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Cameron—Liebler sets in permutation groups

Jozefien D’haeseleer, Karen Meagher & Venkata Raghu Tej
Pantangi

ABsTRACT Consider a group G acting on a set Q. A (G, Q)-Cameron—Liebler set is a subset of
G, whose indicator function is a linear combination of the indicator functions of the cosets of
the point stabilizers. We investigate Cameron—Liebler sets in permutation groups, with a focus
on constructions of Cameron—Liebler sets for 2-transitive groups.

1. INTRODUCTION

1.1. SOME HISTORY ON CAMERON—LIEBLER SETS. The investigation of Cameron—
Liebler sets, or, in short, CL sets, of permutation groups is inspired by the research
on Cameron—Liebler sets in finite projective spaces. In [6], Cameron and Liebler intro-
duced special line classes in PG(3, ¢) when investigating the orbits of the subgroups
of the collineation group of PG(3,¢q). It is well known, by Block’s Lemma [4, Section
1.6], that a collineation group PGL(n + 1, ¢) of a finite projective space PG(n, ¢) has
at least as many orbits on lines as on points. Cameron and Liebler tried to determine
which collineation groups have equally many point and line orbits. They found that
the line orbits of the subgroups with equally many orbits on lines and points, fulfill
many (equivalent) combinatorial and algebraic properties. A set of lines, fulfilling one,
and hence all of these properties, was later called a Cameron—Liebler set of lines in
PG(3,q).

More precisely, a set £ of lines in PG(3, ¢), with characteristic vector v, is a CL
set of lines if and only if v, € Vi L Vi, where V) and V; are the first two eigenspaces
in the natural cometric ordering of the related Grassmann scheme. Moreover, if A is
the point-line incidence matrix of PG(3,¢), then it can be shown that a set £ is a
CL set of lines if and only if v, € im(AT). Note that a column of AT corresponds
to a point P in PG(3,q), and that this column is the characteristic vector of the set
of all lines through P. This set of lines is often called a point-pencil or canonical
example of a set of pairwise intersecting lines in PG(3, ¢). From this observation, it
follows that CL sets can be seen as a linear combination of these canonical examples
of intersecting families of lines.
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We see that there is a strong link between intersecting families and CL sets. This
connection will continue to hold true in the context of group theory, see Section 1.2.

The examination of Cameron—Liebler sets in projective spaces motivated the def-
inition and investigation of Cameron—Liebler sets of generators in polar spaces [10],
Cameron-Liebler classes in finite sets [11] and Cameron-Liebler sets of k-spaces in
PG(n,q) and in AG(n,q) [9, 13]. Furthermore, Cameron—Liebler sets can be intro-
duced for any distance-regular graph. This has been done in the past under various
names: Boolean degree 1 functions [19], completely regular codes of strength 0 and
covering radius 1 [37], tight sets of type I [12]. We refer to the introduction of [19] for
an overview.

The main questions, independent of the context where Cameron—Liebler sets are
investigated, are always the same: What are the possibilities for the size of a CL set,
and what CL sets exist with a given size? We will partially solve this question for
Cameron-Liebler sets in the context of permutation groups.

1.2. EKR IN PERMUTATION GROUPS. Throughout this paper we use G to denote
a group with a transitive action on a set 2. Given a subset S C G, we denote the
indicator function of S by vg, this is the element in C[G] that is the sum of all
the elements in S. This can also be viewed as a vector, known as the characteristic
vector— in which the rows of vg are indexed by the elements in G and the row
corresponding to g € G is 1 if g € S and 0 otherwise. Given a,b € (), we define

Gasv i ={9€G : g(a) =0b},

these sets are called the stars, and we use v for vg, ,. We will use the notation
A(G,Q), or simply A, for the incidence matrix, in which the rows are indexed by the
elements of the group G, and the columns are the vectors v, 3, Va,b € €.

Two elements g, h € G are intersecting if there is some o € Q such that g(«) = h(a).
Further, a subset of S C G is intersecting if any two elements in S are intersecting.
There are many recent results considering the size of the largest intersecting sets in
different transitive permutation groups. In particular, the focus has been on finding
groups in which a largest intersecting set has the same size as the stabilizer G . of a
point a € Q—groups with this property are said to have the Erdés—Ko—Rado property,
or the EKR property. Maximum intersecting sets in 2-transitive groups have been well-
studied. For example, it has been shown [33, 35] that every 2-transitive group has the
EKR property. For several classes of groups all the maximum intersecting sets have
been characterized [1, 2, 3, 7, 16, 17, 18, 22, 29, 30, 31, 32, 34, 41, 42]. In these groups,
the cosets of a stabilizer of a point are intersecting sets of maximum size; these sets are
called the canonical intersecting sets. In many groups, only the canonical intersecting
sets are maximum intersecting sets, but in all 2-transitive groups the characteristic
vector of an intersecting set of maximum size is a linear combination of characteristic
vectors of the canonical intersecting sets [33]. This means, for any 2-transitive group,
the characteristic vector of any intersecting set of maximum size is contained in im(A),
and thus is a 01-vector in the space im(A). Our work here considers the question: what
other 01-vectors are in this space?

1.3. CL SETS IN PERMUTATION GROUPS. Similar to the projective case, we will define
CL sets in groups as sets with a characteristic vector contained in im(A), and so, we
will look for Ol-vectors in this vector space. More precisely, we have the following
definition.

DEFINITION 1.1. A (G, 2)-Cameron—Liebler set, or simply a CL set where the group
and action are clear, is a subset of G, whose indicator function is a linear combination
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of elements in
{vap : a,beQ}.

In the case when G is 2-transitive, im(A) is the span of exactly 2 eigenspaces (one of
which is the 1-dimension space of constant vectors), more detail is given in Section 2.
Lemma 4.2 gives an equivalent condition for a set in a 2-transitive group to be a CL
set, this condition is based on the eigenvalues of these two eigenspaces. This condition
could be used as a definition of a CL set, and perhaps is a more natural generalization
of CL sets to permutations groups. But the characterization in Lemma 4.2 only holds
for 2-transitive groups, whereas above definition can be applied for all groups. Indeed,
if G is not 2-transitive, then im(A) may be the sum of more than 2 eigenspaces, so
expressing the indicator functions for a CL in terms of eigenvalue conditions becomes
more difficult.

For any pair a,b € Q the set v, is clearly a CL set, as is any disjoint union of sets
of the form G,.p. The key question we consider here is if there are other CL sets.

DEFINITION 1.2. A CL set that is either a set Gu.p or a disjoint union of sets of
the form Gg.p is called canonical. A non-canonical CL set is a CL set which is not
canonical. A CL set which does not contain a set G4.p is called proper non-canonical.
A minimal CL set, is a CL set with no CL set as a proper subset.

ProrosiTiON 1.3. If C is a canonical CL set in a 2-transitive group G, then ve =

> CapVa,., with either cqp = 0 for all a # ag, for some ag; or cqp = 0 for all
a,beq)
b # by, for some bg.

Proof. Since C is a canonical CL set, it must be the union of disjoint canonical
intersecting sets. As the group G is 2-transitive, two sets G, »p, and G, .p, are disjoint
only if one of a; = ag or by = by holds. O

The first major result on CL sets for permutations was given in 2011 by Ellis [17].

THEOREM 1.4 ([17, Corollary 2]). Consider the natural action of Sym(n) on [n]. Point
stabilizers and their cosets are the only minimal (Sym(n), [n])-CL sets and canonical
CL sets are the only CL sets.

Our focus is on permutation group that have non-canonical CL sets. The first
class of permutation groups we consider are the class of Frobenius groups. We found
that these groups have many proper non-canonical CL sets, and in fact were able to
characterize all the CL sets in these groups in Section 3.

We define the parameter x of a CL set L by

e
|Gan| |G

As a preliminary result (see Lemma 4.2 and Corollary 4.3), we show that the param-
eter of every CL set in a 2-transitive group is at least one. Moreover, we also show
that every CL set of a 2-transitive group with = = 1 is necessarily a maximum inter-
secting set (Corollary 4.3). In this regard, it is interesting to construct non-canonical
CL sets of parameter greater than one in 2-transitive groups. By an affine type 2-
transitive group, we mean a 2-transitive group whose socle is an elementary abelian
group. Applying the construction described in Theorem 4.4 (also in Theorem 4.5), in
Section 5, we show that all affine type 2-transitive groups have a non-canonical CL
set of parameter greater than one.

It is well-known (in fact, it is originally from Burnside’s 1897 book [5, Theorem
IX]) that a 2-transitive group which is not affine, must be almost simple. So we turn
our attention to some almost simple groups. Since the symmetric group does not have
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any non-canonical CL sets, and we will see that the alternating group also has no
non-canonical CL sets (Theorem 6.3), we focus on the group PSL(2,q) (where g is
a power of an odd prime) with its 2-transitive action on the points of the projective
line. The main result of [30] states that every maximum intersecting set in PSL(2, q) is
necessarily canonical. Thus, by Corollary 4.3, every parameter one CL set is canonical,
but we are able to construct CL sets with larger parameters. Theorem 4.4, in Section 7,
gives a construction of a non-canonical CL set of parameter (¢ — 1)/2.

We consider some groups that are not 2-transitive, where the CL sets are not as
well behaved. For instance, in Example 8.7, we demonstrate the existence of a CL set
of parameter strictly less than 1, in a permutation group which is not 2-transitive.
By Corollary 4.3, such a result is not possible in the case of 2-transitive groups.
In Section 8, we focus on CL sets that are also subgroups. We will show that, by
arguments from representation theory, it is easy to check whether a subgroup is a CL
subgroup. We also give some examples of non-canonical CL subgroups.

In Section 9 we discuss CL sets coming from the union of non-disjoint stars. For
example, in Subsection 9.1, we construct another non-canonical CL set in PSL(2, ¢?).
Finally, we end the paper with some open questions and future research.

2. ToOLS FROM ALGEBRA

In this section we state some results from representation theory of groups that will
be useful to determine when a set is a CL set.

Indicator functions of subsets of G are elements of the group algebra C[G] and the
linear span of the indicator functions

{Vap 1 a,beQ}

is a 2-sided ideal of C[G], denoted by J(€2). It is well-known that the simple ideals of
C[G] are indexed by the irreducible characters of G. In fact, all simple two-sided ideals
of C[G] are of the form (ey), for some ¢ € Irr(G). For any two-sided ideal J, there

is a subset J C Irr(G) such that J = > (es). We will derive such a decomposition
o€J
of jG (Q)
Given any ¢ € Irr(G), the primitive central simple idempotent

o(1 “1
ey = |(G|) > olg Mg,

geG

generates a simple two-sided ideal of C[G]; this ideal is denoted by (e,). This ideal
is identified with a vector G-space module with dimension |G|, the projection to this
module is given by
o) ;1
We use 1g to denote the trivial representation of GG, and drop the subscript if the
group is clear from context, its projection to the corresponding G-module is

1

EIG:@

J,

where J is the all ones matrix.

For a subset S C G and a complex character ¢, define ¢(S) := Y o d(s). We
will use 0 for the zero matrix. We can also consider indicator functions as length-|G]|
vectors (called a characteristic vector), rather than an element of the group algebra.
The characteristic vector of a set will have entry 1 in positions corresponding to
elements in the set, and 0 elsewhere.
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LEMMA 2.1. Let C C G and ¢ be a complex character of G such that $(Ct=') =0 for
allt € C. Then ¢(Cg) =0 for all g € G.

Proof. Let n = ¢(1) be the degree of ¢, and ® : G — GL,(C) be a unitary
representation affording ¢. (The existence of such a representation follows from a
proof of Maschke’s theorem.) As ® is a unitary representation, for any g € G,

P(g~tC~1) = ®(Cg)T. So we have
o(Cg) x (Cg)" =D _d(Ct™).

teC
By our assumptions, ¢(Ct~!) = Tr(®(Ct~1)) = 0 for all t € C. We conclude for
all g € G, that Tr(®(Cg) x ®(Cg)T) = 0. Thus ®(Cg) = 0 and ¢(Cg) = 0 for all
g € G. O

We now describe the decomposition of J5(£2) as a direct sum of simple two-sided
ideals of C[G].

LEMMA 2.2 ([28, Lemma 2.4]). For a finite group G, with a subgroup H, consider the
action of G on Q= G/H. Define Yo :={¢ € Irr(G) : > ¢(h) # 0}, then
heH

J6(R) = Bgev, (eg) -
As a corollary of the above, we obtain a character theoretic formulation.

COROLLARY 2.3. For G a finite group with H < G, consider the action of G on

Q=G/H. A subset C is a (G,Q)-CL set if and only if > ¢(x) =0 forall p ¢ Yo
zeCt—1
andt € C.

Proof. Assume that C' is a subset such that ¢(Ct~!) = 0 for all ¢ ¢ Y and t € C.
Showing that C' is a CL set is equivalent to showing that } .. c € Jg().
First, observe that

W Gl S =3 6(Co .

@ ceC geG

This means for a ¢ ¢ Yo, by Lemma 2.1, ¢4 Y .~ ¢ = 0. Using Lemma 2.2, orthog-
onality of idempotents ey, and the fact that Z¢€ITT(G) ey = 1, we deduce that if

ey Y eccc=0forall ¢ ¢ Yo, then Y _c€Tg(Q). Thus ) . c€Tg(Q).
The other direction of the statement follows from (1). O

These lead to a nice formulation for subgroups which are CL sets.

COROLLARY 2.4. Let G be a finite group, H a subgroup, and consider the action of G
on Q= G/H. A subgroup C is a (G,Q)-CL set if and only if > ¢(x) = 0 for all
zeC

¢ ¢ Ya.

In the case that the action of G is 2-transitive on €, the decomposition of J5 ()
is very simple. The set Yq consists of only two representations, the trivial and the
representation 1 defined by 1(g) = fix(g) — 1. The representation 1g + 9 is equal
to the representation induced on G' by 1g,. The character 1 + 1 is known as the
permutation character and the two-sided ideal corresponding to this character is the
permutation module. In [2], it is shown that the canonical intersecting sets are a
spanning set for the module. If G is 2-transitive, a set C' is a CL set if and only if

Eiqiy(ve) =ve,
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or, equivalently, if v is a linear combination of the indicator functions for the canon-
ical intersecting sets.

A useful tool when considering intersecting sets in a group is the derangement
graph. This graph, denoted I'(G, ), is the graph whose vertices are the elements of
G and two elements are adjacent if they are not intersecting, with the action of G on
Q. An intersecting set is a coclique, or an independent set, in the derangement graph.
The derangement graph is a normal Cayley graph [21, Section 14.6], specifically

I'(G,Q) = Cay(G, Der(G))

where Der(G) is the set of derangements in G (these are the elements with no fixed
points). Vertices g, h are adjacent if and only if gh~! € Der(G), and the degree of
every vertex is the number of derangements in G, which is denoted by der(G). For a
fixed g € G, let N(g) be the set of all h € G for which gh~! is a derangement—this
is the neighbourhood of ¢ in the derangement graph of G.

The next result shows how the cliques in the derangement graph can be used to
get information about the CL sets. This result is not new, and it can be found in [38,
Theorem 2.8.4] where is it stated only for 2-transitive groups. Recall that the incidence
matrix A is the matrix in which the rows are indexed by the elements of the group
G, and the columns are the vectors v, 3, Va, b € Q. Hence, for a group element g € G
and a,b € 2 we have that A, 45 is 1 if g(a) = b, and 0 otherwise.

LEMMA 2.5. Let G be a transitive permutation group acting on a set 2, and assume
the derangement graph T'(G,Q) contains a clique of size |2|. Given a (G,Q)-CL set
L, there is a natural number ny, such that |LNC|=nyg, for any clique C of size |€].

Proof. Let v be the characteristic vector of the clique C' with |C| = |Q| and let
1 be the all ones vector. We have that A7 -1 = %1. Since C' is a clique in the
derangement graph, we know that for each pair (a,b) € Q x Q there is at most one
g € C mapping a to b. Furthermore, since |C| = |§2| we know that for each a the set

{g(a) : g€ C} =9, and AT - vo = 1. Hence, AT (v - ﬂ1) = 0. Now, if L is a CL

IGI
set, then, by definition, vy = Aw for some vector v. Hence,
1€ T 19 T € T 4T €
ILNC|— = |L|=vive —vii1=vi (Ve — 1) =v" A (ve — 1) = 0.
G| g tal t G| G|
This implies that |[LNC| = %|L\ for every clique C of size Q| O

COROLLARY 2.6. Let G be a transitive permutation group acting on a set 2, such that
the derangement graph T'(G, Q) contains a clique the same size as Q). Then the size of
a (G,Q)-CL set is divisible by ‘\S%Il

3. CL SETs IN FROBENIUS GROUPS

A Frobenius group is a finite permutation group in which no non-trivial element fixes
more than one point. Let G < Sym(Q2) be a Frobenius group and H := G, be the
stabilizer of w € ). By a celebrated result by Frobenius (see [25] or any standard
book on character theory), we know that

K = <G ~ U gHg1> U{e}
geG

is a normal subgroup which is regular with respect to the action of G on 2. The group

K is called the Frobenius kernel and the group H is called the Frobenius complement.

Applying the results in the previous section, we will find all (G, 2)-CL sets where G

is a Frobenius group. First, we demonstrate some non-canonical CL sets in G. These
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are inspired by the structure of the derangement graph I'¢ of the Frobenius groups
G. By [1, Theorem 3.6], the cosets of K, partition I'(G, 2) into a disjoint union of
cliques of size |€2]. In the following lemma, we construct minimal CL sets by taking
exactly one vertex from each clique in this partition.

LEMMA 3.1. Let G be a Frobenius group with K the Frobenius kernel and H the
Frobenius complement. Let f : H — K be a function. Then the set Sy := {f(h)h :
he H} is a (G, Q)-CL set.

Proof. To show that this is a CL set, we will use Corollary 2.3, so we need to compute
¢(Spt™1), for all ¢ € Irr(G) and t € Sy.

Fix hg € H and consider ¢ := f(ho)ho € Sf. As K is normal, yf(h)y~! € K, for
all y,h € H. Define

fiy) = fyho) yf(ho) 'y,

for all y € H. Now we observe that Syt=' = S;,. We have fi(e)e = 1 and for
y # e, we have f(y)y € Ky. By a well-known (see Problem 7.1 of [25]) property of
Frobenius groups, given h € G \ K, all the elements of the coset Kh are conjugate
to h. Therefore, we have

Y o(fily)y) = oly) = o(H).

yeEH yeH
Now the result follows from Corollary 2.3. 0

We are now ready to give a characterization of the CL sets in a Frobenius group.
To do this, we use Lemma 2.5.

THEOREM 3.2. Let G < Sym(QQ) be a Frobenius group, let K<G be its Frobenius kernel

and H its Frobenius complement. If L is a minimal (G,Q)-CL set, then there is a
function f : H— K such that L ={f(h)h : he€ H}.

Proof. Let L be any (G, 2)-CL set. Observing that any coset of K is a clique of size
|€2|, by Lemma 2.5, we have |[LNKh| = |LN K| for all h € H. Set k :=|L N K], since
L is minimal, k = 1. As G = Upeg Kh, for each h we set k, by LN Kh = {kph}, then
we can define the function (f : H — K) by f(h) = kj. With this definition it is clear
that L = Sy. By Lemma 3.1, we know Sy is a CL set. 0

4. CL SETS OF 2-TRANSITIVE GROUPS

In this section, we prove that a (G,Q)-CL set, where the action of G on Q is 2-
transitive, corresponds to an equitable partition of the derangement graph I'(G, Q)
with two parts (these are also known as intriguing sets [12]). As a corollary, we find
that the size of a non-empty CL set in G is at least the size of a canonical example
Gasb.

Recall that A(G, ) is the incidence matrix for the action—the rows are indexed
by the group elements of G, and the columns are indexed by the pairs (a,b) € Q x ;
then Ay (44 = 1if g(a) = b and 0 otherwise. We use A where the group and action are
clear. Each column of A(G, Q) is the characteristic vector of a canonical intersecting
set. A set L is a CL set if and only if vz € im(A) = ker(AT)*, (where L is taken
with respect to the standard inner product on columns.) The incidence vector for an
element g € G is the row corresponding to g in A(G, Q)—this is a 01-vector indexed
by  x Q with the (a, b)-entry equal to 1 if and only if g(a) = b. This vector is denoted
by vy. We use N(g) to denote the neighbourhood of g € G in the derangement graph
of GG; equivalently, this is the set

N(g)={h€G : hg™!'is a derangement}.
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LEMMA 4.1. Let G be a group with a 2-transitive action on the set Q, with |Q| = n,
and A be its incidence matriz. Then for any g € G and a,b € ,

der(G n
VN(g) — % <|G|1 — vg) € ker(AT).

Proof. First note AT1 = %1, and if vy is the incidence vector of the one element set
{g} C G, then ATv, = v,.

The (a, b)-entry of ATVN(g) is the number of h € G, adjacent in g in the derange-
ment graph, such that h(a) = b. If g(a) = b, then there are no such elements adjacent
der(@) elements h € G

n—1

to g. Provided that g(a) # b, since G is 2-transitive, there are
with h(a) = b and gh~! € Der(G). This implies that

der(G) der(G) [ n
Alvngg = —— (1 =vg) = —— @ATl — Al |-

This is equivalent to

der(G n
VNG ~ E 1) <G|1 - vg) € ker(AT)

and the lemma now follows. O

In the next lemma, we use the notation dr,(g) for the indicator function; this func-
tion equals one if g € L and is zero otherwise.

LEMMA 4.2. Let G be a group acting 2-transitively on the set Q where |QQ] =n. A set
L in G is a (G,Q)-CL set with parameter x if and only if for every g € G, the number
of group elements h € L with gh~' a derangement is exactly (x — J, (g))w.

n—1

Proof. Assume L is a (G, Q)-CL set with parameter . Then vy, € im(A) = ker(AT)~L.
By Lemma 4.1, we know that

der(G n
VN(g) — % (|G’1 — Vg> S ker(AT).

Since vy, € ker(AT)L, this implies

der(G n
0=vnN() VL — n—( )<1-VL—Vg-VL>

1 \lG]
der(G) [ n
=|N L|— —|L| —
Nzl - E19 (- 6ue).
which is equivalent to
der(Q)

IN(g9) N L = (z - d.(9))

This proves the first direction.

Suppose now that L is a set such that for every g € G, the number of group
elements h of L, with gh~! € Der(Q) is exactly (x — 5L(g))d*:”7_(f). Let M(G) be the
adjacency matrix for the derangement graph of G, then this implies that

M(G)vy = Cl;rif(?(xl —vy), M(G)1 = der(G)1.

Let v = vp — Z1. Then we have that

Ty der(Q) T, der(QG) der(G) z

M(G)U:M(G)(VL—El) —] n_le—Tl
= _d;r_((i) (vL + (1 - “ ; 1)1) = —d;T_((i)v.

Algebraic Combinatorics, Vol. 7 #4 (2024) 1164



CL sets in permutation groups

This implies that v is an eigenvector for M(G) with eigenvalue —df:_(?). Since G
acts 2-transitively, and from [2, Lemma 4.1.] we know that v; = v — £1 is in the

permutation module, and hence, L is a (G, Q2)-CL set with parameter x. 0

Consider a 2-transitive group G in which L is a CL set with parameter . Then
L corresponds to a set of vertices in the derangement graph I'. By the previous
lemma, for every vertex g € I', the number of vertices of L adjacent to ¢ is equal
to dffi_(?)(x — 0r,(z)). This number only depends on whether g is in L or not, which
implies the set L is an equitable partition in the derangement graph. The next result
shows that this also gives a lower bound on the size of a CL set in a 2-transitive group,

a special case of this result is given in [38, Theorem 2.8.4].

COROLLARY 4.3. Let G be a group with a 2-transitive action on €, and let L be a
non-empty (G,Q)-CL set with parameter x. Then x > 1, further, if x = 1, then L is
a mazximum intersecting set.

Proof. Suppose there is a (G, Q)-CL set L with parameter x € (0, 1). The set L is not
empty, so suppose g € L. By Lemma 4.2, if x < 1, then the number of group elements
h € L with gh~! € Der(G) is negative, which gives the contradiction. If z = 1, then
the number of group elements h € L with gh™! € Der(G) is zero for every g € L,
hence every two elements of L intersect. Due to the size of L, it follows that L is a
maximum intersecting set. O

Next we will describe a method that can be used to build a non-canonical CL
set from a canonical CL set for some groups. In the context of CL sets in projective
spaces, this method was introduced by Cossidente and Pavese in [8] under the name
replacement technique. For a g € G, recall the character ¢(g) = fix(g) — 1. Since G
is 2-transitive, ¢ is an irreducible representation of G, and 1 + 1 is the permutation
representation. For a set X C G, we will use the notation gX = {gz : x € X} for
any g € G and note that ¥(gX) = ¥(vgx).

THEOREM 4.4. Let G be a group with a 2-transitive action on ), where |Q| = n, and
let d = der(G). Assume L is a (G,Q)-CL set with parameter x and let X,Y be sets
of group elements of G of equal size such that:

(1) XCLand |YNL|=0;

(2) ifg¢ XUY, then [IN(9)NX|=|N(g)NY]|;

(3) ifg€ X, then |[N(9) N X|—|N(9)NY|= =%;

(4) if g€ Y, then [N(g) N X| = [N(g)NY|=

d
7
Then the set L = (L~ X)UY is a (G,Q)-CL set with parameter x.
)_

n—

Proof. Since L is a (G,Q)-CL set with parameter x, we have that

_ d
{h € L:gh™' € Der(G)}| = (x — 6L(g))m
by Lemma 4.2.
For g € G, we consider the following cases

(1) If g€ L~ X, then g € L. From Condition 2

_ d(z — 1
{hel:gh™' eDer(@) = %
(2) If g¢ LUY, then g ¢ L. From Condition 2,
_ d
[{h e L:gh™ €Der(@)}] = ~ fl.
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(3) If g € X, then g ¢ L. From Condition 3,
{he L:gh ' €Der(G)} =|{h€L:gh™* e€Der(G)} —|N(g)NX|+|N(G)NY|

_d(x—1) —d
T n—-1 n-1
_dzx
T n—1"

(4) If g € Y, then g € L. From Condition 4,
{he L:gh " €Der(G)} =|{h€L:gh*e€Der(G)} —|N(g)NX|+|N(G)NY|
dx d

n—1 n-1
dx —1)
n—1"
The proof follows from Lemma 4.2. O

The theorem also has the following character theoretic version.

THEOREM 4.5. Let G be a group acting 2-transitively on ), and let ¥ € Irr(G) be
such that v+ 1 is the permutation character. Let L be a (G,Q)-CL set with parameter
rand X C L, andY C G~ L be sets of group elements of G of equal size. Then
L=(L~X)UY is a CL set of parameter x if and only if
XgH—uwYgH=(@ -4 &l

P(Xg™) —v(Yg™) = (0x(9) Y(g))¢(1)’
forall g € G.
Proof. Let S be any subset of G. By Lemma 2.2, we see that .S is a CL set if and only
if

(e1 +ey)(vs) =vs.

A quick computation shows that

(e1+ep)(vs) =)

geG
It now follows that S is a CL set if and only if

181 $()ih(vsg-1)

( 15| wuw(vsgl)> ,
€ Gl

) o+ R —ssto)
For any g € G, we have ¥(vi 1) = ¥(vrg-1) — ¥(vxg-1) + ¥(vy,y-1). The result
now follows by applying (2) to L and L. O

5. CL SETS IN AFFINE TYPE 2-TRANSITIVE GROUPS

In this section, we demonstrate the existence of non-canonical CL sets in all affine type
2-transitive groups. By a well-known result (for example, see [14, Theorem 4.7A]), the
socle of a 2-transitive group is either a vector space over a finite field or a non-abelian
simple group. By an affine type 2-transitive group, we mean a 2-transitive group whose
socle is a vector space over a finite field.

Throughout this section V' is a vector space of dimension n > 2 over F, where F'is a
finite field of order ¢ (so ¢ is a prime power). For any such vector space V', it is possible
to build a 2-transitive group of affine type. Pick a subgroup Gy < GL(V'), which acts
transitively on the set of non-zero vectors in V. Then the action of G := V x Gy
on V, described by (v,g) - w = v + g(w) is 2-transitive, that is, G is an affine type
2-transitive group. It is well-known (for example see [14, Theorem 4.7A]) that every
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affine type 2-transitive group can be constructed in this way. We note that Gy is the
stabilizer of the zero vector in V.

We will describe the construction of non-canonical CL sets with parameter ¢"~
in any group G := V x Gg. Consider a hyperplane W < V. Define S := {g € Gy
g(W) = W}. Then the subgroup H := WS = W xS is the stabilizer of W with respect
to the action of G on hyperplanes. We also consider the subgroup K = VSV x S.
By L, denote the canonical CL set {g € G : ¢(0) € W}. We first note that H C L.
Pick any k € K ~\ H, then k(0) ¢ W, and thus kH N L = @.

1

THEOREM 5.1. For any k € K ~\ H, the set M = (L ~ H)UkH 1s a non-canonical
CL set of parameter ¢" 1.

We will prove this theorem over the next three lemmas, but we set some notation
first. In Lemmas 5.2-5.4, G and H are the groups defined in the previous paragraph.
Let ¢ € Irr(G) be such that 141 is the permutation character of G. By Theorem 4.5,
proving that M is a CL set is equivalent to showing that, for all g € G, we have

(3) (g H) = ¢(g~'kH) = (61 (g) — Sxr(9)) qicﬂ T

We denote the g-binomial coefficient by [:]q, and recall that
m _ @ =D =D (T 1)
rl, (=Dt =1 (¢g=1)

this equation counts the number of r-dimensional subspaces in an n-dimensional vec-
tors space over a finite field of over q.

LEMMA 5.2. |H| = 191
4 [1]q

Proof. As G is 2-transitive, Gp < GL(V) acts transitively on the set of non-zero
vectors of V. Consider the natural action of Gy on the dual V* of V. Given g € G,
let Ry be the matrix representation of g with respect to a basis B, and let R be the

matrix representation of the action of g on V* with respect to a dual basis B* of B.

As Ry = R;F,l, both Rj,-1 — I and R} — I have the same rank. Therefore, the number

of vectors in V* fixed by g, is the same as the number of vectors in V fixed by g~!.

By Burnside’s orbit-counting lemma, the action of Gg on V has the same number of
orbits as the action of Gy on V* and we can conclude that G acts transitively on the
set of hyperplanes in V.

Now by the orbit-stabilizer formula, we can conclude that |S| = |Go|/ [T]q, and

thus
[H| g5 1],

O

LEMMA 5.3. <¢7 indG(]lH)> —1.

Proof. First, set m = <w, indG(]l H)> Note that since H stabilizes W, the action
of H on V has at least 2 orbits. Therefore, by Burnside’s orbit-counting lemma and
Frobenius reciprocity, we have

2< o 3 (L 00) = L+ Wl L)y =14 (0 ind (L)

heH

If ¢ = 2, then the orbits of W on V, are exactly the 2 cosets of W in V', so by
the orbit-counting lemma m = 1. For any value of ¢, the degree of ¢ is ¢” — 1, and
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ind® (1) has degree |G|/|H|. By the above inequality, m(q” — 1) < |G|/|H| and with
Lemma 5.2 we have

Glq|?
feme ol lGWL], g
=1 Gl —1) S g1
Provided that ¢ > 2, this implies ﬁ <2,and m = 1. O

Since <w, ind® (1 H)> =1, we can compute 1(gH) quite easily using [24, Corollary
4.2].
LEMMA 5.4. For all g € G, we have

_ WVllgW) nw| — WP

Vo) = T W

|H|.

Proof. T ¥ : G — GL(¢™ —1, C) is a representation affording v as its character, since
<1/J, indG(]lH)> =1, by [24, Corollary 3.2], we have ¢(gH) = ¥(g)1,1 X |H|.

Consider V' as a G-module and denote the corresponding permutation module by
X := C[V]. If 1 is the all ones vector in X, then it is well known that U := 1+ (here
1 is with respect to the standard norm in X)), is an irreducible G-representation (this
is equivalent to G being 2-transitive on V). Then 1 is the character afforded by U.
The vector w:=1 — %vw is perpendicular to 1, so w € U.

Let B be an ordered orthogonal basis for U containing w. If ¥ : G — GL(¢" —1,C)
is the matrix representation of U with respect to this basis, then

‘I’(9)1,1 = M

wlw
As w is orthogonal to 1, we have

VI?
The result follows by using ¥(gH) = ¥(g)1,1 % |H|. O

Using the above Lemma, we can now prove Theorem 5.1 by simply verifying (3).
We now observe the following;:

(1) If g € H, then g(W)NW =W, and ¢(gH) = |H|.

(2) If g € K\ H, then g(WW) is a non-trivial coset of W in V', and thus g(W)NW =
@ in this case. Thus ¢ (gH) = —ﬁ|H|.

(3) If g € G\ K, then g(W) is an affine hyperplane which is not a coset of W in
V. So g(W)NW is an affine subspace of V' with dimension n — 2, and thus
by Lemma 5.4, ¢)(gH) = 0.

As |H| = qLGJ1 X %17 (3) follows from the above observations. Therefore M is a

CL set. We now show that M is non-canonical.

LEMMA 5.5. M is a non-canonical CL set.

Proof. To show M is non-canonical, it suffices to show that for all z,y € V', we have
Ggsy € M. As G is 2-transitive, given x1, x2,y1,y2 € V with 1 # 22 and y; # y2, by
the orbit-stabilizer formula, we have

|Gol

|Ga:1+y1 N Gfﬂz-’y2| = |V| _1
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Further, since L = |J Go_w, by the above equation we have for any x # 0
weWw

|G|
Vi-1
The action of H on V has two orbits, W and V . W. Again, by the orbit-stabilizer
formula, we have

(4) |Gy VL] = (W] = 0w (y))

H
||VV| | if v,y € W,
(5) |Gaoy N H| = H if z ;
—_— ,y € VN W; and
V=Wl
0 otherwise.

For any k € G, we have |Gp.y NkH| = |k™'Gaoy N H| = |Gyop-1¢y) N H|. I
k(0) = a, by replacing k with an appropriate element in kH, we may assume that
k=a€V W C G. Thus, we have

(6) |Gy N EH| = |Gaoy—a N HI.

[Wl(g = DI|Gol

. q
Using |H| = V=1

(as |V| = q|W| = ¢™) along with (4), (5), (6), we can

conclude that
Gaoy N M| < |Gasyl,
for all z,y € V. This concludes the proof. O

REMARKS 5.6. Let G be an affine type 2-transitive group, whose socle V' is an n
dimensional vector space over F,, where ¢ = pf for f € N and p a prime. Provided
nf > 1, by treating V as an nf dimensional space over F,, we can construct CL sets
of parameter p”/~!. In the case when n = f = 1, G must be the Frobenius group
Fp x ;' and we know the structure of all CL sets in Frobenius groups. In conclusion,
all 2-transitive groups of affine type have non-canonical CL sets.

REMARKS 5.7. We want to note that it is also possible to prove that M is a CL
set, by using matrices. More precisely, vj; can be written as a linear combination of
characteristic vectors of stars:

v = (" = D) Voow + Voskw — Vi {0} + VIv {0} kW -

6. LirTING CL SETS

For a subgroup H < G, the restriction of vg, , to H is simply the vector vg, ,.
Further, for any CL set L in G, if its characteristic vector is

vp = Z Aa,BVGy s
a,f
then the restriction of L to H, is
VLNH = Zaa,ﬁVHa,B-

a,p

So LN H is a CL set of H. Clearly, if L is canonical, then L N H is also canonical,
but if L is non-canonical, then L N H may be either canonical or non-canonical. If L
is non-canonical, the coefficients a, g are not either 0 or 1, but it could still happen
that 3 5 @a,sVH, , is canonical, this is because the vectors vy, , are not linearly
independent.
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In this section we consider subgroups H < G with index two and we will show that
there is a weak converse to restriction. We will show in some cases we can “lift” a CL
set in H to a CL set in G.

The vector vg,, , can also be considered as a Boolean function by the map vg,, , :
G — {0,1}, which is defined by v, g(g) = 1 if g(a) = 5, and 0 otherwise. A function
on G is said to have degree-t if it can be expressed as a polynomial of degree ¢ in the
functions vg, ,. Following a method used by Filmus and Lindzey, we will show that
any degree-4 function is orthogonal to a set ® (defined below) of characters of G. For
any 4-set A in (SZ), let G be the point-wise stabilizer of A. Define

® = {gzb . (¢,ind%(1g,)) = 0 for all ordered tuples A of four distinct elements} .

LEMMA 6.1. Let G be a group acting on a set Q and ® defined as above. Then any
degree-4 function f has (f,¢) =0, for any ¢ € P.

Proof. For any 4-set A, by definition of ® and by Frobenius reciprocity, for all ¢ € ®,
we have (vg,,¢) = <indG(]lgA), ¢> = 0. By Lemma 2.1, for any coset ¢G5 of G, we

have (vy4a,,¢) = 0. Given a subset A C A, as G is a disjoint union of cosets of G,
we have (vg,,¢) = 0. Again by Lemma 2.1, if ¢ is an indicator function of a coset of
a point-wise stabilizer of k-set, with k < 4, we must have (g, ) = 0. We now observe
that a monomial of degree 4 in vectors vg,, , is an indicator function of a coset of a
point-wise stabilizer of some k-set with k < 4. We can now conclude that the lemma
is true. d

THEOREM 6.2. Let H < G be groups with [G : H] = 2. If ind®(1y) — 1 € ® (defined
above) and L is a CL set for H, then there exists a CL set in G, which contains L.

Proof. Let L be a CL set in H. Then there exist scalars an s such that

vy = Zaa,ﬁVHa,ﬁv
o,
further, vy, can be considered as a function on H. This function can be extended to
a function on G by

9= Zaa,ﬁvau,ﬁ-
o,B

By definition g is a degree one function. To prove that it defines a CL set in G, we
need to prove that g is Boolean. Define f = g?(g — 1)?; this is a positive function that
is zero exactly when ¢ is Boolean. Since g restricted to H is Boolean, the value of f
restricted to H is 0.

If f # 0, then, since f is positive, (f, 1) > 0. Consider the character ind® (1) — 1,
this is the character that takes the value 1 on H, and —1 on G\ H. Since the restriction
of f to H is 0, this means (f,ind®(1z)—1) < 0. Since g is degree 1, f must be a degree-
4 function. As ind®(1z)—1 € & , by Lemma 6.1, we conclude that (f,ind® (15)—1) =
0. Thus f = 0 and therefore g is boolean. g

Note that ind® (1) — 1 € ® occurs if and only if
. . . 2 HNGA| - |G
0 = (ind% (1)1, ind%(1¢,)) = (resq, (ind®(1g)—1), 1)g, = | GAA| Cal

This occurs precisely when exactly half the elements of G are in H for every 4-set
A from Q.

1.

THEOREM 6.3. For n > 5, the alternating group Alt(n) does not have any non-
canonical CL sets.
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Proof. For n > 6, the set ® for Sym(n) consists of all irreducible representations that
correspond to a partition in which the first part has size at most n—4. Thus for n > 6
the irreducible representation ind>¥™(") (1 A1g(n)) — 1, which corresponds to the all ones
partition, is in ®. So if L is a non-canonical CL set in Alt(n), then by Theorem 6.2
this L can be lifted to L, a CL set of Sym(n). Since Sym(n) has no non-canonical
CL sets, L must be canonical. This means that a star S, 3 is contained in L, but
then S, g NAlt(n) is a star that is contained in L. This contradicts the fact that L is
non-canonical.

The group Alt(5) has no non-canonical sets, this was proven using a computer
search [38]. O

The above statement does not hold for n = 4, since Alt(4) is a Frobenius group.

7. CL seTs IN PSL(2,q)

Let G be the group PSL(2, ¢) with ¢ odd, acting on the points of a projective line. We
now use the switching technique, see Theorem 4.4, to construct a new non-canonical
CL set L from a known, canonical CL set L in the group G. We start with fixing some
notation.

NoTATION 7.1. We denote

1) Go:={g€G:9(0) =0},

2) Go,00 i= {g : 9(0, 00) = (0, c0)},

3) S is the set of non-zero squares in Fy,
4) N is the set of non-squares in F,,.
5) Ly:={ge G : g(0) € S},
6) L,:={g€G : ¢g(0) e N}.

We can easily verify that the sets Ly and L,, are canonical CL sets in G, as they
are the union of stars. In Definition 7.2 and the subsequent paragraphs, we define the
sets A C Ly and B ¢ L, that satisfy the conditions of Theorem 4.4, and that give
rise to a new non-canonical CL set L = (Ly ~ A)U B in G.

The motivation to investigate CL sets in this group G came from Palmarin’s the-
sis [38] where non-canonical CL sets are found by computer search for small groups.
In this thesis, a non-canonical CL set in PSL(2,11) with parameter z = 5 is found,
and a computer search showed that there are no non-canonical CL sets with a smaller
parameter. For the groups PSL(2,q) with ¢ € {7,19,23,27}, the computer search
timed out before any results were returned. When ¢ = 7,11, the computational re-
sults in [38] indicate that the non-canonical CL sets of parameter (¢ — 1)/2 are the
union of cosets of G ~ in G. In this regard, for the initial canonical CL set L, we took
a union of (G, Go)-double cosets in G. Moreover, elementary calculations indicate
that Ly and L,, are the only (Go, 0, Go)-double cosets in G of size |Go|(g —1)/2.

Given Q C (Fy; U oo) x (Fy U o0), we denote Ag := {g € G : (g(0),g(0)) € Q}.
Note that Agq is a union of left cosets of G o. We now define the following sets which
index certain unions of (G0, Go,00)-double cosets in L.

DEFINITION 7.2. We define
1) I:={(s,t) : s€S,teN, t—seS}
={(s,t) : s,te S, t—seS},

(

(2) T:={

(3) A:={(s,t) : s,teS, t—se N}

(4) ©:={(s,t) : s€S, te N, t—sec N},
(5) Eo:={(s,0) : s€ S},

(6) Foo :={(s,00) s€S}.

Algebraic Combinatorics, Vol. 7 #4 (2024) 1171



J. D’HAESELEER, K. MEAGHER & V. R. T. PANTANGI

Let ¢ be an arbitrary, but fixed non-square in F,. Given Q C (F, U {oo}) x (F, U
{o0}), we define two sets
Q={(a,b) : (ba)e},  —Q:={(a,b) : (Ca,Cb) €D,

clearly both sets are contained in (Fy U {oo}) x (Fq U {o0}).
We now observe that

(7) Li=AnUAr UAg UA\U AR, UAg_,
(8) Ln:A_HUA_FUA_@UA_AUA_EOUA_EOO.

Given sets A, B, by v4,p we denote the characteristic vector of G4.p := {g :
9(A) C B}.

THEOREM 7.3. When ¢ =3 (mod 4), the set L=(Ls~An)UA_ 1 is a CL set; and
when ¢ =1 (mod 4), the set L = (L~ Ay) UA_p is a CL set.

Proof. We first prove the case of ¢ = 1 (mod 4), the case ¢ = 3 (mod 4) is very
similar and we will only give an outline of it.
To show that L is a CL set, we prove that the following equation is true:

(9) 2V£ = V055 + VSs00 + Voos N + Voosoo — VN0 — V0—0-

This shows v is a linear combination of the canonical CL sets which means that L
a CL set. The coefficient of g € G on the right-hand-side of the above equation is

cg = 05(9(0)) + 0s(971(00)) + O (9(00)) + o (9(00)) — O (g™ (0) — do(9(0))-

We now prove that ¢, =2 if g € L and 0 otherwise.
Case 1: {g(0), g(c0)} N {0, o} = @ and g(cc0) — g(0) € N.

In this case, there exists s,t € F, \ {0} and € € N such that g := (i :t) We have

9(0) =5, g(c0) =t, g7 1(0) = =£ and g~ '(c0) = —e~* € N. Thus, we have

cg = 05(9(0)) + dn(g(c0)) — n (g7 (0)).

Subcase 1: s € N. If s € N, then §5(g(0)) = 0. As s,e € N, we have g=1(0) = =2 € N
if and only if g(co) = ¢ € N. Thus in this case, ¢, = 0.

Subcase 2: s € S. If s € S, then ds(g(0)) = 1. As s € S and ¢ € N, we have
g7*(0) = =2 € N if and only if g(co) = ¢ € S. Thus in this case, we have ¢, = 2 if
g(00) € N, and 0 otherwise.

Case 2: Assume {g(0), g(c0)} N {0, oo} = @ and g(c0) — g(0) € S.

In this case, there exists s,t € F, \ {0} and € € S such that ¢ := (i :t) We have
g(0) = s, g(oo) =t, g71(0) = =2 and g~ 1(c0) = —e~! € S. Thus, we have

et

cg = 05(9(0)) + 1+ dn(g(c0)) — dn (g7 (0)).

Subcase 1: s € N.If s € N, then dg(g(0)) = 0. As s € N and € € N, we have
g~ *(0) = =2 € N if and only if g(co) = ¢t € S. Thus in this case, we have ¢, = 2 if
g(00) € N, and 0 otherwise.

Subcase 2: s € S. If s € S, then d5(g(0)) = 1. As s,e € S, we have g71(0) = =2 € N
if and only if g(co) =t € N. Thus in this case, ¢, = 2.

The coefficients ¢, for other classes of g can be found in a similar manner. We

illustrate the values of ¢, in Table 1. This shows that ¢, = 2d; (¢g) and thus (9) is true.
Therefore L is a CL set.
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9(0) g9(0) 9(00) —9(0) | ¢4
S S S 2
S S N 0
S N S 2
S N N 2
S 0 - 2
S 00 . 2
N N N 0
N N S 2
N S N 0
N S S 0
N 0 o 0
N 00 o 0
0 | Fq~{0}U{oco} o 0
o0 F, 0

TABLE 1. ¢ =1 (mod74)

Using essentially the same argument, mutatis mutandis, as in the case of ¢ = 1
(mod 4), we can prove part (i) of the theorem. In particular, when ¢ = 3 (mod 4), we
have

(10) 2Vf, = V055 + VSs00 T VoosS + Voosoo = V550 — V0—0-

Let ¢4 be the coefficient of g in the right-hand-side. The values of ¢, in this case are
illustrated in Table 2.

9(0) 9(0) 9(00) —9(0) | ¢4
S S S 2
S S N 2
S N S 0
S N N 2
S 0 o 2
S 00 . 2
N N N 0
N N S 0
N S N 2
N S S 0
N 0 _ 0
N 0 o 0
0 |F,~{0}U{oco} _ 0
%) IF, 0

TABLE 2. ¢ =3 (mod74)

8. CL SUBGROUPS

For a group G < Sym(f2), a subgroup K < G is called a CL subgroup if K is also
a (G, Q)-CL set. It is clear that the stabilizer of a point is a CL subgroup, these are
considered to be canonical CL subgroups, as is any CL subgroup that is the union
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of cosets of the stabilizer of a point. In this section we will give examples of non-
canonical CL subgroups. But first we will show that it is not difficult to determine if
a subgroup is a CL subgroup.

LEMMA 8.1. Let G be a group and H < G. A subgroup K < G is a CL subgroup
under the action of G on G/H if and only if every zrreduczble representation that is
a constituent of ind® (1x) is also a constituent of ind® (1y).

Proof. Since K is a subgroup, by Corollary 2.4, K is a CL set if and only if ¢(K) =
> wex @(x) = 0 for all irreducible representations ¢ not in ind®(1y). Since

> o) = [K|(Lie, resg (9)) i = [K|(ind® (1), ¢,

zeK
#(K) = 0 if and only ¢ is not a constituent of ind® (1 ). Thus K is a CL set if and
only if every irreducible representation in ind® (1) is also in ind® (1). O

There is a simple situation where there are clearly canonical CL subgroups. Assume
H < K < G, and consider the action of G on G/H. In this case, every irreducible
representation in ind” (1) is also in ind® (1), so K is a CL subgroup, but K is the
union of cosets of H, so K is a canonical CL subgroup. This will only occur exactly
when H is not a maximal subgroup.

If the action of G is 2-transitive, then ind®(1g,) is the sum of only two irre-
ducible representations, so any non-canonical CL subgroup H must have indG(]l H) =
indG(]le)7 and by [33, Section 7] must have the same inner distribution as G, this
means that H is an intersecting set.

ExXAMPLE 8.2. Consider PGL(n, q), with n > 2 and ¢ a prime power, and its action
on the projective points. This action is 2-transitive, but does not have the strict
EKR property as the stabilizer of a point and the stabilizer of a hyperplane are both
maximum intersecting subgroups [41]. In this case, the stabilizer of a hyperplane is
a CL subgroup, since it has the same size of the stabilizer of a point, it is not a
canonical CL subgroup. Conversely, the stabilizer of a point is a non-canonical CL set
of PGL(n, ¢) with its action on the cosets of the stabilizer of a hyperplane.

The symmetric group, with its natural action, does not have any non-canonical CL
sets, but, as we see with our next example, it can have non-canonical CL sets under
a different action.

ExAMPLE 8.3. Consider the group Sym(n) with its transitive action on (")), the ¢-
subsets of [n]. The stabilizer of this action is H = Sym(¢) x Sym(n — t), so this is
the action of G on G/H. The subgroup K = Sym(n — 1) also acts on ([?]). The
irreducible representations of Sym(n) can be represented by integer partitions of n,
and it is well-known that

(1) indsym(")(]lsym(t)xsym(n n) =[]+ —1,1+---+[n—t1t] and

( ) i dsym(n)(]ISym(n 1)) [ ] [n_ 1 1]
(see, for example, [21, Section 12.5] or [40]). By Lemma 8.1, this shows that Sym(n—1)
is a CL subgroup under this action. In fact any Young subgroup Sym(s) x Sym(n — s)
with s < t is a CL subgroup.

With this action, a minimal canonical intersecting set is a coset of Sym(¢) x Sym(n—
t), since in every coset there is an element that moves n (provided that ¢ > 1), there
are no cosets that are contained in Sym(n — 1)—this implies that Sym(n — 1) is a
non-canonical CL subgroup.

This previous result can be extended to any t-transitive group.
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LEMMA 8.4. Let G be a 2-transitive and t-set-transitive group acting on a set Q with
t > 2. Let G, be the stabilizer of an element w € Q. Then G, is a CL set of G with
its action on (?)

Proof. Since G is 2-transitive, indG(]lc;w) consists of exactly two irreducible repre-
sentations 1 and ¢. By Lemma 8.1, it suffices to prove that ¢ is a constituent of
ind®(1¢,.), where G is the set-wise stabilizer of a t-set.

This can be seen with Frobenius reciprocity,

(ind%(1g,), ind®(le,))e = (resg, (ind%(1g,)), L)g, = 2.
The last equation follows since G, has at least 2 orbits on the t-sets. O

EXAMPLE 8.5. Consider the action of Alt(5) on the pairs from (g) This is a transitive
action with degree 10. The stabilizer of a point is the group (Sym(2) xSym(3))NAlt(5).
This is a group that does not have the EKR property since the group Alt(4) is also
an intersecting set with size twice that of the stabilizer of a point. From the previous
example, Alt(4) is a CL subgroup, but there is another CL subgroup, the group Ds.

The irreducible representations of Alt(5) includes ¢ and v, which are representa-
tions with degree 4 and 5 respectively. The representation induced by Ds is 1 + ¢,
and the representation induced by Alt(4) is 1 4 ¢. Since the representation induced
by (Sym(2) x Sym(3)) N Alt(5) is 1 + ¢ + 1, the representations also show that Ds
and Alt(4) are both CL subgroups.

Similarly, the subgroups (C3 x C3) x Cy4 in Alt(6), and PSL(3,2) in Alt(7) are also
CL subgroups.

EXAMPLE 8.6. Let ¢ be a power of an odd prime. Consider the group G := PSL(2, ¢?).
It is well-known (see [26]) that G has two non-conjugate copies of PGL(2, ¢) as max-
imal subgroups. Let H < G be such that H = PGL(2,¢). Consider the transitive
action of G on G/H. Let K < G be such that K = F,2 x S, where S is the group of
non-zero squares in [Fg2. It is well-known that the action of G on G/K is 2-transitive.
Let ¢ € Irr(G) be such that 14 ¢ = ind%(1x). Now 1 is the unique character of
degree ¢ of PSL(2,4?). It is not too difficult to see from the character table that
Y(H) = |H|. Therefore, by Lemma 8.1, K is a CL subgroup with respect to the ac-
tion of G on G/H. As |K|/|H| = % is not an integer, this is a CL set with fractional

2
parameter and thus not a canonical one.

We now consider some permutation actions of PGL(2,2*) which are not 2-
transitive. Through these, we will see that CL sets may not behave as well when we
move away from 2-transitive actions.

8.1. SOME NON-CANONICAL CL seTS IN PGL(2,2%). In the next two examples G :
PGL(2,q) where ¢ = 2% with various different actions. As ¢ is even, PSL(2,q)
PGL(2,q). The subgroup structure of this group and its character table are well-
known, see [39] for details, we record it in Table 3. The subgroup lattice of G is
well-known and can be found in many classical group theory books such as [23]. We
refer the reader to [26] for a modern exposition.

It

EXAMPLE 8.7. Let ¢ = 2¥ and consider the action G on (PG(;’q)) (the unordered pairs

of points). This action is equivalent to the action of G on G/H,_1 where H,_ is
the stabilizer of the set {[1,0], [0,1]} (H is isomorphic to a dihedral group of order
2(q — 1)). The decomposition of indG(]lqul) is

indG(]lHqil) =1+ + Zl/,y.
¥
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TaBLE 3. Character table of PGL(2, q), for g even.

Class type 1 u dy Uy
Number 1 1 1 g
Class size 1 -1 q(g+1) q(g—1)
Character type | Number
1 1 1 1 1 1
U 1 q 0 1 -1
U 3 g—-1 -1 0 —B(rFz) — B(r~'F;)
vy §-1 Ja+1 1 @) +q6h 0

By Lemma 8.4 and using the character table of G, we see that K = Gy o}, a point
stabilizer, has indG(]lK) = 1 +11. So, by Lemma 8.1, K is also a CL subgroup under
the action on pairs of points. Since both H,_; and K are maximal subgroups, K is
not a disjoint union of cosets of conjugates of H,_;. This is an example of the type
of CL subgroup in Lemma 8.4.

Again by Lemma 8.4 and the character table of G, we can see that F' = F, (the
Sylow-2-subgroup of PGL(2, q)) has

ind(Lp) = 1+¢1 +2) vy,
¥
so it is also a CL subgroup under this action. The size of F' is ¢, so this is an example
of a fractional CL set, as F' < K it also shows that K is not a minimal CL set. It is
straight-forward to see that F' is a minimal CL set, just consider any proper subset A
of F. Any of the characters ng, has > ns(a) # 0, so A is not a CL set. We note that
F is a CL set of parameter less than 1.

ExAMPLE 8.8. In this example, consider the action of G = PGL(2,¢) on G/F where
F = TF,. Again, take H,_; to be the subgroup isomorphic to a dihedral group of order
2(q — 1). The decompositions given in the previous example and Lemma 8.4 imply
that H,_; is a CL subgroup under this action. Note that H,_; is not an independent
set in the derangement graph corresponding to this action.

EXAMPLE 8.9. Let d be a proper divisor of ¢+ 1 and let H; be a subgroup isomorphic
to the dihedral group of size 2d. Consider the action of G = PGL(2, ¢) on G/H,. Using
the character table of G and Lemma 8.4, we can show that any Sylow-2-subgroup of
G is a CL subgroup under this action. Such a CL subgroup is non-canonical as ¢ is
not divisible by 2d.

REMARKS 8.10. As the subgroup lattice of PGL(2, 2¥) is known, it would not be too
difficult to find all the CL subgroups corresponding to all permutation actions of
PGL(2, 2%).

9. CL SETS FROM THE UNION OF NON-DISJOINT CANONICAL CL SETS

It is clear that a union of disjoint canonical CL sets forms a CL set, but in this section
we will see that it is also possible to form CL sets from canonical CL sets that have
non-empty intersection.

LEMMA 9.1. Let G be a group acting on a set Q. Assume there exists a set of pairs

J = {(a1,b1), (az,b2), ..., (ae,be)},

where a;,b; € Q fori € 1,...,4, such that for every element g € G, there are either
exactly ¢ pairs in J with g(a;) = b; or there are no such pairs. Let S C G be the set
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of all elements for which there are exactly ¢ pairs in J with g(a;) = b;. Then S is a
CL set.

Proof. The characteristic vector of S is

1
Vg = E Zvai”bi
=1
so S is a CL set. O

The CL sets in the above lemma are unions of stars, but these stars need not be
disjoint. The CL set is canonical if and only the stars are disjoint. Many such examples
can be found from imprimitive groups. If G is an imprimitive group acting on 2 with
blocks By, Ba, ..., By, then the set of all elements in G that map every element in B;
to Bj is the union of all the stars G, with a € B; and b € B;. In this case, using the
notation in Lemma 9.1, J = {(b;,b;) : b; € B;,b; € B}, and for each g € G there
are either |B;| pairs in J with g(b;) = b;, or none. But these examples are canonical
CL sets, since for a fixed element b € B;, this set is the union of all the disjoint stars
Us,eB;Go—sb; -

In this section we will consider examples of CL sets of the type in Lemma 9.1, that
are not unions of disjoint stars.

ExaMPLE 9.2. The CL subgroup in Example 8.3 is also an example of a CL set
of the type described in Lemma 9.1. The action of Sym(n — 1) on the cosets
Sym(n)/(Sym(t) x Sym(n — t)) is not transitive, it has two orbits, the t-sets with n,
call these A, and the sets without n, call these B. No element of Sym(n — 1) maps
an element in A to an element in B. For every element ¢ that is in Sym(n), but not
in Sym(n — 1), if c71(n) € A € A, then n ¢ o(A), so 0 maps A to a set in B. Since
there are (7;__12) sets in A that do not contain o~!(n), each permutation in Sym(n),
that is not in Sym(n — 1), maps (

n—2

t—1) elements from A to B.

ExAMPLE 9.3. In Example 8.5, under the action of Alt(5) on ([g]), Dy is a CL sub-
group. This is also an example of a CL subgroup of the type in Lemma 9.1. To see
this, let A be the set of edges in a 5-cycle, and B the set of edges in its complement.
The sets A and B are the orbits of D5 on (3)). Then the set Ds is a CL set, since any
permutation from Dy maps no set in A to a set in B, while every other permutation in
Alt(5), maps exactly 3 of the sets in A to a set in B. The group D5 does not contain
a star under this action.

EXAMPLE 9.4. Let G, H, K be as in Example 8.6. The number of orbits for the action
of K on G/H is the same as the number of (K, H)-double cosets in G, which in turn
is the same as the number of orbits for the action of H on K\G (space of right cosets
of K). Using indG(ILK) = 1+ ¢ and the Orbit-Counting formula, we see that the
action of H on K\G has exactly 2 orbits, and thus the same is true for the action of
K on G/H. Let A and B be the K-orbits on G/H. As K is a maximal subgroup, we
have K ={g : g(A4) = A} ={g : g(B) = B}. Therefore, given g € K¢, there exists

(a,b) € A x B such that g(a) = b. Therefore, we have K¢ = U Gan-AsKisa
(a,b)eAxB
CL subgroup, K¢ is a CL set which is a union of non-disjoint stars. As % = % -1

is not an integer, K¢ is not a canonical CL set.

9.1. CL SETS IN THE 2-TRANSITIVE ACTION PSL(2,¢?). In this subsection we con-
struct a non-canonical CL set for G = PSL(2, ¢%) where ¢ is a power of an odd prime.
It is well-known that G acts 2-transitively on the set of the ¢ 4+ 1 projective points,
which we denote by PG(1, ¢?). Since ¢ is odd, ¢ =1 (mod 4) so it has 2 orbits on the
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3-sets of distinct points. Further, PG(1,q) is a subline of PG(1,¢?) and the set-wise
stabilizer of PG(1, q) is isomorphic to PGL(2, ¢). Any set of three points from PG(1, q)
are contained in a single orbit under the action of G, since this action has two orbits,
there is a second subline corresponding to 3-sets in the other orbit and no element of
G maps the first subline to the second. We call these two sublines 2; and €25, both
are (g + 1)-sets of points from PG(1,¢?). The set-stabilizers of Q; and Qg are both
isomorphic to PGL(2, ¢), but these two subgroups are not conjugate in PSL(2, ¢?).
The next result shows that for any element from g € G, the size |g(£21) N can only
take two different values.

LEMMA 9.5. Let G = PSL(2,¢?) where q is an odd prime power. Let Qy and Qg be
two sublines, PG(1,q), from different orbits (as above). For any g € G

l9(Q1) N Q| € {0,2}.

Proof. Since three distinct points determine a line, and the triples from €; and 9
are in distinct orbits, it must be that |g(€1) N Q| € {0, 1,2} for every g € G. So we
only need to show that the intersection cannot be equal to one. Since ; = PG(1, ¢q),
we may assume that it contains both [1,0] and [0, 1]. Further, Q2 can also be assumed
to contain [1,0] and [0, 1].

Assume that |g(21) N Q2| > 1, we will show that this intersection actually has
two elements. Without loss of generality we can assume the point [1,0] is in this
intersection. So there is an w € Q; with g(w) = [1,0]. Further, there is an h €
PGL(2,q) with h(w) = [1,0]. So gh maps [0,1] to [0, 1], and, if it is the case that
[gh(Q1) N Q] = 2, then |g(21) N Q2| = 2, since h fixes ;. Thus we may assume that
(1) z for some u € Fy2 and some s a square element in F2 \{0}. If u € F,
then [1, —u~!] € Q; and g([1, —u"1]) = [0, 1] and therefore [0, 1] € g(21) N Qs.

Alternately, consider the case where u € Fy2 \IFy, in this case u can be expressed as
the sum of an element in F, and an element from F,: \F,. For any r € F> \F,, and
any b € F, . {0}, the element 7~ 'b is not in F,. In particular, there is an r € F2 \F,
and a b € F, \ {0} so that [1,rb~'] € Q. Further, there exists a € F, such that
u=a+ sr 1bh.

If a =0, then

g€ Go=

g([0,1]) = [u, 8] = [1,u"ts] = [1,rs b7 s] = [1,rb7 Y],

so [0, 1] is the second element in g(€21) N Qs.

If a # 0, then
g([1, 7@71]) =[1- ailuv 75&71] =la—wu,—s]= [71)57’717 —s| = [brrilv 1] = [l,rbil}a
and [1,7b71] is the second element in g(Q1) N Q. O

This result, with Lemma 9.1, shows that there are non-canonical CL sets in
PSL(2, ¢%).

THEOREM 9.6. Let G = PSL(2, ¢?) where q is a prime power. Let A and B be any two
sublines that lie in different G orbits. Then L:={g € G : |g(A)NB| =2} is a CL
set for G with its action on projective points.

Proof. Define J = {(z,y) € Q1 x 2}, then by Lemmas 9.1 and 9.5 the set
L:={g9€G : |g() N Q| =2}
is a CL set for G.
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For any two sublines A and B from different orbits, there are permutations h; and
he in G such that hy(21) = A and ho(Q2) = B (hy is from one copy of PGL(2,q),
and hs is an element from another, non-conjugate, copy of PGL(2,¢q)). Thus

19(A) N B| = [h1g(21) N ha(Qa)] = |h1ghy ' (Q1) N Qal.

By Lemma 9.5 this intersection is either 0 or 2 for every g, and the result follows from
Lemma 9.1. O

LEMMA 9.7. The set L from Theorem 9.6 is a non-canonical CL set with |L| =
?(g+1)*(¢* - 1)
1 .
Proof. 1t suffices to prove this for Q; and 29, rather than for all A and B. First set
a={geqG : g(Q)NQ ={[1,0], [0,1]}}. By the 2-transitivity of PSL(2, ¢?), and
the fact that the number of 2-subsets of Qy is (“5'), we have |L| = (“}') x o
To find «, note that there are (g4 1)g possible pairs of points ko, koo € 1 that can
be mapped to {0,00}. Then an element g € G with g(ko) = 0 and g(ks) = o0 has

k-1 2
the form ( Fos ) Since there are 5 possibilities for the element ¢ € F 2 \ {0},

1
¢ —lkyt
we have that a = (qgl)q(q +1) and

I = (q;rl) ><042(12(q+1)42(qz—1)

Finally, we need to show that L is not a canonical CL set. If it were canonical, then
L must be a disjoint union of % sets of the form G.,. By 2-transitivity of G, we
have G4.y and Gy, are disjoint if and only if either z = w or y = w. Also, if  # u
and y # w, then |Gg,y N Gusw| = q22_1.
Since each element in L maps exactly two elements in €1 to {23 we can easily write

its characteristic vector as a linear combination of stars: v = % > VG,.,-
(z,y)€Q1 x Q2

Further,

2 2
vL vy = |Gy = w, (v,w) € Q1 X Qy;
G 0 otherwise.

Thus L contains at most ¢ + 1 disjoint stars.

Since the set |J Go.k is contained in L, we can consider L=L~ U Gosk. For
kEQ yEQN
any (z,y) € Q1 x Qy, with z # 0, we compute that

~ 1 1
\Gm’yﬂL|:§|Gz,y|+— Z |G NG| — Z |Gy NG

2 (u,w) €9 X Qg 2€Qa~{y}
utz,wity

_ A -1) N 11  q(¢®—1)

4 2 2 2

2
_2_ 1
= -9
20,2

Sl

2

So no other stars can be entirely contained in L. Hence, L is a proper non-canonical
CL set. O
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10. FUTURE RESEARCH

We end with some directions for further work. In this article, we constructed non-
canonical CL sets in some 2-transitive groups. A natural question would be to charac-
terize all CL sets in specific classes of 2-transitive groups. We recall from Corollary 4.3
that a CL set of a 2-transitive group of parameter 1 is a maximum intersecting set.
Classification of maximum intersecting sets has been completed for the 2-transitive
actions of Sym(n), Alt(n), PGL(n, q), and PSL(2,q) (see [7, 30, 34, 41]). As a start-
ing point, we propose to investigate the classification of CL sets in these groups. We
saw that there are no non-canonical CL sets in Sym(n) and Alt(n) (see Theorem 1.4
and Theorem 6.3). In Section 7, we constructed a family of non-canonical CL set in
PSL(2, q), and another family in PGL(2, ¢?). Computations in [38] indicate that for
small vales of ¢, these are the only non-canonical sets in PSL(2, ¢). Our constructions
of non-canonical CL sets in PSL(2, ¢) do not “lift” to CL sets in PGL(2, ¢). Computa-
tions for small values of ¢ did not yield any non-canonical CL sets in PGL(2, ¢) which
leads us to the following question.

QUESTION 10.1. Classify CL sets in PSL(2,q) and PGL(2,q). In particular, are there
non-trivial CL sets in PGL(2,q)?

All the sharply transitive sets in PGL(2, q) are known to be subgroups or cosets
of subgroups (see [15], for example). Since any CL set must intersect each sharply
transitive set in exactly ¢ points, it is possible that by considering all the sharply
transitive sets in PGL(2, ¢) we can find some restrictions on the CL sets in the group.
Although it is also possible that since there are relatively few sharply transitive sets,
this approach will give too few restrictions to be able to produce a useful description
of the CL sets in PGL(2, q).

As Sym(n), Alt(n), and PSL(2, q) satisfy the strict-EKR property (see [7, 27, 30]),
by Corollary 4.3, any parameter one CL set in these groups must be canonical. How-
ever only PSL(2,¢) has non-canonical CL sets. It is natural to ask the following
question.

QUESTION 10.2. Under what conditions does a 2-transitive group posses a proper non-
canonical CL set of parameter greater than 1¢

From Lemma 2.5, we know that if the derangement graph of a 2-transitive group
has a large clique, the parameter of a CL set in such a group must be an integer. All
the examples we found of CL sets in 2-transitive groups have integer parameters. The
numerical condition given in Corollary 4.3 shows that the parameter of a CL set of
a 2-transitive group is at least 1, but it does not rule out the existence of fractional
parameter CL sets.

QUESTION 10.3. Can 2-transitive group posses a CL set of fractional parameter?

In the case of CL sets in PG(3, ¢), there are many results—see, for example, [20,
36)—that rule out the existence of CL sets of certain parameters. It would be inter-
esting to find such numerical restraints on parameters of non-canonical CL sets in
2-transitive groups.

QUESTION 10.4. Find numerical conditions on the parameter of non-canonical CL sets

of 2-transitive groups.
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