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A diagram-like basis for the multiset

partition algebra

Alexander N. Wilson

ABSTRACT There is a classical connection between the representation theory of the symmetric
group and the general linear group called Schur-Weyl duality. Variations on this principle yield
analogous connections between the symmetric group and other objects such as the partition
algebra and more recently the multiset partition algebra. The partition algebra has a well-known
basis indexed by graph-theoretic diagrams which allows the multiplication in the algebra to be
understood visually as combinations of these diagrams. We construct an analogous basis for
the multiset partition algebra called the diagram-like basis and use this basis to construct its
irreducible representations and give a generating set. We also provide a change-of-basis formula
from the orbit basis of the multiset partition algebra to this diagram-like basis which exhibits
similarities to the analogous change-of-basis formula for the partition algebra.

1. INTRODUCTION

Let V,, be an n-dimensional vector space, and write V,®" for its rth tensor power.
The general linear group GL, acts on the tensor power diagonally, where a matrix
M € GL,, acts on each tensor factor:

M@ Qu)=Mv)®- & (Muv,).
The symmetric group &, acts on the tensor power by permuting tensor factors:
0 (V1® ®Vr) =Vs-1(1) @+ ® Vg—1(r).
These two actions are mutual centralizers. That is, taking the endomorphisms of V,®"

that commute with one action recovers the other. This is an example of Schur-Weyl
duality, and one consequence of such a duality is the decomposition

V@, oW,

where for a group or algebra A, we write W3 to represent an irreducible representation
of A and the sum is over partitions A of r. This establishes a correspondence between
irreducible GL,-modules and irreducible &,-modules and allows information to be
passed between the representation theory of the two groups.

Any situation in which two actions mutually centralize each other leads to an
analogous decomposition. The study of these centralizer algebras is connected to
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long-standing questions in the representation theory of the symmetric group and G L,
including the Kronecker problem [6, 28], the restriction problem, and plethysm [25].

For another example, let V,,, = (C™)* be the space of n x k matrices and let
P"(Va.i) be the space of polynomial forms on V, 5. The group GL,, naturally acts on
Vn.k by left-multiplication. This action extends to P"(V,, ;) where M € GL,, acts on
f(X) e P" (Vi) by

(M.f)(X) = f(M7'X).

The group GLj, can act analogously where N € GLj, acts by

(N-F)(X) = f(XN).

In [18], Roger Howe determined that these actions are mutual centralizers leading to
a decomposition
P (Vo) = @ War, @ Wey,
A

where the sum is over partitions A of r of length at most min{n, k} (see e.g. Section
5.2.6 of [11] for details).

In the 1990’s, Martin [22] introduced the partition algebra P,.(n) as a generalization
of the Temperley-Lieb algebra and the Potts model in statistical mechanics. In the case
that n > 27, the partition algebra is the algebra whose action centralizes the action
of &, C GL, as the subgroup of permutation matrices acting on V,*" [19, 21, 23].
From this perspective, there is a natural basis for P,(n) called the orbit basis, but its
product is complicated. A second basis called the diagram basis has a much simpler
product in terms of graph-theoretic diagrams. The partition algebra, its generators,
and its representations have been well-studied, and some major milestones are outlined
in the following timeline.

Partition algebra Dimensions of irreducibles

shown to be cellular described via tableaux®

[31] (small correction in [12]) [2, 3, 27]

ES

Parti%ion algebra Preientations by generators Irreducible
introduced with and relations given(!) representations
orbit and diagram basis [17] constructed
[19, 21] 14, 15]

A major motivation for studying the partition algebra is to understand its represen-
tations and use them to study objects in the representation theory of the symmetric
group such as the Kronecker coefficients [2, 3, 4, 5, 10, 13, 16, 14].

In [28], the authors Orellana and Zabrocki restrict the GL,, action of Howe duality
to the n x n permutation matrices to obtain the multiset partition algebra MP, 1 (n)
and provide a basis analogous to the orbit basis for P.(n). In [26, 28] Orellana and
Zabrocki use symmetric function methods to compute the dimensions of irreducible
MP, (n) as counting the number of semistandard multiset partition tableaux. Our
aim in this paper is to fill in three gaps in the timeline for MP, (n) by:

(a) providing a basis analogous to the diagram basis for P.(n),

(b) providing generators for MP, ;(n), and

(c) constructing the irreducible representations of MP, ;(n) as actions on the
tableaux enumeratively predicted by Orellana and Zabrocki.

(DOther notable presentations for P-(n) are given in [8, 9].

())Note that once the cellularity and semisimplicity of Pr(n) were established, the dimensions of the
irreducibles are encoded in the cellular data. However, these papers were the first to describe these
dimensions explicitly in terms of tableaux.
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In [24], the authors investigate the centralizer Endg, (P2 (V,,)®---®@ P*(V},)) for
a weak composition a of r of length k, also dubbing it the multiset partition algebra,
written MPg(n). Orellana and Zabrocki state that MPg(n) should be isomorphic to
a subalgebra of their multiset partition algebra, and in this paper we describe that
isomorphic subalgebra.

In Section 2, we define the relevant combinatorial objects and introduce the parti-
tion algebra and multiset partition algebra. In Section 3, we collect some useful facts
about orbits of the combinatorial objects under the action of Young subgroups. In
Section 4, we describe the centralizer of an algebra A acting on a direct sum of pro-
jections of a semisimple module V' by idempotents. We then construct the irreducible
modules over this centralizer in terms of irreducible modules of End 4 (V). In the fol-
lowing two sections, we specialize these constructions to the setting of the multiset
partition algebra. In Section 5, we use a decomposition of P"(V;, 1) as a GL,-module
to obtain the diagram-like basis and describe Endg(P"(V,, 1)) for general subgroups
G of GL,,. In Section 6, we construct the irreducible representations of MP, ;(n) with
bases indexed by multiset-valued tableaux. In Section 7, we provide a generating set
for MP, (n), and finally in Section 8 we provide a change-of-basis formula from the
orbit basis of Orellana and Zabrocki to our diagram-like basis.

2. PRELIMINARIES AND DEFINITIONS

2.1. SET AND MULTISET PARTITIONS. A set partition p of a set S is a set of nonempty
subsets of S called blocks whose disjoint union is S. We write £(p) for the number of
blocks in p. We define [r] = {1,...,7} the unbarred numbers and [r] = {1,...,7} the
barred numbers. We write Iy, for the set of set partitions of [r] U [r]. For a set R
and a set partition p of S, write p|g for the set partition obtained by restricting the
elements in p to only the elements appearing in R.

EXAMPLE 2.1. A set partition and its restriction to a set:

m={{1,3},{2,4,1,2},{3,4}} € Iy
7T|[4] = {{1’3}7 {274}}

A weak composition of an integer r of length k is a sequence of k non-negative
integers which sum to r. Write W, ;, for the set of weak compositions of r of length
k. For a € W, },, write a; for the ith number in the sequence.

A multiset of size r from a set S is a finite collection of 7 unordered elements of
S that can be repeated. We will write multisets in {{, } to differentiate them from
sets and we will usually denote them by a capital letter with a tilde. We may write
multisets using exponential notation S = {s;™,..., s, } where the multiplicity of
the element s; is given by the exponent m;. We write ms, (S’ ) = m; for this multiplicity.
Given multisets S = {s;™,...,s,™}} and R = {s1™,...,5,"*}}, write S & R =
{sym™tm L s T B for the union of the two multisets.

A multiset partition p of a multiset S is a multiset of multisets called blocks whose
union is S. We write £(5) for the number of blocks. Write ﬁg(rm for the set of multiset
partitions with r elements from [k] and r elements from [l;:] . For p a multiset partition
and R a set, write p|g for the multiset partition obtained by restricting the elements
in p to only the elements appearing in R.

EXAMPLE 2.2. A multiset partition and its restriction to a set:

F= (LT (12 2) ) € Mo
#ly = (LT 20D
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Finally, we define partial orders on multisets and multiset partitions that restrict
to sets and set partitions as a special case. Let S and R be multisets from [k]. We say
that S < R if one of the following conditions hold: (i) S is empty and R is not, (ii)
max(S) < max(R), or (iii) max(S) = max(R) = m and S~ {m} < R~ {m}. We call
this the last-letter order on multisets.

EXAMPLE 2.3. Comparisons of multisets:

{13 < {1, 1,3}
{11, 1,2) < {3}

If 17 = {5’1,.. , Sk} and ﬁ' = {Rl,.. Rg} are multibet partitions, we say that

<
<

there ex1sts a Set partltlon {Cl, ..., Cx} of [{] so that S; = | R; for all i.

JjeCi

EXAMPLE 2.4. An example of comparing two multiset partitions:

{1338 42,30 < {138, {1, 3%, {23 {34}

2.2. SET AND MULTISET PARTITION DIAGRAMS. For a set partition 7 € Ily(,, there
is a classical graph-theoretic representation of 7 on two rows of vertices with the top
row being labeled 1 through r and the bottom being labeled 1 through 7. Two vertices
of this graph are in the same connected component if and only if their labels are in
the same block of .

EXAMPLE 2.5. The set partition 7 = {{1,1,2,3},{2,3}, {4},{4,5,5}} could be repre-
sented by either of the following two graphs.

1 2 3 4 5 1 2 3 4 5
e—eo—¢ ¢ ¥ e—o—e¢ ¢ ¥
1 2 3 45 1 2 3 4 5

Note that there could be many such graphs that represent the set partition m,
so we consider two graphs equivalent if their connected components give rise to the
same set partition. The diagram of 7 is the equivalence class of graphs with the same
connected components.

We can similarly consider a graph-theoretic representation of any multiset partition
T e ﬁg(r)7 &~ This time we place r vertices on the top labeled by the unbarred elements
of the blocks of 7 in weakly increasing order and place r vertices on the bottom labeled
by the barred elements in weakly increasing order. We then connect the vertices in
any way so that the labeled connected components taken together are 7.

EXAMPLE 2.6. The multiset partition 7 = { {1,1,1,2)} . {1.1}, {{2}} . {2 2.2} }
could be represented by any of the following graphs.

111 2 2 111 2 2 111 2 2
—e—0 0 b = e —eo—0 ¢ ¢
112 2 2 112 2 2 112 2 2

Again we may have many graphs representing the same multiset partition. The
diagram of 7 is the equivalence class of graphs whose labeled connected components
give 7.

We will often drop the labels on these graphs. A set partition diagram will be
distinguished by the black color of its vertices, and it will be understood that the
vertices are labeled in increasing order left-to-right. A multiset partition diagram will
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be distinguished by its colored vertices. Its vertices are understood to be labeled with
blue, orange, , and purple representing 1, 2, 3, and 4 respectively.

Because of this graphical representation, for a set S with elements from [r] U [r]
we will sometimes refer to elements at the “top” of S to mean the unbarred elements
and elements at the “bottom” of S to mean the barred elements, and likewise with
multisets.

2.3. TABLEAUX. A partition of n is a weakly-decreasing sequence A of positive integers
called parts summing to n. We write £(\) for the number of parts of A\. We will write
A F n to mean that X\ is a partition of n and write |A\| = n. Write A; for the ith
element of the sequence A, called the ith part of A, and \* for the partition (Ag, ..., A¢)
obtained by removing the first part. Given a partition A, its Young diagram is an array
of left-justified boxes where the ith row from the bottom has \; boxes.

ExAMPLE 2.7. The Young diagram of the partition (3,3,1) F 7 is

When we refer to the ith row of a Young diagram, we mean the ith row from the
bottom, which corresponds to the ith part of .

A tableau of shape X will be a filling of these boxes in A’s Young diagram with
mathematical objects—in this paper the objects will be positive integers, sets, or
multisets. We will call these integer-valued, set-valued, and multiset-valued tableaux
respectively. We take a moment to define some particular classes of tableaux.

Let p be a set partition of [r] and A F n such that |A*| < €(p). A set partition tableau
of shape A and content p is a filling T' of the Young diagram of A with the blocks of p
along with n — £(p) empty boxes in the first row. A standard set partition tableau is a
set partition tableau whose rows increase left-to-right and columns increase bottom-
to-top with respect to the last-letter order. Write SPT . for the set of set partition
tableaux of shape A with content a set partition of [r] and write SSPT . for the
subset of SPT , , consisting of standard set partition tableaux.

EXAMPLE 2.8. The tableau

[17]
35|68 € SS’PT(57271)79
[24] 9]
is standard, whereas the tableau
[35]
1768 ¢ SSPT (5.2,1).9
[24] 9]

has a decrease in its first column, making it nonstandard, and the tableau
[27]
35|68 ¢ SPT (52,19
|24]19]

does not use each number in [9] exactly once, making it not a set partition tableau.
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Write AT*(") for the set of A for which SSPTx,r # @ (we choose this notation
because AT(") will also be an indexing set for the irreducible P,(n)-modules).

Let p be a multiset partition from [k] and A F n such that |A*| < £(5). A multiset
partition tableau of shape A and content j is a filling T of the Young diagram with the
blocks of p along with n — £(p) empty boxes in the first row. A semistandard multiset
partition tableau is a multiset partition tableau that strictly increases along columns
and weakly increases along rows under the last-letter order. Write MPT y ;i for the
set of multiset partition tableaux of shape A with content a multiset partition from [k]
with a total of r numbers. Write SSMPT ., for the subset of MPT y . ) consisting
of semistandard multiset partition tableaux.

ExXaMPLE 2.9. The tableau

112
12]
1111

€ SSMPT (4,2,1,1),12,3

22|3\

is semistandard, whereas the tableau

112
11
11]12

¢ SSMPT(4,2,1,1),12,3

[22] 3

has a repeat in its first column, making it not semistandard.
Write AMPx(7) for the set of partitions A - n for which SSMPT xri # 9.

REMARK 2.10. We conclude this section on tableaux with two comments regarding
the empty boxes. Note that, except for these empty boxes, the standard set partition
tableaux and the semistandard multiset partition tableaux closely analogize standard
Young tableaux (where each number in [n] is used once) and semistandard Young
tableaux (where repetition is allowed) respectively. Additionally, for reasons discussed
in Section 2.5, we will usually assume that n > 2r. In this case, the number of empty
boxes in a tableau will always be at least the number of boxes in its second row.

2.4. DOUBLE-CENTRALIZER THEOREM. The algebras of interest in this paper arise as
the algebras of endomorphisms of &,,-modules, commonly called centralizer algebras
of &,,. The following theorem summarizes a general case encompassing the Schur-
Weyl duality and Howe duality discussed in the introduction as well as the duality
between &,, and its centralizer algebras.

THEOREM 2.11 ([29, Section 6.2.5] and [11, Section 4.2.1]). Let A be a semisimple
algebra acting faithfully on a module V' and set B = End4 (V). Then B is semisimple
and Endp (V) = A. Furthermore, there is a set P (a subset of the indexing set of
the irreducible representations of A) such that for each x € P, W% is an irreducible
A-module occurring in the decomposition of V as an A-module. If we set W§ =
Hom(W3%,V), then W§ is an irreducible B-module and the decomposition of V' as an
A x B-module is
Ve wieWs.
zEP

Moreover, the dimension of W4 is equal to the multiplicity of W§ in V as a B-module
and the dimension of W§ is equal to the multiplicity of W5 in V as an A-module.
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The decomposition in the above theorem gives a correspondence between irre-
ducible representations of the algebras A and B and allows information like dimen-
sions and multiplicities to be passed between them. In this paper, we are interested in
setting A = C&,,. In this case, the indexing set P for the irreducible representations
is a subset of the integer partitions of n.

2.5. PARTITION ALGEBRA. For r a positive integer and an indeterminate x, the par-
tition algebra P.(z) is an associative algebra over C(x) first introduced as a gener-
alization of the Temperley-Lieb algebra and the Potts model in statistical mechanics
by Jones [19] and Martin [22, 23]. When « is specialized to an integer n > 2r, the
algebra P, (n) is isomorphic to the algebra of endomorphisms Endg,, (V,,®"). The par-
tition algebra has two distinguished bases: the orbit basis {Tr : m € Iy } which arises
naturally from the structure of P.(n) as a centralizer algebra and the diagram basis
{L7 : m € Iy} whose product has a combinatorial interpretation in terms of parti-
tion diagrams. The change-of-basis formula is obtained by summing over coarsenings
of a diagram:

Le=> T,

v<T

The product formula for £, can be stated in terms of diagrams as follows. To com-
pute the product of £, and L,, place a graph representing m above one representing
v and identify the vertices on the bottom of m with the corresponding vertices of
v to create a three-tiered diagram. Let v be the restriction of this diagram to the
very top and very bottom, preserving which vertices are connected and let c(m,v)
be the number of components entirely in the middle of the three-tier diagram. Then
LoL, =n™L

EXAMPLE 2.12. Here we show the product of two diagram basis elements. Notice that
two components are entirely in the middle, giving a coefficient of n?.

(]
VARl ey
o es o o =n *—o—o
N A4
In [15], the authors construct the irreducible representations P of P,.(n) for n > 2r
as a combinatorial action of the set partition diagrams on set partition tableaux. For
A € AP the module P is C{ur : T € SSPT .} with action given as follows.
For a set partition m € Iy, to act on a tableau T', first pull out the content of T', a
set partition of [r], into a single row. Then, put 7 on top of this row and identify the
corresponding vertices. Form T” by replacing the content of each box in T' with the
set of vertices atop 7 that the box is connected to, and for each block entirely in the
top of 7, include it as the content of a box in the first row of T”. If two blocks above
the first row are combined or the content of a box does not connect to the top of the
partition diagram, the result is zero.

EXAMPLE 2.13. To illustrate the action, we show three examples of different diagrams
acting on the same tableau. In the first example, the blocks 4 and 5 can be combined
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without resulting in zero because one of them is in the first row.

f2] 4° 1]4] 1]4]

In the following example, the content of a box above the first row does not connect
to the top of m, so the result is zero.

71\17
s/

2] 4°

In the following example, the contents of the boxes containing 12 and 3 become
connected, so the result is zero.

I DN
> »

f12] 4

The result T" of the above process may not be a standard set partition tableau, so
we need to make sense of what it means to write vy for T nonstandard. The algorithm
for writing v as a linear combination of standard tableaux is called the straightening
algorithm. The straightening algorithm for P2 is the same as for the Specht modules
of G,, applied to the rows above the first row of T, a complete treatment of which can
be found in [30], but we summarize some key features that will be important for our
constructions. Given T' € SPT ) nonstandard, the straightening algorithm writes vy
as a linear combination

vr = Z CsVg

SESSPT A,
for some coefficients cg.

The relations between the vy are called Garnir relations and are generally com-
plicated, but one special case will be particularly useful to us: if 7" is the result of
exchanging two boxes of T above the first row that sit in the same column, then
Vrr = —UT.

2.6. MULTISET PARTITION ALGEBRA. The multiset partition algebra naturally arises
by restricting the action of GL,, on P"(V,, ) in Howe duality to the permutation
matrices. One can think of elements in P"(V},, k) as homogeneous polynomials of degree
r in indeterminates x;; for 1 <7 < n and 1 < j < k. The action of GL,, on the space
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P"(Va,i) can be described on monomials as follows. Given a matrix M = (m;;) € GL,,
its inverse acts as:

n
-1 2 :
M Ly = MigZyj
(=1

n n
-1 2 : 2 :
M Liyjy v Tipj, = < mi, e, a)‘glj1> s ( mi,,.&m@,.j,,)
l1=1

£.=1

n
(1) = > M Mie (T, - Teg,)-
L1y lr=1

In [28], the authors introduce a multiset partition algebra MP, ;(z) with bases
indexed by elements of ﬁg(r)Jc. When =z is specialized to an integer n > 2r, the
algebra MP, j(n) is isomorphic to Ende, (P"(V,,x)) where &,, acts by the restriction
of the GL,, action above to the n X n permutation matrices. The authors obtain a
basis analogous to the orbit basis for P.(n) and prove that for n > 2r the irreducible
representations of MP, (n) occurring in the decomposition

2) P Var) = @ W Wb )
)\EAMPT’k(n) ’

have dimension dim(WK/‘B_lk(n)) = H#SSMPT s 1k

In [7], the authors generalize the Robinson-Schensted-Knuth algorithm to two-
line arrays of multisets. This algorithm establishes a correspondence between multiset
partitions in ﬁQ(r)7k and pairs of elements of SSMPT x .k,

Moy i< | SSMPT sk x SSMPT sk

AeAMr k(M)

showing that

dim(MP, ,(n) = Y (dim(WﬁpM(n))y
AEA

Hence, the |AMP“€(”)| irreducible representations occurring in Equation 2 are pairwise
nonisomorphic, and each irreducible representation of MP, ;(n) is isomorphic to one
representation in the set.

3. ORBITS UNDER YOUNG SUBGROUPS

The symmetric group algebra C&,. sits naturally inside of P,.(n) as the diagrams whose
blocks pair one vertex on top with one on the bottom. For o € &,., we will write £, for
the diagram basis element corresponding to the set partition {{o(1),1},...{o(r),7}}.
This embedding leads to natural actions on set partitions and set partition tableaux.
In this section, we collect up some useful facts about orbits of these actions when
they are restricted to Young subgroups. For a € W, write G4 = &1 . 4,3} X =+ X
Sfai++ap_1,..,a1++ay} for the corresponding Young subgroup of &,..

A pair of permutations (¢1,02) € &, x &, can act on a set partition m € Ily(,y by
taking the product £,, £L;L,,. The resulting set partition o;.7.09 can be obtained by
replacing each i in 7 with oy (i) and each i in 7 with oo—1(4).

Given a,b € W, , define the coloring map kap : Uy — 1:12(,,) to be the function
given by making the following substitutions.
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1 i<ap 1 i<b;

2 a1 <i1<a;+as _ 2 by <i<b +by
i ] i

k ai+-+ap1<i E b+ +by_1 <i

On diagrams, we can think of K43 as coloring in the diagram of m with colors
whose multiplicities are given by a on top and b on bottom.

ExAMPLE 3.1. Two set partitions that map to the same multiset partition under the
coloring map £(1,2,1),(2,0,2)

K(1,2,1),(2,0,2) (I:I I I) = 11
K(1,2,1),(2,0,2) (I:I X) = 3(

Then, because the two green vertices at the bottom of the diagram correspond to the
same value, they can be exchanged without changing the underling multiset partition.

= 11

LEMMA 3.2. For a,b € W, ., the map Kqp induces a map
Rab : o)/ (Ga x Gp) — ﬁQ(r),a,b

from set partitions modulo the action of S4 X Sy to multiset partitions whose elements
have multiplicities given by a and b. These maps taken together give a correspondence

(3) Moy < ) Tap)/(Sa x Gb)
a,beW, i

Proof. For (01,02) € Gqx &y, it is clear that kg p(01.7.02) = Kqp(m) for all T € y(,y.
Hence, kqp induces a map Kqp : Har)/(Ga x Gp) — 1:1:2(7«)7]6. Conversely, if fq p(7) =
Kab(m'), then m and 7’ are in the same orbit. Hence, the map Rq p is injective. Given
T E IZIQ(T)’ & whose unbarred and barred multiplicities are given by a and b respectively,
we can easily create a set partition 7 € Ily(,y such that ke p(m) = 7 by simply taking
any graph representing 7 and forgetting the data of the colored vertices. Hence, the
maps Kqp taken together as a map W, pew. , o) /(Ga x &p) — ﬁg(r)’k give a
bijection. This map gives us a correspondence between multiset partitions and orbits
of set partitions under an action of a pair of Young subgroups. O

We now obtain a second action from the module structure of P}. A permutation
o € 6, acts on the set SPT . by replacing each entry i of a tableau T' with o (7).

EXAMPLE 3.3.

23 12
(132)(4).[1]4]=[3]4

Like before, we define a surjective coloring map kq : SPTx, — MPT, for
a € W, that replaces the numbers {1,...,a1} with 1, {a1 +1,...,a1 + as} with 2,
and so on.
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ExXAMPLE 3.4. Two set partition tableaux that are sent to the same multiset partition
tableau by the coloring map (3, 1):

23 12 11
5(3,1) 14 = K,(3’1) 314 =12

LEMMA 3.5. There is a correspondence

MPTapk < | SPTr,/Ga

acW, i
where the multiset partition tableau T maps to the set ;' (T).

Proof. The proof is completely analogous to that of Lemma 3.2. O

REMARK 3.6. The orbit of a standard set partition tableau T" corresponds to a mul-

tiset partition tableau T whose rows and columns weakly increase. That is, T is
semistandard except for possible repeats within columns.

4. THE PAINTED ALGEBRA CONSTRUCTION

This section considers an algebra B with a subset {ej,..., e} of its idempotents
(which we call distinguished idempotents) and M a B-module. We provide construc-
tions of a new algebra B called the corresponding painted algebra and a B-module M
called the painted module. First, we consider the setting in which this construction
will naturally arise in Section 5.

LEMMA 4.1. Let A be an algebra and V a semisimple A-module. Let ey, ... e, €
End4 (V) be idempotents. Then
End 4 (EB eiV> = @ e, Enda(V)e;
i=1 ij=1

where the product on the right hand side of e;pe; € e;Enda(V)e; and eyipe; €
er End4(V)ey is given by

(eipe;) - (extber) = d rei(pejh)er € e; Enda(V)ey.

where the product to the right of the equal sign is taken in Enda (V) and 65 is the
Kronecker delta function.

Proof. First, note that

Enda <@ e¢V> @ Homa(e;V,e;V).
i=1

i,j=1

12

An element e;pe; € e; Enda(V)e; can be viewed as a map e;V — e;V, giving
rise to an injective linear map ® : e; Ends(V)e; — Homa(e;V,e;V). Because V is
semisimple, the submodule e;V has a complementary submodule U so that V =
e;VOU. Amap ¢ : ¢;V — ¢;V C V can be extended to a map v :V =V by
setting ¢)(u) = 0 for all uw € U. Then for any e;v € e;V, we have that e;ibe;(e;v) =
ei@[;(ejv) = e;1¥(e;v). Hence, the map ® is also surjective, so it is an isomorphism.

End 4 (@ eZ-V> = P e;Enda(V)e;
i=1 ij=1
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Suppose j # k. The output of the map extpey is in eV, so the component of its
output in e;V is zero. Hence, (e;pe;) - (extbey) = 0. If instead j = k, we have that
(eipe;) - (extber) = ejpejertpe,. Hence,

(eie)) - (extper) = dneip(e;) e
= 0;kei(pejv)es € e; End g (V)ey. O
Lemma 4.1 motivates the following definition.

DEFINITION 4.2. For a semisimple algebra B along with distinguished idempotents

{e1,...,em}, the corresponding painted algebra with respect to these idempotents is
~ m
B= @ eiBej
ij=1

with multiplication as in Lemma 4.1. For a B-module M, the corresponding painted
module with respect to these idempotents is

M = @ eiM
i=1

where (e;be;).exm = d;,(esbe;).m, the action on the right side of the equality being
that of B on M.

EXAMPLE 4.3. We now illustrate the painted algebra construction with two extreme
examples.

(a) If eq,...,enm € B are already orthogonal idempotents which sum to the iden-
tity, then B = B, and the painted algebra simply corresponds to the usual
decomposition of the algebra by a system of orthogonal idempotents.

(b) If each of ey, ..., e, € B are the identity, then

B~B®---¢B.
—_———

m

To conclude this section, we show that the irreducible B-modules are precisely the
painted irreducible B-modules.

LEMMA 4.4. Let B be a semisimple algebra along with distinguished idempotents
{e1,...,em}. Then

(1) For any simple B-module S, either S = {0} or S is a simple B-module.

(2) For any simple B-module P, there is a simple B-module S so that S = P.

Proof.

(1) Suppose S # {0}, let 5 =>"7"  e;5; € S be nonzero, and fix any j € [m] such
that e;s; is nonzero. We show that any such 35 generates S as a B-module,
and so S is simple. Note that e;5 = e;s; € ;S C S. Because S is simple,
for any ers € S there exists b € B such that be;5 = s and so erbe;5 = egs.
Because the elements ej,s span S, we see that S is generated by any nonzero
element and hence is simple.

(2) The remainder of the proof generalizes an argument for the case of a single
idempotent found in the proof of Theorem 1.10.14 of [20]. Suppose P is a
simple B-module and define a B-module

i=1

where B acts on the direct sum by left-multiplication. Write S = U/M where
M is a maximal submodule of U. Then S is a simple B-module. The goal is
now to define a nonzero B-module map from P to the painted module S.
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Consider the quotient map ¢ : U — S and suppose ¢; ® p # 0. We claim
that e; ®p generates U as a B-module and hence g(e; ®p) # 0 (else e; @t € M,
which would mean that M = U). To show this, we need only demonstrate
that for any fixed ¢ € [m] and p’ € P, there exists an element b € B such that
b.(e; ® p) = e, @ p'. Because P is a simple module and e;.p # 0, there exists
an element b = Zj’k ejbjrer € B such that

E.ei QRp= Z ejbjrer.e; @p
J.k

=(e1 4 Fem® (Z ejbjiei.p)
J

— (el+...+em)®e£p/
=e®9p.
Set b= Ej ejbj7iei. Then b.e; @ p = ey ®p/.

Let p € P be nonzero and note that in B we have e; 4+ --- + e, = 1, so
(e1 + -+ + em).p = p. Hence, some e;.p # 0. Consider the map

eiqe;  e;U — e;S.

Because ¢;.(e; ® p) = ¢; ® p € ¢;U, we know that e;ge; is nonzero. Define a
B-module map @, e;U — @7, ;S by e;r — e;q(r). By the above obser-
vation, this is a nonzero module map. By Schur’s Lemma, it is an isomorphism
and hence

5. PAINTED DIAGRAM ALGEBRAS AND A DIAGRAM-LIKE BASIS

In this section, our goal is to decompose P"(V,, ) in a way that allows us to use the
results of Section 4.

Let U, be the span of monomials of the form w;,;, - -, ;. where for each 1 <
m < k, exactly a,, of the values j1,...,j,. are equal to m. For example, the mono-
mials 211221223 and x21221223 are both in Up 1) C P3(Va3). To apply Lemma 4.1
and Lemma 4.4, we will need to write the subspace U, as the projection by some
idempotent in P.(n). We define the following idempotent for a € W, j:

1
Sa = S Z Ly

geBG,

From Equation 1 we see that the subspace U, is in fact a GL,-submodule of
P" (V). This gives a decomposition

P (Vor)= D Ua
acW, i

as a G Ly-module. We now use this decomposition to construct a linear isomorphism
®: Docw,, 5aVn® = P (Vi)
For a € W, j, define a linear map @, : V2" — U, by

a ai+az r
Dole, ® - Re;) = H Ti,1 H Tip2° " H L ke
m=1 m=ai+1 m=ai+-+ar_1+1
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ExAMPLE 5.1. Note that two different tensors may map to equal monomials as in the
following example.

Q122)(e2 ®ex ®ey ® ey ® ep) = T21 722712713723
D122)(e2®e1 ®ex @ep ® ez) = To1T12T22713723

Here, the tensors map to the same monomial because the second is obtained from
the first by swapping two factors mapping to indeterminates of the same form x;o.

For ease of notation, we will write e; = e;, @ --- ® e;. for @ € [n]". It is clear that
®,, is surjective and that ®4(e;) = Dgo(eyr) exactly when e;r can be obtained from
e; by rearranging factors grouped into the same product above. That is, e;; = o(e;)
for some o € &,. Hence, ®, restricts to an isomorphism $a V& = Ug, so the map
b : @aewr‘k $a V2" — P"(Vy1) sending sq(e;) to ®q(sq(e;)) is an isomorphism.

LEMMA 5.2. The linear isomorphism ® : ®a€Wr R $q Vi ®" — P (Vi) above induces
an isomorphism of algebras

Endg(P"(Vox)) — Endg [ @ 5aVn®"
CLGW»,‘,;Q
for each subgroup G of GL,,.
Proof. The action of M € GL,, on sq(e;;, ® -+ ®e;, ) is given by

M.sq(e; ® - ®e;.) =sa(Mej, ® - @ Me; )

n
= Z mi1‘€7~ e miréTSa(eZl ® T ® e‘eT)'
£, lp=1
Comparing this computation with Equation 1, we see that the map ® is nearly
a homomorphism of GL,-modules, but the action of M € GL,, on one space is the
action of M ~! on the other. That is, for M € GL,,

OM = M~ 1.

Multiplying by ®~! on the left and right of both sides yields an analogous statement
for 1

MO t=o Mt

The linear isomorphism ® induces an algebra isomorphism

EndC(P’“(Vn,k))%EndC< D saVn®T>

acW, i
0 — O 1pd.
Now we make the following observation for G C GL,, a subgroup.
¢ € Endg(P"(Voy)) <= =M toM VM € G
= o lpd =0 "M toMD VM € G
= O lpd = MO oM ! VM e G

— & l'pdcEndg| @ s5.V,.*"
acW, x

Hence, the map ¢ — & 1o® restricts to an isomorphism

EIldg(PTVn7k®T)i>EndG< D saVn®T>. O
(IGWT);C
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Let G be a subgroup of GL,,. Because G C GL,,, we have that
C6,, = Endgy, (V,®") € Endg(V,%7).

Hence, the idempotents sq for @ € W, j, are in Endq(V,%"), allowing us to use Lemma
4.1 to make the following computation.

Endg (P" (Vo)) 2 Endg | @ 5.V,.®"
aGWT’k

>~ P s.Endg(V,®)sp
a,beW,

where the product is given by
(4) (Sapsb) - (Sctsd) = Ob.cSapspisa.

_If we write A.(n) = Endg(V,,®"), this algebra is precisely the painted algebra
A, r(n) with respect to the idempotents {sq : @ € W, ;}. We summarize the above
analysis in the following theorem.

THEOREM 5.3. Let G C GL,, be a subgroup and let A,(n) = Endg (Vn®r). Then

Endg (P" (Vi) = Ar,k(n)

where A, 1(n) is the painted algebra of A,(n) with respect to the idempotents {sq :
a c Wr,k}'

k(1)

AT(”)\W/ ~, /

FiGUure 1. This diagram illustrates how Theorem 5.3 relates the
centralizers of a group G under Schur-Weyl duality (left) and Howe
duality (right). Note that the diagonals should only be taken to sig-
nify mutual centralizers when the conditions of the double-centralizer
theorem are satisfied (e.g. when G is a linear reductive subgroup).

GLy,

Now, we use this isomorphism to construct a basis for MP, x(n) =2 Endg,, (P"(Vpk))
from the diagram basis of P,.(n). Such a basis can be similarly constructed for other
subalgebras of P.(n) that contain &, (see Remark 5.7). In general, the projection
saLrSp can be computed as follows.

1
$aLrs —_— Lol Lo
- |6 % 6b| (o,0") EXG: XSy

1
=T _ ~ g Lo
|6a x 6b| (0,0")EGC 4 XS

Each diagram basis element L, projects to the sum of the orbit of 7 under the
G, X Gp-action. Because the orbits are disjoint, the set of distinct projections are
linearly independent and hence form a basis of s4 P,-(n)sp. Due to the correspondence
between orbits of set partitions under the action of a Young subgroup and multiset
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partitions given in Section 3, we know that these basis elements are indexed by multi-
set partitions obtained by applying the map xq.p to set partitions. Diagrammatically,
this corresponds to coloring in the vertices of elements in Il,(,) with colors whose
multiplicities are given by a on the top and b on the bottom.

For m € ].:[2(7«)7]€ define Dz = sqLrsp where m is any set partition in the orbit
corresponding to 7. We then see that {D; : 7 € 11} is a basis for P, x(n) = MP, 4 (n).
Using the formula in Lemma 4.1, the product DDy for & € l:IQ(T)yk with multiplicities
on top and bottom given by a and b respectively and o € ﬁz(r)’k with multiplicities
on top and bottom given by b and ¢ respectively is the following.

DzDs = ($aLlrsp) - (Sp/L1Se)
= 5b,b’3a£ﬂ5b£u5c

Ob,b/ Z
= SalLALlsL,se
|6b| ceBGy

= 6b,b/ Z SaLlrLlyySe

|6b| ceGy

To interpret this product combinatorially, it will be helpful to assign a combinato-
rial object to each term in the sum.

DEFINITION 5.4. For a pair 7,0 € ﬁg(r)ﬁk, a snapshot is a pair (7, v) where kq p(T) =
T and Ky = U. We can represent these visually as a stack of partition diagrams
whose vertices are painted from k colors. To differentiate from the multiset partition
diagrams (and to emphasize that the identically colored vertices in this situation are
not interchangeable and are instead fized in place), we draw the vertices as open circles.

The formula above can then be thought of as beginning with any snapshot (7, )
and them summing over the snapshots {(7,0.v) : 0 € Gp}. In the summand, L, L.,
is the product of the two set partitions as elements of P,.(n) and multiplying by the
idempotents sq and sp projects to the diagram-like basis element corresponding to
the multiset partition obtained by filling in the vertices.

EXAMPLE 5.5. The product of ?:_: I and N :A is given by choosing a snapshot,

o o O
such as (V;_o I, k, A), then acting on the top of the second diagram with each
permutation in &3 o).

NIZEN R 700 i gy g
PAINAAANN AN
:i(n A+H. + H+H..)

Another snapshot we could have chosen is (m, z Z) because if the ver-

tices were filled in, the resulting multiset partition diagrams would still be identical
to the two we are taking the product of.

We call this basis {Dz : 7 € ﬁ2T7k} for MP, (n) = Endg,, (P"(V,,k)) the diagram-
like basis.
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REMARK 5.6. This perspective resolves the question of how the multiset partition
algebra MPq(n) for @ € W,.;, defined in [24] sits inside MP, ;(n):

MP, (n) = Endgn(savn(gT)
> 54 P.(n)sq.

Note that sqP,(n)se is the span of diagram-like basis elements in MP, ;(n) whose
colors on top and bottom have multiplicity given by a.

REMARK 5.7. Let A.(n) C P.(n) be a subalgebra spanned by the diagram-basis el-
ements indexed by the set partitions in some set II. If IT contains the set partitions
corresponding to the symmetric group &,., then the construction of the diagram-like
basis above restricts to the painted version of this subalgebra. In particular, Ank(n)
has basis given by the diagram-like basis elements indexed by Lﬂmbeka Ka,b(IL).

For a concrete example, the Brauer algebra B,(n) is the subalgebra of P.(n)
spanned by the set partition diagrams whose blocks are all of size two. The corre-
sponding painted Brauer algebra Bnk(n) has a basis indexed by the multiset partition
diagrams whose blocks are all of size two.

Note that planar subalgebras of P.(n) (such as the Temperley-Lieb algebra) do not
contain the symmetric group, and hence this painted algebra construction does not
extend nicely to them. It may be the case that there are painted analogues of these
planar algebras which centralize a group action on P"(V}, ), but they do not seem
amenable to description with the methods of this paper.

6. IRREDUCIBLE REPRESENTATIONS OF MP, (n)

In this section, we aim to construct the irreducible representations of MP, j(n). Part
(2) of Lemma 4.4 tells us that in order to construct each of these irreducible repre-
sentations, we need only consider the irreducible P,(n) representations painted with
respect to the idempotents {sq : @ € W, ;. }. For A € A" define
MP?,I@ =P = @ saPrA~
acW, i

By Lemma 4.4, each module in {MP:‘k : A € AP} s either a simple MP,. x(n)-
module or the zero module, and each simple MP, ;(n) module appears in the set.
To investigate the structure of these modules, we note that for T € SPT ,, the
projection squp is the average over the Gg4-orbit of T

1
SaUT = m Z vs

S€6,.T
This orbit corresponds to T' = ka(T) € MPT x vk, and so we define
1
wTZSaUTZW > ur
* Terg ' (T)

where #;(T) is the preimage of T under the coloring map.
LEMMA 6.1. If T € SSPT ., then either wy =0 or T € SSMPT x k.

Proof. As observed in Remark 3.6, if T' € SSPT -, then T has rows and columns
weakly increasing. If T is not semistandard, then it must have two boxes within the
same column that have identical contents. For a tableau T, write T” for the tableau
obtained by swapping the content of these two boxes. Then

1 1
W = Wpr = Z vgr = Z —Vsg = —W+.
' v Sa.T| S€G,.T Sa. T S€G,.T !
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Hence, if T ¢ SSMPT x,,x, then wz = 0. O

We can now use Lemma 6.1 to describe a straightening algorithm for MP:‘ - Suppose
T is not semistandard and wy # 0. Then there exists a nonstandard 7" in the G4-orbit
corresponding to 7. Then using the straightening algorithm for P}, we can write

vr = E CsVgs.

SESSPT A

Then projecting by sq, we obtain

Wi = SaVT = E CSSqUs = E CsWg

SESSPT . SESSPT A »

where each S for which w g # 0 is semistandard.

THEOREM 6.2. The set {mk : X € AMPk(MIY forms a complete set of irreducible rep-
resentations for MP,. ;. (n) and for each A € AMPrk(M) the set {ws : Te SSMPT i}
forms a basis of MPi"k.

Proof. Because MPi"k is the span of {wz : T € SSMPT .}, we know that MPi‘)k =0
unless A € AMP+(")  We then have that each of the ’AMPM(")’ irreducible represen-
tations appears in the smaller set {1\/1ij : A € AMPr(M)) ] Because there are only

‘AMP"W’“(”)‘ representations in this set, it must be a complete set of irreducible repre-
sentations for MP, ;(n).

A priori, we do not know that these wy; are linearly independent, so we can only
conclude that dim(MP:,"k) < #SSEMPT a1 However, we do know that

S (dim(MP),)? = dim(MPx(n)) = D (HESSMPT rn)>.

AEAMPr k() AeAMr k()
Hence dim(MPi"k) = #SSMPT .\ and so for each A € AM+(") the set {wz: T €
SSMPT x i} indeed forms a basis of 1\4ij O

We now consider the action of an element D; on wy. Suppose that the multiplicities
of colors in 7 are given by a and b respectively and that the multiplicities of elements
in T are given by c. Then the definition of a painted module gives us the following
formula:

Dis wi = SqLxsp.5cUT
= 0b,c(SaLrspvT)
= 0p,c Z Salx oUT
ceBy
We can interpret this formula for diagrams as follows.

(i) Pull out the content of 7', a multiset partition with r elements from [k], in a
row above and fix the order.
(ii) Place 7 on top and permute the vertices of the same color at the bottom in
each possible way.
(iii) For each permutation, compute the action as for P).
(iv) Sum the resulting tableaux and divide by the number of permutations.

EXAMPLE 6.3. The action of a multiset partition on a multiset partition tableau.
Note that in the latter two permutations of the diagram, the content of the box in
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the second row does not reach the top of the diagram, so the output is zero.

I N
g/ g/ O\l

1] ] 1]

—_

12 1] 11
11 =—=[1

=N
—_
I

7. GENERATORS

To describe a generating set for MP, (n), we will give an algorithm for factoring out
certain blocks from a diagram.

DEFINITION 7.1. We call a block of the form {{z, 5}} a vertical bar. A block of a multiset
partition 7 that is not a vertical bar or a singleton is called a nonbasic block. For a
set partition ™ with ke p(m) = T, we call a vertex in the diagram of m nonbasic if it is
mapped to a nonbasic block under kg p.

We now define a statistic on multiset partitions and prove a lemma about how this
statistic interacts with the diagram-like product.

DEFINITION 7.2. Write N (&) for the multiset of nonbasic blocks of & and define the
nonbasic weight of © to be

nbw(#) = > |B|.
BEN(7)
ExaMPLE 7.3. We compute the nonbasic weight of some multiset partitions. The
nonbasic vertices have their vertices highlighted in green.

O=—0) G=o—0
nb | | | | =2+44+4=10
w I 5—O 0:3\0

o 0 O©—0 ©
nbw | | | =2+34+4=9
d/zfg ///o

O—O—

LEMMA 7.4. If Dy appears with nonzero coefficient in the product Dz, Ds,, then
nbw(7) < nbw(71) + nbw(72)

with equality if and only if N(¥) = N (1) W N(72).

Proof. Consider a snapshot (71, 72) in the product Dz Dz, and suppose Lq, L, =

neL,. Suppose 1 = Kq,p(m1) and g = Kpc(m2). Write 7 = Kq, (V). Our goal is now

to construct an injective map ¢ from the set of nonbasic vertices of v to the nonbasic
vertices of m; and ms.
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Consider a nonbasic vertex v of v labeled i. There is a corresponding vertex v’ of
w1 also labeled 7. If v is the only element in its block, the same is true for v. Hence,
v’ must either be a nonbasic vertex or one end of a vertical bar. In the first case, set
©(v) equal to v’, which is nonbasic. In the latter case, let j be the label of the other
vertex in the vertical bar and let ¢(v) be the vertex of 7 labeled j. If the diagram of
1 were set atop that of 75, this would be the vertex on the top of 7o that the vertical
bar lands on. If v is labeled i, the same process is followed swapping which elements
are barred (see Figure 2 for an illustration of this map).

—O o—o—o
&\% o 0o o I Q_O 0_0_?
i o—0 O—C i

O—O O=—0) YO
FI1GURE 2. Illustration of the injective map ¢ constructed in Lemma
7.4. The nonbasic vertices on the right and the corresponding non-
basic vertices in the image of ¢ on the left are highlighted in green.

In the latter case, if ¢(v) is basic, it is either the only element of its block (in
which case, v would be a singleton) or part of a vertical bar (in which case, v is in
a vertical bar). Either way, this contradicts the assumption that v is nonbasic, so
we have constructed a map ¢ from the set of nonbasic vertices of v to the nonbasic
vertices of m; and me. It is clear that this map is injective, and so the number of
nonbasic vertices of v is less than the total number of nonbasic vertices of m; and o,
giving us the desired inequality.

Now to investigate the case of equality we consider how the map ¢ interacts with the
set partition structure. Suppose that ¢(v) and ¢(w) are in the same block. Without
loss of generality, assume they are in the same block of 7. We then need to consider
the following cases: (see Figure 3(i)-(iii) for illustrations of these cases)

(i) ¢(v) and p(w) are both on the top of the block.

The vertex ¢(v) has the same label as v and ¢(w) has the same label as
w. Because the vertices with these labels are connected, the vertices with the
same labels must be connected in the product, so v and w are in the same
block.

(ii) ¢(v) and @(w) are both on the bottom of the block.

The vertices ¢(v) and ¢(w) each meet a vertical bar whose other end is
labeled the same as v and w respectively. Hence, v and w are joined in the
product.

(iif) Without loss of generality ¢(v) is on the top of the block and ¢(w) is on the
bottom.

The vertex ¢(v) is labeled the same as v and the vertex on the other end
of the vertical bar meeting ¢(w) is labeled the same as w. Hence v and w are
again joined in the product.

Hence, if ¢(v) and ¢(w) are in the same block, then u and v are in the same block.

Suppose that v and w are in the same block but ¢(v) and ¢(w) are not (see Figure
3(iv)-(v)). Then two nonbasic blocks in the product must have been combined, and
any vertex where the two nonbasic blocks meet must not be in the image of ¢, meaning
 is not a surjection in this case.
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FIGURE 3. Tllustrations of cases when ¢(u) and ¢(w) are in the same block.

When equality holds, the map ¢ is a bijection and ¢(v) is in the same block as
©(w) if and only if v and w are in the same block. The map ¢ then induces a bijection
of nonbasic blocks, hence N(7) = N(71) W N (72). O

We will introduce a sort of factorization of a diagram 7 with a nonbasic block B
into diagrams with fewer nonbasic blocks, and to that end we define two diagrams
7/B and 7| 5. Informally, the diagram 7/ B is the result of removing the block B and
replacing it with basic blocks, and the diagram 7|z is a diagram whose only nonbasic
block is B.

EXAMPLE 7.5. Here we show how the diagram 7 can be factored at the nonbasic block
B.

124
| 7

=11 104

Note that in 7|z, the block B is joined by vertical bars matching the remaining
vertices atop 7 as well as two singletons {{1}} at the bottom so that the number
of vertices on top and on bottom match. In 7/ B, the block B is removed from 7,
leaving behind a vertical bar matching each vertex at the bottom of B as well as two
singletons {1}} so that the number of vertices on top and on bottom again match.

We now define this factorization more precisely.

DEFINITION 7.6. Let ™ € ﬁgr’k have a nonbasic block B. Without loss of generality,
assume B has more unbarred entries than barred entries. Write 7/B for the multiset
partition obtained by replacing B with vertical bars {{z 5}} for each barred entry i of
B and a number of smgletons {{1}} making up the difference in the number of barred
and unbarred entries in B. Write 7|z for the multiset _partition consisting of B, a
vertical bar {{z,z}} for each vertex labeled i in @ not in B, and enough {{1}} to make
it an element of 1:[2(T) k
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We see immediately in Example 7.5 that although the element D; will appear
with nonzero coefficient in Dz . D /B> many diagrams other than D; also appear.
To systematically account for these extra diagrams, we now define a partial order in
which they are smaller than the desired diagram Dsz. This will allow us to use the
factorization recursively to write Dz as a polynomial in simpler diagrams.

Write vb(#) for the number of vertical bars in 7. Define a partial order on II,;, by
saying that © < 7 if either

nbw(7) < nbw(7)

nbw(7) = nbw(7) and vb(7) < vb(7).

LEMMA 7.7. Let @ be a multiset partition and B a nonbasic block of & with more
unbarred entries than barred entries. Then there is a constant ¢ € C so that

D, Dz /5 — Dx € spang{D; : 7 < 7t}.

7|5
Proof. Consider a snapshot in the product Dz D, /B In which each vertex at the
bottom of the block B in 7|5 meets a vertical bar in 7/B and each singleton {13
in 7|5 created in the factorization meets a singleton {1} in 7/B created during the
factorization. Such a snapshot exists because there is a vertical bar in 7|5 matching
each vertex at the bottom of B and the number of singletons added to each factor is
precisely the difference between the number of vertices in the top and in the bottom
of B. The resulting diagram from this snapshot is 7, and so Dz appears with nonzero
coefficient in the product. Let ¢ be the reciprocal of the coefficient it appears with.

By Lemma 7.4 any D; appearing in the product must have nbw(7) < nbw(7|35) +
nbw(7/B) = nbw(#) with equality only if

N(7) = N(#|) [ N(7/B) = N(7).

If any vertical bars in 7 came from nonbasic blocks of 7|z and #/B meeting,
then 7 would necessarily have a smaller nonbasic weight. Hence, in the case that
nbw(7) = nbw(7), it must either be the case that o = 7 or U has fewer vertical bars.
So, every U # 7 that appears in the product is smaller in (ﬁ2(r),k, =<). O

EXAMPLE 7.8. Lemma 7.7 can be used recursively to write a diagram as a polynomial
in diagrams with a single nonbasic block. At each step, the nonbasic block B that the
diagram will next be factored at is highlighted. Notice that example (i7) ends where
example (i) begins.
o 0—0
() 1

= 1

/N
o
(]

2 /0 T
) b )

*—e 2 /0 o—o
IIIT>( ool)( )_g(o—o—oT>
We now introduce our generators. For i,j € [k] and @ € W,._1 j, write P; j,a for
the diagram-like basis element indexed by the set partition with singleton blocks {{i}
and {{5}} and vertical bars whose colors have multiplicity given by a. Now fix i € [r],
a,b e W, and ¢c € W,_; ;. Write Rq . for the diagram-like basis element for the
set partition with a block whose colors on top and bottom are given by a and b
respectively as well as vertical bars with multiplicities given by c.
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EXAMPLE 7.9. Here we show an example of each type of generator.

P2,1,20,1,2)— I I I I€MP64

R(2,0,1),(0,2,1),(0,0,2) = 0_._| | | € MPs3(n)

As a base case, we show how the elements {P; j o : 7,j € [k],@ € W,_1 1.} generate
the diagrams with no nonbasic blocks.

LEMMA 7.10. The elements {P; j o : 4,7 € [k],a € Wy_1 1} generate each Dz where 7
has no nonbasic blocks.

Proof. Fix b € W, ;. For m < by, write @, for the diagram-like basis element indexed
by the multiset partition with m pairs of singletons {1} and {{1}} along with vertical

bars {1, 1% 7" {2,20% ... f{k, k)", Notice that Q1 = Py 4 where b’ is b
with the first entry decremented by one.

Now consider the product @1Q.,. The singleton at the bottom of @; will meet
one of the m singletons at the top of @,, in % of the snapshots. In the remaining
snapshots, the singleton meets a vertical bar and breaks it into a singleton, resulting

n Qm+1:
Ql Qm = an Qm+1

Hence, the elements @, for 1 < m < b; are generated by the elements P; ; o (see
Figure 4(i)).

Suppose 7 is a multiset partition with no nonbasic blocks and a singleton {i}}
with ¢ # 1. Let 7’ be the result of replacing that {{i}} with {1}. Then for c € W,_1
chosen so that P;1.Dz is nonzero, this product includes D along with diagrams
with fewer vertical bars (see Figure 4(ii)). Via this process and the corresponding
process for singletons {{Z}}, we can write any basic diagram with a non-one singleton
as a polynomial in diagrams with fewer non-one singletons or fewer vertical bars.
Repeating this process for any diagram in the resulting polynomial with a non-one
singleton terminates in a polynomial in diagrams with all basic blocks and singletons
of the form {1} or {1}}. These are just the Q,, above for different choices of b, so
the {P; ja :1,j € [k],a € W,_1 1} generate the diagrams with all basic blocks. O

11 ...
III4.. III+4 .II

FiGUurE 4. Examples of the processes employed in Lemma 7.10.

ol RN IE
i

Finally, we use Lemma 7.7 and Lemma 7.10 to prove that the elements P; ; o and
Ra b.c defined above generate the algebra MP, j(n).

THEOREM 7.11. The algebra MP, x(n) is generated by the set © = {P,jq : i,j €
kl,a € W,_1 1} U{Rape:a,be Wiy, ce W._;y for some i€ [r]}.
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S]z
I
oe0—o 0 O
Il
ol
.I
[
]
+
w\w.
.i
]

nel 1

F1GURE 5. Examples of the products in Theorem 7.11.

Proof. If © has more than one nonbasic block, then we apply Lemma 7.7 to write Dz
as a polynomial in elements D; where v < 7. We can iterate this process on each
Dy in this polynomial where 7 has more than one nonbasic block (see Example 7.8).
Because the poset (l:IQ(T));67 =) is finite, this iteration terminates with Dz written as
a polynomial in elements D; where each 7 has at most one nonbasic block. Hence, it
suffices to show that © generates the elements D; where ¥ has at most one nonbasic
block.

By Lemma 7.10, © generates the elements Dz where 7 has no nonbasic blocks. We
now prove that © generates the diagrams with a single nonbasic block by induction
on the number of vertical bars. If 7 has a single nonbasic block and no vertical bars,
it has a straightforward factorization as Dz = Dz, Dz, Dz, where 73 is obtained from
7 by connecting all vertices into a single block, 71 has a vertical bar for each vertex
at the top of the nonbasic block of @ and a pair of identically colored singletons for
each singleton atop 7, and 75 is obtained similarly from the bottom of 7 (see Figure
5(i)). Notice that Dz,, Dz,, Dz, € ©.

For 7 with a single nonbasic block and s vertical bars, one can try a modified version
of the above factorization in which a copy of each vertical bar in 7 is put in 71, 73,
and 73 (see Figure 5(ii)). The element Dz appears in the product Dz, Dz, Dz, when
each singleton in 7y and 73 meets the nonbasic block in 75. When these singletons
instead meet vertical bars in 7o, the resulting diagram has fewer than s vertical bars.
By induction on the number of vertical bars, the set © generates the diagrams with
at most one nonbasic block and hence the algebra MP, (). O

8. CHANGE-OF-BASIS FORMULA

In this section, we give a change-of-basis formula from Orellana and Zabrocki’s orbit
basis to the diagram-like basis. While the earlier sections dealt with the centralizer
algebras P.(n) and MP, ;(n), the combinatorics of the change-of-basis formula do
not depend on the semisimplicity of the algebras. Hence, this section considers the
abstract algebras P.(z) and MP, (z) over C(z) for x an indeterminate. These results
can all be applied to the centralizer algebra case by specializing x to an integer n > 2r.

In analogy with the construction of the diagram-like basis as a projection of the
diagram basis of P,(x), we can define the orbit-like basis by projecting the orbit basis
of P.(x):

Oz = 5aTx5

Algebraic Combinatorics, Vol. 7 #4 (2024) 1248



A diagram-like basis for the multiset partition algebra

where 7 € Il is any set partition so that rqp(m) = 7. For a multiset partition 7,
define mz(7) to be the multiplicity of the block B in 7 and write

m(7)! = H m g (7)!
Ber
distinct
where the product is over distinct blocks of 7.

THEOREM 8.1. For ™ € ﬁQ(T),k whose unbarred entries have multiplicity given by
a € Wy, write

Then the map
¢ : Prp(x) = MP, ()
OT} — (JJ(ﬁ')Xﬁ—

where {X; : 7 € ﬁg(r)7k} is the orbit basis of Orellana and Zabrocki is an isomorphism
of algebras.

Because each w(7) is nonzero, it is clear that this map is an isomorphism of vec-
tor spaces—the remainder of this section is devoted to proving that it respects the
multiplication. First, we observe that such an isomorphism gives us the following
change-of-basis formula from Orellana and Zabrocki’s orbit basis to the diagram-like
basis:

where for a fixed m such that kqp(m) = 7, ¢y is the number of v < 7 such that
Ka,b(V) = D.

ExAMPLE 8.2. We expand the following diagram-like basis element in the orbit basis
of Orellana and Zabrocki:

Prim =reafqrn cen
=sex (Tt Tt Tt eyt esy)sen
Prig = %ot %mot i3t Yo

— w(ﬁ'l)XI I u+ w(ﬁ'Q)XD I:I+ 2w(7~r3)XI I:::I+ W(7~T4)XI:::I

9! 2! 2! 31
= Yot oot oot st

1 1 2 X
= 3higt 3zmot 3Yidt [
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8.1. PRELIMINARY DEFINITIONS AND ENUMERATIVE RESULTS. The product formula
for the orbit basis {7 : 7 € Iy} for P.(x) uses set partitions that include unbarred,
barred, and double-barred elements. To that end, we make the following definitions.
For 7,v € Iy, write I'J for the set of set partitions v of [r] U [F] U [7] such that
Yo = 7 and |7y = ¥ where v is the result of adding a bar to each element
in v. For such a v, write 5y = {S € v : Vi € S,i € [r]} for the set of blocks of v
containing only barred numbers. Write

by(z) = (x — L(V[pum))ecs,)
where (a), = a(a—1)---(a —n+ 1). The product formula for the orbit basis is

T = by(2)T,

vyerry

where the v in the subscript is understood to be an element of Il by taking the
restriction v|(,ju7 and removing a bar from each double-barred entry (see Theorem
4.14 of [2] for details).

For the orbit basis {Xz : @ € 1:I2(r),k} of MP, () we make similar definitions.
For 7,0 € ﬂg(r)ﬁk-, write fg for the set of multiset partitions 4 with r elements each

from [k], [k], and [k}} such that '~7|[k]u[12] = 7 and ﬂ[l%]u[l:c} = p. For such a 7, write
By = {{5' €ey:VieS,ic [l_c] }} Finally, write

Se&“muﬁ]

distinct

where 5 = {{T €q: T‘[k]u[fc} = S‘}} Then, the product for the orbit basis of
MP, i (x) is given by

Xﬁ—Xp = Z aql;@(x)/\’@
Fery

where the 4 in the subscript is understood to be an element of ].:.[2T7k by taking the
restriction Vl[k]u [E] and removing a bar from each double-barred entry (see Section 3

of [28] for details).

To handle these set and multiset partitions on three alphabets combinatorially, we
will want to extend the notation of our painting function K4 p to them. In particular,
Ka,b,c(7y) will be the result of replacing the unbarred, barred, and double-barred ele-
ments according to a, b, and ¢ respectively. It will be useful later to write I'7 (i) for
the set of v € I'7 such that kg pc(Y) = fi-

For m,v € Il with 7|z = U7, let mx v € I'] be the set partition obtained by
placing the diagram of 7 atop the diagram of v and identifying the corresponding
vertices in the center. This set partition plays a central role because any v € I'], only
differs from 7 * v by connecting some blocks on the very top and very bottom. That is,
if we denote by break(y) the result of splitting each block of « that does not contain
a vertex in the middle row of the diagram into its restriction to [r] and restriction to
[F], then v € T'T if and only if break(y) = 7 * v.
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EXAMPLE 8.3. We compute break(y) of a set partition + of [6] U [6] U Fi]

v = ‘i A 3\: break(y) = :_‘ a

To analyze the orbit basis of MP, ;(x), we want to investigate how m*v acts when v
is acted upon by some permutation. This inspires the definition of several subgroups
of permutations. For p a set partition of [r] and a € W, , define

St ={ceBq:0p=p}
where the action o.p applies o to each element of each block of p. This subgroup
factors as a semidirect product
&) = X0y

where the permutations in X/ permute whole blocks and the permutations in Y/
permute only within blocks of p.

ExAMPLE 8.4. For clarity, we illustrate the above factorization in the case that all
elements are the same color (where the corresponding young subgroup &, is equal
to the full symmetric group &,.). The permutation

o =(34)(15)(26)(8)(79)
fixes the set partition p = {{1,2,4},{3,5,6},{8},{7,9}} and hence o € &7 ,. It then

(r)
factors as 0 = oxoy where

ox =(142)(356)(79)
permutes elements within each block and
oy = (13)(25)(46)
swaps the two blocks of p of size three.
Given 7 € Ily(,), consider the subgroup Ag ; of X;Tl[ﬂ that only permutes blocks in

7T|m if they are part of blocks of 7 that are painted identically by kg (see Example

I

3.1). Let By, , be the analogous subgroup of X, o " for the restrictions to the top. More

precisely,
ATy ={oe X, " VS, T e, 8|5 =o(T|s) = Fab(S) = Kas(T)}
By, ={oe€ X" VS, T €v,S|p = 0(T|p) = koe(S) = koe(T)}

Put another way, these permutations o of the blocks in the middle row of 7 * v do
not change the resulting multiset partition. That is, g p,c(T * V) = Kq p,c(7 * 0.v) for
o€ Az, oro€ By ..

Finally, we collect up formulas for the sizes of these subgroups. To that end, it
will be useful to consider the following multiset partitions obtained by restricting to
particular blocks.

7, ={Ser:VieS,iclk]}
7_={Ser:VieS,ie[k]}
Fe={S8ecq:VieSiclku [Z}}

We think of 74 (resp. 7_) as the blocks contained entirely in the top (resp. bottom)

of 7 and A as the blocks of 4 that have no vertex in the middle row.
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LEMMA 8.5. Let a,b,c € Wy, m,v € gy, T = Kap(T), and U = kp (v). Then, the
subgroups defined above have sizes given by the following.

1X2] = m(ra(p))! Y| = Mper m(Blg)!
™ __m(x)! v _ m(@)!
‘Aa,b‘ = eyt ’Bb,c =

Furthermore, for any 5 € f‘g, the size of the intersection of Ag’b and By . is given
by

m(7)!

{AaﬁrIth|::;X§;ﬁ.

Proof. The equalities in the first row are clear. The next two follow from the obser-
vation that the only blocks of 7 that contribute to Ag ; are the ones that touch the
bottom, so we cancel out the contribution of those contained entirely in the top.

For the last equality, we can think of A7 , N By . as the permutations of the vertices

in the middle row of 7 * v that only permute blocks that are the restrictions of blocks
Mm(Ka,b,c(mx1))!

m(ka,pb,c(mxr)£)!"
Because 7 only differs from kg p,c(m*v) by blocks that do not touch the center (whose

contributions are all canceled) we can make the substitution of 4 for kg p c(m*v). O

painted the same in K4 p (7 *v). The number of such permutations is

8.2. PROOF OF THE ISOMORPHISM.

Proof of Theorem 8.1. Let 7,0 € ﬁz(r) and let a,b,b’,c € W, be such that there
exist 7, € Iy so that ke p(m) = 7 and Ky (v) = D. Note that when b # b, we
have O;0; = 0 and XX, = 0, so we need only address the case when b = b’:

1
07}05 = — 3a7;r777.u5c
|G| 2

ceGy

= @ Z Z by (2)saTy5e

oeGp yel'T ,

To simplify notation, we will write ¥ = q.p.c(7). Note that b,(z) = bs(z)m(B5)!, so
we can rewrite the expression as follows.

1 .
0z05 = Gal DY b@)m(sy)o;
b ccGy yel'l

We then partition the sum over the possible multiset partitions i that could arise from
« in this sum, noting that kp c(o.v) = I, and then we swap the order of summation
to obtain

1 _
0:0; = |617|#€Z. bﬁ(x)m(ﬁﬁ)!( > > 1)Oﬁ

nel® c€Gp yel'y, ,
’ F=h
1 . _
- o X im0zl )or
b RETT oGy
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Recall that ¢(Oz) = w(#®)Xz. Applying ¢ to both sides of the above equation and
writing (O Oz)|x. for the coefficient of Xz in ©(OzO5) then yields

o) 00 =) S Bam(et (3 T80 )

pers cEGy

ﬂl[k]u[ﬁ]:T
We now compare this to the same coefficient in ¢(Oz)p(O5):

(6) P(02)p(0p) |, =w(@w(@) Y apba()
pel}
i ‘[k]u[ﬁ]:%

The goal is now to show that the rather unpleasant expressions given in Equation
5 for p(0z05) and Equation 6 for ¢(Oz)p(Oz) are equal. We will leverage their
similarities—namely that they sum over the same objects and each include a factor of
bi () in each summand—to simplify the task. It would suffice to show the following
equality:

|6b| (;;;'F : ) w(F)w (P

By using the definition of w(#) and noticing that 7~'|[,—€] = V|[,—€], we are able to

rearrange the above equality to

m(7)Im (v
52 05 = sy TLmd

ceCy

Then using the formulas in Lemma 8.5 for the sizes of the subgroups, we rewrite the
right-hand side to obtain

i
o (a0 miE) |Aze| [Bre 1
3 P G T [ag, 5,
m(3)m(-)! m el
=0p m(7)lm (5 ) m'ui ’Aab chb|[]
)!

_ <a~ (i ) () m()!
Fn@m(Ba)t)  mlie)!

where the second equality follows from the fact that Ag’b and By . are subgroups of

|7

X, ", which intersects trivially with Y,
Flnally, we turn our attention to the factor in parentheses in the above expression.
Because 7 = [L|H we have for each block S € [L|[—] U[F] that ¢(fig) = mg(7). This

7| (7

Hofs]
fact allows us to cancel the ¢(fig)! terms in the definition of a; with m(7)! to get

Seﬂ‘[k]u[;]
distinct

:< 10 1\ m(a)
. m(fig)! ) m(Ba)!
Se“‘[k]u[i]
distinct
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Note that the terms m(jig)! contribute my(ji)! to the denominator for each block
U € i which contains either an unbarred or a double-barred element. Furthermore,

m(B)! contributes a mg(fi)! to the denominator for each block U € ji consisting only
of barred elements. In total, this cancels the contribution of m(i)!, so

m(i)!
Ry I

m(7)!'m(Bp)!

Hence, ¢ is an isomorphism of algebras if the equality

S 0T, ()] = (”()Mi()’ AT By Y

=1

ceBy
holds. The proof of this equality will be carried out in two lemmas. First, Lemma 8.8
will show that the set of o such that |I'Z ,(&1)] # 0 is given by a translation of the
product A7 , By CY7r| where Kp c(V') = Kp,e(V) sO B;)’:C & By - Finally, Lemma 8.11
will show that for each such o,
e ma@m(?)
T ()] = —————=—
m ()

Because this quantity is independent of o, the value of the sum is simply the prod-
my (F)m_(7)

) with the number of nonzero summands, given by

O

uct of the quantity
AT By Yy

7|7
To set the stage for the final two lemmas, we first need to investigate a particular
class of permutations in o € &}.

LEMMA 8.6. Let w,v € ly(,y such that 7|z = U]z = p and fix a,b,c € W, i Then
{0 €6} Kape(m*ov) =Kape(m*v)} = A7 By Yy

Proof. First, note that o factors as ¢ = oxoy for ox € X, and oy € Y. Because
oy.v = v for all v, we need only determine which ox can be factored into a product
of an element of A7 , and an element of By

One containment is straightforward. Suppose ox = o40p with o4 € A%, and
op € By .. Consider a block in 7 * v. Although the bottom half of this block may be
different in 7 * og.v, the condition that op € By . guarantees that it is not different
in kg pe(m* op.v). Hence, kg b.o(m * 0p.V) = Kape(m * v) for any m € Iy, with
7|7 = V|- Analogously, we see that kgpc(m.0a™" % V) = Kqpe(m * v) for any
Ve Hg(r) with W‘[f] = Ijl[;]. Hence,

Kabe(T*0A0B.V) = Kape(T.0a~ Yy op.v)

(
= Ka,b, c(ﬂ— oA )
= Ka,b,c(T * V).

For the other containment, suppose that kg pc(T* V) = Kq pc(T*xox.v) = fi. We use
the following convention for indexing the blocks of 7 v. Write p = {M; < --- < My}
for the restrictions of the blocks of 7 * v to [F] in last-letter order, and write S; for
the block of 7 * v with M; C S;. An element ¢ € X/, permutes the blocks of p and
hence the indices [¢]. For S; € 7 x v, it will be helpful to write o(S;) for the block in
7 * o.v such that Si|ur = o(Si)|[ujr- Equivalently, o(S;) is obtained by replacing
the bottom row S,h;] with 5071(1-)“;].

For a fixed o € X{ and S a multiset from [k] U [k] U [l}], write

W, 5= {i: Kapec(c(S:)) =5}
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For an example of these sets, see Example 8.7. The following two properties can
be observed in this example—we show that they hold in general.

1. For a fixed R € kqp(m) such that RN [k] # 2,

H ms= W Vs
- Sep . Sep
S‘[k]u[k]:R S|[k]u[fc]:R

This follows just about immediately from the fact that o(S;)|pjup =
Silirjup for any o € &. Furthermore,

S‘[k]u[%]:R
= {% Kab,e(Si)lkufr) = R}
= L‘ﬂ Wi s
. Sen
S‘[k]u[fc]:R

Note that the assumption that kg pe(m * V) = Kape(m * ox.v) = [i is
necessary here so that the unions on either side of the equality are over the
same set of S. o

2. For a fixed S € i with SN [k] #* O,
Wo s

oXx,

= \W1,S|-
For 0 € & and S € kg pc(7 * 0.v) with SN [l::] #+ &, we have

W, 5| = i Kanclo(5) = $}]
= mg(Kape(m*0V)).

The statement then follows from the assumption that kepc(m * v) =
Kabe(m*ox.V) = [i.

These two facts allow us to construct a permutation in the following way. Fix-
ing R € kgqp(m) such that RN [k] # @, there exists a permutation ng of {i :
Fa,b.e (S0l ufr] = R} such that nz(W, g) = W, g for all § with 5|[k]u[15] = R.
Because 1z by definition permutes only blocks that restrict to the same block in

Ka,b(T), We see 1) is an element of A7 . Now define n € A7 ;, by

n= [ na

Rena,b(n)
Rn[k]#o

with the product taken in any order. .
It remains only to show that nox € By, . Fix i € [(] and let S = kqab,.c(n0x(S:)).
Then,

S = Ha,,b,c(770-X(Si))
= Kab(Silrur) U ke(Smox)-13:))-
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Then by the fact that n € A7 ;,

S = Ha,b(Sn—l(i)Hr]U[F]) U ’fc(Sax‘l(n‘l(i)))
= Ka,b,e(0x (Sy-11)))-

Then ' (i) € W, 5,504 € n(W, ) =W, g Hence, Si =S = Kape(nox(Si))

o
for each ¢ and so nox € Bf,,, meaning ox € Af,, B, ,. Thus 0 = oxoy €
ATI'

t,m mpr O]

EXAMPLE 8.7. Here, we provide an example of the sets W, 5 defined in Lemma 8.6.
This definition relies on an (arbitrary) ordering of the blocks of 7 % v which contain a
barred element (i.e. touch the middle row in the diagram). In this example, we order
these blocks by their restriction to the middle row, and we label them as-such in the
following diagram.

Reiadits

Letting ox = (12)(356), we similarly label the diagram for 7 *x ox.v.

*—o

T*0Ox.V=

We can now read off the blocks Sy = {3,4,2,4,2,3} and ox(S2) = {3,4,2,4,1} as
the blocks labeled two in the first and second diagram respectively. Now we apply the
above labels to the diagrams of Kq p (T * V) and Kqpo(T * 0x.v) where a = (7,2,2),
b=(2,7,2), and ¢ = (2,5,4).

o B

Kabe(m*ox.v) =

Now we can read off that rgpc(0x(S2)) = {{1, 1,1,2, i}} by looking at the block

labeled 2 in the above diagram.
Consider R = {1,2}} € Kq (). There are two distinct blocks in g p,c(m *v) that

restrict to this R: S = {{1, 2, 57 5}} and S = {{1, 2, Q:%}} The first corresponds to the

blocks labeled 3 and 4, while the second corresponds to just the block labeled 5. From
this, we can conclude the following:

Wl,S‘ = {3,4} W1,S' = {5}
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Applying the same logic t0 fq b, (T * V) yields the following:
W5 =1{4,5} W5 = {3}

Notice that the sets in each column have the same size and the union across rows
is always {3,4,5}.
LeEmMMA 8.8. Fiz m,v € Iy, such that 7|z = v = p and a,b,c € W, . Let
fi € Trev(m)

reo(v) - The set of o € G for which there exists o~y € I'7 (@) is given by
g7ng:)c-bepO—0

for some oy € Gp.

Proof. Let m,v € Ily(,y. If there exists v € I'}(f), then

break(ji) = kg, b,e(m * V).

Conversely if break(fi) = Kq,b,c(7 * v) we can construct a v € I'7 (1) as follows. For
each block of i broken into 7 in the top and B in the bottom, find blocks 7" and
B in 7 and v for which fqp(T) = T and rp o(B) = B and connect these blocks in
m *x v. After connecting such a pair for each block broken in u, we have constructed
the desired ~ (see Example 8.9).

Hence, we are looking for the set of o € &, for which kg pc(7 * 0.v) = break(ji).
Note that 7% o.v only makes sense when o.v[(,; = p, so we need only consider o € &.

Choose 0 so that break(fi) = kq,p,c(7*00.v) and write v/ = og.v. Then the desired
set of o is precisely the permutations o € &2, such that

Ka,b,e (T * (ocro_l).l/) = Kabe(mx1').
Lemma 8.6 tells us that this set is precisely those o where
oop ' € A;mB,”,;,bY,fl
as desired. O

EXAMPLE 8.9. Here we have an example of a fi,7, and v such that break(g) =
Ka,b,c(m * v). In the diagram of fi, we represent with dotted lines the connections
that must be severed to form break(fi). To form v € I'Z (1) we add the corresponding
connections to 7 * v, again represented by dotted lines in the diagram of ~.

ﬂ—.EA.—:
TN
—eo o690 o

L]

TxUV = ® I—‘
o—Cc—0 *—e
*—e

*—o, ., @

= ° I—oo
o—o—0 *—o

LEMMA 8.10. Let 1 be a set partition of [m] and a € W, ¢ such that the blocks of
Ka(p) = i are all sets. Then the number of set partitions v of [m] such that ke () = fi
18
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Proof. First, observe that

{v:kra(y) =i} =Ga.p.

By the orbit-stabilizer theorem (see [1, Proposition 6.8.4]), the size of this orbit is
the same as the number of cosets of the corresponding stabilizer &%. Because the
blocks of fi are sets, no permutation of &, swaps elements within a block of pu.
Hence, the permutations that fix p are precisely the ones that swap whole blocks, so
|&4] = m()!. The number of cosets is then obtained using Lagrange’s theorem as
the quotient of |S4| by the size of this stabilizer. O

LEMMA 8.11. Fiz m,v € Iy, and suppose fi € fria.e(®) IfTT(p) # @, then

K/b,c(ﬂ) :
_ m(7)Im(_)!
()| = ———=——7—
m(fi+)!
Proof. Let v € T'T(f1). Because ~ differs from 7 % v by connecting some number of
blocks in the very top and very bottom, we can recover - uniquely from the partial
matching of blocks of (7 *v)1 induced by v4. The question then becomes how many
set partitions p on the blocks of (7 * /)4 there are such that kg c(p) = fix. Because
we are only connecting blocks on top to blocks on bottom, we can apply Lemma 8.10
where the ¢ colors are the different multisets that appear in fi. The number is then

) M)t i)t
m(fis)! - m(ag)!
where T = Kq,p(m) and ¥ = kp (V). O
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