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Pretty good fractional revival via diagonal

perturbation: theory and examples

Whitney Drazen, Mark Kempton & Gabor Lippner

ABSTRACT We develop the theory of pretty good quantum fractional revival in arbitrary sized
subsets of a graph, including the theory for fractional cospectrality of subsets of arbitrary size.
We use this theory to give conditions under which diagonal perturbation can induce pretty
good fractional revival, and give several examples.

1. INTRODUCTION

“Fractional revival is a quantum transport phenomenon important for entanglement
generation in spin networks” [2]. In a continuous time quantum walk fractional revival
(FR) refers to the situation when the walk “preserves” a subset at a certain moment
in time. That is, there is a subset K of the nodes and a time ¢ such that if the initial
state of the walk is supported on K then it is also supported on K at time ¢. For
entanglement generation one would, typically, be interested in starting the walk from
a single vertex v € K and obtaining a superposition of the nodes in K at time ¢. For
more background and a comprehensive characterization of FR see [1].

Fractional revival is, in a sense, a relaxation of perfect state transfer (PST). Nev-
ertheless, finding examples of FR turned out to be nearly as difficult as for PST. This
naturally led to the study of further relaxations of the phenomenon. Just as with
PST, one can introduce an asymptotic variant that has now been routinely dubbed
“pretty good ___ 7 in the literature [10, 5]. Informally, pretty good fractional revival
(PGFR) requires a sequence of times at which the walk is closer and closer to actu-
ally preserving the subset K. A complete characterization of PGFR between a pair
of nodes on paths and cycles was given in [3].

In a series of papers [7, 8, 4] (some of) the present authors have developed methods
to construct examples of pretty good (or even perfect) state transfer using a diagonal
perturbation of the matrix—sometimes referred to as a magnetic field in the context
of quantum spin networks. The goal of the current paper is to extend these ideas to
the case of PGFR. In particular, we further develop the theory of PGFR to obtain
a practical, verifiable condition that guarantees that a subset of nodes will exhibit
pretty good fractional revival after adding a “generic” constant diagonal perturbation
to the matrix.

In order to achieve this goal, we
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e devise a way to split the characterization of PGFR into somewhat separate
“eigenvector” and “eigenvalue” conditions,

e introduce the notion of fractional cospectrality and provide a comprehensive
characterization of it in order to construct families of graphs that satisfy the
eigenvector part of the condition,

e prove a suitable generalization of the well-known Kronecker condition for
pretty good state transfer to the case of pretty good fractional revival,

e extend the field-trace method of [8] into a tool that allows one to verify this
new Kronecker-type condition if certain factors of the characteristic polyno-
mial are irreducible,

e prove that under a generic diagonal perturbation the relevant factors are
indeed irreducible.

The paper is structured as follows: in Section 2 we introduce pretty good frac-
tional revival (PGFR) and provide a spectral characterization. Then we generalize
Kronecker’s criterion to our setting and, using the field-trace method developed in [8],
we derive a sufficient condition for PGFR based on the irreducibility of certain factors
of the characteristic polynomial together with a trace and degree condition on these
factors.

In Section 3 we explain our generalization of the idea of cospectrality to the frac-
tional setting, and prove a theory analogous to the characterizations of the original
notion. This allows us to prove that for fractionally cospectral subsets, under suit-
able diagonal perturbations of the adjacency matrix, the factors of the characteristic
polynomial relevant to PGFR are indeed irreducible.

Finally, in Section 4 we construct examples where we can prove fractional cospec-
trality of certain subsets and also verify the trace and degree condition of Theo-
rem 2.11, thereby guaranteeing PGFR in these graphs.

2. PRETTY GOOD FRACTIONAL REVIVAL

We work in the following general setting: fix an index set X and consider a real
symmetric matrix M € RX*X,

DEFINITION 2.1. Let K C X be a subset of indices. We say that the X x X matriz M
exhibits pretty good fractional revival with respect to K if

c{exp(itM)gxr : t 2 0} NU(K) € {pIldx«x : p € C},

that is, if we take the family of K x K submatrices of exp(itM) for allt > 0, then the
closure of this family contains a unitary matriz with at least two distinct eigenvalues.

Equivalently, there is a K x K unitary matriz H with at least two distinct eigenval-
ues, and a sequence 0 < t1 <ty < -+ such that limg_,o, exp(its M) gk xx = H. This
includes fractional revival if t = t; = to = ---. The convergence can be understood
entry wise or, equivalently, with respect to any standard matriz norm.

Since the K x K submatriz of a unitary matriz A is unitary if and only if A is
block-diagonal relative to K, a further equivalent way to describe pretty good fractional
revival is to require that there is a sequence 0 < t; < tog < --- and a matriz A that
is block-diagonal relative to K such that limg_,o exp(itixM) = A, and Axxx has at
least two distinct eigenvalues.

REMARK 2.2. This generalizes the concept of pretty good fractional revival on 2 nodes
of a graph from [3]: Two vertices u and v of a graph G with adjacency matrix A exhibit
pretty good fractional revival if, for all € > 0 there is some time ¢ > 0 such that

|e”A(u,u)|2 + |e“A(u, VP >1-e
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REMARK 2.3. It would be perhaps more natural to require a non-diagonal K x K
unitary matrix in the closure of exp(itM)xxx instead of simply one that’s not the
multiple of the identity. However, it turns out that for primitive matrices (eg for
adjacency matrices of connected graphs) this stronger requirement is equivalent to
the one in Definition 2.1. See the second part of Theorem 2.7 for an explanation of
this.

Notice that {exp(itM) : t > 0} C (M) is a bounded subset of the (finite dimen-
sional) polynomial algebra generated by M. Hence if M exhibits pretty good fractional
revival with respect to K and limy_, o exp(ity M)k« x = H then there is a unitary
matrix H € (M) that is block diagonal relative to K, and Idgxx # H = Hiwr.

2.1. NON-DEGENERATE PARTITION OF THE SPECTRUM. Here we provide a spectral
characterization of pretty good fractional revival that can be summarized as follows:
the subset K induces a natural partition Pk of the eigenvalues of M, and pretty good
fractional revival is exhibited with respect to K if and only if a certain simultaneous
approximation problem is solvable in this partition.

Let us start by recalling some important notions and facts from [1].

DEFINITION 2.4. Let M = Z?Zl 0, E; be the spectral decomposition of M, and K C X
a non-empty set of indices.
(1) We denote by Dk the X x X diagonal matriz whose entries on the diagonal
are 1 in K and 0 outside of K.
(2) The eigenvalue support of K is the binary relation

@K = {(QT,Qg) . ETDKES 7& 0}
(3) Define Px = (g, 11,...,IL;) to be the partition of {1,2,...,d} where
Mo ={i: (Ei)kxx =0},

and Iy, ..., Il are the remaining equivalence classes of the transitive closure
Of (I)K .

LeMMA 2.5 (Lemma 2.5 and Theorem 2.10 from [1]). A =37, ¢; E; is block-diagonal
relative to K if and only if the c;s are equal to each other within each part IL,. : 1 <
r<s.

DEFINITION 2.6. The partition Pk is non-degenerate if there is a mod 1 non-constant
vector (p1,-..,ps) € R® such that for all e > 0 there is a t > 0 so that for any
1<r<s

(1) Viell, : ||t-0; —p| <e.

where ||z|| = min{|z — n| : n € Z} is the distance of x to the nearest integer. In
particular, s > 2 is required.

THEOREM 2.7. The matriz M exhibits pretty good fractional revival with respect to
K if and only if the partition Pk is non-degenerate. Furthermore, if M is primitive
then pretty good fractional revival also implies that cl{exp(itM)xxx 1t = 0} NU(K)
contains a non-diagonal matriz.

Proof. First assume M exhibits pretty good fractional revival with respect to K, that
is, there is a block-diagonal matrix A such that H = A« x has at least two distinct
eigenvalues, and a sequence 0 < t; < to < --- such that limy_, o, exp(2mit, M) = A.
Since exp(2mitM) = >_, exp(2mit;)Ej, it follows that p; = limy_,c exp(2mity0;)
exists for all j, and that A = )" p;F;. By Lemma 2.5 this implies that there exist
reals p1,...,ps such that p; = exp(2mwip,) for all j € II,.. Thus |[tx6; — p.|| — O as
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k — oo for all j € II,.. Finally, since H has at least two distinct eigenvalues, all the
;8 can’t be identical, which implies that all the p, cannot be congruent mod 1. This
proves the only if part.

Conversely, if we are given (pi1,...,ps) that proves the non-degenerateness
of Pk, let t; be the time for which (1) holds for ¢ = 1/k. Then, clearly,
limy o0 exp(2mityf;) = exp(2mip,) for all j € II.. Choose a subsequence for
which v; = limy_, o exp(27its0;) also exists for all j € IIy. (This can be done simply
by compactness.) Then

(2) A= hm exp(2mity M) = Z v E; + Z exp(2mip;.) Z E;
j€llp jell,

is block-diagonal by Lemma 2.5, and since not all the p,s are congruent mod 1, the
restriction H = Ak« is not a scalar multiple of the identity.

To prove that the non-degeneracy of Py implies the existence of non-diagonal
matrices in cl{exp(itM)gxx : t > 0} NU(K), it suffices to show that H = Agxx
is non-diagonal. The argument below is adapted from the proof of Lemma 2.9 in [1].
Let z € X and let e, denote the corresponding standard basis vector. Then, for any
j € II, we can write

H(z,z)Eje, = E;Ae, = exp(2mip,)Eje,,
which implies that E;e;, = 0 unless exp(2mip,) = H(z,z). By symmetry the same
holds for el E;.

Now suppose, for a contradiction, that H is diagonal. Since it is not a scalar multiple
of the identity according to the first half of the theorem, we can find two elements
z,y € X such that H(z,z) # H(y,y). Thus egEJ—em = 0 for all j, since exp(2mip;)
can’t equal to both H(z,x) and H (y, y). Then, however, e;FM”ez =3 .0%lEie, =0

3 V3%
for any integer n > 0 which contradicts the primitivity of M. O

2.2. A NUMBER THEORETIC CHARACTERIZATION. In this section we develop a
method to verify that a partition is degenerate. This can be considered as the
generalization of previous results for the case of pretty good state transfer. Its basis,
as in earlier results, is the following number theoretic lemma due to Kronecker.

LEMMA 2.8 (Kronecker). Let 61, ...,0; and (1,...,C; be arbitrary real numbers. For
an arbitrarily small € > 0, the system of inequalities
16,y = Gll <e G=1,....k),
has a solution y if and only if, for integers £y, ..., L,
0101 + -+ + L0, = 0,
implies
1€1¢1 + -+ + LpCr|| = 0.
LEMMA 2.9. Given a sequence of real numbers 601,...,0r and a partition P =
(I, ...,10) of {1,2,...,k}, the following are equivalent:
i) P is non-degenerate in the sense of Definition 2.6.
ii) There is a pair of indices 1 < ri,79 < s such that no sequence integers
Uy, 0o, ... b satisfies all of the following:
k
a) 140, =0,
b) > jem, ¢ =0 for allr # ri,r2,
c) Ejenrl t;=—1 and ZjeHTQ ¢ =1.
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REMARK 2.10. Note that this lemma is a direct generalization of [3, Theorem 2.4]
which only considers the s = 2 case. The only essential new ingredient in the following
proof is the use of integer lattices in place of subgroups of Z.

Proof. First, suppose that P is non-degenerate as witnessed by the sequence
(p1,-..,ps) where ||pr, — pr,|| > 0 for some rq,ry. Assume, for the same rq,ry, that
there exists integers /1, ..., {} satisfying the above criteria. Let € = ¢ /(k max{|(;|}),
and choose t such that for any 1 <r <'s

Viell, :|[t-0; —p.| <e.

Then for all 5 € 11,
16,0 — Lipr| < €0/k
and thus

k s
Ztéjej — ZpT Z Zj < €p.

1 r=1  jell,
Here the left and the right sums are both p,, — p., and the middle is 0. Thus ||p,, —
Prs || < €0. Since this holds for any &g, we get that ||p,, — pr,|| = 0, contradicting the
choice of 71, r5. This proves the i) = ii) implication.

Next, we prove i) = i). Assume, without loss of generality, that r; = 1 and ro = 2

is a pair of indices for which i) holds. Further assume, again without loss of generality,
that 0, € II;. Let 9} =0;—0,:5=2,...,k Note that

k k k
(3) Zﬁjéj = 0 implies Zfﬂj =0 and ij = 0 where {; = — Zg l;.
1

Jj=2 1
Consider the following integer lattice
there exist £s, ..., £, € Z such that

s—1 k
§=q(02....a,) €Z Zéjgjzoandarzijforall2<r<s
2 JEIlL,
By (3) we see that (1,0,0,...,0) ¢ S hence S C Z*~!. This implies that the dual
lattice S* 2 Z*~1. (For instance, because the determinant of S has to be greater than
1, and thus the determinant of the dual has to be less than 1 in absolute value so it
can’t be an integer lattice.) In other words, there exists vector (ps,. .., gs) that is not
congruent to (0,0,...,0) mod 1, such that Y pra, € Z for all (as,...,as) € S.
Now let
o if eIl r =2,
Cj‘{o if jell.

If 4o, ..., are integers such that ngﬂ} = 0, then (az,...,as) € S for a, =
ZjeH,« Ly :r=2,...,s Hence

k s s
Zgjgjzz ﬁTZEj :O+Zﬁr(lr€Z
2 r=1 Jell, r=2
by the choice of (pa,...,ps) € Sx. So Lemma 2.8 implies that for any & > 0 there is a
t = t(¢) such that we have [t0; — p,| < e (mod 1) for all j = 2,...,k where II,. is the
partition containing the index j. To finish the proof, let p; be a mod 1 accumulation
point of the sequence t(¢)0; as ¢ — 0. Then for any ¢ > 0 there is a t = t(¢)
such that ||t — p1|| < € and [t0; — p.| < € (mod 1) for all j, simultaneously. Set
pr = pr+p1. Then (p1, ..., ps) is not the constant vector mod 1. Since ||¢(€)8; — pr|| <
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[t(£)8; — pr|| + |t ()01 — p1|| < 2¢ for j = 2,...,k where II, is the partition containing
the index j. Thus the partition is non-degenerate. O

In general, verifying ii) is difficult. Here we generalize a tool from [4] that allows
to show ii) holds under certain conditions that are easy to verify.

THEOREM 2.11. Fix a field F, a sequence of real numbers 01, ...,0; and a partition
P=10,...,1) of {1,2,...,k}. Suppose there are polynomials Py, Ps, ..., Ps € F[z]
that are irreducible over F and such that 11, is exactly the set of roots of P, for each
1<r<s.
If for some pair of integers 1 < ry,ro < s

Tr(P,,) Tr(P,,)

deg(Pr,) * deg(Pr,)’
where Tr denotes the trace (i.e. the sum of roots) of a polynomial, then the partition
P is non-degenerate.

Proof. We verify ii) of Lemma 2.9 for rq,ry via the field trace a method introduced
n [8]. For a field extension K of F, the field trace is a linear functional Tr, 7 : K — F
defined for each element o € K as the trace of the F-linear map z — ax. See [9] for
details about the field trace.

For each 1 < r < s let £, denote the splitting field of P, over F. Since P, is
irreducible, for any j € II,. we have

L. F L, F
Tre, ,7(0;) = [degP-] Z 0; = [degP-] Tr(P;)
J jeEIl J

according to Lemma A.1 of [4]. Let us suppose for a contradiction that there are
integers £; € Z : j = 1,..., k satisfying

(4) ZM_O
(5) Ze_1and > t=-1

JEI,, JE -,
(6) Z ¢; =0 for all r # ry,ra.
JEI-

Let IC/F be the smallest field extension containing Ly, ..., Ls. We apply Trc,r
to (4). Then, according to (5), (6), and the basic properties of the field trace from
Lemma A.1 in [4],

S

k
0= TI'K/]:/ Zgjej = Z[K : ET] TI’[/T/F Z gjej

j=1 r=1 jel,

—Z K: L] > 4 Treg, yp (0

IS

:Z:: deg Z b

J€EIl,.

(TR ()
Zdeg ) 2 s (et~ )
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This contradicts deg( P1) ;é deg( P ) hence ii) of Lemma 2.9 holds for 71, ro, and thus P
is non-degenerate.

O

3. GENERALIZED COSPECTRALITY

It is now a well-known fact that perfect state transfer can be characterized by an
eigenvector and an eigenvalue condition. The eigenvector condition is called strong
cospectrality (see [6]), a strengthening of the classical notion of cospectrality of two
nodes. In [8, 4] cospectrality was used as a starting point to construct examples for
pretty good state transfer.

In [1] the study of fractional revival between two nodes led to a generalization
of both cospectrality and strong cospectrality of two nodes to the fractional setting.
Further, decomposability was identified as the correct generalization of strong (frac-
tional) cospectrality to arbitrary subsets. However, the analogous extension of the
theory of cospectrality was not discussed.

3.1. H-COSPECTRALITY. Since our goal is to construct examples that admit pretty
good fractional revival, in this section we complete the picture by developing the the-
ory of (fractional) cospectrality for arbitrary subsets. It turns out that most features
of the classical theory carry over to the general setting.

Let K C X be a subset of indices. For the sake of the applications later on, it
turns out to be simpler to work in the more general setting of complex vector spaces
and normal matrices. We consider CX and C¥ equipped the usual Hermitian scalar
product (v, w) := v*w € C. For a vector v € CX (respectively a matrix A € C¥*¥) we
denote ¥ = vk (respectively A=A KxK ) its restriction to the subset K. Conversely,
given a vector v € CX we denote © € C¥X its extension by Os to the other coordinates
of X. Note that

(7) Ab = Av and (A, %) = (Av,w)
for any A € CX*¥X and v, w € CK.

Let M € C*¥*¥X and H € CE*¥ be normal matrices with spectral decompositions
M= 25:1 0;F; and H = 25:1 p;Fj. The E; and Fj are self-adjoint projections.

DEFINITION 3.1. We say that K is H-cospectral in M (or H-cospectral, for short)
if there is an orthonormal (with respect to the Hermitian scalar product) eigenbasis
¥1,...,Px| such that the restriction 15;‘ to K is either 0 or an eigenvector of H for
allj=1,...,]X].

REMARK 3.2.

e Clearly, the dependence on H is only via its spectral idempotents {F}; }. How-
ever, it is often more convenient to refer to the matrix H instead of a collection
of projectors.

e This generalizes fractional cospectrality between two nodes (the |K| = 2 case)
introduced in [1] to subsets of arbitrary size. In particular, if

® 7=(15)

then we recover the classical notion of cospectrality.

THEOREM 3.3. Let K C X, M, H as above. The following are equivalent:
(1) K is fractionally cospectral with respect to H.
(2) HM* = M*H for all k.
(3) HE; = E;H for all j.
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(4) F;E; = E;F; for alli,j.

(5) For any v, w eigenvectors of H belonging to different eigenvalues, (E;v,w) = 0
for all .

(6) For each i, there is an orthonormal basis of Im FE; that contains exactly
dim{E;0 : v € Im F;} vectors that satisfy 0 # = Im F; for each j, and
the rest of the basis elements satisfy ¢ = 0.

(7) For any v,w eigenvectors of H belonging to different eigenvalues, the sub-
spaces (M*% : k=0,1,...) and (M*% : k=0,1,...) are orthogonal.

Proof. We prove implications in a cyclic order.
1 = 2. Let 91,...,¢x| as in Definition 3.1 with corresponding eigenvalues
Aty -5 Ax|- Then M¥* = 3" \Eypap* and hence M* = Z)\fﬁﬂﬁ,* The ;s are all
eigenvectors of H. If Hv = pv then Hvv* = pvv* = v(pv)* = v(H*v)* = vv*H by
the normality of H. Thus H commutes with all 1,511@* terms, and in turn also with
MF for any k.
2 = 3. This follclv\vg since each E; is a polynomial of M, and thus Ej is a linear
combination of the MFs.
3 = 4. This follows since each F} is a polynomial of H.
4 = 5. Let v be an eigenvector in the F}; eigenspace of H. That is, Fjv = v. Then
Fjw = 0 since w is in a different eigenspace. Now, using the self-adjointness of the
F;, we get (Ev, w) = (E;Fjv,w) = (F;E;v,w) = (Ejv, Fjw) = 0 as claimed.
5 = 6. Let £ = E; for some fixed 7. For any j consider the subspace S; C Im E
defined as

S; ={Ev:veImkF;}.
If v € Im Fj, and w € Im F}, for some j; # ja, then (Ed, ) = (B, %) = (Ev, w) =
0 by the condition. Hence Sj, LS;,. Thus we can pick an orthonormal basis in each
of the §;s as well as the orthogonal complement of ®S; in Im E. We claim that the
union of these bases satisfies our requirements. To show this, consider u € Im E that
is orthogonal to S;, and take any v € Im F};. Then

0 = (u, E0) = (Eu,d) = (u,0) = (4,v)

and thus @ is orthogonal to Im Fj;. This means that if u € S; then it is orthogonal
to §; for all [ # j, hence @ is orthogonal to Im Fj for all [ # j. That is only possible
ifu € ImF;. If u= E?d # 0, then 0 < (E0, E0) = (0, E0) = (v,4), thus @ # 0 as
claimed. Lastly if u € Im E is orthogonal to all S;s, then by the same argument @ is
orthogonal to all Im F)s, hence @ = 0 in this case.

6 = 1. The union for all i of the bases defined in 6 obviously satisfies Definition 3.1.

5 <= 7. This follows since E; is a linear combination of the M*s as we have seen
before, and vice versa: MF is obviously a linear combination of the E;s. Finally

(M, Mbb) = (M+b9, ) = (Matby, w), so the latter is 0 for all a,b if and only if
the two subspaces are orthogonal. O

The following observation will be useful later, but we state it here since the com-
putation is essentially the same as in the proof of 5 = 6 above.

PROPOSITION 3.4. Let v € Im F};. Then
(Eid, E;d) = (0, E;0) = (v, Ed) = (v, Eyv),
hence E;0 # 0 if and only if its restriction to K is non-zero. And in this case the

restriction, F;v, contains a component parallel to v.
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REMARK 3.5. In the case when |K| = 2 and H is a 2-by-2 matrix with eigenvec-
tors (p,q) and (—gq,p), our definition of K-cospectral coincides with what is called a
fractionally cospectral pair of nodes in [1, Theorem 3.3, condition (ii)], hence this is
indeed a direct generalization of that notion.

3.2. A FACTORIZATION OF ¢(M,t).

DEFINITION 3.6. Let K be H-cospectral in M. Define b; ; = dim{E;0 : v € Im F}} for
any 1 < j <r, and by = dim{u € Im E; : 4 = 0}. Let P;(t) = H?Zl(t — ;)b :j =
0,...,7.

The following is immediate from 6 of Theorem 3.3:

COROLLARY 3.7. Let K be H-cospectral in M. Then the characteristic polynomial
d(M) = ¢p(M,t) can be decomposed as

o(M,t) = T P ().
§=0

H-cospectrality becomes the most useful when H has | K| distinct eigenvalues. That
is, when all F)js have rank 1. Let us fix an eigenvector v; € Im F; of H for each j.

LEMMA 3.8. Assume H has |K| distinct eigenvalues. Then
(1) Pj(t) = py,;(t) for all 1 < j < r = |K|, where p,; is the minimal polynomial
of M relative to vj, that is, the smallest degree monic polynomial p such that
p(M)v; = 0, or, equivalently, the characteristic polynomial of the action of
M restricted to the space (v;, Mv;j, M?v;,...,).
(2) (04,0p) € Pk, if and only if there is a j such that 0,,0y, are both roots of
P;(t).
Proof. 1t is well-known that the relative minimal polynomial has only simple roots,
and p,,(0;) = 0 if and only if E;v; # 0. Since dimIm F; = 1, the integers b; ; can
only be 0 or 1, so P; has only simple roots. And 6; is a root of P;(t) if and only if
E;v; # 0. Thus p,; and P; have exactly the same roots, and they are both monic, so
they are equal.
To prove the 2nd part, note that (6,,6,) € @k if and only if E,DgE}, # 0,
according to Definition 2.4. Here

E.DxEyw = E,DiEyw =y E.F;Byw.
J

Thus if E,DgEyw # 0 then EaFjE;,ZU # 0 for some j. Since Im F} is 1-dimensional,
this implies both that E,7; # 0 and that FjEAbl/u # 0. By Lemma 5.1 we see that there
exists a vector z € R¥ such that E’;{u = E\l:% = Ebz, and so 0 # FjE~b2 = E‘ijz,
which implies Eyv; # 0 and hence Epv; # 0. We have already established E,v; # 0,
and so we find that both 6, and 6, are roots of P;(t).

To see the converse direction, first note that Proposition 3.4 implies E;v; # 0 if and
only if Eivj = E’Z\/v} contains a component parallel to v;. But since Eivj = EiFjvj =
F;E;v; € Im Fj the latter of which is 1-dimensional, we find that E;v; # 0 if and only
if v; is an eigenvector of E If 6, and 6 are both roots of P;(t) then E,v; and Epv;

—

are both non-zero. Hence Dy Epv; = Ebvj is a non-zero constant multiple of ¥, and
then E, Dy Ey0; is also non-zero, implying that (0,,6;) € @k . O

COROLLARY 3.9. If K is H-cospectral in M for some H that has no multiple eigen-
values, then Pr is the most refined partition where for each j the roots of P;(t) fall
in the same part.
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3.3. GLUING AND DIAGONAL PERTURBATION.

THEOREM 3.10. Let X = X7 U Xo be a splitting of the index set X such that K =
X1 N Xs. Let My and My be two matrices supported on X1 and Xo respectively.
Suppose that K is H-cospectral in both My and My for some H € CE*X | Then K is
also H-cospectral in M = My + M.

Proof. By Theorem 3.3 it suffices to show that H commutes with MF for all k. Note
that M* can be expressed as
M= N M{PMP MM -
> (aitbi)=k

Let I € RE*X denote the projection onto K, that is IT has 1 on its diagonal in S. Then
N =IINIT for any X x X matrix N. Further, examining the matrix multiplication
one can see that for any matrices N; supported on X; for ¢ = 1,2, one has

Ny NoTIT = NTTTTINLTIT and NoN{TIT = NoITTTIN, TIT.
Thus
Mr=TIM*IT = Y IMPITTIMG O TIMR I M
Z(aq—&-bl):k)
= Y MPMPEMPEME---
By assumption, H commutes with both ]\71 and ]\Afg, so it also commutes with ka O

In the next section we will study a diagonal perturbation of M in the form of
M + QDg. Using the previous theorem with X1 = X, Xo = K, My = M, My = Dk
and noting that K is H-cospectral in Dk for any H, we get the following.

COROLLARY 3.11. If K is H-cospectral in M then it is also H-cospectral in M + QD
for any Q € R.

3.4. DIAGONAL PERTURBATION. Let H be a normal matrix in CX*¥ that has |K|

distinct eigenvalues and an orthonormal eigenbasis vy, v, ..., v|k|- In this section we
assume that K is H-cospectral in M. Let F > Q denote the smallest number field
containing all entries of M and all roots of ¢(H ). Then vy,...,v x| € FIKI,

Let @ € R denote a transcendental number that is algebraically independent of F,
and consider MK = M + Q - D € R[Q]**X. Then, according to Corollary 3.11, K
is also H-cospectral in M* . In particular, according to Corollary 3.7 and Lemma 3.8,
we have the factorization

|K|
9) d(M5) =Po(t) - ] Pi(t)
j=1
where P; is the minimal polynomial of M¥X relative to vj for j=1,...,|K|.

PROPOSITION 3.12. Py € F[t] and P; € F[Q,t] for j = 1,...,|K|. Furthermore, the
Q-degree of P; is 1 and Tr P; — Q € F for each j =1,...,|K|

Proof. Since P, for j > 1, is a relative minimal polynomial of a matrix in F(Q)X**X
relative to a vector with entries in F, it is automatic that P; € F(Q)[t]. Then (9)
implies the same for Py. However, F(Q) is the quotient field of the ring F[Q] which
is a UFD. Hence by Gauss’s Lemma the factorization (9) is valid in F[Q, t].

The Q-degree of ¢(ME) is obviously |K|. It is easy to see that each Pj : j > 1 is
at least linear in @) and, in fact, satisfies Tr P; — Q € F. (This follows from a short
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analysis of the Q*-terms in the linear combination of (M*)*?; vectors that define the
coefficients of P;. See [4, Lemma 3.3] for a detailed proof.) This is only possible if the
Q-degree of Py is 0, and the Q)-degree of the other P;s are exactly 1. O

THEOREM 3.13. P; is irreducible in F[Q,t] (and hence also in F(Q)[t]) for all j > 1.

Proof. Now suppose for a contradiction that, say, P; is reducible in F[Q,t]. Since its
Q-degree is 1, this means Py(t) = R(t) - Py(t) for some non-constant R € F[t] and
Py, € Ft,Q]. Let 6 be a root of R(t), and let m denote the multiplicity of # as a root
of Py(t). Then 6 is a root of ¢(M*) with multiplicity at least m+1 for all values of Q.
Since Dk is a projection matrix, Lemma 5.2 implies that there are m + 1 orthogonal
eigenvectors of M (corresponding to the 6 eigenvalue) that vanish on K. But then
the multiplicity of € in P, should have been at least m + 1 according to its definition.
This is a contradiction, hence each P; : j = 1,2,...,|K| is indeed irreducible. O

4. EXAMPLES

In this section we apply the above techniques to provide explicit families of graphs
where diagonal perturbation can be shown to induce pretty good fractional revival.
We use the graph and its adjacency matrix interchangeably. The blueprint is the
following:

e Find a family of graphs and a subset K of the nodes which are H-cospectral
for some normal matrix H with only simple eigenvalues.

e Add a transcendental diagonal perturbation to the nodes in K.

e Identify the factorization ®(MX ) = [] P;(t) of the characteristic polynomial
as the relative minimal polynomials of the eigenvectors of H.

o Using this, compute the degrees and traces of the P; polynomials.

o The transcendentality of the diagonal perturbation guarantees that the P; are
irreducible over a certain field, hence each part in the partition Px coincides
with the roots of one of the P;s.

e Show that for some choice of 4, j we have Tr P;/ deg P; # Tr P;/ deg P;. This
implies that Py is non-degenerate, and hence there is pretty good state trans-
fer relative to K.

4.1. PGFR ON TWO NODES. Here we present two infinite families of graphs, both of
which are built on a path of length 2k 4 1. In Sy, ,,, we take a path with 2k + 1 edges,
and add a loop edge of weight m at the k+ 1st node, that is, one of the nodes forming
the middle edge. In T} we take a path with 2k + 1 edges and add two new nodes. One
is going to be adjacent to nodes k£ and k + 1 on the path, the other is going to be
adjacent to node k + 3 on the path. See Figure 1.

In both families, the endpoints of the path exhibit pretty good fractional revival
when weighted loop edges are attached to them.

v~ v ~~ ~~
k k k

FIGURE 1. Two families of graphs with cospectral pairs: Sy, (left)
and Ty (right).
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THEOREM 4.1. Let M denote the adjacency matriz of either Sy ., or 1), and K =
{u,v} be the endpoints of the path, as in the figure. Let Q be a transcendental real
number. Then MX = M 4+ Q - Dy exhibits PGFR with respect to K.

The proof of this result requires some preparation, as outlined in the blueprint
above. The first step is to verify fractional cospectrality of v and v.

LEMMA 4.2. Let M denote the adjacency matriz of either Sy ., or Ty. Then for all
j=0

(Mj)um - (Mj)v,v =c- (Mj)u,v
where ¢ = m in the case of Sk.m and c =2 in the case of Tj,.

Proof. Let n be the size of the matrix M. Since M7, for any j > n is a linear
combination of M?, M1, ..., M™ 1 it suffices to check the equation for j =0,...,n—
1.

First we consider the Sy ,, case. Here n = 2k 4+ 2. For j = 0,1,...,2k it is clear
that (M7),., = (M7),, and (M7),, = 0. For j = 2k + 1 we have (M?**1), , —
(M?*+1), , = m and (M?F*1), , = 1. Hence ¢ = m satisfies the equation for all
ji=0,...,n—1.

Next we consider Ty. Here n = 2k + 4. Clearly, (M7) counts walks of length j in
the graph. This graph is symmetric, except for the xy edge. For j < 2k+4nov — v
walk of length j can use the zy edge, and for j < 2k + 1 no u — u walk of length
j can use the zy edge. Hence for j < 2k + 1 we have (M?), , = (M), ,, and for
2k +1 < j < 2k + 3 we have (M7),,,, — (M7),, = the number of such u — u walks of
length j that do use the xzy edge. For j = 2k + 1 this number is 2 since you can only
use this edge once and thus the rest of the walk has to be straight between u and x
(respectively between u and y). For j = 2k + 2 such a walk will have to use the zy
edge twice due to parity constraints. But then it has to use it twice back-to-back due
to distance constraints. Hence there are only two such walks: v - x =y > = — u
and u -y — x — y — u. For both j = 2k 4+ 1 and j = 2k + 2 there is clearly
only a single u — v walk of this length. Hence (M7)y, — (M7)y, = 2 (M7),,, for
i=0,1,...,2k+2.

It remains to check the same expression holds for j = 2k + 3. Due to parity and
length constraints, each v — w walk of length 2k + 3 must “go around” the xyz
triangle exactly once. Reversal of the walk yields a bijection between those walks that
go around clockwise and those that do so counterclockwise. By similar considerations,
each u — v walk of length 2k + 3 must traverse the zy edge in this direction. d

COROLLARY 4.3.

(1) According to Remark 3.5, in both families K = {u,v} is H-cospectral for a
2-by-2 matriz H whose eigenvectors are (p,q) and (—q,p) where p/q—q/p = c.

(2) Furthermore, according to Corollary 3.7 and Lemma 3.8, as long as ¢ # +oo,
the characteristic polynomial factors as ®(M,t) = Py(t)P1(t)Pa(t) where
Py (t) (respectively P(t)) is the minimal polynomial of M relative to vy (re-
spectively vy) where these vectors are defined as

p/g: r=mu —q/p: x=u
vi(z)=4¢ 1: z=v va(x) = 1: z=w
0: z+#wu,v 0: z#uv

(3) Then, according to Corollary 3.11, K is also H-cospectral in M* = M +
QDyx, and ®(MX t) = PE#)PE(t,Q)PE(t,Q) where PE and PFK are de-
gree 1 in Q, and for any choice of a transcendental Qqy, the one-variable
polynomials PE(t,Qo) : i = 1,2 are irreducible over Q(p/q, Qo).
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Next, we show that the traces of P and P are not equal to each other.

LEMMA 4.4. With the above notation, deg PE = deg Pf but Tr PX # TrPK. In
particular they are not the same polynomial.

Proof. Since ¢ in Lemma 4.2 is always an integer and p/q, —q/p are the roots of
x—1/x = ¢, it follows that p/q and —q/p are always quadratic integers that are each
others’ conjugates. This conjugation maps v; to vo in Corollary 4.3 and thus also P
to PX. So these polynomials always have the same degree. They are both linear in
Q, and, by definition, substituting ) = 0 into them we get P; and P, respectively.
So it is sufficient to show that Tr P, # Tr P,. We will do so by examining specific
coordinates of M7v; and M7vy for j < k+2=n/2.

We outline the computation for the T} case only, as the Sj ., case follows in a
similar but simpler way. For Ty we saw that ¢ = 2 and thus p/q = 1+ /2 and
—q/p = 1 — /2. The following are easily checked by direct calculation of walk counts
in Ty:

_ (1) = _ 0:]:<k
CIOPPES SR (M) =4 1:j=k+1
k+37j=k+2 0:j=Fk+2
0: J7<k
(M7} =0 < I +2 T S A

k+1>j=k+2

The entries marked by (x) can be seen by noting that a walk of the appropriate length
will use exactly one edge more than once. Specifying which edge this is determines
the walk. In the u — y case this can be any of the edges on the uy path, the zz edge,
or any of the other two edges incident to y. In the v — b case this can be any of the
edges on the va path, or one of the other two edges incident to a.

Hence we get that

(0,0) : j<k
; (14++/2,1): i=k
J =
M vilyp (2+/2,0) : j=k+1
(k+3+(k+3)V2,k+1):j=Fk+2
(0,0) : j<k
; (1-+2,1): ji=k
J —
M U2|y,b— (2—\@,0): j=k+1
(k+3—(k+3)V2,k+1):j=k+2

On one hand, these calculations imply that the degree of P, and P, are both at
least k + 2, but since their product has degree 2k + 4, their degrees must, in fact, be
equal to k + 2. If P(t) = 22 + cyaFt 4+ cox® + -+ then K+ 1 + ¢ = 0 from the b
coordinate of 0 = P;(M)vy, and (k+3)(1++v/2)+c1(2+v2) +c2(1++/2) = 0 from the
y coordinate of 0 = P;(M)vy. Hence c; = —k —1 and ¢; = (24+2v/2)/(2+2) = V2.
So Tr P; = —+/2. Similarly Tr P, = v/2. O

We are finally ready to prove the validity of our examples.

Proof of Theorem 4.1. According to Corollary 4.3 the polynomials P{ and PX are ir-
reducible and distinct from P{. By Lemma 4.4 they are distinct from each other, thus
it follows that none of these polynomials share roots. Then by part 2) of Lemma 3.8,
the eigenvalue support consists entirely of pairs of roots of P< and pairs of roots of
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P, Thus, the partition Px = (Ily, I, Il,) is such that II; consists exactly of all
roots of P and II, consists exactly of all roots of PX. Now, Lemma 4.4 combined
with Theorem 2.11 implies that the partition Py is non-degenerate. Hence, our result
follows by Theorem 2.7. 0

4.2. CycLic SYMMETRY. Counsider a graph G with an automorphism T : V(G) —
V(G) of order r. We denote its adjacency matrix by M. Let K C V(G) be an orbit
of cardinality r. In this section we establish certain conditions under which M¥* =
M + Q - Di exhibits PGFR relative to K. This turns out to be easier than for the
previous examples.

Since T has order r, it must act as a cyclic permutation on any orbit of cardinality
r, and on K in particular. Let H denote the K x K permutation matrix describing
the (cyclic) action of T on K. It is obvious then that H commutes with M* for any
k >0, and thus K is H-cospectral in M, and also in M by Corollary 3.11.

The eigenvalues of H are simple, with eigenvectors

(10) Vg = (17pk’p2k7"' 7p(7‘*1)k) k= 17"'7T7
where p = . Thus ®(ME t) = Py(t) [1.—; Px(t, Q) and according to Lemma 3.8,
for each k = 1,...,p the polynomial Py(t) is the relative minimal polynomial of vy.

According to Theorem 3.13 the polynomials P, ..., P. are irreducible, so they have
disjoint sets of roots unless they are the same polynomial. Hence in the partition Px
each part is the set of roots of one of the P polynomials.

LEMMA 4.5. Let G, T, K be as above. If either deg P; # deg P; or Tr P; # Tr P; for
some i,j =1 then MX exhibits PGFR relative to K.

Proof. By Proposition 3.12 each of the Py, : k = 1,...,r polynomials have Tr P, — @ €
Q(p). Since @ is transcendental, if deg P; # deg P; then Tr P;/ deg P; # Tr P;/ deg P;.
On the other hand, if degP; = degP; but TrP; # TrP; then again clearly
Tr P,/ deg P; # Tr P;/ deg P;. Thus, we are done by Theorem 2.11. O

4.2.1. Orbits of unequal size.

THEOREM 4.6. Let G and T as above. Let d denote the largest distance between K
and any other node of G. If r(d+1) > |V(G)| then M¥ = M+ Q- D exhibits PGFR
with respect to K for any transcendental () € R.

REMARK 4.7. For this condition to hold, it is necessary that not all orbits of T" have
size 1.

Proof. Since there is a node of G that is d distance away from K, and since v, =
(1,1,...,1), we see that for each j = 0,1,...,d the vectors (M*)Jv, have strictly
growing support, hence they can’t be linearly dependent. Thus deg P, > d 4 1. Let
Jjo be such that P; has the smallest degree among Pi, ..., P._1. We have |V(G)| =
deg Py + deg P, + Zg;% deg P; > d+ 1+ (p—1)deg Pj,, hence deg P;, < ([V(G)| —
d—1)/(p —1) < d+ 1 according to the conditions on d and |V (G)|. Thus deg P;, <
d+1 < deg P, and thus the statement follows from Lemma 4.5. O

4.2.2. Cycles with added diamond graphs. In this section, we consider another family
with general cyclic symmetry. We define G, to be the graph obtain by starting with
a cycle C,. of order r, and attaching along each edge a diamond graph (two triangles
sharing an edge). The graph Gj is pictured in Figure 2. Note that G, has the cyclic
group of order r as its automorphism group. There are three orbits of the automor-
phism group, consisting of the vertices of degree 5, the vertices of degree 3, and the
vertices of degree 2 respectively.
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FiGURE 2. The graph Gs.

THEOREM 4.8. Let K be the vertices of any single orbit, for instance the vertices of
the central cycle C,, and as above M* = M + Q - D for transcendental Q. Then
MX exhibits PGFR with respect to K.

Proof. By Lemma 4.5 it suffices to show that Tr P, # Tr Py for some other 1 < k <
r — 1, where P, is the minimal polynomial of M¥ relative to the v;, vector defined in

(10).
Let us define A¢, to be the adjacency matrix for C, and
[110 0 --- 0]
0110 ---0
0011 ---0
R=1|...
000--- 11
100--- 01
and note that )
Ac, +Q-IRI1
M5 = RT 01
i I 10

Let A\, = p~% + pF and observe that simple calculation yields

Ac, vk = A\pUs

Ru, = (1+ pk)vk
RTv, = (1+ p_k)vk.

Thus we can verify that

Ac, + Q- T RI] [avy
RT 01| |buy
I 10 | CUk

as an equation of 3r x 3 matrices, where
A +Q 1+ pk 1]

1+p* 0 1
1 1 0

It is easy to see that {(avy, by, cvy)
(MEYiv, : 5 =0,1,..
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exactly the eigenvalues of

Me+Q 1+p1
Ny:=|1+p7% 0 1
1 1 0

Thus P, has degree 3, and we can see that Tr P, = Tr Ny = Ax +Q for each k. Note in
particular that Tr P, # Tr Py for k # r, and hence Lemma 4.5 finishes the proof. [

5. APPENDIX

LEMMA 5.1. Let E € R%XX be a projection, and K C X. If v = Fw then there is a
w' € RX such that © = Ew'. Here we used the notation from Section 3.1.

Progf. Let F = Fxgxx. T}}en {v:ve€ImE} =ImF. So it is sufficient to show that
Im E =Im F. In fact, Im E' < Im F' by definition, so showing Im F' < Im F suffices.
Since E is a projection, we can write £ =3 vjv;r, and B =}, 0;0;7. Thus

(11) ker E = {w € R¥|vj : ;7w = 0}.

Since E is self-adjoint, Im E is the orthogonal complement of ker E. From (11) it is
clear that Im E = (¢, 13,...). On the other hand, F = Zﬁjv;r, so clearly Im F' <
(171,172,...>=ImE. O
LEMMA 5.2. Let M be a symmetric matrix and N be a projection matrix. Suppose 0
has multiplicity k as an eigenvalue of M + @ - N for all Q € R. Then ker N contains
k orthonormal eigenvectors of M, each with eigenvalue 6.

Proof. Suppose we already exhibited 0 < 7 < k — 1 such orthonormal vectors,
wi,...,w; € ker N. We exhibit one more as follows. Let vg be a unit length eigen-
vector of M 4 @ - N with eigenvalue ¢ that is orthogonal to wy,...,w;. Such vectors
exist because the multiplicity of 6 is more than j, and w1, ..., w; are all eigenvectors
of M +@Q- N as well. Let w be a subsequential limit of the vgs as @ — 0. Such a limit
exists because of compactness. From now on we restrict ) to such a subsequence.
Clearly w is unit length and orthogonal to wy,...,w;. Taking limit as @ — 0 in
(M + Q- N)vg = bvg gives that Mw = fw. It remains to show that w € ker N.

Taking the scalar product of both sides with w, and using the symmetry of M as
well as Mw = 6w, we obtain

0(vg, w) = (Mvg, w)+Q(Nvg, w) = (vg, Mw)+Q(Nvg, w) = (vg, dw)+Q(Nvg, w).

Hence (Nvg,w) = 0, from which we get (Nw,w) = (Nw, Nw) = 0 after passing to
the limit and using that N is idempotent. Thus Nw = 0 as claimed. O
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