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Fitting ideals of Jacobian groups of graphs

Takenori Kataoka

ABSTRACT The Jacobian group of a graph is a finite abelian group through which we can study
the graph in an algebraic way. When the graph is a finite abelian covering of another graph,
the Jacobian group is equipped with the action of the Galois group. In this paper, we study
the Fitting ideal of the Jacobian group as a module over the group ring. We also study the
corresponding question for infinite coverings. Additionally, this paper includes module-theoretic
approach to Iwasawa theory for graphs.

1. INTRODUCTION

For a (finite) graph X, let Jac(X) denote its Jacobian group, which is also known as
the sandpile group. It is known that Jac(X) is a finite abelian group. See §2 for basic
notions about graphs and their Jacobian groups.

Let Y/X be an abelian covering of connected graphs and I its Galois group. Then
the Jacobian group Jac(Y) is naturally equipped with a Z[I']-module structure, which
is the main theme of the present paper. More concretely, we focus on its Fitting ideal
(see §A.1 for the definition). The main result of this paper gives a complete description
of the Fitting ideal

Fittz[p]/(NF)(JaC(Y)/NrJaC(Y)).
Here, Nr denotes the norm element of I'. See §1.1 for the concrete statement. This
result can be regarded as an analogue of a result of Atsuta and the author [1] in
number theory, as explained in Remark 1.3 below.

We will also study infinite abelian coverings in a sense in §6. In this case, we
obtain a complete description of the Fitting ideal of the associated Jacobian group
itself, without dividing by the Jacobian group of the base graph.

The study of infinite coverings of graphs is morally an analogue of Iwasawa theory
in number theory. Recently such an analogue of Iwasawa theory for graphs is devel-
oped (e.g., Gonet [5] and a series of work of Vallieres including [14]). The present
work is directly inspired by this situation surrounding graph theory and Iwasawa
theory. Moreover, in §8, as a digression, we give concise proofs of the analogues of
the Iwasawa class number formula and of Kida’s formula. Those results are already
proved by others, but the author hopes that this makes Iwasawa theory for graphs
more accessible for those who are familiar with techniques in Iwasawa theory.
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1.1. MAIN RESULT FOR FINITE COVERINGS. Now we state the main result. Let Y/ X
be an abelian covering of connected graphs and T' its Galois group. In §2, we will
introduce an element Zy,x € Z[I'|, which is related to the (equivariant) Ihara zeta
function via the three-term determinant formula (see §5.3).

Let us take a decomposition

F'=A; x--- x A,

where A; is a cyclic group of order n; > 1 for each 1 < I < s. For each [, we fix a
generator o; of A; and define 7, v; € Z[A;] C Z[T'] by
n=o0—1 = 1—1—01—&—012—1—---4-0?"71.

Then v; is the norm element of A;. The norm element of I', defined by Np = Z’yEF v,
satisfies Ny = vy - - - vs. We also define an element D; € Z[A] by

D=0+ 2(712 —+ -4 (nl — 1)0’;”71.
The main result is the following. The proof will be given in §§3—4.
THEOREM 1.1. We have

Fittz[p]/(NF) (Jac(Y)/NpJac(Y))

J— S Dl
_Zy/XZ VL VL g v
=1

l

e es J1 s
+ Zyx (1/11 CVGSTY Tf

Ogelglufl>oa
ert-test it +fi=s-2)

Here the right hand side, which is literally an ideal of Z[T'], is regarded as an ideal of
Z[T']/(Nr) via the natural projection.

REMARK 1.2. In the theory of Euler systems in number theory, the element D is often
called the Kolyvagin derivative operator and plays an important role. It seems to be
interesting that this element is useful in computation that is not directly related to
the theory of Euler systems.

In Proposition 3.5, we will show an isomorphism Jac(X) ~ NrJac(Y). Therefore,
Theorem 1.1 can be viewed as a description of the Fitting ideal of Jac(Y")/Jac(X).
Unfortunately, determining Fittzr)(Jac(Y')) itself seems to be out of our reach.

REMARK 1.3. Theorem 1.1 can be regarded as an analogue of a result of Atsuta and
the author [1] on the Fitting ideal of class groups in number theory. Let us roughly
review the result. Let L/K be a finite abelian extension of number fields such that
K is totally real and L is a CM-field. We consider the T-ray class group Clg of L,
where T is an auxiliary finite set of finite primes of K. Then in [1], (assuming the
relevant equivariant Tamagawa number conjecture), we gave a complete description
of the Fitting ideal

Fittzjqai(z,/x)- (CI 7).

where the superscript (—)~ denotes the minus component with respect to the complex
conjugation. The plus component seems to be out of our reach. This is analogous to
the situation in Theorem 1.1.
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1.2. IDEA OF PROOF. In number theory, there are already a number of studies on
the Fitting ideals of arithmetic modules. In particular, in the field of Iwasawa the-
ory, the Fitting ideals of Iwasawa modules have been studied by Greither—-Kurihara
(e.g., [7], [8] with Tokio, etc.).

In [11], the author introduced the “shift theory” of Fitting ideals, which we will
review in §A.2. It is a useful technique to compute the Fitting ideals of arithmetic
modules. Roughly speaking, the technique has two steps:

(1) we study the arithmetic module and obtain a description of the Fitting ideal
using an explicit algebraic factor, and
(2) we compute the algebraic factor in a purely algebraic way.

The first applications of this theory in [11] were to Iwasawa theory, i.e., infinite exten-
sions of number fields. Then Atsuta and the author [1] made an application to class
groups of number fields as explained in Remark 1.3.

In this paper, we again employ the shift theory as the basic technique to prove both
Theorem 1.1 and the result for infinite coverings. Therefore, we follow the two steps
explained above. See Theorems 3.4 and 4.1 for the first and second steps, respectively.

The algebraic factor to be computed in Theorem 4.1 seems to be a new one as
discussed in Remark 1.2. Moreover, the proof of the formula is not easy, and it is
the most technical part in this paper. We employ a combinatoric method (using
graph theory), though the problem is purely algebraic. Note that Greither—-Kurihara—
Tokio [8] also applied graph theory to compute Fitting ideals.

On the other hand, the algebraic factor to be computed for the infinite covering
case does not seem to be very new. Indeed, it can be computed by using a formula
that has been obtained in [1]. However, a relatively minor issue is that in this paper
we deal with commutative rings that are not necessarily noetherian. Therefore, we
have to generalize the shift theory, which was developed only over noetherian rings

n [11]. This is explained in §A.2.

1.3. ORGANIZATION OF THIS PAPER. In §2, we introduce basic notions about graphs.
Then in §3, we reduce the proof of Theorem 1.1 to an algebraic problem. The algebraic
problem is solved in §4.

After preliminaries in §5 on voltage graphs and their derived graphs, in §6 we state
and prove the result for infinite coverings.

In §7, we observe the self-duality of the Jacobian groups, which is a contrast to
the analogue in number theory. In §8, we explain the module-theoretic approach to
Iwasawa theory for graphs. Both §§7 and 8 can be read independently. Finally in §A,
we review the definition of the Fitting ideals and the shift theory.

2. GRAPHS AND THEIR JACOBIAN GROUPS

In this section, we introduce basic notions about graphs and their Jacobian groups.
References are Corry—Perkinson [4, Chapters 1 and 2] and Baker—Norine [2, §1.3].
One can also consult recent papers of Vallieres such as Hammer—-Mattman—Sands—
Vallieres [9, §2] and Ray—Vallieres [17, §2].

In this paper, graphs are always assumed to be finite. We allow graphs to have
multi-edges and loops (so one may call them multigraphs). More precisely, we define
graphs as follows, using Serre’s formalism [18, Chapter I, §2.1].

DEFINITION 2.1. A graph X consists of a finite set Vx of vertices, a finite set Ex of
edges, an automorphism of Ex denoted by e — €, and two maps sx, tx from Ex to
Vx (often abbreviated to s = sx and t = tx ), satisfying the following:
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e For any e € Ex, we have € # e and e = e, that is, the automorphism e — €
s an involution of Ex without fized points.
e For any e € Ex, we have s(€) = t(e) and t(e) = s(e).

Each element e € Ex is regarded as an edge from s(e) to t(e), and € is regarded as
the inverse of e. Let us write Ex for the quotient set of Ex obtained by identifying e
and €. Then we have a canonical two-to-one map from Ex to Ex, so their cardinalities
satisfy #Ex = % -H#Ex.

For each v € Vx, we define

Ex. = {e € Ex | s(e) = v},
which is the set of edges that start from v.

This formalism involving Ex and the involution will be useful for introducing volt-
age graphs in §5. On the other hand, we can regard X as an undirected (multi-)graph
through the quotient set Ex. The notions that we will introduce in this section are
essentially defined for the associated undirected graph structure.

In this paper, for simplicity, we usually deal with connected graphs. Being con-
nected is not an essential assumption since the general case can be easily deduced.

In the rest of this section, let X be a connected graph.

DEFINITION 2.2. We define the divisor group Div(X) as the free Z-module on the
set Vx, namely,

Div(X) = & Zv].

veVx

Let us write

degy : Div(X) — Z
for the Z-homomorphism that sends [v] to 1 for any v € Vx. We define Div®(X) as
the kernel of degx .

We obviously have an exact sequence
(1) 0 — Div®(X) — Div(X) “5* z - 0.
DEFINITION 2.3. We define Z-homomorphisms
Lx,Ax,Dx : Div(X) — Div(X)

by
Ax(w) = Y e, Dx([v]) = (#Ex.)[]
e€Ex »
forv € Vx, and Lx = Dx — Ax. The presentation matrices of Lx, Ax, and Dx
(with respect to the basis {[v]}vevy ) are called the Laplacian matriz, the adjacency
matriz, and the degree matrix, respectively.

It is easy to see degy oLx = 0, that is, the image of Lx is contained in Div®(X).
Therefore, we can make the following definition.

DEFINITION 2.4. We define the Jacobian group Jac(X) and the Picard group Pic(X)
as the cokernels
Jac(X) = Cok(Lx : Div(X) — Div?(X))
and
Pic(X) = Cok(Lx : Div(X) — Div(X)).
Therefore, by (1), we have an exact sequence
2) 0 — Jac(X) — Pic(X) % 7z 0.
A fundamental property of the Jacobian group is the following.
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THEOREM 2.5 (Kirchhoff’s matrix tree theorem). The Jacobian group Jac(X) is a
finite Z-module. In fact, the cardinality of Jac(X) is equal to the number of spanning
trees of X.

Let us observe the following homological description of the Jacobian group.

LEMMA 2.6. Let vx : Z — Div(X) be the Z-homomorphism that sends 1 to »_ . [v].
Then the sequence

0 — Z 3 Div(X) %3 Div(X) “% Z - 0
is a complex that is acyclic except for the right Div(X), at which the homology group
is isomorphic to Jac(X).

Proof. We only have to check Im(cx) = Ker(Lx); the other assertions are clear. It is
easy to see that Lx oty = 0, that is, Im(tx) C Ker(Lx). Thanks to Theorem 2.5,
the Z-ranks of Im(:x) and Ker(Lx) are the same. Moreover, the definition of ¢x
implies that Im(tx) is a saturated submodule of Div(X) (i.e., the cokernel of ¢x is
Z-torsion-free). These observations imply Im(cx) = Ker(Lx). O

Now we quickly recall the notion of Galois coverings of connected graphs (see
Terras [19, Chapter 13] or [17, §2.1] for the details). A covering Y/X of connected
graphs means that we are given a covering map w : Y — X, which is surjective
and locally isomorphic. The degree of Y/X is defined as #(7w~!(v)) for any choice of
v € Vx. The Galois group T" of Y/X is defined as the automorphism group of Y that
respects the covering map. We say that a covering Y/X is Galois (or normal) if the
order #I" of T is equal to the degree of Y/X. We say Y/X is abelian if T is abelian.

DEFINITION 2.7. Let Y/X be a Galois covering of connected graphs with Galois
group T'. It is easy to see that Div(Y) is a free Z[T']-module and the endomorphism
Ly on Div(Y) is a Z[T']-homomorphism. In case T is abelian, we define

Zy/x = det(Ly | Div(Y)) € ZT].

By the definitions of Pic(Y') and of Fitting ideals, we have
(3) Fittyr (Pic(Y)) = (Zy)x)
when I is abelian. In §5.3, we will see a relation between Zy,x and the Ihara zeta
function.
3. REDUCTION TO AN ALGEBRAIC PROBLEM

In this section, we describe the Fitting ideal that is concerned in Theorem 1.1 by
using a shifted Fitting ideal of an explicit module.
We begin with an elementary lemma. Let ' be a finite group and write

R=1Z[), R=R/(Np),
where we set Ny = >_ v € Z[I'].
LEMMA 3.1. We have
Torf(R,Z) =0, R®QrZ=~17/(#)Z
Proof. We have an exact sequence of R-modules
0—+Z-5R—R—0,
where ¢ sends 1 to Np. Then the associated long exact sequence of Tor(—,Z) reads

0— Torf(R,Z) 5 ZQRrZ 3 RORrZ — ROrZ — 0.
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We have natural isomorphisms
ZOrZ~7, RRRRZ~17,

through which ¢, is identified with the multiplication by #I' on Z. Therefore, we
obtain the lemma. g

In the rest of this section, let Y/X be a Galois covering of connected graphs. We
write I' for its Galois group and use the same notation R and R as above.
The following is the key ingredient to prove Theorem 1.1.

PROPOSITION 3.2. We have an ezact sequence of finite R-modules
0 — R®gJac(Y) = R®g Pic(Y) — Z/(#1)Z — 0.
Proof. Let us consider the exact sequence (2) for Y instead of X. By taking
Tor®(R, —), we obtain an exact sequence
Tor®(R,Z) - R®g Jac(Y) - RQp Pic(Y) = RQR Z — 0.
By applying Lemma 3.1, we obtain the proposition. O
Let us study R ®g Pic(Y).

LEMMA 3.3. We have a short exact sequence

0— R@pDiv(Y) & R@g Div(Y) — R®g Pic(Y) — 0,
where Ly denotes the homomorphism induced by Ly .

Proof. By the definition of Pic(Y), the cokernel of Ly is isomorphic to R ® g Pic(Y),
which is finite by Theorem 2.5 and Proposition 3.2. Then the injectivity of Ly follows
since it is an endomorphism of a free Z-module of finite rank. O

We write Zy,x € R for the image of Zy;x € R. By applying the shift theory
(see §A.2), we obtain the following.

THEOREM 3.4. Suppose that Y/X is an abelian covering. Then we have
Fitt(R ®r Jac(Y)) = Zy x Fitt) (Z/ (#1)Z)
as ideals of R.

Proof. As in §A.2, let Px be the category of finite R-modules whose projective di-
mensions are < 1. By Lemma 3.3, we see that R ®g Pic(Y) is in Pg. Moreover, (3)
implies
Fitt(R ®r Pic(Y)) = (Zy,x).
Therefore, the theorem follows from the definition of Fitt%](—) and Proposition 3.2.
O

We will determine Fitt%] (Z/(#T)Z) in §4, which would complete the proof of
Theorem 1.1.

Before closing this section, we show a proposition that provides an interpretation
of R ®g Jac(Y). In the course of the proof, we reproduce the exact sequence in
Proposition 3.2.

PROPOSITION 3.5. We have a natural isomorphism
Jac(X) ~ NrpJac(Y),

S0

R®g Jac(Y) ~ Jac(Y)/Jac(X).
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Proof. We make use of Lemma 2.6 for both X and Y. Let us consider the following
diagram involving those complexes.

de
0 7 —~ Div(X) — = Div(X) % .7, 0
0 7 — Div(Y) — Div(Y) 0

degy

N

| i
0 —— R®g Div(Y) —= R®g Div(Y) ——= Z/(#I')Z — 0.
Ly
Here, the injective homomorphism Div(X) < Div(Y) is defined by sending [v] to
> wen—1(v)[W], where m 1Y — X is the covering map. Then the image of this homo-
morphism is NrDiv(Y"). The vertical sequences are all exact and the lower horizontal
sequence is the induced complex.
We regard this large diagram as a short exact sequence of complexes. Recall that

the kernel and the cokernel of £y are determined in Lemma 3.3. Then, taking the
homology groups, we obtain an exact sequence

0 — Jac(X) — Jac(Y) = R®g Pic(Y) — Z/(#I)Z — 0.

The construction of the embedding of Jac(X) into Jac(Y) shows that the image
coincides with NpJac(Y), as claimed. Moreover, this reproduces the exact sequence
in Proposition 3.2. g

4. ALGEBRAIC RESULT

Let T' be any finite abelian group. Set R = Z['] and R = Z[I']/(Nr). The goal of this
section is to determine the factor Fitt%] (Z/(#T')Z) that appeared in Theorem 3.4.

4.1. STATEMENT. First we state the result. As in §1.1, we fix a decomposition I' =
Ay X -+ X Ay into cyclic groups. For each 1 < I < s, we choose a generator o; of A;
and define n; = #4A; and elements 7,1, D; € Z[A;] by the same formulas. Clearly
we have 1 = 0. A key property of D is

(4) D =n; — v,

which can be proved by a direct computation. This property is also important in the
theory of Euler systems.
The result is the following.

THEOREM 4.1. We have

Fitt' (Z/(#1)Z) :Z (m SVIE % Ve Vs>

=1 !

_|_ <Vfl "'V:STifl ...7-‘-!5

0<e<1,/120,
ert-test+ it +fi=5-2)"

Then clearly Theorem 1.1 follows from Theorems 3.4 and 4.1. The rest of this
section is devoted to the proof of Theorem 4.1.

First we describe Fltt (Z/(#I‘) ) by using an (unshifted) Fitting ideal. Let
I'=XKer(Zl')| = Z)CR

be the augmentation ideal, which we can regard as an R-module.
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LEMMA 4.2. We have
Fitt) (Z/(#1)2) = (#1) ' Fittg(I/ R#T — Nr)).

Proof. By the tautological exact sequence 0 — I — R — Z — 0, we have an exact
sequence 0 = I — R — Z/(#I')Z — 0. Since #I" — Nr is in I and its image to R is
#I', we then obtain an exact sequence

0— I/R(#I — Nr) = R/(#I)R — Z/(#I)Z — 0.
By the definition of Fitt%](f), this implies the lemma. O

By Lemma 4.2, the proof of Theorem 4.1 is reduced to the following.
PropPOSITION 4.3. We have
Fittr(I/R(#I' — Nr))
(Vo) + 3D ( : Dl.mlmus>

n
=1 L

+ (#T) - (,,161 ...,,:sTlfl T§f

0<6l<17fl>07
ert-test it +fi=s-2)"

The proof of this proposition will be given in §4.3. Before that, we establish a key
technical proposition in §4.2.

4.2. KEY PROPOSITION. Let s > 0 be an integer and let Ry = Z[T},...,Ts| be the
polynomial ring in s indeterminates. Let us construct a free resolution of Z over R; by
using tensor products of complexes. This, or rather the more complicated construction
in §4.3 below, is inspired by [7] and is also used in [11], [1], etc.

For each 1 <1 < s, we have an exact sequence

0= Z[T)z, 2 Z[1)] = Z — 0.

Here, x; denotes an indeterminate, so Z[Tj|x; is a free Z[T;]-module of rank one, and
the map labeled T} sends x; to T;. The map Z[T;] — Z sends T; to 0.
Observe that Ry is the tensor product of Z[T}] over Z for 1 < I < s. Then by taking

the tensor product over Z of the complexes [Z[T;]|z; K Z|T]] for 1 < I < s, we obtain
an exact sequence
@ Rsﬂjl:l}l/ (3 @ RsIl g Rs Cg 7 — O7
1I<USs 1<I<s
where dy sends T; to 0 for any [, d; is determined by
di(z) =T,
for 1 <1< s, and dy is determined by
do(mizr) = =Tpa + Tizw

for 1 <1<’ < s (there are other choices of signs, but that does not matter).

We write Ng(T1,...,Ts) for the presentation matrix of ds with respect to the basis
{zizp | 1 <1<l < s}and xy,...,2s. Note that we do not determine the order of
the rows because it does not matter at all. Indeed, in the following we will sometimes
choose various orders of bases that are suitable for computation.

EXAMPLE 4.4. When s = 0 (resp. s = 1), by definition the source of ds is the zero
module, so ds = 0 and Ny() (resp. N1(7T1)) is the empty matrix. When s = 2, we have

NQ(Tl,Tg) = (_T2 Tl) .
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When s = 3, we have

=13 15
N3(Th,T5,Ts) = | =13 T
T, T,

Here, we use the order zox3, 123, x122 for the basis. When s = 4, we have

=15 T
—Ty T
-T. T
N4(T17T27T3;T4) = * _T3 T2 !
Ty s

~Ty T3
Here, we use the order xixo, x123, £124, ToX3, ToX4, 3x4 for the basis.

For a matrix H, which is identified with a homomorphism between free modules,
we have the associated ideal Fitt(H) defined as in Definition A.1.

The following formula plays a key role in the proof of Proposition 4.3. It is the
most technical result in this paper.

PRroOPOSITION 4.5. We have

N (1) ifs=0,
Fitt(( R ‘”)) =3 (B) ifs=1,
1 D ,
(i BITY) (T, ..., Ts)*™?  otherwise.
Here, By,...,Bs are indeterminates that have no relation with Ty,...,Ts, i.e., we

work over the polynomial ring Z[T,...,Ts, By,..., Bs].

The rest of this subsection is devoted to the proof of this proposition. The cases
s =0, s =1 are clear. Let us suppose s > 2.

Recall that the rows of N (T1,...,Ts) are labeled xjxy (1 <1 <1” < s). We also
attach a label y to the last row (31 . BS). For any subset

AC{$1I1/|1<1<ZI<S}H{1’I}

with #A4 = s, let N4 be the s x s submatrix that is constructed by picking up the
rows whose labels are in A. Then the left hand side in Proposition 4.5 is generated
by det(N_4) for all such A.

For such an A, let us construct an undirected simple graph G 4 that has s vertices
r1,...,Ts S0 that z;xp € A if and only if x; and z; are adjacent. Then the number
of the edges of G4 is either s — 1 or s; indeed, it is s — 1 if and only if y € A. This
construction gives a one-to-one correspondence between the set

{Ac{may |1<I<l <spO{y} | #A=s}
and the set
{ simple graph structures on the set of vertices {x1,...,2s} with s — 1 or s edges }.
We shall describe det(N4) by using information about the associated graph G 4.
CrAIM 4.6. We have det(N4) = 0 unless G 4 is a tree.
Proof. Suppose that G4 is not a tree. Since the number of the edges of G4 is at

least s — 1, this assumption is equivalent to that G 4 has a cycle. In other words, by

Algebraic Combinatorics, Vol. 7 #3 (2024) 605



T. KATAOKA

permutation of the indices, we may assume that {z1zq, 2223, ..., 2r_ 12, T2} C A
for some 3 < r < s. In this case, the matrix N 4 is of the form
Ty Ty
—T3 Ty

if we use the order
L1, L2y ooy Tpy Ky, k
of the vertices and the order
T1X2, 23y y Lp_1Tp, TypL1,y*k,. .., %

of the rows in A (x denotes unspecified things). It is easy to see that the r x r matrix
in the upper left has determinant 0. Therefore, the claim follows. g

By Claim 4.6, we only have to deal with the case where GG 4 is a tree. Note that
then the number of the edges of G4 is s — 1, ie., y € A. For each 1 < [ < s, let
deg 4(z;) = 1 be the degree of z; in the graph G 4. By definition, deg 4(z;) is the
number of vertices that are adjacent to z; in G 4.

CLAM 4.7. If G4 is a tree, then we have
=1

Proof. Let us write simply deg(—) instead of deg 4(—). First we show that the claim
follows from the following weaker claim: there exist signs €1, ...,es € {£1} such that

we have
S

det(Na) = (Z ﬁleTl> R

=1

Suppose that such a family {¢}; exists. By Claim 4.6, for any [ # I’, we know that
det(N4) vanishes if we set B; = Tjr, By = —T1}, and the other B’s to be zero. Therefore,
eTyT; + e (=T;)Ty = 0, which shows ¢ = e;. Thus we obtain e; = -+ = €, so the

full claim follows.
Let us show the weaker claim. By the cofactor expansion of det(N4) with respect
to the final row (labeled y), we have

det(N4) = Bidy,
=1

where 9; denotes the cofactor of B; (i.e., the determinant of the submatrix obtained
by eliminating the last row y and the I-th column). Here and henceforth, we ignore
the sign of §;, which does not matter for the weaker claim. Then it is enough to show

that, for any fixed [, the cofactor §; coincides with 7} - Tldeg(g”)_1 = -Tsdeg(w*")_1 up to
sign.
Fix [. Let us reorder the vertices z1,...,zs as follows. We regard x; as the root of

the tree G 4. Recall that then the depth of each vertex zj, denoted by depth(zy), is
defined as the length of the unique path from the root x; to z). (We set depth(z;) = 0.)
Now we reorder the vertices of the rooted graph G 4 as

LTo(1)s T (2)s s Ta(s)s
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where ¢ is a permutation of the set {1,2,...,s} such that
depth(l‘a(k)) < depth(l‘o(k_,_l))

for every 1 < k < s — 1. We necessarily have o(1) = [, but this ¢ is not unique in
general.

For each 2 < k < s, let 1 < k < s be the index such that To(k) 18 the parent of
Tg(k)- It is the unique vertex that is adjacent to x, () and whose depth is less than
that of x,(x). Note that we have 1 <k < k.

Now, to compute the cofactor §;, we use the order

Lg(2)y La(3) -1 La(s)

of the vertices and the order

Zo(2)Ta(2)) To(3)To(3): - - > Ta(s)Ta(s)

of the edges. Then, thanks to k& < k, the matrix whose determinant is §; is lower
triangular and we obtain

o =FTo@)To@) - Togs):

Since x4y is the parent of 25z, for each 1 < I’ < s, the exponent of the indeterminate
Ty in this product is equal to the number of the children of the vertex x; . If the vertex
2y is the root, i.e., if I’ = [, then the number of children is equal to deg(x;). Otherwise,
i.e., if I’ # [, the number of children is equal to deg(x; ) — 1. This completes the proof
of the claim. O

EXAMPLE 4.8. We illustrate the above proof by an example. Let s = 5 and consider
A = {2129, 173, T124, 275,y }, 50

-To Th
=13 Ty
Ny=| -1} Ty
—T5 15

By By Bs By Bs

In this case we have deg,(z1) = 3, degy(z2) = 2, and deg4(z3) = deg (xq) =
deg 4(w5) = 1.

To consider the cofactor §; of By, we regard x; as the root. Then depth(xs) =
depth(zs) = depth(z4) = 1 and depth(xs) = 2, so we use the order zy, x3, 24, x5 for
the vertices. We have 2 =1,3 =1,4 =1, 5 = 2, so we use the order xizs, x173,
T124, Toxs for the edges. Then we obtain

T
_ T
(51 = tdet Tl
T5 1>

= +T3T5.

Here and in the following examples, we omit writing + before the indeterminates since
we may ignore the signs.

Similarly, to consider ds, we use x1, x5, T3, x4 for the vertices and zizs, Tows,
123, 124 for the edges, and obtain

Ty
15
3 T
T} T

5o = +det = +T?T3.
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To consider d3, we use the orders x1, xo, T4, 5 and x123, T122, T124, Toxs and
obtain
T3
T, Th
T, T
5 T

63 = +det = 4T, Ts.

Now we return to the general case. By Claims 4.6 and 4.7, the Fitting ideal to be
computed in Proposition 4.5 is generated by

(Z BlTl> . TldegA(m)—l N -Tsdeg"‘(ws)_l,
=1

where G 4 varies all tree structures on the set of vertices {z1,...,zs}. Note that we

have
S

Z(degA(xl) -1 = ZdegA(xl) —s=2(s—1)—s=s—2.

=1 =1
It remains only to show that, conversely, the tuple (deg 4(x1) — 1,...,deg 4(xs) — 1)
can be any tuple whose sum is s — 2. This assertion follows from the following.

CLAIM 4.9. Let s > 2 and let f1, ..., fs be integers such that f; > 0 and f1+---+ fs =
s — 2. Then there exists a tree structure on the set of vertices x1,...,xs such that the
degree of x; equals f + 1 for all1 <1 < s.

Proof. We argue by the induction on s. When s = 2, we must have f; = f = 0, and
the unique tree structure satisfies the property. Suppose s > 3. By fi+-- -+ fs = s—2,
we have f; = 0 and f;r > 1 for some [ and I’, so we may assume that f;, = 0 and

f1 > 1. By the induction hypothesis, there exists a tree structure on x1,...,xs_1 such
that the degree of x; is fi; and the degree of z; is f; + 1 for 2 <1 < s — 1. Then we
obtain the desired graph by simply connecting x; and z. O

This completes the proof of Proposition 4.5.

4.3. PROOF OF PROPOSITION 4.3. In this subsection, we prove Proposition 4.3.

We first construct a free resolution of the augmentation ideal I C R = Z[I'] over R
in a similar way as in §4.2. Note that the idea is already used in previous work such
as [1].

For each 1 <1 < s, we have an exact sequence

ZIA? B Z[A )z B Z[A)] = Z — 0,

where x; denotes an indeterminate, the map v, sends xl2 to vyxy, 7 sends z; to 77, and
the map Z[A;] — Z is the augmentation map.

By taking the tensor product of the complexes [Z[Aj]z? 2% Z[A;]z; 5 Z[A]] over
Z., we obtain an exact sequence

DRZS @ Rowr 3ORnBRB7 0,
1=1 1<I<l<s 1=1
where dj is the augmentation map, d; is determined by
di(z)=7n (1<I<s),
and ds is determined by

{dz(ﬂf%) = 1@ (

do(zizy) = —mpay + ey (
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Therefore, the presentation matrix of ds is of the form

V1
MS(V17"'7V83713"'373) =
I/S
Ng(71,. .., Ts)

Here, Ng(71,...,7s) denotes the matrix obtained by setting 7; = 7; in the matrix
Ny (T, ...,Ts) constructed in §4.2.

We have constructed a presentation M (vq,...,vs,71,...,7s) of the Z[I']-module
I =ZXKer(dy : R — Z). Our next task is to construct a presentation of I/R(#I' — Nr).
For that purpose, we define elements by,--- ;b5 € R by

bp=vi-v1-Dy-ngr-ons
for 1 <1 < s. This is where the Kolyvagin derivative operators come into play.

LEMMA 4.10. We have .
> bim = #I' - Nr.
=1

Proof. By using the identity (4), we can compute

S S
E blTl:E vy v—r (g — 1) s Mggr e N
=1 =1

f— nl e nS J— 1/1 ... I/S
= #I" — Nr.
Thus we obtain the lemma. O

Then Lemma 4.10 implies that

dy (Z bm) = #T' — Nr,
=1

so I/R(#I' — Nr) has a presentation matrix

vy
Ms(vr,. oo Vs, T1y oy Ts) )
by --- by = Vs
Ng(71,...,Ts)
by - by

over R.
To compute the Fitting ideal of this matrix, we first observe

. Mg(V1y. oo Vs, Ty ey Ts
5) pieg( (Mo )
1 s

D DI S A}

: a
j=0ac{1,2,...,s} it s
#a=j

Here, a runs over the subsets of {1,2,...,s} with #a = j and define ay,...,as by
requiring
a={a,...,qa;}, {a1,...,as}=1{1,2,...,8}, a1 <---<aj, aj41<- - <as.

We can show (5) directly by using the identity v;7; = 0 (see [1, Proposition 4.7] for a
similar reasoning).
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Let us compute the right hand side of (5) by using Proposition 4.5. When j = s,
we have @ = {1,2,..., s}, so the term is

(6) vi---vs(1) = (Np).
When j = s — 1, we have {1,2,...,s} ~ a = {l} for some 1 < I < s, and then the

term is

D
(7) Vl...l/lfl.yl+1."ys.(bl):(#]‘—‘). <l/1..o1/l1.’rlll.1/l+1...ys).

Finally we consider 0 < j < s—2. For each a with #a = j, the term can be computed
as

(8) Vay *** Va, (baHlTaHl 4+ 4 baSTas) (Tajirs- > Ta,) 972

=Va, **Va,; (bayTay +* + ba,Ta,) (Tay, - -- 1Tan)* 72

=V, *+ Va, (#T — Np)(71,...,75)* 7772,
where the first equality follows from the identity 71y = 0; the second from
Lemma 4.10.

It is easy to see that the ideal generated by (6), (7), and (8) coincides with the
right hand side of the proposition (observe that, thanks to (6), the N in (8) can be
ignored). This completes the proof of Proposition 4.3.

This also completes the proof of Theorem 1.1.

5. VOLTAGE GRAPHS AND DERIVED GRAPHS

To formulate the setup for infinite coverings, it is convenient to use the notion of
voltage graphs and their derived graphs.

5.1. VOLTAGE GRAPHS AND DERIVED GRAPHS. See [5, §2.3], [14, §4], or [17, §2.3] for
more details.

DEFINITION 5.1. A wvoltage graph (X,T, «) consists of a graph X, a group T, and a
map o : Ex — T satisfying a(e) = ae)™! for any e € Ex. We do not assume that T’
is finite or abelian unless explicitly stated.

Let (X, T, «) be a voltage graph.

DEFINITION 5.2. Suppose that ' is finite. Then we construct a graph X (') (the map
a is implicit), called the derived graph of (X,T,a), by

Vx(p):FXVX, EX(F):FXE)(,

and

(v.e) = (v-ale),e), sxm((r1.e)) = (1,5x(€), txm((r,e)) = (v-ale),tx(e))
for any (v,e) €T x Ex.

The group I' naturally acts on the graph X (I') from the left. Moreover, X (T') is
a covering of X via the natural projection and the action of I' respects this covering
structure.

If X(T') is connected (so X is also connected), then X (I') is actually a Galois
covering of X whose Galois group is I'. Conversely, if we are given a Galois covering
Y/ X of connected graphs, then there exists a voltage graph structure (X, T', o) with T
the Galois group such that X (I") and Y are isomorphic as coverings of X . In a nutshell,
the notion of derived graphs covers the notion of Galois coverings of connected graphs.
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DEFINITION 5.3. We define Z[I']-homomorphisms
AX,F; ‘CX,F : Z[F] Rz DIV(X) — Z[F] Rz DIV(X)
by

Axr(lop) = Y ale)®[t(e)]

e€Ex .,
for any v € Vx and
Lxr=id® Dx —Axr,
where Dx : Div(X) — Div(X) is as in Definition 2.3. Note that when T is trivial,

these maps Axr and Lxr are naturally identified with the maps Ax and Lx in
Definition 2.3.

The following lemma is easily proved.

LEMMA 5.4. Suppose that T is finite. Then we have a commutative diagram of Z[T]-
modules

Z[T] @3 Div(X) =X% 7[T] @7 Div(X)

gl lz

Div(X(I)) T Div(X(T')),

where the vertical isomorphisms are defined by sending Yy [v] to [(v,v)]. In particular,
Pic(X(T")) is isomorphic to the cokernel of the homomorphism Lx p.

DEFINITION 5.5. Suppose that T is abelian. We define
Zxr = g[ert](ﬁx’[‘ | Z[F] ®z Div(X)) € Z[F].

Suppose that I' is finite and abelian and that X (I") is connected. Then Definition 2.7
gives us an element Zxry/x € Z[I']. Tt is related to the element Zx r simply by

ZxT)y/x = ZXr,
thanks to Lemma 5.4.

5.2. PROFINITE COVERINGS. In this subsection, we consider a voltage graph (X, T, «)
such that I is profinite.

For each open normal subgroup U of I', we have the voltage graph (X,I'/U,a,y),
where o,y is the composite map of a and the natural projection I' — T'/U. Therefore,
we have the associated derived graph X (I'/U), on which I'/U acts.

Even though X (T") is not defined unless T" is finite, let us write X (I") to mean the
family {X(T'/U)}y. Then X(T') can be regarded as an infinite covering of X. For
instance, suppose that I' is isomorphic to Z, = @n Z/p"Z as a topological group.
Then the open subgroups of T, written multiplicatively, are T?" for each n > 0. Thus
Xoo = X(T) is the collection of X,, = X(F/Fpn) for n > 0 in this case. This family is
illustrated as a tower of coverings

X:X()(—Xl(—XQ(—"’.

We call such an X, /X a Z,-covering. This is regarded as an analogue of Z,-extensions
of number fields in Iwasawa theory; see §8 for more on this theme.
For simplicity, in the rest of this subsection, we will always assume the following:

ASSUMPTION 5.6. For any open normal subgroup U of T', the derived graph X (T/U)
is connected.
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As we will review in the proof of the following lemma, we have an equivalent
condition for the derived graph to be connected, and that imposes a restriction to the
structure of I' as follows.

LEMMA 5.7. If Assumption 5.6 holds, then the group T is finitely generated as a profi-
nite group. Indeed, it is generated by #Ex —#Vx+1 elements (recall #Ex = %-#]EX).

Proof. Let 71(X,v9) denote the fundamental group of X with an arbitrarily fixed
base point vy € Vx. It is known that m (X, vg) is a free group on #Ex — #Vx + 1
elements. Moreover, the condition that the derived graph X (I'/U) is connected is
equivalent to that the group homomorphism 7 (X,v9) — I'/U induced by «a,y is
surjective (see [17, Theorem 2.11] for instance). This implies that Assumption 5.6 is
equivalent to that the image of the group homomorphism 71 (X, vg) — I is dense in
I'. Therefore, we obtain the lemma. O

In order to guarantee the exactness of inverse limits, we change the coefficient ring
from Z to a compact Z-algebra A that is flat over Z (i.e., torsion-free as a Z-module).
Fundamental examples of A include 7 and Z,, for a prime number p, where 7 (resp. Zp)
is the profinite (resp. pro-p) completion of Z.

DEFINITION 5.8. We define

Jaca (X (I)) = lim (A @z Jac(X(I'/U))),
U

where U runs over the open normal subgroups of I'. This is a module over the com-
pleted group ring
A[[T]] = im A[l'/U].
U

We also define Picy (X (T')) in the same way.
Let us observe several propositions about these Jacobian groups and Picard groups.
PROPOSITION 5.9. We have an exact sequence of A[[T']]-modules
0 — Jacy (X (T')) — Pica(X(I')) = A — 0.

Proof. For each open normal subgroup U of T', we have the exact sequence (2) for
X(T'/U). Then, as A is compact, by taking the limit (after base change from Z to A),
we obtain the claimed exact sequence. O

We define an ideal A of A by
rA =N : U]A,
U
where U runs over all open normal subgroups of I'. We often have rA = 0 (see
Remark 5.13).
Recall that we have the endomorphism Lx r on Z[I'] ®z Div(X) (Definition 5.3).

Let the same symbol denote the base change to A[[I']] ®7 Div(X). Also recall that
Zxr € Z|T') € A[[I']] is defined in Definition 5.5.

PROPOSITION 5.10. We have an exact sequence of A[[T']]-modules

X,r

0 = 1A — A[[[]] @2 Div(X) 5" A[[[]] @2 Div(X) — Pica (X (L)) — 0.
In particular, when T is abelian, we have

Fitt ) (Pica (X(T)) = (Zx.r).
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Proof. For each open normal subgroup U of I', we may apply Lemmas 2.6 and 5.4 for
X(T'/U). Since A is flat over Z, we obtain an exact sequence

0= A Y A[L/U] ®z Div(X) “XY AT /U] @z Div(X) — Pica (X (T/U)) — 0,

where ¢ x r/y denotes the A-homomorphism that sends 1 to Np,y ® (Evevx [U]) with
Nr,y the norm element. When we are given another open normal subgroup V' of I'
such that V' C U, the exact sequences satisfy the following commutative diagram

LX)V Lxr/v

0 ——= A—> A[l'/V] ®z Div(X) —> A[I'/V] ®z Div(X) —— Pica(X(I'/V)) ——=0

I

0— A YA /U) @2 Div(X) 2222 AP /U] @2 Div(X) —— Pica (X(T'/U)) — 0.
As A is compact, by taking the limit, we obtain the claimed exact sequence. O

COROLLARY 5.11. Let T be a closed normal subgroup of I' and consider the induced
voltage graph (X,T'/T", /), where ar: denotes the composition of a and the pro-
jection map T' — T'/T". Then we have an isomorphism of A[[T/T"]]-modules

Picy (X (T))rr =~ Picy (X (T'/T)).

Proof. This follows immediately by comparing the exact sequences obtained by Propo-
sition 5.10 applied to the voltage graphs (X,T', ) and (X,T'/IV, o). O

Recall that a module over a commutative ring is said to be torsion if any element
is annihilated by a non-zero-divisor. By Proposition 5.10, taking Lemma A.3 into
account, we immediately obtain the following.

COROLLARY 5.12. The following are equivalent.
(i) We have rA = 0.
(ii) The endomorphism Lx 1 on A[[I']] ®z Div(X) is injective.
(i) The element Zx 1 of A[[T]] is a non-zero-divisor.
(iv) The A[[T]]-module Pica (X (T)) is torsion.

REMARK 5.13. In §6, we basically consider the case where the equivalent conditions
in Corollary 5.12 hold. For instance, when A = 7, we have rA = 0 if and only if the
order of T" is divisible by any positive integers. Here, in general, we say that the order
of a profinite group I is divisible by a positive integer n if there exists an open normal
subgroup U C I' such that n | [I" : U]. Similarly, when A = Z,, we have rA = 0 if and
only if the order of I" is divisible by any p-power (i.e., divisible by p®).

Now let us mention that we can apply our observations so far to naturally reprove
the analogue of the Iwasawa main conjecture for multiple Z,-coverings that is shown
by Kleine-Miiller [13], as follows.

THEOREM b5.14 (Kleine-Miiller [13, Theorem 5.2 and Remark 5.3]). Let us assume
that A = Z, and I' is isomorphic to Zg for some d > 1. Then the characteristic ideal
of Jacz, (X (') is described as
(Zxr) ifd> 2,
cha; Jacz (X (1)) = ’
t7, ey (Jacz, (X(D)) { T A

where I(T") denotes the augmentation ideal of Z,|[I']].

Proof. The coefficient ring Z,,[[I']] is known to be isomorphic to the ring of power series
in d indeterminates Z,[[Th,...,Ty]]. In particular, Z,[[I']] is a regular local ring, so
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we have the notion of characteristic ideals charz i) (M) for finitely generated torsion
modules M.

By Corollary 5.12, together with Remark 5.13, the Z,[[I']]-module Picz, (X(I")) is
torsion. Since the characteristic ideals satisfy the multiplicativity for exact sequences,
Proposition 5.9 implies

Chaer[[F]} (PiCZP (X(F))) = chaer[[pH (Zp) . charzp[[p]] (Jaczp (X(F)))

We have charg r)(Z,) = (1) if d > 2 (since Z, is a pseudo-null module) and
charz, ) (Z,) = I(T') if d = 1. Moreover, Proposition 5.10 implies

Charzp[[p]] (PiCZp (X(F))) = (ZX,F)~

Thus we obtain the theorem. O

REMARK 5.15. In §6, we will compute the Fitting ideals rather than the characteristic
ideals. Compared to the characteristic ideals, the notion of Fitting ideals has roughly
two advantages. One is that Fitting ideals are defined over any commutative rings.
The other is that, even when the coefficient ring is a regular local ring, Fitting ideals
are more refined than characteristic ideals; indeed, the Fitting ideal determines the
characteristic ideal. Therefore, the main result in §6 (stated as Theorems 6.1 and 6.2)
is a refinement of Theorem 5.14.

5.3. RELATION WITH IHARA ZETA FUNCTIONS. In this subsection, we briefly explain
the analytic aspect of Jacobian groups. As illustrated in Theorem 5.14 for instance,
the structure of the Jacobian group is closely related to the element Zx . The purpose
of this subsection is to explain that Zx 1 has an interpretation using the (equivariant)
Thara zeta function. This fact may be regarded as an analogue of the conjectural rela-
tions between algebraic aspects and analytic aspects for various arithmetic objects in
number theory (e.g., the Iwasawa main conjecture, the equivariant Tamagawa number
conjecture, etc.). The results in this subsection are not used in the other parts of this
paper. A nice reference is Terras [19].

Let (X, T, «) be a voltage graph such that I' is abelian. First we define the associ-
ated zeta function (see [19, Chapters 2 and 18]).

DEFINITION 5.16. We define the (equivariant) IThara zeta function by
Cer(u) =[]0 = a(P)u™) ™" e Z[I[[u]],
[P]

where P runs over primitive paths in X, [P] denotes the rotation class of P, and v(P)
denotes the length of P. When the path P consists of edges eq, ..., e, (e; € BEx with
n=v(P)), we define a(P) = aler) - alen).

Let us define
ZX,I‘(U) = g[(—i;t](l — AX,I‘U + (Dx — 1)u2 | Z]T'] @7z Div(X)) € Z[I[u].

By definition we have Zx (1) = Zx . The result is the following.

THEOREM 5.17 (Three-term determinant formula). We have
Cxor(u)™! = (1 = u)#Ex=#Vx 7 1 (u).

In particular, (x r(u) is a rational function.

Proof. In case T' is trivial, the theorem is [19, Theorem 2.5]. More generally, the
three-term determinant formula for Artin—Thara L-functions is proved in [19, Theo-
rem 18.15]. We can prove our theorem by imitating those proofs. Alternatively, it is
possible to deduce our theorem from the formula for Artin—Thara L-functions. Indeed,
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the general statement can be reduced to the case where I is finite and X (I") is con-
nected. In that case, the statement follows by combining the formula for Artin—Ihara
L-functions for all the characters of I'. We omit the details. O

6. RESULTS FOR PROFINITE COVERINGS

Let (X,T,«) be a voltage graph such that I' is profinite and abelian. We always
suppose Assumption 5.6, so Lemma 5.7 implies I is finitely generated.
Let A be a compact flat Z-algebra. In this section, we aim at determining

FittA[[FH (JaCA (X(F))),

assuming the equivalent conditions in Corollary 5.12.
For simplicity, in what follows we assume that A = Z,, with p a fixed prime number.
This is the case of the most interest. Then the case where A = 7 would also be
completed because we have Z = Hp Zyp. Recall that, as we observed in Remark 5.13,

the equivalent conditions in Corollary 5.12 for A = Z, says that the order of I' is
divisible by p*°.

6.1. STATEMENT. First we reduce the question to an algebraic problem.
THEOREM 6.1. Suppose that the order of T is divisible by p>. Then we have
Fittz, (r) (Jacz, (X () = Zx rFitty ) (Zy)-

Proof. By the assumption, Proposition 5.10 implies that Picz, (X (I')) is in the cate-
gory Pz i) defined in §A.2 and moreover its Fitting ideal is (Zx r). Since I' is finitely
generated, it is not hard to show that the Z,[[I']]-module Z, is finitely presented by

constructing an explicit resolution as in §6.2 below. Therefore, Fitt[Zli[[F”(Zp) is well-
defined. Moreover, by Proposition 5.9, we see that Jacz, (X (I')) is finitely generated

and at the same time the theorem follows from the definition of Fitt[Z1 ][[FH(_)' O
Now we are led to computation of Fitt[Z1 ][[F” (Z,). The argument in the rest of this
section is valid for any finitely generated profinite abelian group I' whose order is
divisible by p*°.
Since T is finitely generated, we can decompose I' as

F=A; x-- - X Ag xTgqq1 X -+ X Tgqpq1,

where A; (1 <1 < s) is a procyclic group whose order is not divisible by p> and T
(s+1< 1< s+t+1)isa procyclic group whose order is divisible by p>. Note that
then the integer ¢ + 1 is equal to the Z,-rank of the pro-p completion of I', so by the
assumption we have t > 0. This decomposition is not unique in general.

For 1 < I < s, let 0; be a (topological) generator of A; and put 7, = o7 — 1.
Similarly, for s +1 <1 < s+t + 1, let g; be a generator of I'; and put T; = o7 — 1.

Let 1 <1 < s. We also fix an open subgroup U; C A; such that the order of Uj is
not divisible by p. Put n; = [A; : U;]. For each open subgroup U of U, put

1

=—-=N, € Zy|A1/U].

o = g Nauvw p[A1/U]

Then v,y is compatible if we vary U, so the family defines an element
v = (v € Lp[[Ad].

This element satisfies l/l2 = nyv; and ;v = 0 since each v iy satisfies these properties.
Note that though n; and v; depend on the choice of Uj, they are well-defined up to Z,; .
The following is the main result.
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THEOREM 6.2. The fractional ideal Fittl” (Z,) is equal to

Zp|[T]]
0<e <L, fi 20, )

-1 el .. es 1. fs fot1
(T Vs)+<V1 Vs Ti Toa er - tes+fit o+ fop=s—1

ift =0 and

er . esf1 . fs Js1 | pfeter 0 1, fi
(1/1 Vs* Ty oo T et best it o =st—1

ift>1

6.2. PROOF OF THEOREM 6.2. First we recall a result of Atsuta and the author [1]
that plays a key role in the proof.

PROPOSITION 6.3 ([1, Proposition 4.8]). Let s > 0 be an integer. Let us consider the

matriz Ng(T1,...,Ts) constructed in §4.2 whose components are in the polynomial
ring Z[T1, ..., Ts]. For each i > 0, the i-th Fitting ideal of the matriz is described as
(1) ifi>s,
Fitt;(Ns(T1,...,Ts)) =<0 ifs>1andi=0,
( Tt if1<i<
Put

=Ay X X Ag X Tgq1 X oo X Ty,

so'=T%xTs ;41. Let us begin with constructing a free resolution of Z,, over Z,[[I"’]]
in a similar way as in §§4.2-4.3. Observe that we have an exact sequences

Zp[[Al2f 2 Zp[[A]wr = Zy[[A] = Zp — 0
for1 <l <sand
0= Zy[[Ti)]er B Z,[[T)]] = Z, — 0

for s+ 1 < I < s+ t. Then, by taking the tensor product of complexes, we obtain an
exact sequence

liél Z,[[M))z} @ Lo 5 TNy B Sézz [Tz & Z,[[1°) 8 Z, — o,

where dj is the augmentation map, d; is determined by

d( ) TI lf]. < S,
xr =
L T, 1fs+1<l\s+t,

and ds is determined by
do(z?) = (1 <1< s)
and
—mpxy +nxy f1<Ii< <
do(zzy) = ¢ ~Tpxy +mzp if1 <1< s<3+1 <U <s+t,
~Tpx;+ Ty ifs+1<l<l <s+t.

Therefore, the presentation matrix of ds is of the form
"
Msyt(Vl,...71/5,7'1,...,TS7TS+1,...,T5+,§) =
VS
NSth(Tl, ey TS,TS+1, e 7Ts+t)
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Now observe that Zp[[I°]] is in Pz ry) and Fitty, ) (Zp[[L°]]) = (Tste41). Since we
have an exact sequence
0 — Cok(ds) B 7Z,[[I°)] & 7z, — 0,
we obtain
Fitth ) (Zp) = Toy 41 Fittz, oy (Cok(da))

Ms,t(Vlw~~,Vsale~~;TsaTs+17~'~7Ts+t)

) Tott+1
=T +t+1 Fitt( . )

S

Tsti41
s+t
1
ZTZ+t+1Fltt st(V1y oy Vs, Tty ooy Tos Tot1s oo, Tsgr))-

For each 0 < i < s+ t, by an analogous consideration as (5), we have

9)

Fitti(Msﬂg(l/l, ey Vs T1ye e ,TS,TS+1, N 7Ts+t))
min{s,s+t—i}

= Z Z Val"'VajFitti(Ns+t—j(Taj+1a---aTasaTs-&-la-“aTs—i-t))-
3=0 ac{1,2,..,s}
#a=j

Here, we use the same notation as (5). Let us compute the right hand side of (9) by
using Proposition 6.3.

First we consider ¢ = 0. Then by Proposition 6.3, only j = s+t contributes to the
sum, which is possible only when ¢ = 0. Therefore, the right hand side of (9) vanishes
unless ¢ = 0. If ¢ = 0, the right hand side equals (v - - - vs) (the term for j = s and
a=1{12,....5}).

Suppose 1 < i < s+t. Then Proposition 6.3 tells us that the right hand side of (9)
is equal to

min{s,s+t—i}

s+t—i—j
5 g Va1"'Vaj(Taj+17'"7Tas,Ts+17"'7Ts+t) ’
J=0 ac{1,2,..,s}
#a=j

min{s,s+t—i}

_ i
- Z Z Val"'Vaj(7-17~--aTsst-‘rla-“aTs-‘rt)s v

7=0 aC{1,2,...,s}
#a=j

0<ea<Ll,fi=0
ctest it fop=stt—i)

+
Therefore, taking the summation for 1 < i < s + ¢ gives

el es - f1 fq fs+1 fs+t
(1/1 B Ts+1 . Tert

s+t
§ : 1
T;+t+1Fltt St(l/h...,l/S,Tl,...,TS,TS+1,...,TS+25)) =

0<e <1, £ >0, >

er . es f1 . f for1 | pfetita
<u1 Vet Ty Toh - Toi er+dest it fopp=s+t—1
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By combining these formulas, we obtain Theorem 6.2.

6.3. ESSENTIALLY FINITE CASE. Let (X, T', @) be a voltage graph such that I" is profi-
nite abelian and we suppose Assumption 5.6. Let us fix a prime number p

In this section so far, we studied the case where the order of I' is divisible by p*.
In case the order of T' is not divisible by p> (but possibly infinite), we can obtain the
following results, which are profinite generalizations of the results in §§3-4. We state
the results without proof because it is essentially the same as in §§3-4.

Let us construct a decomposition

F'=A; x-- x A,

where A, is a procyclic group (whose order is necessarily not divisible by p™). We
fix an open subgroup U; C A; such that the order of U; is not divisible by p. Then
we introduce 7; € Z,[A], a positive integer n;, and v; € Z,[[A]] in the same way as
in §6.1. We then define vp = vy - - € Z,[[T])].

Then, as an analogue of Theorem 3.4, we have

. [
Fittz, (1)) (Jacz, (X (D) v Jacs, (X () = Zx 0Fitts) o) 0 (Zp/ (01 15)Zp).
Moreover, as an analogue of Theorem 4.1, we have

. 1
Fittl ) (e (Zo/ (1 -~ 105 Zy)

S

D
= I/la.oyl_lninljl_i_l...ljs
Z n

=1 L

< <1 >
—’—(yfl...ysﬁfrlfl.../]—éfs O\el\ 7fl/07 )

e1 o dest fitt fy=5-2
Here, D, € Zy[[A;]] is any element such that (4) holds.

7. SELF-DUALITY OF JACOBIAN GROUPS

The prerequisite for this section is §2. In this section, we observe a self-duality property
of the Jacobian groups. This is in contrast to the corresponding story in number theory
as discussed in Remark 7.3 below.

First we fix our convention about duals. For a finite Z-module M, we define its Pon-
tryagin dual by MY = Homgz(M,Q/Z). Note that we have an alternative description
MY = Ext}(M,Z). For a finitely generated Z-module M, we also define its Z-linear
dual by M* = Homz(M,Z). Both (—)Y and (—)* are contravariant functors.

If we have a left (resp. right) action of a group I' on such an M, we introduce a
right (resp. left) action of T" on MY or M* by

(¢7)(x) = ¢p(yz) (resp. (v9)(z) = d(x7))
fory e, ¢ € MV or € M*, and = € M. Let ¢ be the involution on I' defined
by t(y) = v~ If M is a left (resp. right) I-module, we define a right (resp. left)
I-module M* by M* = M as an additive module and the group action is defined by
2y =71z (resp. yz = 2y~ ') for y €T and z € M.

Now let Y be a connected graph equipped with a left action of a group I'. Since
the set of vertices {[w]}yevs is a Z-basis of Div(Y), we can construct the dual basis
{pw }wevy of Div(Y)*. Namely, ¢y, is the homomorphism characterized by ¢,,([w]) = 1
and ¢, ([w']) = 0 for any w’ # w. It is easy to check that ¢.,, = ¢,y for any w € Vy
and v € . Therefore, we have a Z-isomorphism of left Z[I']-modules

(10) Div(Y) ~ Div(Y)**
by sending [w] to ¢y,.
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Now let us consider the following commutative diagram

degy

(11) 0 Z—" > Div(Y) —2 = Div(Y) Z 0

I

0 ——2Z** —— Div(Y)"* —— Div(Y)** —— Z** —— 0.
gy Y by

Here, the upper sequence is the complex constructed in Lemma 2.6, and the lower
is the Z-linear dual of the upper. The middle two vertical isomorphisms are (10).
The left and right vertical isomorphisms are the natural ones. It is straightforward to
prove that this diagram is commutative.

LEMMA 7.1. The lower complez in (11) is acyclic except for the right Div(Y)**, where
the homology group is isomorphic to Jac(Y)V+*.

Proof. By Lemma 2.6, the upper complex is quasi-isomorphic to the finite module
Jac(Y) (located at the appropriate degree). Therefore, its Z-linear dual is quasi-
isomorphic to Exty(Jac(Y),Z) ~ Jac(Y)V. This proves the assertion. In a more el-
ementary way, it is possible to deduce the assertion by splitting the upper complex
to three short exact sequences and then taking their Z-linear duals (we omit the
details). O

Now we obtain the following.
PROPOSITION 7.2. We have a natural isomorphism
Jac(Y) =~ Jac(Y)V*
as left Z[T'|-modules.

Proof. This follows immediately from Lemma 7.1. g

REMARK 7.3. Proposition 7.2 implies
Fittzr (Jac(Y)") = ¢ (Fittzr (Jac(Y)))

as long as I' is commutative. This phenomenon is in contrast to the situation in
number theory. As revealed in [1] (see Remark 1.3), the Fitting ideal of C1} ™ is much
more complicated than that of Clz’_’v.

8. IWASAWA THEORY FOR GRAPHS FROM A MODULE-THEORETIC VIEWPOINT

The prerequisite for this section is §§2 and 5.

In this section, we discuss Iwasawa theory for graphs. In §8.1 (resp. §8.2), we give
a short proof of an analogue of the Iwasawa class number formula (resp. of Kida’s
formula) for graphs. The results are not new and indeed already obtained by others;
the Iwasawa class number formula is proved independently by Gonet [5] and McGown-—
Vallieres [14], and Kida’s formula is proved by Ray—Vallieres [17]. However, the proofs
in this paper are different from the previous ones to some extent. OQur observation is
that those results directly follow from rather general module-theoretic propositions.
An advantage of this is, for instance, that we can avoid separate discussion on the
case where the Euler characteristic of the base graph is zero as in the previous works.
The author thinks that this method is more concise and so it is worth publishing.
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8.1. IWASAWA CLASS NUMBER FORMULA FOR GRAPHS. Let us briefly review the orig-
inal Iwasawa class number formula, proved by Iwasawa [10, Theorem 11]. Let Ko /K
be a Z,-extension of number fields. This means that K.,/K is a Galois extension
whose Galois group I is isomorphic to Z,,. For each n > 0, let K, be the intermediate
field corresponding to I'?" C I'. Then K,,/K is a Galois extension whose Galois group
is I'/TP" ~ Z/p"7Z and we obtain a tower of number fields

K=KyCKiCKyC---.

Now the Iwasawa class number formula states that there exist integers A > 0, p > 0,
and v such that

ord, (#CUK,)) = An+ up" + v
for n > 0. Here, C1(K,,) denotes the ideal class group of K, and ord, denotes the
additive p-adic valuation normalized so that ord,(p) = 1.

The proof of this formula is explained in Washington [20, §13.3]. In general, as-
sociated to a finitely generated torsion Z,[[I']|-module M are integers A(M) > 0,
(M) = 0 that are respectively called the -, y-invariants of M. The integers A, u in
the Iwasawa class number formula are exactly the A-, u-invariants of the associated
Iwasawa module.

The invariants A(M), u(M) are defined using the structure theorem for mod-
ules over Z,[[I']]. We do not review the details in this paper (see, e.g., [20, §13.2]
or [15, (5.1.10)] for the structure theorem and [15, (5.3.9)] for the definitions of A-,
p-invariants). Let us just recall that we have pu(M) = 0 if and only if M is finitely
generated over Z,, in which case A(M) is equal to the Z,-rank of M.

Now we consider the analogue for graphs. Let (X,T,a) be a voltage graph such
that I' is isomorphic to Z,. We suppose Assumption 5.6. Then, as introduced in §5.2,
we have a Z,-covering X, = X(I') of X. For each n > 0, we put X,, = X (I'/T?"),
which is called the n-th layer of X /X.

THEOREM 8.1 (Gonet [5, Theorem 1.1}, McGown—Vallieres [14, Theorem 6.1]). There
exist integers
A=AXo/X) 20, p=pXx/X)20, v=v(Xx/X)
such that we have
ordy(#Jac(X,)) = An+ pup™ +v
for n > 0. Moreover, we have
MXoo/X) = AJacz, (X)) = AMPicz, (X)) — 1
and
W Xoo/X) = p(Jacz, (X)) = p(Picz, (X))

To prove this theorem, we apply the following algebraic proposition.

PROPOSITION 8.2. Let I' be a profinite group that is isomorphic to Z,. Let M be a
finitely generated torsion Z,|[L'|]-module. Then there exist integers A 2 0, u > 0, and
v such that

ordy (#(Mpon [p™])) = An + up" +v
for n > 0. Here, Mpyn denotes the coinvariant module and (—)[p>] denotes the
p-power torsion submodule. Indeed, the integers X\ and p are determined as

A=AM) - max rankz, (Mrppn ), w= p(M).

Proof. See Greenberg [6, item (4) in page 79]. A key ingredient is the structure theo-
rem for modules over Z,[[T']]. O
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Proof of Theorem 8.1. Let us observe the following;:
e For any n > 0, we have rankg (Picz, (X,)) = 1 and Jacz, (X,) =
Picz, (X,)[p>] by (2) and Theorem 2.5.
e For any n > 0, we have Picz, (X,) ~ Picz, (Xoo)prs» by Corollary 5.11.
e Picy, (Xo) is a finitely generated torsion Z,[[I']]-module by Corollary 5.12.
Then, applying Proposition 8.2 to M = Picz,(Xw ), we find integers A > 0, u > 0,
and v such that ord,(#Jac(X,)) = An + up™ + v for n > 0. Moreover, we have

A = A(Picz, (X)) — max rankz, (Picz, (Xoo)rem)

and p = p(Picz, (X )). Since we have
rankz, (Picz,(Xo)rer ) = rankz, (Picz,(X,)) =1

for any n > 0, we obtain A = A(Picz, (X)) — 1. Then Proposition 5.9 implies that
these integers A, p1 coincide respectively with the A-, pu-invariants of Jacz, (X ). This
completes the proof. O

REMARK 8.3. By Proposition 5.10, the characteristic ideal of Picz, (X ) is equal to
(Zx ). Therefore, the invariants A and g in Theorem 8.1 are determined by Zx r.
Note that, as we observed in §5.3, the three-term determinant formula provides an
analytic interpretation of the element Zx r.

8.2. KIDA’S FORMULA FOR GRAPHS. Let us go on to Kida’s formula for graphs. We
do not review the original Kida’s formula for ideal class groups, proved by Kida [12],
and instead refer to [17] for the literatures.

Let T" be a profinite group that is decomposed as

[ =GxT,
where G is a finite p-group (that is not necessarily abelian) and I' is isomorphic to
Z,. Let (X, I:, a) be a voltage graph. We suppose Assumption 5.6 for (X, T, a).

Now (X,T', ) induces a voltage graph (X,I',a/g), where o, is the composite
map of « and the natural projection I — I. Therefore, we obtain a Z,-covering
Xoo = X(T') of X and can consider its A-, p-invariants A(Xoo/X), u(Xoo/X) as in
Theorem 8.1.

On the other hand, as discussed in [17, §3], we also obtain a Z,-covering
Xoo = X(I') of X = X(G). Therefore, we also have the A-, py-invariants (X /X),
(X oo/ X).

This situation should be roughly regarded as a G-covering of Z,-coverings. Indeed,
the graph X is a G-covering of X, and more generally the n-th layer of X, /X is a
G-covering of the n-th layer of X, /X. Conversely, any G-covering of Z,-coverings of
connected graphs in this sense can be constructed in this way (see [17, §3] for more
precise discussion).

Now we state the analogue of Kida’s formula.

THEOREM 8.4 (Ray-Valliéres [17, Theorem 4.1]). We have u(Xo0/X) = 0 if and only
if W(Xoo/X) =0. If these equivalent conditions hold, we have

MXoo/X) +1=#G - (MXoo/X) +1).
To prove this theorem, we use the following key algebraic proposition.

PROPOSITION 8.5. Let G be a finite p-group. The following hold.

(1) A Z,[G)-module M is finitely generated over Z,, if and only if so is the coin-
variant module Mg.
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(2) Let I = GxT withT isomorphic to Z,. Let M a finitely generated tor-

sion Zp[[T]]-module whose projective dimension over Zy[[T]] is < 1. Suppose
moreover that the equivalent conditions in (1) hold. Then we have

rankz, (M) = #G - rankz, (Mg).

Proof. (1) The “only if” part is clear. The “if” part follows from Nakayama’s lemma
since Z,[G] is a local ring.

(2) Let us show that the assumptions imply that M is a free Z,[G]-module of finite
rank. Then the assertion would follow immediately.

It is well-known that pdy [ry(M) < 1 is equivalent to that M has no nonzero
finite Z,[[[']]-submodules (e.g., [15, (5.3.19)]). Then being finitely generated over Z,
implies that M is a free Z,-module of finite rank. On the other hand, the finiteness of
pdz, (6] (M) implies that M is G-cohomologically trivial. These observations show
that M is a free Z,[G]-module of finite rank (e.g., [15, (5.2.21)]), as claimed. O

Proof of Theorem 8.4. Recall that Proposition 5.10 and Corollary 5.12 show that
Picz, (X ) is a finitely generated torsion Z,[[I']]-module whose projective dimension
is < 1. We also have Picz, (X ) ~ Picz, (Xoo)@ by Corollary 5.11. Therefore, we can
apply Proposition 8.5(1)(2) to Picz, (X ). As a result, we have u(Picz, (Xoo)) = 0 if
and only if p(Picz, (X)) = 0 and, if these equivalent conditions hold, we have

A(Picz, (Xoo)) = #G - A(Picz, (X))

Since we have A(X/X) = A(Picz, (X)) — 1 and u(Xoo/X) = p(Picz, (X)), and
similarly for Xoo / X , this proves Theorem 8.4. O

APPENDIX A. NOTES ON FITTING IDEALS

In this section, we briefly review the definition of Fitting ideals and the shift theory
introduced in [11].

Let R be a commutative ring. Note that we do not assume R is noetherian. This is
because the coefficient rings arising from the arithmetic in this paper are not noether-
ian in general (e.g., Z[[Z]]). In [11], the author developed the shift theory only over
noetherian rings. In this section, we observe that the argument can be generalized to
non-noetherian rings by imposing appropriate finiteness properties on modules.

A.1. FirTING IDEALS. We recall the definition of Fitting ideals. See, e.g., North-
cott [16, §3.1].

DEFINITION A.1. Let I be a finite set and J a (not necessarily finite) set. Let
h:R®7 — R®!

be an R-homomorphism, where R®T, R®J denote the free modules on the set I, J
respectively.

We define the (initial) Fitting ideal Fitt(h) = Fittg(h) as follows. For each subset
J' C J with #J' = #I, we write

hJ/ : R@J/ — RGBI

for the restriction of h. Let det(hy/) be the determinant of hy with respect to any
choice of bases; inevitably this determinant has ambiguity up to R*, but this does not
matter. Then Fittg(h) is defined as the ideal of R generated by det(h ;) for all J' C J
with #J' = #I. Note that if #J < #I, we have Fittg(h) = 0 as there is not such
alJ'.
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More generally, for an integer i > 0, the i-th Fitting ideal Fitt;(h) = Fitt; g(h) s
defined as follows. For subsets I' C I and J' C J with #1I' = #J’, we write

hJ',I' : R@J, — RGBII
for the map induced by h. If i < #I, we define Fitt; g(h) as the ideal of R generated

by det(hyr ) for all J' C J, I' C I with #J' = #I' = #I —i. If i > #I, we set
Fitti7R(h) = R.

DEFINITION A.2. Let M be a finitely generated R-module. We define Fittgr(M) and
Fitt; (M) (i > 0) respectively as Fittg(h) and Fitt; g(h), where h is a homomor-
phism as in Definition A.1 such that the cokernel of h is isomorphic to M. It is known
that this definition is independent from the choice of h.

A.2. SHIFTS OF FITTING IDEALS. We write Frac(R) for the total ring of fractions
of R. An R-module M is said to be torsion if any element is annihilated by a non-
zero-divisor of R; equivalently if Frac(R) @ g M = 0.

LEMMA A.3. Let F be a free R-module of finite rank and h : F — F be an endomor-
phism. Then the following are equivalent.
(i) The map h is injective.
(ii) The determinant det(h) € R is a non-zero-divisor.
(iii) The cokernel Cok(h) is a torsion R-module.

Proof. The fact (i) < (ii) is shown in [3, Chapter III, §8, Proposition 3, p. 524]. Since
Cok(h) is annihilated by det(h), we have (ii) = (iii). If (iii) holds, the base change of
h from R to Frac(R) is surjective, so it is isomorphic, which implies (i). 0

Let us define Pgr as the category of finitely presented torsion R-module P such
that pdg(P) < 1, where pdz(—) denotes the projective dimension. By Lemma A.3,
if a module P satisfies an exact sequence of the form

(12) 0-F—>F—=P—=0

with F' a free module of finite rank, then P is in Pg. Conversely, if R is local, then
every P in Pp satisfies an exact sequence of the form (12), since in that case any
projective module is necessarily free.

A fractional ideal I of R is defined as an R-submodule of Frac(R) such that ul C R
for some non-zero-divisor u € R.

LEMMA A.4. The following are true.
(1) For each P € Pg, the Fitting ideal Fittg(P) is invertible as a fractional ideal
of R.
(2) Let 0 > M’ — M — P — 0 be an exact sequence of finitely generated torsion
R-modules such that P € Pr. Then we have

Fittg(M) = Fittg(P)Fittg(M’).

Proof. We sketch the proof (see [11, Proposition 2.7] for the details). For both claims
(1) and (2), it is enough to show them after localization at all prime ideals of R,
so we may assume R is local. Then P satisfies an exact sequence of the form (12).
Now claim (1) follows from Lemma A.3 and claim (2) follows by using the horseshoe
lemma. O

Now we introduce the “n-th shift” Fitt[lg](—) as in [11, Theorem 2.6]. First we

consider the “once-shift” Fitt%](—)7 which actually suffices for the purpose of this
paper. For completeness, in Definition A.6, we will also introduce the general n-th
shift.
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DEFINITION A.5. For a finitely presented torsion R-module M, we define a fractional
ideal Fittg] (M) as follows. Let us take an exact sequence of R-modules

(13) 0-N—->P—->M-—0

with P € Pr. For instance, if M is generated by n elements and annihilated by a non-
zero-divisor f € R, we may take P = (R/fR)". Since M is finitely presented, N is
finitely generated, so its Fitting ideal is defined. Then we define (using Lemma A.4(1))
Fitt}} (M) = Fittg(P) ' Fitt (V).
This is well-defined, that is, independent from the choice of (13).
Let us sketch the proof of the independency from (13). Let 0 - N' — P’ — M — 0

be another exact sequence with P’ € Pg. Then, by using the pull-back L of the maps
P — M and P’ — M, we obtain a commutative diagram with exact rows and columns

NI N/
0 N L P’ 0
0 N P M 0.

Since P, P’ € Pg, by Lemma A.4(2), we obtain
Fittg(L) = Fittg(P")Fittg(N), Fittg(L) = Fittg(P)Fittg(N').
These formulas imply
Fittg(P) 'Fittg(N) = Fittg(P") 'Fittg(N'),

as desired.

Finally let us introduce the general n-th shift. See [11, Theorem 2.6] for the proof;
to remove the noetherian hypothesis, we only have to suitably deal with the finiteness
conditions.

DEFINITION A.6. Let n > 0 be an integer. Let M be a torsion R-module such that
there exists an exact sequence

R - R ' ... 5 R - M —0
for some integers ag,...,a, = 0. For instance, when n = 0 (resp. n = 1), this
condition means that M is finitely generated (resp. finitely presented). For such an

M, we define a fractional ideal Fittggl(M) as follows. Let us take an exvact sequence
of R-modules

(14) 0O->N—-P—-—P,-M—=0

with Py, ..., P, € Pr. The existence of such a sequence follows from the assump-
tion on M, and moreover then N s finitely generated. Then we define (using
Lemma A.4(1))

Fitt!" (M) = (H FittR(Pi)(l)i> Fittz(N).
i=1

This is well-defined, that is, independent from the choice of (14).
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