisms, and the subset C;F(X,Y) the subset of C,,(X,Y") consisting of chains
of morphisms of degree at most one. Using the parallel and consecutive axioms for
infinitesimal compositions, we obtain a free action of S,, on C,(X,Y). Specifically,
an equivalence class in C,(X,Y) may be identified with a sequence of n morphisms
of non-zero degree. Each such morphism corresponds to a nested set of a graph, and
for every pair of adjacent morphisms, we have a unique corresponding commutative
diagram, induced by those of simple reduction maps. We define the action of the
transposition (i ¢ + 1) on a chain (f1,..., f,) to be the map sending the chain to
the chain obtained by replacing morphisms f;, f;+1 by the unique morphisms g;, ;41
coming from the associated commutative diagram. More explicitly, we must have that
fi, fix1 correspond to a 2-step reconnected complement of a graph I'; performing them
in the opposite order (in the appropriate sense) leads to the choice of g;, g;+1. This
action is clearly free, compatible with the composition of sequences (this immedi-
ately follows from examining the proof of associativity of og in Proposition 4.8), and
CH(X,Y)s, = Hom,(X,Y). Thus, implies that, in the terminology of [34, Def. 7.2.2],
the Feynman category Gr is cubical. By the main result of [35], this Feynman cate-
gory is Koszul. Examining the bar construction of the Feynman category Gr, we find
exactly the bar construction of the groupoid coloured operad Rec, and therefore the
latter operad is Koszul. O

This proposition ensures that there are reconnectad analogues of the bar-cobar
duality and the Koszul duality. In general, the bar-cobar duality (and Koszul duality,
where available) for generalised operads defined using Feynman categories involves
the so called R-twists, see [34]. However, the fact that the CGr-coloured operad Rec
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has only binary operations and only quadratic relations, easily implies that one can
get rid of the sign twists and obtain an honest duality between the categories of
differential graded reconnectads and differential graded coreconnectads; in this way,
the case of reconnectads much more similar to associative algebras (algebras over
the Koszul self-dual operad of associative algebras) or operads [55] than to modular
operads [20, 56]. For that reason, we do not give a lot of detail on it: we indicate some
key aspects of the theory, trusting that in the case of proofs that are nearly identical
to those for the case of nonsymmetric operads the reader will be able to reconstruct
the counterpart for reconnectads either on their own or with help of [37].

We note that for each graphical collection X, the free reconnectad N (X) has a
standard weight grading for which the generators X are in weight grading one. This
grading is additive under compositions. Moreover, it is often the case that operads
presented by generators and relations have homogeneous relations, and so there is an
induced weight grading on the quotient.

The main reason behind both the bar-cobar duality and the Koszul duality theory
comes from searching for “good” models of algebraic objects. A model for a reconnec-
tad F is a differential graded reconnectad M with a morphism M — F that induces
an isomorphism on the homology. Under very mild assumptions, reconnectads have
(unique up to isomorphism) minimal models. A minimal model of a reconnectad is a
differential graded reconnectad whose underlying reconnectad is free and whose differ-
ential is decomposable: the differential of each generator is a combination of elements
of weight grading strictly larger than one.

5.2.2. Twisting morphisms. Let us explain how the notion of a twisting morphism
adapts to reconnectads; we outline the necessary statements, and all the proofs are
mutatis mutandis those of [37, Sec. 6.4].

Let (G,A) be a coreconnectad and (F,u) be a reconnectad. Let us consider the
graphical collection Hom(G, F) defined by

Hom(G, F)(I") = Homg (G(T), F(I)).

It has an obvious reconnectad structure defined as follows. To define the structure
map

Hom(g, F)(I'y,) ® Hom(G, F)(I'v) — Hom(G, F)(I'),

one needs to be able to evaluate

fen® - -@gr€Hm(G, F)Iy)® @  Hom(G,F)(I')
I'"eConn(T'y)

on an element x € G(T'). For that, one applies first the coreconnectad decomposition
map AL to x, then the map f®g; ®- - - ® gy to the respective tensor factors, and then
the reconnectad composition map pg to the result. Moreover, if G and F are both
differential graded, the differential 9 of the Hom complex makes it into a differential
graded reconnectad.

Let us explain how to associate to every reconnectad a pre-Lie algebra; a particular
case of this construction is discussed in [27, Rem. 3.1.3]. Given a reconnectad F, we
define

Tot(F):= @ F(),
D#VrCN

set, for « € F(T'1), B € F(T2),
axf = Z u;(a@ﬂ)

F,T: F}:FhFT:Fz
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and then extend x to Tot(F) as a bilinear operation. Then the axioms of infinitesimal
structure operations of a reconnectad listed in Proposition 4.10 ensure that (Tot(F), )
is a (right) pre-Lie algebra, that is

(a1 *(12) *az — ag x (CLQ *ag) = (—1)‘“2““3‘((% *ag) *x a9 —al * (a3 *(12)).
As it is in the case of operads, one can show that the space of equivariant maps

Tot(Homaw(G. F)) i= @ Homaur)(G(1), ()
@#VrCN

is a pre-Lie subalgebra of Tot(Hom(G, F). We shall refer to the Lie algebra obtained

by anti-symmetrising the pre-Lie product * as the convolution dg Lie algebra of the

coreconnectad G and the reconnectad F. The Maurer—Cartan elements of that dg Lie

algebra, that is degree —1 solutions to the equation

) +axa=0,

are of particular importance: they give nontrivial ways to twist the usual chain com-
plex structure of the reconnected product G or F with a structure of a chain complex,
denoted G ofy F. We denote by Tw(G,F) the set of all elements like that, and call
them reconnectadic twisting morphisms.

5.2.3. Bar-cobar duality. In this section, we outline the main steps to construct the
bar-cobar adjunction between reconnectads and coreconnectads. As above, we out-
line the necessary statements, and all the proofs are mutatis mutandis those of [37,
Sec. 6.5].

Let F be a differential graded reconnectad F. Let us define two coderivations of the
cofree coreconnectad N¢(sF) cogenerated by the suspension sF. The coderivation d;
is the unique extension of the map

NC¢(sF) — sF — sF,

where the first arrow is the obvious projection of graphical collections, and the second
arrow corresponds to the differential of . The coderivation ds is the unique extension
of the map

N€(sF) = sF
obtained, in each arity I', as the projection onto

P sFIr)@sF(Tr)
TEGT

for all T' € Gr, followed by the (de)suspended structure map
ph: F(T3) @ F(Tr) — F().

It is easy to see that the property of F to be a differential graded reconnectad can
be compactly written as d? = 0, dids + dody = 0, d3 = 0, implying that we have
(d1 + d2)2 =0.

DEFINITION 5.3 (bar construction). For a differential graded reconnectad F, the bar
construction B(F) is the differential graded coreconnectad

(NC(S]:), d1 + d2)

REMARK 5.4. Let us note that in the case of operads, one defines the bar construc-
tion by building the cofree cooperad on the augmentation ideal. In the universe of
reconnectads, the assumption F (&) = 1¢ takes care of many problems: each graphi-
cal collection F, whether given a reconnectad structure or not, has the unit attached
to it as F (@), and the construction of a free reconnectad on a graphical collection
in fact constructs the free reconnectad on the corresponding “augmentation ideal”. In

Algebraic Combinatorics, Vol. 7 #3 (2024) 823



V. DOTSENKO, A. KEILTHY & D. Lyskov

addition, the number of vertices of the graph is, tautologically, a weight grading that
may be used where an operadic analogue would need it as an extra condition.

Dually, for a differential graded coreconnectad G, one may define two derivations
of the free reconnectad N (s~1G). The derivation d; is the unique extension of the
map

571G = 571G = N(s71G),

where the first arrow corresponds to the differential of G and the second arrow is the
obvious inclusion of graphical collections. The derivation ds is the unique extension
of the map

571G = N(s71G)
obtained, in each arity T', as the (de)suspended structure maps
AL G(T) = G(T%) @ G(Tr)
for all T' € Gr, followed by the inclusion of
@D s6(I'r) @ sG(I'r)

TeGr

into the free reconnectad. It is easy to see that the property of G to be a differential
graded coreconnectad can be compactly written as d? =0, didy + dady = 0, d% =0,
implying that we have (d; + dz2)? = 0.

DEFINITION 5.5 (cobar construction). For a differential graded coreconnectad G, the
cobar construction Q(G) is the differential graded reconnectad

N(s7G), d1 + da).
The following result is completely analogous to [37, Th. 6.5.10].

PROPOSITION 5.6. The bar and the cobar construction form an adjoint pair; moreover,
we have for every dg reconnectad F and every dg coreconnectad G

Homdg rec(Q(g)v-F) = TW(g,]:) = Homdg corec(97 B(-F))
For every reconnectad F, there is the “universal twisting morphism”
m: B(F) = F

obtained as projection of N¢(sF) — sF followed by desuspension. It is easy to check
that the twisted reconnected product B(F) of F is an acyclic complex.

DEFINITION 5.7 (Koszul twisting morphism). For a coreconnectad G and a reconnectad
F, a twisting morphism «: G — F is said to be a Koszul morphism if the twisted
reconnected product G o F is acyclic.

The following result is completely analogous to [37, Th. 6.6.2].

PROPOSITION 5.8. A twisting morphism « is a Koszul morphism if and only if either
of the maps fo: G — B(F) and go: QG) — F is a quasi-isomorphism.

This result immediately implies the following corollary.
COROLLARY 5.9. For every reconnectad F, the cobar-bar construction Q(B(F)) is

quasi-isomorphic to F.
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5.2.4. Koszul duality. In this section, we summarise the main aspects of the Koszul
duality theory for reconnectads. As above, we outline the necessary statements, and
all the proofs are mutatis mutandis those of [37, Chap. 7].

As in the case of algebras and operads, the most manageable situation arises in
the case of quadratic reconnectads, for which all relations are of weight two.

DEFINITION 5.10 (Koszul dual coreconnectad). Let F be a reconnectad with generators
X and quadratic relations R, which we shall refer to as quadratic data. To such
a reconnectad, one may associate its Koszul dual coreconnectad Fi, defined as the
coreconnectad with cogenerators sX and corelations s*R.

We shall also consider the Koszul dual reconnectad obtained, like in the case of
operads, by dualising and (de)suspending, as follows.

DEFINITION 5.11 ((de)suspension reconnectad). For X = ks™!, the commutative re-
connectad grCom x is called the suspension reconnectad, and is denoted S. In the same
vein, for X = ks, the commutative reconnectad grComy s called the desuspension
reconnectad, and is denoted S~'.

We use these reconnectads to define suspensions and desuspensions for arbitrary
graphical collections by the formulas

SF:=S®F,
H
ST'F=S"'eF.
H

Note that if F is a reconnectad, then its suspension and desuspension are both recon-
nectads.

The reader may think that the chosen terminology for (de)suspension is somewhat
counterintuitive. It is chosen in such way to match the operadic suspension under the
equivalence of Proposition 4.16.

DEFINITION 5.12 (Koszul dual reconnectad). For a reconnectad F presented by gen-
erators X and relations R, we define the Koszul dual reconnectad F' by the formula

Fl=S"YFi).
The following result is analogous to [37, Prop. 7.2.4].

PROPOSITION 5.13. Suppose that all components of the reconnectad F are finite
dimensional. The reconnectad F' is presented by the quadratic data of generators
s7ISTIX* and relations R+, where L refers to the annihilator under the natural
pairing.

Let F be a quadratic reconnectad. We have two natural morphisms: inclusion of
dg coreconnectads Fi — B(F) and surjection of reconnectads Q(F1) — F. Moreover,
they both correspond to the same twisting morphism between Fi and F which projects
the former onto cogenerators, desuspends, and includes the result as the space of
generators. We say that a reconnectad is Koszul if that twisting morphism is a Koszul
morphism.

Let us give the first nontrivial example of a Koszul reconnectad.

PROPOSITION 5.14. The reconnectad grCom is Koszul.

Proof. Let us begin with noting that the Koszul dual coreconnectad grCom' & S* is
isomorphic to the linear dual of suspension coreconnectad. Denote by fr € S*(I") the
basis element of degree [Vp| which is the linear dual of the basis element @),y 57"
Note that the infinitesimal decomposition AL, on grCom is given by the formula

A% (Br) = sgn(op)Brs, @ b,
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with the sign sgn(ok.) is the Koszul sign coming from the permutation separating
the subset T' in the tensor product giving Br. The coreconnectad grCom' has zero
differential, so the differential of the cobar construction Q(grComi) is given by the
differential ds on the free reconnectad on generators er = s~ ® Br of degree V| — 1.
That differential acts on generators by the rule

dy(er) = Y (=1)"Isgn(of)ers @ er,.
TeGr

A particular case of this formula is displayed in Figure 7.

WANVANTANY AVANYANVA

FIGURE 7. The differential of the generator ec,

The remarkable property of graph associahedra stating that each facet of PI' is
a product of two smaller graph associahedra [10, Th. 2.9] implies that the graphical
collection of all cellular complexes {C¢*!(PT)} is isomorphic to the cobar construction
Q(grCom!)(T") that we consider; the isomorphism sends the cell corresponding to the
interior of PT" to the generator er. Since each graph associahedron is contractible, we
have
k, for e =0,
0, for e #£0.

In other words, the homology of the cobar construction is concentrated in degree 0,
and therefore the canonical projection

Ho(Q(grCom')(T),k) = Ho(PT, k) = {

Q(grCom') — grCom
is a quasi-isomorphism. O

This result is very similar to that in [27]. However, the context in which the latter
proof is given uses graphs with total orders on vertices, and hence is closer to shuffle
reconnectads discussed in Section 5.3 below. In any case, both of these proofs are,
via the results discussed in Section 4.4, common generalisations of two known results.
First, the usual proof of Koszulness of the nonsymmetric associative operad As [37];
that proof views its minimal model, the A, operad, as the collection of cellular com-
plexes of Stashefl associahedra [51]. Second, the proof of Koszulness of the associative
permutad permAs [36] views its minimal model as the collection of cellular complexes
of permutahedra.

5.2.5. Distributive laws for reconnectads. It is possible to adapt the formalism of
distributive laws [42] to the case of reconnectads.

DEFINITION 5.15 (distributive law). Let F and G be two reconnectads. We say that a
morphism of graphical collections

A: g OR F = F OR g
defines a distributive law between F and G if the composite
ForGon Fon g "8 Fop Fop Gop g For g

defines a reconnectad structure on the graphical collection F or G.
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REMARK 5.16. Unwrapping this definition, one can show that the fact that there is a
well defined reconnectad structure on the graphical collection F or G amounts to a
certain coherence condition similar to that for operads [42].

Let us define the infinitesimal product of two graphical collections by the formula
(For G)I) = @ F(Iy)®G(ITv).
TeGr

Given two reconnectads F and G presented by generators X and ) and relations
R and S respectively, suppose that we are given a morphism of graphical collections
A Yo X = X o V. We may now define a reconnectad F Vy G as the reconnectad
with generators X & ) and with relations

RSP (z—Az): 2 € Yop X).
The following result is proved analogously to [37, Prop. 8.6.4].
PROPOSITION 5.17. For every choice of A: Y o X — X o Y, there is a surjective

map of graphical collections F o G — F Vi G. If that map is an isomorphism, the
composite

Gor F = (FVAG)or (FVAG) > FVAGXE For g

is a distributive law between the reconnectads F and G.

Let us give an example of a distributive law. For that, we shall define a reconnectad
analogue of the Gerstenhaber operad.

DEFINITION 5.18 (Gerstenhaber reconnectad). The reconnectad grComy, (1) is called
the Gerstenhaber reconnectad, and is denoted grGerst.

Proposition 5.1 easily implies the following result.

PROPOSITION 5.19. The Gerstenhaber reconnectad is generated by the graphical col-
lection X supported at Py for which X(P1) = He(S',k); if we denote by m,b €
grGerst(P1) the basis elements of homological degrees 0 and 1 respectively correspond-
ing to [pt] and [S*] respectively, a complete system of defining relations is

(3) mol2m —mol?m=0
(4) bol>b+bok>b=0
(5) mofzb—bogzm:()
(6) bol2m —mok?b=0

Proof. This follows the obvious isomorphism
H,(grComy, k) = grComy, (x )
and Proposition 5.1 applied to ngomH.(Sl,k). O

Graphically the generators of grGerst and the relations between them are displayed
in Figure 8.

Let us remark that we do not have to include explicitly relations obtained by action
of graph automorphisms: the action of the transposition o = (1,2) exchanges the
third relation with the fourth one. Thus, the first three relations of Proposition 5.19
are sufficient to define the reconnectad grGerst. This is related to Proposition 4.16:
restricting to path graphs more or less recovers the noncommutative Gerstenhaber
operad [21], but with the additional symmetries allowing to have fewer elements in
the minimal set of relations.
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F1GURE 8. Generators and relations for grGerst

PROPOSITION 5.20. The reconnectad grGerst is obtained from grCom and S™! by a
distributive law. In particular, the underlying graphical collection of that reconnectad
permutad s isomorphic to grComogS~1.

Proof. Note that the reconnectad grGerst is obtained from grCom and S—!' by the
rewriting rule
A:iborm— mogb,
leading to a surjection of graphical collections
grComorS™! — grCom V,\S™! = grGerst .

This surjection is an isomorphism by a dimension argument. Indeed, we have

dim((grComogS™")(I') = > dim(grCom(I'}) ® S™'(Ty)) = Y 1=2"F],
VCcVvr VCVvr

which coincides with dim grGerst(I') = dim grCom_ (g1)(I'). O

It is well known that an operad obtained from two Koszul operads by a distributive
law is Koszul. An analogous result holds for reconnectads: if F and G be two Koszul
reconnectads, and a morphism of graphical collections

A:Gop F — For G

defines a distributive law between F and G, then the corresponding reconnectad FV G
is Koszul. Moreover, if the restriction of the canonical map F og G — F V G to the
elements of weight three is injective, then A defines a distributive law. The proofs of
these results repeat mutatis mutandis the corresponding proofs of [37, Sec. 8.6].

COROLLARY 5.21. The Gerstenhaber reconnectad is Koszul.

5.3. GROBNER BASES FOR RECONNECTADS. In the case of usual operads, there is a
forgetful functor from symmetric operads to nonsymmetric operads which, while use-
ful for some purposes, changes various homological and homotopical characteristics
of an operad in a rather drastic way. To circumvent that, one can consider shuffle op-
erads. There is a forgetful functor from symmetric operads to shuffle operads, where
one forgets the same as before on objects but remembers much more of the struc-
ture. This allows one to use shuffle operads in a meaningful way to study questions
about symmetric operads; in particular, this leads to a theory of Grébner bases for
operads [18].
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In this section, we develop the core of the theory of Grébner bases for reconnec-
tads. The main idea is to create a framework in which there is sufficiently many
reconnectads with monomial relations. This is not the case so far: due to the presence
of graph automorphisms, vanishing of a monomial forces “unexpected” vanishing of
other monomials. To avoid that, we shall consider a version of graphical collections
where we use connected graphs equipped with the additional data of a total order
on the set of vertices: this eliminates automorphisms from the picture, since an au-
tomorphism is required to preserve all structures, including the order. We shall call
those nonsymmetric graphical collections. As above, in what follows we outline the
necessary statements; most of the proofs are mutatis mutandis those of [37, Sec. 8.2].

The shuffle reconnected product of two nonsymmetric graphical collections is de-
fined by the formula

(Fom )I):=FD)® &G FIy) X G ®- - @G([Ty).
AV CVr Conn(I'y)={T"y,....,I's}
min(Vp, )<---<min(Vr,)
This operation can be easily shown to give the category of nonsymmetric graphical
collections a structure of a monoidal category. By definition, a shuffle reconnectad is
a monoid in that monoidal category.

The importance of the shuffle reconnected product comes from its compatibility
with the forgetful functor I' — I'f from the groupoid of connected graphs with a
total order on the set of vertices to the groupoid of connected graphs; that functor
literally forgets the total order of the set of vertices of each graph. This functor defines
a forgetful functor from graphical collections to nonsymmetric graphical collections
given by

FHT) = F(Th.
Moreover, there is an obvious analogue of the shuffle nested set monad, and one can
use it to define the free shuffle reconnectad Ny (X) generated by a nonsymmetric
graphical collection X. Using that notion, one recovers all other aspects of the recon-
nectad theory in the shuffle case: it is possible to use presentations by generators and
relations, the (co)bar construction, Koszul duality etc.

PROPOSITION 5.22. The forgetful functor from graphical collections to nonsymmetric
graphical collections is monoidal: we have

(For ) = Floy G

Proof. The symmetric group acts freely on the unordered tensor product over the
connected components; the shuffle product corresponds to one of the ways to choose
a representative of each orbit (which, in the case of shuffle graphical collections, is
canonical). O

An immediate consequence of Proposition 5.22 is the following result.

COROLLARY 5.23.

(1) For every reconnectad F, the nonsymmetric collection F* has a natural struc-
ture of a shuffie reconnectad obtained from that of F.

(2) For every graphical collection X, we have an isomorphism of shuffle recon-
nectads

N (X)) 2 N (&),
(3) For every graphical collection X and every graphical subcollection R C N(X),
we have an isomorphism of shuffle reconnectads

N(X)/{R)T = N (X1)/(R)).
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(4) For every reconnectad F, we have an isomorphism of dg shuffle coreconnectads
B(F)' =B w (F).

(5) A reconnectad F presented by generators and quadratic relations is Koszul if
and only if the associated shuffle reconnectad F* is Koszul.

Suppose that the given nonsymmetric graphical collection X with values in vector
spaces is the linearisation of a nonsymmetric graphical collection U with values in sets;
in other words, U(T") is a functorial choice of a basis in X'(T"). Then the free shuffle
reconnectad Ny (X) is the linearisation of the free shuffle reconnectad Ny (U),
and we can talk about monomials Ay (X). We say that a monomial m is divisible
by another monomial m' if it can be obtained from m’ by iteration of structure
operations. A collection of total well orders of all sets Ny (U)(T) is said to be a
monomial ordering if each structure operation of Ay (U) is strictly increasing in
each argument.

Let us give an example of a monomial ordering, which is a particular case of a
more general ordering introduced by Coron [12]. We shall consider the free shuffle
reconnectad with one generator in each “arity”, so that the basis of each component
N (X)(T) is indexed by N (T).

As a preparation, we shall define an order on subsets of V. For two such subsets

V=Av1,...,v.} with vy <+ < v, and W = {wy,...,ws} with wy < -+ < ws, we
shall say that V precedes W and write V' < W if either the sequence (v1,...,v,) coin-
cides with an initial segment of the sequence (wy, ..., w;) or the sequence (vy,...,v,)
is lexicographically greater than the sequence (wq,...,ws). Note that this order ex-

tends the existing order on 2'7: V' C W implies that V < W.

When we pass to induced subgraphs I'yy and reconnected complements I'j,, there
are two possible ways to proceed. One can either induce the total orders on the sets
of vertices of these graphs from the total order on Vr and then define the relation
V < W, or directly induce the relation V' < W from 2'7. By a direct inspection, these
two recipes give the same result.

We define the lezicographic ordering < allowing to compare two nested sets of the
same cardinality (not necessarily in N*(T")) as follows. For two nested sets 71, T2, we
say that 7 is lexicographically smaller than 75, and write 71 <479, if UTGT1 T < UT€T2 T

or if Upe,, T = Upe,, T and

U T'~{max<7m} < |J T~ {max<m}.
Tery TeT
PROPOSITION 5.24 ([12, Sec. 5.3]). The ordering of monomials N'm (X)(T') that com-
pares the corresponding elements of NT(T) using the ordering < is compatible with
the reconnectad structure.

To define orderings of monomials of arbitrary free shuffle reconnectads, one has to
blend the lexicographic ordering with an ordering of words in basis elements, mim-
icking the strategy of [17]. We leave the precise definition as an exercice to the reader
who wishes to consider reconnectads where such a definition is necessary.

Let us fix a certain monomial ordering; this allows us to talk about leading terms of
elements of the free shuffle reconnectad. Suppose that Z is an ideal of the free shuffle
reconnectad Ny (X) We say that a collection of subsets G(I') C Z(T") is a Grobner
basis of the ideal Z, if every leading monomial of each element of Z is divisible by a
leading term of one of the elements of G.

Let us define normal monomials with respect to a collection of subsets S(I') C Z(T")
as monomials that are not divisible by leading monomials of elements of S. The
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following simple but important observation is proved analogously to all other known
instances of Grobner bases [9].

PROPOSITION 5.25. Let X be a nonsymmetric graphical collection, and suppose that a
collection of subsets G(I') C Z(I") generates T as an ideal in the free shuffle reconnectad
N (2).
(1) Cosets of normal monomials with respect to G form a spanning set in the
quotient reconnectad N mp (X)/Z.
(2) The collection G is a Grobner basis of T if and only if the cosets of nor-
mal monomials with respect to G form a basis in the quotient reconnectad

N (X)/T.

The following key result is proved analogously to the corresponding result for shuffle
operads [19].

PRrROPOSITION 5.26.

(1) A shuffle reconnectad with quadratic monomial relations is Koszul.
(2) A shuffle reconnectad with a quadratic Grobner basis of relations (for some
monomial ordering) is Koszul.

This result is absolutely fundamental, since Corollary 5.23 implies that to prove
that a reconnectad F is Koszul, it is sufficient to establish that the associated shuffle
reconnectad F' is Koszul, and we now know that for that it is enough to exhibit a
quadratic Grobner basis.

EXAMPLE 5.27. Let us consider the free shuffle reconnectad in vector spaces generated
by the graphical collection X supported at the one-vertex graph P; with X (P;) = km.
For the restriction of the lexicographic ordering to this case, the ideal of relations of
the shuffle reconnectad ngomf admits a quadratic Grobner basis with leading term
m OTQ m. Indeed, let us define, for each graph I', an element mp € ngomf(F) by the
inductive rule

mp = mF:/F\{rnax(VF)} Omax(Vp) Mmax(Vr)»

which in plain words means that we disassemble each graph starting from its maximal
vertex. The element mr forms a basis of the one-dimensional component ngomf(I‘),
and it is the only normal form with respect to the leading term m OTQ m. Thus,
Propositions 5.25 and 5.26 together with Corollary 5.23 imply that the reconnectad
grCom is Koszul, giving an alternative short proof of the result of Proposition 5.14.

Let us also record the following useful observation proved in the same way as the
analogous result for associative algebras [45, Th. 4.1] and shuffle operads [32, Th. 5.5].

PROPOSITION 5.28. A shuffle reconnectad F has a quadratic Grébner basis for a cer-
tain monomial ordering if and only is the Koszul dual shuffle reconnectad F' has a
quadratic Grébner basis for the opposite monomial ordering.

6. THE WONDERFUL KOSZUL PAIR

In this section, we discuss various aspects of geometry and topology of one of the most
interesting reconnectads we are aware of: the complex wonderful reconnectad We. Our
main result exhibits what we call “a wonderful Koszul pair”, a reconnectad analogue
of the operads of hypercommutative algebras and of gravity algebras introduced and
studied by Getzler [30, 31].
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6.1. THE GRAVITY RECONNECTAD. In this section, we imitate the construction of the
gravity operad due to Getzler [30].

Note that the reconnectad grGerst has a degree 1 derivation d with d2 = 0 such
that d(m) = b. This follows from the fact that grComg: has the diagonal circle action,
and hence on the homology there is an induced infinitesimal action of He(S'); the
derivation d is the action of the class [S?] € Ho(S1).

PROPOSITION 6.1. The cochain complex (grGerst,d) is acyclic.

Proof. Let us prove the result for the dual chain complex, that is the graphical collec-
tion grCom(H*(S')) = H*(grComg: ). Since cohomology is contravariant, the natural
structure on this collection is that of a coreconnectad. One aspect that is advanta-
geous in this viewpoint is that the cohomology has an algebra structure, and, in this
particular situation, a very simple one: H®(grComg: )(T) is the exterior algebra on
generators w,, v € Vp. The infinitesimal coreconnectad structure maps

H*(grComg: )(T') — H*(grComg:)(I'}) ® H*(grComg:)(T'r)

are compatible with the algebra structures: they are the algebra homomorphisms
defined by

w’u@l, 1fv€T7
Wy . .
1Qw,, ifveT

Moreover, the dual of the cochain differential d corresponds to the derivation 0 of the
algebra H®(grComg:)(I") defined by setting d(w,) = 1 for all v € Vp. We would like
to show that the differential 0 makes the dual Gerstenhaber copermutad an acyclic
chain complex. We shall now exhibit a contracting homotopy for that complex. We
first note that for every graph I' and every vertex v € V-, the map

H,: H*(grComg: )(I') — H*(grComg:)(T")
defined as multiplication by w, on the left is a contracting homotopy for 9 in the
category of chain complexes:
(0H, + H,0)(z) = O(wyx) + w0z = (z — w,,02) + w0z = .

However, we would like to construct a contracting homotopy in the category of graph-
ical collections. For that, we average the homotopies over all vertices, defining

1
H:= Z H,.
|VF| veVr

This map is still a contracting homotopy but now it commutes with the action of
Aut(T"), so it is a contracting homotopy in the category of graphical collections. O

The kernel of a derivation of a reconnectad is itself a reconnectad, so we may give
the following definition.

DEFINITION 6.2 (gravity reconnectad). The gravity reconnectad, denoted grGrav, is
the kernel
kerd C grGerst.

Let us record a useful dimension formula.
PROPOSITION 6.3. For every nonempty graph I', we have
dim grGrav(I') = 2/Vrl=1,
Proof. This is an immediate consequence of Proposition 6.1 and the formula

dim grGerst(T") = 27!, O
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The main result of this section is a presentation of the reconnectad grGrav by
generators and relations.

THEOREM 6.4. The reconnectad grGrav is generated by the elements A\r € grGrav(T")
of homological degree 1 which are Aut(T)-invariant and satisfy the relations

(7) > Arsop Ar, = Ars o Ary,
veT
(8) > Ars o Ar, =0.
veVr

In these relations, T’ is an arbitrary graph, and T # Vr is an element of the graphical
building set Gr . The reconnectad grGrav is Koszul.

A particular case of these relations for the cycle Cj is given in Figure 9.

>PDPD
> Db b
> B>

FiGure 9. Example of relations of the gravity reconnectad

Proof. We note that, in order to have a nontrivial relation, we have to assume that
T € Gr has cardinality at least two. Let us begin with indicating the elements Ar of
grGrav(T") which we shall use as generators. Since the cochain complex (grGerst, d) is
acyclic, we have
grGrav, = dgrGerst, .

The space of elements of homological degree zero in grGerst(T') is of dimension one,
spanned by the basis element mr of grCom(T"), and therefore the space of elements
of homological degree 1 in the reconnectad grGrav has a basis consisting of elements
Ar = d(mr). In terms of the generators of grGerst, these elements can be computed

as
d(mr) = 0" (1f) = Y wi= Y mrs o} br,.

veVp veVp
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Let us demonstrate that the set of elements A\ described above generates the recon-
nectad grGrav. For that, we shall take a graph I' and choose a total order on Vr. Let
us define, analogously to Example 5.27, an element br € grGerst(T") by the inductive
rule

r
= * o )
bF bFVF ~{max(Vp)} maX(VF) bmax(VF)

The element by forms a basis of the one-dimensional component S™1(T'); in fact, this is
the only normal form if we equip the corresponding free shuffle reconnectad with the
lexicographic ordering. Thus, according to Proposition 5.20, the component grGerst(T")
has a basis of form

ME(THF; ® le & sz Q- ® an)’

where V C Vp and T4, T5, ..., T, are sets of vertices of connected components of I'y,.
As the cochain complex (grGerst, d) is acyclic, each component of grGrav is spanned
by the elements

dﬂ?/(mrg ®br, by, ®--- @ br,).

Moreover, since d is a reconnectad derivation, and d(b) = 0, such an element is equal
to M‘F/()\p; ®br, ®br, ®- - -®br, ). By construction, b = Ap,, so we obtain the necessary
claim.

Next, we shall show that the claimed relations between the elements Ar actually
hold. For T' € Gr, let us compute d(mr:, ol Ary) in two different ways. On the one

hand, this is equal to Ars o Ar,.. On the other hand, this is equal to

d <mp*T ng (Z M(FT); OET bv>> =d <Z mpi 05 bv> = Z )\F: 05 >\v7

veT veT veT
showing that Relation (7) holds. We also note that we have

0=d(\r)=d (Z mrs of bv> =" A o Ao,

veVp veVr

and therefore Relation (8) holds. Overall, this implies that there is a surjective mor-
phism of reconnectads from the reconnectad G with the indicated generators and
relations (7), (8) to the reconnectad grGrav. Let us establish that it is an isomor-
phism.

Let us consider the shuffle reconnectad Gf, and equip the monomials in the corre-
sponding free shuffle reconnectad with the lexicographic ordering. Then the leading
monomial of Relation (7) is Ar. ol Ar,, and the corresponding normal monomials are

py(Ary, @ v, @ up, @ - @),

where V. C Vp, T1,Ts,...,T, are sets of vertices of connected components of I'y,
and vr, are some monomials obtained by iterated compositions of Ap,. The leading
monomial of Relation (8) is /\(F)Z,m(vr) Ognn(vr) AT pin(vpy» and this imposes further
restrictions on normal monomials. First, for the subreconnectad generated by Ap,
(which is isomorphic to the desuspension reconnectad S~1), this leading term elimi-
nates all monomials in Ap, except for one element AT) per component (constructed
by the same inductive rule as the element by above). In general, normal monomials
with respect to the leading terms of our relations are of the form

u‘r/()\p; ® )\(T1) ® )\(Tz) R-® )\(Tn))7

where V. C Vp, T1,Ts,...,T, are sets of vertices of connected components of I'y,
and min(Vr) ¢ V. By Proposition 5.25, these elements form a spanning set of the
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component G(I'). It remains to note that the number of such monomials is precisely
2IVrl=1 which is, according to Proposition 6.3, equal to dim grGrav(I'), so

dim G(T") < dim grGrav(T).

Thus, the surjection G — grGrav has to be an isomorphism, and moreover the defining
relations of grGrav form a quadratic Grébner basis of the corresponding shuffle recon-
nectad. By Proposition 5.26 and Corollary 5.23, the reconnectad grGrav is Koszul. [

6.2. KOSZUL DUAL OF THE GRAVITY RECONNECTAD. In this section, we describe the
Koszul dual of the gravity reconnectad.

DEFINITION 6.5 (hypercommutative reconnectad). The hypercommutative reconnec-
tad grHyperCom is the desuspension of the Koszul dual of the gravity reconnectad:

grHyperCom := S~!(grGrav)' .

Let us give a presentation of the reconnectad grHyperCom by generators and rela-
tions.

PROPOSITION 6.6. The reconnectad grHyperCom is generated by elements vp €
grHyperCom(T") of degree 2(|Vr| — 1) which are invariant under Aut(T') and satisfy
the following relations. For each connected graph T' and each (v,v') € Er, we have:

N I
9) ) Urs Op Ury = ) Vrs, O Ury

Vr#TeGr: veT Vir#TeGr: v'eT

Proof. Let us denote by vp the generator dual to the generator Ar of the reconnectad
grGrav. According to the general formula for the Koszul dual reconnectad, we have

grHyperCom := S™(S™*(grGravi)*) = S~%(grGrav')*,

so the homological degree of vp is |vr| = 2|Vr| — 2 = 2(|T'] — 1). Moreover, since we
took the double suspension of (grGravi)*, these elements are Aut(I')-invariant. One
can check by a direct inspection that the relations (9) are orthogonal to all relations
of grGrav. Let us verify that we found all relations, in other words, that for each T’
the dimension of the module of relations coincides with the dimension of weight two
elements of the reconnectad grGrav, given by dim H; (grGrav(I')) = |Vr| — 1. Note that
our relations say that the element

I/p; Og—v vrp
Vr#T€eGr: veT
does not depend on the vertex v € V. It is clear that each of these relations is a linear
combination of |Vr| — 1 such relations corresponding to edges of any chosen spanning
tree T of T'. Let us show that those |V|—1 relations are linearly independent. For that,
it will be convenient to consider the corresponding shuffle reconnectad ngyperComf
so that for each graph I" we may think of its edges as directed; for each edge e, we
denote by s(e) the smaller endpoint and by t(e) the larger one. This allows us to
choose a concrete direction of each relation, writing

— E r § : I _
Re = I/F; O Vpp — I/F; Op Vpp = 0.
s(e)eT t(e)eT

Suppose that for some choice of coefficients ¢, we have

D ceRe=0.

ecEr
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Collecting the coeflicient of a particular monomial vr ok vr,., we see that for every

vertex v € Vp the sum
Do D e

e: tle)=v e: s(e)=v
must vanish, which is a flow condition of a sort. Let us show by induction on the
number of vertices that this implies that all coefficients ¢, of the edges of the chosen
spanning tree must vanish. The case of the spanning tree of two vertices is trivial. To
proceed, we note that every tree has a vertex vy which is incident to only one edge
eo. The flow condition at the vertex v implies that we have c., = 0. Moreover, if we
delete the vertex vg and the edge eg, the remaining coefficients ¢, define a flow on the
remaining tree, and the induction hypothesis applies. O

6.3. THE WONDERFUL KOSZUL PAIR. We are ready to establish the main result of this
section, establishing that the gravity reconnectad and the homology of the complex
wonderful reconnectad We from Definition 4.11 are, up to a (de)suspension, Koszul
dual to each other.

THEOREM 6.7. The homology of the complex wonderful reconnectad is isomorphic to
the hypercommutative reconnectad:

H,Wrc) = grHyperCom .

Proof. We know that for each graphical Grassmannian B(I") all toric orbit closures
are products of smaller graphical Grassmannians. This immediately implies that the
fundamental classes [B(T")] generate the reconnectad He(We).

For each graph T' and each edge (v,v’) € E(T') there is a map

B(T) — B(P,) = CP!

given by { Hr}rear + H{y,3. The preimages of any two points are homologous. The
preimage of the point ki*} is easily seen to be given by

U B, {T}) .

Vr#TeGr: veT W' ¢T

Thus, for each edge (v,v") € E(I') we obtain the relation

> [B(T7)] og [B(Tr)) = > [B(I'7)] og [B(Ir)],
Vr#T€eGr: ve€T W' ¢T Vir#T€eGr: v €T wgT
so, adding
> [B(I'7)] o [B(I'r)]

Vr#TeGr: v,w' €T
to both sides of that equality, we see that there is a surjective reconnectad morphism

grHyperCom — H,(Wc¢).

To conclude the proof, we shall argue as follows. It is well known that the Betti
numbers of the smooth projective toric variety are given by the coeflicients of the
h-polynomial of the dual polytope. Since in our case the dual polytope is the graph
associahedron PI', we have

dim Ho(B(T')) = hpr(1) = fpr(0) = |[{vertices of PT'}|,
+
[Vr|
of elements of NT(T') of maximal cardinality |Vr|. This means that to prove that the
surjective map we constructed is an isomorphism, it is enough to show that for each
T, the dimension of grHyperCom(T") does not exceed \N‘J{,F|(F)|.

and vertices of PI" are in one-to-one correspondence with the set N7, (I") consisting
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Let us consider the shuffle reconnectad ngyperCom'c associated to the hypercom-
mutative reconnectad. In the proof of Theorem 6.4, we established that the relations
of the shuffle reconnectad ngravf form a Grobner basis for the lexicographic order-
ing of nested sets. By Proposition 5.28, the same is true for the shuffle reconnectad
ngyperComf for the opposite ordering. It follows that the the shuffle reconnectad
grHyperCom' has a basis of monomials that are normal with respect to the minimal
system of relations (found in the proof of Proposition 6.6) for this particular ordering,
that is, the monomials

l/[‘; O{U Z/Fw
for all w € Vp \ {min(Vr)}. We therefore reduced our problem to showing that for
each I', the number of such monomials, which we shall refer to as normal monomials,
and view as elements of |[NT(T")|, does not exceed \NR}F‘(I‘)\.

Recall that in Section 2.2 we explained how to assign to 7 € N*(T') a rooted tree
T, whose vertices are labelled by non-empty pairwise disjoint subsets of V. Suppose
that 7 € NR}F'(F). In this case each vertex is labelled by a singleton, so the set of
vertices of T, is in one-to-one correspondence with Vr. We shall denote by V., the
unique element of 7 such that the vertex of T, corresponding to the subset V; , is v.
We shall call a pair v < w of vertices of I a descent of 7 [46] if v is a child of w in
T,. We denote by Des(7) the set of descents of 7. The importance of this notion for
our purposes is explained by a result of [46] stating that for any finite simple graph
I', the h-polynomial of PT" is given by the formula

hor(t) = 3 Pl

T
TEN\VF\(F)

which refines the formula dim H,(We(T')) = | N \;rl (T")] and gives a useful hint on how
to proceed.

We shall now construct a “reduction” map from the set IV, ‘J{/F‘ (T) of “maximal nested
red and an “induction” map
ind.

sets” to normal monomials that we shall denote by 7 — 7
from normal monomials to maximal nested sets that we shall denote by w +— w
The reduction of 7 is defined by the formula

o= 7 (Vi | (v,w) € Des(7)}.

To define induction, we consider, for a normal monomial w € |[N*(T")|, the correspond-
ing tree Ty,. Let us consider all T' € w for which |A(T")| > 1 and choose a maximal (by
inclusion) element T from this set. Let v be the minimal (with respect to the order on
V) vertex of A(T). There is a unique minimal (by inclusion) element 7" containing
v that is compatible with the nested set w: it is the union of {v} with all sets S to
which {v}US € Gr. We add T” to w, and repeat the same procedure until we obtain
an element of |[NT(T')| for which |[A(T)| = 1 for all T, in other words, an element of
N ‘J{,F‘ (T'). We denote that element by w'™ and call it the induced maximal nested set.

LEMMA 6.8.

(1) For any T € N“"’,F‘(F), r7d js a normal monomial.
(2) For any w € N*(T'), we have (w¥)rd C w.
(3) For any normal monomial w € N*(T), we have (wmd)red = o).

Proof. Let us start with the first assertion. Suppose that 77°¢ is not a normal mono-
mial, that is, it is divisible by a leading term of our relations. We note that it is
enough to consider the particular case where 7 has the maximal possible number of
descents, that is |Vr| — 2: removing the elements that contain the outer element set
of the leading term, or are contained in the inner element of the leading term, or are
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disjoint from either of them will not impact the argument. We are therefore left with
the case where the result of reduction is a quadratic monomial; let us show that it
is normal. There are two possibilities: V; nax(vp) = Vi and Vi naxvry # Vr. In the
latter case, V; max(vy) 18 never deleted in the reduction process, and hence is the only
nontrivial element of 774, which is therefore a normal monomial. In the former case,
let T be the only nontrivial element of 77°4, and let v € A(T). As T survived the
reduction process, there is a vertex w < v, w € T such that T U {w} € Gr. But if our
monomial were not normal, then T" would necessarily contain w, a contradiction.

Let us now establish the second assertion. For each v € V-, we consider the corre-
sponding element V4 ,,. We shall show that if V,,ina , survives the reduction process,
then it is an element of w. Let w be the vertex for which Vna ,, is the smallest
element strictly containing Vina ,,. Note that w € A(Vima ). If V,,ina ,, survives the
reduction process, we must have w < v. If V,,ima , was created during the induction
process, then v was at some point the minimal element of A(7T") for some T'. However,
as v € Vyina 4, for every T such that v € A(T") we also have w € A(T), and so v can
never be minimal. Hence V,,ina , must be an element of w in the first place.

Let us prove the last assertion. By contraposition, we have to prove that if
(windyred =£ ¢, then the monomial w is not normal, so that there is an element T of
w that is deleted in the reduction process. Without loss of generality, no subset of T’
belongs to w. Let 7" be the cardinality-minimal element of w strictly containing T'.
Let S denote the set of elements of T' that are connected to an element of T by an
edge of I'. Since T is deleted in the reduction process, the minimal element of S is
greater than the free vertex of T in w™™d. For all u € S except for the only element of
A(T") in Tyina, the element V,,ma , cannot survive the reduction process, and hence
u is greater than the only element of A(T) in Tima. As no subset of T belongs to w,
that latter element is precisely max(7"), and hence the two elements {T,7"} give a
divisor of w that is a leading term of an element of our Grébner basis. 0

These results together imply that for each component of the free reconnectad, the
number of monomials supported at I'" that are normal with respect to our Grébner

basis of grHyperCom’ does not exceed \NR}F‘(I‘)\. Indeed, for each such monomial w,
red

we have (w"d)™d = o so the induction is injective. According to Proposition 5.25,
this implies that
dim grHyperCom(T") < dim H,(Wc(T)),

so the previously constructed surjection must be an isomorphism. (|
6.4. GEOMETRICAL PROOF OF THE KOSZUL PROPERTY. Similarly to the proof of
Getzler in the case of the operad HyperCom [31], one can prove the Koszul prop-
erty of the reconnectad He(W¢) more geometrically, illustrating the general slogan
that “operadic structures arising from compactifications with normal crossing divi-

sors are Koszul, and the Koszul duality is the duality between the open part and the
compactification”.

PROPOSITION 6.9. The reconnectad He(We) is Koszul.

Proof. According to [15], if a smooth projective complex algebraic variety M is rep-
resented as M = U U D where D is a normal crossing divisor D with components
Dy,..., Dy, one can define the sheaf of logarithmic differential forms £%,(log D)

H*(U) = H*(M, £} (log D)),
and there is the Deligne spectral sequence

El—p,q — H*2P+Q(Dp, ep) = B P = ngH*pW(U)
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where
pr= || Diyn---D,
1< <
and €, is the locally constant line bundle which over the component D;, N--- D; is the
sign representation of the group of permutations of i1,...,4, placed in homological
degree p.

In our case, if we take M = X¢(T') and U = X¢(T, {Vr}), the components of D
are indexed by elements Vi # T € G, and the intersections DP are indexed by the
set N7\ (I') € N*(T') consisting of elements of N*(I') of cardinality p + 1 elements,
therefore

H_2p+q(Dp76:D) = SV H_2p+q(8(r’7—)’6p)'
TENS (D)

The differential dy of the spectral sequence is the composition

@ H—2P+Q(B(F’ T)7 EP) @ H—2p+2+q (B(Fa T)? 61?)
TEN;ZA(F) TENS(T)

e o]

D Hogw|-n-¢BI,7),6p) —— D Hyqvp|-1)—q(B(,7),6p)
TENT, (D) TEN (D)

where the vertical arrows are induced by the Poincaré duality, and the horizontal ar-
row is induced by inclusions of strata. Thus, we see that the first page of the Deligne
spectral sequence computes the homology of the bar construction of the reconnectad
H,(Wc). Note that the appearance of ¢, corresponds to the fact that the bar con-
struction is the cofree coreconnectad on the shift sH,(Wc). Since the mixed Hodge
structure of HP(X¢(T, {Vr})) = HP((C*)"r /C*) is manifestly pure of weight 2p, we
have
E2—p,q _ {HP(X(C(F7{VF}))7 if ¢ = 2p,
0, otherwise.

This implies that the reconnectad He(Wg) is Koszul, as required. d

As a consequence of this result, one can see that the Koszul dual reconnectad
grGrav has another geometric construction, with the underlying graphical collec-
tion {Het1(Xc(T,{Vr}))} and the reconnectad structure arising from the so called
“Poincaré residues” [15].
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