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Ehrhart theory on periodic graphs

Takuya Inoue & Yusuke Nakamura

ABSTRACT The purpose of this paper is to extend the scope of Ehrhart theory to periodic
graphs. We give sufficient conditions for the growth sequences of periodic graphs to be a quasi-
polynomial and to satisfy the reciprocity laws. Furthermore, we apply our theory to determine
the growth series in several new examples.

1. INTRODUCTION

In this paper, a graph I' means a directed graph that may have loops and multiple
edges. We define an n-dimensional periodic graph (I',L) as a graph T' on which a
free abelian group L of rank n acts freely and its quotient graph I'/L is finite (see
Definition 2.2). For a vertex zg of I', the growth sequence (sr z,.)i>0 (resp. cumulative
growth sequence (br z,,i)i>o0) is defined as the number of vertices of I' whose distance
from xg is ¢ (resp. at most ). The purpose of this paper is to discuss phenomena
similar to Ehrhart theory that appear in the growth sequences of periodic graphs.

Periodic graphs naturally appear in crystallography, and their growth sequences
have been studied intensively in this field. In crystallography, the growth sequence is
also referred to as the coordination sequence. For a periodic graph I' corresponding to
a crystal, sr g,,1 is nothing but the usual coordination number of the atom z. The
coordination sequence is utilized in several crystal database entries (cf. [4]), and it
can be useful, for instance, in distinguishing between two allotropes that cannot be
distinguished by the coordination number.

n [13], Grosse-Kunstleve, Brunner and Sloane conjectured that the growth se-
quences of periodic graphs are of quasi-polynomial type, i.e., there exist an integer M
and a quasi-polynomial fs : Z — Z such that sp 4,; = fs(i) holds for all i > M (see
Definition 2.16). In [19], the second author, Sakamoto, Mase, and Nakagawa prove
this conjecture to be true for any periodic graphs (Theorem 2.17). Although it was
proved to be of quasi-polynomial type, determining the quasi-polynomial in practice
is still difficult. Thus, the following natural question arises.

QUESTION 1.1. Find an effective algorithm to determine the explicit formulae of the
growth sequences.
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So far, various computational methods have been established for several special
classes of periodic graphs. In [7], Conway and Sloane give growth sequences of the
contact graphs of some lattices from the viewpoint of Ehrhart theory (cf. [3, 2]).
In [12], Goodman-Strauss and Sloane propose “the coloring book approach” to obtain
the growth sequence for some periodic tilings. In [21, 22], Shutov and Maleev obtained
the growth sequences for tilings satisfying certain conditions that contain the 20 2-
uniform tilings. However, as far as we know, no algorithm that can be applied to
general periodic graphs has been proposed, even in dimension two.

The difficulty of Question 1.1 is due to the difficulty of determining M that ap-
pears in the definition of “quasi-polynomial type” above. Indeed, if this M can be
determined and a quasi-period of f, is known, then the explicit formula of (st 4,.:)
can be determined by its first few terms. In this paper, in the context of Ehrhart
theory, we focus on the category of graphs whose growth sequences are honest quasi-
polynomials (i.e. quasi-polynomials on 7 > 0). We note in advance that for these
graphs, the difficulty of Question 1.1 is avoided.

In Ehrhart theory, for a rational polytope @ C RY, it is proved that the function

hg : Zso — Zso; i #(iQNZN)

is a quasi-polynomial on ¢ > 0. As we will discuss in Subsection 3.2, for a rational
polytope @ C RY with 0 € Q, we can construct a periodic graph (L', Z") such that
its cumulative growth sequence br, o coincides with hg(i). Therefore, we can say
that the study of the growth sequences of periodic graphs essentially contains the
Ehrhart theory of rational polytopes @ satisfying 0 € Q. Since the cumulative growth
sequence (bFQ7O,i)i is a quasi-polynomial on i > 0, the following natural question
arises.

QUESTION 1.2. Find a reasonable class P of pairs (T',xg) that consist of a periodic
graph T and one of its vertices xo such that

o P contains the class {(I'g,0) | @ is a rational polytope with 0 € Q}, and
o for any (I',zq) € P, the sequence (br z,.i): 15 an honest quasi-polynomial (i.e.
a quasi-polynomial on ¢ = 0).

The word “reasonable” here means that P should be a class that can be described
in terms of graph theory. Note that, unlike the case of Ehrhart theory, the growth
sequences of periodic graphs in general are not necessarily quasi-polynomials, and
they may have finite exceptional terms (see Example 2.18). However, it has been
observed that for some highly symmetric periodic graphs, they are often honest quasi-
polynomials. The intention of this question is to describe the properties of such good
periodic graphs.

Another important topic of Ehrhart theory is the reciprocity law. When we think
of the function hg as a quasi-polynomial and substitute a negative value for it, we
have hq(—i) = (—1)3™@#(i - relint(Q) N ZY) for i > 0. In the growth sequences of
some n-dimensional periodic graphs, it has been observed that they sometimes satisfy
the equations

() fo(=0) = (=) foi = 1), fo(=i) = (=1)"* £s(0),

where f, and f; are the corresponding quasi-polynomials to the sequences (br s,.i)i
and (sr,z,.:): (see [7, 21, 26]). These equations in () are consistent with the reci-
procity laws of reflexive polytopes. Thus, the following natural question arises.
QUESTION 1.3. Find a reasonable class P’ of pairs (I',x¢) such that

o P’ contains the class {(T'q,0) | Q is a reflexive polytope}, and
o for any (T,xg) € P’, its growth sequence satisfies the reciprocity laws ().
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The purpose of this paper is to give answers to Questions 1.2 and 1.3. First, we
introduce invariants C1(T', ®,20) € Ry and Ca(T, ®,20) € Ry for (I',x0) and a
periodic realization ®: I' — Lg := L ®z R (i.e. a map preserving an L-action). These
invariants measure the deviation from the polytope approximation of dr, where dp
is the distance function of the graph I'. Using these invariants, we can give sufficient
conditions for the cumulative growth sequence to be a quasi-polynomial and to satisfy
the reciprocity laws ().

THEOREM 1.4 (= Theorem 3.4). Let (I', L) be a strongly connected n-dimensional
periodic graph, and let xo be a vertex of I'. Then, the following assertions hold.
(1) If a periodic realization ® of (T', L) satisfies C1(T, ®,z9) + Co(T, D, z¢) < 1,
then the cumulative growth sequence (br z,.)i i a quasi-polynomial on i > 0.
(2) If a periodic realization ® of (I,L) satisfies both Ci(I',®,x9) < % and
Co(T, ®,130) < %, then the reciprocity laws () are satisfied.

Note that if I' = I'g is a periodic graph obtained by a polytope @ with 0 € @, then
it follows that Cy(T, ®,z0) = 0 and Co(T', ®,x¢) < 1. Furthermore, if I' = I'g is a
periodic graph obtained by a reflexive polytope @, then it follows that C1(T", ®,x9) =
Co(T, @, 29) = 0. Therefore, Theorem 1.4 is an answer to Questions 1.2 and 1.3. We
also note that Theorem 1.4 is a generalization of a result by Conway and Sloane [7],
where they only consider the contact graphs of lattices (see Remark 3.6 for more

detail). .
-~ Answers to Questions 1.2 and 1.3 ~
I' =T for a polytope @ with 0 € @ I' =T for a reflexive polytope @
Lemma 3.10 Lemma 3.10
01:0,02<1 Ci=Cy=0
Ci1+Cy<1 Cl<%702<%
Theorem 3.4 Theorem 3.4
(br,z,,i)i is an honest g-polynomial. The reciprocity laws ().
- J

For undirected periodic graphs, we can give a larger class that satisfies the reci-
procity laws (). In Subsection 4.2, we define a class of undirected periodic graphs
called “well-arranged”, and we prove that their growth sequences satisfy the reci-
procity laws () (Theorem 4.9). We also introduce the notion of “P-initial” for a
vertex xp, and we see that a quasi-period of the growth sequence can be explicitly
given in this case (Theorem 4.2). The relationship with the invariants C; and Cy can
be summarized in the following diagram:

- Well-arranged graphs ~
T" is undirected, C; < %, Cy < % Cy <1
H/ Proposition 4.8 ﬂ Lemma 2.26
Lemma 4.7

(T, @, zo) is well-arranged. ——————> = is P-initial.

H/ Theorem 4.9 ﬂ Theorem 4.2

® (br,z,,i)i is an honest g-polynomial. e a quasi-period of (br z,.i)i
e The reciprocity laws (). can be explicitly given.

& J
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When (T',®,z0) is well-arranged, the growth sequence (spg,.)i is a quasi-
polynomial on 7 > 1, and its quasi-period can be explicitly given. Therefore, it is
possible to determine the explicit formula of (sp g, .); by computing the first few
terms of it. By this method, we compute the growth series in several new examples
in Section 5. As far as we know, this is the first time that the growth sequences have
been computed for nontrivial 3-dimensional periodic graphs. However, this method
is only applicable to well-arranged graphs, and answers to Question 1.1 for general
periodic graphs remain as future work.

The paper is organized as follows: in Section 2, we first summarize the notations of
graphs, and we define periodic graphs and their growth sequences. We then define an
important concept, the growth polytope, and use it to define the invariants C; and Cs.
In Section 3, we give sufficient conditions for the cumulative growth sequence to be a
quasi-polynomial type and to satisfy the reciprocity laws (Theorem 3.4). Furthermore,
in Subsection 3.2, we see that Theorem 3.4 can be seen as a generalization of the
usual Ehrhart theory for polytopes @ with 0 € @ and for reflexive polytopes Q. In
Section 4, we treat a periodic graph (I', L) with a P-initial vertex zo. In this case,
we can calculate the invariant Cy (Proposition 4.4) and a quasi-period of the growth
sequence of I' with the start point zy (Theorem 4.2). Furthermore, we also introduce
a class of periodic graphs called “well-arranged”, and we prove that their growth
sequences satisfy the reciprocity laws (Theorem 4.9). In Section 5, for some specific
periodic graphs, we will see whether they are well-arranged and discuss their growth
series. Furthermore, as an application of Theorem 4.9, we determine the growth series
in several new examples (Subsections 5.2 and 5.3). In Appendix A, we summarize the
properties of the growth polytope necessary for the definition of the invariants Cy
and Cs. In Section B, we discuss a variant of Ehrhart theory (Theorem B.4), which is
necessary for the proof of Theorem 3.4. The difference from the usual Ehrhart theory
is that the center of the dilation need not be the origin, and the dilation factor may
be shifted by a constant.

2. NOTATION AND PRELIMINARIES

2.1. NoTATION. For a set X, #X denotes the cardinality of X, and 2% denotes the
power set of X.

For a finite subset S C Zsq, LCM(S) denotes the least common multiple of the
elements of S.

For a polytope P C RY, Facet(P) denotes the set of facets of P, Face(P) denotes
the set of faces of P, and V(P) denotes the set of vertices of P. Note that both P
itself and the empty set @ are considered as faces of P.

For a subset C' C RY, int(C) denotes the interior of C, and relint(C') denotes the
relative interior of C.

For a polytope P C RY of dimension d, a triangulation T of P means a finite
collection of d-simplices with the following two conditions:

o P = UAeT A.
e For any Ay, As € T, A1 N Ay is a face of A1 and As.

In this paper, monoids always mean commutative monoids. We refer the reader
to [6] and [19] for the terminology of monoid and its module theory.

Let M be a set equipped with a binary operation *. For v € M and subsets
XY C M, we define subsets u * X, X *Y C M by

ux X ={uxz|ze€ X}, X+xY ={xxy]|(z,y) € X xY}.

2.2. GRAPHS AND WALKS. In this paper, a graph means a directed weighted graph
which may have loops and multiple edges. A graph T' = (Vr, Er, sr, tr, wr) consists
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of the set Vi of vertices, the set Er of edges, the source function sr : Er — Vp, the
target function tr : Fr — Vr, and the (integer) weight function wr : Er — Z~o. We
often abbreviate sp, tr and wr to s, t and w when no confusion can arise.

DEFINITION 2.1. Let T' = (Vr, Er, s,t,w) be a graph.

(1) T is called to be unweighted if w(e) = 1 holds for every e € Ep. T is called
to be undirected when there exists an involution Er — Er; e — €' such that
s(e) = t(e), tle) = s(e¢/) and w(e) = w(e’). T is called to be locally finite
when for all x € Vi, there are only finitely many edges e satisfying s(e) = x
and only finitely many edges e satisfying t(e) = x.

(2) A walkp inT is a sequence ereq - - - ep of edges e; of T satisfying t(e;) = s(e;y1)
foreachi=1,... .0 —1. We define

s(p) = s(er), tp) =t(er), w(p) =Y wle;), length(p) = L.
i=1
Note that we have w(p) = length(p) if T' is unweighted.
We say that “p is a walk from x to y” when x = s(p) and y = t(p). We
also define the support supp(p) C Vr of p by

supp(p) := {s(e1), t(e1), t(e2), ..., t(er)} C Vi

By convention, each vertex v € Vr is also considered as a walk of length 0.
This is called the trivial walk at v and denoted by @, : i.e., we define

$(Dy) =0, (D) =v, w(D,) =0, length(a,): =0, supp(d,) = {v}.

(3) A pathinT is a walk ey - - - €4 such that s(e1),t(e1),t(ez2),...,t(es) are distinct.
A walk of length 0 is considered as a path.

(4) A cycleinT is a walk ey - - - eg with s(e1) = t(ep) such thatt(eq),t(ez2),. .., t(er)
are distinct. A walk of length 0 is not considered as a cycle. Cycr denotes the
set of cycles in T.

(5) For z,y € Vr, dr(z,y) € Zso U {o0} denotes the smallest weight w(p) of
any walk p from x to y. By convention, we define dr(x,y) = oo when there
is no walk from x to y. A graph T is said to be strongly connected when
we have dp(z,y) < oo for all x,y € Vp. When T' is undirected, we have
dF(xvy) = dF(yvx) fO’/‘ all T,y € VF-

(6) C1(T',Z) denotes the group of 1-chains on T with coefficients in Z, i.e.,
C1(T,Z) is the free abelian group generated by Er. For a walk p = e1---¢eg
in T, let (p) denote the 1-chain Zle e; € C1(T,72). Hi(I,Z) c C1(T,7Z)
denotes the 1-st homology group, i.e., H(T',Z) is a subgroup generated by (p)
for p € Cyc. We refer the reader to [25] for more detail.

2.3. PERIODIC GRAPHS.

DEFINITION 2.2. Let n be a positive integer. An n-dimensional periodic graph (I', L) is
a graph T' and a free abelian group L ~ Z" of rank n with the following two conditions:
o L freely acts on both Vr and Er, and their quotients Vi /L and Er/L are
finite sets.
o This action preserves the edge relations, i.e., for any u € L and e € Er, we
have sr(u(e)) = u(sr(e)), tr(u(e)) = u(tr(e)) and wr(u(e)) = wr(e).
Then, L is called the period lattice of I'. Note that T' automatically becomes a locally
finite graph.

If (T',L) is an n-dimensional periodic graph, then the quotient graph T'/L =
(VF/L)EF/Lvsr/LatF/LawF/L) is defined by VF/L = VF/L7 EF/L = EF/L, and the
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functions sp,p : Er/L — V¢ /L, tr), « Er/L — Vr/L, and wy,, : Er/L — Zso
induced from sr, tr, and wr. Note that the functions sp,r, tr/p and wp, are
well-defined due to the second condition in Definition 2.2.

DEFINITION 2.3. Let (T', L) be an n-dimensional periodic graph.

(1) Since L is an abelian group, we use the additive notation: for u € L, x € V,
e€ Er and a walkp =e1---ep, u+ax, u+e and u+p denote their translations
by u.

(2) Foranyx € Vr ande € Er, letT € Vp,, and e € Ep g, denote their images in
Ve = Vr/L and Eryr, = Evr/L. For awalkp = ey ---eginT, letp:=er---&
denote its image in T'/L.

(3) When z,y € Vr satisfy T = g, there exists an element uw € L such that
u~+x =1y. Since the action is free, such u € L uniquely exists and is denoted
by y — x.

(4) For a walk p in T with s(p) = t(p), we define

vec(p) = t(p) — s(p) € L.

DEFINITION 2.4. Let (I', L) be an n-dimensional periodic graph. We define Lg =
Loy R.

(1) A periodic realization ®: Vi — Lgr is a map satisfying ®(u + ) = u + ®(x)
for any w € L and x € Vp. When we fiz an injective periodic realization of
®: Vi — Ly, we sometimes identify Vr with the subset of Lg.

(2) Let ® be a periodic realization of (I, L). For an edge e and a walk p in T', we
define

vece () = D(t(e)) — P(s(e)) € Lr, veca(p) = D(t(p)) — ®(s(p)) € Lr.

It is easy to see that the value vecy(e) € Lr depends only on the class € €
Er 1, and therefore, the map

po : Erjp, — Lr; € vece(e)
is well-defined. It can be extended to a homomorphism
po 1 Cr(T/L,Z) = Lr; Y ai & > > aipe(@).
By construction, it satisfies pe((P)) = vece(p) for any walk p in T.

REMARK 2.5.

(1) An injective periodic realization of (T, L) always exists. To see this fact, we
take any injective map Vr/L — Lg/L. It is possible because #(Vr/L) < co.
Then, any injective map Vi/L — Lg/L lifts to an injective periodic realization
Vr — Lg.

(2) Even if a periodic realization ® is not injective, the map Vr — LgxVr/L; x —
(®(x),T) is always injective.

(3) In Definition 2.4(2), we have vece(p) = vec(p) for any p with s(p) = t(p).

EXAMPLE 2.6 (cf. [26], [19, Figure 3]). The Wakatsuki graph is an undirected un-
weighted graph I' = (Vp, Er, sr, tr) defined by

sz{vo,vl,vg}xZQ, Epz{eo,el,...,eg}XZQ,
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and
sr(eo, (z,9)) = sr(er, (z,y)) = sr(e2, (z,y)) = sr(es, (z,9)) = (vo, (z,9)),
sr(es, (z,y)) = sr(es, (z,y)) = sr(es, (z,y)) = srler, (z,y)) = (v, (z,9)),
sr(es, (z,y)) = sr(eo, (z,y)) = (v2, (z,y)),
tr(eo, (z,y)) = (v1, (2,9)), tr(er, (z,y)) = (v1, (z — L, y)),

tr(ez, (z,y)) = (v1, (z — Ly = 1)), tr(es, (2,9)) = (v2, (z,9)),
tr(es, (z,y)) = (vo, (z,)), tr(es, (z,y)) = (vo, (z + 1,9)),
tr(es, (z,y)) = (vo, ( + Ly + 1)), tr(er, (z,9)) = (v2, (x,9)),
tr(es, (z,y)) = (vo, (2,9)), tr(es, (x,y)) = (v1, (z,y))
for any (z,y) € Z?. Then, I' admits an action of L = Z? by
(@,5) + (05, (@,1)) = (03, (2 + @,y +b),
(@,5) + (e, (2,9)) 1= (e5, (& + 0,y + b))

for each (a,b), (x,y) € Z%, 0 <i < 2 and 0 < j < 9. By this action, (', L) becomes a
2-dimensional periodic graph. A periodic realization ® of (I, L) is defined by

B(on, (2.9)) = 2.9), D(on,(0.0) = (4 G+ 3 ) Bloa, () = (o4 5.0)

Let v; = (v4,(0,0)) for each 0 < i < 2, and let €} = (e;, (0,0)) for each 0 < j < 9.
Then, the realization and the quotient graph I'/L can be illustrated as in Figures 1, 2

Se%e

FicURE 1. The Wakatsuki graph T'.

LEMMA 2.7. Let (T, L) be an n-dimensional periodic graph. Let pg be the homomor-
phism defined in Definition 2.4(2). The restriction map pis|p, (r/r,z) : Hi(U'/L,Z) —
Ly s independent of the choice of the periodic realization ®. Furthermore, its image
is contained in L.

Proof. Since Hy(T'/L,Z) is generated by (g

that 1 ((g)) € L and that the value pe((q)

any walk p in T" such that p = ¢. Since t(p)
)

pa((q)) = vecs (p) = @(t(p)) — ®(s(p)) = t(p) — s(p) € L,

) for ¢ € Cycp,y, it is sufficient to show
) is independent of the choice of ®. Take
= s(p), we have
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v

g7, g9
v €ls,€'s vl
FIGURE 2. ¢,...,¢€5. FiGURE 3. T'/L.
and this is independent of the choice of ®. O

DEFINITION 2.8. Let (T',L) be an n-dimensional periodic graph. We denote by
w: Hi(T/L,Z) — L the restriction of ue in Definition 2.4(2) to H1(T/L,Z). Note
that this restriction map is well-defined by Lemma 2.7.

REMARK 2.9. The homomorphism g in Definition 2.8 coincides with p defined in [25,
Section 6.1].

EXAMPLE 2.10. In the Wakatsuki graph (see Example 2.6), the walks e} e}, and e €4 ep
in T'/L are examples of cycles, and we have

w((Feh)) =0, u({chehes)) =1

We finish this subsection with some observations on the decomposition and the
composition of walks.

DEFINITION 2.11. Let (', L) be an n-dimensional periodic graph. Let qo be a path
in /L, and let q1,...,q0 € Cycp,p, be cycles. The sequence (qo,q1,---,qe) is called
walkable if there exists a walk ¢ in T'/L such that (¢') = Zf:0<qi>.

LEMMA 2.12. Let (T, L) be an n-dimensional periodic graph.
(1) For a walk ¢’ inT'/L, there exists a walkable sequence (qo,q1,- - -,qe) such that
¢
(¢") = 2icol4i)-
(2) Let qo be a path in T'/L, and let qi,...,q¢ € Cycr,, be cycles. Then,

(go,q1,---,q¢) is walkable if and only if there exists a permutation o
{1,2,...,0} = {1,2,...,£} such that

(Supp(%) U <U<ksupp(qa<i))> N supp(qo (kt1)) # @
1<K
holds for any 0 < k < /£ —1.

Proof. For any walk ¢’ in T'/L, if ¢’ is not a path, then there exist a walk ¢’ and a
cycle g1 in T'/L such that (¢') = (¢"") + (q1). Therefore, the assertion (1) follows by the
induction on the length of ¢’. The assertion (2) also follows from the induction. O
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REMARK 2.13.

(1) If ¢’ in Lemma 2.12(1) satisfies s(¢') = t(¢’), then ¢ must be a trivial path
(i.e., length(qp) = 0).

(2) If a walk ¢’ in I'/L and a vertex zo € Vp satisty s(¢’) = Zo, then there exists
the unique walk p in T satisfying p = ¢’ and s(p) = x¢ (we call such p the lift
of ¢’ with initial point x(). Therefore, for a walkable sequence (qo, q1, - - -, q¢)
and a vertex zg € Vr satisfying s(qo) = Zg, there exists a walk p in T' such

that s(p) = z¢ and (p) = Zf:o@i)- Conversely, for a walk p in I', applying
Lemma 2.12(1) to P, there exists a walkable sequence (qo, g1, - - - , g¢) satisfying

- ¢
(P) = 2 i—0di)-

(3) For a walk p in I' and a walkable sequence (qo,q1,--.,q¢) satisfying (p) =
Zf:()(qi), it follows that

L

¢
w(p) = Zw(qi), length(p) = Zlength(qi).
=0

i=0
Furthermore, if we fix a periodic realization ®, we also have

L

vecy (p) = Z pa((:))-

=0

EXAMPLE 2.14. In the Wakatsuki graph (see Example 2.6), we consider a walk p as
in Figure 4. Then, the image of p in the quotient graph I'/L is given by

By My alie sl sy iy iy alby Ml sy My iy o
P =e€3 €9 €5 €y €g €3 €9 g €] g €3 Eg,

Then, we have two decompositions
B = (@) + (7 %) +3(77T),
0 = (@ G+ (T G) + (G TV +2(F T 7).

CREK

A
(s

FIGURE 4. The walk p.
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2.4. GROWTH SEQUENCES OF PERIODIC GRAPHS. Let I" be a locally finite graph, and
let £y € Vr. For i € Z3(, we define subsets Br 4., Sr,z,,i C Vi by

Br eo,i = {y € Vo | dr(zo,y) <i},  Sreoi = {y € Vo | dr(zo,y) = i}.

Let br z,,i = #DBr 2,i and sr g,.; = #5T,4,,; denote their cardinalities. The sequence
(ST,w0,i)i s called the growth sequence of T' with the start point xg. The sequence
(br,zy,i)i is called the cumulative growth sequence.

The growth series Gr ,(t) is the generating function

Grao(t) ==Y Srmpil’

i>0
of the growth sequence (St z.i)i-

REMARK 2.15. In crystallography, the growth sequence is called a coordination se-
quence (see [19]).

DEFINITION 2.16 (cf. [24, Chapter 0]).

(1) A function f : Z — C is called a quasi-polynomial if there exist a positive
integer N and polynomials Qq, . ..,Qn—1 € Clx] such that f(n) = Q;(n) holds
foralln € Z and i € {0,...,N — 1} with n =4 (mod N). The polynomials
Qo,--.,QN—1 are called the constituents of f.

(2) A function g : Z — C is called to be of quasi-polynomial type if there exists
a non-negative integer M € Zso and a quasi-polynomial f such that g(n) =
f(n) holds for all n > M. The positive integer N is called a quasi-period of
g when f is of the form in (1). Note that the notion of quasi-period is not
unique. The minimum quasi-period is called the period of g. We say that the
function g is a quasi-polynomial on n = m if g(n) = f(n) holds for n > m.

The growth sequences of periodic graphs are known to be of quasi-polynomial type
(Theorem 2.17).

THEOREM 2.17 ([19, Theorem 2.2]). Let (T, L) be a periodic graph, and let xo € Vr.
Then, the functions b: i+ br 5, and s : 1+ Sp z,.; are of quasi-polynomial type. In
particular, its growth series is a rational function.

In [19], Theorem 2.17 is proved for unweighted periodic graphs, and the same proof
also works for weighted periodic graphs.

EXAMPLE 2.18. One can show that the growth sequence of the Wakatsuki graph (see
Example 2.6) with the start point v{ is given by Srup0 =1 and

. {gn—l (n=0 mod 2)
Tovl,n —

Sn—% (n=1 mod 2)

for n > 1. The growth sequence is exactly the same when the start point is v].
When the start point is v}, the growth sequence is given by Srup,0 =1, Srag1 =2,
Srwy2 =4 and

. _)3n (n=0 mod 2)
P2 = ) 6n— 6 (n=1 mod 2)

for n > 3.
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2.5. GROWTH POLYTOPE (PERIODIC GRAPHS — POLYTOPES). In this subsection,
we define the growth polytope Pr C Lg for a periodic graph (T', L). The concept of
a growth polytope has been defined and studied in various contexts [15, 16, 27, 10,
20, 11, 1]. This is helpful in understanding the asymptotic behavior of the growth
sequence via convex geometry (see Theorem A.2).

DEFINITION 2.19. Let (T', L) be an n-dimensional periodic graph.

(1) We define the normalization map v : Cycp,;, — Lg == L@z R by

p((p))

w(p)

v:Cycp,p = Lr; pr

We define the growth polytope
Pr == conv(Im(v) U {0}) C Lg

as the convex hull of the set Im(v) U {0} C Lg. Note that Cycr,, is a finite
set. Furthermore, we have Im(v) C Lg since w(p) € Zsg and p({p)) € L (cf.
Definition 2.8). Therefore, Pr is a rational polytope (i.e., Pr is a polytope
whose vertices are on Lg = L ®z Q). When T is strongly connected, we have
0 € int(Pr) by Lemma A.1.

(2) For a polytope Q C Lg and y € Lg, we define

do(y) = imf{t € Rzo | y € 1Q} € Rug U {0},

When 0 € int(Q), we have dg(y) < oo for any y € Lg.
(3) For a periodic realization ®: Vi — Ly, we define

dpr,a(7,y) = dp (P(y) — O(2))
for x,y € V.

REMARK 2.20. In this paper, we assume that the weight function w takes integer
values (see Subsection 2.2). This assumption is used for Pr to be a rational polytope.

Next, we define the notation “a vertex is P-initial” as follows. As far as we know,
this concept was first considered by Shutov and Maleev in [21].

DEFINITION 2.21. Let (I', L) be a periodic graph. A vertex y € Vr is called P-initial if
the following condition holds:

e For any vertex u € V(Pr) \ {0}, there exists a cycle p, € Cycr,, such that
v(pu) = u and g € supp(pu)-

EXAMPLE 2.22. For the Wakatsuki graph (see Example 2.6), Im(v) can be illustrated
as in Figure 5. Here, the numbers written beside each point are the possible lengths
of the cycles that give that point. For example, the cycle ¢; = e} e} gives a point
% = 1(1,0). The cycle g5 := ¢} €} €} gives a point % = 3(1,1). In this case,
the growth polytope Pr is a hexagon.

Furthermore, we can see that v}, and v} are P-initial, but v4 is not. The six paths
from v{ in Figure 6 give the six vertices of Pr, which shows that v{ is P-initial. On
the other hand, there are no paths from v4 to v + (0, 1) of length two. This causes
vh not to be P-initial.

LEMMA 2.23. Let (T, L) be a strongly connected periodic graph, and let xg € Vr. Then
we have
dpp (y — 20) < dr(wo,y)

for any y € Vr satisfying J = To.
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-0.4 -0.2 0.0 0.2 04

FIGURE 5. Im(v). FIGURE 6. Paths giving V(Pr).

Proof. Let p be a walk in T" from z¢ to y satisfying w(p) = dr(zo, y). By Lemma 2.12,
P decomposes to a walkable sequence (qo,q1,- .., qe) with ¢qo = @z such that (p) =

Zf:1<%‘>~ Then, we have
¢

¢
y—xo = ZN(@» € Zw(%‘) P =w(p)- Pr,
i=1

i=1

which proves the desired inequality. O

We define Cy(T', ®,z9) and Co(T', @, x) as invariants that measure the difference
between dr and dp.,s.

DEFINITION 2.24. Let (', L) be a strongly connected periodic graph. Let ® : Vr — Ly
be a periodic realization, and let xg € Vr. Then, we define

Cl(ra ¢7$0) = SU‘I/? (dPr,q’(any) - dr(mo,y)),
yeVr

Co(T, @, 20) := sup (dr(zo,y) — dpp,a(z0,Y)).
yeVr

By Theorem A.2, we have Cy (T, ®,x0) < co and Co(T, P, ) < co.
REMARK 2.25. (1) By the proof of Theorem A.2, we have
Cl (F7 q)v 1'0) = ygg;x (dPF,<I>(x07 y) - dF(x()a y))a

c—1
where ¢ := #(Vr/L) and
B!_, = {y € Vr | there exists a walk p from z( to y with length(p) < ¢ — 1}.

(2) Tt is not so easy to calculate Co(T', @, x0) in general. In Proposition 4.4, we
will discuss a way of the calculation of Cy(T", ®,zy) when x is P-initial.

LEMMA 2.26. Let (I, L) be a strongly connected periodic graph. Let ® : Vo — Ly be a
periodic realization, and let xg € Vr.
(1) We have C1(T', ®,x0) = 0 and Co(T", @, 20) > 0.
(2) Suppose #(Vr/L) = 1. Then, any y € Vo is P-initial. Furthermore, we have
Cl (F, (b, xo) =0.
(3) If Co(T, @, x0) < 1, then xo is P-initial.
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Proof. (1) can be easily shown by setting y = z¢ in the definition of C1 (T, ®, z¢) and
Co(T, ®, ). The first assertion of (2) immediately follows from the definition of being
P-initial. The second assertion of (2) follows from Lemma 2.23.

We prove (3). Suppose Ca(T', ®,2¢) < 1. Let u € V(Pr). We take d € Z~q such
that du € L. Then, by Lemma 2.23, we have

dr(zo,du + x0) 2 dp, (du) = d € Z>o.

Since Co(T, @, z9) < 1, we have dr(xg, du+ z¢) = d. Here, we have used the fact that
the weight function wr is defined to be integral. Therefore, there exists a walk p in
I’ from ¢ to du + zp such that w(p) = d. By Lemma 2.12(1), p decomposes to a

walkable sequence (qo, q1,- - .,q¢) with go = @z such that (p) = Zf:1<qi>. Then, we

have
i ra) _ p((B))

7 =uc V(PF)
> ie w(ai) d
4
Here, % is a convex combination of “U(f(?]ﬁ)), ce “&Zié) € Pr. Since
i=1 W\ !

S nlla)
>y wlar)
Lemma 2.12(2), To € supp(g;) holds for some 1 < ¢ < ¢. Therefore, we can conclude
that x( is P-initial. O

= u is a vertex of Pr, we conclude that % =u for any 1 <i < /. By

3. EHRHART THEORY ON PERIODIC GRAPHS

In Subsection 3.1, we treat a class of periodic graphs for which Ehrhart theory can
be applied. More precisely, in Theorem 3.4(1)(2), we see that the cumulative growth
sequence (br g,,:); is a quasi-polynomial on ¢ > 0 if a periodic realization ® satisfies
Cy(T, D, ) + C2(T, ®,29) < 1. Furthermore, in Theorem 3.4(3), we see that the
growth series has the same reciprocity law as the Ehrhart series of reflexive polytopes
if a periodic realization ® satisfies both Cy (T, ®,z) < % and Cy(T', @, 20) < %
Theorem 3.4 can be seen as a generalization of a result of Conway and Sloane [7], where
they treat the contact graphs of lattices (see Remark 3.6). In the proof of Theorem 3.4,
we essentially use a variant of Ehrhart theory that is proved in Appendix B.

In Subsection 3.2, we construct periodic graphs (I'g, L) from rational polytopes Q.
By this construction, Theorem 3.4 can be seen as a generalization of the Ehrhart
theory for polytopes @ with 0 € Q.

3.1. EHRHART GRAPHS.

DEFINITION 3.1. Let (T, L) be a strongly connected periodic graph, and let ® : Vr — Ly
be a periodic realization. Let xg € Vr and let o € R. The triple (T', ®, xq) is called to
be a-Ehrhart if we have
Brz,i =1{y € Vr | dpr o (w0,y) <i+a}
for alli € Zxy.
This condition is equivalent to the condition that
dpp,o(z0,y) — a < dr(zo,y) < dpp ao(z0,y) +1 -«
holds for all y € Vp.
DEFINITION 3.2. Let (I',L) be a strongly connected n-dimensional periodic graph.
Let ® : Vi — Ly be a periodic realization, and let xo € Vp. We say that ® is symmet-
ric with respect to xo if #(P 1 (y)) = #(@71(y")) holds for all y,y' € Ly satisfying
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REMARK 3.3. When #(Vr/L) = 1, there exists an essentially unique periodic realiza-
tion @ (unique up to translation), and this ® is symmetric with respect to any vertex
xg € Vp.

THEOREM 3.4. Let (I',L) be a strongly connected n-dimensional periodic graph.
Let ®: Vr — Lgr be a periodic realization, and let xo € Vr. Let s; = Sz, and
bi == br 4, be the growth sequence and the cumulative growth sequence with the start
point zg. Let G4(t) =3, sit" and Gy(t) = >0 bit* be their generating functions.
Set C1 = C1 (T, @, x0) and Cy := Co(T, ®, x¢).
(1) Suppose that the triple (T, ®,x¢) is a-Ehrhart for some o € [0,1). Then, the
function i — b; is a quasi-polynomial on i > 0.
(2) Suppose Cy 4+ Cy < 1. Then, (T, ®,x¢) is a-Ehrhart for any a € [C1,1 — Cb).
(3) Suppose both Cy < % and Cy < % Suppose one of the following conditions
holds:
(i) T 4s undirected, or
(ii) @ is symmetric with respect to .
Then, we have

Gy(1/t) = (=1)" TGy (t),  Gs(1/t) = (=1)"G(t).
In particular, we have
fo(=i) = (=1)"fo(i — 1)
for any i € Z, and
fs(=1) = (=)™ £, (9)
for any i € Z~ {0}, where fy and fs are the quasi-polynomials corresponding

to the sequences (b;); and (s;);.

Proof. As in Appendix B, for a rational polytope P C Lg, v € Lg, and § € R, we
define a function hp, g : Z — Z by

hpws(i) = #((v+ (i+ B)P) N L),

and its generating function Hp, 5(t) = >,y hpop(i)t'. We also define hp, g and

Hp,, 3 similarly. Note that we have relint(Pr) = int(Pr) by the assumption that I is
strongly connected (see Lemma A.1).
Let ¢ := #(Vr/L). Take y1,...,y. € Vr such that {g,...,7.} = Vr/L. Then, we
have Vi = | [;_, (y; + L), and hence,
Br i ={y € V¢ | dppe(20,y) < i+ a}
=& (®(z0) + (i + ) Pr)

I
[

(@ (®(x0) + (i + ) Pr) N (y; + L))

<.
Il
—

I
EO

(yj +{me L | ®(y;) +me ®(xo) + (i + a)Pr})

<
Il
—

I
ED

(y; + (®(w0) — ®(y;) + (i + a)Pr) N L).

<.
Il
—

Hence, we have

by = Z #((®(x0) — ®(y;) + (i+)Pr)NL) = thp,@(xo)—@(yj),a(i)'

j=1
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Therefore, (1) follows from Theorem B.4(1).
(2) follows from the definitions of C; and Cs.
We prove (3). When the condition (ii) is satisfied, we have
Q) #(27 1 (@(20) + a-int(Pp))) = #(2(®(x0) + a - int(—Fr)))

for any a € Ryo. When the condition (i) is satisfied, we have —Pr = Pr, and the
same assertion (©) holds.

By (2), (T',®,z0) is 3-Ehrhart. Furthermore, (I', ®, z) is a~-Ehrhart for o = 3
for sufficiently small € > 0. Therefore, we have both

Br,i=®"! (@(xo) + (z + ;) Pp> ,
Brg,;=®! (rb(xo) + (z + ;) int(PF))

for any ¢ € Z. Therefore, we have

— €

Gol(t7) = > Hre e -0 4 ()

j=1
_ n+1 P
= (=)™ Y Hpe (@00 -0~ 3 ()
j=1
n+1 P
= (D)"Y H_pagwo)—a(y)—3 (1)
j=1
¢ o
n+1
= (=)™ H_ e a(ag)—(y,).1 ()
j=1
¢ o
= (=1)" Y Hopy (00)-(s;).3 (1)
j=1

= (=1)" TGy (1).

Here, the second equality follows from Theorem B.4(3), the third follows from
Lemma B.3, and the fifth follows from (©). Since G4(t) = (1 — ¢)G4(t), we have

Go(t™) = (L= t7HG(!) = ()" (1 =7 )tGu(1)
= ()" AT - ) 7TIG(t) = (-1)"Gu(t)
Since fp is a quasi-polynomial, we have
ST Rt ==Y K
i€Z<o €50
as rational functions (cf. [5, Exercise 4.7]). Therefore, we have

ST (=it ==Y i)

i€Z0 i€Z50
= —Gu()
= (-)"TIG(T)
= (="t > Al

iGZ;g

= (=" Y fli—1t

1€Z>0
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Here, the second equality follows because the function i — b; is a quasi-polynomial
on i > 0. By comparing the coefficients, we can conclude that f,(—i) = (=1)"fp(i —1)
for any i € Z~q. The statement for f;(—%) follows from the same argument. O

REMARK 3.5. The reciprocity laws appearing in Theorem 3.4(3) are the same as the
reciprocity laws of the Ehrhart series of reflexive polytopes (cf. [5, Section 4.4]). We
will see in Remark 3.12 that Theorem 3.4(3) can be seen as a generalization of the
reciprocity laws of the Ehrhart series of reflexive polytopes.

REMARK 3.6. In this remark, we explain that Theorem 3.4 is a generalization of results
of Conway and Sloane in [7], where only the case #(Vr/L) = 1 is treated.

In [7], Conway and Sloane study the growth sequence of the contact graph I" of an
n-dimensional lattice L in R™ that is spanned by its minimal vectors. More precisely,
they considered the graphs obtained in the following way:

e L C R™ is a lattice of rank n. Let F' be the set of all v € L \ {0} such that
its Euclidean norm [|v|| is the smallest among L ~ {0}. Suppose that L is
spanned by F.

e Define a periodic graph (T, L) by

— V=L, Er =L xF, and
— for e = (x,v) € Er, we set

s(e) =z, tle) =z + v, w(e) = 1.

Note that #(Vr/L) =1 in this case.

Conway and Sloane define the “contact polytope” P of L as the convex hull of F,
and they study the growth sequence of I' using Ehrhart theory on P. Note that P
coincides with the growth polytope Pr in our notation. Since #(Vr/L) = 1, we have
C; =0.

Conway and Sloane also introduce the notations “well-placed”, “well-rounded” and
“well-coordinated” according to the property of L. The condition “well-placed” co-
incides with the condition that the P is a reflexive polytope. The condition “well-
rounded” coincides with the condition “Cy < 1”. L is called “well-coordinated” if L is
well-placed and well-rounded. They prove the following assertions ([7, Theorems 2.5
and 2.9]):

e If L is well-rounded, the growth sequence (b;); of T' is a polynomial on ¢ > 0.
e If L is well-coordinated, the growth sequence satisfies the reciprocity laws in
Theorem 3.4(3).

Therefore, Theorem 3.4 can be seen as the generalization of these results to the case
where #(Vr/L) > 1.

3.2. POLYTOPES — PERIODIC GRAPHS. In this subsection, we define a periodic graph
I'g from a rational polytope @, and we see that the study of the growth sequences of
periodic graphs can be essentially seen as a generalization of the Ehrhart theory of
rational polytopes @ satisfying 0 € Q.

First, we define a periodic graph I'g for a rational polytope @ (possibly 0 & Q).

DEFINITION 3.7. Let Q C RN be a d-dimensional rational polytope. Let a be the min-
imum positive integer such that a@) is a lattice polytope. We define a graph I'q as
follows:

o Vi, = VAN

e Ep, = ZN x Fg, where Fg = {(i,m) € Zuo x ZN ‘ i<a(d+1), me iQ}.

e Fore= (z,(i,m)) € Er,,, we define

s(e) =z, t(e) ==z + m, w(e) = 1.
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Then, (Ug,L) for L = Z~ becomes an N-dimensional periodic graph. Since
# (Vi /L) = 1, there exists the unique realization ® : Vp, — Lg such that ®(0) = 0.
We set C; .= C;(I'g, ®,0) forie {1,2}.

REMARK 3.8. Let i be a positive integer satisfying i < a(d + 1), and let 2,y € Vr, =

ZN be any two vertices. Then, the graph I'q is defined so that the following two
conditions are equivalent:

e There exists an edge from z to y of weight i.

e y—1x€iQ.

Note that without the boundedness condition “i < a(d+1)” in the definition of Fy,,
we could have # (EFQ /L) = #Fg = oo, and therefore, I'g could not be a periodic
graph. This specific value “a(d+1)” will be used in the proof of Lemma 3.10(1) when
applying Lemma 3.11.

EXAMPLE 3.9. Let N = d = 2, and let @ = conv({(0,0),(0,1/2),(1/2,0)}). In this
case, we have ¢ = 2 and
Fo =A{(,(0,0)) [1<i <5} U{(i,(1,0)) | 2<i <5}U{(3,(0,1)) [ 2 <i <5}
U{( 7( ) )) |Z:475}U{( ’( ) )) |Z:475}U{( a( ) ))|224’5}'
For example, for all z € Vp, = Z?, there are four distinct edges from z to 4 (1,0)
of weights 2,3,4 and 5.
LEMMA 3.10. Let z € ZV.

(1) For any i € Zxy, the condition x € UogjgijQ is equivalent to the condition
dr, (0,z) < i. In particular, the cumulative growth sequence bry,0,i coincides

with
# (( jQ) ﬂZN> .
0<j<i

(2) The growth polytope Pr, coincides with conv(Q) U {0}).

(3) When 0 € Q, we have br,0; = #(iQ NZY).

(4) If 0 € Q and dg(x) < oo, we have dr,(0,z) = [dg(x)].

(5) The strong connectedness of g is equivalent to the condition that 0 € int(Q).
(6) If 0 € int(Q), we have

1
01:0, CQG{O}U[Q,l).

(7) Suppose 0 € int(Q). Then, Co = 0 holds if and only if
(i+1)int(Q)NZN =iQNzZN
holds for all i € Zx.
Proof. We prove (1). Let i € Zxq. First, we suppose that dr, (0,z) < i. Then, there

exists a path p =e;---e; of T'g from 0 to as With w(p) < i. By the definition of T'g
(cf. Remark 3.8), we have t(e;) —s(e;) € w(e;) - Q for all 1 < i < £. Hence, we have

¢
=) (t(ei) —s(es)) € ( ) )-Qc U j@.

0y

i=1

Next, we suppose that x € jQ for some 0 < j < 4. Set b := max {0 {MJ + 1}
Then, by Lemma 3.11 below, we have

z€iQNZN c ((j—ba)QNZN) +b(aQNZN).
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Therefore, there exist mg € (j — ba)Q NZYN and my,...,my € aQ NZY such that
T = ZZ:O my. For each 0 < £ < b, we set xp = Ei:o my. If 7 — ba # 0, there exists
an edge from 0 to xo of weight j — ba by the definition of I'g (cf. Remark 3.8). Here,
we have used the fact j —ba < a(d + 1) which follows from the choice of b. Therefore,
we have dr, (0,79) < j — ba (this is correct even if j — ba = 0). Similarly, we have
drg, (2, 2041) < afor all 0 < £ < b— 1. Hence, we have

b—1

drg, (0,2) < dry (0,20) + Y _ drg (e, w41) < j — ba+ba = j <4,
=0

which completes the proof of (1).
We prove (2). By the definition of the growth polytope Pr,, we have

Pr,, = conv ({t(e)w(e‘;(e) ‘ ce EFQ} u{0}>
= conv ({% ’ (i,m) eFQ} u{O}).

By the definition of Fiy, we have

conv ({? ‘ (i,m) € FQ}> =Q,

which completes the proof of (2).

(3) and (4) follow from (1) since we have (Jy¢;<; 1@ = iQ when 0 € Q. (5) also
follows from (1). (7) follows from (4).

We shall see (6) below. The assertion C; = 0 follows from Lemma 2.26(2) (or
directly from (4)). By (4), we have

Cy = sup ([dg(z)] - dg(z)) = max ([do(2)] - dg(2)) < 1.

zeZN z€ZN

If [do(z)] — do(z) € [0,3), we have [do(2x)] — dq(22) = 2([dg(2)] — do(x)).
Therefore, we can conclude Cy ¢ ((), %) d

LEMMA 3.11 (cf. [8, Theorem 2.2.12]). For k € Rx,(441), we have
kQNZN C ((k—a)QNZN) + (aQ NZN).

Proof. By taking a triangulation of @), we may assume that @ is a simplex. Let
Vo, - - .,vq € QN be its vertices. By the choice of a, we may write v; = m;/a for some
m; € ZN. Let m € kQ NZY. Then, we may uniquely write

d

d
Z Z (€73
m = ;0 = — -m;
‘ a
1=0

=0

for some «a; € R satisfying Zfzo a; = k. Since Z?:o a; =k > a(d+1), there exists
i €4{0,1,...,d} such that 2 > 1. Then, for such i, we have

m=(m—m;)+m; € ((k—a)QNZ) + (aQ NZV).
We complete the proof. O

REMARK 3.12. For a lattice polytope @, it is known that @ is a reflexive polytope if
and only if the condition

(i +1)int(Q)NZN =iQNzZN

holds for all i € Zx¢ (cf. [5, Section 4.4]). Therefore, Theorem 3.4(3) can be seen as
a generalization of the reciprocity laws of the Ehrhart series of reflexive polytopes.
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4. P-INITIAL VERTEX AND WELL-ARRANGED GRAPHS

4.1. THE P-INITIAL CASE. In this subsection, we treat a periodic graph (I', L) and
a P-initial vertex z¢ € Vr. In this case, we can calculate the invariant Cy (Propo-
sition 4.4) and a quasi-period of the growth sequence of I' with the start point x
(Theorem 4.2).

The following lemma will be used in Theorem 4.2.

LEMMA 4.1. Let (I, L) be a periodic graph, and let xg € Vp. Suppose that xy is P-
initial. For eachv € V(Pr)~{0}, we pick a cycle q, € v~ (v) such that Ty € supp(q,).
We define

B = {(Z,y) S Z}o X VF | d[‘(l‘o,y) < Z} - Z>0 X VF.
We define a subset M' C Zso x L by

M= {(w(qv), n((g0))) | v € V(Pr) ~{0}}.
Let M C Zso x L be the submonoid generated by M’ and (1,0).
Then, B is a finitely generated M -module.

Proof. First, we prove that B is an M-module (i.e. M + B C B). Take (i,y) € B and
v € V(Pr) ~ {0}. Then, by the definition of B, there exists a walk p in T from z to
y satisfying w(p) < i. By the choice of ¢,, we have Tg € supp(g,). In particular, we
have supp(p) Nsupp(q,) # @. Therefore, there exists a path p’ in T" from z( such that
¥) = (qw) + (D)
Then, we have
t(p') = p((qw) + t(p) = p((qw)) +v.

Furthermore, we have
w(pl) = w(Qv) + ’LU(p) < w(Qv) + 1.
They show that (w(gy)+1, u((qv))+y) € B. Hence, we can conclude that M’+B C B.
Since it is clear that (1,0) + B C B, we conclude that M + B C B.
Next, we prove that the M-module B is generated by some finite subset B’ C B.
For each g € Cycp, 1, we take a positive integer dy with the following condition:

o Let Facet'(Pr) be the set of o € Facet(Pr) satisfying 0 ¢ o. First, for each
o € Facet'(Pr), we fix a triangulation T}, of o such that V(A) C V(o) holds
for all A € T,.

e For each g € Cycp,, we take o € Facet'(Pr) and A € T, such that v(q) €
R>0A. Then, we take a positive integer d, such that

dg-p((@) = Y bo-pl(a))
veV(A)
holds for some b, € Z>g.
We note that for g € CycF/L, A and b,’s above, we have

dq w(q) = Z by 'w(qv)

veEV(A)

since “U0) (g¢) € [0,1] - A. Therefore, we have

wlg) ~ Y
dg - (w(q), n({q))) € M.
We shall show that the M-module B is generated by

B =Gy eB i<W #W/D) + Y (d-1) w)y,

q€Cycr,p,
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where W := max.c g, w(e).

Take (i,y) € B. Then, by the definition of B, there exists a walk p in T’ from xg
to y satisfying w(p) < i. By decomposing p (Lemma 2.12(1)), there exists a walkable
sequence (qo, g1, - - -, qe) such that (p) = Zfzo (¢;). By Lemma 2.12(2), by rearranging
the indices of ¢y, . . . , ¢, we may assume the following condition for each 0 < j < ¢—1:

. (Uogigj Supp(qz-)) Nsupp(gj+1) # 2.
Furthermore, we may also assume the following condition for each 0 < 7 < ¢ —1:
o If Uogigj supp(gi) # supp(p), then supp(g;+1) ¢ Uogigj supp(g;)-

In particular, for ¢ := #(supp(D)) — #(supp(qo)) < #(Vr/L) — length(qo) — 1, it
follows that

e (q0,q1,---,qe) is a walkable sequence, and
* Uocice supp(¢i) = supp(p).
For each g € Cycr,p,, we define ag € Z3o by
ag=#{'+1<i<l|q=q}.

Let 84 € Zx>o be the integer satisfying 0 < §, < dy and 8, = o, (mod d,). We set
=0+ quCyCF/L Bg. Then, by rearranging the indices of gp41,...,qe, we may
assume the following condition

#U+1<i<l" | ¢ =q} = B,

Since supp(g;) C supp(p) for any 1 < ¢ < ¢, the sequence (qo,q1,-..,qe) is also a
walkable sequence. Furthermore, since

o 4
> length(g;) = length(go) + Y _ length(g:)
i=0 =1

ength(qo) + ¢ - #(Vr/L)
ength(qo) + (#(Vr/L) — length(qo) — 1) - #(Vr/L)
(#(Vr/L))?,

<1
<1
<

we have

We also have

o

Swlg)= > Bpwl@< Y. (dg—1)-w(g)

=041 q€Cycr, q€Cycr, 1

Since (qo,q1,---,qe) is a walkable sequence, there exists a path p’ in I' from xg
such that (p’) = Zf:0<(h‘>- Then, we have

o 2
w(p') = Zw(qi) + Z w(q;)
i=0 =041
SW-(#W/L) + > (dg—1)-w(g),

q€Cycr/p,
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and hence, (w(p'),t(p’)) € B’. Since

i—wp)Z>wp)-wp)= Y wl@)= Y. (ag—PB) w(q),

=041 q€Cyer )y,
y—t@) =tlp) —t) = D ula)) = Y (ag—F) ulla),
=041 q€Cycr, 1,
and d, | (aq — By) for each g € Cycr,, we have

() = (W) 10) = (= w).0)+ 3 %o Pa g, (wig) (@) € M.

q€Cycr/p,

Therefore, we have B = M + B’. Since B’ is a finite set, we can conclude that B is a
finitely generated M-module. O

THEOREM 4.2. Let (T', L) be a periodic graph, and let o € Vr. Suppose that xq is P-
initial. For each v € V(Pr)~{0}, we pick a cycle ¢, € v=1(v) such that Tg € supp(q,).
Then,
LCM{w(qu) [ v € V(Pr) ~ {0}}

is a quasi-period of the growth sequence (Sr zy.4)d- More precisely, the growth series
Gr 5, (t) is of the form

Q)
[Loev ey qoy (1 — (@)

GFJO (t) =

with some polynomial Q(t).
In particular, if the graph T is unweighted, then LCM{1,2,...,#(Vr/L)} is a
quasi-period of the growth sequence.

Proof. We keep the notation B, M’ and M in Lemma 4.1. For i € Z3(, we define
B; ={y € Vv | (4,y) € B}. In this notation, we have br , 4 = #Ba.

By Lemma 4.1, B is a finitely generated M-module. Furthermore, the monoid
M is generated by the finite set M’ U {(1,0)}, and the degree of each element of
M'U{(1,0)} divides LCM{w(q,) | v € V(Pr) ~ {0}}. Therefore, the assertion follows
from Theorem 4.3. U

The following theorem is well-known.

THEOREM 4.3 (cf. [6, Theorem 6.38]). Let N be a monoid. Let M' C Z~ox N be a finite
subset, and let M C Zxo x N be the submonoid generated by M'. Let X C Zxo x N
be a finitely generated M -submodule. Then, the function
h:Zso— Zso; i—#{zxeN|(i,z)e X}
1s of quasi-polynomial type.
More precisely, its generating function 3, h(i)tt is of the form
Q)
HaEM’(l _ tdcga)
with some polynomial Q(t). Here, deg : Z>o X N — Zxo denotes the first projection.

PROPOSITION 4.4. Let (T, L) be a strongly connected periodic graph. Let ®: Vpr — Ly
be a periodic realization, and let xog € V. Suppose that xg is P-initial. We define a
bounded set QQ C Ly as follows:
e For each v € V(Pr), we pick a cycle q, € v=(v) such that Tg € supp(qy),
and we define d,, == w(qy).
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o For each o € Facet(Pr), we fix a triangulation T, of o such that V(A) C V(o)
holds for any A € T, .
o We define a bounded set Q C Ly as follows:

Q= U | X 00dv]cLs
UEFZCEE;EYPF)’ veV(A)

Then, we have

Co(T, @, z0) = max{dr(zo,y) — dp..o(20,y) | y € Vi, (y) — ®(z0) € Q}.
Proof. By the definition of Cy(T", @, ), we have

Co(T, @, 29) > max{dp(xo,y) —dppa(x0,y) | y € Vr, ®(y) — ®(x0) € Q}.

The opposite inequality follows from the same argument as the proof of Theorem A.2
by making the following modifications:
e Replacing d, and ¢, in the proof of Theorem A.2 with d, and ¢, in the
statement of Proposition 4.4.
e Replacing C} in the proof of Theorem A.2 with

max{dr(zo,y) — dpy.a(z0,y) | y € Vi, ®(y) — (z0) € Q}.

Then, by the choice of ¢,, we have Tg € supp(g,). In particular, for any walk p in
I from xzy, we have supp(p) N supp(q,) # &. Therefore, we can see that the same
argument as the proof of Theorem A.2 works. O

4.2. WELL-ARRANGED PERIODIC GRAPHS. In this subsection, we introduce a class
of periodic graphs called “well-arranged”, and we prove that their growth sequences
satisfy the same reciprocity laws as in Theorem 3.4(3).

DEFINITION 4.5. Let (T, L) be a strongly connected n-dimensional periodic undirected
graph. Let ® : Vi — Lg be a periodic realization, and let o € Vp. We say that the
triple (I', @, x0) is well-arranged if the following condition holds: there exist
e an integer d, € Zsq for each v € V(Pr), and
e a triangulation T, of o for each o € Facet(Pr)
with the following conditions:
(1) V(A) C V(o) holds for any A € T,.
(2) dyv e L.
(3) For any o € Facet(Pr), A € T, and any subset V' C V(A), we have
dr(z0,y) +dr(y,2) = Y dy
veV’
Jor z == (3 ey dov) + mo and for any y € Vr such that ®(y) — ®(xo) €
> w10, dy)v.
REMARK 4.6. Applying Definition 4.5(3) to the case y = xo, we have dr(xg,2) =

> veyr dv in Definition 4.5(3). Therefore, the equation in (3) says “for any y, there
exists a shortest walk from x( to z factors through y”.

LemMA 4.7. If (T, @, z) is well-arranged, then xy is P-initial.

Proof. Let v € V(Pr). Take o € Facet(Pr) and A € T, satisfying v € V(A). Then, by
Definition 4.5(3) for V' = {v}, we have dr(x¢, o + dyv) = d,,. Therefore, there exists
a walk p in T from z( such that w(p) = d, and t(p) = dyv + s(p). By Lemma 2.12,
P decomposes to a walkable sequence (qo, q1, .- .,q¢) With g = @z such that (p) =

Zf:1<qi>. Note that we have &?)) =v € V(Pr) and %23) = v(q;) € Pr. Therefore,

wl
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we have v(¢;) = v for each 1 < 4 < £. Since Ty € supp(q;) for some 4, we conclude
that x( is P-initial. O

Proposition 4.8 below shows that the graphs treated in Theorem 3.4(3)(i) are
well-arranged. Therefore, Theorem 4.9 below can be seen as the generalization of
Theorem 3.4(3) for undirected periodic graphs.

PROPOSITION 4.8. Let (T, L) be a strongly connected n-dimensional periodic undirected
graph. Let ® : Vp — Lgr be a periodic realization, and let xg € Vp. Suppose that
Ci (L, ®,20) < 3 and Co(T, ®,20) < 3. Then (I', ®,20) is well-arranged.

Proof. Since T is undirected, we have dr(y1,y2) = dr(ya,y1) for any y1,y2 € V. By
Theorem 3.4(2), we have both

2 2

for any y1,y2 € Vr satisfying 51 = Zg.

For each v € V(Pr), take d, € Zs¢ satisfying Definition 4.5(2). For each o €
Facet(Pr), take a triangulation T, of o satisfying Definition 4.5(1). We prove that
Definition 4.5(3) is satisfied for any choice of such d,’s and T,’s.

Let o € Facet(Pr), A € Ty, and V' C V(A). Take y € Vi such that ®(y) — P(xg) €
> vev [0, dy)v. Then, by the condition on y, we have

dpr,@(z0,y) + dppo(y, 2) = Z dy € Zzo.
veV’

Then, the desired equality dr(xo,y) + dr(y,z) = >_,cy dy follows from (). O

() dr(y1,y2) = {dPr,é(yl,ZD) - 1—‘ s dr(yn,y2) = {dpp,é(ylaw) + 1J

THEOREM 4.9. Let (I, L) be a strongly connected n-dimensional periodic undirected
graph. Let ® : Vp — Ly be a periodic realization, and let xo € Vp. Suppose that
(T, ®, ) is well-arranged. Then, the following assertions hold.
(1) The function i — st 4, obtained by the growth sequence is a quasi-polynomial
on i > 1. The function i — br 5, s a quasi-polynomial on i > 0.
(2) More precisely, the generating function Gs(t) == Z@O ST,z0.it" Of the growth
sequence (ST z,,:)i can be expressed as
_ ()
Q2(1)
with polynomials Q1 and Qo satisfying the two conditions:
o Qs(t) = LCM {vam)(l — ) | o € Facet(P), A € Tg}.

o deg Q1 < deg@>.
(3) The same reciprocity as in Theorem 3.4(3) is satisfied.

Gs(t)

Proof. The assertion (1) follows from (2) since the generating function corresponding
to the function ¢ — br 4, ; is equal to % For the reciprocity in Theorem 3.4(3),
it is sufficient to show the formula G4(1/t) = (—1)"Gs(t) because this formula implies
the other three formulas. For a subset E C Lg, we define

Gp(t) = Z ar(zo,y)
yEVrN®-1(E)

Using this notation, G4(t) in Theorem 3.4(3) can be expressed as G4(t) = G, (t).
Take d,’s for v € V(Pr) and a triangulation T, of ¢ for each o € Facet(Pr) as in
Definition 4.5. We set

T :={A’| o € Facet(Pr),A € T,, A’ € Face(A)}
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For A’ € T, we define subsets DZ,7 Dy, C Lgr by

DZ, = Z [0, c0)v, Dy, = Z (—00,0)v.

veV (A') veV (A')
Then, we have both
(W) GL.(t) =Gy(t) + Y Gp- () =1+ ) Gp- (1),
A'eT A'eT
Gr.(t) = (-1)" (G{O}(t) + ) (—l)dimA,GDz, (t)>
A'eT
(1 + 3 (-pimAa +,(t)> .
A'eT A

For A’ € T, we define

<>X’ = Z [Ovdv)v7 le = Z [—dv,O)U.

veEV(A') veEV (A’)

Then the following assertions hold.

CrAamM 4.10. (1) For anyy € VrN OX, and for a, € Zxo, we have

dr | zo, Y+ Z aydyv | = dr(l‘o,y) + Z ayd,y.
veEV(A) veV (AY)

(2) For anyy € Vr N O, and for a, € Zxo, we have

dF Zo,Y — Z avdvv = dF(:EOv y) + Z avdv~
vEV (AY) veV (A')

(3) Foranyy e VrnN OX,, we have

dr(zo,y) +dr | o,y — Z dyv Z d,.

veV(AY) VeV (AY)
(4) We have
Gpe () = Coi, Gp- () = o
a7 Her( )(1 —th)’ A HUGV(A’)(I —t)
(5) We have tdA’G ( Jt) = (1/t) where dar =3, cyan do-
(6) We have GD;,(l/t) (— )dllmA G+ ( ).

(7) We have deg GOZ,( ) < Xvevian do-

Proof. We prove (1). We set

z=1x+ Z dyv,

VeV (A

y =y+ Z avdvva
veV(A’)

2 =z4 Z Ay dyv
veEV (A')
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For each v € V(Pr), by the proof of Lemma 4.7, we can take a closed walk ¢, in I'/L
such that

w(gy) = dv,  p((q)) = dvv, w0 € supp(qy)-
Let p be a walk in T from z to y with w(p) = dr(zo, y). Since supp pNsupp(q,) # <,
there exists a walk p’ in T' from zo to y" such that w(p') = w(p) + X2, cy(ar) Wwdo.
Therefore, we have

(1) dr(l’o,:l//) < dF(any) + Z a'udv~
veV (A’)
On the other hand, we have
dr(z0,2") < dp(zo,y") +dr(y, 2').
Here, we have
dr(ze, )= Y (ay+1)dy
veEV (A’)

by Lemma 2.23 and the inequality (i) for y = xg. Furthermore, we have

dp(y/,Z/) = dF(y7Z) = 7dF(1’07y) + Z dv
veEV (AY)
by Definition 4.5(3). Therefore, we get the opposite inequality of (i). We complete the
proof of the assertion (1). The assertion (2) is proved by the similar way.
By translation, we have

dF To,Y — Z dvv :dF(Z,y)
veV (A')
Therefore, the assertion (3) follows from Definition 4.5(3).
The assertion (4) follows from (1) and (2). The assertion (5) follows from (3). The
assertion (6) follows from (4) and (5).
By the inequality (i), we have dr(zo,y) < > ,ev(andv for any y € Vo N Ok
Therefore, we conclude the assertion (7). O

By (#) and Claim 4.10(4)(7), we conclude that G, (t) is a rational function of the

form 8;8 satisfying the two conditions in (2). By (#) and Claim 4.10(6), we have

the reciprocity G, (1/t) = (=1)"Gr,(t). We complete the proof. O

REMARK 4.11. When a periodic graph is well-arranged for some realization, we can
conclude that the growth sequence (sr g,.:): is a quasi-polynomial on d > 1 (The-
orem 4.9(1)), and we can find a quasi-period (Theorem 4.9(2)). Therefore, we can
determine the growth sequence from its first few terms. In Section 5, by using this
method, we determine the growth series for several new examples.

5. EXAMPLES

In this section, for some specific periodic graphs, we will see whether they are well-
arranged or not. Furthermore, we determine the growth series in several new examples
by the method explained in Remark 4.11.
e In Subsection 5.1, we will examine seven tilings in [12]. For these examples,
the growth sequences have already been determined by Goodman-Strauss and
Sloane in [12]. However, we expect that this subsection will help the reader
to understand the concepts “well-arranged” and “P-initial”.
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e In Subsection 5.2, we treat another tiling called the (3%;3%.4.3.4;3%.4.3.4)
3-uniform tiling. We check that the corresponding periodic graph is well-
arranged under a suitable realization. Furthermore, we determine its growth
series. As far as we know, this is the first time that its growth series have
been determined with a proof.

e In Subsection 5.3, we treat 3-dimensional periodic graphs obtained by carbon
allotropes. We confirm that 22 of them are well-arranged, and we determine
their growth series. As far as we know, this is the first time that the growth
sequences have been computed for nontrivial 3-dimensional periodic graphs.

REMARK 5.1. It is not difficult to implement the following calculations and verifica-
tions in a computer program.
(1) Calculate the first few terms of the growth sequence (sp g, ;): (breadth-first
search algorithm).
(2) Check that z( is P-initial or not.
(3) Calculate C1(T", @, x0) (Remark 2.25(1)).
(4) Calculate Co(T", @, x0) when x is P-initial (Proposition 4.4).
(5) Check that (I',®,xo) is well-arranged or not for given d,’s and triangula-
tions T,’s.
(6) Determine the growth series for well-arranged periodic graphs (Remark 4.11).
We prepare implementations of the algorithms in Python to compute or check (1)-
(6) above for unweighted periodic graphs. For details, see the source code:

https://github.com/yokozunab57/Ehrhart_on_PG

5.1. 2-DIMENSIONAL PERIODIC GRAPHS FROM [12]. In this subsection, we examine
seven specific periodic tilings from [12] illustrated in Figures 7-13. Let (T, L) be the
corresponding unweighted undirected periodic graphs, and let ® be the periodic re-
alizations shown in the figures. The parallelogram drawn with red lines represents
a fundamental region of the periodic graph (I',L). In [12], Goodman-Strauss and
Sloane determine their growth sequences. We list their generating functions in the item
“Growth series” of Table 1. With the help of a computer program (cf. Remark 5.1), we
can check whether these tilings (and their starting points) are P-initial and whether
they are well-arranged as in Table 1. In the table, “PI” stands for P-initial, “WA” for
well-arranged, and “RL” for reciprocity law.

d4]
d5]
431 43]
d4] 441
d6] 461

1441 d31] 42, 5] 451 4]

d6] 461
44] d4]
431 431
d5]

d4]

FIGURE 7. The Cairo tiling and its Im(v).
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1(3]
d2] d4] d2]
431 431
4] d4]
{431 4] 42.3.4] 441 | d3]
4] d4]
431 431
421 d41 d2]
1{3]

1{3]

431 §2.4] 43]

1{3]

FIGURE 9. The 4.8% uniform tiling and its Im(v).

5.2. THE (3%;32.4.3.4;3%.4.3.4) 3-UNIFORM TILING. The (35;3%.4.3.4;3%.4.3.4) 3-
uniform tiling is a two-dimensional tiling illustrated in Figure 14. Let (T',L) be
the corresponding unweighted undirected periodic graph, and let ® be the periodic
realization shown in the figure. The parallelogram drawn with red lines represents a
fundamental region of the periodic graph (I', L). The vertices z1, 22, z3, 25,210 and
x11 are symmetric with respect to AutI'. The vertices x4, xg, T7, Tg, T9 and z1o are
also symmetric.

With the help of a computer program, we can see that all vertices are P-initial,
and we have

01(1_‘,@71'0) CQ(F7(I),£L'0) = 0.267...,

Cl(F, (I),.’L‘l) = CQ(F, (I),x;[) = 0.535...,
CL(D, ®,24) = Co(T, ®, z4) = 0.422....
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431 461 431
5
xd—33 4] 441
451 451
xE d6] 46] 46] 46]
431 d4] J5U6] 42,3,4,5,6] J6Y51 41 = J3]
461 46] d6] 461]
451 d5]
] 441
431 461 431
FIGURE 10. The 3.4.6.4 uniform tiling and its Im(v).
d4] 44]
451 45]
Z X d6] 46]
451461 42,3] 461 451 d4]

X X Z 44]
d6] 6]

451 451

441 d4]

FIGURE 11. The 3.122 uniform tiling and its Im(v).

Therefore, (T, ®, zo) and (T', ®, z4) are well-arranged by Proposition 4.8. Note that we
cannot apply Proposition 4.8 to x1 because C; (T, ®,x1) + Co(T, ®, 1) > 1. Further-
more, we could not check whether (T', @, 1) is well-arranged or not by our computer
program (indeed, we checked the desired condition (3) in Definition 4.5 for one trian-
gulation T, and d, satisfying (1) and (2), but the result was negative). Fortunately,
by changing the periodic realization as Figure 15, we can confirm that (T', ®’,x4) is
well-arranged.

Since we have confirmed that (', ®, xq), (I, ®', 1), and (T, D, z4) are well-arranged,
according to the method explained in Remark 4.11, we can determine their growth
series as in Table 2

In what follows, we shall give the calculation of Gr ,, in detail. By Theorem 4.9,
it follows that Gr ,,(t) is of the form

QW)
Gra) = T =
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1[5]
31 §61 FEl
&1 1
i5] 51 151 451
d61 461 48l 461
1 431 g4 gsus) 42.3,4,5,6] J6U5] $41 431
i61 i61
151 45
1
431
531 &3
1{7]
&1 461 &1
451 i5]
ds] 4
a 47 'y 71
s o1 ol aof
| f31 el fsual7Uel  §2.5.8] JoUTielsl 441 J3)
d49] 491
8] 461
7 7 7 7
af g an 1
45 i51
£ i8] ]
1I7]
JE) 31

FIGURE 13. The snub-632 3-uniform tiling and its Im(v).

with some polynomial Q(t) with deg@ < 11. In particular, we can conclude that the
growth sequence (sr z,,i)i>0 satisfies the linear recurrence relation corresponding to
(1 —tH(1—¢t7) fori > 1.

With the help of a computer program (breadth-first search algorithm), the first 12
terms (sr,z,,:)o<i<11 can be computed: 1, 6, 12, 12, 24, 30, 36, 36, 42, 54, 54, 60. Then
the sequence (sr,4,,i)i>0 is completely determined by the linear recurrence relation,
and its generating function can be calculated as

(The terms of (1 —t*)(1 —¢t7) Zilio ST,,it" Of degree 11 or less)
Gra,(t) = 1 — (1 —17)

1+ 6t + 1267 4+ 12¢% 4 23t* 4 24¢° 4 24¢° 4 23¢7 4 1265 4 12¢° 4 610 4 ¢!
- (1 —t4)(1—¢7) '

Here, we can see that Gr g, (t) actually satisfies the reciprocity law Gr 4, (1/t) =
GF,xo(t)'
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1% PI WA RL C C.
Tiling / start pt. #(Voye) ! 2

Growth series

6 YES YES YES 1/3  1/3

Fig. 7 / xo, x3 Lt 2ta?
(1-t)?
) herwi 6 NO NO NO 2/3 >1
Fig. 7 / otherwise 142645024413 124 13157
(A-t)(1—t%)
Fi 1 4 YES YES YES 0.36... 0.36...
ig. 8/ a 1+4t+6t2+4¢3 41
(1=t)(1—¢3)
i 1 4 YES YES YES 0.58... 0.58...
ig.9/a 142t4-2t2 423 ¢4
(1=¢)(1—t3)
Fi " 6 YES YES YES 0.46... 0.46...
ig. 10 / a o
(1-t)?
Pio 11/ all 6 NO NO NO 038. >1
18 / a 14-3t+4t2 46134614 +6t° 465437 +3¢8 —2¢10
(1—t%)2
Fie. 19 I 6 YES YES YES 5/7 5/7
18- /a 1444124613 +4t4 4415446
(1=t)(1—t°)
) 9 YES NO NO 3/7 1
Fig. 13 / zg

1466412624103 +12¢* +12t°4-£6
(1-t3)2

9 NO NO NO 3/7 >1
14-3t4+6t2+13t3+15t* +6t5 441649t 7 —3¢10

Fig. 13 / xo, zg

(=)
Fic. 13 herw 9 NO NO NO 6/7 >1
18- / otherwise 143t4+9t2+13t3 +126* 4+ 95 +-8¢6 447 — 48 —2¢2 —2¢410
(1=%)2

TABLE 1. Growth series of the seven tilings in [12].

5.3. 3-DIMENSIONAL PERIODIC GRAPHS. In this subsection, we treat 3-dimensional
periodic graphs obtained by some carbon allotropes. Samara Carbon Allotrope Data-
base [14] currently lists 525 carbon allotropes. In this paper, we examine only the
carbon allotropes that satisfy the following conditions:
e The corresponding graph I' is a uniform graph (i.e. all vertices of I' are sym-
metric with respect to Aut(T")).
e Each vertex of I' has order 4.

There are 49 such carbon allotropes in SACADA database: #1, 8, 10, 11, 12, 13, 20,
21, 29, 30, 31, 33, 35, 37, 39, 51, 52, 56, 57, 58, 59, 60, 65, 66, 67, 68, 69, 70, 71, 73,
74,75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 613, 628, 629 in SACADA
database. Of these graphs, 22 graphs can be verified to be well-arranged by a computer
program: #1, 10, 21, 37, 39, 52, 56, 60, 65, 67, 74, 75, 76, 77, 80, 81, 82, 86, 87, 88,
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441 . ¢ e 441
11] o d111

FIGURE 14. The (3%;32.4.3.4;3%.4.3.4) 3-uniform tiling and its Im(v).

11

B

FIGURE 15. New realization ®' obtained by moving the vertex x5 to

the right.
Start pt. Growth series
o 14+6t+12t%+12t3 423t 4241542416 123t "+ 126541267+ 6110411

1—tH(1—t7)

14464562+ 73 +5t4 7% +5¢0 4417 418
(1-t)(1-t7)

145t +12¢62 4176342264 +218° +21¢% 42267 +17¢8+12¢% 4 58104 1L

£1,T2,T3,T5,T10,T11

T4, X6, L7, L8, LY, T12

(1—t%)(1—t7)

TABLE 2. Growth series of the (35;3%.4.3.4;32.4.3.4) 3-uniform tiling.

89, 613 in SACADA database. Using the method explained in Remark 4.11, we can
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determine the growth series of these 22 periodic graphs as in Table 3. We also display
the graphs I and the growth polytopes Pr for #1 and #60 in Figures 16 and 17.

SACADA# Growth series
14+2t4+4t2 263+t
#1 2 3 4
1—t)2(1—t2)
14-t4+t2 4¢3
#10 (1—t)3
14264482423 424
#21 T
(1-t)2(1-1t2)
437 142t +5t2 453 +5t4 265 +4°
(1-t)2(1—t%)
439 14-3t4+5t24+9t3+12t4 49¢° +-5¢0 3t 718
(1-t)(1—-¢3)(1—t1)
452 14-3t4+-5t24+8t2 +10t4+8t° 4+5t8 +3t7 18
A—t)(1—t3)(1—t%)
456 142t +5t2 46t +5t4 4265 +4°
(1-t)2(1—t%)
143476241183+ 1184 4765 +3t5 447
60
# 1-n0-#)
65 14-2¢4-2¢% 383 +-3t1 4265 4265 447
# T-D2(1-15)
67 14-3t+6t24+9t3+9t* +61° +3t° +17
# 1-001-0)7
474 1+3t+6t2+10t3+14t4+1(8t5JS(18t6J5r)124t7+10t8+6t9+3t10+t11
1—t)(1—¢
75 14-3t4+6t2+9t3+9t1+-6¢° +3t5 47
#* (=D
76 14264482443 614 45 +416 42074148
# T-02(1-)
e 14264262 4383 +3t4 42¢° 4265447
# 1-02(1-0)
480 14-3t4+6t2+10t3+12¢*+12t°+10¢54+-6¢7 +3t54¢°
A—t)(1—t3)(1—1t9)
481 143t +7t2 41263 4144 +156° + 1565 +14¢7 +12¢3 4769 43¢ 10 41!
(1—¢t)(1—t3)(1—¢7)
892 14-2¢43t2 453 +5t4 +3t° 4265447
# 1-02(1-0)
486 143645624 7¢2 +9t1 4126 41565 +16¢7+15¢5 +12¢949¢ 104 741t 4 5412 4 3¢13 414
(I—t)(1—t5)(1—t7)
487 14+3t+5t2 4863+ 114+ 115 +8t°+5¢74+3t54+¢°
(1—¢t)(1—t3)(1—1¢%)
488 1+3t+7t2+11t3+15t4+2(Ot5JS?Ot6+)125t7+11t8+7t9+3t10+t11
1—t)(1—t°
489 1+2t+4t2+3t3+4t4+4t(‘r’+6t)62-z-4t7-1|—04)t8+3t9+4t10+2t11+t12
1—)2(1—¢t
#613 14-3t+6t2+9t3+9t* +6t°+3t5+¢7
1—t—2t3 42t 416 —¢7

TABLE 3. Growth series of the 22 carbon allotropes.
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FI1GURE 17. A carbon allotrope SACADA #60 and its Pr.

APPENDIX A. PROPERTIES OF THE GROWTH POLYTOPE

In this section, we explain some properties of the growth polytope defined in Subsec-
tion 2.5.

LEMMA A.1 ([11, Proposition 21]). If (T, L) is a strongly connected n-dimensional
periodic graph, then we have 0 € int(Pr). In particular, we have dp.(y) < oo for any
y € Lp.

Proof. 1t is sufficient to prove the following claim:
e For any u € L, there exists m € Z~¢ such that u € mPr.

We fix g € Vp. Since the graph T' is strongly connected by assumption, there exists
a walk p in I' from zp to u + . Then, by applying Lemma 2.12(1) to p (cf. Re-
mark 2.13(1)), there exists a sequence qi,...,q; € Cycp,, satisfying Py = Zf:1<qi).
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Since % € Pr holds for any ¢ € Cycp,,, we have

4

L
w=ll) = S mla) € (3wt P

i=1

which completes the proof. ]

The following theorem shows that the growth polytope Pr can describe the asymp-
totic behavior of the growth sequence. In the theorem, we fix a periodic realization
®, and C] and C} depend on the choice of ®. We should emphasize that the growth
polytope Pr itself does not depend on the choice of the realization.

In [23, Theorem 1], Shutov and Maleev explain that the following theorem is proved
in the papers [27] and [20] (written in Russian). We also emphasize that Kotani and
Sunada in [16], Fritz in [11], and Akiyama, Caalim, Imai and Kaneko in [1] have similar
results. We will give a proof since the proof is referred to the proof of Proposition 4.4.

THEOREM A.2. Let (T, L) be a strongly connected n-dimensional periodic graph. Let
®: Vi — Ly be a periodic realization, and let xo € Vr. Then there ezist C1,Ch € Rxg
such that for any y € Vp, we have

dppa(20,y) — C1 < dr(20,y) < dppa(z0,y) + Cs.
Proof. Set ¢ .= #(Vr/L) and
B!_, == {y € V| there exists a walk p from z to y with length(p) < ¢ — 1}.
We define C{ € R>q by

C7 == max (dpnq)(xo,y) — dp(xo,y)).
yEB]

Note that C] exists by Lemma A.1 and the fact that B._; is a finite set.
Let y € V. We prove dp. (20, y) — C1 < dr(xo,y). Let p be a walk in T from z
to y such that w(p) = d = dr(zo, y). By applying Lemma 2.12(1) to P, there exists a

walkable sequence (qo, g1, - - . , g¢) such that (p) = Zf:o (g;). Then, the following three
conditions hold.

e length(gp) < c— 1.

o B(y) — D(ao) = pa((P) = iz i ((a:)).

o d=w(p) = Yo w(4)-
Here, the first condition follows from the fact that go is a path. Since we have u({q)) €
w(q) - Pr for each q € Cycr)r,, we have

L £
> ullai)) € <Z w(qﬁ) Pr.

i=1 i=1

Let pg be the unique lift of gy with initial point xg. Then, by the choice of Cf, we
have

dpp o (0, t(po)) — dr (2o, t(po)) < Cf,

and hence,

1 ({q0)) = veca (po) = ®(t(po)) — ®(z0) € (C] + w(po)) Pr.
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Therefore, we have

=1

¢
€ <Ci +w(qo) + Zw(%)> Pr
and hence, we have dp. o (z0,y) < C] + d.

Next, we define Cj € R as follows.

e First, we define d, = minge,-1(,) w(q) for each v € V(Fr).

e For y € V1, we define d'(xg,y) as the smallest weight w(p) of a walk p from
xo to y satisfying supp(p) = Vr/L. We have d'(zg,y) < oo since I is assumed
to be strongly connected.

e For each o € Facet(Pr), we fix a triangulation T, of o such that V(A) C V(o)
holds for any A € T,.

o We define a bounded set @ C Lg as follows:

Q= U > [0, 1)dyw | C Lg.
”EFKC;;E’PF)» vEV(A)

e Then, we set
Cy = max{d (z0,y) — dpp,o(z0,y) | y € Vb, ®(y) — ®(w0) € Q}.
Such €% exists since the set
{yeVr | @(y) — ®(x0) € Q}

is a finite set.

Let y € Vr. We prove dr(zo,y) < dpp,o(z0,y) + C5. By Lemma A.1, there exist
o € Facet(Pr) and A € T, such that ®(y) — ®(xg) € R>oA. Then we can uniquely
write

(I)(y) - ‘b(xO) = Z bydyv

veV(A)
with b, € R>g. Then, we have
dpea(x0,y) = Y by
vEV(A)
We define 3/ == *(ZueV(A) qu,Jduv) + y. Here, we have d,v € L by the choice of d,,.
Then, y’ satisfies

(I)(yl) - q)(m()) = q)(y) - (I)(xO) - Z vaJdvU

veV(A)
= Z (by = [bo])dvv
veV(A)
€ Y [0,1)dwcCQ.
veV(A)

By the choice of C}, there exists a walk ¢ in T' from ¢ to y’ satisfying

supp(q) = Vryr,  w(q) < Cy +dpp o (w0, y').
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For each v € V((A), we can take ¢, € Cycp,,, such that
w(qy) = do, 1((q)) = dyv.

Since we have supp(q) = Vr/r, and g,’s are closed walks, there exists a walk r’ in
I'/L such that

=@+ Y b))

veV(A)
Let r be the unique lift of v/ with initial point xg. Then, we have

tr)y=| > lboJdo | +tlg)=| D lboldov | +y =y

veEV(A) veV(A)

Furthermore, its weight satisfies

w(r) =w(g)+ Y |bo]w(ay)

veV(A)
<Ch+dpa(zoy)+ D [bo)dy
veEV(A)
= Cé + Z (bv - vaJ)dv + Z vaJdv
veV(A) vEV(A)
= CY + dpp,a(z0,y).
Therefore, we have dr(xg,y) < Cy + dp. o(20,9). 0

ExAMPLE A.3. For the Wakatsuki graph with the injective periodic realization ® in
Example 2.6 and the start point o = v4, we shall compute the values C7 and C%. We
identify Vr with the subset of Lg.

First, CY is given by

Note that we have ¢ = #(Vr/L) = 3 in this case, and B} consists of seven vertices
%0, %1,...,%¢ shown in Figure 18. The values dp. o(zo, ;) and dr(zg,z;) for i =
0,1,...,6 are as in Table 4.

—
—
>

-4 it

FIGURE 18. zg,z1,...,xq, and xg + ¢Pr for i = 1,2, 3.
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) 01 2 4 5 6
dqu)(.’EQ,ZL‘i) 01 1 2 3 1 2
dr(xo,xi) 0o 112 2 2 2
TABLE 4. dp, o(zo, ;) and dr(zg,z;) for i =0,1,...,6.
Next, C4 is given by
Cé = max (dl(any) - dpr7<1>(l'0,y)) = 3a

y€int(Q)NVr

where @ is the hexagram-like figure illustrated as in Figure 19. Note that int(Q) N Vr
consists of nine points xg, z1,...,2s. The values d'(zo, ;) and dp, o (zo,z;) for i =
0,1,...,8 are as in Table 5.

/

/]
/]
/]
/]

FI1GUrE 19. @ and zg,x1,...,Ts.

) 01 2 3 4 5 6 7 8

d(zo,z) 3 2 2 2 3 3 2 3 2

dpr’cp(l‘o,l‘i) 0 1 1 2 2 1 1 2 2
TABLE 5. d'(zo, ;) and dp. o (zo, ;) for i =0,1,...,8.

The following corollary is proved by Shutov and Maleev [23], and this is an immedi-
ate consequence of Theorem A.2. For a lattice L ~ Z™ and a polytope P C Lg, we can
define the volume volz(P) of P as follows. We fix a group isomorphism ¢ : L =z,
Then, i is extended to an isomorphism ig : Lg — R", and we define vol,(P) as the
volume of ig(P) C R™. Note that the value voly, (P) is independent of the choice of i.

COROLLARY A.4 ([23, Theorem 2|). Let (I', L) be a strongly connected n-dimensional
periodic graph, and let xo € V. Let f, and fs be the quasi-polynomials corresponding
to the functions b: i — br g, and s : 9 Sr g, (Theorem 2.17). Then the following
assertions hold.
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(1) FEach constituent of f, is a polynomial of degree n, and its leading coefficient
18 #(VF/L) . VOIL(P[‘>.

(2) Let Qo,...,Qn—_1 be the constituents of fs. Then, for eachi=10,...,N —1,
we have deg@; < n — 1. Furthermore let a; denote the coefficient of Q; of
degree n — 1. Then, we have & ZZ 0 Ya; =n-#(Vr/L) - Vol (Pr).

Proof. We fix an injective periodic realization ® satisfying ®(zo) = 0. By ®, we
identify Vr with the subset of Lg. We take C] and CY to satisfy Theorem A.2. Then,
for each d € Z>q, we have

#((d— C3)Pr N'Vp) < bpag,a < #((d+ C1)Pr N V).
Therefore, (1) follows from the following fact (cf. [5, Lemma 3.19]):

(VF/L) OIL(P]_")— hm din #(dPFﬂVF)
(2) follows from (1). O

REMARK A.5.1In crystallography, the invariant 5 ZZ 0 az in Corollary A.4(2) is
called the topological density (cf. [13]).

EXAMPLE A.6. For the Wakatsuki graph (see Example 2.6), the invariant - 21 0 Ya,
in Corollary A.4(2) for the start point zo = v{ is given by 1 ($ + 2) = 5 (see Exam-
ple 2.18). The same invariant for the start point zo = v} is also given by £(3+6) = 3.
They are actually equal to 2 - #(Vy/L) - Vol (Pr) =2-3- 2 = J as proved in Corol-
lary A.4(2).

APPENDIX B. EHRHART THEORY

In this section, we discuss a variant of Ehrhart theory (Theorem B.4), which is nec-
essary for the proof of Theorem 3.4. The difference from the usual Ehrhart theory is
that the center v of the dilation need not be the origin, and the dilation factor may
be shifted by a constant c.

DEFINITION B.1. Let P C R¥ be a rational polytope, and let v € RN and o € R.
(1) We define a function hpyo : Z — Z as follows
hpwa(d) =4 ((v+ (d+a)P)NZN).
Here, we define tP = @ fort < 0.
(2) Let relint(P) denote the relative interior of P. Then, we also define a function

hpy,a 2 — Z as follows

hpwa(d) =# ((v+ (d+ @) - relint(P)) N ZN) .
Here, we define t - relint(P) = @ for t < 0.
(3) Let
HP,v,a (t) = Z hP,v,a (i)tia HP,v,oz(t) = Z hP,v,oc (Z)tZ
i€Z i€Z
denote their generating functions.
REMARK B.2.

(1) In the definition above, we have defined 0- P = {0} but 0-relint(P) = &. This
definition is necessary for the equations (#) in the proof of Theorem B.4.

(2) The usual Ehrhart theory (cf. [5]) treats the case where v = 0 and a = 0.
McMullen (in [17]) and de Vries and Yoshinaga (in [9, Section 3]) discuss
hpy,a Wwhen a = 0.
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LEMMA B.3. We have hpya = hp—vo and hpoa = hep—p.a.
Proof. The first assertion follows from
#((v+(d+a)P)NZY) =# ((—(v+ (d+a)P)) N Z")
=#((—v+ (d+ a)(—P) ﬂZN) .
The second assertion can be proved in the same way. O

THEOREM B.4. Let P C RY be a rational polytope of dimension M, and let v € RN
and o € R. Then, the following assertions hold:

1) hpy.a is a quasi-polynomial on d > —c, and hp, o(d) =0 holds for d < —a.
2) hpy.a is a quasi-polynomial on d > —o, and hpy o(d) = 0 holds for d < —a.
HPﬂua(l/t) = (_1)M+1HP,—U7—a(t)-

Let fpu,a be the corresponding quasi-polynomial to the function hpy .o on

d > —a. Then, we have fp, o(—i) = (=1)Mhp_y (i) for any i € Zs,.

(1)
(2)
(3)
(4)

Proof. For a subset § € RV let

os(z) = 05(21,..,ongn) = Y, 2™
meSNZN+1
denote the integer-point transform of S (see [5, Section 3.3]). This is a formal sum of
MN+1

Laurent monomials z™ = 2™ cezyhy form= (my,... myp1) €SN ZN+L,
Let K := R>o({1} x P) C RN*! be the cone over P. Then, we have

HP,?),a(t) = U(—a,v)-{-K(ta 17 B 1)7
(®) o
HP,—v,—oz(t) = O(a,—v)+relint(K) (ta 17 CRRE) 1)

Furthermore, we have
U(fa,v)+K<Z1717 ey Z]?firl) = (_1>M+1U(a,7v)+relint(K) (217 ey ZNJrl)
by [5, Exercises 4.5 and 4.6]. Therefore, we get the desired equality in (3).
The second assertions of (1) and (2) are obvious from the definition of hp, , and

(o]

hP,v,a-
By taking a triangulation of P, the first assertions in (1) and (2) can be reduced
to the same assertions for simplices P. Assume that P is a simplex. Let vy,...,vp41

be the vertices of P. Since P is rational polytope, we may write v; = u;/a; for some
u; € ZN and a; € Zso. We set D, D° C RN+ by

M+1
D= { Z a;(ag, u;)

i=1

MA+1
D° = {Z a;(ag, u;)

=1

a1,...,Qp41 € [071)}7

..., 0041 € (0,1]}.

Then, by [5, Theorem 3.5], we have

a(*a,U)JrD(Zl’Z)
51— =)
O(—a,v)+D°(21,2)
[T (1= e

O(—a,v)+K (Zh Z) =

O (—a,v)+relint(K) (zla Z) =
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where z = (23, ..., 2n+1). Therefore, we have

N U(—a,v)—i—D(ta 1, ey 1)

- M+1 a )
Hi:l (1 —ta)

o G(—a,v)+D°(t717"'71)
HP,U,OA(t> = 0 (—a,v)+relint(K) (t, 1., 1) = M1
Hi:—f (1 - tai)

HP,v,a(t) = U(—a,v)—i—K(ta ]., ey ]_)

Here, we have
M+1
dego(—av)+p(t1,...,1) < —a+ Z a;,

dega(,awHDo(t,l,...,l) < —a+ Z a;.

Therefore, we can conclude that hp, o is a quasi-polynomial on d > —«, and that

(o]

hpy.o is a quasi-polynomial on d > —a. We complete the proof of (1) and (2).
Finally, we prove (4). Since fp .o is a quasi-polynomial, we have

D Froat' == > froa@t
7;€Z<7a i€Z>—a
as rational functions (cf. [5, Exercise 4.7]). Therefore, we have

Z fP,v,a(_i)t_i: Z fP,v,a(i)ti

1€L> o 1€« o

— Y freald)t

iEZQ,a

*HP,v,a(t)
= (*1)MHP,—U,—a(t71)

— (=DM S by ali)t

i€

Here, the third equality follows from (1), and the fourth follows from (3). By compar-
ing the coefficients, we conclude that fp, o(—i) = (=1)Mhp _, _o(i) fori € Zs,. O
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