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Tropical symplectic flag varieties: a Lie

theoretic approach

George Balla & Xin Fang

ABSTRACT We study the tropicalization of symplectic flag varieties with respect to the Plicker
embedding. We identify a particular maximal prime cone in this tropicalization by explicitly
giving its facets. For every interior point of this maximal cone, the corresponding Grébner
degeneration is the toric variety associated to the Feigin-Fourier-Littelmann-Vinberg (FFLV)
polytope. Our main tool is the notion of birational sequences introduced by Fourier, Littelmann
and the second author, which bridges between weighted PBW filtrations of representations of
symplectic Lie algebras and degree functions on defining ideals of symplectic flag varieties.

1. INTRODUCTION

1.1. MOTIVATION. In the past two decades tropical geometry has received great at-
tention in enumerative geometry, mirror symmetry, Diophantine geometry, optimiza-
tion, to name but a few. The tropical variety associated to an embedded projective
variety is a pure sub-fan of the Grobner fan of the defining ideal of the projective va-
riety. The study of tropical varieties associated to geometric objects arising from Lie
theory, such as Grassmannians and flag varieties, is initiated in the work of Speyer
and Sturmfels [27]. In this work, the tropical variety associated to the Grassman-
nian Gr(2,n) of 2-planes in an n-space, with the Pliicker embedding, gets a complete
description by explicitly writing down defining inequalities of the maximal cones in
the tropical variety using labelled trivalent trees. Such a complete description is not
known for other families of Grassmannians. Mohammadi and Shaw [26] describe max-
imal cones of the Grassmannian Gr(3,n) corresponding to matching fields.

The study of tropical varieties associated to flag varieties of type A, called tropical
flag varieties, started from the work of Bossinger, Lamboglia, Mincheva and Moham-
madi [6]. In this work, tropical flag varieties of small rank were computed, and the
authors showed existence of certain maximal cones related to certain string polytopes
and FFLV polytopes using the method of toric degenerations. An explicit description
of these cones by their facets or rays was not known in general.

Motivated by the work of Feigin, Fourier and Littelmann [18, 19] on PBW filtrations
for simple Lie algebras and the work of Fourier, Reineke and the second author [13] on
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quantum PBW filtrations, weighted PBW filtrations for Lie algebras of type A, are
studied in [11]: the cone consisting of such filtrations is shown to be sent bijectively
to a maximal prime cone in the tropical flag variety of type A,. As a consequence,
explicit facet description of this maximal prime cone was obtained. This result stands
at the carrefour of certain directions in representation theory as follows.
(a) The Grobner degenerations of the type A, flag variety arising:
- from points in the relative interior of this maximal prime cone yield the
toric variety associated to the FFLV polytope [11];
- from certain faces of this maximal prime cone are linear degenerate flag
varieties introduced in [8, 9].
(b) The cone consisting of weighted PBW filtrations of type 4,, is closely related
to the Auslander-Reiten theory for quiver representations:
- the facets of this cone correspond to Auslander-Reiten sequences in the
category of representations of an equioriented type A, quiver [14];
- the faces of this cone parametrize exact structures on the additive cat-
egory consisting of finite dimensional representations of an equioriented
type A, quiver [15].

We would like to note that Makhlin has provided in [25], a full facet description of
another maximal cone of the type A,, tropical flag variety using similar methods. This
maximal cone also parametrizes Grobner degenerations of the type A, flag varieties,
and in particular, every point in its relative interior corresponds to the toric variety
associated with the Gelfand-Tsetlin polytope.

1.2. SYMPLECTIC CASE. In this paper, we generalize results in [11] to the symplec-
tic setting: we study weighted PBW degenerations of symplectic Lie algebras, their
representations and corresponding geometry. This allows us to provide an explicit
description of a maximal prime cone in the tropical symplectic flag variety. Since
the notation has already been heavy, we will work with full symplectic flag varieties
to avoid introducing further indices. Similar results hold for partial symplectic flag
varieties, mutatis mutandis.

We define and treat the full symplectic flag variety SpFs,, necessarily as the clo-
sure of a highest weight orbit for the action of the symplectic Lie group on its ir-
reducible representations (see Definition 2.1). Consider the 2n-dimensional complex
vector space C2" with a fixed symplectic form w. Then SPJF>,, coincides with the vari-
ety parametrizing length-n flags of isotropic subspaces of C?”. The tropical symplectic
flag variety Trop(SpFa,,) is, up to a lineality space, a sub-fan of the Grébner fan of
the defining ideal of SPF5, with respect to the Pliicker embedding; it is a pure poly-
hedral fan of dimension n? in R”, where P is the index set of all Pliicker coordinates
on SPFy, (see Definition 3.1). A cone of Trop(SPFy,) is said to be a prime cone if
the corresponding initial ideal is prime. The following is one of our main results.

THEOREM 1.1 (Theorem 3.2). There is a mazimal prime cone Ca, n the tropical
symplectic flag variety Trop(SPFay,), with explicit facet description given in Lemma
6.1, such that every point in its relative interior provides a Grébner degeneration of
SPFa, to the toric variety associated with the symplectic FFLV polytope (see Section
4.1 for the definition). In particular, this toric variety is normal.

The proof of Theorem 1.1 above uses the bridge between weighted PBW degener-
ation of the symplectic Lie algebra and degenerations of the symplectic flag variety
coming from certain degree functions on its defining ideal with respect to the Pliicker
embedding.

Let g = sp,,, (C) be the symplectic Lie algebra over C, g = n, @ h®n_ a triangular
decomposition of g, and ®T the corresponding set of positive roots. We introduce a
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full-dimensional simplicial cone Ks,, C R®". Anelement d € Ko, induces a Lie algebra
filtration on n_ by assigning for each 8 € ®*, degree d(3) to a chosen basis element
fz of weight —3. We denote the associated graded Lie algebra by nd. Let A denote a
dominant integral weight for g. For a finite dimensional irreducible representation V
of g with a highest weight vector v, the filtration on the enveloping algebra U(n_)
obtained from that on n_ induces a filtration on V) (see Section 4.3). We denote by
V‘j\', the associated graded space; it is a cyclic U(n4)-module with cyclic vector 1/:\1.
The space V¢ is said to be a weighted PBW degeneration of V.

For each d € K, we define the weighted degenerate symplectic flag variety SPFS,
as the closure of the highest weight orbit exp(nd) - [1{] in the projective space P(V).
We show in Theorem 5.2, that the defining ideal of SPFg, with respect to the Pliicker
embedding is the initial ideal of the defining ideal of the symplectic flag variety with
respect to a degree function wgq on the Pliicker coordinates. The degree function wqg
induces an injective linear map w : R®" — R” (See Section 5.1). Using this construc-
tion, we prove Theorem 1.1 by showing that the image of Ks,, under w is exactly the
maximal prime cone C, in the tropical symplectic flag variety Trop(SpPFa,) C R”.

By setting all entries of the point d € K, to 1, our degenerate varieties SPFS,
coincide with the symplectic degenerate flag varieties SPF5, studied by Feigin, Finkel-
berg and Littelmann in [17]. This way, one also recovers the usual (non-weighted)
PBW filtration on the symplectic Lie algebra and corresponding irreducible repre-
sentations studied by Fourier, Feigin and Littelmann in [19]. Just like the degenerate
varieties in loc.cit., our degenerate varieties are flat degenerations (Theorem 5.2 and
Corollary 5.10). Furthermore, we formulate and prove Borel-Weil type theorems in
this setting as well (Theorems 5.11 and 5.12).

Although the overall strategy of this paper is similar to that in [11], to deal with
the symplectic case, we need to develop certain techniques to get control over the
representation theory, geometry and related combinatorics.

(a) In the symplectic case, the fundamental representations are no longer minus-
cule, and they are only sub-representations of the exterior powers of the vector
representation. We used a different argument in Section 4.4 to overcome the
non-minuscule problem.

(b) Birational sequences introduced in [12] and the associated valuations are used
to determine the defining ideal of the weighted degenerate symplectic flag
varieties (Theorem 5.2).

(¢c) We make use of the symplectic PBW-semistandard tableaux introduced in [2]
and prove that they form a linear basis of the homogeneous coordinate ring
of weighted degenerate symplectic flag variety with respect to the Pliicker
embedding.

The point of view of [11] and this work is different from that of [7, 3]: we treat
flag varieties as homogeneous spaces associated to algebraic groups and make use of
extra structures inherited from the group, while in loc.cit., the authors adopt and
work with the linear algebra description of flag varieties, as flags of subspaces of the
underlying vector spaces.

1.3. ORGANISATION OF THE PAPER. Section 2 contains preliminaries on symplectic
flag varieties. The main object of study, the tropical symplectic flag variety, is recalled
in Section 3. In Section 4, we treat weighted PBW degenerations of symplectic Lie al-
gebras and their compatibility with FFLV bases. We deal with geometry of weighted
PBW degenerations in Section 5 and obtain compatibility with valuations coming
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from birational sequences. Lastly, in Section 6, we describe the facets of the maxi-
mal prime cone in the tropical symplectic flag variety using tools from the previous
sections.

2. PRELIMINARIES: SYMPLECTIC FLAG VARIETIES
For k € N we denote [k] := {1,2,...,k}.

2.1. SYMPLECTIC FLAG VARIETIES. Let C?" be a 2n-dimensional complex vector
space with standard basis {e1,...,e2,}. Fori =1,...,2n, we will denote i := 2n+1—1.
This operation - is an involution. The total order on Z induces the following order
1<2<...<n<n<...<2<1. If not mentioned otherwise, all vector spaces and
Lie algebras are over C. Let gl,,, denote the Lie algebra on 2n x 2n matrices with the
commutator of two matrices as Lie bracket. The rows and columns of such a matrix
will be indexed by 1,2,...,n,7m,...,1.

Let S be the square matrix of size n with 1 on the anti-diagonal and 0 elsewhere.

We set J = (_OS g) to be a square matrix of size 2n. The symplectic Lie algebra

5P,,, is defined as a Lie-subalgebra of gls,,:
5Py, = {X € gly, | X'J +JX = 0}.

The Lie-subalgebra h consisting of diagonal matrices in sp,,, is a Cartan subalgebra.
We fix the following triangular decomposition: sp,, = ny @ bh @ n_ where ny (resp.
n_) consists of strictly upper-triangular (resp. strictly lower-triangular) matrices in
5p,,,. The corresponding universal enveloping algebras will be denoted by U(ny) and
Un_).

Let &1 denote the corresponding set of positive roots and a1, ..., o, be the simple
roots for sp,,,. The positive roots can be divided into two sets namely:

Q= Q; + Qi1+ ..y, 1<

<1<
ozij:zai—l—aiﬂ—&—...—i—an—&—an,l—|—...+aj, 1<K

We will formally denote a; 7 1= a; p.
For each 8 € ®*, we fix a non-zero root vector fz € (n_)sz of weight —f in the

following way, where for 1 < i < j < n we use the abbreviations f; ; := fa,; and
fi;; = fai.}:

fi7:=E;,, for 1 <i < n,

fi,’j = j’—‘rl,i — Ei,m, fOI' 1 § Z < ] < n,

fi,; = E;,i—i_Eg,j’ for1<i<j<n,

where E), ; is the matrix with zeros everywhere except for the entry 1 in the p-th row
and ¢-th column.

Let {w1,...,wn} be the set of fundamental weights of sp,,, and AT := Nw; + ...+
Nw,, be the monoid generated by them: elements in A* are dominant integral weights.
For A\ = miwy + ...+ mpw, € AT, let Vy denote the finite-dimensional irreducible
sp,,-representation with highest weight A. Fix a highest weight vector vy € Vy, we
have: Vy =U(n_) - vy.

Let N denote the simply connected Lie group corresponding to n_. Then V) is a
representation of N, hence we have an action of N on the projectivization P(V)). Let
[va] denote the highest weight line through vy in P(Vy).

Recall that a weight A = mqwy + ... + mpw, € AT is said to be regular if
M1, ..., My > 0.

DEFINITION 2.1. For a reqular weight A € A, the complete symplectic flag variety is
defined to be the orbit closure N - [vy] in P(Vy).
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The isomorphism type of the projective variety N - [v,] is independent of the choice
of a regular weight A: we will denote it simply by SPFa,.

2.2. PLUCKER EMBEDDING OF SYMPLECTIC FLAG VARIETIES. We consider the fun-
damental representation V,, of sp,,, with highest weight vector v, . The represen-
tation V,,, is the vector representation C?" of sp,, with v,, = e;. The fundamental
representation V,,, is a subrepresentation of the k-th exterior power of Vy,,:

(2.1) Vo, = A"C?", vy el A Aep.

For J = {j1,..., 3k} C {1,...,n,7m,...,1} with 53 < ... < ji, we denote e; :=
ejl /\.../\ejk.

Let A = mqwi+. . .4+mpw, € AT be a regular weight. The irreducible representation
V', can be realized as the Cartan component of the representation

Upy=V&®.. Vi

Wn,
via
Vi—= Uy, vy uy:= l/flm1 X...Q Vg:n” e U,.
This implies: SPFy,, is isomorphic to N - [uy] < P(U,).
We consider the following embedding of varieties

P, =PV, ) X...xP(V, ) =PV, )™ x...x P(V,, )" < P(U,)

where the first embedding is given by the diagonal embedding of P(V,,,) into P(V,,, )™,
and the second one is the Segre embedding. According to the definition of the Segre
embedding, [u,] is the image of ([v,,],- . -, [V, ]) under the above embedding. It follows
that for € N, [z-u,] is the image of ([z-v, ], .- ., [T, ]) under the above embedding.
We have therefore an embedding SpFs, — P,.

Composing with the embedding in (2.1), we obtain the Pliicker embedding of
SPFon,:

(2.2) SPFpn = N-[1a] > Py, 1}»(/\1@2”) XL IP(/\”(CQ”).

2.3. DEFINING RELATIONS. We describe the defining ideal of SpF5, with respect to
the Pliicker embedding. As has been shown by de Concini in [10], the defining ideal is
generated by two kinds of relations: the usual quadratic Pliicker relations, and certain
linear relations.

Let I = {i1,...,iq} and J = {j1,...,ja} be two subsets of {1,...,n} with i; <
... <ig and j; < ... < jg. The dominance partial order is defined by:

(2.3) I < Jif and only if for any 1 < k <d, i < Jjg.
For an ordered tuple J = (j1,...,7q4) with 1 < j; < ... < jq < 1, we set Xj =

Xji,ga = (eg)* € (/\d CQ”) to be the corresponding homogeneous coordinate on
]P’( /\d (CQ”). Let P be the set of all such ordered tuples J of length d ford =1,...,n.

The (multi-)homogeneous coordinate ring of P(A1C2n> X ... X IP’(/\”(C%) is the
polynomial ring § := C[Xy | J € P].

The notation X will be extended to all tuples by requiring for alld = 1,...,n and
1< <...<jg<T:
o)y .

J15--57d

Xja(l))“wjo'(d) = (_1)

where o € &4 and £(o) is its inversion number.
We introduce some special elements in S:
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(1) Let L,J € {1,...,n,m,...,1} be two tuples of lengths p and ¢ respectively,
where 1 < ¢ < p < n. Suppose L = (l3,...,0,) with l; < ... < ,, J =
(J1s--+,Jq) With j1 < ... < j,and 1 < s < ¢, we define the quadratic Pliicker
polynomial

(2.4) Ri,; =X Xy— Y  XuXy,

1< <...<rs<p

where

L/ = (lla"')l’l‘lflajl,l’rl«kla"'7l7“5717j85l7‘5+1;"'7lp)
and
Jl = (l7‘1a-~-al’rsa.js+17~-~7.jq)'

(2) We fix 1 <k <nandlet Iy = {z1,...,2¢}, Io = {y1,...,yx—¢} be subsets
of {1,...,n} with z; < ... < zyand y1 < ... < yp—y¢. Let T := ) N1y,
I'={y,...,%} with y; < ... <~ (note that I could be the empty set). We
define the tuple

(11’12) = (717Wa s 77ta%7 Ay, ... 7af—t7bk—f—t7' . ')bl)
where
L~T={ay,...,ap—+} =: I with aq < ... < ap_s,

Ip~T ={by,....bp—p_y} =L with by < ... < bp_r_.

Such a tuple (I1,12) is said to be reverse-admissible if there exists a subset
TcA{l,....,n} N (I; UL) with |T| = |I1 NIz] and T < (I N12) (see (2.3) for
the definition of this partial order).

Notice that if Iy NI = @ then (I;,1) is reverse-admissible. Now as-
sume that (I;,I3) is not reverse-admissible with Iy NIy = {v1,..., %} =:
I' # @. Choose 1 < hg < t to be minimal such that there exists a tuple
T c{l,....,n} ~ (I; UL) of length ¢t — hg with T < (yng+1,---,72). Let
Thot1 = {Mno+1,---, A} be maximal (with respect to the partial order in
(2.3)) among those T. Finally we choose the maximal b € {ho + 1,...,t}
such that (Ang+1,---5A) < (Yhgs -+ Vb—1), OF set b = hg if no such b exists.
Now set I := (Yp,,.--,7) and F = I'\I'. We define a linear polynomial for
non-reverse-admissible tuple (I3, 15):

(2.5) St 1) = Xy 1) — (_1)b_h0+1 ZX(LUFUI"LUFUF/)7
o~
where the sum runs over those I satisfying |I'| = [I’| and IV N (I; UT,) = @.
ExXAMPLE 2.2. When n = 2, the ideal J4 is generated by the following polynomials:
X12X5 + XppX1 — X5X2, XX+ Xg7X1 — Xy7X3,
X5 X7 + X57Xo — X7X5, X2X7+ X;7X; — X 7Xo,
Xi2Xg7 = X 3Xo1 + Xy1Xo3 X7 + Xo3e
DEFINITION 2.3. Let Jo,, denote the ideal in S generated by the quadratic polynomials

Rf j for all possible L,J,s and linear relations S, 1,) with non-reverse-admissible
tuples (I1,12).

The following theorem is proved in [10] when the linear polynomials S, 1,) are
defined for admissible tuples. The above form for reverse-admissible tuples is proved
in [2].
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THEOREM 2.4 ([10, 2]). The (prime) defining ideal of SPFa,, with respect to the Plicker
embedding (2.2) is precisely Jo,.

The polynomial ring S is A*-graded by assigning deg(Xj) = wy).

We will denote by C[SPF2,| the (multi)-homogeneous coordinate ring of SPFa,.
According to Theorem 2.4, C[SPFy,| = S/Ja,. Since both the ring & and the ideal
Ja,, are AT-graded, so is C[SPFy,]. For a fixed A € AT we let C[SPFy,], denote the
homogeneous component of degree A\. Moreover, in the following decomposition

C[SPFon] = O C[SPFanla,
AEAT

each graded component C[SPFy,], is isomorphic to V3 as sp,,,-modules [10].

3. TROPICAL SYMPLECTIC FLAG VARIETIES

In this section, we consider the tropicalization of symplectic flag varieties using the
defining ideal J3, C S (according to Theorem 2.4). The building blocks for tropical
symplectic flag varieties, namely the tropical symplectic Grassmannians, have been
studied by the second author and Olarte in [3], in the spirit of Speyer and Sturmfels’
work on the tropical Grassmannian [27].

In [3], it was shown that there are five equivalent characterizations of symplectic
Grassmannians, that turn out not to be equivalent tropically. This makes tropical-
ization in the symplectic setting subtle, nonetheless, a complete characterization
was given. For the current paper, we choose the most natural construction out of
the five characterizations for the tropical symplectic flag variety case, that is, the
tropicalization with respect to the ideal Js,, and we seek to understand its fan
structure. For a comprehensive introduction to tropical geometry, we refer the reader
to [24].

Consider the Pliicker embedding of SPF3, in (2.2):
SPFyn < P(/\lc%) XL IP(/\"(CQ”).

For a polynomial
f= Z A X" €S,
ueN?
its initial form with respect to v € R” is defined to be
iny(f) := Z Au X
u-v minimal

The initial ideal of Jy, with respect to v € R¥ is defined as the ideal generated by
the initial forms of all polynomial in J5, with respect to v:

iny (Jop,) := (iny(f) | f € T2n) C S.

From the above construction, it follows that every point v € R” defines a Grébner
degeneration of SPFs,,. Consider an equivalence relation on R” given by setting v ~ v/
whenever

inv (jgn) = in‘,l(jgn).
Each equivalence class corresponds to points in the relative interior of a convex ratio-

nal polyhedral cone in R”. The collection of all such cones defines the Grébner fan
of SPF5,. We are interested in the following subfan of this Grébner fan.
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DEFINITION 3.1. The tropical symplectic flag variety with respect to the Pliicker em-
bedding is defined by

Trop(SPFay,) := {v e R?

iny(Jo,) contains no monomials}

and v([d]) =0 ford=1,...,n

The normalization v([d]) = 0 is chosen as a special section of the quotient map
according to the multi-homogeneous property of the Pliicker embedding.

By the Bieri-Groves theorem ([4]), Trop(SPFsy,) is a pure polyhedral fan in R” of
dimension n?. For example, Trop(SP.F,) is a pure 4-dimensional fan in R? with a
2-dimensional lineality space having 10 rays and 15 maximal cones (see [3, Example
9.4)).

The following notion is introduced in [6]: a maximal cone in Trop(SPFay,) is called
prime, if the initial ideal associated to a point (hence any point) in its relative interior
is a prime ideal.

Giving explicit descriptions of all polyhedral cones in Trop(SPFa,,) seems to be only
possible when n is very small. One of the goals of this paper is to prove the following
theorem that generalizes results in the same direction for type A flag varieties in [11].

THEOREM 3.2. There is a mazimal cone Cap in the tropical symplectic flag variety
Trop(SPFay):
(1) that is a prime cone with explicit facet description given in Lemma 6.1, and
(2) such that every point in its relative interior provides a Grobner degeneration
of SPFa, to the toric variety associated with the symplectic FFLV polytope
(see Section 4.1 for the definition of this polytope). In particular, this toric
variety is normal.

The proof of Theorem 3.2 (1) will be given in Section 6, using weighted PBW
degenerations of irreducible representations of the symplectic Lie algebra constructed
in Section 4 and their bridge to valuations coming from birational sequences described
in Section 5. Part (2) of this theorem is proved in Section 5.5.

REMARK 3.3. For type A flag varieties, such a maximal cone stands at the carrefour
of tropical geometry, Lie theory ([18, 16, 20, 11]), geometry of quiver representations
([8, 9]), and exact categories and Hall algebras ([15]).

Such a cone can be obtained as the tropicalization of a half of the Berenstein-
Kazhdan decoration function on a toric chart of the A-cluster variety on the double
Bruhat cell G*° of the type A complete flag variety. This statement can be deduced
from the work [22].

The connection between the maximal cone described in the current paper and the
work of Boos and Cerulli Irelli [5] is not yet clear.

4. WEIGHTED PBW DEGENERATIONS AND COMPATIBLE BASES

The PBW degenerations of the symplectic Lie algebras and their representations are
studied in [19]. They proved that the symplectic FFLV basis (see Section 4.1 below)
is compatible with the filtration induced to the irreducible representations from the
PBW filtration on the universal enveloping algebra U(n_). The goal of this section is
to show that this basis is also compatible with a generalization of the PBW filtration
that we consider.

4.1. THE sYMPLECTIC FFLV Basis. We follow [19] to describe a basis of the irre-
ducible representation V) parametrized by points in the FFLV polytope.

We first recall the notion of a symplectic Dyck path.

A symplectic Dyck path is a sequence p = (p(0),...,p(k)), k > 0, of positive roots
in ®* satisfying the following conditions:
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(i) the first root p(0) = o for some 1 < i < n, i.e. it is simple;

(ii) the last root p(k) is either a simple root p(k) = «a; for some 1 < I < n or
p(k) = a5 for some 1 < j < n;

(ili) the elements in between satisfy the recursion rule: If p(s) = a,, , € @, then
the next element in the sequence is either p(s+1) = ap g+1 0r p(s+1) = Qpt1,4;
where g + 1 denotes the smallest element in {1,...,n,n—1,...,1} which is
bigger than gq.

Denote by D the set of all symplectic Dyck paths. For a dominant, integral weight
A = > myw;, the symplectic FFLV polytope FFLV(A) C R®" is the polytope
defined by the inequalities zg > 0 for 8 € ®* and for all p = (p(0),...,p(k)) € D:

(4.1) Tp) + .-+ Tpk)y S My + ...+ My, if p(0) = ay, p(k)zozj,
' Tpoy Fove T Tpa) KM+ .+ my, if p0)=a;, pk)=qa,-.

We will denote by S(A) the set of integral points in FFLV(A).
Fix an enumeration of positive roots ®+ = {f1,...,n}. For a multi-exponent
s = (s8)geca+, sg € N, let f* be the element
fE= e N e Uno).
Note that for A € AT, we have fixed a highest weight vector vy € V.

THEOREM 4.1 ([19]). For any dominant integral weights A, i € AT, the following hold
true:

(1) the Minkowski sum property:
FFLV(A + p) = FFLV(A\) + FFLV(u)  and S\ + u) = S(A\) + S(p);
(2) the elements {f%- vy |s € S(N\)} form a basis of V.

The Minkowski sum property S(A + u) = S(A) 4+ S(u) does not provide a unique
decomposition of s € S(A + p) into a sum of s; € S(A) and s; € S(u). For A =
miwy + ... + mywy, we define the standard decomposition of s € S(A) into a sum of
elements in

S(w1) + ...+ S(w1) + ...+ S(wp) + ...+ S(wy)
where S(wy) appears my, times. Such a definition is given in an inductive manner on
the height ht(A\) := my + ...+ my, of A. Let k := max{¢ | m; # 0}. We only need to
decide how to decompose s into a sum s; + sg with s; € S(wy) and sz € S(A — wg).

For s = (sg) € N®" we denote supps = {8 € ®* | s # 0} to be the support
of s. The set of positive roots admits a poset structure by defining 31 = f2 if there
exists a symplectic Dyck path from [, to Bs. Let @2,' C &1 be the set of positive
roots «; ; satisfying ¢ < k£ < j. We denote by s|¢,k+ C N?" to be the restriction of s
to @ﬁ and then extended by zero to the entire ®*. We then define s; € N®" to be
the characteristic function of the set of maximal elements (with respect to the above
partial order) in supp(s|¢I).

LEMMA 4.2. We have s; € S(wg) and s —s1 € S(A — wg).

Proof. By [1], the FFLV polytope FFLV(])) is a marked chain polytope associated to
the poset structure on ®* defined above with marking given by A. When A = wy, is
a fundamental weight, FFLV (wy) is supported on @g; when considered inside N‘D:,
it is the chain polytope associated to the induced poset <I>',:. The lattice points in the
chain polytope have a bijection to anti-chains in the poset [28]. The maximal element
of a subset of ®; is an anti-chain, hence s; € S(wy).
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Since a Dyck path intersects an anti-chain at at most one element, s — s; satisfies
all defining inequalities of FFLV (X — wy), hence it is contained in S(A — wy). O

4.2. SyMPLECTIC FFLV DEGREE CONE. Keep the notations as in Section 2.1. We
define a polyhedral cone whose points will be used to construct PBW type filtrations
on symplectic Lie algebras and their representations.

The vector space R®" consists of functions from ®* to R. For a point d € R‘I’+,
we will simply write d; j := d(a ;) for a; ; € ®T. Notice that in our notation there is
no difference between d; ,, and d; 5.

DEFINITION 4.3. The symplectic FFLV degree cone for sp,, is the polyhedral cone
Ko, C R®" defined by the following inequalities:

(Ai) diji+diriv1 2> diita, for1<i<n—1;

(Bij) dij+diy1j41 2 dij1 +dipry, forl<i<j<n-—1;

(Ciy) digm+dip52d5+dy 5, forl<i<jsn—1;

(Di) le,m > dz’z + di—&-l,i-Tl’ fOT’ 1 g Z g n — 1

That is to say, d € R®" is contained in Ko if and only if d satisfies the above
inequalities.

7
i

The polyhedral geometric properties of Ko, are summarized in the following propo-
sition:
PROPOSITION 4.4.
(1) The cone Ko, is full dimensional in R®" .
(2) The defining inequalities of Koy give the complete set of its facets.

2)
(3) The cone Koy, has a lineality space L of dimension n.
(4) The cone Koy /L is simplicial.

Proof. We start with showing the full-dimensionality of Ko, by constructing a solution
to the strict inequality system in the definition of KCg,,. First set d; ; = 0 for 1 <7 < n.
By (A;), the coordinates d; ;41 for 1 <i < n—1 are bounded above: choose a feasible
solution for these coordinates. Then we look at the coordinates

d1,37 d2,47 d1747 DR} dn72,n7 DR} dl,n

in this order. By (B, ;), a coordinate among the list above is bounded above once a
feasible solution was chosen for all previous ones. Next we move to the coordinates

dn—l,ﬁ’ ey dLm, ey d27§, dl,i’ dl,f :
the same argument as above using (C; ;) and (D;) gives a point satisfying all strict
inequalities. That is to say, we obtain a point in Ko, which has a small neighbourhood
contained therein. This shows dim Ko, = |®F] = n?.
We prove the other statements simultaneously. Let L denote the lineality space of
Kapn. First notice that the linear space L’ defined by

di,j*(di,i+~~~+dj,j) :0, 1 <Z<] gn,
di—(dig+...tdppn+...+d;;)=0, 1<i<j<n-—1
is contained in Ky, hence dim L > n. We set d; ; = 0 for 2 = 1,...,n. From the proof
of the first part, once the values of d;; are fixed, all other coordinates are bounded
above. It follows that Ko, /L’ is pointed and hence L = L’. This terminates the

proof of (3). Now the number of inequalities in the definition of Ky, is n(n —1), which
coincides with the dimension of the pointed cone Ko, /L’. This proves (4) and (2). O

The following inequalities can be deduced from the defining inequalities of Ko,.
We summarize them below for later use.
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PROPOSITION 4.5. For d € Ky, the following inequalz’ties hold:

(Aijk) dij+djrrke 2> dig, Jor1<i<j<k<

( ,]kl) dzj+dkl>dzl+dk]7 fOT’l<Z<I€<]<l<TL,‘
(Cijkg) d,7+d, = 72ds+d g, forl<i<k<j<l<n;
(D) 2dz’ d —&—d“, for1<i<j<n;

( 73,) di,j+dk]+1>dzk; f07”1<2<k‘<]—|—1<n,
(Fijr) dij+d, ,z>d7 Jor1<i<j<k<n;

(z]kl) dz,g—i_dkl)d +djl’ f0r1<i<k<j<l<n;

(Hz,j,k,l) di,i + dk}7] > de + dj,l’ fOT 1<i<k< j< [ < n.

Proof. The inequalities (A; ;%) can be deduced from the defining inequalities (A;)
and (B; ;). The inequalities (B; ;) and (C; k) follow from the defining inequal-
ities (B, ;) and (C; ;). The inequalities (D; ;) are consequences of (C; ;) and (D).
The inequalities (F; ;) can be deduced from (A;), (B; ;) and (C; ;). The proofs are
straightforward and are left to the reader. The inequality (G; ;) can be obtained
by summing up the inequalities (C; .k,j), (Ck,j5,1) and (—1)x(Dg_ ;). The inequality
(Hi,j,k,l) follows from (Ci,j,k,l) and (Gi,j,k,l)~

It remains to show the inequality (E; ;). We will prove the harder one (E; ;).
The proof of all other inequalities are similar.

We proceed by descending induction on ¢. When ¢ = n — 1, the inequality reads

(Enfl,nfl,nfl) : dnfl,nfl + dnfl,n 2 dn—l,m'
It can be deduced by summing up the following two inequalities
(Anfl) : dnfl,nfl + dn,n 2 dnfl,na (anl) : 2dn71,n > dn—l,nj + dn,n-

Assume that (E; ;) holds for ¢ = k+1,...,n — 1. We verify (Eg ;) for a fixed
j=k,...,n—1
When j = k, the inequality (Ej k%) is the sum of the inequalities (D), (Ck k+1),
o (Crn—1), Brr+1)s - -+ (Brn—1) and (Ag). Now assume that j # k: the inequal-

ity (Eg,j,x) is the sum of the inequalities (Dg), 2X(Cg k1) - -, 2X(Ckj)s (Cr,jt1)s
(Ckn-1), Bij), -y Brn—1) and (Egt1,jk+1)- By induction hypothesis, d € K,
satisfies (Ex+1,5k+1), the proof is then complete. O

REMARK 4.6. Since in the proof we only sum up inequalities from the defining facets
of Ky, if d is chosen from the interior of K, all inequalities in Proposition 4.5 are
strict.

4.3. FILTRATIONS FROM THE FFLV DEGREE CONE. Points in Ko, give rise to filtra-
tions on the Lie algebra n_, the universal enveloping algebra U (n_) and the irreducible
representation V.

We fix d € Ks,,. For m € R, we define a subspace of n_:

(n)S,, =span{f;; | 1<i<n, i<j<i, dij <m}

)

and the following subspace of U(n_):
U(n*)gm = Spa’n{fil’h s fihjz | dihjl ot dihjz < m}

PROPOSITION 4.7. For d € Kg,, the subspaces {(n,)%m | m € R} define an R-

filtration of Lie algebra on n_; the subspaces {U(n_)%, | m € R} define an R-
filtration of algebra on U(n_).

Proof. We need to verify that [(n_)g,,(n_)%,] € (n_)¢, ;. For a,3 € ®*, the Lie
bracket [fo, f3] is non-zero if and only if a + 3 € ®+. Written using the fixed basis
for the weight spaces, the non-zero Lie brackets are precisely:
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(1) for1 <i<j<n-—1land j+1<k<4 [fij,fj+1. is a non-zero scalar
multiple of f; ;

(2)for 1 <i<k<j+1<nwithi#j+1, [fw,fk,m] is a non-zero scalar
multiple of f@.

Since d € Ky, the inequalities (A; ;x), (Ei ;%) and (F; ;%) in Proposition 4.5 imply
the desired inclusion.
The statement on U(n_) follows from the above argument. O

Similarly one defines the subspaces (n_)%, C (n_)¢ and U(n_)¢, CU(n_)<

<m = <m <m
by replacing the inequalities in the definitions of (n_)‘im and U (n_)‘im with the strict
ones. We define the associated graded Lie algebra and the associated graded algebra
as follows:
nd = @R(n‘i)m, where (n),, := (n_)%,,/(n-),;;
me

Uno)t:= @ Uln_)%, where U(n_)d = U(n )2, /U(n )4,
meR

For a root vector f; ; with 1 <4 < n and i < j < i, we denote Sj its class in nd .

The following proposition can be looked at as a kind of functoriality of the degen-
eration from U(n_) to U(nd).

PROPOSITION 4.8. The linear map nd — U(n_)4, sending ff’lj to the class of f;; in
U(n_)9, induces an isomorphism of algebras, U(n?) = U(n_)d.

Proof. From the inequalities (A), (E) and (F) in Proposition 4.5, there exists a mor-
phism of Lie algebras, n® — U(n_)d. From the universal property, there exists a
morphism of algebras, U(n?) — U(n_)9. It is an isomorphism by PBW theorem for
Un_). O

From now on we will not distinguish U(n?) and U(n_)9.
For a polyhedral cone C, let relint(C') denote its relative interior.

LEMMA 4.9. Let d, e € Kq,, be contained in the relative interior of the same face.

(1) The linear map

nd =0, (fg)a = (fa)e for pe@F

is an isomorphism of Lie algebras.
(2) The associated graded algebras U(n_)? and U(n_)® are isomorphic.

Proof. The part (2) is a direct consequence of (1) and Proposition 4.8. We prove (1).
Recall that whether the Lie bracket [fq, f5] for o, 8 € ®T in n_ is zero depends on
whether a+ 3 is a positive root. Given d € Ka,,, the Lie brackets in nd are determined
by whether inequalities (A; ; ), (Ei ;&) and (F; ; &) in Proposition 4.5 are strict or not.
Notice that in the proof of the proposition, the above inequalities are obtained from
summing up certain defining inequalities of Kq,, in Definition 4.3. From Proposition
4.4, they are facets of Ka,. Therefore the Lie brackets in nd will remain the same
when d varies in the relative interior of a face. O

As a consequence, the isomorphism type of the Lie algebra nd is constant on the
relative interior of each face of Koy
We have a closer look at U(n_)9 and V§ for d € relint(Ks,,).

LEMMA 4.10. If d € relint(Ka,), U(n_)4 is isomorphic to the symmetric algebra
S(n_) as an algebra.
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Proof. The same argument as in the proof of Lemma 4.9 shows that if all inequalities
in Definition 4.3 are strict, then for any «, 3 € ®T, [fa, f5] = 0 in nd, hence nd is an
abelian Lie algebra. O

Such a filtration on U(n_) induces a filtration on cyclic modules. For any dominant
integral weight A, the simple sp,,-module V) = U(n_) - v, is cyclic. For a fixed
d € K5, we consider the induced R-filtration

(VA)Sm = U(no)S, -
and similarly its subspace (V)2,,. Let us denote the associated graded space by V¢,
ie.
V8= @ (Vm, where (VS)m = (VA)S,/ (V)L

m=0

The vector space V¢ carries naturally a graded U(nd)-module structure. Indeed,
for any k,l € R, we have by definition

Um-)<e(Va)<t € (Vo) bt

The U(n?)-module V§ will be termed a weighted PBW degeneration of V.

Let v{ denote the image of v, in V$. The U(nd)-module V¢ is cyclic, having v¢
as a cyclic vector.

We fix d € relint(Kay,). For A € AT, since V¢ is a cyclic U(n_)9-module, we obtain
a surjective U(n_)9-module map

e Sm) = VY 2ol

We set I := ker p¢. Tt is an ideal in S(n_).

Recall that in Section 4.1 we have fixed an enumeration of positive roots ®+ =
{B1,...,Bn}. For a multi-exponent s = (sg)geca+, we will denote by f§ the class of
f$in Un_)d.

The first main result of the paper is the following compatibility of the FFLV basis
and the weighted PBW degenerations.

THEOREM 4.11. For every point d € Ka,, the set {f5-v{ | s € S(\)} forms a basis
of Vg\l,

The rest of this section will be devoted to the proof of the theorem.

4.4. COMPATIBILITY OF FFLV BASIS: FUNDAMENTAL REPRESENTATIONS. In this
section we start from proving Theorem 4.11 for d € relint(Ks,) and A\ = wy, then we
will explain how to adapt the proof to deal with those d in a proper face of Kg,,.

4.4.1. Vector representation. Assume that d € relint(Ks, ). We study the vector rep-
resentation V. The actions of root vectors on ¢; € V,,, with 1 <[ < T are given
by:

(1) for1 <i<j<n, fi,j cep =0y €j+1 — 5j?:l €5 ;

(2) for 1 <i<n, fi,E e =067 ;

(3) for 1 <i<j<n, fi,} cep =0y e + dj1 €5

For 1 <i<j<1,set
MZ ={se€ N®* | f5-e;=*e;}

and consider the following function

Dd:N¢+—>R, s—d-s.
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The set Mf is non-empty: from the action of the root vectors, the element s; ; such
that

fij—1, ifi,5 < my

fig, ifi<n, W<

f?i ifi<n, j>i;

f}ﬁ—l’ lf ’L,j 2%7

fous =

is contained in MZJ
LEMMA 4.12. The function 99 has a unique minimum on Mlj attained at s; ;.

Proof. We proceed by induction on j —¢. When j = i + 1, the set Mj contains only
the element s; ;, and there is nothing to prove.

In general, take s = (s3)gce+ € M] and denote |s| := > geat SB-

Assume furthermore that 99 attains minimum at s. If |s| > 2, there must be a
root vector in the monomial f5 sending e; to a non-zero multiple of some e, with
i < k < j. The remaining part of this monomial has the form f* with t € M]g Since
j —k < j — i, by induction, in order to minimize 99, t must be Sk,j- This implies
|s| = 2 and it has the following form

fik—1frj—1, ifj<my

Jik—1/k35 ifk<n, m<j<k;
(4.2) PRt LA R

fik SEo1 ifi<n n<k<y

Jeilim-1 ifi <n, k>

fE,iqf},Efl’ ifi>mn.

Since d is chosen from the relative interior of Ky, by Remark 4.6, the inequalities
in Proposition 4.5 are strict. According to the inequalities (Am,l’j,l), (Fl b1 5),
Eip-17) B 7). F55.,,) and (A;7 |5 ) respectively, the monomials in (4.2)
can not minimize 09.

We have shown that any |s| > 2 can not minimize 09, therefore |s| = 1 and f* has
to be fSid, O

PROPOSITION 4.13. For d € relint(Ks,,), the set {f§-v3 | s € S(w1)} forms a basis
for v .

Proof. By [19, Lemma 4.1], non-zero elements in S(wy ) are precisely {s; ; | 2 < j < 1}.
Now Lemma 4.12 implies that {f§-v2 |s € S(wi1)} spans V& . By Theorem 4.1,

|S(w1)| = dim V3 , hence the above generating set forms indeed a basis of V3 . O

4.4.2. General case. We prove Theorem 4.11 for d € relint(Ks,) and an arbitrary
fundamental representation V. The representation V,, is a subrepresentation of
/\k(CQ” generated by the highest weight vector v, :=e1 A ... Aeg.

For a subset I = {iy,...,ix} of {1,...,n,7m,..., 1} with iy < ... < ix, we denote
er '=ejy N...Ne, € /\k(CQ" and e} its dual basis element. For another subset
J={j1,-.., gkt of {1,...,n,m,..., 1} with j; <... < ji, we define

M{ = {s e N®" | e5(f° - er) # 0}.

We describe an element in M j] to show that it is non-empty. We set K = I N J,
P=A{p1,....,ps} = I~ K withp; < ... <psand Q = {q1,...,¢s} = J ~ K with
q1 < ...<qs. The element

(4.3) SI.J =Spq + - +5Sp,.q1
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is contained in M7 . In fact we have sy ; € Mg.
LEMMA 4.14. The function 0% has a unique minimum on M7 attained at sy ;.

Proof. We proceed by induction on k, the index of the fundamental representation.
The starting point k£ = 1 is Lemma 4.12.

We first show that it suffices to prove the lemma under the assumption INJ = @.

If this intersection is not empty, there exists r and m such that i, = j,,. Let m
be a minimum of 24 on M. We show that the monomial f™ does not contain root
vectors of the form fSirt for ¢ > 4, nor root vectors of the form fStim for t < j,,. If
it contains for example fSi=t it would also contain f®r.im for some p < j,, because
iy = jm. But by Lemma 4.12, 09 would take smaller value at f*»¢. Now the element

[ . _ .
m =1m— szmt Sp:]m + Sp,t

is still in M7 with 24(m’) < 99(m). This contradicts to the choice of m. Similar
argument shows the statement on f5tim. As a consequence, such an element m is in
fact contained in Mg with P=I~(INJ)and Q@ =J~ (INJ). Since |P| < k, we
can proceed by induction.

From now on we assume that INJ = &. From the action on the tensor product, for
t € M{, ft-e; is alinear combination of f*-e;, A...Af%%-e;, with t1+...+t; = t. Since
t € M/, there exists at least one collection {t1, ..., t;} such that f* .e; A...Aft-e;,
is proportional to e;. By Lemma 4.12, in order to minimize 99, we have to choose
those t1,...,tx with [t,.| < 1 for » = 1,... k. The assumption I N J = & implies
|ti1| =...=|tr| = 1. Again, to minimize 99, it is necessary that t, has the form s; _;
where the index j is uniquely determined by: f* - e; = =+e;.

We reformulate the above observation using symmetric group. For any o € &), we
associate to it an element

— o
Sy 1= Silyja(l) +"'+Sik7ja(k) e N* .

From definition, s, € M;. The above argument shows that a minimum of 99 can not
be attained outside of the set {s, | o € & }.

We claim that if ¢ > o’ in the Bruhat order of &y, then 294(s,) < 09(s,/). This
will terminate the proof since sy ; = s,,, where wy is the unique maximal element in
S sending 7 to k+ 1 — 4.

It remains to prove the claim. Keeping d in mind, we will simply write s; ; :=
2d(s; ;) and

k
Sg = Z si’r‘vja(r) .
r=1
It suffices to consider the case when o > ¢’ is a covering relation in the Bruhat poset.
There exists therefore a permutation o, 4, 1 < p < ¢ < k, swapping p and ¢, such
that ¢ = 0’0y, 4. In this case,

S0 = 80" = Sipjariay T Siaviore) T Sividarmy T Siaviara)”
Notice that from o > o', p < gand I'NJ = @ it follows i) < ig < jor(p) < Jo'(q)-
There are several cases to consider:
(i) Jor(q) < m. In this case, the strict inequality (B
sition 4.5 gives s, — s, < 0.
(ii) 4p > 7. Let @ == Joi(g)s B = Jorp), ¥ = iqg — 1 and § := i, — 1. Then
a < B <y < 6 and the strict inequality (B ~,3,5) in Proposition 4.5 gives
So — S0 < 0.
(iii) iq < n and j,(p) > 7. We execute a case-by-case analysis:
(iii.1) We consider the case when j,:(q) > ip.

ipsiasiat (p)—Lojar(gy—1) i1 PTOPO-
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o If iqg < Jorpy < ip, it follows from the strict inequality
(H- ) in Proposition 4.5 that s, — s, < 0.

jgl(q)ijal(p)iip7iq

o If jor(p) < ig, it follows from the strict inequality (G5

Jo/(q)lariprT o (p)

)
)

in Proposition 4.5 that s, — sor < 0.
o If j5r(q) > ip, it follows from the strict inequality (C; oy in Ty i
o (@) ped o’ ()
in Proposition 4.5 that s, — 5o < 0.
(iii.2) We consider the case when j,/(q) < ip-

o If jor(p) > ig, it follows from the strict inequality (G

)

ipjg’(p) Ja/(q)ﬂ'q
in Proposition 4.5 that s, — sor < 0.

o If joi(p) < ig and jgr(q) > g, it follows from the strict inequality

) in Proposition 4.5 that s, — s, < 0.

ipstasdal () o’ (p)

o If jorq < ig, it follows from the strict inequality (C

)

ip:d ot (a) 000" (p)
in Proposition 4.5 that s, — s,» < 0.
(iV) Jor(py < m and j,r(q) = M. This and the next cases are similar but simpler
than (iii), the verifications are left to the reader.
(v) ip < mand iy > 7. See (iv).

The proof is then complete. g

PROPOSITION 4.15. For d € relint(Ka,), the set {f§-v3 |s € S(wk)} forms a basis
Jor Vg .
Proof. The set of lattice points S(wg) in the FFLV polytope for a fundamental weight

wy, is described in [19, Lemma 4.1]. It follows that for any J C {1,...,n,7,...,1} of
cardinality k, the element sy s is contained in S(wy). Since V., is a subrepresentation

of A\FC2", it follows
S(we) = {spy,s | J € {1,...,n,7,..., 1} with |J| = k}.

Let s € N with % v, # 0. We choose J C {1,...,n,7m,...,1} such that
€% (f® vy, ) # 0 when considered as an element of /\k(CQ". If s # spi),7, by Lemma 4.14,
0 M [‘,i] — R does not attain its minimum at s. This implies sz/gk = 0, and therefore
the set {f§-v3, | s € S(wk)} spans VZ . By Theorem 4.1 (2), [S(wy)| = dim V,,,,
hence the above set forms a basis of V3 . O

4.4.3. From interior to boundary. We now prove Theorem 4.11 for d € K5, and
A= Wi .

PROPOSITION 4.16. For any d € Koy, the set {f§-va |s € S(wi)} forms a basis for
vd .

Proof. When d is chosen from the boundary of the cone Ks,,, in the proofs of Lemma
4.12 and Lemma 4.14 above, the strict inequalities used therein from Proposition 4.5
are not necessarily strict, and therefore the proofs imply that the function 99 attains

one of its minimum at sy ; (such a minimum is not necessarily unique). The set
{f5-v3 |'s € S(wy)} still spans VZ , hence they form a basis by Theorem 4.1(2). O

Wi’

4.5. PROOF OF THEOREM 4.11. Let d € Ky,. We proceed the proof by induction on
the height ht(\) = Y>")'_, my of the weight A = Y7, mywy,. When ht(\) =1, X is a
fundamental weight: such cases are settled in Section 4.4. For the inductive step we
need to describe the Cartan component of the U(nd)-module V¢ ®Vg. We start from
the following lemma:

LEMMA 4.17. The set {f§-(v{©@vq) | s € S(\+pu)} is linearly independent in V‘;@V/‘j.
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Proof. The proof is the same as [13, Proposition 4], we sketch it for the convenience
of the reader.
Assume that there exists a non-trivial linear combination

(4.4) Y wfi-(lev) =0

sES(A+p)

Let =9 be the partial order on N®' defined by: s =9 t if and only if 2d(s) > 04(t).
We fix a linearization of this partial order, which is also denoted by >=9.

Let s := max{t € S(A + ) | ¢t # 0} where the maximum is taken with respect to
>4 By induction hypothesis we can write

(4.5) feferh= Y wfitfefiou
teS(u),s—teS(N)

with 4 € C. We set tg := min{t € S(i) | % # 0} where the minimum is taken with
respect to =9. In (4.5) there exists a term g, f5 * - v @ f5° -vd with ¢, # 0. By
the maximality of s and minimality of tg, such a term appears only once in the linear
combination (4.4), contradicting to the assumption that ¢, # 0.

As a consequence of this contradiction, there exists no such a maximal s, implying
that all the coefficients in (4.4) are zero. O

PROPOSITION 4.18. For d € K2y, and A, u € AT, the Cartan component U(nd)- (v ®
1/3) of Vi ® Vﬂ is isomorphic to V‘gﬂt as U(nd)-modules.

Proof. We denote by W to be the Cartan component and consider the U(nd )-module
morphism V‘j} oW determined by 1/3\i tu z/f ® I/ﬁl.

We first show that this morphism is surjective, hence dim W < dim V. It suffices
to prove that if f € U(nd) such that f - Vj‘\_m =0, then - (1 ® VS) = 0. Assume
that f € U(n_)2, from f - V§+M =0, there exists F' € U(n_) such that F'- vy, =0,
and F' admits a decomposition F' = F; 4+ F5 such that the class of F} in U(n‘i) is f,
and F, € U(n_)4,. As Vy4, is the Cartan component of V) ®V,, as U(n_)-modules,
it follows F - (vy ® v,) = 0. Note that V§ ® Vﬂ is the associated graded space of the
canonical filtration on V) ® V,, whose component of degree < m is

@ (V)\)%S ® (VM)%t'
s+t=m
It then follows that the class of F'- (vy ® v,) in V?\ ® Vg is f - (u}i\ ® 1/3), which is
therefore zero.
By Theorem 4.1 (2), it remains to apply Lemma 4.4 to conclude. O

Now we can complete the proof of Theorem 4.11. By Proposition 4.18, the set
{f5 - v, | s € SO\ + )} is sent to a linearly independent set in V§ ® V. The
theorem thus follows from Theorem 4.1 (2).

4.6. MONOMIAL IDEAL. When d is taken from the interior of Ks,, we have the fol-
lowing

COROLLARY 4.19. For d in the interior of Ko, and X € A, if s & S(\), then f5-v$ =
0. In particular, the ideal I‘; is monomial.

Proof. We again proceed by induction on the height ht(\). When ht(\) = 1, the
corollary is a consequence of Lemma 4.14.

We consider the weight A+ for A\, u € A*. If s ¢ S(A + ), for any decomposition
s = s1 + sy where s1,s0 € N®' | either s; ¢ S(A) or sy ¢ S(u). It follows by induction
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that f3- (Vj‘\@yf}) =0in Vf\1®Vﬁ. By Proposition 4.18, Vg-&-u is the Cartan component
in Vf ® Vﬂ, hence f§ - V§+M =0. g

5. GEOMETRY OF WEIGHTED PBW DEGENERATIONS

5.1. WEIGHTED DEGENERATE SYMPLECTIC FLAG VARIETIES. In this section we fix
d € Ko,,. We first introduce a geometric object associated to weighted PBW degen-
erate module Vg\l for A = mwy + ...+ mpw, € AT,

Since the Lie algebra n? is nilpotent, the exponential map is well-defined, and
N9 := exp(n?) is a connected simply connected Lie group with Lie algebra n<.

DEFINITION 5.1. For d € Ks, we define the weighted degenerate symplectic flag
variety by

SPFS, == Nd. [ud] C P(V}).
By Proposition 4.18, as U(n)-modules,
Vi U= (V)P @ @V )om»

is the Cartan component. Then the same argument as in the construction of the
embedding in (2.2) can be applied here to show that the image of the following
embedding

SPFS — P(VY) — P(UYT)

is in fact contained in P4 :=P(V3 ) x ... x P(VZ ), embedded in P(U}) via diagonal
and Segre embeddings:

PS5 P(VE )™ x ... x P(V3 )™ — P(UY).

Wn,

As a summary, we fix the following Pliicker embedding of SPFg :
SpFd <y pd oy P(/\IC%) XX IP’(A"C2").

To distinguish this degenerate setup for different d, we denote S := C[X% | J € P]
(see Section 2.3 for the definition of P): the defining ideal of SPFS with respect to
the above Pliicker embedding will be denoted by J%, C S9. Notice that giving in
degree w)j|, the ideal 79 is At-graded. The goal of this section is to show that the
ideal 34, is in fact an initial ideal of Ja, with respect to a weight vector.

We define a weight map

w: Koy — R, d— wy,

where wq is the function on P sending J to —0% (s, ;) (see (4.3) for the definition
of sj31,7). The function wq induces gradings on S and S9 by assigning degree wq(J)
to X; and Xf}.

When the element d € Ky, is clear from context, we will drop it from wgq and
simply write w.

THEOREM 5.2. The ideal 33, coincides with the initial ideal iny (Jay,).

REMARK 5.3. When d € R®" is the constant function with d(B) = 1, the variety
SpFY is the symplectic degenerate flag variety introduced by Feigin, Finkelberg and
Littelmann in [17].
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5.2. SYMPLECTIC PBW-SEMISTANDARD TABLEAUX. We recall a set of tableaux from
[2] which is compatible with weighted degenerations (Corollary 5.10), and which will
be useful in our constructions henceforth.

To a dominant integral weight A = >}’ mywi, € AT, we assign a partition A =
(A1 =2 A2 = ... 2 )\, = 0) in the usual way, that is, by setting A; = m; + ... + my,.
To such a partition, one attaches a Young diagram (we make use of the English
convention), denoted by Y. A symplectic PBW tableau, T of shape A is a filling of
the corresponding Young diagram Y, with numbers T;; € {1,...,n,m,...,1} such
that for p;, the length of the j-th column, we have:

(l) if Ti,j < Hij, then Ti,j = i;
(11) if Til,j 7& i1, and 71 < 79, then Til,j > Tig,j;

(iii) if T;; =4, and there exists ¢’ such that T; ; =4, then i’ < i.

A symplectic PBW tableau is said to be PBW-semistandard if in addition, the
following condition is satisfied:

(iv) for every j > 1 and every i, there exists i’ > ¢ such that Ty ;1 > T, ;.

Let SYST) denote the set of all symplectic PBW-semistandard tableaux of shape
A. To each T € SYST,, we associate the monomial X1 = Hj‘;l X1y 4Ty, € Vi

s b g
THEOREM 5.4 ([2]). The elements X1, T € SYST}, form a basis of C[SPFay]x.

We will need the following construction in Section 6.

For J = (j1,...,7a) € P with 1 < j; < ... < jr < d. We consider the strip tableau
T := T(J) obtained as follows: first fill the ji,. .., jr-th box from top by j1,...,j;
then fill the rest of the diagram from bottom to top by jr+1,...,74- Such a tableau
T is not necessarily a symplectic PBW tableau: from construction the conditions (i)
and (ii) are fulfilled, but the condition (iii) does not always hold. We will construct
another tableau st(7") called the standardization of T'.

Assume that the condition (iii) is violated in T, then there exists 1 < i < d such
that i appears at the p-th box from top (notice that by (i), « appears at the i-th box
from top). The assumption ensures i < p. We define a new tableau Ty of the same
shape as T, which differs to T" at the i-th and the p-th boxes, where the i-th (resp.
p-th) box of T} is filled by P (resp. p). From construction, this tableau 77 satisfies the
conditions (i) and (ii), and the number of i, such that 1 < i < d and the condition
(iii) is violated at i, decreases by one. Repeating the above procedure to 77 until the
condition (iii) is violated nowhere, the result is a symplectic PBW tableau st(7T').

5.3. BIRATIONAL SEQUENCES AND AFFINE CHART. We introduce a chart of SPFS,

motivated by birational sequences introduced in [12].

We enumerate the positive roots in @+ = {81, 8s,...,8n} in such a way that if
B; — B; is a sum of positive roots, then ¢ < j. Such a sequence of positive roots
(B1,P2,...,BnN) is called a good sequence in loc.cit. This fixed enumeration gives an
isomorphism of affine varieties

(CN ;> 1\I7 (tl, . ,tN) — exp(tlfﬁl) v exp(thgN).
In view of the Pliicker embedding
SPFon = N-([Warlr- -2 0l]) = ]P’(/\l(CQ") S P(/\"c%),

for a fixed x = exp(t1fs,) - exp(tnfsy) € N and J € P with k := |J|, the value
Xi(@ - (War]s--y Vw,]) = Xy(x - [vo,]). When t1,...,ty vary in C, we obtain a
polynomial

Py = XJ(x . [Vwk]) S (C[th...,tN].
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We define an algebra morphism
0:8=Cltr,...,tn, 21, Zn), X5 = Ds21g)

where the variables z1, ..., 2z, are used to reflect the multi-homogeneity of the Pliicker
embedding. We consider the AT-grading on C[ty,...,tN, 21, .., 2,] by assigning de-
gree wy, to zx, 1 < k < n and degree 0 to ¢;, 1 < i < N. With the natural A™-grading
on S, ¢ is AT-graded. The following lemma follows from definition.

LEMMA 5.5. We have: ker ¢ = Jg,.
In the degenerate setting, we consider the following isomorphism of affine varieties
CN N (b, ty) — exp(tlfgl) . .exp(thgN).
We have fixed the Pliicker embedding
SpFd, =Nd- (pd ], pd ) = P(/\lc%) XL IP’(/\"(CQ”).

We define a grading on C[t1,...,tx] by assigning degree —dg, to the variable ¢;.
Then for z = exp(tlfgl) . ~-exp(thgN) e N9, X“}(m (a1, v ) = ing(py) €

w1 Wn
Clt1,...,tn], where ing is the initial term with respect to the above grading
on Clty,...,tn]. We set p¢ := ing(ps). This notation ing can be extended to
Clt1y...,tN,21, ..., 2,] by requiring the variables z1, ..., 2z, to have degree 0. We will
denote this degree of a polynomial p € C[ty,...,tN,21,.-.,2,] by degq(p).
Similarly we define an algebra morphism

(pd : Sd — (C[tl, R ,tN,Zl,...,Zn], X}} Hp?zm.
With the same At-grading as above, ¢9 is AT-graded.
LEMMA 5.6. We have: ker 9 = 39, .

Proof. This lemma follows from the following rephrasing of the definition: for a A™*-
homogeneous element f € S of degree p = pjwy + ... + finwy, then

(Pd(f> = f(x- ([Vgl], cee [ygn]))z/lh gl
where & = exp(tlfgl) " -exp(thgN) € N9 is a generic element. O

EXAMPLE 5.7. We illustrate the construction above in an example. For sp,, we choose
the enumeration (31, 82, 83, 81) = (al’j,a1,2,041,1,062,2)-
For a fixed z = exp(tlfli) exp(tafi,2) exp(tsfi1) exp(tafa,2), we have

x-ep = ey +tzeg + taes + (t1 + tats)et
and
x-e1 Nex =e1 Neg +taer Aes+ (ta — tgta)er A e + (tsty —to)ea A ex+
+(_t1 — t§t4)€2 74\ er + (t% — t1ty — 2t2t3t4)e§ A eg.
The map ¢ sends
X121, Xomtzz, Xgetozy, Xy (th+itals)zr, Xio > 22, X5 taze,
Xli = (t2 - t3t4)252, X2§ — (t3t4 — t2)2;27 X2T — _(tl + t§t4)227
Xop > (15 — tats — 2tatsts)z,

It is straightforward to verify that the defining relations introduced in Section 2.3 are
in the kernel of ¢.
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We choose d € K4 with d1; =3, d22 =1, di2 = 2 and d, 7 = 1. Such a point d
is in the interior of /4. The variables t1, ta, t3 and t4 get degree —1, —2, —3 and —1
respectively. The map 9 sends

X{i — 21, Xg — t321, XS — ta21, Xg — t121, X{iQ — 23, X% > t429,
XE o toze, XE o —toze, XE o —tize, Xo&— —titszo.
The following relations are contained in ker ¢9:
Xi12X5 + X5X1, X5X7+ X57X1, X5Xg— X7Xs5,
Xi2X7 + XX, XioXgy — X 3Xo1, X7+ Xog

We define a monomial order >, on Cltq,...,tn, 21,..., 2, by requiring: two mono-
b b b) ) ) y q g
mials
ay an A1 An b1 by K1 tn
tl ...thl ...Zn >7-t1"'tNZ1 ...Zn
if the last non-zero coordinate of

(ala"'aaNaAla"'v)‘n)7(b17"'7bNa;U'13"'nU'n)
is positive. We define a valuation
Us, @ (C[tl,...,tN,Zl,...,Zn] — NN X Nn,

sending a polynomial f to the minimal exponent appearing in f with respect to
>,. Let p1 : NV x N* — N¥ and py : NV x N® — N” be the projections to the
corresponding components.

Recall that a symplectic PBW-semistandard tableau T' € SyST,, is a strip of
length k filled by elements in the set {1,...,n,7,...,1}. Such a tableau gives an
element J(T') € P as the ordered set of numbers appearing in 7.

For 1 < k < n, we define a map

pr : SYSTy, = S(wi) SN, T py(vs, (9(X (1)) € NV,

here we identify NV with e by sending the coordinate e; to the coordinate function
€3;-
LEMMA 5.8. The map py, is a bijection.

Proof. According to Theorem 4.1 and Theorem 5.4, both sets have the same cardi-
nality dim Vy,, . To show the surjectivity, we construct a map from S(wy) to SYST,,, .
Take s € S(wy) with support {a, j,,...,, .}, from the proof of Lemma 4.2, such a
support is an anti-chain in @z. As consequences we have for 1 < s < r, i; < k < js,
and if we assume that i; < ... <4,, then j; > ... > j,..

We define a strip tableau T of length k as follows: start with the tableau filled with
1,...,k from top to bottom, then for 1 < s < r, replace 75 by either js + 1 if js < n,
or js otherwise. It remains to show that 7" is a symplectic PBW tableau. Indeed, the
condition (i) and (iii) are fulfilled from construction, and the property j; > ... > j,
gives the condition (ii).

It remains to show that py(T) = s. First notice that by definition of ¢, all monomi-
als appearing in (X j(1) are of form ¢1* - - - £y’ 21, and the positive integers r1,..., 7y
satisfies:

(5.1) m1B1+ ...+ rNBN = wp — wi(es (),
where wt(e (7)) is the weight of the element ey € V,, . Consider the set of all
possible tuples (r1,...,7n) € NV satisfying (5.1), the monomial order >, induces a

total order on these tuples. We claim that the minimal element is sy, j(1), looked
in NV . Indeed, from the definition of the monomial order, we would prefer to split
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wr — wt(ey(r)) into positive roots of higher heights. This gives a greedy procedure:
first check whether wy, — wt(e (1)) — f1 is in the monoid N&T generated by positive
roots, if yes then proceed by considering this new weight wy, —wt(e () — 1, otherwise
move to B and repeat the procedure with the original weight wy, — wt(es(ry). The

output of this algorithm is the element sy, j(r). Since sy y(1) € M[‘,]c](T) (see Section

4.4.2 for this notation), we proved that py(7T") = sy, s(r)y when looked in NV,
To conclude it suffices to notice that s = s, s(1) (see (4.3)). O

For an arbitrary A € AT and T € SYSTy, we let T1,...,T™ be the columns of T
with T* € SYSTW%. The maps py, ..., p, can be merged together to give a map

px:SYSTy = S(N), T+ piy (TY) + ...+ pi,, (T™).
By Lemma 5.8 and Theorem 4.1 (1), the map p, is well-defined.
PROPOSITION 5.9. The map px is a bijection.

Proof. Again by Theorem 4.1 and Theorem 5.4, it suffices to show the surjectiv-
ity. Given s € S(\), let s = s; + ... + s, be the standard decomposition of s in
Section 4.1 with s, € S(w;, ). We define a tableau T by stacking the strips T :=
pi_ll(sl),...,Tm = pi_ml(sm) from left to right. By Lemma 5.8, T is a symplectic
PBW tableau.

We show that 7' is PBW-semistandard. Let T} denote the j-th element in 7" from
the top. The condition (iv) involves only two neighbored columns, we look at the
strip tableaux T¢ and T¢*!. If Tf“ = j, the condition (iv) is fulfilled at this place

by the condition (ii) for 7¢. Otherwise assume that TjHl = p with p # j. If p < n,
then a1 is contained in the support of sy ;1. From the construction of the standard
decomposition, in the support of s, there must be a positive root o, with ¢ < k <t,
j < qand p — g < t. From the construction in Lemma 5.8, Tzf zp. lfp>2n, aj,is
contained in the support of sy11, with the same argument one verifies the condition
(iv). O

5.4. PROOF OF THEOREM 5.2. We are ready to prove Theorem 5.2. The inclusion
inw(J2,) € 79, follows from the following claim: for any f € S, ¢9(inw(f)) =
ing(¢(f)), where iny (f) is looked in S9. Assume that the claim is established, we
show that for any f € Ja,, inw(f) € J9,. According to Lemma 5.6, it suffices to
show that ¢9(iny (f)) = 0. By Lemma 5.5, o(f) = 0, applying the claim proves the
inclusion.

To show the claim, first notice that when f = X for some J € P, iny(X9) = X¢
and the identity ¢9(X9¢) = ina(¢(Xs)) is the definition of ¢d. If f is a monomial in
X 7, the identity holds since both ¢ and ¢9 are algebra morphisms, and ing preserves
products of polynomials. For an arbitrary polynomial f € S, assume that iny (f) =
1 X® 4+ ...+ ¢, X? where for 1 < i < k, a; € NP, X2 = HJer?(J) and
c; € C~\ {0}. Moreover, the degree d := deg,, (X?') := > ;. p w(J)a;(J) is the same
for 1 < i < k. From the definition of w and the grading on Cl[t1,...,tN, 21, -+, 2Zn],
we have: for 1 < i < k, deg,, (X2) = degy(¢(X?)). For a monomial X in f which
does not appear in iny(f), all monomials in ¢(XP) will have strictly smaller degree
than d, hence they do not contribute to ing (¢ (f)). Moreover, since degy(¢(X?¢)) are
the same for 1 < i < k, it then follows

ing(p(er X 4+ ...+ X)) = ing(p(c1 X)) + ... + ing (e (cp X*)).
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As a summary,

P (inw(f)) = ¢4 X + ..+ e X2¥)
= o4 X)) 4. 4 Y (e X )
= ing(e(c1 X)) + ... + ing(p(cp X))
=ing(p(c1 X + ... 4+ ¢ X?)) = ina(p(f)).

The proof of the claim is then complete.

To show the other inclusion, first notice that since 9 is AT-graded, so is $4/79;
moreover, the ideal iny(Jz,) is an initial ideal of Jo, which is AT-graded, hence the
algebra S9/iny (Ja,) is also AT-graded. We prove the other inclusion by comparing
the dimension of the component of degree A € A* in both §4/34, and S¢/iny (J2,,).
Being an initial ideal of Jy,,, the dimension of the degree A component of S /iny (Jo,)
coincides with that of §/Js,, which is dim V. We show that the degree A component
of §4/34, has the same dimension.

For this we consider the monomial X% = X?(Tl) cee Xf]i(Tm) where T1, ..., T™ are
the columns of a symplectic PBW-semistandard tableau T' € SYST . We claim that
the elements {pd(X%) | T € SyST,} are linearly independent. This will terminate
the proof as by Theorem 5.4, the cardinality of SYST) is dim V.

To prove the claim, we observe that for any J € P, v~ (0(X;)) = v>, (¢9(X9)).
Indeed, assume that |.J| = k, and denote by (s1,...,sy) the element sp; ; under the
identification between N®' and NV. From the proof of Lemma 5.8, we have shown
that the minimal term in p; with respect to >, is ¢]* - - - t\" 2. By the argument in the
beginning of Section 4.4.3, this monomial appears in p§ hence it is also the minimal
term in pf} with respect to >,.. From this observation,

vs, (9% (XF)) = V>7~((pd(X9(T1))) +.o.F V>,.(90d(X31(Tm)))
=vs, (X)) + -+ s, (0(Xgrm)))
= (pA(T), A1y, An)

where p(T') C N?" is looked in N¥. When 7T runs over SYST,, by Proposition 5.9,
px(T) are pairwise different, this proves the claim, and the proof of Theorem 5.2 (1)
is thus complete.

In the last part of the proof we have shown

COROLLARY 5.10. The set {X$ | T € SYST,} form a basis of the multi-homogeneous
coordinate ring S4/3$. of SPFS, .

5.5. PROOF OF THEOREM 3.2 (2). We consider the polynomial map ¢9. When d
is chosen from the interior of Ks,,, from Lemma 4.14 and Lemma 5.8 we know that
for any T € SYST,,, ina(pscry) is the monomial ¢3*---t3Y 2z, where (s1,...,5n)
is s[x),s(r) under the identification of N?" to N¥. The map SYST,, — S(wg), T —
2 ting (ps(r)) is hence a bijection. By Theorem 4.1, the degree A component of §4/39,
can be identified by ¢ with monomials having lattice points in FFLV () as exponents.

When we only look the homogeneous components of having multiples of A as de-
grees, they form the homogeneous coordinate ring of SPFg, in P(V{). From the above
argument, such a ring is the homogeneous coordinate ring of the toric variety associ-
ated to the polytope FFLV(A). The proof is thus complete.

5.6. AN ANALOGUE OF THE BOREL-WEIL THEOREM. Recall the embedding

Ly SP]—"gn — IF’(V‘/{I)
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from Subsection 5.1 above. Consider the pull-back of the canonical line bundle
Op(vg)(l) with respect to the embedding:

ﬁ‘j} = L;(OP(V‘i)(l))'

Recall the degenerate group N9 acting on Vf\i. By an argument similar to the proof of
[11, Theorem 8.1] and from Corollary 5.10, we deduce the following analogue of the
Borel-Weil theorem in our context.

THEOREM 5.11. For every d € Kay,, we have HO(SPFY,, L) ~ (V)* as Nd-modules.
Moreover, the following Borel-Weil type vanishing theorem holds true.

THEOREM 5.12. H"(SPFS,, £LL) =0 for all A € AT and all m > 0.

2n»

Proof. By [21, Sec. 3.5], the theorem holds for any d in the relative interior of Ko,
since the line bundle £¢ is generated by its sections. By Theorem 3.2 (2), it follows
that for any generic point d’ € Ks,, one has a flat family over A' with the generic
fiber SPFS and SPFY, as special fiber. The claim of the theorem then follows from
[23, Theorem 12.8]. O

6. A MAXIMAL CONE IN Trop(SpFay)

In this section we describe the image of w : s, — R” defined in Section 5.1.

First we extend the map w to the entire R®" using the same definition by choosing
d from R®". The extended map is linear and injective, and will be again denoted by
w: R®" - RP. We shall denote the image w(Ka,) by Con, and set s; € R” to be
the coordinate function corresponding to J € P. By the linearity of the map w, Co,
is a polyhedral cone, which is termed symplectic FFLV tropical cone. We start from
describing its defining inequalities.

We will use notations introduced in Section 5.2 and Section 5.3.

LEMMA 6.1. The following set of equalities and inequalities cuts out the cone Coy in
RP:
(i) s1,. k=0 for1<k<n;
(ii) for anyi < j with1 <i<n,1<j<1Tandanyl <k <l < n such that
1<k <l <j, wehave s1,.. i—1,i41,.. kj = S1,..i=1i+1,.. 075
(iii) foranyJ = (j1,-..,jk) € P such that st(T(J)) =T (J), let {ap, q1s---+Opyqe}
be the support of pp(T(J)) with py < -+ < pe and g1 > --- > qu; then
8j1peie = Slpri—Lar T T 81 pi—1,q05

(iv) for any J € P such that st(T'(J)) # T(J), then one has s = Sst(1(.1));

(V) S1,..i—1i+1 F 51,0042 < S1,.i-t1it2 for 1 <i<n—1;

(Vi) S1,. i1+ 81,0541 < S1,. o141 F 51,5, for 1<i<j<n-—1;
(vii) $1i 1T TS i S<S1 a5t S T fori1<i<ji<n-—1;
(viii) 28] i amaSS aaits T for1 <i<n—1.

Proof. The linear equalities (i), (iii) follow directly from the definition of w. Condition
(ii) follows from the fact that for any ¢ < k < j with k <n,onehas s1__;—1,i41,. .k, =
a; ;. The equality (iv) holds by the construction of the standardization of a strip
tableau in Section 5.2: for J € P such that st(T'(J)) # T(J) with st(T(J)) = T'(J')
for some .J' € P, sp),; = sp),s- The image of w : R?" - R” is cut out in R” by
the linear equalities (i)-(iv). The inequalities (v)-(viii) follow from Definition 4.3. By
Proposition 4.4 (2), the equalities and inequalities (i)-(viii) characterize the image of
Ko, under w. O

From Proposition 4.4 (1), Ca, is an n?>-dimensional cone in R”.
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EXAMPLE 6.2. When n = 2, the cone Cy C R” is defined by the following equalities
and inequalities:

s1=3812=0, s5=5,7=8;5 ST=5,7, S37=571 53
So + 513 > 53, Sg+ 832> 8T, 2552 ST+ 593

PROOF OF THEOREM 3.2 (1). First notice that any Pliicker coordinate X ; for J € P
can not vanish identically on any SPFg, for d € Ks,. From Theorem 5.2, for any
point in C,,,, the initial ideal of J5, associated to this point is a prime ideal, which
contains no monomials, hence Cs, is contained in the tropical symplectic flag variety
Trop(SPFay,). It remains to show that this cone is a maximal cone since the primeness
follows from Theorem 5.2. The idea of the proof is the same as [11, Theorem 7.3].

Since the dimension of Trop(SPFa,) is n?, the cone Ca, is of maximal dimension.
Assume there is a maximal cone C},, C Trop(SPFa,,) that contains Cay,, then dim Ch,, =
n? and Cj, must be contained in the image of w. Therefore according to the proof of
Lemma 6.1, any point s := (sy)jep € Ch,, must satisfy the linear equalities (i)-(iv) of
Lemma 6.1. We want to show that C5,, C Cay, so we are left with showing that the
point s satisfies the inequalities (v)-(viii) of Lemma 6.1. We argue by showing that
no point outside Cj,, lies in Trop(SPFa,). This is accomplished by considering each
of the four types of facets corresponding to the inequalities (v)-(viii) as follows:

(v) We consider for 1 <4 < n — 1 the Pliicker relation:

X1, iXa s it L2 T X1 i 12X iib D — X1 1 1K, 4,2
From Lemma 6.1 (i) and (ii), s1,..; = 81,541 =0for 1 <i<n—1, and
S1,..,i—1,i+1,44+2 = S1,...,i—1,i+2- If 81,.i—144+2 < S1,.4i-1,i+1 T S1,..,4,i+2,
then the initial form of the above Pliicker relation is the monomial
—X1,..i-1,i+1X1,..ii+2. This means s ¢ Trop(SPFa,,), so the inequalities in
(v) must be valid.
(vi) For 1 <i < j <m— 1, we have the Pliicker relation:

X oiim 1,4 1K yi ] = KL i i L1 X0 df T X i— 1,641, X0, 1 -

From (111)7 we have the equality S1,...,i—1,5,741 = S1,...i—1,j+1 +51,...,i7j~ There-
fore, if S1,...,i—1,5 + S1,...,4,5+1 > S1,...,i—1,5+1 + S1,...,0,55 the initial form of the
above Pliicker relation would be the monomial Xy ;_141,;X1,... j+1. This
would imply again that s ¢ Trop(SPF2, ). It thus follows that the inequalities
in (vi) must hold true.

(vii) Further still for 1 < i < j < n — 1, we consider the Pliicker relation:

Xl,..‘,ifl,i+1,j+1X1,...,i,] + Xl,..‘,ifl,j+1JX1w-,i’i+1 - Xl,...,ifl,i+13X1,...,i,j+1'

We again have from (iii) the equality s, , ,=55=35 , 15+58 77
Therefore if Sy icagr v S a7 > S 15 T S 5ET then the initial
form of the above Pliicker relation is the monomial Xl,.‘.,ifl,iﬂ,jﬁxl,..‘,iJ'
This then implies that s ¢ Trop(SPF2,). Inequalities in (vii) must therefore
be valid.

(viii) Finally, for 1 < i < n — 1 we consider the Pliicker relation:

Xl,...,iﬁxl,...,ifl,iJrl,H»l - Xl,...,ifl,i+1,€X1,...,i,i+1 + Xl,»--»i,H’le,...,z’fl,H»lﬁ'

By (iii) we have the equality s, ; ,7777=35, , 17+5; ;777 and by (iv)
we have the equality Sy i = 1. i1t LiTT Therefore if 231,4..,1‘—1,1‘471 >
S$1 ..i_17tS1. 71 then the initial form of the above Pliicker relation is the
monomial X, ;5X, .. 775. This means that s ¢ Trop(SPF2,), hence
inequalities in (viii) must hold true.
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The above argument shows that C5,, C Ca,,. The proof is then complete. g
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