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Exceptional scattered sequences

Daniele Bartoli, Giuseppe Marino, Alessandro Neri & Lara
Vicino

ABSTRACT The concept of scattered polynomials is generalized to those of exceptional scattered
sequences which are shown to be the natural algebraic counterpart of Fyn-linear MRD codes.
The first infinite family in the first nontrivial case is also provided and equivalence issues are
considered. As a byproduct, a new infinite family of MRD codes is obtained.

Rank-metric codes were introduced already in the late 70’s by Delsarte [18] and
then rediscovered by Gabidulin a few years later [21]. They attracted many researchers
in the last decade, due to their applications in network coding [47] and cryptogra-
phy [22, 30]. Such codes are sets of matrices over a finite field F, endowed with the
rank distance, that is, the distance between two elements is defined as the rank of
their difference. Among them, of particular interest is the family of rank-metric codes
whose parameters are optimal, that is, for the given minimum rank, they have the
maximum possible cardinality. Such codes are called mazimum rank distance (MRD)
codes and constructing new families is an important and active research task. From
a different perspective, rank-metric codes can also be seen as sets of (restrictions of)
F,-linear homomorphisms from (Fy»)™ to Fyn» equipped with the rank distance; see
Sections 1.2 and 1.3. With this second point of view, it is evident that multivariate lin-
earized polynomials can be seen as the natural algebraic counterpart of rank-metric
codes. In the case of univariate linearized polynomials such a connection was ex-
ploited in [46] by Sheekey, where the notion of scattered polynomials was introduced;
see also [10]. Let f € £, 4[X] be a ¢-linearized polynomial and let ¢ be a nonnegative
integer with ¢ < n—1. Then, f is said to be scattered of index t if for every z,y € F.

fe) 1) %GM

or equivalently

dimp, (ker(f(x) — amqt)) <1, for every a € Fyn.
In a more geometrical setting, a scattered polynomial is connected with a scattered
subspace of the projective line; see [13]. From a coding theory point of view, f
is scattered of index t if and only if Cr; = (xqt7f(x)>pqn is an MRD code with
dimg,,, (Cy,t) = 2. The polynomial f is said to be exceptional scattered of index t if
it is scattered of index t as a polynomial in Le, ¢[X], for infinitely many ¢; see [10].

The classification of exceptional scattered polynomials is still not complete, although
it gained the attention of several researchers [3, 10, 8, 20, 6].
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While many families of scattered polynomials have been constructed in recent
years [46, 36, 34, 50, 9, 32, 31, 41, 51, 14, 17, 37, 13], only two families of exceptional
ones are known:

(Ps) f(z) =29 of index 0, with ged(s,n) = 1 (polynomials of so-called pseudoreg-

ulus type);

(LP) f(z) =z + 629" of index s, with ged(s,n) = 1 and Ngn/q(0) # 1 (so-called

LP polynomials).

The generalization of the notion of exceptional scattered polynomials — together
with their connection with Fgn-linear MRD codes of IFy»-dimension 2 — yielded the
introduction of the concept of Fyn-linear MRD codes of ezceptional type; see [12]. An
Fyn-linear MRD code C C L, 4[X] is an exceptional MRD code if the rank metric code

Ce= <C>1qun - Eén,q[X}

is an MRD code for infinitely many ¢. Only two families of exceptional [Fyn-linear

MRD codes are known:
(G) Grs = (z,27,.. .,z )F,n > With ged(s,n) = 1; see [18, 21, 29];
gD

(T) Hpo(6) = (z0,... , T+ (51’q5k>]1?q", with ged(s,n) = 1 and Ngn /4(5) #
(—1)"%; see [46, 36)].
The first family is known as generalized Gabidulin codes and the second one as gener-
alized twisted Gabidulin codes, whereas in [10] it has been shown that the only excep-
tional Fyn-linear MRD codes spanned by monomials are the codes (G), in connection
with so-called Moore exponent sets. Non-existence results on exceptional MRD codes
were provided in [12, Main Theorem)].

In this paper we introduce the new notions of h-scattered sequences and exceptional
h-scattered sequences, which provide an ideal framework for exceptional MRD codes.
These h-scattered sequences are sequences of multivariate linearized polynomials F =
(fis--o, fs) € Ly g[Xi, ..., Xm], such that there exists Z = (i1,...,%,) € N™ so that
the space

qs(k—l)

Urr = {(x‘{l yenn ,x?,;m,fl(atl, e By fe(@1, ) e, Ty € Fgn }
is h-scattered; see Definitions 2.1 and 2.2. Due to known theoretical results in [2, 42],
there is no loss of generality in considering spaces of this form, since every (nm)-
dimensional F-subspace of (Fgn )™ is equivalent to a space of the form Uz, ; see also
Proposition 1.12. We then focus on the concept of indecomposability of h-scattered
sequences, which ensures that they cannot be obtained as direct sums of smaller h-
scattered sequences, and study how this property is preserved under classical and
Delsarte dualities. Finally we introduce the sequences of multivariate linearized poly-
nomials
I J J I J
(X4 +ax? X7 4 gy e 4y,
for I,J€{l,...,n—1} and o, 3,7 € Fgn, and study their associated subspaces

Ué:g:: = {(x’:%qu _'_aqu’qu +Byq1 +,yyq7> D x,y € Fqn} - Fé”

We show in Theorem 3.2 that if a certain polynomial — which depends on I, J, o, 8,y —
has no roots in Fy», then this sequence is 1-scattered. This condition is also necessary
when restricting to I, .J < n/4, as we observe in Theorem 3.4. We then estimate the
maximum F,-dimension intersection of Uig: with the 2-dimensional Fy-subspaces
of (Fyn)%. As a byproduct, this gives an estimate on all the generalized rank weights
of the code Cié: associated with U ég: In particular, we observe that whenever
max{I,J} < (n — 1)/2, our construction automatically produces new MRD codes
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which are inequivalent from the known constructions and whose generalized rank
weights are larger than the ones of the known constructions. We finally investigate
equivalence and dualities of the F,-subspaces Uigz

The paper is structured as follows. Section 1 contains the preliminary notions
needed throughout the paper. In particular, we describe algebraic curves over finite
fields, multivariate linearized polynomials, rank-metric codes, and the concepts of
evasive and scattered subspaces. In Section 2 we introduce h-scattered sequences of
multivariate linearized polynomials and the concepts of exceptionality and indecom-
posability. Section 3 is devoted to the main general family of a scattered sequence of
bivariate linearized polynomials, and the study of its properties. Finally, we draw our
conclusions in Section 4, describing some open problems.

1. DEFINITIONS AND PRELIMINARY RESULTS

1.1. ALGEBRAIC CURVES OVER A FINITE FIELD. In this subsection, we collect some
preliminary definitions and results on algebraic curves over a finite field. Let ¢ = p”,
where p is a prime and h > 0 an integer, and denote by IF, the finite field with ¢
elements. We denote by F, the algebraic closure of F, and by F,[X,Y] the ring
of polynomials in the variables X and Y with coefficients in F,. Finally, let P"(F,)
and A" (F,) denote, respectively, the r-dimensional projective and affine space over Fy.
A curve is a variety of dimension 1 and plane curves are defined by bivariate polyno-
mials f(X,Y) € F [X,Y].

Let X be an irreducible algebraic curve in P"(F,) and let X(F,) (resp. X(F,))
denote the set of all the places of X defined over F, (resp. F,). For a more compre-
hensive introduction to algebraic varieties and curves we refer the interested reader
to [27, 26, 48].

We recall now the following result, defining a Kummer cover of a plane curve.

THEOREM 1.1 ([48, Corollary 3.7.4]). Let X : F(X,Y) = 0 be an absolutely irreducible
plane curve defined over Fy and let X be its projective closure in P%(F,). Let m be
a positive integer such that ged(m,p) = 1 and f(X,Y) € Fy(X) be such that there
exists a place Q € X(F,) with ged(vg(f), m) = 1, where vg(f) denotes the valuation
at Q of the rational function f. Let X' be the space curve defined by the following
equations
v {F(X,Y) =0
zm = f(X,Y)

and let X' be its projective closure in P3(F,). Then X' is an absolutely irreducible
curve defined over Fy and it is called a Kummer cover of X. Correspondingly, X' is
called a Kummer cover of X.

Note that Theorem 1.1 applies in particular if X' is a line, in which case X’ is a
plane curve. As it is shown in [48, Corollary 3.7.4], if the genus of X is given, then it
is possible to easily compute the genus of a Kummer cover X’.

Finally, we conclude this subsection stating the well-known Hasse-Weil bound for
the number of F-rational places of a curve defined over F,.

THEOREM 1.2 (Hasse-Weil). Let X be an absolutely irreducible algebraic curve
in P™(F,) of genus g. Then the set X(F,) of its Fy-rational places satisfies

(1) q+1-29/q<|X(F,)| <qg+1+29q

If the curve X is singular, there is some ambiguity in defining what an F,-rational
point of & actually is. For this reason often the function field version is also used;
see [48]. The difference between the number of Fy-rational points of a non-singular
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model X" C P"(F,), for some integer r, of X and the number of “true" Fy-rational
points (zg : yo : to) € P2(F,) of X is at most (d—1)(d—2)/2—g; see [27, Lemma 9.55].
We refer the interested readers to [27, Section 9.6], where other relations are inves-
tigated. Thus, since we will be interested in solutions of particular equations (which
correspond to centers of Fy-rational places) we can roughly say that for an absolutely
irreducible curve defined over [, the condition ¢ + 1 — 2g,/q > 0 still yields the exis-
tence of at least one F,-rational point (xg : yo : to) € P?(F,) (seen as the center of at
least one F,-rational place).

1.2. THE SPACE OF MULTIVARIATE LINEARIZED POLYNOMIALS. Linearized polynomi-
als over finite fields are important objects with a rich literature, for both a theoretical

and an applied point of view. Formally, one defines the set of g-polynomials over a
finite field Fy» as

t
L, qX] = {ZanqJ taj € Fqn}.
3=0

This set can be naturally considered as a ring (£, +,0), endowed with standard
polynomial addition (+) and polynomial map composition (o). The importance of
this ring is due to the fact that the polynomial evaluation map provides an [F-algebra
isomorphism

(2) L[ X] = Lo g[X]/(XT — X) = Endy, (Fgn).

In this section we study a natural extension of the ring of linearized polynomials to
the multivariate setting. Define the set of formal multivariate linearized polynomials
on m variables as the Fyn-vector space over the (infinite) basis

(X9 1 1<i<m,jeN}

In order to mimic the action of the generator of Gal(IFy»/F,), we then reduce this
vector space modulo the relations

n

(X —X;=0:1<i<m}.

In this way, we obtain the following Fn-vector space. Let X := (X1,...,X,,) be a
vector of indeterminates and let

m n—1

Ly 4 X] ::{ZZf,-J-XZ-qj : fig qun} = <{X§j 1< <m0 i< n— 1}> .

i=1 j=0 a
The following result gives a linearized polynomial representation of spaces of rect-
angular matrices.

PRrROPOSITION 1.3. The polynomial evaluation map given by
‘Cn,q[i} — Hoqu((Fq")vaq”)
fr—= (v f(v))
is an isomorphism of Fq-vector spaces.

Proof. By definition, we have that

m

qu[z] = @ ﬁn,q[Xi]y

i=1
as [F-vector space. Combining it with (2), we obtain

En,q[&} = Hom]Fq (Fqn s ]Fqn) = Hommq ((]Fqn)m, ]Fqn) = ngnm

i=1
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Due to Proposition 1.3, we can define the rank of a multivariate linearized polyno-
mial in £,, ,[X] as the F,-rank of the associated F-linear homomorphism from (Fy»)™
to Fgn. Like for the univariate case, it is immediate to see that rank-one linearized
multivariate polynomials can all be expressed in terms of the field trace. In the sequel,
let Tryn /4 denote the trace function of Fyn over Fy.

LEMMA 1.4.
{f € LonglX] : 1k(f) =1} = {aTrgn/(vX ") : @ €Ffn,v € (Fgn)™ ~ {0}}.
Consider the Fyn-bilinear form on L, ¢[X], given by fxg:=3_, . fi jgi j, where

m n—1 ) m n—1
J J
fZZZfi,ij ; gzzzgi,jX
i=1 j=0 i=1 j=0
LEMMA 1.5. Let f € L, o[X], and let o € Fyyo and v € (Fgn)™. Then

fx(aTrgn (VX 7)) = af(v).

Proof. Since f % (aTrqn/q(vXT)) = af % (Trqn/q(UXT)), it is enough to prove it
for = 1. This is a straightforward computation, since, writing v = (v1,...,Um)

and f =3, fiijfJ, we have

m n—1

f* (Trn/quT :ZZ JU = f(v).
i=1 j=0

O

1.3. RANK-METRIC CODES. Since we have seen in Proposition 1.3 that the space of
multivariate linearized polynomials over Fy» is isomorphic to the space of n x nm
matrices over [, we can actually study rank-metric codes in £,, 4[X]. This has been
done independently in [43]. Here, we define the rank distance to be the distance dx
induced by the rank:

drk(f) g) = I‘k(f - g)

DEFINITION 1.6. An Fyn -linear rank-metric code C is an Fyn-subspace of Ly, 4[X], en-
dowed with the rank metric. The dimension of C is k = dim]Fqn (C) and its minimum
rank distance is the integer

d = dyx(C) := min{rk(f) : feC~{0}}.

The parameters of an F,»-linear rank-metric code in £, ,[X] must satisfy the
following inequality, known as the Singleton-like bound, which was shown by Delsarte
n [18]:
(3) kn <m(n—d+1).
Codes meeting (3) with equality are called maximum rank distance (MRD)
codes.

Let C C £, 4[X ] be an Fyn-linear code. The dual code is

={feLl,qX]: frg=0forall geC}.

Apart from a classical representation as matrices over F,, rank-metric codes are
also usually represented as spaces of vectors over the extension field Fy», especially
when they have an inherited Fyn-linearity. The way to connect our codes in £,, 4[X]
with those in (Fgn )™ is briefly described as follows. Let us fix an Fy-basis (51, ..., 8n)
of Fyn, and take the Fy-basis of (Fgn)™ given by
(4) B := (Bjei)i<i<m.

1<j<n

Algebraic Combinatorics, Vol. 7 #5 (2024) 1409
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where {e1,...,en} is the canonical Fn-basis of (Fyn)™.
Define the map
evp i Ly ¢[X] — (Fgn)™™

[ — (f(Bjei))i<i<m,-
1<j<n
From Proposition 1.3, we immediately deduce the following.

COROLLARY 1.7. The map evp is an Fyn-linear isomorphism.
Let G = (g1,.-.,9x) be an Fyn-basis of C. We define the F,-space

Ug = {(1(x1,- s @m), s g6 (T1,- -, Tm)) © T1ye ey Ty EFgn} C (Fqn)k.

DEFINITION 1.8. Let C be a k-dimensional Fyn-linear code, and let G be a basis of C.
The effective length of C is £(C) := dimg,(Ug). The code C is nondegenerate
if £(C) = nm.

REMARK 1.9. The effective length of a code is well-defined. Indeed, while the F,-
space Ug depends on the choice of the Fyn-basis G of C, its F,-dimension does not.
If G’ is another Fyn-basis of C, then G’ = GA for some A € GL(k,q"), and hence
Ugr = UgA, which leaves the F,-dimension of Ug fixed.

REMARK 1.10. The definition of effective length and nondegeneracy of a code C
in £, 4[X] are equivalent to those for Fyn-linear rank-metric codes in (Fyn)™™. In-
deed, let us fix G to be an Fyn-basis of C and take B as an Fy-basis of (Fgn)™ of the
form (4). Then, a basis of evg(C) is given by evi(G), and if we put these vectors as the
rows of a generator matrix G, we then have that the IF -span of the columns of G is
exactly Ug. Thus, this coincides with the notion of effective length and nondegeneracy
of Fn-linear rank metric codes in (Fyn)™"; see e.g. [1].

PROPOSITION 1.11. Let C C L,, 4[X] be an Fn-linear rank-metric code. The following
are equivalent.

(a) C is nondegenerate.
(b) For any Fgn-basis G = (g1,...,9x) of C, it holds that

k
N er(g) = {0},

(c)
N ker(f) = {0}.

fec
(d) da(CH) > 1.
Proof. (b) <= (c): Clear.
(a) <= (b): Consider the F,-linear map
Yg : (Fgn)™ — (Fgn)*
v — (gl(v),"';gk(v))'
Then, by the rank-nullity theorem we have
dimp, (im(v)g)) + dimg, (ker(¢)g)) = dimg, (Ug) + dimg, (ﬂker(gi)) = nm,
from which we derive the equivalence.
(¢) <= (d): Let h € C*+ ~ {0}. By Lemma 1.4, h has rank one if and only if
h = aTrgnq(vX ). Furthermore, for every f € C we have
0= f*h=af(v).

Hence, there exists h € C* of rank one if and only if there exists a nonzero
v € e ker(f). O
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We conclude this section by recalling a useful result on a canonical form for rank-
metric codes. This has been shown in [43, Corollary IV.10] and [2, Theorem 5.3].

PROPOSITION 1.12 ([2, 42]). Let C C L, 4[X] be a nondegenerate Fyn-linear rank-
metric code. Then k > m and for every (i1,ia,...,im) € (Z/nZ)™ there exists
fiy o5 fomm € Ly q[X] such that C is GL(nm, q)-equivalent to

i1 im
<Xi] ""ann 7f17~~~7fk7m>IE‘q

1.4. SCATTERED AND EVASIVE SUBSPACES. In this section we recall the notion of
evasiveness and scatteredness of subspaces in (Fqn)k, and how they are related to
rank-metric codes.

DEFINITION 1.13. Let k,n be positive integers and h,r be nonnegative integers such
that h < k and h < r. An Fy-subspace U C (F,n)F is said to be (h,r)-evasive
if for every h-dimensional Fyn-subspace H C (Fgn)*, it holds dimp, (U N H) < 7
When h = r, an (h, h)-evasive subspace is called h-scattered. Furthermore, when
h =1, a 1-scattered subspace is simply called scattered.

Scattered subspaces were originally introduced by Blokhuis and Lavrauw in [13].
They were later generalized for every h in [16]. The more general notion of evasive
subspaces was instead introduced in [4], although similar notions can be found in [44,
24, 19, 25]. Tt is worth noticing that we extended the definition of h-scatteredness also
to h = 0, so that every F,-subspace of (F,»)* is h-scattered for some h. Thus, talking
about h-scattered subspace is equivalent to talk about any F,-subspace of (Fqn)k.

For what concerns h-scattered subspaces, there is a well-known bound on their
F,-dimension. Namely, an h-scattered subspace U C (F,n)* satisfies

kn
h+1
(5)

(5) dimp, (U) <

see [13, 16]. An h-scattered subspace meeting
h-scattered subspace.

Without loss of generality, we can restrict to study only F,-subspaces U C (Fyn)*
such that (U)g,, = (Fgn)*. Indeed, if this is not the case, there exists an Fgn-
hyperplane H 2 (F,»)*~! containing U, and hence we can restrict to study U as an -
subspace of (F»)¥~1. Thus, from now on, we will always assume that (U JFgn = (Fyn)F.

With this assumption, there is a natural one-to-one correspondence between
GL(r, g)-equivalence classes of k-dimensional Fyn-linear rank-metric codes in (Fgn)”
and GL(k, ¢")-equivalence classes of F,-subspaces of (Fyn)* of F,-dimension 7. This
was developed in [45]; see also [1]. Here, we rephrase it in terms of Fyn-linear
rank-metric codes in £, 4[X].

We first start defining the GL(nm, g)-equivalence in this framework. Fix an Fy-
basis (B1,...,58n) of Fyn. Then every f € L, 4[X], considered as an element of
Homp, ((Fg)™™,F¢n ), can be written as

with equality is called a maximum

(DB Zﬂ] X ) = FBXishiiom. = F(X1, Xuzy o, Xty Xomn).
J

In this way, we can easily observe that GL(nm,q) naturally acts on f and thus
induces an action on £,, 4[X] which preserves the image, and hence the rank.

Let U(nm,k)qn/q denote the set of GL(k,q")-equivalence classes [U] of nm-
dimensional F-subspaces of (Fg»)*, and let €(nm, k)qn /q denote the set of GL(nm, q)-
equivalence classes [C] of nondegenerate k-dimensional Fgn-linear codes in £, 4[X].

Algebraic Combinatorics, Vol. 7 #5 (2024) 1411
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One can define the maps

O C(nm, k)gn/g — Wnm, k)gn/q

[<gla s ’gk>]Fq"] — [Ug]
where G = (g1,...,9%), and
U Unm,k)gng — C(nm, k)gn /q
[(wrs s tm)e, ] [evg! (rowsp(u] [ ... [ug,,))]”

Note that, the map ¥ does not depend on the choice of the basis B, since any other
F,-basis B’ of (Fyn)™ can be obtained via the action of GL(nm, ¢q), and hence it gives
an equivalent code.

THEOREM 1.14 ([45]). The maps ® and U are well-defined and they are the inverses
of each other. Hence, they define a one-to-one correspondence between equivalence
classes of nondegenerate k-dimensional Fon-linear codes in L, 4[X] and equivalence
classes of F-subspaces of (Fyn)* of F,-dimension nm.

The correspondence in Theorem 1.14 induces a correspondence between maximum
h-scattered subspaces and MRD codes. We reformulate it in our setting, while the
more general version can be found in [52, Theorem 3.2]; see also [38, Theorem 4.9].

THEOREM 1.15 ([52, Theorem 3.2]). Suppose that h+1 divides k and let m := hi_ﬂ Let
U be an nm-dimensional F,-subspace in (Fyn)* and let C € W([U]) be any of its asso-
ciated k-dimensional Fyn-linear rank-metric codes in L, 4[X]. Then, U is mazimum

h-scattered if and only if C is an MRD code.

We conclude by remarking the fact that the setting of £,, ,[X] is a bit more re-
strictive for studying scattered subspaces and MRD codes, since we are fixing the
dimension of the I -subspaces to be a multiple of n — or in other words, we are fixing
the size of the matrices to be one multiple of the other. However, in this way, we
will see that we can take advantage of the multivariate polynomial representation,
using tools described in Section 1.1 in order to derive new construction of maximum
scattered subspaces — and hence MRD codes.

2. INDECOMPOSABLE h-SCATTERED SEQUENCES

In this section we introduce the notions of scattered sequences and of their indecom-
posability. Scattered sequences are sequences of multivariate linearized polynomials
which give rise to scattered subspaces. We distinguish between decomposable and in-
decomposable ones. While the former can be obtained as direct sums of smaller scat-
tered sequences in smaller ambient spaces, the indecomposable ones can be thought
as basic building blocks for constructing infinite families of larger scattered sequences
via direct sums. Thus, every scattered subspace can be decomposed as the direct sum
of indecomposable scattered subspaces. From an applied point of view, indecompos-
able scattered sequences give rise to rank-metric codes having certain generalized rank
weights which are larger than those obtained as direct sums; see Remark 3.8. Being
generalized rank weights invariant under code equivalence, as a byproduct, this au-
tomatically implies that rank-metric codes obtained from indecomposable scattered
sequences are inequivalent from the ones obtained as direct sums. We start with this
definition.

DEFINITION 2.1. Let T := (i1,i2,...,im) € (Z/nZ)™ and consider fi,...,fs €
L, q[X]. We define the Z-space Uz r := Ur/, where

]:/:(Xfllw--anZmaflw"yfs)'
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The s-tuple F = (f1,..., fs) is said to be an (I; h)4n-scattered sequence of order
m if the Z-space Uz x is mazimum h-scattered in (Fgn)™ 5. When the set T is not
relevant, for brevity we will refer to F as an h-scattered sequence.

Note that for m = h = s = 1 and i; = 0 the above definition coincides with the one
of scattered polynomials as in [46]. In particular, h-scattered sequences with h = 1
will be simply called scattered sequences. It is worth noting that scattered sequence
with s > 1 have been investigated so far only when m = 1; see [11, 12].

DEFINITION 2.2. An (Z; h)n-scattered sequence F := (f1,..., fs) of order m is said
to be exceptional if it is h-scattered over infinitely many extensions Fyne of Fyn.

When dealing with nm-dimensional F,-subspaces of (Fyn)*, they can all be repre-
sented by spaces of the form U, for F = (f1,..., fr)-

We consider the natural operation of direct sum on subspaces of (Fy»)* and
(Fgn)* whose dimension is multiple of n. This can be identified with the opera-
tion on sequences of multivariate linearized polynomials obtained by juxtaposing
the two corresponding sequences. For F = (f1,..., fr,) € Ly qglX1,..., Xm]" and
G=1(91,-,9ks) € Lrg[Y1,...,Y]" define

f@g = (f17""fk1’gl7"'7gk2) € En’q[le"'7Xm7Y17'°'7Y’m/]k1+k2.
Then it is immediate to see that
Ur® Ug = U]:@g.
Thus, we can give the following definition.

DEFINITION 2.3. An nm-dimensional F,-subspace Uy, of (Fyn)* is said to be decom-
posable if it can be written as

Uy =UraUg
for some nonempty F,G. When this happens we say that F and G are factors of H.

Furthermore, U is then said to be indecomposable if it is not decomposable.

Let us now consider the direct sum of h-scattered sequences. Let Z := (i1,...,%m),
J =1, dm), let F=(f1,..., fs) and G = (g1,...,9s') be (Z; h)gn and (T; h)gn-
scattered sequences of orders m and m/’, respectively. The direct sum H := F @ G is
the (s + s’)-tuple (f1,..., fs,91,--,9s’). Since

Uzogn =Uzr®Ugg,

H is an (Z @ J; h)gn-scattered sequence of order m + m’; see [5, 16].
LEMMA 24.Let T = (i1,...,im) € (Z/nZ)™ and let F = (f1,...,fs) €
Lol X1,..., Xm]®. If Uz r is decomposable, then there exist Jv € (Z/nZ)™,

jg e (Z/nZ)m2, g1 - Ln,q[Xla A ,Xml]sl, g2 € Enﬂ[Xl, A 7)(mz]SQ such that UI7}‘
is GL(m + s, q")-equivalent to

Ug1.6: ©Ug,.6,
Proof. Let € = (X{, ... X2 fi, .o, f e C LaglXi, .., Xp]. Assume that
Uz, 7 is decomposable and Uz 5 = Uy, ® Uy,, for some X1, Xo C Ly, [ X1, .., Xm].
Let C; := (Xi)F,., for i € {1,2}. Then, C is equivalent to C; @ Ca. Let m;n = £(C;)
for i € {1,2}. Then C; is equivalent to a nondegenerate code Ci C LnglX1, s Xom,-
By Proposition 1.12, C; is equivalent to a code (Xf"]i’1 Yo ,Xﬂ,f;’mi 2 Gils e s Giysi ) Fyn s
for each i € {1,2}. Thus, Uz r is GL(m + s, ¢")-equivalent to

UJ1,91 D Uj27g2’
where J; = (Ji1,---,Jim;) and G; = (gi1, ..., gi,s,) for each i € {1,2}. O
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Thus, Definition 2.3 can be extended to sequences of linearized polynomials.
An (Z; h)4n-scattered sequence F of order m is said to be decomposable, if Uz r is
decomposable. Otherwise, it is indecomposable. Note that, by Lemma 2.4, if F is
decomposable, then it can be decomposed in two sequences of linearized polynomials
of smaller orders my, my such that m = m; + ms.

For any m > 1, there exist many h-scattered sequences of order m obtained as
direct sums of scattered polynomials and thus it is natural to search for examples of
h-scattered sequences which cannot be obtained as direct sums.

LEMMA 2.5. Let F := (f1,..., fs) be an (Z; h)4n-scattered sequence of order m. If Uz r
is (r,rn/(h+1) —1)-evasive for any r € [h+1, | (m+s)/2]] with (h+ 1) | rn then F
1s indecomposable.

Proof. Let r € [h+ 1, |(m + s)/2]]. A maximum h-scattered subspace in (Fy=)" has
dimension rn/(h 4 1). If F has a factor of order r then dimg, (Uz r N (Fgn)") =
rn/(h + 1), a contradiction to the (r,rn/(h + 1) — 1)-evasiveness. O

2.1. INDECOMPOSABLE h-SCATTERED SEQUENCES AND ORDINARY DUALITY. Let
0:V xV — Fyn be a nondegenerate bilinear form on V' = (Fg»)" and define

o't VxV —TF,

(u,v) = Trgn/q(o(u,v)).

Then ¢’ is a nondegenerate bilinear form on V, when V is regarded as an rn-
dimensional vector space over F,. Let 7 and 7’ be the orthogonal complement maps
defined by o and ¢’ on the lattices of the Fyn-subspaces and IF4-subspaces of V, respec-
tively. Recall that if R is an [Fy»-subspace of V' and U is an F4-subspace of V then U ™ is
an Fg-subspace of V, dimg, , (R") +dimg,, (R) = r and dimg, (U™ + dimg, (U) = rn.
It easy to see that R™ = R™ for each Fyn-subspace R of V. For a more detailed
explanation, we refer to [49, Chapter 7.

With the notation above, U™ is called the dual of U (with respect to 7). Up to
GL(r, ¢™)-equivalence, the dual of an Fg-subspace of V' does not depend on the choice
of the nondegenerate bilinear forms o and ¢’ on V. For more details see [42]. If R is
an s-dimensional Fy»-subspace of V' and U is a t-dimensional F,-subspace of V', then

(6) dimp, (U" NR") — dimg, (U N R) = rn —t — sn.

PROPOSITION 2.6. The dual of an indecomposable scattered subspace is an indecom-
posable scattered subspace as well.

Proof. Let U be a decomposable scattered subspace of V' = (Fy»)". Then rn is even,
dimp, U = rn/2 and there exists 2 < i < /2 such that V = V; @ Vs, where V; =
(Fgn)t, Vo = (Fgn)" ", dimg, (U N'Vy) = in/2 and dimg, (U N Va) = (r —i)n/2. Also,
V=VieVy,U ™ is a maximum scattered F,-subspace of V and from Equation (6)
we get

. " - mn rno . r—1i)n
dimp, (U ﬂ%)z;—krn—?—m:%
and dimp, (U™ nvy) = oo U™ is decomposable. O

2.2. INDECOMPOSABLE h-SCATTERED SEQUENCES AND DELSARTE DUALITY. In [16,
Section 3], another type of duality has been introduced. Let U be an m-dimensional
F,-subspace of a vector space V = (F;n ), with m > k. By [35, Theorems 1, 2] (see
also [33, Theorem 1]), there is an embedding of V in Z = (Fyn)™ with Z =V T
for some (m — k)-dimensional Fyn-subspace I' such that U = (W,T)r, NV, where
W is an m-dimensional Fy-subspace of Z, (W), = Z and TNV =W NT = {0}.
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Then the quotient space Z/T" is isomorphic to V and under this isomorphism U is
the image of the F -subspace W +T" of Z/T'. Now, let 8': W x W — F, be a non-
degenerate bilinear form on W. Then 8’ can be extended to a non-degenerate bilinear
form 8: ZxZ — Fyn. Let L and L’ be the orthogonal complement maps defined by 3
and (' on the lattice of Fyn-subspaces of Z and of F,-subspaces of W, respectively.
The m-dimensional F,-subspace W + I' of the quotient space Z/I't will be denoted
by U+ and we call it the Delsarte dual of U with respect to 3. By [16, Remark 3.7],
up to GL(m, g)-equivalence, the Delsarte dual of an m-dimensional F -subspace does
not depend on the choice of the nondegenerate bilinear form on W.

The following result relates the Delsarte dual of an F,-subspace of (Fyn)* with the
dual of a rank-metric code in £,, 4[X].

THEOREM 2.7. Let C C L,, 4,[X] be a nondegenerate Fyn-linear rank-metric code with
d(C) > 1, and let U € ®([C]). Then ®([C*]) = [U4].

Proof. The proof extends the one in [16, Theorem 4.12] from univariate to multi-
variate linearized polynomials, and we write it for convenience of the reader. Let us
consider any total order on {1,...,m} x {0,1,...,n — 1} which we transfer on the
set {Xiq'7 1 <4 <m0 < j<n— 1} Using Gaussian elimination, there exists
R={(s1,t1)y---, (s, te)} C{1,...,m} x {0,1,...,n — 1} such that

C= <gla cee 7gk>Fqn; Cl = <f17~ . ')f’l’L’Vn—k>Fqny

t; b
:ng + Z gi,a,ng?

(a, b>¢R

qu Zgjl T _» )

where § = ({1,...,m} x {0,1,...,n — 1}) NR = {(l1,71)s oy Cnm—ks Trm—k) -
We set G = (g1,...,9k) and F = (f1,..., fam—k). With this notation in mind, the
claim is equivalent to show that the Delsarte dual of Ug coincides, up to GL(nm, g)-

equivalence, with Ux. Since C has minimum distance greater than 1, we can embed
A'i= (Uggyn in (Fyn)™ as

A= {(mi,j) 1<i<m, © Tij = 0 for (Lj) S S},

0<j<n—1

with

in such a way the vector (g1(z), ..., gr(z)) is identified with the vector

(aij) 1<i<m
0<j<n—1

where as, ; = gi(z) for i € {1,...,k} and a;; = 0 for (¢,5) ¢ R. Consider the
Fn-subspace T" of (F,n)™™ defined as

I':= (‘Tid) 1<i<m,  + Tsity — — E Gi,a,b%a,b, for i € {17 ) k} )
osisnml (a.D)¢R

and the F -subspace

— @ )
W .= {(:I:Z ) 1<icm, © Tl Th qun}.

0<j<n—1

It holds that I' N W = {0}, otherwise we would have ker(¢g1) N ... Nker(gx) # {0},
contradicting the hypothesis of C being nondegenerate; see Proposition 1.11. Further-
more, (I', W)r, NA = Ug. Consider the Fyn-bilinear form 3 : (Fgn)"™ X (Fgn )" — Fyn
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given by the standard inner product. Its restriction 8’ to W x W is

m
J J
7 ((mf ) 1<i<m, ,(yf ) 1<i<m, > =D Trgnjq(iyi)-
i=1

0<j<n—1 0<j<n—1

We can now compute the orthogonal complement of I' with respect to 5, which is

k
1 . _ .
I~ = (xi,j) 1<i<m, * Thyry = E :gjvei»""ixsjytj’ for1<i<nm-—k

0<jsn—1 j=1

The subspace W +I't of (Fg»)"™/I'* is isomorphic to (W,T+)g, N A/, with

A = {({Eiyj) 1<i<m, | Tij = 0, for (l,j) S R}
0<jsn—1
By identifying A’ with (F )" ~F straightforward computations show that under this
identification, (W,T+)r, N A’ coincides with Uz. Thus, ®([C*]) = [Ug]. O

PRrROPOSITION 2.8. The Delsarte dual of an indecomposable subspace is an indecom-
posable subspace.

Proof. Let U be an indecomposable subspace and suppose on the contrary that U+ =
U1®Us and let C € ¥([U]). By Theorem 2.7, we have [C1] = U([U1]) = U([U;0Us]) =
[C1 @ Ca], where C; € W([U;]) for i € {1,2}. Thus, C* is equivalent to C; & Cz, which

implies [C] = [C{- @ C5-]. In particular, this means
[U] = [Ui" ® Uz,
which contradicts the hypothesis of U being indecomposable. O

3. THE FIRST INFINITE FAMILY OF INDECOMPOSABLE EXCEPTIONAL
SCATTERED SEQUENCES OF ORDER LARGER THAN 1

A first example of indecomposable ((0,0), 1),4-scattered sequence of order larger than
one for ¢ = 225! was provided in [7] and it consists of the pair (avq—i—yq2 2 —|—yq—|—yq2).
In this paper we provide a generalization of this example to an infinite family of
exceptional type.

DEFINITION 3.1. Let n be a positive integer and consider the finite field Fgn. For each
choice of o, B,v € ¥y, and I # J €N, I, J < n —1, we define the set

I J J I J
Uié: ::{<$7y,$q +ay? ,x? 4 By? +’qu) : x,ye]Fqn}.

We can immediately give the following result which gives a sufficient condition on
Uié: for being exceptional scattered.
THEOREM 3.2. Assume that ged(I, J,n) = 1 and that the polynomial
J—1
XU T+ 4 yX — af, ifl < J,
() Pl LX) =g S, TS
o X1 +vX?T  —ap, ifl > J,

has no roots in Fyn. Then the set Uéé: is exceptional scattered.

Proof. Assume that Pigﬂ/(X) has no roots in Fy» and let A € Fyn \\F, be such that
(8)

(:177y7 qu Jr ayQJ7qu + /Byql + ’-qu‘]> = A (u’ v’ qu + aqu’uqJ Jr B/Uql Jr ,-Y’UqJ) )

with z,y,u,v € Fgn. The set Uég: is maximum scattered if and only if the previous

equation holds only for u =v = 0.
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By way of contradiction, we assume that (u,v) # (0,0). We have

T =\u
Y= v
) 2yt e’ =\ (qu + aqu)

A" 4 pAT 4 'y/\quqJ =A (uqJ + But + Vvqj) .

The last two equations in (9) can be rewritten as

(10) UATVILANED ULV A (qu + aqu) =0
and
(11) Ae’ (uqJ + ij> + )\qlﬂvql - A (uqJ + ﬂqu + vqu> =0.

Multiplying (10) by (uqJ + *yqu) and (11) by av?” | and taking the difference of the

obtained equations, we have
(12) ()\qI — A) (quJqu + ’yuqlqu — a,@quJqu) =0.

Ifv =0 thenw# 0 and A7 — A =0, Le. A € Fyr. It v # 0, letting X := 4 (if I < J)
or X = Z%j (if I > J), we can rewrite (u? *4" 4 yut've’ — apve’T17) jp1"+a7 ag
P; g ,Y(X). By assumption, the polynomial Piév (X) has no roots in Fyn, hence (12)
is satisfied if and only if \ € For.

We consider now the difference between (10) multiplied by Bv? and (11) multiplied

by u?" and we have
(13) (x\qJ - )\) (a,@quJqu - vuqlqu — quJqu) =0.

Then, arguing as above we see that Equation (13) is satisfied if and only if A € F .
We have therefore obtained that the values of A satisfying (8) need to be A\ €

For NFyr NFgn. As, by assumption, ged(I,J,n) = 1, we hence have that A € F,, a

contradiction. So (u,v) = (0,0), which yields that the set UI éz is scattered.

The fact that UI é" is exceptional scattered follows directly from the discussion
above. Indeed, let ]F n¢ be the extension field of Fy» that is the splitting field of the
polynomial P(X ). Then there exist infinitely many integers ¢ satisfying the following
two conditions:

e gcd(I, J,nt) =1,
e the polynomial Pi:gv(X) has no roots in Fyn:.
This can be seen as all the ¢ € N such that ged(7, J,t) = 1 and ged(¢,t) = 1 are suit-

able. Hence, the set Ui g’;t = {(w,y, 29"+ ay?’ 27 + Byt + ’yyq") D m,y € Fqnt}

is scattered for infinitely many ¢, meaning that Uéé’; is exceptional scattered. O

Note that for « = § =~v = 1,1 = 1, J = 2, one obtains the indecomposable
maximum scattered linear set in [7].

REMARK 3.3. Apart from the maximum scattered subspaces found in [7], we want
to point out that in this paper we provide many more constructions, and the family
that we propose is nonempty for infinitely many n and ¢q. To see this, we just need to
prove that we can always choose «, 3,7 such that the polynomial P i 7( ) has no
roots in Fyn. If we restrict to the case that K = J — I > 0 and n are coprime, then
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the polynomial PaI g ,Y(X ) is a projective polynomial associated to the automorphism

oz +— 27 . The linearized polynomial associated with Pi’gv(X) is

F(X) = XT" 44X — apX.

By [39, Theorem 6], Po{:é,'y(X) has no roots in Fg» if and only if the matrix A; has
no eigenvalues in F,, where

n—1

AfZ:CfC?'...'C? 5

()

is the companion matrix associated with f.
We can choose aff,y € Fy such that the corresponding degree 2 polynomial

and

f = X? +vX — af3 associated with f is a primitive polynomial, that is, it is irre-
ducible and its roots 71, 12 are generators of Fla Thus, since the coefficients are in F,
Ay = (Cf)", and its eigenvalues are 77", n3. If n # 0 (mod ¢ + 1), then i, ny ¢ F
and the polynomial PO{:;,W(X ) has no roots in Fyn.

Since there are ¢(q? — 1)/2, where ¢ is the Euler’s totient function, primitive
polynomials f of degree 2 and o, € F%n, this shows that there are at least

(g™ — 1)¢(g* — 1)/2 choices for Pi:é’,y(X) with ged(K,n) =1 and (¢+ 1) t n.

Using algebraic curves over finite fields we can actually prove the converse of The-
orem 3.2 in a small-degree regime for I and J.

THEOREM 3.4. Assume that ged(I, J,n) = 1 and max{I,J} < n/4. If the set Uigz
1s scattered, then the polynomial

X9 X — aB, ifI < J,

14 PLT (X)) = - -
(14) By (X) {Xq’ Tt Axd T —aB, T >

has no roots in Fyn.

@By
J
the proof of Theorem 3.2, % =pu @i I < J)or Z% =p (if I > J), and we let
fii=—7=2(GfI<J)orfi:= /ﬂ%] = 2 (if I > J). In this way, we can rewrite

pa !

rooj. ssume a ’ as a roo S n. €n, wi € notations as 1n
Proof. A that P17 _(X) h t € Fyn. Th ith the notati i
I

the third equation in (9) as
ut’ (XI’ - /\> + o ut’ (AqJ - A) —0.
Note that this equation defines the reducible curve
X (AQI - A) +apt ut’ ()\q" - )\) —0
in A?(F,»), with coordinates (u,A). Then, there are two possible cases:
(1) if I < J,let K :=J —I. The curve

A=
(15) Y. _aﬂunqur _ Hﬁeﬁqf N ( )

H’I]EF(IJ \Fqgcd(I,J) ()\ - 77)

is an Fyn-rational component of X'. Note that, applying the Frobenius auto-
morphism to (15), it is possible to see that ) is also defined by the following
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equation

kg 1 HﬁquI NFogear, ) A=
(16) ut =g
H'r]E]FqJ \Fqgcd(I,J) (A B 77)

)

where A := <faﬂqj) .
(2) If instead I > J, let K := 1 — J. The curve

N —
(17) e W — —aﬂq‘] HneIFqJ “F gea(r, ) ( n)

Hﬁe]FqI N (A —1)

is an Fyn-rational component of X. As above, applying the Frobenius auto-
morphism to (17), it is possible to see that Y is also defined by the following
equation
(18) W1 _ B A
- 9,
HﬁG]qu \Fqgcd(f,l) ()\ - 19)

q—J

where B := (—a[ﬂJ)
[1 (A=)

In case (a) (resp. (b)), as ged(¢® —1,¢) = 1 and H%F‘?I\F“gw“"”

A—
ner g \qucd(z,J) (A=m)

has valuation

either 0, 1 or —1 at all the places of P! (E}n), except possibly at the place at infinity, we
have that the projective closure Y of (16) (resp. (18)) is a Kummer cover of P! (F,n ).
Hence, we can readily compute the genus g’ of ) following [48, Corollary 3.7.4]:

1
d=1-(K -1+ 5 (qK —2) (qI +q’ _qucd(I,J))

qmax{I,J}+K

-+ Gla),

where G(q) is a polynomial in ¢ of degree max{I, J}. Note that there are at most
(q+2)deg(Y) < (g+2)(¢" —1)(¢g" — ¢&dU:))) places centered at points on the line
at infinity or on (A? — A)u = 0. By the Hasse-Weil bound of Theorem 1.2, we hence
have that

V(Fgn)| = q" +1-2¢'q% — (g +2)(¢% - 1)(¢" — ¢#*40)) > 1

as, by assumption, max{I, J} < n/4 and thus there exists A € F,» \F, such that (8)

I,Jn

is satisfied for non-zero values of u,v and hence the set U By is not scattered. O

«

I,Jn
Ua,ﬁ,’v

THEOREM 3.5. If Pi:gﬂ(X) has no roots in Fgn then Ui:g’): is (2,2max{l, J})q-

To prove the indecomposability of the following result will be crucial.

evasive.

Proof. To prove that U Igz is (2,2max{I, J}),-evasive, we need to show that any

(03
. . . I
[F,n-subspace of dimension 2 contains at most g2 max{l.J} yectors of Ua’g’z.
Let '

I J J I J I J J I J
wy = (m,y,xq +ay? ,x? + By? +yy? ),wg = (z,t,zq +at? 27 + Bt + 4ttt )

I,Jn

be two vectors in U, By that are Fy»-independent. A vector

I J J I J
w3 1= (u,v,uq +av? ju? + po? 4 vt )
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lies in (wy, w2>]gq” if and only if the following matrix

vyt +ay” x? + Byt + eyt
M= |2t 29 +at?” 27 + B0 + 47
woud +ovt” w4+ But’ v’
has rank 2.
We now study the number of (u,v) € ]an such that rk(9t) = 2, by imposing the
3 x 3 minors of M to be zero.

If ot — yz # 0, this is equivalent to determining the number of solutions of the
following system

(19) { u? + v’ — Av+ Bu=0

(20) w4 pvt’ + vt — Cv+ Du =0,
where
T (zq + at? ) -z (qu + aqu)
ot —yz ’
y (zq + at? ) —t (qu + ayq‘])
ot —yz ’
x (zq + Bt 4yt ) -z (qu + Byt + qu‘])
ot —yz ’
v (zq + e At ) —t (mq‘] + Byt + qu'l)

Tt —yz
Note that (19) and (20) define two plane curves

XlzquJraqufAerBu:O,
Xg:uqJ—&—Bqu—&—'yqu—CU—l—Du:O

in A?(Fyn), with coordinates (u,v). Hence, we can estimate the number of solutions
of the previous system by estimating the number of intersections of such curves. To
this aim, in order to use Bézout’s theorem, we first show that X} and X5 have no
common components. Consider the projective closures X; and X of the curves in
P%(F,» ), with coordinates [u : v : w] and r : w = 0 being the line at infinity.
e Suppose I < J. Then Xy N7 ={[1:0:0]}, while XoNr = {[—'yq_J :1:0]}.
e Suppose I > J. Then Xy N7 = {[0:1:0]}, while Xanr={[1:0:0]}.

In both cases, as the curves intersect the same line r in two different points, we
conclude that they cannot have a common component, otherwise we would find the
points of intersection of such a component with r appearing in (71 N T) N (72 N T),
which we have shown to be empty.

Then, by Bézout’s Theorem, we have that the number of solutions of the system
defined by (19) and (20) is at most ¢2™>{/:J},

If instead =t — yz = 0, we distinguish a number of cases.

(i) Ifx (qu + ath> —z (qu + aqu) # 0, then the 2 x 2 submatrix of 9t given

by
z 27+ ay?’
2 2 + atd’
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has determinant different from zero. Hence, in this case we need to estimate
the number of solutions of the following system:

(21) v=Au
(22) { Asu + Cs (qu + avq']) + (uq‘] + 5qu + WU'JJ) =0,
where
Yy (2‘11 + atq']> —t (qu + ayql)
z (29" 4 att’) — z (x7" + ay?”)’
(qu + aqu) (zq" + Bt + thJ) _ (qu + ath) (qu + By + ,qu)
o= z (29" 4 at?”) — z (x7" + ay?”) ’
T (ZqJ + Bt + vt‘“) -z (qu + By + w“")
z (29" +ate”) — 2 (z7" + ayt’) ‘

Al =

CQ = -

Therefore, in order to apply Bézout’s Theorem, we show that the curve defined
by (21) is not a component of the curve defined by (22). Note that, if Ay # 0,
this follows immediately. We consider hence the case Ay = 0. The above
system reads

v=Au
Cy (qu + aAi’JuqJ) + (uqJ + ﬂA‘{quI + 'yA({JuqJ) =0,

and the curve defined by (21) is a component of the curve defined by (22) if
and only if the polynomial

Coy (qu + ozA‘fJuqJ> + (uqJ + BA‘{IU‘]I + 'yA‘fJuqJ>

is identically zero, i.e., if and only if (A, C3) satisfies the following system of
equations:

q’ _
(23) BAT + JCQ =0 ;
1+~A7 +aCA7 =0.

I
From the first equation of (23) we have Cy = —AY and, substituting in the
second equation, this gives

(24) 1+~A47 —apA?’ e =,

Setting X := Al_qI or X := Al_qJ, (24) corresponds to Pi’gv(X) =0 and
by assumption it has no solutions in Fg». This shows that the curve defined
by (21) is not a component of the curve defined by (22). Therefore, by Bézout’s
theorem, the number of solutions of the system defined by (21) and (22) is at
most qmax{l,J}.

(ii) The case y (qu + ath) —t (:z:qI + aqu) # 0 can be treated analogously to

the previous one, as we consider the 2 x 2 submatrix of 9 given by
y ot +ay?
t 27 +att )”
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(iii) If (qu + 6th + 'yth) -z (qu + ﬂyql + 'yqu) = 0, we consider the 2 x 2
submatrix of 9t given by

v ot + Byt + T
I
2 27 4 Bt 4y’ )

which has non-zero determinant. Proceeding as in the previous cases, we con-
sider the system

v = A~1’U,
Aqu + (uql + oqu) + Cy (uqJ + But’ ,wa) =0,
where

Y (qu + Bt + WJ) —t (qu + By + quJ)

A= - (ZqJ ¥ gt +7th) . (qu ¥ Byd’ Jr’quJ) )
) (qu + aqu) (ZqJ + Bt + 'yth> _ (ZqI + othJ) (qu + Byt + fyyq‘]>
Ag = — . (ZqJ T Bt _'_,yth) . (qu ¥ By’ +’quj) )
~ z (qu + atq'l) -2z (qu + aqu)
Cy := . (qu ¥ gt +7th) . (qu + Byt _’_quJ)-
Computations as in case (i) lead to the following system:
5) 148G A" =0

Jo—_ ~ ~ g7 ~
OéAlq + ’)/CQAlq + CQ =0.

— and, substituting in the

From the first equation of (25) we have Cp = — g 1

1
second equation, this gives

~ J+ I -
—afA" T 14947 =0
~ _ I o _ a4
Setting X = 4 “ or X := A; ? | the above equation is equivalent to

Pé:gﬁ(X ) = 0 and the conclusion follows as in case (i).

(iv) In the case y (qu + ﬂth + vtqj) —t (:ch + Bqu + quJ> # 0, we proceed as
above, this time starting from the 2 x 2 submatrix of 99T given by
yat + Byt +y?
t 20"+ Bt e’ )
O

The following is a direct consequence of Theorem 3.5, combined with [7, Theo-
rem 3.3].

COROLLARY 3.6. If Pigv(X) has no roots in Fyn and max{I,J} < (n —1)/2,

then Uig’; is cutting, that is, for every Fyn-hyperplane of (Fyn)* we have that (H N

I,J,n _
Ua7577>Fqn =H.

We are now ready to prove our main result concerning the exceptionality and

indecomposability of the family U ié:
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THEOREM 3.7. For fized n, o, 8,7, # J, with ged(I, J,n) = 1, suppose that Pa’ﬁ ,Y(X)
has no roots in Fgn. Then the set UI Jin ~ 1S scattered and indecomposable over infinitely

many extensz'ons Fyen of Fyn

Proof. The set Uig: is exceptional scattered by Theorem 3.2. Note that for any /¢
large enough we have max{I, J} < (nf —1)/2 and thus U’" 55 18 (2,n — 1)-evasive by

Theorem 3.5. The claim follows by Lemma 2.5, with m = s =2 and h = 1. O

I,Jn

We conclude by observing the main properties of the codes C,5 associated with

(o)
the F,-subspaces UI J"

REMARK 3.8. Let I, J, «, 3,7 be such that PI’J (X) has no roots in Fyn, and let us

consider any code C’I o " associated with UI J" that is, C éé: e U([U, iéi]) First of

all, CI ‘]" is an MRD code of dimension dlqun (Cé‘é?) = 4. This is a consequence
of [15, Theorem 3.2]. Furthermore, since U ’ 7 is 1-scattered (Theorem 3.2), we also
derive that the third generalized rank Welght is 2n — 1, and by Theorem 3.5, we also
derive that the second generalized rank weight of C’I Jn - is at least 2(n — max{[, J});
see [45, Theorem 3], [38, Theorem 3.3]. Thus, when max{[, J} < (n—1)/2, we find
that this second generalized rank weight is at least n + 1. By [7, Proposition 4.10]
a decomposable code D = Dy @ Dy where Dy and Dy are [n, 2]qn /q MRD codes has
second rank generalized weight equal to n. Since it is easy to see that generalized rank
weights are invariant under code equivalence, we immediately derive that the codes
C i‘é: are new and inequivalent from already known codes. We refer the reader to [38]
and references therein, for a comprehensive understanding of generalized rank weights
and their relation to evasive subspaces. Finally, by Corollary 3.6 and [1, Corollary 5.7],

the code C’I’J’" is minimal, that is the set of supports of its nonzero codewords is an

antichain and has cardinality 4 = 11 We refer the reader to [1] for a comprehensive

understanding of minimal rank-metric codes.

REMARK 3.9. Although it is known that it is very likely to have F2n-linear n x 2n
MRD codes of Fj2n-dimension 2 (and hence F,»-dimension 4 as the codes Cig’fy), the
same result is not true for Fyn-linear n x 2n MRD codes. In fact, it was proved that
the proportion of F2»-linear n x 2n MRD codes of F j2»-dimension 2 tends to 1 when ¢
grows [40], while the proportion of Fy»-linear n x 2n MRD codes of Fyn-dimension 4
tends to 0 as ¢ grows [23]. In this direction, it would be very interesting to know

whether the Fg»-linear MRD codes Cigz are not equivalent to IF2»-linear codes.

3.1. EQUIVALENCE ISSUE. Let UI Jm and Ui‘%‘]ﬂ’n be two sets as in Definition 3.1,

a0,
I J J I J
Uiy = {(wqu +ay® z® + Byt + oy ) : x,ye]Fqn}

Io,Jo,n __ qIO _ qu qu — qIO _ qJO )
UH,BW —{(u,v,u +av? Jul T+ put T + A U, €Fgnop .

(26)

The sets UI Jom -, and U. IO’JE’ are GL(4, ¢")-equivalent if and only if there exists

y )

a11 @12 A13 A14

(27) M= [ 92192292392 ) QL g F o)
a31 a32 a33 a3q

(41 Q42 Q43 (44
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such that
a1 @12 013 G14 T u
Q21 G2 23 (24 Y . v
q' ¢’ = g | — g0
a31 (32 a33 A34 z? +oy ul " +ov
J I J Jo = . Ig  _ _Jg
41 Q42 Q43 Q44 x4 + Byt + yyd ul " + puvl" +Hul

Before proving Theorem 3.10 on the GL(4, ¢")-equivalence classes for the sets in-
troduced in Definition 3.1, we establish some notations that will be useful in the

proof.
Let K :=J — I and

O I O I B Ol

THEOREM 3.10. Let 0 < I, J, Iy, Jo < (n—1)/2, I # J and Iy # Jy. Consider two
sets UI J" and UIO’JO’ , with notations as in (26), (27), and (28).

Then UI J” and UIO"]E’ are not GL(4, q™)-equivalent if one of the following con-
ditions holds. o

(1) (I7 J) 7£ (107 JO);

(2) (I,J) = (1o, Jo) and

)

has no solutions (z,y) € F2. ~ {(0,0)}

Proof. As noted above, two sets Ulﬁ,y and UIDZ’RJO’ (as in (26)) are GL(4,q™)-

equivalent if and only if there exists M € GL(4,F,»), with notations as in (27),
such that

aj1 @12 413 G14 r u
Q21 A22 (23 G24 Y _ v
(29) qt q” = q’o | = g70
a31 a3z a3z 434 T4 +oy ut " +av
J I J Jo — Ig . Jy
(41 (42 Q43 Q44 x4 + Byt + vyl ul” + Pl + Fue

From (29), we have the following system of equations:

anz + a2y + ars (29 +ay?” ) +aw (297 + By? +yy?" ) = u

an@ + assy + azs (29 +ay? ) +aza (27 + Byt 47 ) = v

as1® + as2y + ass (27 +ay? ) +aza (277 + By? + 7 ) =u?" + @’

anz + asy + ass (29 +ay? ) +aw (27 + By + 57" ) =t +Bo?"° 47007,

Substituting, we obtain the following two equations:

I J J I J In I Io Io
(30) O=aziz+azey+azsz? +azzay? +azsz? +azaBy? tazayy? —af; 29" —af, y? "+

Ip oI +o Ig ,J+Ig Ig J+1Ig Ig I+Ig Ig ,J+Ig
,agg ( +ad q 7(1‘114 x4 +B1 q 4 q q +

_ Jo ,J0 Jo oJ0 Jo I+Jg Jo oJ+J0 Jo J+Jo Jo oI+ Jo gJ+J0
,a(agl 2170 402, 4170 402, ( 21 a0y +a2:° (a9 18970 44 4270 ya ,
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q70
1

Jo Jo 470
— a0 _ 9
a 1 x 1

aly, y? "+
Jo I +J0 Jo oJ+Jo Jo J+J0 Jo JI+Jo Jo 4J+J0
—afy ( +a? Tyl —aj, +B9 Ty Tyt Ty +

— Iy _Ig Io Ip Io pal 1o Ig ,J+Ig I J+1Ig Ig I+Ig Io J+Ig
75(“31 a:(l +agg yq +ag§ e q ’1 +ag4 I‘Z +B‘1 yq + q ‘1 +

Jo 0 a7 Jo Jo  gJ+J Jo J+J Jo o I+J Jo gJ+J
—’y<a21 24 0+aq 0+033 (mq O 4170 ya 0 +aZ,” (29 043970 4a" 70 4 1a70 a 0 .

I J J I J
(31) O=aq1z+aszy+aszz? +aszay? +asax? +aaaBy? +asayy?

We wish to show that, in both cases (a) and (b) listed in the statement of the
theorem, it is not possible to find an element of GL(4,Fy») such that (30) and (31)
are both satisfied for any values of z,y € F¢», i.e., such that the polynomials on the
left hand side of (30) and (31) are both identically zero. Note that this last equivalence
holds because the left hand sides of (30) and (31) are polynomials in 2 and y of degree
smaller than ¢™.

We prove this by considering separately the listed conditions (a) and (b).

(1) (Z,J) # (Lo, Jo)-
e Case I # Iy, Jy. Considering the terms of (30), note that we have:

azlxr = 0 asz2y = 0 a33.1‘q1 =0 a346qu =0.

Hence, az1 = azs = azs = azq = 0.
e Case I = Jj.
— Subcase J # I + 1y and J # 2I. Considering the coefficients of z,
y, 297, y1’, we get azi = azs = azz = az = 0.
— Subcase J = I+1y and J+1y = Jy+1. Considering the coefficients
J J I+Jg I+Jg J+Jo J+Jg
Of.T, Y, x1 7yq axq ayq axq ayq ,Weget a3z1 = azz2 =
az3 = a34 = O
— Subcase J = I+1y and J+1y # Jo+1I. Considering the coefficients

J J J+Io J+1Ig
of x, Y,z yt, , yl , we get azy = azy = azz = azq = 0.
— Subcase J = 21 and J # I + 1. Considering the coefficients of x,
PEE g7 t+70 g7 t70
y, oyt w Y , we get agy = agz = agz = agq = 0.

e Case [ = Iy and J # Jp.
— Subcase J # I + Jy and J # 2[. Considering the coefficients of
z, Y, .Iqu, qu, we get az; = asa = as3 = azqg = 0.
— Subcase J = I + Jy. Considering the coefficients of z, y, qu, qu,
l‘qJ+JD qJ+ , We get a31] = A32 = A33 = Q34 = 0.
— Subcase J= 2[ and Jo # 3I. Considering the coefficients of z, y,
SL‘qJ, yq s qI+J, yq , We get a31 = A32 — A33 = Q34 = 0.
— Subcase J = 2] and Jy = 3. Considering the coefficients of z, y,
xqsl, qu, xqﬂ, yqzl, we get az; = ase = aszz = azq = 0.
In all the cases listed above, the matrix (27) is not an element of GL(4,F¢n).

Hence the two sets Ui é: and UIO’J%’ are not GL(4, ¢")-equivalent.

(2) (I,J) = (Io, Jo) and 7

X — quXqQK +§quq21< +UquqK
X — ,quY n VqKXqK +€quq2K

has no solutions (x,y) € F2. ~ {(0,0)}.
From (30), for the coefficients of

I I J J 21 21 I+J I+J 2J 2.J
q q q q q q q q q q
z?y?'l‘ 7y ?"Lj 7y 7J: 7y 7‘T 7y 71‘ ?y
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we obtain the following conditions

a3y = azz =G24 = a3 = a13 = a14 =0
I J J I
_ 4 — q7 _ _—=q _ .4
(32) ass = afy, assa+ azgsy —aad, =0, aszg=@ad;, azsf=ai,.
Then, from (31), we obtain the following system:
ag1 = aq2 =0
— qI
43 = ﬂazl
¢/ = q’
(33) 430+ A4a7y — A1y — Yage =0
J

J
o ~oal
Q44 —ay; —Yay =0

J— I
ay4f3 = 5032

Hence, considering the conditions on the coefficients given by (32) and (33),

we have the following:
I J J
aj;a + aag, v = dag,
— qI qJ _ qJ qJ _ qJ
Bag o+ (an + 7@21) Y = ajp +7ag
qJ _ qJ — qI
(an + 7‘121) B = Bass.
I J
As aly = a3z = faal,, Equation (2) can be rewritten as
— 1 J a7 K___K  J+tK _ g7
(34) Bafyor+ (afy + 7%y ) 7= 5" ag,"" +7a,.
Moreover, from Equation (2), we have that

K
q
an B I5) an+K +7qKan+K

22 = “gx %11 7oA .

Then, from Equation (2), we obtain

K I J
34 J+K K J+K al, o+ aal y
/8 «
and substituting in Equation (34) we have
— I J o K__ K ,J+K 5y I _gd
(36)  Bafra+ (ofy +70% )y =677 o + 2 (afa + ).
Considering now Equation (35), we rewrite it as

K
I 153 q o J+K K J+K o J
af) = (ﬁ) (a) (alfl +71 a3, ) - E’Ya(zlr

From this last equation, we have

3 <t Nat N
« 2K _K—-1 2K « -1 K
(37) a1 = (5) (a) (a(ﬁ +77 a3, ) - (a) y? ag;

From Equation (36), we obtain instead

-1
asg\? a\7 " +1\ 7 }
« « K [ 2K
(38) ail = (76) as1 + (ZO{) a‘111 — (U) agl .
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Now, with the notations introduced in (28), we can rewrite Equations (37)
and (38) as

an =" af)” +97ag," + 07" ag)

{ an = pd" agy + VqKa‘ff + {qKagiK.
If the system above has the unique solution (0,0) in Fﬁn, we also get age =
0 = a2 = aqq = azq4 = ags, a contradiction to N € GL(4,Fyn). O
To determine whether System (39) has a non-trivial solution in an is not an

easy task. In the following, we only provide an example which shows that non-trivial

solutions of (39) could yield the equivalence between two sets Uig: and Ué%;

COROLLARY 3.11. Let Uig: and Ui%ﬁ be two scattered sets as above, with notations

3

as in Theorem 3.10. If p= 9" ! and v is a (¢® —1)-th power in Fgn, then Uig:
and Ué%’; are GL(4, ¢™)-equivalent.

. K . .
Proof. Since p = v9 *! and v is a (qK — 1)—th power in Fgn, (a11,021) =
K _ . .
9" 3/1/v9",0) is a solution of System (39). From (32) and (33
b
a12 = A13 = G14 = Q21 = (23 = Q24 = (31 = 432 = (34 = Q41 = Qg2 = a43 = 0
' _ _ 47 7’ = 4
az3z = Qqq, a33¢ = Qg , Q447 = Yoo, (g4 = Qqq, G443 = /Ba22a
I J -7
that is, azs = afy, asq = af;, ase = (%) a11. The last two conditions read

_ q,[ q—K—I
aqK_1 = L and aqK_l = é J
11 = LaF 11 ~\3 5

and they are compatible by our assumptions on p and v. O

3.2. THE “ORDINARY" DUALITY. The map Tryn/q(XoX3—X1X5) defines a quadratic
form of Fén (regarded as F,-vector space) over F,. The polar form associated with
such a quadratic form is Trgn /4(0(X,Y)), where

o(X,Y) = ((Xo, X1, X2, X3), (Yo, Y1,Y2,Y3)) = Xo¥5 + XYy — X 1Yo — Xo)V7.

If f € L,,,4[X] we will denote by f ' the adjoint of f with respect to the F,-bilinear
form Tryn /q(zy) on Fyn, that is defined by

Trq"/q(xf(y)) = Trq"/q(yfT(:E)) for any z,y € Fyn.
Let h1,ha, 91,92 € Ly,4[X], and let
X ={(z,y, () + h2(y), g1(z) + 92(y)) : 2,y € Fyn }
be a 2n-dimensional F,-subspace of an. Straightforward computations show that the

orthogonal complement X ™ of X with respect to the Fy-bilinear form ¢/(X,Y) =
Trqn/q(O’(K, X)) iS

X7 ={(z,y,95 () = h3 (y),h{ (y) — 9] (x)) : @,y €Fyn}.

Hence, the orthogonal complement of

I1,J, I J J 1 J
Ualgry 1= {(mqu +ay® x® + Byt + oy’ ) ::c,yeIFqn}

is

’

1,J, n—1I n—1I n—J n—J n—J n—J n—1I n—J
(Uayﬁ,’:)T = {(l’,y,ﬁq wq +’Yq xq _aq yq 7yq _l‘q ) T Y G]Fq"}a
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which is equivalent to

n—I n—J
T g g B9 g7 ~9 7 F UIO Jo.n
T,Y,T - T - — - — rx,y €lgn »p =U_22
» Y, Yy ) aq"*Jy aqni‘ly Y q a8y

where

Ip:=n—-1, Jy:=n—-J, a=-1, f:=—-———, 7F:=-—

4. OPEN PROBLEMS

In this paper, we have provided an infinite family Uig:, as in Definition 3.1, of
2n-dimensional (indecomposable) exceptional scattered subspaces in (F,)%; see The-
orem 3.2 and Theorem 3.7. We have also derived a condition on their evasivity with
respect to 2-dimensional Fyn-subspces in Theorem 3.5, depending on max{I, J}. All
these results need the additional hypothesis on the polynomial PO{ZZ(X ) given in (7)
having no roots in [Fy». We have observed in Remark 3.3 that we can easily find some
conditions to ensure this. However, this is far from characterizing such polynomials

and finding the exact number of «, 3,7 such that Pééz (X) has no roots in Fyn.

QUESTION 4.1. For any pair 1 < I,J < n, find explicit necessary conditions
on a, B,y € Fy. such that the polynomial Palg:(X) has no roots in Fyn. Further-
more, determine the exact number of such triples.

Necessary and sufficient conditions for this to hold were given in [39, Theorem 8]
and [28, Theorem 9], but these are not explicit, and they do not seem to help in the
counting.

We have also showed, in Theorem 3.4, that the condition on the polyno-
mial Pollg:(X ) not having roots in Fg» is necessary, when we are in the small
g-degree regime, that is, when 0 < I, J < n/4. The techniques used are not suitable
for showing that this result also holds for larger values of I, .J. However, we have no

concrete counterexamples indicating that this is not true.

QUESTION 4.2. Extend the result of Theorem 3.4 to larger q-degree regimes, that is
when 0 < I,J <n—1.

Finally, in Section 3.1, we analyzed the GL(4,q")-equivalence of the Fy-
subspaces Uig: In this paper we found some sufficient conditions for equivalence
(Theorem 3.10) and inequivalence (Corollary 3.11). However, the picture is far from
complete.

QUESTION 4.3. Complete the study of GL(4, ¢")-equivalence of the F-subspaces Uig:
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