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Shifted combinatorial Hopt algebras from
K-theory

Eric Marberg

ABSTRACT In prior joint work with Lewis, we developed a theory of enriched set-valued P-
partitions to construct a K-theoretic generalization of the Hopf algebra of peak quasisym-
metric functions. Here, we situate this object in a diagram of six Hopf algebras, providing a
shifted version of the diagram of K-theoretic combinatorial Hopf algebras studied by Lam and
Pylyavskyy. This allows us to describe new K-theoretic analogues of the classical peak algebra.
We also study the Hopf algebras generated by Ikeda and Naruse’s K-theoretic Schur P- and
Q-functions, as well as their duals. Along the way, we derive several product, coproduct, and
antipode formulas and outline a number of open problems and conjectures.

1. INTRODUCTION
There is a classical diagram of Hopf algebras

Sym ¢—— NSym —— MR
(1.1) ‘ ‘
Sym —— QSym «—— MR

in which the vertical lines are dualities, the < arrows are inclusions, and the —
arrows are their adjoints. The self-dual object Sym on the left is the familiar Hopf
algebra of bounded degree symmetric functions [16, §2], which has an orthonormal
basis given by the Schur functions sy. The self-dual object MR on the right is the
Malvenuto-Reutenauer Hopf algebra of permutations from [4, 29]. In the middle, we
have the dual pair of quasisymmetric functions QSym and noncommutative symmetric
functions NSym, as described in [16, §5].

In [24], Lam and Pylyavskyy study a “K-theoretic” generalization of (1.1) given
by

MSym «—— MNSym —— IMMR
(1.2)

mSym —— mQSym «—— mMR
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E. MARBERG

The objects here are modules over Z[3] rather than Z, where 3 is a formal parameter.
Setting f = 0 turns (1.2) into (1.1). The objects mSym and mQSym consist of the
symmetric and quasisymmetric functions over Z[f] of unbounded degree. Their duals
MSym and YMNSym are isomorphic to Sym and NSym but with scalars extended to
Z[B). The objects mMR and 9MMR, finally, are two different generalizations of the
Malvenuto-Reutenauer Hopf algebra MR.

Besides the Schur functions {sy}, the Hopf algebras mSym and 9Sym have an-

other pair of dual bases provided by the stable Grothendieck polynomials G()\B ) and

the dual stable Grothendieck polynomials gg\ﬁ). These power series are relevant to K-

theory since the Gg\ﬁ ) functions are symmetric limits of connective K-theory classes
of structure sheaves of Schubert varieties; see [9, 15].

The goal of this article is to investigate two shifted analogues of (1.2). To motivate
this, let us first discuss the shifted versions of (1.1). On one hand, we have a diagram

Symp «—— Peakp —— MR
(1.3) ‘ ‘

Symg — IISym «—— MR

in which the vertical lines are again dualities, the — arrows are inclusions, and the —
arrows are their adjoints. Here Symp and Sym, are the subalgebras of Sym spanned
by the Schur P-functions Py and Schur Q-functions @y, which are indexed by all
strict integer partitions A. These subalgebras are dual Hopf algebras relative to the
bilinear form with [Py, Q] = 0., which is different from the usual Hall inner product
on Sym; see [42, Appendix A]. In the middle column, IISym is the Hopf algebra of
peak quasisymmetric functions TISym from [42] while Peakp is the peak algebra from
[37, 41].

There is another version of (1.3) in which the roles of Symp and Sym, are inter-
changed:

Symgy ¢—— Peakqg —— MR
(1.4) ‘ |

Symp «— IISym «—— MR

Here IISym is a slightly larger version of IISym (namely, the intersection of IISymg :=
Q ®z IISym with QSym [42, §3]) while its dual Peakg is a Hopf subalgebra of Peakp.
The diagrams (1.3) and (1.4) coincide if we work over Q rather than Z.

Work of Tkeda and Naruse [21] identifies K-theoretic versions GP)(\’B ) and GQE\B )
of the classical Schur P- and @Q-functions. Whereas Py and @), are generating func-
tions for (semistandard) shifted tableauz, GP)(\ﬂ ) and GQ&’B ) are generating functions
for (semistandard) shifted set-valued tableaur [21, Thm. 9.1]. These symmetric func-
tions represent the structure sheaves of Schubert varieties in the connective K-theory
ring of the maximal isotropic Grassmannians of orthogonal and symplectic types [21,
Cor. 8.1].

Later results of Nakagawa and Naruse [35] construct two additional families of
“dual” K-theoretic Schur P- and Q-functions gpg\ﬂ ) and gqf\ﬂ ). As we will explain in
Section 4, these power series are Z[f3]-bases for two Hopf subalgebras 9Symp and
MSym, of MSym, whose respective duals mSymg, and mSymp, are the completions

of the algebras Z[ﬁ]—span{GQE\B )} and Z[,B}—span{GP)(\B )}. These four objects fit into
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the pair of diagrams

MSymp «—— MPeakp —— MMR

mSym, — mlISym «—— mMR

MSymg, «—— MPeakg —— MMR

mSymp ——— mISym «—— mMR

which specialize to (1.3) and (1.4) when § = 0, and which coincide if the scalar ring
Z[p) is extended to Q[S]. These diagrams are the primary subject of this article. Our
main results, building off related work in [12, 24, 26, 8], will provide distinguished
bases for all of the objects shown here, explicitly identify the pairings that give the
dualities indicated by the vertical lines, and describe the remaining inclusions and
their adjoint surjections.

We can summarize our new theorems and outline the rest of this paper as follows.
One way to motivate (1.2) is through the perspective of combinatorial Hopf algebras as
defined in [2]. However, some care must be taken to make this rigorous as the objects
in the bottom row of (1.2) are certain completions of Hopf algebras rather than actual
Hopf algebras. Section 2 provides a brief survey of the technical background needed
to address these issues.

Section 3 reviews the construction of the objects and morphisms in (1.2). What we
present is a very mild generalization of what is studied by Lam and Pylyavskyy, and
involves a parameter § that is implicitly set to 5 =1 in [24].

The algebras mIISym D mIISym are spanned by K-theoretic generalizations of
peak quasisymmetric functions studied previously in [8]. In Section 4.1 we review the
definition of these algebras, and prove that mIISym arises of the image of a canonical
morphism of combinatorial Hopf algebras mMR — mQSym; see Theorem 4.2.

In Section 4.2 we construct the duals of mIISym and mIISym as explicit Hopf
subalgebras MPeaky C MNSym and MPeakp C MNSym. This gives two K-theoretic
generalizations of the classical peak algebra. Neither appears to have been considered
in previous literature. We also derive (co)product formulas for the distinguished bases
of MPeaky and MPeakp, and we identify the adjoint maps mMR — mlIISym and
mMR — mIISym in (1.5).

Sections 4.3 and 4.4 discuss the Hopf algebras mSymp D mSym(, and their duals
MSym, C MSymp. We prove an identity relating the pairings MSymg, x mSymp —
Z[B] and MSymp x mSymg — Z[3] to a surjective morphism 0¥ . mQSym —
mIISym; see Theorem 4.26. We also identify the adjoint maps MMPeakp — 9MMSymp
and MPeakg — MSym, in (1.5); see Theorem 4.27. These results rely on conjectures
from [8, 35] proved in [12, 26].

Section 4.5 discusses antipode formulas for the objects in (1.5). Building off recent
work in [26], we show that the respective (finite) Z[A]-linear spans of all GP¥- and
GQP-functions are sub-bialgebras of mSym that are not Hopf algebras; see Proposi-
tion 4.33.

Finally, Section 4.6 provides a survey of related open problems and positivity con-
jectures. Computer calculations indicate that the coefficients appearing in many dif-
ferent expansions of the distinguished bases for the objects in (1.5) are always positive.
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E. MARBERG

In several special cases, it is an open problem to find combinatorial interpretations of
these numbers.

2. PRELIMINARIES

Throughout, we write Z for the set of integers and let [n] :={i € Z : 0 < i < n}
for 0 < m € Z. This section presents some basic information about Hopf algebras,

their completions, and quasisymmetric functions. For more background on each, see
[16, 28, 31].

2.1. HOPF ALGEBRAS. Fix an integral domain R and write ® = ®p for the tensor
product over this ring. An R-algebra is an R-module A with R-linear product V :
A®A— A and unit ¢ : R — A maps. Dually, an R-coalgebra is an R-module A with
R-linear coproduct A : A - A® A and counit € : A — R maps. The (co)product and
(co)unit maps must satisfy several associativity axioms; see [16, §1] for the complete
definitions.

An R-module A that is both an R-algebra and an R-coalgebra is an R-bialgebra
if the coproduct and counit maps are algebra morphisms (equivalently, the product
and unit are coalgebra morphisms).

Suppose A is an R-bialgebra with structure maps V, ¢, A, and e. Let End(A)
denote the set of R-linear maps A — A. This set is an R-algebra for the product
f*xg:=Vo(f®g)oA. The unit of this convolution algebra is the composition ¢ o e
of the unit and counit of A. The bialgebra A is a Hopf algebra if id : A — A has a
(necessarily unique) two-sided inverse S : A — A in the convolution algebra End(A).
When it exists, we call S the antipode of A.

2.2. COMPLETIONS. Many of the objects in the diagrams (1.2) and (1.5) are rings
of formal power series of unbounded degree that are “too large” to belong to the
category of free modules. To formally define algebraic structures on these objects, we
need to work in the following setting.

Let A and B be R-modules with an R-bilinear form (-,-) : A x B — R. Assume
that A is free and the form is nondegenerate in the sense that b — (-, b) is a bijection
B — Hompg(A, R). Fix a basis {a;};cr for A. For each i € I, there exists a unique
element b; € B with (a;,b;) = 0;; for all j € I, and we can identify an arbitrary
element b € B with the formal linear combination ), {(a;, b)b;. We refer to {b;}ics
as a pseudobasis for B.

We give R the discrete topology. Then the linearly compact topology [14, §1.2] on
B is the coarsest topology in which the maps (a;,-) : B — R are all continuous. This
topology depends on (-, -) but not on the choice of basis for A, and is discrete if A has
finite rank.

DEFINITION 2.1. A linearly compact R-module is an R-module B equipped with a
nondegenerate bilinear form A x B — R for some free R-module A, given the linearly
compact topology; in this case B is the dual of A. Morphisms between such modules
are continuous R-linear maps.

We will often abbreviate by writing “LC-” in place of “linearly compact.” Suppose
A is a free R-module with basis S. We refer to the R-module B of arbitrary R-linear
combinations of S, equipped with the nondegenerate bilinear form A x B — R making
S orthonormal, as the completion of A with respect to S. This linearly compact R-
module has S as a pseudobasis.

Let B and B’ be linearly compact R-modules dual to free R-modules A and A’.
We reuse (-,-) for both of the associated nondegenerate forms. Every linear map
¢ : A’ — A has a unique adjoint 9 : B — B’ such that (¢(a),b) = {(a, ¢ (b)) for all
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a € A" and b € B. A linear map B — B’ is continuous if and only if it arises as the
adjoint of some linear map A’ — A.

DEFINITION 2.2. The completed tensor product of B and B’ is the R-module
B® B’ :=Homgr(A® A, R),
given the LC-topology from the tautological pairing (A® A’) x Homg(A® A’, R) — R.

If {bi}ier and {b};c; are pseudobases for B and B’, then we can realize B & B’
concretely as the linearly compact R-module with the set of tensors {b; ® b’ }(; jyerxs
as a pseudobasis.

EXAMPLE 2.3.Let A = R[z| and B = R[z]. Define (-,-) : A x B — R to be the
nondegenerate R-bilinear form

<Z anz™, Z bnx”> = Z anbn.

n>=0 n=0 n=0

Then the set {z"},>0 is a basis for A and a pseudobasis for B, and we have
R[z] ® Ry] # R[] ® Rly] = R[z,y].

DEFINITION 2.4. Suppose V : B® B — B and + : B — R are continuous linear
maps which are the adjoints of linear maps € : R — A and A : A - A® A. We say
that (B,V,t) is an LC-algebra if (A, A, €) is an R-coalgebra. Similarly, we say that
A:B - B®B and € : B— R make B into an LC-coalgebra if A and € are the
adjoints of the product and unit maps of an R-algebra on A.

We define LC-bialgebras and LC-Hopf algebras analogously. If B is an LC-Hopf
algebra then its antipode is the adjoint of the antipode of the Hopf algebra A. In each
case we say that the (co, bi, Hopf) algebra structures on A and B are duals of each
other.

More generally, a Hopf algebra H is dual to an LC-Hopf algebra H via some
nondegenerate bilinear form (-,-) : H x H — R that is continuous in the second
coordinate if one always has (c(a),b) = a - €(b), {(a,t(b)) = e(a) - b, (V(a ® b),c) =
(a®b,Ac)), and (a, V(b ® ¢)) = (A(a),b® c).

EXAMPLE 2.5. Again let A = R[z] and B = R[[z]. Write V : B& B — B for the usual
product map, define ¢ : R — B to be the natural inclusion, and let € : B — R be the
ring homomorphism that sets = 0. For each 8 € R, there is a continuous algebra
homomorphism Ag : B — B® B with Ag(z) =2 ® 1+ 1®z + fr®z, and B is an
LC-bialgebra relative to V, ¢, Ag, and e.

There is a unique bialgebra structure on A that is dual to the one on B via the form
in Example 2.3. This structure has unit, counit, and coproduct given by appropriate
restrictions of ¢, €, and Ag := Ag|g—g, while its product has a more complicated
formula; see [8, Ex. 2.4]. One can show that the dual bialgebras A and B are dual
Hopf algebras: the antipode of A is the linear map with S4(z") = (=1)"z(z + 3)" 1,

and the antipode of B is the continuous linear map with Sp(z™) = . Notice

—T
148
that we can restrict V and Ag to define a second bialgebra structure on A, but this
will not be a Hopf algebra unless § = 0 as R is an integral domain.

One can reformulate the above definitions using commutative diagrams; see [31].
Linearly compact (co, bi, Hopf) algebras form a category in which morphisms are
continuous linear maps commuting with (co)products and (co)units. The completed
tensor product of two linearly compact (co, bi, Hopf) algebras is itself a linearly
compact (co, bi, Hopf) algebra.

Algebraic Combinatorics, Vol. 7 #4 (2024) 1127
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2.3. QUASISYMMETRIC FUNCTIONS. Let 3, z1, @2, ...be commuting indeterminates.
From this point on, most of our modules will be defined over the ring R = Z[f],
and we write ® and & for the corresponding tensor products. A power series f €
Z[B)[x1, xa, - . .] is quasisymmetric if for any choice of ay, ag, ..., ar € Zsg, the coeffi-
cients of x{'z3? - 3" and A xf: in f are equal for all i1 < iy < -+ < 4.
DEFINITION 2.6. Let mQSym be the Z[f]-module of quasisymmetric power series in
ZB)[x1, x2, .. .]. Let QSym denote the submodule of power series in mQSym of bounded
degree.

A composition « is a finite sequence of positive integers. If the parts of a have sum
N > 0, then we write o F N or |a| = N. The sequence « is a partition if it is weakly
decreasing, which we indicate by writing o = NV instead of o F N.

The set QSym is a graded ring that is free as a Z[S]-module. One basis is provided
by the monomial quasisymmetric functions, which are defined for each composition
a = (a1,as,...,a1) as the sums

M, = Z il ik € QSym

11 12
i1 <ig<---<i
with Mg := 1 when a@ = @ is the empty composition. We identify mQSym with the
completion of QSym relative to this basis.
Write A : QSym — QSym ® QSym for the Z[f5]-linear map with

A(Ma): Z Mo & My

a=a'a’

for each composition «, where o’a’ denotes the concatenation of o’ and a’. Let
€ : QSym — Z[f] be the linear map with Mg — 1 and M, — 0 for all nonempty
compositions «. This coproduct and counit make the algebra QSym into a (graded,
connected) Hopf algebra [16, §5.1]. These maps extend to continuous linear maps
mQSym ® mQSym — mQSym and mQSym — mQSym ® mQSym which make mQSym
into an LC-Hopf algebra. For a description of its antipode, see Section 4.5.

Suppose H is an LC-bialgebra, defined over Z[f3], with product V, coproduct A,
unit ¢, and counit e. Let X(H) be the set of continuous algebra morphisms ¢ : H —

Z[B)[¢] with ¢(-)|i=0 = €.

DEFINITION 2.7. If H is an LC-bialgebra (respectively, LC-Hopf algebra) and ( €
X(H), then (H,() is a combinatorial LC-bialgebra (respectively, combinatorial LC-
Hopf algebra). Such pairs form a category in which morphisms (H,() — (H',(’) are
morphisms ¢ : H — H' with ( = (' o ¢.

We view mQSym as a combinatorial LC-Hopf algebra with respect to the canonical
zeta function (q : mQSym — Z[S][t] given by (q(f) = f(¢,0,0,...). On monomial
quasisymmetric functions, we have (q(M,) = tl*! for a € {@,(1),(2),(3),...} and
¢q(M,) = 0 for all other compositions c.

For each integer k > 1 define A®) := (1@ A® D)o A = (A®D ®1)0 A where
AWM := A. Given a map ¢ € X(H) and a nonempty composition a = (a1, g, ..., az),
write (, : H — Z[f] for the map sending h € H to the coefficient of t*! @t*2®- - -@t**
in (®Fo A=1)(h) € Z[B][t]**. When oo = @ is the empty composition, define (g := €.

THEOREM 2.8 ([8, Thm. 2.8]). Suppose (H,() is a combinatorial LC-bialgebra. Then
the map with the formula ®(h) =" (a(h)My for h € H, where the sum is over all
compositions o, s the unique morphism of combinatorial LC-bialgebras ® : (H,({) —

(mQSyma CQ)

Algebraic Combinatorics, Vol. 7 #4 (2024) 1128
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3. K-THEORETIC HOPF ALGEBRAS

We are now prepared to review the construction of the diagram (1.2) from [24]. As
noted in the introduction, we will work with slightly modified versions of the objects
discussed in [24], involving a formal parameter §. Setting S = 1 recovers Lam and
Pylyavskyy’s original definitions, but one can also go in the reverse direction by
making appropriate variable substitutions.

3.1. SMALL MULTIPERMUTATIONS. We start with the object mMR in the lower right
corner of (1.2), called the small multi-Malvenuto-Reutenauer Hopf algebra in [24].

A word is a finite sequence of positive integers. Let v = vjvg-- v, and w =
wiws - - - Wy, be words. When

S={s1< - <sm}Clm+n] and T={t1 < - <tpt=[m+n]\S,

define LWg 7(v, w) 1= uyug - - - Upmyn, Where ug, = v; and u, := w;. The shuffle product
of vand wis vWw := ) Wg (v, w) where the sum is over all pairs (S,T) of disjoint
sets with S UT = [m 4 n] where |S| = m and |T| = n. For example, we have
21 w11 =3-211142-1211 4 1121.

For k € Zxo, let w 1+ k = (w1 + k)(w2 + k) --- (w, + k). If w has m distinct
letters, then its standardization is the word st(w) = ¢(w1)p(ws) - - - p(wy,), where ¢ is
the unique order-preserving bijection {wy,ws,...,w,} — [m]. A word w is packed if
st(w) = w.

DEFINITION 3.1. Let PackedWords denote the set of packed words and define mWQSym
to be the linearly compact Z[B]-module with PackedWords as a pseudobasis.

Define V : mWQSym @ mWQSym — mWQSym and A : mWQSym — mWQSym &

mWQSym to be the continuous linear maps with
Vv ®@w) :=v W (w1 max(v)),

3.1 “
( ) A(’LU) = Zﬁt(’w1 te wi) ® 5t(wi+1 s wn),

i=0
for v € PackedWords and w = wyws - - - w,, € PackedWords. Write ¢ : Z[5] — mWQSym
and € : mWQSym — Z[f] for the linear maps with «(1) = @ and e(w) = d,p for w €
PackedWords. These maps make mWQSym into an LC-Hopf algebra [31, Prop. 3.11],
called the Hopf algebra of word quasisymmetric functions.

A small multipermutation is a packed word with no equal adjacent letters. Let
Sy denote the set of such words w with max(w) = n and define S = ||, ., Sy
Write <., for the partial order on PackedWords whose cover relations are of the form
Wy Wi Wy <m W1 -+ WW; -+ - Wy. Bach lower set under <, contains a unique
minimal element, which belongs to ST.

DEFINITION 3.2. Given v € S%, let [v]t(f) = cmw B~y € mWQSym where
the sum is over packed words w € PackedWords. Define mMR to be the linearly compact

Z[B]-submodule of mWQSym with {[U}Sf) NS Sgg} as a pseudobasis.

As mMR is an LC sub-bialgebra of mWQSym, which is graded and connected,
Takeuchi’s formula [16, Prop. 1.4.22] implies that its antipode preserves mMR. This ob-
servation lets us recover the following statement, which is equivalent to [24, Thms. 4.2
and 7.12].

THEOREM 3.3 ([24]). The submodule mMR is an LC-Hopf subalgebra of mWQSym.

Algebraic Combinatorics, Vol. 7 #4 (2024) 1129
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[24, Thm. 4.2] constructs an LC-Hopf algebra over Z with SZ as a pseudobasis;
this object is isomorphic to the Z-submodule of mMR with {BZ(”) [v]ff) NS Sg;} as

a pseudobasis.

3.2. BIG MULTIPERMUTATIONS. Next, we review the construction of the big multi-
Malvenuto-Reutenaver Hopf algebra from [24], which gives the dual object MMR in
the top right corner of (1.2).

A set composition is a sequence of pairwise disjoint nonempty sets B = B1Bs - -+ B,
with | |;¢(,,,) Bi = [n] for some n € Z3o; in this case we define {(B) := m and |B| := n.

DEFINITION 3.4. Let SetComp be the set of all set compositions and define
SetComp,, = {B € SetComp : |B| = n}
forn € Zs¢. Let WQSym be the free Z[]-module with SetComp as a basis.

There is a Hopf algebra structure on WQSym. Given B = B1Bs - - - B,;, € SetComp
and k € Zxg, let k + B be the sequence of sets (k + B1)(k + Bs)--- (k + By,). For
S C Zsy, define BNS by removing any empty sets from (B;N.S)(B2NS) -« (B NS).
The product V : WQSym @ WQSym — WQSym is the linear map with

VA@B)= Y C
CecAeB
where

Ae B :={C € SetComp,,,, : CN[m] =Aand CN(m+[n]) =m+ B}

for all A € SetComp,,, and B € SetComp,,. For example, the elements of {1}{2}e{1,2}
are {1}{2}{3,4}, {1}{2,3,4}, {1}{3,4}{2}, {1,3,4}{2}, and {3,4}{1}{2}.

If B = B1By---B,, is a sequence of subsets of some totally ordered alphabet
and n = ||J; Bi|, then we let st(B) := ¢(B1)¢p(B2) - - - ¢(By,) where ¢ is the order-
preserving bijection B;UBoU- - -UB,,, — [n]. The coproduct A : WQSym — WQSym®
WQSym is the linear map with

A(A) = ZS’((A1 s Az) ®5t(Ai+1 te Am) for all A = A1A2 ce Am S SetComp.
=0

Write ¢ : Z[5] — WQSym and e : WQSym — Z[5] for the linear maps with ¢(1) = &
and €(A) = 0y for A € SetComp. These maps make WQSym into a graded, connected
Hopf algebra [36, §2.1].

Consider the following operations interchanging packed words and set composi-
tions. First, given w = wyws - - - w,, € PackedWords with max(w) = m, define w* to
be the set composition A;As - -- A, € SetComp,, with A; = {j € [n] : w; = i}. Next,
for A= A1As--- Ay, € SetComp,,, define A* to be the packed word wyws - - - w, with
w; =i if j € A;. Finally define (-,-) : WQSym x mWQSym — Z[3] to be the unique
bilinear form, continuous in the second coordinate, with

(3.2) (A, w) = 4,0 for all A € SetComp and w € PackedWords.

This form is nondegenerate since w +— w* and A — A* are inverse bijections
PackedWords <> SetComp. One can also check directly that the relevant products
and coproducts are compatible in the sense of Section 2.2. Therefore WQSym and
mWQSym are duals with respect to (3.2).

A big multipermutation is a set composition whose blocks never contain consecutive
integers. Let S2* be the set of big multipermutations A with |A| = n, and define
S = Lo SP. The operations w + w* and A — A* restrict to inverse bijections

m N
Syt SO
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Write <gy for the partial order on set compositions whose cover relations have the
form A <gn B where B has a block containing ¢ and ¢ +1 and A = st(BN{1,...,i,i+
2,...,n}). Each lower set under <oy contains a unique minimal element, which is a
big multipermutation.

DEFINITION 3.5. Let
Ton := Z[B]-span {BlBl_lAIA — B : A, B € SetComp with A <gn B} .
Denote the quotient module by MMR := WQSym /Zop and set
[A]Y) .= A+ Ty € MMR
for A € SetComp.

The Z[f]-module MMR is free with basis {[A]i()?t) tAe Somot} One can check that

Ton is the orthogonal complement of mMR, which implies the following results from
[24, §7.2 and §7.4]:

THEOREM 3.6 ([24]). The submodule Ioy is a Hopf ideal of WQSym, so MMMR is
a quotient Hopf algebra. This Hopf algebra is dual to mMR wia the bilinear form
(+,y : MMR x mMR — Z|[f], continuous in the second coordinate, with

(Al [l”) = 8.
for A€ S and w € S™.

The Hopf algebra 9MMR is a very minor generalization of the Hopf algebra con-
structed in [24, Thm. 7.5], which can be realized inside 9,MR as the Z-submodule
spanned by 341 A for A € S

3.3. MULTIFUNDAMENTAL QUASISYMMETRIC FUNCTIONS. Here we review the con-
struction of an alternate pseudobasis for mQSym, which arises from viewing mMR as
a combinatorial LC-Hopf algebra. The ideas in this section originate in [24, §5], but
we follow the slightly different notational conventions from [8, §3].

For a composition « = (ay, @a,...,a5) E N let

Ia) ={a1,01 + ao,...,01 +ag+ -+ + ag_1}.
Define Set(Z~¢) to be the set of nonempty, finite subsets of Z~o = {1,2,3,... }. Given
S, T € Set(Z~g), we write S < T if max(S) < min(7") and S < T if max(S) < min(7).
DEFINITION 3.7. The multifundamental quasisymmetric function of a E N is
L(QB) = Zﬂ‘sl_NxS € mQSym
s

where the sum is over N-tuples S = (S; = S2 <X -+ X Sn) with S; € Set(Z~o) and
Si < Sit1 if i € I(«), and where |S| := Zi\;l 1S;| and x° := Hfil [jes, #5-

The quasisymmetric functions LE,B ) are another pseudobasis for mQSym [8, §3.3].

REMARK 3.8. Setting 5 = 0 transforms L&B) to the fundamental quasisymmetric func-
tions Lo = L((XO) [28, Def. 3.3.4]. Setting 8 = 1 turns Lgﬂ) into the quasisymmet-
ric functions denoted L, in [24, §5.3]. One recovers LY from L, via the identity
Lgf) = 11 Lo (Bxy, Bxa, ... ), which lets one rewrite many formulas in [2(4]) in( t)erms
oLy

of L&ﬁ ) For example, one can obtain explicit expressions for the product L, ; and

coproduct A(L&B)) in this way from [24, Props. 5.9 and 5.10].
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Write (« for the continuous linear map mWQSym — Z[§][t] sending strictly in-
creasing packed words w to t(*) and all other packed words to zero. Then (. is an

algebra morphism with C<([w]1(f)) = (<(w) for all w € ST . The descent set of a word
w = wiws - - - Wy, is given by Des(w) :={i € [n—1] : w; > w;y1}. We write ages(w) for
the composition of £(w) with I(ages(w)) = Des(w). The as yet unmotivated definition
of Lgﬁ ) is algebraically natural in view of the following:

THEOREM 3.9. The continuous linear map with [w]f) — Lgﬁdi(w) for all w € ST is

the unique morphism of combinatorial LC-Hopf algebras (mMR, () — (mQSym, (q).

Proof. The claim that this map is a morphism of LC-bialgebras (and therefore also
of LC-Hopf algebras) is equivalent to [24, Thm. 5.11]. Choose w € ST and set « :=
ages(w) and N := |a| = ¢(w). In view of Theorem 2.8, we just need to check that

C<([w],({?)) = CQ(L&B)). As (q sends z1 — ¢ and z; — 0 for ¢ > 0, we either have
CQ(L((XB)) =tV if the N-tuple S = ({1} < {1} < --- < {1}) satisfies the conditions in
Definition 3.7, or else Cq(foﬁ)) = 0. This means that CQ(L((f)) =tV = C<([w]‘(f)) if
I(a)) = Des(w) is empty and otherwise (Q(Lgf)) =0= C<([w],(f)) as needed. O

3.4. NONCOMMUTATIVE SYMMETRIC FUNCTIONS. We now review the construction

from [24] of the multi-noncommutative symmetric functions MNSym in the top row

of (1.2). The descent set of a set composition A = A1 Ay --- A,, € SetComp,, is
Des(A):={ien—1]:i4+1€ A, and i € Ay, for any indices j < k}.

One has Des(A) = Des(A*).

DEFINITION 3.10. For a composition « F n, define

RP = 3[4 € mMR
Des(A)=I(«)
where the sum is over big multipermutations A € S>'. These sums are linearly
independent, and we define MNSym to be the free Z[B]-submodule of MMR with

{R&’B) Tois a composition} as a basis.

Recall that we have a form (-, -) : MMRxmMR — Z[S] from Theorem 3.6. Evidently
if a is a composition and w € ST has v = ages(w) then (REX’B), [w]r(nﬁ)> = 0ay. We
reuse the symbol (-, ) to denote the bilinear form (-,-) : MNSym x mQSym — Z[f],

continuous in the second coordinate, with <R&B ),LSYB )> = Jqy for all a and «. The
following is equivalent to [24, Thm. 8.4]:

THEOREM 3.11 ([24]). The module MNSym is a Hopf subalgebra of MMR. This sub-
algebra is the Hopf algebra dual to mQSym via (-,-), and the map mMR — mQSym

with [w],(f) — Lz(fdzs(w) for all w € S from Theorem 3.9 is the morphism adjoint to
the inclusion MNSym — IMMR.

The elements R%ﬂ ) = REf ; for n € Zsq freely generate MMNSym as an algebra
[24, Prop. 8.3], and one can view INSym as a graded connected Hopf algebra in

which Rgﬁ ) has degree n. In fact, 9INSym is isomorphic to the usual noncommutative
symmetric functions NSym, just defined with scalar ring Z[3], by [24, Prop. 8.5].

3.5. SYMMETRIC FUNCTIONS. A symmetric function in Z[B][x1,xa,...] is a power
series that is invariant under permutations of the x; variables. The first column of
(1.2) contains these familiar power series:

Algebraic Combinatorics, Vol. 7 #4 (2024) 1132



Shifted combinatorial Hopf algebras from K-theory

DEFINITION 3.12. Define 9MSym to be the Hopf subalgebra of symmetric functions
of bounded degree in QSym. Let mSym be the LC-Hopf subalgebra of all symmetric
functions in mQSym.

Let {sx} denote the basis of Schur functions for 9Sym, indexed by partitions A.
It is well-known that 9tSym and mSym are dual Hopf algebras with respect to the
nondegenerate bilinear form (-, ) : 9MSym x mSym — Z[3], continuous in the second
coordinate, that has (sx,s,) = 9.

Lam and Pylyavskyy [24, Thm. 9.15] show that mSym and 9tSym have another
pair of dual bases given respectively by the stable Grothendieck polynomials {G(f)}

and the dual stable Grothendieck polynomials {gg\ﬁ)}, which satisfy (g;ﬁ), fo’) = Oxp-
These “polynomials” are symmetric generating functions for semistandard set-valued
tableauxr and reverse plane partitions of shape A, respectively.

Since in this article we will never need to work with Gg\ﬁ) and gf\ﬁ ) directly, we omit
their definitions. If one does require precise definitions that follow our notational
conventions, one should adopt the formulas in [44, Thm. 4.6] with /3 replaced by —3.

THEOREM 3.13. The map 9MNSym — IMSym adjoint to the inclusion mSym —
mQSym relative to the forms (-,-) is the algebra morphism with R%B) — gﬁlﬁ) = géﬁ?

for alln € Zy.

Proof. The elements Rﬁf ) freely generate MNSym [24, Prop. 8.3], so there is a unique
algebra morphism 9°INSym — 91Sym with R;ﬂ) — g,(f) for n € Z~¢. To show that

this is the adjoint to mSym — mQSym, it suffices to check that <R5f), Gg\ﬁ)> = O(n),A

for all partitions X, as we already know this is the value of (g%ﬁ ), Gg\ﬁ )>. As we have

(R&B),Lgﬂ)> = 0q~, the desired identity can be deduced from [8, Eq. (3.10)], which
gives the expansion of Gg\ﬁ ) into Lgﬁ Vg, O

[24, Thm. 9.13] computes the image of RYY) under the adjoint map 9MNSym —
MSym; this turns out to be a dual stable Grothendieck polynomial indexed by a
specific skew ribbon shape.

4. SHIFTED K-THEORETIC HOPF ALGEBRAS

We now turn to the shifted analogues of the diagram (1.2) provided in (1.5). We
start by describing two shifted analogues of mQSym in Section 4.1. In Section 4.2 we
investigate the duals of these LC-Hopf algebras, which provide K-theoretic analogues
of the peak algebra studied in [37, 41]. Sections 4.3 and 4.4 give an overview of the
four (LC-)Hopf algebras of symmetric functions on the left sides of the two diagrams
in.(1.5). In Sections 4.5 we derive several antipode formulas, and then in Section 4.6
we conclude with a survey of open problems.

4.1. MULTIPEAK QUASISYMMETRIC FUNCTIONS. Our first task is to define the shifted
analogues of mQSym, which are displayed as mIISym and mIISym in (1.5). This ma-
terial is partly review from [8].

For i € Zlet i/ := i — § so that 3Z = {--- <0’ <0 <1 <1< ...}. Define
Set(3Z~o) to be the set of finite, nonempty subsets of {1’ < 1 < 2/ <2 < ...}
We again write S < T if max(S) < min(T) and S < T if max(S) < min(T) for
S,T € Set(3Z~). Let 2% := vazl [jes, zr1 and |S]:= Zf\;l |S;| for any sequence
S = (51,859,...,Sn) with S; € Set(%Z>0). A peak composition is a composition o
with a; > 2 for 1 <4 < £(a). Recall that I(a) = {aq, a1 + ag,... } N {|af}.
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DEFINITION 4.1. Suppose a E N is a peak composition. Define

K = 37 gISIN,

S
where the sum is over N-tuples S = (S1 <--- = Sn) of sets S; € Set(%Z>o) with

S; mSi-i—l C {1/,2/,3/, .. } ZfZ S I(Oé) and

(“4.1) SiNSiv1 c{1,2,3,...} ifiéI(a).

Define
K = Zﬂ\s\*NIS

S

where the sum is over the subset of such N-tuples S also satisfying
(4.2) Siv1 € {1,2,3,...} ifie{0}U ().

Let mIISym and mIISym, respectively, be the LC-Z[B]-modules with {K&B)} and
{R](f)} (where a ranges over all peak compositions) as respective pseudobases.

The power series K((f) and I_(((f) were introduced in [8] in the context of an “en-
riched” theory of set-valued P-partitions. Setting § = 0 transforms Kéﬁ) and l_(éﬁ) to
the peak quasisymmetric functions defined in [42, §3], and this implies that {Kéﬁ )}
and {R’&ﬂ )} are linearly independent. However, K and K are typically not lin-
ear combinations (even using rational coeflicients and infinitely many terms) of the
functions K, := K&O) and K, := R’&O) from [42, §3].

Both mIISym and mIISym are LC-Hopf subalgebras of mQSym, and if mIISymgg

is the LC-Hopf algebra defined over Q[] with { K. ¢ )} as a pseudobasis, then we have
mIISym = mIISymg s N mQSym 2 mIISym [8, Thm. 4.19]. More concretely, one has

43) K®— Z 2£’|5|B‘5‘f(ﬁ)5 and KV = Z 247I6|(,5)\5\K}1@5
5c{0,1}*¢ 6€(Zx0)*t

for any peak composition o with £ = ¢(«) parts, where |§| := Zle d; [8, Cor. 4.17].
When 3 = 0, the Hopf algebras mIISym and mIISym reduce to (the completions of)
the ones denoted IT and II in [6, 42], which have been further studied in a number of
places (see e.g. [7, 19, 20, 27, 40]).

Recall the definition of (. : mWQSym — Z[S][t] and write {~ : mWQSym —
Z[0][t] for the continuous linear map whose value at w = wy - - - w,, € PackedWords is

t" o ifwy > we > > wyy,
(4.4) G (wiws - wn) = (< (wn - - waws) = ' . ’

0 otherwise.
This is an algebra morphism with (>([w},(f)) = (> (w) for w € S%. By Theo-
rem 2.8 there is a unique morphism of combinatorial LC-Hopf algebras (mMR, (5) —
(mQSym, (q). Although this map is different from the one in Theorem 3.9, it also sends

{[w],(f Jiwe S% 1 to the pseudobasis of multifundamental quasisymmetric functions

{L&ﬁ)}; see the proof of [8, Prop. 6.3].

To construct something new, we consider the convolution of the maps (s and (<
defined by the formula (|« := Vg5 0 ((> @ (<) o A : mWQSym — Z[t]. This is a
continuous algebra morphism mWQSym — Z[t]. If w = wiws - - - w, € PackedWords
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then

2" ifwg > >w < -0 < w,, for some i € [n]

" ifwy > > w; = wipr < - < wy, for some @ € [n— 1]
1 ifn=0

0 otherwise.

(4.5) C>|<(w) =

It follows that if w = wiws - - w, € S then

"2+ pt) Hw > >w; <o < w,y for some ¢ € [n]
(46)  Coiellwle)) = {1 ifn =0

0 otherwise.

For any composition a F n, let A(a) be the unique peak composition of n satisfying
I(A(a)) ={ieI(a) :0<i—1¢ I(a)}. For example, one has
A((1,2,1,1,1,3,1)) = (3,6,1).

Then define O : mQSym — mIISym to be the continuous linear map with
(4.7) o(L¥) = K/(\ﬂ() ) for all compositions a.

By [8, Cor. 4.22], this map is a surjective morphism of LC-Hopf algebras.
The peak set of a word w = wyws - - - w, is
Peak(w) :={l <i<n:wj_1 <w;> w41}
Let apeak(w) be the unique peak composition a F ¢(w) with I(a) = Peak(w). If
w € ST then
(4.8) Peak(w) = {i € Des(w) : 0 <i—1¢ Des(w)} so0 A(ades(w)) = apeak(w),

and we have C>|<([w]t(f)) # 0 if and only if Peak(w) = @, in which case {(apeak(w)) <
1. The multipeak quasisymmetric functions are motivated algebraically by this ana-
logue of Theorem 3.9:

THEOREM 4.2. The continuous linear map with [w]r(f) > Kéﬁ)k(w) forw € S% is the
peal

unique morphism of combinatorial LC-Hopf algebras (mMR, (5 <) — (mQSym, (q).
Proof. If w € S then apeak(w) = A(oges(w)) since
I(A(ages(w))) = {i € I(ades(w)) : 0 < i —1 ¢ I(ages(w))}
= {i € Des(w) : 0 < i —1 ¢ Des(w)} = Peak(w).
Our map ¥ : mMR — mQSym is thus the composition of ® : (mMR,(.) —
(mQSym, ¢q) from Theorem 3.9 and O : mQSym — mIISym, so ¥ is at least a
morphism of LC-Hopf algebras.

It remains to check that (5|« = (q o ¥. For this, it suffices to show that if a F N
is a peak composition then CQ(K&B)) = tlol(2 + Bt) if I(a) = @ and CQ(Kéﬁ)) =0
otherwise. Recall that (q corresponds to setting z; =t and z; = 0 for ¢ > 1. Thus
CQ(KéB)) = ngls\—NtIS\ where the sum is over all weakly increasing N-tuples of
sets S = (Sl <8y <. = SN) with @ #£ 5; C {1’ < 1}, SiﬁSH_l - {1/} fori e I(a),
and Sz N Si+1 - {1} for i ¢ I(Oé)

If I(a) # &, then a; > 2 since « is a peak composition, so there are no such
tuples S since we must have S;_1 NS; C {1} and S; N S;41 C {1} for i € I(a).
Thus CQ(K(SF)) = 0 if I(«) # & as claimed. On the other hand, if I(«) = &, then
we have S; N S;11 C {1} for all ¢ € [N — 1], so there are only three possibilities for
S, given by ({1},{1},...,{1}), {1V}, {1},...,{1}), and ({1/,1},{1},...,{1}), so we
have CQ(K&B)) = tl*l(2 4 Bt) as needed. O
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At this point it is useful to describe the product and coproduct in mMR more
explicitly. Recall the definition of <, from Section 3.1. Given a word w and a set .S,
define wN S to be the subword of w formed by omitting all letters not in S. Then, as
explained in [24, §4], one has

(4.9) V('] @ [w")) Zﬁe w) L) =) [, B for w' € S™ and w” € ST,
where the sum is over all w € S};‘Hn such that w' <u wN[m] and w” T m <

wn (m+ [n]). If we fix w=wiwsz---w, € SL and define [[v]],(f) = [5’((1))}1(,?) for an
arbitrary word v, then

(4.10)
+5Zﬂw1 w ] © - wa] .
=1

These formulas follow directly from the definitions of mWQSym and [w],(f ), Using
Theorem 3.6, one can translate these identities by duality to product and coproduct
formulas for MMR; see [24, §7.1]. On the other hand, invoking Theorem 4.2 leads to
the following formulas for mIISym:

PROPOSITION 4.3. Suppose o’ and o'’ are peak compositions. Choose any w',w"” € S
with opeak(W') = & and opeak(w”) = o”, and set m = max({0} U w') and n =
max({0} Uw"). Then

K(ﬁ)Ka// Zﬁl w)—|a'|— ‘a"‘K(B)

O‘peak(“))

where the sum is over allw € Sfh ,  with w' <m wN[m] and w”’ T m < wN(m+[n]).

If o is a peak composition and w = wiws - - wy € S has qpeak(W) = v, then

L
(B)y — (8) (8) (8)
A<Ka ) - Z Kapeak(wl'”wb) ® Kapeak(wH»l wé + /8 Z 0fpeak('wl “Wq ) ® Kapeak(wz wl)
=0

Proof. Apply the morphism in Theorem 4.2 to both sides of (4.9) and (4.10). O

In prmmple one can also compute products and coproducts in the pseudobasis

{K } by combining the formulas in Proposition 4.3 with the change-of-basis identi-
ties in (4.3).

EXAMPLE 4.4.If o/ = o/ = (1) then K((X@)Kéf,) is the sum ) plw)—2 (P over

apeak(w)

all words w € {12,21,121,212,1212,2121,12121,21212,...}, so there is an infinite
product expansion

(8) g~ (B) (8) 2 7-(8) 2 7-(8) 3 7-(8)
K( )K(l) —2K(2) —|—[3K21)—|—ﬁK(3) +8 K(272)—|—ﬂ K(31 +8 K(221)

However, there is a finite coproduct expansion

®) ®)
AKg)) = Ay, a02)

_ ) 4 kO o kD 4 kO B) o 1 B) . 1 (B) — (B
10Ky + K oK) + K 01+ (K @ KG) + K ®K(1)>

Algebraic Combinatorics, Vol. 7 #4 (2024) 1136



Shifted combinatorial Hopf algebras from K-theory

4.2. MULTIPEAK NONCOMMUTATIVE SYMMETRIC FUNCTIONS. We now consider the
duals of mITSym and mIISym. Fix a set composition A = A; A, --- A,, € SetComp,,,
so that the union of the blocks of A is [n]. Recall that i € [n — 1] belongs to Des(A)
if and only if the block of A containing i is after the block containing i + 1.

The peak set of A is Peak(A) := {1 <i<n:i—1¢ Des(A) and i € Des(A)}. If
A belongs to S?* (so that none of its blocks contain consecutive integers) then one
has i € Peak(A) precisely when 1 < ¢ < n and the block of A containing ¢ is after
the blocks containing i — 1 and i + 1. Even when A ¢ S the set Peak(A) is always
equal to I(«) for some peak composition « F n.

DEFINITION 4.5. For a peak composition o E n, let

) = Z [A]s(nﬁt) € MMR.
Aes™t
Peak(A)=I(a)
Define MPeakp to be the free Z[B]-module with {Wp&ﬁ) :« 1S a peak composz'tion} as
a basts.

It also holds that wpgﬁ) = Y A(y)=a RE,B) where the sum is over v F |a], so
MPeakp C MNSym. Define [-, -] : MPeakp x mIISym — Z[S5] to be the nondegenerate
bilinear form, continuous in the second coordinate, that has [wp((f)7 Kn(f)] = 0oy for
all peak compositions o and 7. Below, let (-,-) : MNSym x mQSym — Z[3] be as in
Theorem 3.11 and recall the definition of @) from (4.7).

LEMMA 4.6. If f € MPeakp and g € mQSym then [f,0P)(g)] = (£, ).

Proof. We may assume that f = wpgﬁ ) and g= LE,B ) for a peak composition « and a

composition 7. Then the desired identity is clear by comparing the definitions of ©(%)
(8)

and g . O
THEOREM 4.7. The module MPeakp is a Hopf subalgebra of MNSym and is the Hopf
algebra dual to mIISym wvia [-,-]. The continuous linear map mMR — mIISym from

Theorem 4.2 sending [w],(nﬁ) > K

rpent () for all w € ST is the morphism adjoint to
the inclusion MPeakp — NMMR.

Proof. Relative to the form in Theorem 3.6, the set MPeakp is the orthogonal com-
plement of the kernel of the LC-Hopf algebra morphism mMR — mIISym described
in Theorem 4.2. Therefore MPeakp is a Hopf subalgebra. Lemma 4.6, in view of
Theorem 3.11, implies that the nondegenerate form [-, -] respects the (co)product and
(co)unit maps of MPeakp and mIISym, so MPeakp dual to mIISym. For the last
assertion, we note that if « is a peak composition and w € S then

(o) [l = (ol L) ) = ol 0D (L) )] = [l K, )
by Theorem 3.11 for the first equality, Lemma 4.6 for the second, and (4.8) for the
third. O

We call 9Peak p the multi-peak algebra. This is a generalization of the peak algebra
carefully studied in [41] (see also [1, 3, 5, 23, 37]), which coincides with 9tPeak p when
B =0.

We can compute a product formula for the Wp&ﬁ )_basis of MPeak p. Suppose « and
~ are nonempty peak compositions of length m and n. Define a <1 v := ary and

al>yi= (ala"'aOéTn—laO‘m+717’72a"'7771)7

o7y = (ala"'vamflaam"f'ﬁyl_]-7’727~~'a’yn)~
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Additionally let
awy:=ab> (Ly—1L,9,...,7)

= (a1, U1, + 1,71 — Ly, 0o Y0,
aey:=ao(l,y —1y,...,7)

= (a1, ey my 71— Ly2, ooy V).

(4.11)

If n =1 then o » v and « @ v could be integer sequences ending in zero, which we
do not consider to be peak compositions. We define ﬁp&ﬁ ) .= 0 if @ is not a peak

composition. The following result is a shifted analogue of the product formula [24,
Prop. 8.1] for the R&ﬁ)—basis of MNSym.

PROPOSITION 4.8. Suppose o and vy are nonempty peak compositions. Then

mpPmpl®) = wpl), + mpl, + ol + 8- 1l + B - mplli,.

Proof. Choose a word w = wyws - --w, € S%. By Proposition 4.3 and Theorem 4.7
the expression [Wp((l )wp(ﬁ), KP )] = [wpgﬁ) ® ﬂpgﬁ), A(Kc(fe)ak(w))] expands to

Qpeak (W

Z da JOtpeak (W1 - w1)5v Otpeak (W41 Wy ) + B Z da ,Otpeak (W1 - -wi)(smapeak(ww-wn)'

= =1
Now observe that one can have o = apeak(wi1---w;) and v = Qpeak(Wit1 - - wWp)
precisely when either ¢ € Peak(w) and apek(w) = a < v, i + 1 € Peak(w) and
Opeak (W) = a » 7, or {i,i+ 1} N Peak(w) = & and apeak(w) = « > ~y. Similarly, one
can have @ = apeak (w1 -+ w;) and v = apeak(w; - - - wy,) precisely when ¢ € Peak(w)
and apeak(w) = a @y or when i ¢ Peak(w) and apeak(w) = a0 7. O

EXAMPLE 4.9. Here are two examples of Proposition 4.8. All five terms appear in

B B B B B B B
7Tp:(32)527rpz(12) = Wpéz%a& + ngu?f»ﬁz + 7Tp:(32)5242 +5- Wpé22552 +5- 7Tp§’>22%232~

On the other hand, only three survive in

B B B B B B B
sz(z,zlﬂpz(;z) = ngzézsz + sz(sz)502 + ngzzsmz +p- sz(sz)542 + - Wp:(szé132
(8) () 8)

= TP325932 T TP32552 + B * T™P32540-

To save space here, we have removed the parentheses and commas from all subscripts

7

“(a1,@a,...,q;)” and rewritten these as “ajag - -+ a;”.

Below, we abbreviate by writing Wp(ﬁ) = 7rp for n € Zsq and set Wp(ﬁ) = 1.

LEMMA 4.10. If n is a positive integer and Op,) := [{n} N{2,4,6,...}| then
V) € 6y - 1P + Z P, + Zilspan {mp?) s ol <n}.

Proof. Let T = 7Z|f]- span{wp(B) |a| < n}. Proposition 4.8 implies wp(B)wpsﬁ)l +7=

(ﬁ) + ngzﬁ)n 2) + 7 for n > 1, where WPEB)) := 0. Likewise, if 2 < ¢ < n then

WPE?L oy t+t1= WPZ(' )ngm_)i - pgzﬁ) ngi)rl n—i—1) T L. We obtain the lemma by

successively expanding the right hand side of the first identity using the second. O

ProOPOSITION 4.11. The set {Wpslﬁ) n = 1,3,5,...} freely generates MiPeakp as a
Z[B]-algebra.
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Proof. Suppose a = (a1, aq,...,q,) is a composition and let

We say that « is odd if «; is an odd integer for each ¢ € [m]. It suffices to show that the
elements E&B) form a Z[(]-basis for MPeakp when a ranges over all odd compositions.

First let <;eviex be the partial order on compositions with v <jeviex @ if || < ||
or if |7| = |a| and v exceeds « in lexicographic order. It follows from Proposition 4.8
that if « is any peak composition then E((f) € Wpff) + Z[B]-span {ngﬁ) 1Y <revlex a}.
Thus the elements E((f ) form a basis for 9Peak p at least when « ranges over all peak
compositions.

If @ is a peak composition then let odd(a) be the odd composition formed by
replacing each even part a; by two consecutive parts (1,a; — 1). For example,
odd((3,6,3,4,2)) = (3,1,5,3,1,3,1,1). Let <jox be the partial order on compositions
with 7 <jex v if |7] < || orif || = |a| and 7 precedes « lexicographically. It follows by
induction on £(«) using Lemma 4.10 that Egﬁzj(a) € E&’B)—i-Z[ﬁ]—span {Egﬁ) DY <ex a}.
Since odd is a bijection from peak compositions to odd compositions, we deduce that

{E((f) :a is an odd composition} is another Z[f]-basis for MPeakp as desired. O

To describe the dual of mIISym we need a variant of S2*. Define S to consist
of the set compositions A = Ay Ay --- A, € SetComp,, such that if {i,i 4+ 1} C A;
for i € [n — 1] and j € [m] then the union A; U Ap U --- U A; contains neither
i — 1 nor i + 2. Then ST C SM and for A € S™ it still holds that i € Peak(A)

n

if and only if 1 < ¢ < m and i appears in a block of A after the blocks con-
taining ¢ — 1 and ¢ + 1. For example, the elements of S’im — ST with peak set
{3} are {1,2,4}{3}, {1,2}{4}{3}, and {4}{1,2}{3}. For any A € SetComp,, let
o(A) :=|{i€[n—1]:{i,i+ 1} is a subset of some block of A}|.

DEFINITION 4.12. For a peak composition o E n let

mq® = Z 2t(@)=o(4) [A]E(”ﬁt) € MMR.

AeS™
Peak(A)=I(«)

Let MPeakq be the free Z[B]-module with basis {Wqéﬂ) T« is a peak composition}.

For example, if a = (3,1) then we have

mq(y ) = 4cotmps)y) + 2[{1,2, 4H3HG + 211, 2H4AH3MR + 2[{4H1, 2131
= 4mpif)) + 28[{1, 312} + 28[{1H{BH2YS + 28[{3H1H2

_ (8) (8)
= 47rp(3,1) + 267rp(2,1).

The following shows that {wq&ﬁ )} is linearly independent so MPeak is well-defined.

LEMMA 4.13. If a is a peak composition with ¢ = ¢(«) then
= 3 6B and ) = Y 2,
5€{0,1}* 8€(Z30)"

where we set ngﬁjé :=0 and ﬂ'qéﬁjé :=0 if « — 9 is not a peak composition.
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Proof. The map that sends A € SetComp to the unique B € S™ with B <o A is a
bijection

(4.12) {A € S : Peak(A) = I(a)} = {B € S5 : Peak(B) = I(a - 5)}
§

where the union is over 6§ € {0, 1}* such that a—d is a peak composition. To construct
the inverse map, define a valley of a big multipermutation B € S2 to be a number
a whose block in B is not weakly after the blocks containing a — 1 or a + 1. Each
B e Slgf‘f‘é‘ with Peak(B) = I(« — §) has exactly ¢ valleys a; < az < -+ < ag. Form
A from such B by replacing the valley a; by two numbers a} < a; whenever ¢; = 1
and then standardizing. For example, the valleys of B = {1,3}{2} are 1 and 3 so if
4 = (1,0) then this inverse map would give

B = {1,312} {1, 1,3}{2} > {1,2,4}{3) = A
The formula for 7¢{" follows since if (4.12) sends A € ngfl to B € Slggf\*ltil then
o(A) = |6] and [A}g? = Bl [B]gg?. Inverting this identity to get the formula for mp{’)
is straightforward. O

THEOREM 4.14. There is a unique extension of [-,-] to a bilinear form 9MPeakg X

mIISym — Z[B], continuous in the second coordinate, with [ﬂ'q&ﬁ), I_{n(,ﬁ)] = dan for all
o and vy. Therefore MPeakq is a Hopf subalgebra of MPeakp and is the Hopf algebra
dual to mIISym wvia [-,-].
Proof. The first claim follows by computing [Wq((y,ﬁ ), Ka(yﬁ )] from the identity

ol ) = 8y

after substituting the formulas in Lemma 4.13 and (4.3) for ﬂq&ﬁ ) and f{ﬁﬁ ). The

second assertion holds as MPeakp and mIISym are already dual via [-,-] by Theo-
rem 4.7 and each element of mIISym is a formal Q[f]-linear combination of elements
of mIISym by (4.3). O

REMARK. It follows that the morphism mMR — mIISym adjoint to the inclusion
MPeakg — MMR has the same formula [w],(nﬁ) — Ké’fik(w) for w € ST as the adjoint
map in Theorem 4.7.

Define a v := (a1, -+, Cm—1, ¥m — 2+ 91,72, - - -, V) for nonempty peak compo-

sitions « and ~y of length m and n. Below, as usual, we set Wq&ﬂ )

composition.

= 0 if « is not a peak

PROPOSITION 4.15. Suppose « and v are nonempty peak compositions of length m and
n. Then

Wqéﬁ)wqgﬁ) = 71'(1&’6,)W + 27rqg@7 + 7rq((f<)m +(14+r+ S)ﬁﬂ'q,(fo)'y + ﬂ?rqéﬂ.),y + rsﬁzﬂq&@,
where 1 = 1 (respectively, s = 1) if the sequence (aq,...,Qm—1,m — 1) (respec-
tively, the sequence (1 — 1,7%a,...,7n)) is a peak composition and otherwise r = 0

(respectively, s = 0).

Proof. For each z,y € Z>( define

(a | J}] — 2 : 2m—1—|5|ﬁ‘5‘ngg)l’m,amfl,x)—é
oe{0,1}™
8m=0

(D This means r = 1 if the last part of a is greater than one, and s =1 if v1 > 2 or v = (2).
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and
wlv= > 2 Pl
se{0,1}"
61=0
so that mg{? = 2. (a]ap)+ 8- (a] am— ]andwq(’ﬁ) 2- M| +B-[n—=1]9).
Also let
m-+n— 5 §
(Oé I x | ’Y) = Z 2 - - l lﬁ‘ ‘Trpga)h ;amflvzz"/%“-ﬂ’n)_é’
se{0,1ymtn—1
m+n—2—|8 § B8
(lzlyly):= Y 2mtn=2ligl ‘nga)l,...,amfl,z7y,w,...,%>—6'
se{o,1}mtn"
Om=0m+1=0

Our conventions mean that these summations are zero if x = 0 or y = 0. By Propo-
sition 4.8
(alz]-[yly)=(a|lz+1l]y—1[yn)+(alzt+y|[7)+(a]z]|y]|7)

8- (alz+y—1[y)+B (alzly—1]9)
for any positive integers = and y. The desired formula follows by using this identity
to expand the right side of

mqI gl = (2- (a | am] + 8- (@] am = 1) 2-n [N+ 8- —1]7))
and then combining terms. There are a large number of terms and a few different cases

to consider (according to whether «,,, = 1 or 1 = 1), but this is all straightforward
algebra. O

EXAMPLE 4.16. It holds that

(8 (B) (8) () (8)
T4(3,2,52)794,2) = T49(3,2,5,3,3,2) Jr2'7“1(3256,2) Jr7”1(325242)

B) () 2 (B)
30 T4 0552 T8 Ta25032 T TGas.49

: (8) ® _ _ (B (8) ()
while 432,51 79 (4,2) = T4(32,5,2,3,2) T 2- 432,552 T 26 - T4(3,2,5,4,2)"

As above, for n € Z~( we set

(8) ®
2.7y +B-mply ifn>1 (8)
4.13 1q® = nq®) = n—l and 7 = 1.
( ) & Un) 2. Wp%ﬂ) ifn=1 o

The following identities suffice to compute coproducts in 9Peakp and MPeak:

PROPOSITION 4.17. If n € Z~ then A(wq(ﬁ)) S qul(ﬁ) ® wqﬁf_)i and
A(mp) = 1@ mf +Z7Tp @ mg, =P @1+ Zﬂq(ﬁ) @ mp;.
=0

Proof. Let o' and o be peak compositions and choose u € S;' and v € Si* with
Opeak (1) = & and apeak(v) = ”’. Keeping in mind the product formula in Proposi-
tion 4.3, suppose w € Si, , has u < wN [p] and v T p < w N (p + [g]). Write m :=
£(v) = |a”|. The only way that we can have Peak(w) = & is if Peak(u) = Peak(v) = @
and w is either

Ul"'f)i'u'f]wrl"'ﬁm or 17117171111715771 or ﬁlﬁluq}lﬁm

where i € [m] is the index of the smallest letter of v and 9; := v; + p.
Thus by Proposition 4.3 we have

B (8 (8 B)
[A(ﬁpszﬁ))’ Ké/) ® Ka”)] = [Trp'(nﬁ)a KO/)K(()//] € {07 17 Qaﬁ}
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Specifically, the value of the form is zero if £(a’) > 1 or £(a/’) > 1 as then Peak(u) or
Peak(v) is nonempty. If this does not occur, then the value of the form is £(a’) +£(a’")
when n = |o/| + ||, or 8 when (/) = (") =1 and n = |&/]| + |&”| + 1, or else
zero. We conclude by the definition of [, -] that

A(ﬂp(ﬁ))—1®ﬂp(ﬂ>+ﬂp(ﬁ)®l+227w "o m; +ﬁpr @ Py
i=1

This identity is equivalent to the displayed equation for A(ﬂpgf )) via (4.13). It follows
that
Alra”) =2 Ampl”) = 1@ 7 + 7 @1
and
A(mg?) = 2- Aapl?) + B Almp,)
when n > 1. The expression on the right expands to

2.® mp|) +7rp(’8) ®2+ 8o, +7rp§f) ® 8

49 Z ® @ q®) 4 3 Z ® @ rg®

=1

n (

and one can check that this is equal to ) " quﬁ) ® Wq(B) O

There is no Q-version of Proposition 4.11. Over Z[f], the set {ﬂq(B) n o=
1,3,5,...} generates a proper subalgebra of 9MMPeaky which contains 2 - 7rq7(16 ) but

not ﬂq(ﬁ) for even n € Z~o. This set does freely generate Q[f] ®zj5 MPeakp =
Q[B] ®z15 MPeakq as a Q[f]-algebra.

The classical peak algebra is also freely generated by a countable set [41, Thm. 3],
so after an appropriate extension scalars it is isomorphic to

Q[A] ®z[8] MPeakp = Q[f] ®z18] MPeakg

as an algebra. By duality, the tensor product Q[S] ®@z(5 mIISym = Q[S] ®zg mIISym
is isomorphic as a coalgebra to the completion of the peak quasisymmetric functions
IIg from [6, 42].

The (co)algebra isomorphisms that come from these observations do not extend
to isomorphisms of Hopf algebras. This is different from the unshifted case (1.2),
where both LE{B) and L, := Lﬁ?) span mQSym, and we have INSym = NSym as Hopf
algebras (after an appropriate extension of scalars) [24, Prop. 8.5]. In principle, our
shifted objects might still be isomorphic to their 5 = 0 specializations by some other
maps; determining whether such maps exist is an open problem.

4.3. SHIFTED SYMMETRIC FUNCTIONS. Finally, we turn to the shifted analogues of
symmetric functions that arise in K-theory. Recall that a partition is strict if its
nonzero parts are all distinct. Choose strict partitions ¢ C A and write
SDa/p ={(i,i+j—1) €Zso X Lo : pt; < j < Ai}
for the shifted Young diagram. We often refer to the positions in this diagram as
bozes. A shifted set-valued tableau of shape A/ is a map T assigning nonempty finite
subsets of {1’ <1 < 2" <2 < ...} to the boxes in SD,,,. We write (4,5) € T" when
(i,5) € SDy,, and let T;; denote the set assigned by T' to box (i, j).
A shifted set-valued tableau has weakly increasing rows and columns if max(Tj;) <
min(T;41 ;) and max(T;;) < min(7; j41) for all relevant (¢, j) € T. A shifted set-valued
tableau T" with this property is semistandard if no primed number occurs in multiple
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boxes of T' in the same row and no unprimed number occurs in multiple boxes of T'
in the same column. For example,

345 34
12123 7 and 221 3|7
17 12'3 - - 1711235

are semistandard shifted set-valued tableaux of shape (4,3,1)/(2) drawn in French
notation. Given such a tableau T, we let

|T| := Z IT;;| and 27 := H H T[g).

(4,9)€T (i,j)€T kETy,

Our examples have |T| = 11 and 27 = za3adz xs07. Also set [A/p| := [SDy,,,|. The

following definitions originate in work of Ikeda and Naruse [21, §9]:

DEFINITION 4.18. Let ShSVTg(A/p) denote the set of all semistandard shifted set-
valued tableaux of shape A/, and let ShSVT p(A\/ 1) be the subset of such tableaus with
no primed numbers in diagonal boxes. The K-theoretic Schur P- and Q-functions are
the formal power series

GPy)) = Yoo BTNV and GQY), = S BITIERLT,
TEShSVT p(A/ 1) TEShSVT o (A /1)
When u = @ is the empty partition let GP)(\B) = GP)(\f)@ and GQg\ﬁ) = GQE\’Z?Q.

If deg(B) = 0 and deg(z;) = 1, then GP)(\% and GQE@L have unbounded degree,
but their lowest degree terms are the Schur P- and Schur Q-functions P/, and
Qxyp = 2N Py, - As {Py} and {Qa} are bases for subalgebras of MSym, the
sets {GP)(\ﬁ )} and {GQg\ﬁ )} are linearly independent.

DEFINITION 4.19. Define mSymp and mSymg, to be the linearly compact Z[]-modules

with the sets {GPA(ﬂ)} and {GQ&[})} (where X ranges over all strict partitions) as
respective pseudobases.

If one sets deg(f8) = —1 and deg(z;) = 1 then GPA(/Z)L and GQE\/?# are homogeneous
of degree |\/u|. Both mSymp and mSymg are LC-Hopf subalgebras of mSym [8,
Thm. 5.11] and if u C A are strict partitions then GP)(\[/EL € mSymp and GQ&B/)M €
mSymg, [8, Cor. 5.13].

It remains to identify the dual Hopf algebras 9Symp and 9MSym, in (1.5). Con-
tinue to assume pu C A are strict partitions. A shifted reverse plane partition of shape
A/p is an assignment of numbers from {1’ <1 <2’ <2 < ...} to the boxes in SDy
such that rows and columns are weakly increasing. If T' is a shifted reverse plane
partition, then we let

wtrpp(T) := (a1 + b1,a2 + ba,...) and |wtgpp(T)|:=a1+b1 +azs+ba+...

where a; is the number of distinct columns of 7' containing ¢ and b; is the number
of distinct rows of T' containing ¢’. For example, if A = (4,3,2) and pu = (2) then T
could be either of

515 5]5
[3[3]5] and  [3']3]3
UK SNE

and we would have wtgpp(7T) = (1,0,2,0,2) and |wtgpp(T')| = 5 in both cases.
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DEFINITION 4.20. Let ShARPP(A/p) be the set of shifted reverse plane partitions of
shape X/, and let ShARPP p(A/ ) be the subset of T € ShRPP(A/p) whose diagonal
entries are all primed. The dual K-theoretic Schur P- and Q-functions are

gpyj)# = Z (—B) M ul=Iwtrer (T)] ywirer (7)
TEShRPPp(\/ )
and
QQE\E/L — Z (_5)|/\/N‘_‘WtRPP(T)‘thRPP(T)'
TEShRPP o (M)

When p = @ is the empty partition we write gp(ﬂ) = gpg\ﬁ/)g and gq(ﬁ) = gqg\’i)g We
will adopt a similar convention for all later notations indexed by skew shapes A/ .

By [26, Thm. 1.4], gp\ ) and gq(ﬁ) are special cases of the dual universal factorial

Schur P- and Q—functwm that Nakagawa and Naruse characterize in [35, Def. 3.2
via a general Cauchy identity. The skew versions gpf\ﬁ/u and gq/(\ﬁ/L of these functions
were first considered in [12, §6].

If we set deg(8) = deg(x;) = 1, then gpg\ﬁ/) and gq(’[;) are both homogeneous of
(bounded) degree |\/u|. If instead deg(8) = 0 and deg(x;) = 1, then the terms of
highest degree in gpf\lj) and gqg\ﬂ/) are P/, and Qy/,, so {gp/\ )} and {gq (8 )} are

linearly independent over Z[5].
DEFINITION 4.21. Deﬁne MSymp and MSym, to be the free Z[B]-modules with the

sets {gp } and {gq)\ } (where X\ ranges over all strict partitions) as respective bases.

The functions gp(f/)ﬂ and gqi% satisfy the following Cauchy identity Let x =
(x1,29,...) and y = (y1,¥y2,...) be commuting variables and set T; = 1+Bz Then
(4.14) Z GP(B) gqg\ﬁ) Z GQ(’B) gpg\ﬁ)( ) = t;izz;

3,21

by [26, Thm. 1.4] via [35, Conj. 5.1].(%) Since the right hand side of (4.14) is invariant
(8) (8)

under permutations of the y variables, the power series gpy~ and gg, ' are symmetric.
This implies that
o (x Z P (x)gp\),(y) and

(4.15)
907 (x qu(’” )9957,(¥),

where f(x,y) is the power series f(asl,yl,x2,y2,...) for f € Z[B][z1,z2,...]. The
sums here are over all strict partitions u, setting gpgﬁ/)# = gqg\B/L =0 when u Z .

Both sides of (4.15) are symmetric under all permutations of the y variables, so gpgﬁ)#

and gqg\ﬁ/L are also symmetric.

REMARK 4.22. The continuous Z[3]-linear map with f(x)g(y) — f ® g for all power
series f,g € Z[x1,x2,...] is a bijection

Z[ﬁ}[[xl,yl,xg,yg, .. ]] 1> Z[ﬂ][[xl,xg, .o ]] ® Z[,B][[xl,xQ, .o ]]

2 )[35 Conj. 5.1] asserts that the power series gq(m and gpg\ﬁ) defined by (4.14) have the generating
function formulas in Definition 4.20, and [26, Thm. 1.4] proves this conjecture.

Algebraic Combinatorics, Vol. 7 #4 (2024) 1144



Shifted combinatorial Hopf algebras from K-theory

Composing this map with f — f(x,y) gives an operation

Zlp[x1, @2, - ] = Z[B][21, 72, .. ] @ Z[B][71, 72, .. ]

which restricts to the coproduct of mSym and 9iSym [16, §2.1]. Thus we can rewrite
the formula (4.15) as

(4.16) ng(ﬂ) @gpy), and A(gg)”) qu(ﬁ) ® 99\,

where the sums are over all strict partitions.

4.4. FINITE EXPANSIONS AND DUALITY. To identify the algebraic structure of
IMSymp and MSym, we need a short digression. Suppose A C v are strict partitions.
A box (4,5) € SDy is a removable corner of X if SDy — {(4,j)} = SD,, for a strict
partition u C A. Let RC(X) be the set of all such boxes and define

B ._ Al— B) ® . Al— )
(4.17) GP, )\ =Y BAN-Mapl and GQy)\ = s HGQ
W W

where both sums are over all strict partitions 4 C A with SDy /u C RC()\). For strict
partitions A € v set ap) DIA = GQS/’B//))\ := 0. These functions arise in the identities

GPY (x,y) ZGP x)GPIA (),

(4.18)
GO (x,¥) = ZGQ“” GQ )

which by Remark 4.22 can be restated as the coproduct formulas

(8) (8)
(4.19) A(GPP) = ZGP ®GP)\ and A(GQY) = ZGQ ®GQ, )\

The sums here are over all strict partitions A, but the terms indexed by A € v are all
zero.
Because mSymp and mSym, are LC-Hopf algebras, and because the pseudobases

{GP)(\B )} and {GQ(f )} consist of homogeneous elements if we set deg(f) = —1, there
are unique integers ay , by wagu, b3, € Z indexed by strict partitions A, i, v with

pr\ﬂ)GP}SB) - Z aKﬂﬁl”\*P\l*lMGPV(ﬁ)

GQPGQP = 31, -l
(4.20) .

(ﬁ AI/ — |V
P, — waﬁwﬂm MGpe),

(ﬁ//)}\ Zav B lul— IV\GQ

The following result is a special case of [35, Prop. 3.2] since gp(B ) and gqg\ﬁ )

cases of [35, Def. 3.2]. We outline a self-contained proof for completeness.

are special

PROPOSITION 4.23 ([35, Prop. 3.2]). For all strict partitions A, p, v it holds that

~v v () v v|—|A L
gp( gpu Za IBP\‘JF‘IL‘ ‘ |gp() gpu/k Zb Bl |=IAl=1p] gp

and
gq gq(ﬁ) Zbu \>\|+\M \Vlgq() gqu//\ Zav ﬁll/\ [A— \ng B)
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Proof. One can derive these identities from (4.14) by introducing a third sequence of
variables z = (21, 22, ... ) and then extracting coefficients. For example, we have

1-=;z; 1-y;z;
ZGQ (x,y)9p{" (z) = = =

2% 2]

The left side is
> ax, s GRP (0GR (v)gpl? (=)

A v
while the right side is
> GRV)GQP (v)9p\ ()90 (2),
A
which leads to the first formula. O

Let £(\) be the number of parts in a partition A. Given strict partitions p C A,
define cols(A\/u) = [{j : (i,5) € SDy/,}| to be the number of columns occupied by
SDy/u- A subset of Z~q x Z is a vertical strip if it contains at most one position in
each row. Then it holds by [12, Thm. 1.1] that

(4.21) GQEF) — Z 20(m) (1 )cols(A/n) (_5/2)i>\/MiGP)(\5)
\

and by [12, Cor. 6.2] that
(422 D

where both sums are over strict partitions A 2 p with £(\ ) = {(p) such that SDy/,, is

a vertical strip. For example GQ(B) = 4GP((35)2) + ZBGP(( —g2GPL) and gg'?

(4,3) (3,2) =
() () ()
4gp(3}2) + 259?(3’1) ﬂ2gp(2 1)

We use the following notation from [22] just in the next result. Let GI' be the
linearly compact Q(8)-module with {GP;\B )} as a pseudobasis (where A ranges over
all strict partitions) and let gI" be the free Q(/5)-module with {gp(f )} as a basis. The
identities (4.21) and (4.22) imply that {GQg\ﬂ )} is another pseudobasis for GI" while
{gq } is another basis for gI'.

PROPOSITION 4.24. There is a unique bilinear form [-, ] gI'x GI' = Q(p), continuous

in the second coordinate, with [gpf\ﬁ),Gfo)] = [gq)\ ,GP, B)] = Oxy for all strict
partitions \ and p.

Proof. Let (-,-) be the bilinear form, continuous in the second coordinate, with
(gpg\ﬁ)7 Gﬂgﬁ)) = d),. Write ¢ and ¢ for the (continuous) linear maps with

$(9¢)”) = gpi”  and  »(GQP) = GPP)

The identities (4.21) and (4.22) imply that (¢(f),g9) = (f,¥(g)) for all f € gI" and
g € GI'. Then the form [f, g] := (¢(f),9) = (f,%(g)) has the desired properties. O

REMARK. The module GI" coincides with the ring considered in [22, §5.2], which Iwao
defines by a certain K -theoretic Q-cancellation property; [21, Thm. 3.1] shows that the
infinite linear span of the GP)(\B )5 is characterized by the same property. Comparing
the Cauchy identity (4.14) with the one in [22, §8.2] shows that ¢gI" similarly coincides
with the ring defined in [22, §8.1], and that the form in Proposition 4.24 is equal to
the one in [22, Eq. (30)].

Putting everything together leads to this theorem:
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THEOREM 4.25. Both MSymp and MSym, are Hopf subalgebras of MSym. In partic-
ular, MSymp (respectively, MSym, ) is the Hopf algebra dual to mSymg, (respectively,
mSymp ) via [-,].

Proof. 1t is clear from (4.16) and Proposition 4.23 that 9MSym p and 9MSym, are the

sub-bialgebras of MSym dual to mSym,, and mSymp via [-,-]. The fact that these
bialgebras are preserved by the antipode of 9Sym follows by duality as mSym(, and
mSymp are LC-Hopf subalgebras of mSym. O

As mentioned in Section 3.5, the Hopf algebras 9i{Sym and mSym have another
pair of dual bases for (-,-) besides the Schur functions, given by the (dual) stable
Grothendieck polynomials {gg\’@ )} and {Gg\ﬁ)}. We need to quote two results involving
these functions. First, one has

n
(4'23) gP(n) = Zggiﬁy)ln—i)
=1

for all positive integers n by [35, Prop. 5.3]; see the proof of [12, Prop. 7.5] for another
derivation. Second, if A is a partition with k parts and @ : mQSym — mIISym is
the map (4.7) then

(4.24) oW (G) = GQEm

esys for 0:=(k—1,...,2,1,0), by [8, §4.6].

Taking k = 1 gives G(ﬂ)(GE%) = GQEﬁ% for all n > 0. Thus ©) restricts to a map
mSym — mSymg,, which is surjective by [8, Cor. 5.17]. The following result reduces
to [42, (A.9)] when 8 =0:

THEOREM 4.26. If f € gI" and g € mSym then [f,G(B)(g)] =(f,9).

Proof. Write gp%ﬂ) = gpgg; and gqff) = gqg? for n € Z~g. Define G;ﬁ) and GQ&[B)
analogously. For compositions v = (a1, a2, ..., o) let G(a) == [ [,y G&B), GQ(a) ==

0 (G(a)) = [icw GQgg), and gp(@) = [ [;ep gpgfj). The Pieri rule in [25, Thm. 3.4]
implies that every element of mSym is possibly infinite Z[5]-linear combination of
G(a)’s. The analogous Pieri rule in [26, Prop. 2.7] with (4.22) implies that every
element of ¢gI' is a finite Q(/)-linear combination of gp(«)’s. Thus we just need to
check that [gp(a), GQ(7)] = (g9p(a), G(7)) for all compositions « and 7.

To show this, let &k = ¢(«) and [ = #(vy) be the lengths of two arbitrary compositions.
Recall that we denote iterated coproducts by A®) := (18 A*~1)oA = (A*-D@1)oA
where A := A Since [, -] : MSymp x mSymy, — Z[B] and (-, -) : MSym x mSym —
Z|3] induce Hopf algebra dualities and since coproducts in Hopf algebras are algebra
morphisms, we have

lgp(a), GQ~)] = Pvllkmxa»,égfﬂ9%>

® A (D), @ AFD(GQ()
i€k Jel]

and similarly
(gp(er),G(7)) = <A(l_1)(gp(a)), 6%] Ggf)>
j€
iTH 'jell

_<®AUWW@)®A%U@@»
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where we appropriately reorder the kl tensor factors in ®i€[k] A(l_l)(gpgg)) to eval-

uate the two rightmost expressmns
It is clear from (4.16) that A(gpn ) =>" gpg ) ® gp(ﬁ) and from (4.19) that

AGQY) =36V © R\, + Z Q¥ @ e,
1=0 i=1

where gp(()’@ ) = GQ(()B) := 1. It follows similarly from the well-known set-valued tableau

generating function for G (see e.g. [8, Eq. (3.9)]) that

AGCY =366 +8> 6P w6l .
i=0 i=1
We deduce from these formulas that the equality [gp(a), GQ(7)] = (gp(a), G(7)) will
hold if we can just show that [gp(B) GQ%B)] = 0mn = (gpgq'f), GﬁP) for all m,n € Zxo.
This simpler identity is immediate from (4.23). O

Recall the elements wpﬁf) € MPeakp and ﬂq(B) € MPeakqg for n € Zs( from

Section 4.2.
THEOREM 4.27. The map MPeakp — MSymp adjoint to mSymg — mIISym relative

to the forms [-,-] in Theorems 4.7 and 4.25 is the unique algebra morphism with
ng{ﬁ) — gp(ﬁ) and wq(’B) — gq(ﬁ) This morphism restricts to the map MPeakg —

MSym, adjoint to mSymp — mIISym.

Proof. We first claim that [ﬂpg{B), Q&B)] = d(n),x for all n € Z3( and strict partitions
A. This follows from the discussion in [8, §4.6] which gives the K )—decomposition
of GQE\B). In detail, define a standard shifted set-valued tableau of shape A to be a
semistandard shifted set-valued tableau of shape A whose entries are pairwise disjoint
nonempty sets, never containing any consecutive integers, with union {1,2,..., N}
for some N > |A|. Suppose T is such a tableau and set |T'| := N. The peak set of T' is
the set Peak(T') of integers 1 < i < N such that ¢ appears in a column of T strictly
after i — 1 and in a row of T strictly before i+ 1. Then GQ(’B) Yoo kS pled=IAl K
where the sum is over all peak compositions of o and k¢ is the number of standard
shifted set-valued tableaux T' with |T| = |a| and Peak(T) = I(o) [8, Eq. (4.14)].
Equivalently, [Wp&ﬂ),GQE\m] = kg - plel=IAL

Now observe that if £(\) > 1, then every standard shifted set-valued tableau 7" of
shape A has a nonempty peak set, since if ¢ + 1 is the smallest number in box (2, 2)
of T then i € Peak(T). On the other hand, if ¢/(A) < 1 then there is exactly one
standard shifted set-valued tableau T of shape A, and this tableau has |T| = |\| and
Peak(T) = @. Thus if o = (n) for some n € Zxg so that I(a) = &, then we have

kS = d(n),n and [wp%’g) GQ(B)] = O(n),x as desired.
Our claim shows that [Wp%ﬁ), GQg\ﬂ)] = [gp(ﬁ) GQ ﬂ)] so the adjoint map

(8)

MPeakp — IMSymp must send 7pp, (

— gpn) for all n € Zyq. There is at

most one algebra morphism with this property since {an :n=1,3,5,...} freely
8 (8)

generates MPeakp by Proposition 4.11. The adjoint map also sends 7gy ' +— gqn
since we have
mq{” = 2mp{” and  ggi” = 2gp}"
as well as
g = 2mp(P) + rpl”y  and  gq = 20p? + Bop'”,
for n > 1 by (4.13) and (4.22). O
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The maps in Theorem 4.27 are shifted analogues of the morphism 9INSym —

MSym in (1.2). As noted earlier, Lam and Pylyavskyy show that the image of R

under this map is a specific dual stable Grothendieck polynomial g(ﬁ ) [24, Thm. 9.13].

A
We do not know if this result has a shifted version. When « is a peak composi-
tion, the images of ngﬁ) and 71'(]&5) under the adjoint maps 9MMPeakp — MSymp and
(8) (8)

MPeakg — MSymy, typically are not of the form 9P/ OF 945/,

4.5. ANTIPODE FORMULAS. We gave the general definition of the antipode for a Hopf
algebra or LC-Hopf algebra in Section 2. Here we describe some specific antipode
formulas for the objects in (1.5).

If o is a finite sequence then we write o for its reversal. Given a F n, let a° be the
unique composition of n with I(a¢) = [n — 1] \ I(«), and define a* := (a®)* = (a¥)°.
For example, we have (3,2)* = (2,3), (3,2) = (1,1,2,1), and (3,2)* = (1,2,1,1).

Recall from Remark 3.8 that the homogeneous functions

Lo :=L© = > oM,
Vel I(v)21(a)
form another basis for QSym. Write w : QSym — QSym for the linear map with
w(Ly) := Ly:. This map is a Hopf algebra automorphism which preserves Sym, acting
on Schur functions as w(sy) = syt where AT is the transpose of a partition \. The
antipode of QSym is the linear map S with

S(La) = (—1)¥ Loe = (=1)1*lw(L,) and
8(sx) = (=D)Msyr = (=1)Mw(sy)

for all compositions « and partitions A [28, §3.6]. We can extend w to a continuous
automorphism of mQSym. The antipode of mQSym is the continuous extension of the
antipode of QSym.

A multiset is a set allowing repeated elements. Given a peak composition o =
(1,00, ...,04) let o := (o + 1,0_1,..., 02,01 — 1) when k > 1 and set o’ := «
if £ < 1. The following statement is equivalent to identities in [8], and reduces to [42,
Prop. 3.5] when 8 = 0.

(4.25)

PROPOSITION 4.28 ([8, Prop 6.5 and Obs. 6.9]). If « is a peak composition then
S (Kgf)) = Z(fﬁ)ls‘*NxS and S (K'if)) = Z(fﬂ)‘s‘*NxS
s 5

where both sums are over N-tuples S = (S1 X -+ < Sy) satisfying the same respective
conditions (4.1) and (4.2) as in Definition 4.1, but with each S; a finite nonempty
multi-subset of %Z>0.

PROPOSITION 4.29. The antipode S of MPeakg D IMPeakp is the algebra anti-
automorphism with

(a) S (71'(]7(1’8)) = (=" Z (Zj) gk ~7rq,(f) for alln € Zsq, and

k€(n]
(b) s (ﬂp,(f)) =(-1" Z () gk -wp,(f) for alln € Zsy.
ken]

Proof. The antipode of any Hopf algebra is an anti-endomorphism [16, Prop. 1.4.10]
and is invertible when the Hopf algebra is cocommutative [16, Rem. 1.4.13]. One
has Vo (S®id) o A = ¢ 0 € by definition, so by Proposition 4.17 we deduce that

S(ﬂqy(f)) = —mgiP — st S(Wqﬁf))ﬂq,(i)m for all n € Z~(. Checking that the formula

m=1
in part (a) satisfies this recurrence, using Proposition 4.15, is a somewhat involved
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but completely elementary computation, requiring only sum manipulations and the
identity (%) = (77)) + (™. "). Part (b) follows from part (a) by (4.13), since one can

similarly check that the formula for S(ngf )) is the unique solution to the recurrence

with S(wq%ﬁ)) =2- S(ngﬁ)) and S(wqff)) =2 S(Wpslﬁ)) +5- S(Wpifi)l) forn>1. 0O

Patrias [38, Thms. 33 and 35] computes explicit antipode formulas for mQSym and

MNSym in the (pseudo)bases {L((f)} and {R&ﬁ)}, using slightly different notation.(®
We have only given partial formulas for the antipodes of the shifted analogues of these
Hopf algebras. It may be possible to extend our results along the lines of [38].

Now we turn to the shifted versions of stable Grothendieck polynomials. Choose
strict partitions u C A. A shifted multiset-valued tableau of shape A\/u is a map T
assigning nonempty finite multi-subsets of %Z>0 to the boxes in SDy/,,. We write Tj;
to denote the multiset assigned by 7" to position (i, ). The definition of a semistandard
shifted multiset-valued tableau is identical to the set-valued case.

Let ShMVTq(A/u) denote the set of all semistandard shifted multiset-valued
tableaux of shape A/u, and let ShAMVTp(A/u) be the subset of such tableaux with
no primed numbers appearing in diagonal positions. Then define

JP/SL/*L — Z (=B)ITI=ulg T
TEShMVT 5 (/1)
(4.26) JQ(ﬁ) - Z (_ﬂ)m—u/mxT
VI ;
TEShMVT (A1)
where as usual |T| = 32 yesp, ,, |Tijl and @ = [ jesp,,, [lrer, #[r)- The

functions JP)(\% become the weak shifted stable Grothendieck polynomials from [17,
§3] when = —1 and = @.

PROPOSITION 4.30 ([8]). If 1 C X are strict partitions then

s(GP)) = (~0PMHIPS) and s(GQY),) = (—1)MHIQL),.

Proof. This holds since w (GP)(\%) = JP)(\/_f) and w (GQE\@)#) = JQg\;f) by [8,

Cor. 6.6]. O

A partition of a set S is a set II of disjoint nonempty blocks B C S with S =
||gen B- Choose strict partitions u C X\. A semistandard shifted bar tableau of shape

A/ is a pair T = (V,TI), where V is a semistandard shifted tableau®) of shape \/u
and II is a partition of SDy/,, into subsets of adjacent positions containing the same
entry in V. One might draw this as a picture like

3/
. L

to represent the pair
2223 |

(3)To convert the functions Lo and R, in [38] to our notation, set Lo = 6“"|L((16) and ,8“"'1?04 =
Ry,

#That is, a semistandard shifted set-valued tableau whose entries are all sets with exactly one
element.
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when A = (6,4) and = (2). Let |T| := [ and " := ], 22 where b; is the number

of blocks in II containing i or i’. Our example (4.27) has |T| = 5 and 27 = z3zy23.
Let ShBTg(A\/u) be the set of semistandard shifted bar tableaux of shape A/u and

let ShBTp(A/p) be the subset of such tableaux with no primed entries in diagonal

positions. Then define
i) = Y AVHEITT and o) = ST pAITIT
TEShBT p(A/p) TEShBT o (A1)
These generating functions were first considered as part of some conjectural formulas
in [12, §7].
PROPOSITION 4.31 ([26]). If p C X are strict partitions then
s (9p\),) = (DM ), and s (gal),) = (1))

Proof. This holds since w (gpg\ﬁ/)“) = jpg\/ ) and w (gqf\ﬁ/L) = qu;f) by [26, Thms. 1.4

and 1.5]. O
There are similar formulas in the unshifted case for S (Gg\ﬁ/)u) and S (gg\L;L), see
(38, §8].

COROLLARY 4.32. For all strict partitions  C \ one has

jpE\ﬂ/)u € MSymp, qu\ﬁ/) € MSym,, JPS) € mSymp, and JQ/\/M € mSym,,.

Moreover, the form in Proposition 4.24 has [jp(ﬂ) JQ,(f)] = [jq/(\ﬂ), JP,EB)} = 0y, for
all A, p.

Proof. The containments hold since MSymp, MSymy,, mSymp, and mSym, are all
closed under 8. The antipode of any commutative Hopf algebra is an involution [16,
Cor. 1.4.12] so Theorem 4.25 implies

(=)D, TQE) = [8(api”), S(GRL)]

= [s%(9p\"), GQ]
[gp,\ GQ(ﬂ)] = 5/\
One derives the identity [jq;ﬁ ), JP,Eﬁ )] = 0y, similarly. O

Let GP C mSymp and GQ C mSymg, denote the proper Z[3]-submodules with
{GP)(\B )} and {GQ&B } as bases, rather than pseudobases, where A ranges over all strict
partitions.

PRrROPOSITION 4.33. Both GP and GQ are sub-bialgebras of mSym but not Hopf alge-
bras.

Proof. We already know that {GP;F )} and {GQE\B )} are pseudobases for LC-Hopf
subalgebras of mSym. This result makes three nontrivial additional claims. First, the
products GP;\B )GPI(LB ) and GQ&B )GQEF ) always expand as finite linear combinations of
GP¥)- and GQP-functions. For the GP¥)-functions, this was first shown in [13]; for
other proofs, see [17, §4], [32, §1.2], or [39, §8]. For the GQ®)-functions, the desired
finiteness property is [26, Thm 1.6].

Second, the coproducts A(GPLE’8 )) and A(GQl(,ﬂ)) are always finite linear combina-
tions of tensor products of the form GP;\B) ®GP,5® and GQ&B) ®GQ£B). By (4.19) and

(4.20) this is equivalent to the numbers @y, and ZK ., being nonzero for only finitely
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many pairs (A, i) when v is fixed. This holds since both numbers are zero if A v (by
definition) or if p Z v (since @¥,, = @}, and by, = b} as mSym is cocommutative).
To show that GP and GQ are not Hopf algebras, it suffices to check that JP(B )

:i:S(GP(B)) and JQ(B) +s(G Q(B)) may fail to be finite linear combinations of GP(%)-
and GQ®)-functions. This can already be seen for A = (1) by setting z; = 0 for

all © > 1. Under this specialization one has JP(ﬁ) = 1;2’}51 JQ(/B) = ﬁiligflﬁ,
GP(B) = z7, and GQ(H) (2 + Bxy)x} for all n € Zsg, while GP; ﬁ) GQ,(f) =0
whenever L(p) > 1, so the relevant expansions are clearly infinite. g

REMARK 4.34. The span of the stable Grothendieck polynomials {Gg\ﬁ )} is a bialgebra
by [9, Cor. 6.7]. A similar argument shows that this bialgebra is also not a Hopf

8 _ (8)
algebra, as G(l) = GP(l) .

It is often of interest to derive cancellation-free antipode formulas. We should point
out that the results in thls sectlon are mostly not of this form, as we do not know
how to expand JP)\L;L, JQ)\/M, jpg\/)u, and ]qgij in the respective {pr(ﬁ)}’ {GQ,(F)},
{gp(ﬁ)} and {gq } bases.

We have also not discussed the multi-Malvenuto-Reutenauer Hopf algebras mMR
and 9MMR. The problem of finding cancellation-free antipode formulas for these Hopf
algebras appears to be open. Progress on this question would give K-theoretic gener-
alizations of the results in [4, §5].

4.6. PoOSITIVITY PROPERTIES. To conclude this article, we collect some open prob-
lems and conjectures related to positivity properties of our various symmetric func-
tions. Let GT and g™ denote the respective (finite) Z>o[3]-linear spans of the stable
Grothendieck polynomials {G(ﬁ )} and their dual versions { g(ﬁ )} with A ranging over
all partitions. Buch [9, Cors. 5.5 and 6.7] derives Littlewood-Richardson rules for
(co)products of stable Grothendieck polynomials, which imply that GE\’@ )G,(f ) e G+
and A(Gg\ﬁ)) € Gt @ GT for all partitions A and p.

Similarly, let GP, GQ™, gp™, and gq™ be the respective (finite) Z[3]-linear
spans of {GPiB)}, {GQ&B)}, {gpg\ﬁ)}, and {gqg\ﬁ)}, with A ranging over all strict par-
titions. It is known that GP\”GP” € GP* and GQ{VGQY" € GQ™ for all strict
partitions A and u, or equivalently that the integers as, and bKM in (4.20) are always

nonnegative [26, Thm. 1.6]. By Proposition 4.23, this implies that we always have

gp), € gp* and gq|)) € ga*

Computations support some other conjectural positivity properties:

CONJECTURE 4.35. One has GP)\?) € GP" and gq)\ gqfﬁ) € gqt for all strict parti-
tions A\, .

CONJECTURE 4.36. One has GQg\ﬁ//) e GQ' and gp(ﬁ)gpﬁ) € gpt for all strict
partitions A, p.

These conjectures are equivalent to the inequalities EKM > 0 and GKH > 0, or
via (4.19) to the coproduct identities A(GP/{B)) € GP" ® GP* and A(GQ&B)) €
GQ"®GQT. We do not know how to leverage the geometric interpretation of GPA(B )

and GQ&B) in [21, §8.3] to prove these properties.

Littlewood-Richardson rules are known for the coefficients a3, ; see [13, Thm. 1.2
or [39, §8]. Outside some special cases considered in [11, 26], the following problem is
open:
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PRrROBLEM 4.37. Find combinatorial interpretations of the integers b3, agu, and EKH
in (4.20).

REMARK. As noted in [8, Conj. 5.15], it also seems to hold that GP/{’?L € GP" and
GQE\% € GQ'. By (4.17), these containments would imply Conjectures 4.35 and
4.36. The analogous property for stable Grothendieck polynomials GE\B/)“ indexed by
skew shapes follows from [9, Thm. 6.9].

The conjugate (dual) stable Grothendieck polynomials are given by

Jiﬁ) = (—l)l)“S (Ggﬁ)) =w (Gg\_ﬁ)> and jg\ﬁ) = (—1)"\|S (g/(\ﬁ)) =w (gg\_ﬁ)>

for partitions A. The second equalities in these definitions hold by [44, Thm. 4.6].
Setting S = —1 turns J)(\ﬁ) into the weak set-valued tableau generating function Jy in

[24, §9.7]. Setting 8 = 1 turns jg’B) into the valued-set tableau generating function jy
in [24, §9.8]. It follows from [24, §9] that

J)(\ﬂ) — (7/8)*|>“JA(751;1’ —5;82, e ),
i = BNGA(B ey, B s, ),

The power series {J/(\’B )} and {j/(\ﬂ )} are another pair of dual bases for mSym and
MSym relative to the form (-, ), since this inner product is S-invariant.

Below, we use the term Schur positive to refer to any element of mSym that can be
expressed as a possibly infinite linear combination of Schur functions with coefficients
in Z}O[ﬁ]

THEOREM 4.38 ([24, 25]). For each partition X, both Gg\ﬁ) and j;ﬁ) are Schur positive,

while sy is both a finite Zxo[B]-linear combination of g,(f) s and an infinite Zxo[f]-

(4.28)

linear combination of Jl(ﬁ) ’s.

Proof. A few algebraic manipulations are needed to derive this statement from [24,
25]. First, [25, Thm. 2.8] expresses s as an infinite Zso-linear combination of G,(fl)
functions. On substituting z; — Az;, dividing both sides by SI*, and applying w,
this becomes a Zx¢[f]-linear expansion of sy into J;(f3 ) functions. By duality j/(\ﬁ ) is
Schur positive; in view of (4.28), this also follows from [24, Thm. 9.8], which gives the
Schur expansion of gy = w(j). Finally, [25, Thm. 2.2] gives a positive combinatorial

interpretation of the Schur expansion of G(Aﬁ ), and by duality we have sy € g*. [

It is known that GP)(\B ) and GQ&/B ) are both in G* and hence Schur positive, for
any strict partition A [30, Thms. 3.27 and 3.40]. Combining [33, Cor. 4.7] and [34,

Thm. 4.17] with the results in [10] gives an algorithm to compute the G,(jg) terms

appearing in GP;\/B ). The only known algorithm to do the same for GQg\ﬁ ) is to expand
the right side of (4.21), which may involve cancellations.
Computations suggest some other instances of Schur positivity:

CONJECTURE 4.39. If A is a strict partition then jpf\ﬁ) and jqf\ﬂ) are Schur positive.
The more interesting open problem implicit in this conjecture is the following:

PRrROBLEM 4.40. Find combinatorial interpretations of the coefficients in the expan-
sions of GPf\ﬁ), GQ&B), jp(f), and qu\ﬁ) into Schur functions and stable Grothendieck
polynomials.
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The canonical (dual) stable Grothendieck functions Gg\a’ﬁ) and gg\a’ﬁ) are general-
izations of stable Grothendieck polynomials introduced in [43]. In our notation, they

satisty GO — GO, LAY = g0 05 _ 0) g 6 _ 40 poqy o)
and gf\a’ﬁ) are Schur positive by [18, Thm. 4.6] and [43, Thm. 9.8]. This suggests
another open problem:

PROBLEM 4.41. Describe the shifted analogues GP;a’ﬂ) and GQE\a’ﬂ) (respectively,

gpg\a”g) and gqg\a’ﬂ)) of the power series GE\Q’B) (respectively, gg\a’ﬂ)) and prove similar

positivity results.

Theorem 4.38 implies that Gg\ﬁ ) is an infinite Z>o[B]-linear combination of J,(ﬂ s

and that j/(\ﬁ ) is a finite Z>o[B)-linear combination of g,(ﬁ )’s. Patrias gives an explicit

description of the coefficients in these expansions in [38, Thm. 59] using the notation
Gy =Y and Gy = 0D
Al A IN =N - —
There appears to be a shifted analogue of this result. Here, we write JP* and JQT

for the respective sets of infinite Zso[3]-linear combinations of JP)- and JQ)-
functions.

CONJECTURE 4.42. If X is a strict partition then GP;H) € JP* and qu\ﬁ) €gq™’.

CONJECTURE 4.43. If X is a strict partition then GQ&B) €JQ* and jp(f) cgpt.
As usual, beyond simply proving these conjectures, the following is of interest:

PROBLEM 4.44. Find combinatorial interpretations of the coefficients appearing in the
positive expansions suggested by Conjectures 4.42 and 4.43
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