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The Frobenius transform of a symmetric

function

Mitchell Lee

ABSTRACT We define an abelian group homomorphism %, which we call the Frobenius trans-
form, from the ring of symmetric functions to the ring of the symmetric power series. The ma-
trix entries of .# in the Schur basis are the restriction coefficients r‘; = dim Homg,, (Vy, srcn),
which are known to be nonnegative integers but have no known combinatorial interpretation.
The Frobenius transform satisfies the identity .#{fg} = Z{f}*%#{g}, where * is the Kronecker
product.

We prove for all symmetric functions f that #{f} = Fgu {f} - (1 + h1 + ha +---), where
Fsur {f} is a symmetric function with the same degree and leading term as f. Then, we
compute the matrix entries of Fg,, in the complete homogeneous, elementary, and power sum
bases and of Fg 1r in the complete homogeneous and elementary bases, giving combinatorial
interpretations of the coefficients where possible. In particular, the matrix entries of 9‘5_111 in
the elementary basis count words with a constraint on their Lyndon factorization.

As an example application of our main results, we prove that r{ = 0 if [A N a] < 2|4 — Al
where [i is the partition formed by removing the first part of u. We also prove that r’; =0 if the
Young diagram of x contains a square of side length greater than 2*1 =1 and this inequality is
tight.

1. INTRODUCTION

Let n > 0 and let A be a partition with at most n parts. There is a corresponding
irreducible GL,,(C)-module: the Schur module S*C". Because the symmetric group
S,, embeds in GL,,(C) by permutation matrices, one may ask: how does the restriction
of S*C™ to &,, decompose into irreducible &,-modules?

In other words, let A and p be partitions and let n = |u|. What is the value of the
restriction coefficient

ri = dim Homsg,, (V,,,S*C"),
where V), is the Specht module corresponding to the partition p? This problem, called
the restriction problem, has held considerable recent interest [2, 15, 14, 18, 20]. How-
ever, there remains no known combinatorial interpretation for r4.

Let A be the ring of symmetric functions in the variables z1, 2, 23, . . . and let A be
the ring of symmetric power series in x1, €2, x3, . ... In this paper, we will consider the
abelian group homomorphism .% : A — A defined on the basis {sy} of Schur functions
by

F{sr} = ersﬂ.
m
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Equivalently, .7 {sx} is the result of applying the Frobenius character map to the rep-
resentation €@, S*C™ of @, C[&,,]. For this reason, we call .F the Frobenius trans-
form. It encodes all information about all the restriction coefficients.

Section 3 will cover the basic properties of the Frobenius transform, many of which
are implicit in the work of Orellana and Zabrocki. For example, for any symmetric
functions f, g, we have F{fg} = F{f} * F{g}, where x is the Kronecker product
of symmetric functions. Moreover, for any f € A, there exists Fgy, {f} € A with the
same degree and leading term as f such that Z{f} = Fsu {f} - 1+ h1+ha+--).
We refer to the map Fgu,: A — A as the surjective Frobenius transform. Because the
surjective Frobenius transform preserves degree and leading term, it has an inverse,
which we denote by ﬁsji

The induced trivial character basis {hy}x and the irreducible character basis {3},
which were introduced by Orellana and Zabrocki [18] in 2021, can be defined in
terms of the inverse surjective Frobenius transform. Namely, hy = ﬁsfulr {h,} and
Sy = ﬁ\sfui {(1 +hy+ho+--- )J-s)\}, where f+: A — A denotes the operator adjoint
under the Hall inner product to multiplication by f.

In Section 4, we will use the Frobenius transform to study stable restriction coef-
ficients; that is, the limits

wo_ (TN IR

ay = lim r
>\ n— oo >\

which exist for all A\, by a classical result of Littlewood [8]. In 2019, Assaf and
Speyer [2] found a formula for af and for the entries b4 of the inverse matrix [by] =
[a’;]*l. We will provide an alternative proof of these formulas using the Frobenius
transform. In Theorem 4.2, we will broadly summarize the known relationships be-
tween the five kinds of restriction coeflicients considered in this paper.

In Section 5, we will prove the following theorem, which shows how to write
Fsur: A — A as a sum of operators of the form fg*.

THEOREM 1.1. Let f be a symmetric function. Then
Fsu {f} = ZS)\(SA[hQ +hy+ha+- DS
A

where the sum is over all partitions .

Since Theorem 1.1 involves plethysm and there is no known simple formula for the

plethysm of Schur functions, it is not well-suited for general computation. We will,

however, use it to prove that many restriction coefficients r§ and stable restriction

coefficients a¥ vanish.

THEOREM 1.2. Let \, pu be partitions. If r\ > 0, then |A N | > 2|a| — ||, where
o= (p2, . - feu)) 1s the partition formed by removing the first part of .

THEOREM 1.3. Let A, be partitions. If ak > 0, then [AN pu| = 2|u| — ||

In Section 6, we will compute gy, {f} when f is a complete homogeneous, elemen-
tary, or power sum symmetric function. We have Fg,; {en} = e, and Fgy {pn} =
Zd‘npd for n > 1. More generally, with N={0,1,2,...}:

THEOREM 1.4. Let X be a partition and let £ = €(\) be its length.

(a) Then
tg.Sur {h)\} = Z H h/M(j)a

M jent
where the sum is over all functions M: N* — N such that M(0,...,0) = 0
and ZjGNZ sz(]) = )\i fO'I" 7 = 1, e ,E.
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(b) Then

hary if i+ + Je is even;
Fsur {er} = { Y o
%f:je{l;[m en@y if ji+--+ e is odd,

where the sum is over all functions M : {0,1}* — N such that M(0,...,0) = 0
and Zje{o,l}g JMG) =X fori=1,... L.

(c) Then
PN ok | D SR LT
m Uenr \d|ged{\;: i€U}
where the outer sum is over all partitions w of {1,...,£} into nonempty sets.

A statement equivalent to parts (a) and (b) of this theorem has appeared previously
in the work of Orellana and Zabrocki [16, Equation (6)].

Theorem 1.4 has the following interesting consequence. For any partition i, denote
by D(u) the size of the Durfee square of y; that is, D(u) is the largest integer d such
that pg > d [1, Chapter 8.

THEOREM 1.5. Let p be a partition and let k > 1 be an integer. The following are
equivalent:

(A) There exists a partition X such that Ay < k and r§ > 0.
(B) D(u) < 2.

In particular, 5 = 0 if D(p) > 2M 1
Finally, in Section 7, we will compute .75} {e,} and Fg,! {hy} (Theorem 7.7). In
particular, we will prove that

Fgmler) =D ()N HLe,,
m

where LA is a nonnegative integer with an explicit combinatorial interpretation in-
volving Lyndon words (Corollary 7.9).

2. PRELIMINARIES

Apart from the definition of the restriction coefficients a (Definition 2.2 below), all
the definitions in this section can be found in any standard reference on the theory
of symmetric functions such as [5], [12, Chapter I], or [21, Chapter 7].

Let A = Az denote the ring of symmetric functions over Z in the variables
x1,T2,X3,.... For n > 0, let A,, denote the subgroup of A consisting of all symmetric
functions that are homogeneous of degree n. Let A denote the ring of symmetric formal
power series (that is, formal sums Y_  f,,, where each f,, € A,,). Let (-,): Ax A — Z
denote the Hall inner product.

For any partition A = (A1,..., ), define the length ¢(A\) = ¢ and the size || =
A1+ -+ + Ap. Let my(A) be the number of times the part ¢ appears in A, and
define z, = [[; ™™ (m;(\))!. Let AT denote the dual (i.e. transpose) of . Let
mx, ex, ha, Pa, S € A denote the monomial, elementary, homogeneous, power sum,
and Schur symmetric functions respectively. Let V) denote the corresponding Specht
module, which is an irreducible & -module. Let x denote the character of V). Let s*
denote the corresponding Schur functor, which is an endofunctor of the category of
vector spaces over C.

For any partitions A, p1, define the intersection AN p by (AN ) = min(€(N), £(w))
and (AN p); = min(A;, p;). That is, it is the partition whose Young diagram is the
intersection of the Young diagrams of A and p. Let us say that A C g if AN pu = A.

Algebraic Combinatorics, Vol. 7 #4 (2024) 933
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Let w: A — A be the ring homomorphism given by w(ps) = (—1)*"!ps. Recall
that w is an involution and for all partitions A, we have w(hy) = ey and w(sy) = sy 7.
The Lyndon symmetric function L, is given by

1 n
L, = - Z,u(d)pd/d
d|n

for n > 1, where pu: {1,2,3,...} =» {-1,0,1} is the M&bius function.
For all f € A, the skewing operator f+: A — A is the adjoint to multiplication
by f under the Hall inner product:

<gvah> = <fg7h>

We say that a Schur function sy appears in f € A if (sy, f) # 0. We say that f is
Schur positive if (sy, f) = 0 for all partitions .

Let C), denote the space of all C-valued class functions on &,,. Let R,, denote the
additive group of all virtual characters on &,,. In other words, R,, is the subgroup
of C,, generated by the irreducible characters x». The nth Frobenius character map
is the map ch,: R, — A, defined by

1
weS,
where c(w) denotes the cycle type of w. It is well-known that ch,, is an isomorphism
and that ch,(xx) = sx for all A with || = n.

The Kronecker product is the unique bilinear operator *: A x A — A satisfying
Dx * pu = Oxp2apy for all A, p. It extends to a bilinear operator *: Ax A — Aby
continuity. The Frobenius character map and the Kronecker product are related in
the following way: for any x1, x2 € Ry, we have ch(x1x2) = ch(x1) * ch(x2).

For any f,g € A, let f[g] denote the plethysm of f by g. This is well-defined as
long as f € A or g has no constant term.

PROPOSITION 2.1 (Plethystic Addition Formula, [9, Section 3.2]). Let A be a partition
and let f,g € A. Then

\lf +9 =Y sayulflsuldl,

o
where the sum is over all partitions p.
For a variable t, let
1 Dk Lk
— n __ —
H(t) = hnt _Hl_m = exp L e Aft]
n=0 i1 k>1

E(t) = Zent" = H(l + z;t) = exp Z%(_l)k—ltk e A[1].

n>0 i>1 k21
It is clear that E(t) = ﬁ Let H=H(1)=1+hy+ho+--- and Hy = hy +ha +
hs+---=H —1.
For any partitions A, u, v, the Littlewood—Richardson coefficient 18 the Hall
inner product (s,,sxs,). Define g, = (s, ) * sp).

DEFINITION 2.2. Let A, j1 be partitions and let n = |u|. Then, the Schur module S*C™
can be considered as an &,-module, with &,, acting on C™ by permutation matrices.
The restriction coefficient

ri = dim Homsg,, (V},,S*C™)
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The Frobenius transform of a symmetric function

is the multiplicity of the Specht module V), in srcr.

3. THE FROBENIUS TRANSFORM: DEFINITION AND BASIC PROPERTIES

Recall from the introduction that it is a long-standing open problem to find a com-
binatorial interpretation of r4’. As a potential way to approach this problem, we now
define the Frobenius transform, which is the primary object of study in this paper.

DEFINITION 3.1. The Frobenius transform is the abelian group homomorphism
F: A — A defined on the basis {s)} by

F{sr\} = ersﬂ,
n

where the sum is over all partitions p.

REMARK 3.2. By a classical result of Littlewood [8], we have
7y = (sx, su[H]).
Hence, % is adjoint to plethysm by H under the Hall inner product.

Here is the reason for calling .% the Frobenius transform. Let n > 0 and let A be
any partition. Then S*C™, considered as an &,,-module, can be expressed as a direct
sum of Specht modules:

@ v, =srcn.

|ul=n
Taking the character of both sides and applying the Frobenius character map, we
obtain

(1) > rhsu = chn(xsrcn)-

[ul=n
In other words, the degree n part of % {s)} is equal to the Frobenius character
of SAC™.

EXAMPLE 3.3. Let r» > 0. We will compute .#{e,}. First, e, = sy, where A = (1").
Hence, for any n, the degree n part of .#{e,} is the Frobenius character of

SAC" = ATCT = Indg:Xanr(Vv(lr) ® ‘/(nfr)),

considered as an &,-module. Thus, it is equal to e.h,_, [21, Proposition 7.18.2].
Taking the sum over all n yields F{e,} =e, - H.

3.1. THE FROBENIUS TRANSFORM AND REPRESENTATIONS OF COMBINATORIAL CAT-
EGORIES. The purpose of this subsection is to provide an alternate perspective on the
Frobenius transform. This subsection is not essential to the proofs of our main results,
so the reader may skip it. For a more complete introduction to the representation the-
ory of categories, see Wiltshire-Gordon’s 2016 PhD thesis [22].

In what follows, let Vectc be the category whose objects are vector spaces over C
and whose morphisms are linear transformations. (The ground field C can be replaced
by any algebraically closed field of characteristic 0.)

DEFINITION 3.4. Let C be a category. A C-module (over the ground field C) is a
functor M(e]: C — Vectc. The category of C-modules is the functor category Mod® =
(Vecte)©.

We say that a C-module M is finite-dimensional if M[U] is finite-dimensional for
allU € Ob(C).

If M and N are C-modules, we may form the direct sum M @& N by (M @ N)[U] =
M[U)e® N[U].

Algebraic Combinatorics, Vol. 7 #4 (2024) 935



MITCHELL LEE

Let Bij be the category whose objects are finite sets and whose morphisms are
bijections, and let M be a Bij-module. (Previous authors have referred to Bij-modules
as linear species or tensor species [7, 13].) For n > 0, denote by M|[n] the vector space
M][[n]] = M[{1,...,n}], which is an &,-module. Then M is uniquely determined,
up to natural isomorphism, by the sequence M[0], M[1], M[2],... of symmetric group
modules; namely,

(2) M[U] = CBij([n],U) ®e, M[n]

for all finite sets U with |U| = n. Additionally, if M is finite-dimensional, then we
may form the series

ch(M) = chn(xXam)) € A,

which we call the Frobenius character of M. It also uniquely determines M up to
natural isomorphism.

Not every symmetric power series can be written in the form ch(M), where M
is a finite-dimensional Bij-module. (Every symmetric power series can be written
as the Frobenius character of a wvirtual Bij-module, but we will not define virtual
Bij-modules in this article.) However, it is still helpful to think of ch as a partial
correspondence between (isomorphism classes of) finite-dimensional Bij-modules and
symmetric power series. Many concepts from the theory of symmetric power series
have analogous concepts in the theory of Bij-modules. For example, in Definition 3.10
below, we will define the product M - N of two Bij-modules M, N. Via the Frobenius
character, this is analogous to the product of symmetric power series in the sense that
ch(M - N) = ch(M) ch(N) (Proposition 3.11).

In what follows, we will find the construction in the theory of Bij-modules which is
analogous to the Frobenius transform. More precisely, let M be a Bij-module such that
M, = 0 for all but finitely many n. Then ch(M) is in fact a symmetric function, so its
Frobenius transform .# {ch(M)} is well-defined. We will construct a Bij-module whose
Frobenius character is % {ch(M)}. Before we do, we need the following definitions.

DEFINITION 3.5 (][22, Definition 2.6.1)). Let F': C — D be a functor. The pullback
functor F*: Mod? — Mod® is given by F*M = M o F.

DEFINITION 3.6 (][22, Proposition 2.6.2]). Let F': C — D be a functor. The left Kan
extension functor Fi: Mod® — Mod? is the left adjoint to the pullback F*, if it exists:

Homygoqp (FLM, N) = Homygae (M, F*N).

Let Fun be the category whose objects are finite sets and whose morphisms are
functions. Clearly, Bij is a subcategory of Fun; let ¢: Bij — Fun be the inclusion
functor.

PROPOSITION 3.7. The left Kan extension functor i: ModB¥ — Mod™™ ezists. More-
over, for every Bij-module M, the left Kan extension uwM is given on finite sets U

by
(uM)H[U] = EP(CU” ®s, Mn].

Here CU™ ®g, M|[n] denotes the quotient of the tensor product CU™ @ M|n] by the
relation that a ® wb ~ aw ® b for alla € CU™, be M, and w € G,,.

Proof. This follows from [22, Proposition 2.6.7]. O

REMARK 3.8. Joyal refers to ¢y M : Fun — Vectc as the analytic functor corresponding
to the tensor species M [7, Definition 4.2].

Algebraic Combinatorics, Vol. 7 #4 (2024) 936
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We are now ready to show that +*1, is the construction analogous to the Frobenius
transform.

PROPOSITION 3.9. Let M be a finite-dimensional Bij-module such that M[n] =0 for
all but finitely many n. Then *u M is finite-dimensional and F{ch(M)} = ch(t*v/M).

Proof. For any partition A, define the Bij-module M) by
V)\ ifn= |)\‘,

0  otherwise,

(My)[n] = {

extending to all of Bij using (2).

We have that M can be written as a direct sum of the M). Since ¢* and ¢ preserve
direct sums, it is enough to prove the proposition for M = M. In this case, ch(M) =
chp (X)) = 5.

On the other hand, by Proposition 3.7, we have for m > 0 that

(t7ub)[m] = @ Clm]" @e, M[n]
=D(C")°" @e, M[n]
= (C™MEN ®g,, V.

By Schur-Weyl duality, this is isomorphic as a GL,,-module to S*\C™. Hence, as a
G,»,-module, it decomposes into irreducibles as

(FuM)[m]= @ rV,.
lul=m
It follows that
ch(t*uM) = ersu = F{sa} = F{ch(M)}
m

as desired. m

We will occasionally make use of the following definition in later remarks.

DEFINITION 3.10 ([7, Section 4.1]). Let M, N be Bij-modules. Define the product M-N
to be the Bij-module given by
(M-N)[U]= & M[Ui]o N[Us].
U,uUs=U
UiNU=9
ProposITION 3.11 ([13, Proposition 2.1]). Let M, N be finite-dimensional Bij-
modules. Then

ch(M - N) = ch(M) ch(N).

3.2. THE FROBENIUS TRANSFORM AND EVALUATION AT ROOTS OF UNITY. Let us
now describe the expansion of % {s)} in the power sum basis. In order to simplify
the description, we will do it one degree at a time. In this subsection, we will write
fn to mean the degree n part of f.

By (1), we have

3) (F (53D = i) = =1 3 xoren (w)pegu-
Twes,

It is well-known [5, Section 8.3] that the character of S*C™ as a G L,-module is the
Schur function sy itself. In other words, if ¢ € GL,(C) has eigenvalues x1,...,Zy,,
then ysrcn(g) is equal to the evaluation sy(z1,...,2y).
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For w € &,,, we have xgacn(w) = sx(z1,...,z,), where z1,...,z, are the eigen-
values of the permutation matrix P,. Let u = (p1,...,ue) be the cycle type of w.
Then the eigenvalues of P, are the roots of unity

(271'2') (471'2') <2(u1 — 1)7ri>
l,exp| — ) ,exp{ — | ,...,exp| ——————— | ,
M1 M1 H1
2 47 2(pe — 1)me
1,exp (m> , exXp (m> ..., €Xp <(W)m> .
Hhe Fee Fe

Following Orellana and Zabrocki [17, 18], let =, € C™ denote this sequence. We have
that xgacn (w) is the result of evaluating sy at these roots of unity:
Xsren (W) = sx () -

Now, let us group the terms on the right-hand side of (3) according to the cycle type

i = ¢(w). The number of permutations w € &,, with cycle type p is ;’—!, SO
m

(F(s3hn = 1 3 Xeren (Wpecay

weS,

1 n! _
= ol Z 75)\(:#)]9#

z
lpl=n "#
— \Pu
= E SA(:N)Af.
Zp
MES

Taking the sum over all n, we obtain
— \Pu
F = g =2.)—.
{sa} . sx(Ep) 2

Finally, by linearity, we may extend this result to any f € A. We have proved the
following.

PrOPOSITION 3.12. Let f € A. Then
= \P
AUEDINCHES
L iz

In the notation of Orellana and Zabrocki [17], this proposition can be written as

FALY = do(f) + 61(f) + 2 (f) + -

3.3. THE FROBENIUS TRANSFORM AND THE KRONECKER PRODUCT. The Frobenius
transform relates the ordinary product of symmetric functions to the Kronecker prod-
uct in the following way.

PROPOSITION 3.13 (cf. [17, Section 2.3]). Let f,g € A. Then F{fg} = F{f}*F{g}.

We provide two different proofs of Proposition 3.13: a category-theoretic proof
using Proposition 3.9 and a direct computational proof using Proposition 3.12.

First proof. Because both sides of the desired equation are bilinear, we may assume
that there exist Bij-modules M, N such that ch(M) = f and ch(N) = g. By Propo-
sition 3.11, we have ch(M - N) = ch(M) ch(N) = fg, where M - N is the product as
defined in Definition 3.10.

By [7, Equation 2.1(ii)], we have *u/(M - N) = (¢*uM) ®c (t*uN), where ®c¢
denotes the object-wise tensor product of Bij-modules. Applying ch to both sides, we
obtain F{fg} = F{f}* F{g}, as desired. O

Algebraic Combinatorics, Vol. 7 #4 (2024) 938
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Second proof. By Proposition 3.12, we have

F{f}* Flg) = (Z f@)Z) . (Zg@)p“)
=3 fEDeE) 2

w &G
= F{fg}
as desired. 0

COROLLARY 3.14. Let A, u, v be partitions. Then
’ A/ ’
DU = D TATh gxw-
v N !

Proof. In Proposition 3.13, take f = s\ and g = s,,. Then take the Hall inner product
of both sides with s,,. [l

3.4. THE SURJECTIVE FROBENIUS TRANSFORM.

PROPOSITION 3.15. Let f € A. Then there exists a symmetric function Fsu {f} € A
such that F{f} = Psu {[f} - H. Moreover, Fsu, {f} has the same degree and leading
term as f.

For example, in Example 3.3 we showed that #{e,} = e, - H. Thus, Fgu {e,} =
er. (Note, however, that in general, .Zg,, does not preserve the property of being
homogeneous.) Again, we provide two separate proofs of this proposition: a category-
theoretic proof and a direct computational proof.

First proof. Because both sides of the desired equation are linear in f, we may assume
that there exists a Bij-module M such that ch(M) = f.

Let Sur be the category whose objects are finite sets and whose morphisms are
surjections, and let x: Bij — Sur be the inclusion functor. Let k;: ModB¥ — Modf™®
be the left Kan extension functor along %, which exists by [22, Proposition 2.6.7]. We
claim that the choice Fsyu {f} = ch(k*r1 M) satisfies the desired properties. For this,
we will show that there is a natural isomorphism
(4) CuM = rk*riM - CE,

where ¢ and - are defined as in Section 3.1 and CFE is the Bij-module given by
(CE)[U] = C for all finite sets U.
By Proposition 3.7, we have

(5) uM)[U] = EPCU" ®a, M[n].

Think of U™ as the set of all functions [n] — U. By grouping those functions by their
image V', we may write U™ as a disjoint union:
U™ =Y Sur([n], V).
VCU

Substituting into (5), we obtain

uM)[Ul=6C Z Sur([n], V) | ®s, M[n]
n VCU

EP ( é (CSur([n],V)) ®e, Mn]

\492%
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@® DCSur([n],V) e, M[n]

VCU n

= @ ("rM)[V]
vCuU

where the last step follows from [22, Proposition 2.6.7]. Recognizing the latter as
(k*kiM - CE)[U], we have shown (4). Applying ch to both sides and using Proposi-
tion 3.9 and Proposition 3.11 yields #{f} = ch(k*xiM) - H.

It remains to show that ch(k*k /M) has the same degree and leading term as f. For
this, we will prove that (k*k/M)[m] and M[m] are isomorphic as &,,-modules for all
m > deg f. Consider the natural isomorphism

(k*kiIM)[U] = EP(CSur([n],U) ®s, Mn]

with U = [m]. In each summand, the factor C Sur([n], [m]) vanishes when n < m and
the factor M[n] vanishes when n > deg f. If m > deg f, this means that every term
vanishes except possibly the term n = m. Hence,

(k*kiM)[m] = CSur([m],[m]) ®s,, M[m)]
=C6,, ®¢,, M[m]
= M[m]
as desired. O

Second proof. We claim that the choice

Fsur I} =D _(FrsulHi])su

satisfies the desired properties. In other words, we may take gy, to be the adjoint
to plethysm by H, under the Hall inner product.
By Remark 3.2, we have

F{f} =D (fosa[H]sx
A
=S (fosalHy + s
A

By the plethystic addition formula (Proposition 2.1), we have
y{f} = Z<f7 S,LL[H+]S)\//L[1]>S)\~

A
We have

1 if A/u is a horizontal strip;
1] = 1,0,0,...) =
SA/M[ ] S/\/”( 0,0,.2) {0 otherwise,
SO
F{y=" Y (frsulH)sx

A
A/ h. strip

= Z<fv SH[H+]> Z SX

A
A/p h. strip

= S sulH D)s - .

m
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where the last equality follows from the Pieri rule.
Now, the only thing left to show is that f has the same degree and leading term as

Z<fa Su[Hy 1),

m
This follows directly from the observation that if [u| > deg f, then (f,s,[Hy])
(f,50)-

We refer to Fsur: A — A as the surjective Frobenius transform. Clearly, it is
invertible:

o

COROLLARY 3.16. There exists a two-sided inverse Fst: A — A of Fur.

Sur

Proof. Define M: A — A by M{f} = f — Psu {f} By Proposition 3.15, we have

deg(M{[f}) < deg f
for any f € A~ {0}. Hence, M*{f} = 0 for any k > deg f.
Define 95& A — A by
Foull} = F+ M{FH+ M {f} 4o
This is well-defined by the above, and it is easy to check that it is the two-sided

inverse of Fsur. O

Like the ordinary Frobenius transform, the surjective Frobenius transform can be
described in terms of its matrix entries in the Schur basis.

DEFINITION 3.17. Let A, pu be partitions. Define the surjective restriction coefficient
tl)t = (Fsur {52}, 5#)

and define the inverse surjective restriction coefficient
w_ g1
uy = <</Sur {sa}ssu).

By the above, we have th = u\ = 8y, for || > |A].

4. STABLE RESTRICTION

Define the stable restriction coefficients af as follows. For any partition p =

(1 ..., pe) and any n > pg + |u|, define p™ = (n — |u|, 1, . . ., pe). Then, for any
partitions A, i, the stable restriction coefficient a is defined by the following limit,
which exists by a classical result of Littlewood [8]:
(m)

BT p
ahy = lim r
)\ n— oo )\

Littlewood also showed that af = &, if |[\| < |u|, so the infinite matrix [a4], with rows
and columns indexed by partitions in increasing order of size, is upper unitriangular.

In 2019, Assaf and Speyer [2] found the following formula for the entries by of the
Bt

inverse matrix [by] = [a}
THEOREM 4.1 ([2, Theorem 2]). Let A, v be partitions. Then

by = (71)"\|*|"|(5AT,5,LT[L1 + Lo+ Lg+---]- H).
In particular, (—1)MN=IHBY is a nonnegative integer.

In this section, we will provide an alternative proof of Theorem 4.1. In fact, we will
prove similar plethystic formulas for all five kinds of restriction coefficients defined so
far. These formulas have all been collected into Theorem 4.2 below.

THEOREM 4.2. Let A, i be partitions with |[A\| = m and |u| = n.
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(a) The restriction coefficient 5 is given by

il = (F{sr},s)
= (sx, su[H]).
(b) The surjective restriction coefficient th is given by

tl)t = (Fsur 152} Su>
= (sx, su[H4]).

(¢) The inverse surjective restriction coefficient uf\b s given by

g\t = <y§111r {SA} ) S#>
= (sn, splw(Ln) —w(L2) + w(Ls) —--])
= (=1)"""(sxr, 5,7 [L1 + Lo+ L3+ ---]).
(d) The stable restriction coefficient ay is given by
a)\ = <HLySur {52}, 5u>
= <</Sur {5)\} ySp - H>
= (sx, (8- H)[H]).
(e) The inverse stable restriction coefficient by is given by

b ‘/Sur{ HJ— SA} ,S#>
= (sx, splw(L1) —w(L2) +w(Ls) —---]-(1—e1tez—ez+---))
= (=1)"""(syr,8,7[L1 + Lo+ L3 +---]- H).

Before proving Theorem 4.2, we restate a basic result of plethystic calculus.

LeEMMA 4.3 (Negation Rule, [9, Theorem 6]). Let f € A and g € A. If f is homoge-
neous, then

fl=gl = (=1)*= (w(f))lg].

Proof of Theorem 4.2. (a) The first equality is true by definition. The second
follows from Remark 3.2.
(b) The first equality is true by definition. The second is demonstrated in the
second proof of Proposition 3.15.
(¢) The first equality is true by definition.
For the second, Cadogan showed in 1971 that w(L1) —w(La) +w(Lg) —
is the plethystic inverse of H, [3]. In part (b), we showed that Fg,, is adjoint
to plethysm by H,. Hence, ﬁsllr is adjoint to plethysm by w(L1) — w(L2) +
w(Lg) — -+, as desired.
For the third, by Lemma 4.3 and the associativity of plethysm, we have

(sx,splw(L1) —w(Le) + w(Lg) —---1)
(sx,su[—(L1 + Ly + Lz + -+ )[-p1]])
(53, (su[—(L1 + Lo+ Ly + -+ )))[=p1])
(sxl=p1l,sul—(L1 + Lo+ Ly +--)])
(
(

(—=1)"w(sx)[p1], (—1)"w(su)[L1 + Lo + Ly + -+ 1)
—1)™ " (syr,s,r[L1+ Lo+ Ly 4 ---])

as desired.

Algebraic Combinatorics, Vol. 7 #4 (2024) 942



The Frobenius transform of a symmetric function

(d) By part (a), we have
(6) ay = lim (F{sx\},s,0m) = hm (ﬁsur {sx}-H,s,m).

n—oo

Now, we claim that for any f € A, we have

(7) lim <f H, Su(n)> = <f7 Sut H>

n—oo

By linearity, it is enough to show (7) when f = s, for some partition v. In
that case, by the Pieri rule,

lim (f - H,s5,m) = hm

n— oo

1 if 4™ /v is a horizontal strip;
0 otherwise.

For n sufficiently large, it is easy to see that (™) /v is a horizontal strip if and
only if v/u is a horizontal strip. So the above limit is equal to

1 if v/u is a horizontal strip;
0 otherwise,

which is just (f,s, - H). Hence, (7) indeed holds. Substituting (7) into (6)
with f = Zgur {52}, we obtain

aA = (Fsur {s2},5, - H).

The result now follows from the fact that Fgy, is adjoint to plethysm by H., .
(e) Define the stable Frobenius transform A: A — A by A{f} = H*Fsu {f}.
Part (d) implies that the matrix of A in the Schur basis is [a}]. Therefore,
the matrix of A™" in the Schur basis is [b4]. This proves the first equality.
The second equality then follows from the fact that ﬁSulr is adjoint to
plethysm by w(L1) — w(Ls2) + w(Ls3) —
For the third equality, we again use Lemma 4.3, together with the fact that
plethysm by —p; is an isometry and a ring automorphism:

(sxssulw(Ln) —w(Le) +w(Ls) =] (L—e1+e2—es+-+))
(saosul=(L1+ Lo+ L3+ )][-p1] - (1 —e1+ex—e3+--+))

(sal=p1l,sul—(Li+ Lo+ Ly+---)]- (1 —e1 +e2 —es+ -+ )[—p1])
(=1)"w(sx)[p1]; (=1)"w(su)[L1 + L2 + Ly + -] - H)

(=)™ "(syr,8,r[L1 + Lo+ L3 +---]- H),

as desired. O

5. AN EXPANSION OF THE FROBENIUS TRANSFORM

In 1999, Zabrocki showed that every abelian group homomorphism from A to itself can
be written as a sum of operators of the form fg where f,g € A [23, Corollary 4.11].
In this section, we will prove the following theorem, which shows how to write Fgy,
in this way.

THEOREM 1.1. Let f be a symmetric function. Then

Fsuw{f} = ZS)\(SA[h2 +hs+hs+- )L,
\

where the sum is over all partitions .
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REMARK 5.1. The symmetric power series sy[ha + hz + hy + ---] € A appearing in
Theorem 1.1 contains only terms of degree at least 2|A|. Hence, the degree of the
summand sy(sx[he + ha + hg + ---])1f is at most deg(f) — |A|. In particular, it
vanishes if |\| > deg(f), so the sum in Theorem 1.1 is finite.

Proof of Theorem 1.1. Let p be an arbitrary partition. It suffices to show that

(®) (s> Fsur {f}) = <5#, > salsalho +ha +ha+ - })Lf> :

A

By Theorem 4.2(b) and Proposition 2.1, we have
(su> Fsur {f}) = (sulH 1], f)

= <Zsﬂ/>\8)\[h2+h3+h4+"'},f>

A
= <25x[h2 + h3 + hy +"']5f\'5u,f>
A
B <3u, > sa(salha +ha + ha + - "le> ’
A
completing the proof of (8) and of the theorem. O

Now, we will use Theorem 4.2 and Theorem 1.1 to study the vanishing of the
surjective restriction coefficients t’)f, the restriction coefficients rﬁ, and the restriction
coefficients af.

THEOREM 5.2. Let A, be partitions. If th >0, then |\ N p| = 2|p| — |A|.

Proof. By the definition of the surjective restriction coeflicients, the Schur function
s, appears in Fgyr {sa}. By Theorem 1.1, there exists a partition v such that s,
appears in

Sy(sylha + hs +ha+ -+ '])J‘sk.

Hence, there exists a partition p such that s, appears in (s, [ho + hg + ha + - Dtsa
and s, appears in s,5,.
Since s, appears in (s, [h2 + hg + hg + - -]) sy, we have that p C X and

9) ol < [A[=2[v].

Since s, appears in s, 5,, we have that p C p and

(10) ul = vl + |l

Combining (9) and (10), we obtain |p| > 2|u| — |A|. Now, we have p C AN p, so
A0l = |pl = 2[ul — [,

as desired. 0

THEOREM 1.2. Let A, pu be partitions. If r\' > 0, then |X N a| > 2|4 — |A|, where
fr = (f2, -, fe()) @5 the partition formed by removing the first part of .

Proof. By the Pieri rule and the definition of Fg,;, we have

rh = Z t5.

v
/v is a horizontal strip
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Hence, there exists a partition v such that p/v is a horizontal strip and ¢t§ > 0. By
Theorem 5.2, we have

ANy =2l — |
Now, i C v, so

XAl = [Anv] = (vl = |al)
z Q2| = AD) = (v = 1Al)
= (2[al = Al + (v = [al)
2 2|f1] — [A],
as desired. O

THEOREM 1.3. Let \, pu be partitions. If ak > 0, then |A N p| = 2|p| — [Al.
Proof. By the Pieri rule and Theorem 4.2(d), we have
al = Z t5.
v/pis a horuizontal strip

Hence, there exists a partition v such that v/u is a horizontal strip and ¢# > 0. By
Theorem 5.2, we have

ANy =2l — |
Now, u C v, so

Apl = A0 = (jv] = [u)
Z vl = A = (v = [ul)
= (2[pl = Al + (] = [u)
=2|p| — |Al,
as desired. O

6. COMPUTATIONS OF THE SURJECTIVE FROBENIUS TRANSFORM

In this section, we will compute gy, {f} for various symmetric functions f. Recall
from the introduction:

THEOREM 1.4. Let A be a partition and let £ = £(X\) be its length.

(a) Then
Fsur {ha} = Z H har(s)s
M jeNt
where the sum is over all functions M : N* — N such that M(0,...,0) = 0
and ) ene JiM(§) = N; fori=1,....L
(b) Then

hary if g1+ -+ e is even;
Fsur {er} = { D -
%I:je{l;ll}e en(y i1+ +Je is odd,

where the sum is over all functions M : {0,1}* — N such that M(0,...,0) =0
and 3 ico1ye JiM(G) = A fori=1,.... L

(¢c) Then
Fsu{nr} =>_ [] > dV1=1p,
m Uer \d|gcd{\;: €U}
where the outer sum is over all partitions ™ of {1,..., ¢} into nonempty sets.
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EXAMPLE 6.1. Let us use Theorem 1.4(a) to compute Fgy, {ho2}. First, we list all
the functions M: N? — N such that M (0,0) = 0 and > jenz JM(j) = (2,2). There

are nine such functions Mj, ..., My. Here are all of their nonzero values.(!)

Mi(2,2) =1
Ms(1,1) =2

M;3(2,1) =1 M3(0,1) =1

My(1,2) =1 My(1,0) =1

M;5(2,0) =1 M5(0,2) =1

Mg(2,0) =1 M(0,1) =2

M7(0,2) =1 M7(1,0) =2

Thus
Fsur{h22} = h + ha + h% + h% + h% + hiho+ hiho + h? + h%
N~ N~ T T =~
M Mo M3 My M Mg M~ Mg Mo

=hy+he+3h11+2ho1 +h111+ hoo.

EXAMPLE 6.2. Let us use Theorem 1.4(b) to compute Zgy, {e53}. First, we list all
the functions M : {0,1}? — N such that M (0,0) = 0 and > jeqo1y2 IM () = (5,3).
There are four such functions My, Ms, M3, M,. Here are all of their nonzero values.
M(1,0) =5 M;(0,1) =3
My(1,1) =1 M5(1,0) =4 M,y
M3(1,1) =2 M3(1,0) =3 Ms
My(1,1) =3 My(1,0) =2
Thus
Fsur {€5,3} = eses + hieges + hoeger + hses .
N S Y
My Mo M3 My

EXAMPLE 6.3.Let us use Theorem 1.4(c) to compute Fgy, {p15106}- Take A =
(15,10,6) and ¢ = 3. There are five partitions of [¢] into nonempty sets: {{1,2,3}},

{125 {33}, {135, {2}), {{2, 3}, {1}}, and {{1},{2},{3}}. Thus,

fSur {p)\} = Z d2pd

dlgcd()\l,)\z,)\g)

+ > dpa| | Y pa

d|ged(A1,A2) d|As
o> e (2w
d\gcd()\l,)\g) d‘)\g

(DFor readers who are familiar with the language of multisets and multiset partitions [18], it can
be helpful to remember that such functions M are in bijection with multiset partitions of {1, 1,2, 2}}.
The multiset partition corresponding to the function M contains M (j) copies of {171,292} for all
j € N2, For example, the function Mg corresponds to the multiset partition {{1, 1}, {23, {233} I+
{1,1,2,2}.
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+ > dpa| | Y pa

d‘gcd(Az,)\g) d‘)\l
dopa | (2pa) | Dpa
d|A d| s d| s

p1+ (p1 + 5p5)(P1 + P2 + p3 + ps)

+ (p1 +3p3)(P1 + P2 + p5 + P10)

+ (1 + 2p2)(p1 + 3 + p5 + p1s5)

+ (p1 + p3 + s + p15)(p1 + P2 + ps + p1o) (P1 + P2 + P3 + Pe)-
Proof of Theorem 1.4. (a) Let t,...,t, be variables and let

f=H(ty) - -H(te) € Aft1,...,te].
We will use Proposition 3.12 to compute
F{f} € A[t,...,t].

For any partition u, we have

¢
Eu) = HH(tz)(:u)
£ (p) pyi—1

_HH H 1—t;exp 27mk:/u)

i=1j=1 k=0
0 £(p)

_HH —t”f

i=1j5=1

Hence, by Proposition 3.12, we have

e L(p)

F{f} = Z II11; tm

7,1]1

We may recognize the right-hand side as a product of exponentials, and then evaluate
the product as follows.

= H exp % (- t”)

k JEN¢

. k 1 4

JEN¢ k

H H t]l t]e

JEN¢

Hence,
F{[} ' j
fSur{f}:T: H H(t' 1)

JENEN{(0,...,0)}

Finally, the result follows from taking the coeflicient of tj\l e tz\z on both sides.
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(b) Let tq,...,t be variables and let
f = E(tl) s E(tg) S A[[tl, . ,tg]].
We will use Proposition 3.12 to compute

F{f} € At1,...,t].

For any partition u, we have

HERES | EAIEN

¢ 0 =1

=TITI II @+ ti exp(2mik/p;))

i=1j=1 k=0
¢ L(p)

=TI ).

i=1j=1

Hence, by Proposition 3.12, we have

F =2\ ]

£
1% i=1

o(p) »
[T = ey ) 2.

Zp

We may recognize the right-hand side as a product of exponentials, and then evaluate
the product as follows.

L
700~ Tl (%10 - 1)
k

i=1

= HeXp % Z (—1)Ft e (g )Yt (—tg)T0)F
k j€{0,1}¢
P bl
= H exp <Z f((_l)]l‘i’ +]e)k 1(tj1 "'t%e)k>
je{o,1}¢ k
— H H(til"‘tze) if j1 + -+ -+ jp is even;
je{0,1}¢ Bt ---t)) if j1 4+ je is odd.
Hence,
ZAtl H( - 4)') if ji 4 -+ + je is even;
ySur{f}:iz H E(tjll,,,tﬁi) lf++ is odd
§€{0,1}¢~{(0,...,0)} 1 ¢ J1 Je .

Finally, the result follows from taking the coefficient of ti‘l e t;‘e on both sides.
(¢) By Proposition 3.12, we have

(1) F{n) =Y mE) 2

For all k, we have

Pk (Eu) = Z dmg(p),

dlk
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o (11) becomes

I
Zip) — Pu
(12) F{prt = ZH > dma(p) -
poi=1 \d|A;
Let us say that a function d: [¢] — N is permissible if d(¢) | A; for all i. The product on
the right-hand side of (12) can be expanded into a sum over all permissible functions:

14
=X 5 ([Ta0man0)

- ’ Zy
# d permissible \i=1

(13) => > (H(dmd<u>>'d“<d>> B

< Zu
© d permissible d

For any k, let (z)y = x(x —1)--- (z — k + 1) denote the falling factorial. It is well-
known [6, Chapter 6.1] that for any n, the monomial ™ can be written as a linear
combination

k
of falling factorials, where the coefficient {Z} (a Stirling number of the second kind)

is the number of partitions of [n] into k& nonempty sets. Let us use this to rewrite the

factor (mq(p))/d” (@I appearing in (13). We obtain

(TN DD (Hdd1<d>|2{|d—;<d>}(md(u))k> b
d k

©  d permissible “n
Given a permissible function d: [¢] — N and a partition 7 of [¢] into nonempty sets,
let us say that 7 is level with respect to d if d(i) = d(j) whenever ¢ and j are in the
same part of w. If 7 is level with respect to d, we may define the function d: 7 —N
by taking d(U) to be the common value of d(i) for i € U.
Suppose that d is a fixed permissible function and {k4}4 is any sequence. Then it

is easy to see that the product
1 [d~1(d)|
kq

d
is equal to the number of set partitions 7 that are level with respect to U and which
satisfy |d=1(d)| = kg for all d. Using this fact, we may expand the product in (14)
into a sum over all functions that are level with respect to d:

G DD ) L I

- . m
p d permissible 7 level d

We will simplify this expression by switching the order of summation so that the sum
over 7 is all the way on the outside. To do so, given a partition 7 of [¢] into nonempty
sets, we will now describe the set of all permissible functions d: [¢(] — N such that =
is level with respect to d. These are exactly the functions given by d(i) = d(U) for
all U € w and ¢ € U, where d: 7 — Nis any function satisfying

d(U) | ged{)\;: i € U}
for all U € 7. Let us call such functions 7w-permissible. Then

y{p/\} = Z Z Z (H dldl(d)(md(u))ﬁl(d)) &
9 d

T oz
d m-permissible s
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Now, let us evaluate the inner sum over p. Expanding p, and z, gives

. ma(p)
=Y ¥ Z(Hdld (d)(md(u))gl(d)wnd(];?(w)

™ d m-permissible H

S (S )

4 d m-permissible

OO

- [~ (@) Pd’
- X I Frre

T [d=H(d)])!

d 7 permissible m= |d 1(d)\

Y% I )t e (®)

d m-permissible

2 X H(dd‘1<d>|(m)51(d>>

™ 47 permissible

D H(d'd @@l (>) .

T d - permissible

We will rewrite the remaining product as a product over U € 7 instead of over d € N.
Each U € 7 with d(U) = d contributes 1 to |d~!(d)| and contributes |U| to |[d~1(d)|.
So we obtain

Fipt = Z Z H NIVI=tp~ Piwy | - H-

™ d m-permissible Uer

Given that d is m-permissible, the possible values of (~1(U ) are exactly those d € N
that divide ged{\;: ¢ € U}. The choice of d(U) can be made independently for each
U € 7. Hence, we may factor the innermost sum, which finally yields

F{pa} = Z H Z dlU‘_lpd -H.

m Uenr \d|ged{\;: €U}
The result follows from dividing both sides of this equation by H. O

REMARK 6.4. Theorem 1.4(a) has an alternate, “purely combinatorial” proof. It in-
volves exhibiting a combinatorial species Ey: Bij — Fun with ch(CE)) = hy, and
then computing ¢*¢;E) in terms of known combinatorial species. The details for this
proof are forthcoming in a separate paper.

REMARK 6.5. One consequence of Theorem 1.4(c) which is not obvious a priori is
that the matrix entries of Fgy, in the power sum basis are all nonnegative integers
The same is not true of .7; for example, #{1} = H = 1+ p; + 2(p2 + p?) + -
certainly has some non-integer coefficients.

To illustrate the utility of Theorem 1.4, we now restate and prove Theorem 1.5
about the vanishing of restriction coefficients. Recall from the introduction that D(u)
is the size of the Durfee square of u; that is, the largest integer d such that ug > d.

THEOREM 1.5. Let u be a partition and let k > 1 be an integer. The following are
equivalent:
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(A) There exists a partition X such that Ay < k and r§ > 0.
(B) D(u) <21

Before proceeding to the proof, we need a few lemmas.

LEMMA 6.6. For any k > 0, we have
span{ey: £(A\) < k} =span{sy: A\ < k}.
(Here span S refers to the additive subgroup of A generated by a subset S C A.)

Proof. By the Pieri rule, every ey with ¢(A) < k is a linear combination of Schur
functions s,,, where u is the union of at most k vertical strips. Hence,

span{ey: £(\) < k} Cspan{sy: A\ < k}.

By the dual Jacobi-Trudi identity, every s) with A\; < k can be written as the
determinant of a k x k matrix whose entries are elementary symmetric functions e,..
Hence,

span{sy: A1 < k} Cspan{ey: £(A\) < k}.
The result follows. O

LEMMA 6.7. Let A be a partition and let d > 0. Then D(\) < d if and only if there
exist partitions p, v with £(), £(v) < d such that s\ appears in hye, .

Proof. For the “only if” direction, assume that D()) < d. Take
n= ()‘17 s 7)‘D()\))

Clearly ¢(u), £(v) < d. Also, the Young diagram of A can be decomposed into a union
of horizontal strips of lengths p1,. .., uy,) and vertical strips of lengths v1, ..., vy,,
so sy appears in h,e, by the Pieri rule.

For the “if” direction, it easily follows from induction on ¢(v) and the Pieri rule
that if s\ appears in h,e,, then Ay,)41 < £(v)+1 (where we take \; = 0 for i > £())).
Assuming that (u), £(v) < d, we get Agr1 < d+ 1, so D(A) < d as desired. O

Proof of Theorem 1.5. First, observe that by multiplying both sides by H, Theo-
rem 1.4(b) can be written in the following form, using the Frobenius transform instead
of the surjective Frobenius transform. For any partition A with ¢(A) < k, we have

harey if 1+ -+ =+ je is even;
(15) Fley =3 1] { Mo

o jejoayr (emGy g1+ jeds odd,

where the sum is over all functions M: {0,1}* — N such that ety JiM () =
A for ¢ = 1,...,k (where we take \; = 0 for ¢ > ¢(\)). We do not require that
M(0,...,0) =0, so the sum in (15) is infinite.

Consider the following statements:

(A) There exists a partition A such that A\; < k and T‘; > 0.

(C1) There exists a partition A such that A\; < k and (F{sx},s,) # 0.

(C2) There exists a partition A such that ¢(A\) < k and (F{er},s,) # 0.

(C3) There exists a function M: {0,1}* — N such that s, appears in

hargy it g1+ -+ Je is even;
jeronyr \em@) 44 e s odd.

(C4) There exist partitions v,2/ such that £(v),¢(v') < 2F! and s, appears
in hye,r.
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(B) D(u) <281
By the definition of the Frobenius transform, (A) is equivalent to (Cy). By the linearity
of Z and Lemma 6.6, (C;) is equivalent to (Cs). Since each term of (15) is Schur
positive, s, appears in the sum if and only if it appears in one or more of its terms,
so (Csq) is equivalent to (C3). By taking the parts of v to be the nonzero values of
M(j) for j1+-- -+ 7 even and taking the parts of v’ to be the nonzero values of M (j)
for ji + -+ + jo odd, we see that (C3) is equivalent to (C4). By Lemma 6.7, (Cy) is
equivalent to (B). Putting it all together, (A) is equivalent to (B), as desired. O

7. COMPUTATIONS OF THE INVERSE SURJECTIVE FROBENIUS TRANSFORM

We will now compute 75! {ex} and Zg,! {hy}. In order to state our formulas, first
we must recall some definitions from combinatorics on words. For a more complete
introduction, see [10, Chapter 5].

DEFINITION 7.1. Let A be a set. A word over the alphabet A is a sequence w =
wy - wy, with wy, ..., w, € A. Given a letter a € A, we write my(w) to denote the
number of times the letter a appears in w.

DEFINITION 7.2 ([11]). Let A be a totally ordered set. We say that a nonempty word
w = wi - - wy over the alphabet A is a Lyndon word if it is lexicographically less than
its suffic w; -+ wy, for i = 2,...,n. Let Lyndon(A) be the set of all Lyndon words
over the alphabet A.

THEOREM 7.3 (Witt’s Formula [19]). Let £ > 0 and let t1, ... ,t; be variables. For any
word w =1y -+ - iy, over [€], denote by t* the product

‘
tiy ooty = Ht;ni(w)'
i=1
Then the evaluation (L1 + Lo + Lg + -+ )(t1,...,ts) is equal to

>

weLyndon([£])

THEOREM 7.4 (Chen—Fox-Lyndon Theorem [4]). Let A be a totally ordered set. Any
word w over the alphabet A has a unique Lyndon factorization; that is, an expression
as a (lexicographically) non-increasing concatenation of Lyndon words.

DEFINITION 7.5. Let w be a word over a totally ordered alphabet. Define w(w) to be
the partition obtained by listing the number of times each Lyndon word appears in
the Lyndon factorization of w, and then sorting the resulting positive numbers in
decreasing order.

EXAMPLE 7.6. If A = {1,2} and w = 21212121111, then the Lyndon factorization of w
is w = (2)(12)(12)(12)(1)(1)(1)(1). The Lyndon words appearing in this factorization

are 2, 12, and 1, which appear once, three times, and four times, respectively, so
m(w) = (4,3,1).

Now, we are ready to compute Fg, - {ex} and .75} {hs}. The cleanest way to state
our results is to use the series H(t) from Section 2.

THEOREM 7.7. Let £ > 0 and let t,...,t; be variables.
(a) For any word w =iy - -i, over [{], denote by t* the product

L
tiy -t = thmi(w).
i=1
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Then

yfl 1 o 1
s [Ty H(t:) [Tweryndon(ey H ()
(b) For any word w = (i1, j1) - (in, jn) over [(]* (ordered lezicographically), de-
note by t* the product
¢

(tirts,) - (tigty,) = [ (taty)ment,

ij=1
Then

y,l d . HwELyndon([l]) H(tw)
Sur I | H(tl) - H(tw)"
P [Luweryndon(ie2) H(t*)

Before we proceed to the proof of Theorem 7.7, we will prove some corollaries that
illustrate how to use it.

COROLLARY 7.8. For any r, we have

Lr/2]
ysllr {hr} = Z (—1)khr—2k€k-

k=0

Proof. Take £ =1 in Theorem 7.7(b). In this case, 1 is the only Lyndon word over [1]
and (1, 1) is the only Lyndon word over [1]2. So, with ¢ = 1,

_ H(t)
Fsi {H(t)} = —% = H(t)E(—t?).
Sur{ ( )} H(tQ) ( ) ( )
The result follows from taking the coefficient of ¢". O
COROLLARY 7.9. Let A = (A1,...,\¢) be a sequence of nonnegative integers (not nec-

essarily weakly decreasing). Then

ysié {6)\} = Z (_1)“'7'#(“})'6#(11))7
weW

where W is the set of all words w over [€] such that m;(w) = X; for alli € [{].

Proof. First, the right-hand side of Theorem 1.4(a) can be written

(16) 11 <Z<—1>Ter<twr> =3 I O e
w€Lyndon(¢) \r=0 r wéeLyndon(?)

where the sum is over all finitely supported functions r: Lyndon([{]) — N. By the
Chen—Fox-Lyndon theorem (Theorem 7.4), there is a bijection

{words over [{]} <7> {finitely supported functions Lyndon([¢]) — N},

where (¢(w))(w’) is the number of times that w’ appears in the Lyndon factorization
of w. Using this bijection, we can rewrite (16) as a sum over all words w over [{]:

1

Fom = ¢ = >_ (=D leq 1.
{Hf_1 H(t:) } 2

The result follows from taking the coefficient of ¢}* - -- tg\’f. O

COROLLARY 7.10. Let £ > 0. Then
Fiulel =e(er—1)-(er — £ +1).
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Proof. Take A = (1%) in Corollary 7.9. Then W = &,. Moreover, the Lyndon factor-
ization of any w € &, contains only distinct Lyndon words, one beginning with each
left-to-right minimum of w (that is, each letter w; such that w; < w; for all j < 7).
So m(w) = (1%), where k is the number of left-to-right minima of w. It follows that

Sur{el} Z [} 1

where [ﬂ (a Stirling number of the first kind) is the number of permutations w €
Sy with k left-to-right minima. This is well-known [6, Chapter 6.1] to be equal to
61(61—1)"~(€1—€+1). [l

More generally, we have the following.

COROLLARY 7.11. Let A = (A1,...,\¢) be a sequence of nonnegative integers (not
necessarily weakly decreasing) and let k > 0. For any word w over {0} U [{], write
p+(w) to denote the longest prefix of w that does not contain the letter 0. Then

Tl {6/\61} = < Z 1)|A—|ﬂ(p+(w))leﬂ(p+(w))> cer(ey —1)--- (e —k+1),
weWw

where W is the set of all words w over {0} U[€] such that mo(w) =k and m;(w) = X
for all i € [£].

Proof. Let
No=(1,..., 1, ..., \p)
k
and let W’ be the set of all words w over [k+¢] such that m,(w) = X, for all i € [k+£].
By Corollary 7.9, we have

(1) Fol{erel} = 3 ()P,
weW’
Now, define the function
oW =W x &

as follows. For any word w € W', let ¢1(w) € W be the word formed from w by
replacing all the letters 1,...,%k with 0 and replacing all copies of the letters k +

k4 ¢ with 1,...,¢ respectively. Let ¢2(w) € & be the word formed from w by
deleting all copies of the letters k + 1,...,k + £. It is easy to see that ¢ = (1, ¢2)
is a bijection. Moreover, for all w € W', we have that 7(w) is the concatenation
of m(p4(¢1(w))) and 7(¢2(w)). Hence, we may factor (17):

Fguk {eAel} = (Z 1)'*'”(“(””6#(”(@)) < Z (_1)k|w(w)|elﬂ(w)> _

weWw weBy

As in the proof of Corollary 7.10, the second factor is equal to e;(e; —1) -+ - (e —k+1).
The result follows. O

COROLLARY 7.12. Let f € A and k > 0. Then ey(ey —1)---(ey —k+ 1) divides f if
and only if e§ divides Fsu {f}.

Proof. Let n = deg f. Let I be the set of all symmetric functions of degree at most n
that are divisible by e;(e; —1)---(ex — k + 1) and let J be the set of all symmetric
functions of degree at most n that are divisible by e¥. Now, J is spanned by symmetric
functions of the form eye¥, where \ is a partition with |A\| < n— k. By Corollary 7.11,
we have Zg,L {J} C I. Since I and J have the same dimension (and A/.J is torsion-
free), it follows that Zg, ! {J} = I. Thus, Fsy, {I} = J. The result follows. O

Algebraic Combinatorics, Vol. 7 #4 (2024) 954



The Frobenius transform of a symmetric function

We are almost ready to prove Theorem 1.4. First, we will restate some lemmas
from Loehr and Remmel’s 2011 “exposé” on plethysm [9].

LEMMA 7.13 ([9, Example 1]). There is a unique binary operation e[e]: A X
Z[t1, - ,te] — Z[t1,- - ,te] satisfying the following properties.
(i) For any fixed g € Z[t1,- - ,te], the function e[g]: A — Z[t1, - ,t¢] is a ring
homomorphism.
(ii) For any fived k > 0, the function pyle]|: Z[t1, - ,ts] — Z[t1, - ,te] is a ring
homomorphism which preserves summable infinite series.
(iii) For any k and i, we have pi[t;] = t¥.
We refer to the operation from Lemma 7.13 as plethysm, because it is closely related
to the plethysm of symmetric functions e[e]: A X A — A mentioned in Section 2. For
example, the two operations are related by a kind of associative property:

LEMMA 7.14 (Associativity of Plethysm, [9, Theorem 5]). Let f,g € A and h €
Z[t1,- - ,te]. Then
flglr]] = (flgD[R] € Z[t1, - -, te].

If g has positive integer coeflicients, then the plethysm f[g] can be described as an
evaluation:

LEMMA 7.15 (Monomial Substitution Rule, [9, Theorem 7]). Let f € A and let
My, My, Ms, ... € Z[t1,--- ,ti] be a (finite or infinite) sequence of monic monomials.
Then

f [Z Mn‘| = f(M, M2, Ms, ...),

where the right-hand side denotes the evaluation of f at My, Mo, M3, . . ..
In general, plethysm can be expressed as a Hall inner product:

LEMMA 7.16. Let My, Ma, M3, ... € Z[t1,--- ,ts] be a (finite or infinite) sequence of
monic monomials and let a1, as,as, ... € Z be a sequence of the same length. Suppose
that the series ), a, My is summable in Z[t1,--- ,t;]. Then for any f € A, we have

(18) f [Z anMn] = <f, 11 H(Mn)“n> :

Proof. Fix My, My, M3, ... and let ay,as, as, ... vary. Given any fixed monomial M €
Zlty, ..., tg, it is easy to see that the coefficient of M on either side of (18) is a
polynomial in aj,as,as,.... Hence, we may assume that a,, > 0 for all n. Then by
replacing each M,, with a,, copies of M,,, we may make the even stronger assumption
that a,, = 1 for all n. In other words, we wish to prove

(]t

By linearity, it suffices to show (19) in the case that f = m) is a monomial sym-
metric function. Then, since (my, h,) = dx,, the right-hand side of the equation be-
comes my(Mi, Ma, Ms,...). The result follows from the monomial substitution rule
(Lemma 7.15). O

Proof of Theorem 7.7. In what follows, let
L=L+Ls+Lz+--- EK

and

L=w(Ly) —w(Ly) +w(L3)—---€A.
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(a) Let w: A — A be the involution given by
@(f) = fl=p] = ()" w(f)

for all homogeneous f € A. Clearly, @ is a ring automorphism and
1
WH() =FE(—t) = —=.
BH() = B(-1) = s
We wish to show that
¢
i=1 weLyndon([¢])

To do so, let f € A be arbitrary. It is sufficient to show that each side of (20) has
the same Hall inner product with f. By Theorem 4.2(c), @ o ﬁs_ulr o w is adjoint to
plethysm by L, so

wéELyndon([£])

— < £ Il H (tw)> ,
weLyndon([¢])

where we used Lemma 7.16, Lemma 7.14, Lemma 7.15, and Theorem 7.3. This com-
pletes the proof of (20) and of part (a) of the theorem.

(b) Again, let f € A be arbitrary. It is sufficient to show that each side of the
equation has the same Hall inner product with f. By Theorem 4.2(c), %} is adjoint
to plethysm by L, so

¢ ¢
<f5ySulr {HH(ti)}> = <f[i]7HH(ti>>

= (fILD)[tr + - + te]
(21) = fIL[t1 + -+ t]]

Now, let us describe the monomials that appear in the plethysm ﬂ[tl + -+t By
the definition of Lyndon symmetric functions, we have

L= Z(—l) -
-3 0 S )
Z ZM d Dn/dy, n/d
SO WIIEIREAS

n d|n
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Now, the term (—1)"/?~! is equal to —1 if d divides % and 1 otherwise. Hence,

~ 1 n n
L=>" - > udpyt -2 ;u(d)pd/d
2

n d|n

where the sum over d | % is understood to be empty if n is odd. Splitting this into two

sums and then performing the change of variables 2 — n in the second, we obtain

2
L=Y 3 w30 2
n dln n dl%
=Y = S uldpy =S = > uld)py
n " d|n n " d|n
=L — Llpi].

By Lemma 7.14 and Theorem 7.3,

L[t1+...+t€]:L[tl+"'+t€]_(L[p%])[t1+"'+t6]
:L[t1+---—|—tz]—L[p%[tl'*'"'—’_tf”
:L[t1_|_..._|_t€]—L[(t1+"'+t€)2]

>ooor— >

wéeLyndon([€]) wéeLyndon([£]2)

Substituting into (21) and using Lemma 7.16 one last time, we finally obtain

f >oooor— >

wéeLyndon([£]) wéeLyndon([¢]?)

HwGLyndon([Z]) H(tw)
HwELyndon([€]2) H(tw)
completing the proof. O

£
£ Zsm [T H®)
=1

f

)
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