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Matroidal mixed Eulerian numbers

Eric Katz & Max Kutler

ABSTRACT We make a systematic study of matroidal mixed Eulerian numbers which are certain
intersection numbers in the matroid Chow ring generalizing the mixed Eulerian numbers intro-
duced by Postnikov. These numbers are shown to be valuative and obey a log-concavity relation.
We establish recursion formulas and use them to relate matroidal mixed Eulerian numbers to the
characteristic and Tutte polynomials, reproving results of Huh-Katz and Berget—Spink—Tseng.
Generalizing Postnikov, we show that these numbers are equal to certain weighted counts of
binary trees. Lastly, we study these numbers for perfect matroid designs, proving that they
generalize the remixed Eulerian numbers of Nadeau—Tewari.

1. INTRODUCTION

Eulerian numbers, which count permutations with a certain number of descents, are
a classical part of algebraic combinatorics. Postnikov, in his study of the volumes
of permutohedra, introduced mixed Eulerian numbers which are mixed volumes of
hypersimplexes. Inspired by this work, Berget—Spink—Tseng [3] defined hypersimplex
classes 7 (perhaps motivated by the observation [18, Remark 3.6]) in the matroidal
Chow ring A*(M) and related their intersection numbers to Th/(1,y), a particular
specialization of the Tutte polynomial of a rank r + 1 matroid M on the set £ =
{0,1,...,n}, satisfying

Tu(Ly)= >, (-1

SCE:rk(S)=r+1

This is a somewhat surprising result: Tps(1,y) is sensitive to the size of flats; the
matroid Chow ring vanishes for matroids with loops and otherwise depends only
on the simplification of the matroid. In this paper, we make a systematic study of
the intersection numbers of hypersimplex classes, which we dub the matroidal mixed
Eulerian numbers, in hopes of getting a better sense of the information contained in
them. These numbers arise as degrees in the matroidal Chow ring for a rank r 4 1
matroid M on E:
Acy,en (M) = degp (V7 - 7")

for nonnegative integers cy, ..., ¢, satisfying ¢; + ¢co2 + -+ + ¢, = r. They specialize
to the usual mixed Eulerian numbers in the case where M is the Boolean matroid
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E. KAtz & M. KUTLER

Un+1,n+1- By expressing the hypersimplex classes in the matroid Chow ring according
to Lemma 2.2, we see that the hypersimplex classes are a sum of flats weighted by a
rational number depending on their size:

=Y OIS, T)ws =Y multg(S| ks,
SCE SCE

where OI is an integer called the over-intersection and multg is a particular rational
number. For that reason, matroidal mixed Eulerian numbers are sensitive to more
than just the lattice of flats.

The matroidal mixed Eulerian numbers obey many recursion relations, allowing us
to get a handle on some of their values. As their combinatorics are quite involved, we
find them most accessible in the contiguous or flatly contiguous case, that is, when the
set {i | ¢; # 0} involves a range of consecutive integers or a range of consecutive sizes
of flats. In these cases, the matroidal mixed Eulerian numbers satisfy an analogue of
the classical Eulerian recursion A(n, k) = (n—k+1)A(n—1,k—1)+kA(n—1,k) and a
certain deletion/recursion relation. These relations immediately yield expressions for
the characteristic and Tutte polynomial, reproducing results of Huh—Katz [19] and
Berget—Spink—Tseng [3]:

degy (Vi *) = 1P (M)
Cv(Ma y) = TM(L y)CU(Ur+1,r+1, y)

where p* is a coefficient of the reduced characteristic polynomial, C,, is a polynomial
built out of matroidal mixed Eulerian numbers, and T (z, y) is the Tutte polynomial
of M.

Postnikov gave a description of the mixed Eulerian numbers as a sum indexed
by certain decorated binary trees. We give the analogous description for matroidal
mixed Eulerian numbers, which immediately follows from a monomial expansion in
the matroid Chow ring. We consider some cases where these trees are particularly
explicit and can be related to counts of flags of flats.

Degrees in the matroid Chow ring can be computed by equivariant localization by
virtue of Berget—Eur-Spink—Tseng’s equivariant lift of the Bergman class [2]. This
allows us to observe that that matroidal mixed Eulerian numbers are valuative over
matroids and that they have an expression in terms of counts of permutations (The-
orem 6.9):

degy (AfH .. M) =3 " (—1)nrtdesto)
w
where \’s are certain classes in A*(M) related to v;’s and the sum is over permutations
satisfying a certain descent condition. This hints at connections between permutation
statistics and matroids.

A particular case where the analogies between the matroidal and usual mixed
Eulerian numbers are especially clear is that of perfect matroid designs, i.e. matroids
for which there are integers

l=n1<ng <--- < ny,

such that every flat of rank i contains exactly n; elements. These include uniform
matroids, projective geometries, and certain sporadic examples. In this case, the ma-
troidal mixed Eulerian numbers involving only the classes 7,,, are of particular interest.
These numbers obey a recursion coming from a relation in the matroid Chow ring
between 7,2”, VriVnipr> and Yo, Vo, We write

Ay, (M) = degpr () - n)
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when M is a perfect matroid design on F. The constant

Vs = (ﬁ Nlmﬂ_nl>

n;
i—1 141

appears when computing these numbers, where N; is the number of rank 7 flats in a
given i + 1 flat (which itself is expressible in terms of the n;’s). We verify that (up to
a power of ¢) the remixed Eulerian numbers of Nadeau—Tewari [22] are the matroidal
mixed Eulerian numbers of the projective geometry PG(r, ¢), when ¢ is a prime power.

Postnikov observed that the mixed Eulerian numbers obey the following properties
among many others:

(1) The numbers A, .. ., are positive integers defined for ¢q,...,¢, > 0 such
that ¢ +---+ ¢, =n.

(2) For1 < k < n, the number Agi-1 ,, gn—+ is the usual Eulerian number A(n, k—
1), equal to the number of permutations of {1,...,n} with exactly k — 1
descents. Here and below 0! denotes the sequence of [ zeros.

(3) Wehave Y 1~ Ac, ., = (n+1)""", where the sum is over ¢y, ..., ¢, >0
with ¢ + -+ ¢, =n.

(4) We have Ao, 0n—k = (Z)

(5) We have A; 1 =nl

(6) We have Ag, . ., =1922...nn ifeg +---+¢ >ifori=1,...,n—1, and
cr+-tcyp=n.

.....

We establish the following analogues, some of which are very straightforward in
our setting:

(1) The numbers A, . ., (M) are nonnegative integers, defined for ¢q,...,¢, =0
such that ¢y +---4+¢, = 7.

(2) The flatly contiguous matroidal mixed Eulerian numbers obey an analogue of
the Eulerian recurrence (Proposition 3.4).

(3) We have Cl,rilcn, Ac, e, = PVol(M), where the sum is over ¢1,...,¢, >0
with ¢1+- - -4¢, = r and PVol(M) is the permutohedral volume of M (Lemma
2.8).

(4) We have Ay 0. o0n_r(M) = p*(M) (Proposition 4.1).

(5) We have Ay, 1(M) = r!Ty(1,0) (Corollary 4.3).

(6) For a perfect matroid design M, we have A, . .., (M) = Vyni'ng ---ngr
ife;+---+¢ zifori=1,....,r—1,and ¢; +---+ ¢, =r (Lemma 7.7).

\Cn

Here, (1), a consequence of the nefness (i.e. convexity) of the hypersimplex classes
by Theorem [1, Theorem 8.9], was noted in [3]. Item (4) was proven in [19] while (5)
is a special case of [3, Corollary 1.6]. Item (3) is immediate from definitions. Items (2)
and (6) appear to be new.

Our work is closely related to that of Horiguchi [17] who studied the connection
between mixed Eulerian numbers in various Coxeter types and the Petersen Schubert
Calculus.

In section 2, we review matroid Chow rings and hypersimplex classes, giving new
representatives for them. The relations between these classes coming from evaluation
and deletion/contraction, described in section 3, are employed to give new proofs of
expressions for the characteristic and Tutte polynomials in section 4. We describe the
tree expansion in section 5. Valuativity and formulas in terms of permutations are
given by means of localization in section 6. Section 7 studies perfect matroid designs.
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2. MATROID CHOW RINGS AND HYPERSIMPLEX CLASSES

2.1. MATROIDS AND MATROID CHOW RINGS. We begin by reviewing some notions
of matroids following [1]. Let E denote the set {0,1,...,n}. Let Sg denote the group
of bijections from FE to itself. Usually, we will take M to be a rank r + 1 matroid on
E given by a rank function rk: 2 — Z,. We will denote the Boolean matroid on E
by Up+1,n+1; it is characterized by rk(I) = |I|, that is, every subset of E is a flat. For
I C E, let I denote the closure of I with respect to M. All matroids will be loopless
unless otherwise noted. For a flat F', let Mg denote the contraction of M at F, i.e.
the matroid whose underlying lattice of flats is the interval [F, i]. Let M¥ denote the
restriction to F', which has lattice [0, F]

In R%, let e, . .., e, denote the standard unit basis vectors. Write 1 = eg+- - - +ey,.
Set Ngp = RE/]RI where we will conflate the e;’s with their images in Ng. For a subset
S C E, write

For a chain of subsets

write og C Ng for the cone

os = Spansg(es,,---,e€s,)-
The permutohedral fan Ag is the fan in Ny whose cones are os as S ranges over

all chains of subsets. Attached to Ag is the permutohedral toric variety X (Ag). For
w € Sg, let 0, be the cone in Ag given by

Spansg(es,,---;€s,),
where S7 € --- C 5, is the chain of subsets
{w(0)} & {w(0), w()} & -+ & {w(0), w(1), ..., w(n)}.

The matroid Chow ring [15], A*(M) = Z[zF]/(I+J), is generated by x for proper
non-empty flats F' with relations

I = (zp,xp, | F1, F5 are not comparable)

J<przzF|z‘,jeE>.

F>i F>j

There is a natural homomorphism
A*(Un+1,n+1) - A*(M)
given by

xg if S is a flat of M
xs
0 else.

We will sometimes write xg for the image of g under this homomorphism even when
S is not a flat of M. For a chain of subsets

S={8cSic S8 CE},

we will write x5 = zg, ...xs,. By [1], A*(M) is a Poincaré duality ring of dimension
r equipped with a degree map

degy,: A"(M) — Z,
characterized by the property that for any full flag of flats
{fochChR G- CF CE]
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we have deg(zp, zp, ...2p, ) = 1.
Write 0;: A*(M \ i) — A*(M) for the pullback defined in [5, Section 3] as

Oi(zr) = xr + TFui-

If 7 is not a coloop of M, then §; commutes with the degree map in the sense

degy 00; = degps; -
If i is a coloop, for dimensional reasons, deg,; of; = 0. Henceforth, we will write
A*(M) for A*(M) @ R.

2.2. HYPERSIMPLEX CLASSES. Let Sk act on the standard unit basis vectors in RE.
The standard k-hypersimplex, A(n + 1,k), is the convex hull of all vectors in the
orbit of efq, ... x—1) under this action. It lies in the hyperplane z¢ +z1 + -+ +z, = k.
Attached to it is a class
i1k € AHX(AR))

in the Chow cohomology ring of the permutohedral toric variety. It arises as the non-
equivariant restriction of the support function to any translate A(n + 1,k) — w for a
vector w with wg + -+ - + w, = k. By [8, Section 6.1], this corresponds to the class in
the equivariant Chow ring AL.(Af) given by the support function on Ng,

o(u) = UEAI(I}LI,%)—w(u ) = |rﬁ1:nk(u cer) —u-w.

The corresponding non-equivariant class is obtained as
— Z vles)zs.
s

We use the convention that v, =0 for k < 0or k >n+ 1.

DEFINITION 2.1. For a vector (c1, . .., c,) of nonnegative integers with ci+- - -+c¢, = r,
we define the matroidal mixed FEulerian number

Acyen (M) = degp (17" - 70" )-

Because the 7;’s are given by convex functions and hence are nef, A., ., (M)
is always nonnegative. For M = U,41,n+1, these specialize to Postnikov’s mixed
Eulerian numbers. Indeed, those numbers are described as mixed volumes of hyper-
simplexes. The matroidal mixed Eulerian numbers specialize to intersection numbers
in A*(Upt+1,n+1) = A*(X(AEg)). The connection then follows from the relationship
between toric intersection theory and the polytope algebra [16].

For a finite set U and S,T C U, the over-intersection of S and T in U is

Oly(S,T) = |SNT|—max(0,|S| + |T| — |U)),

i.e. the quantity by which the size of S NT exceeds that which is expected for a
“generic” choice of S and T. Let multy (|S], k) = min(|S], k) — %|S|

LEMMA 2.2. We have the following identities for vi. (as elements of AY(M)):
(1) v =2 gcp Ole(S,T)xs for any set T with |T| =n+1—k, and
(2) Y =D gcpmultp(|S], k)zs.
Proof. For the first identity, take w = er. Observe that that eg - w = [SNT)| and

i . = 0,8 —k+1)—n).
i (es - e) = max(0, S|+ (n— k+1) = n)

Consequently,
—> p(es)rs = Olg(S,T)xs.
s

For the second identity, take w = ”Ii}keE, and note that eg - w = ”:L“}Jk [S]. O
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Because the classes 7y arise from the normal fan to a polytope, they are convex.
Alternatively one can verify that they are submodular (see [1, p. 397]), e.g. for the
Ol-description:

OIE(@, T) =0,
Olg(E,T) =0, and
OIE(Sl, T) + OI(SQ, T) > OI(Sl N So, T) + OI(Sl U So, T)
REMARK 2.3. Observe that for k = 1, we may pick T'= E \ {i} for any ¢ € E. Then
v = ZFE” zp. For k = n, we can pick T' = {i} and see v,, = ) -, 2p. Thus 7, and
v are the classes called 8 and «, respectively, in [1]. Consequently, the coefficient of

the reduced characteristic polynomial u* = deg(a’#"~%) is a matroidal mixed Eulerian
number. We will provide an alternative proof of this fact in Proposition 4.1.

We will find the following expression for the hypersimplex classes helpful:

LEMMA 2.4. We have the following identity in A'(M):

w=m+1=kyn— >  (Fl-kazr.
|F\>Fk+1

Proof. Fix T C E with |T| =n+ 1 — k. First observe

(n+1=k)yn=>) (Zw)

€T \F>i
=Y |FNT|zp.
F

Now, note

Y& = Z OIE(Fa T)‘TF
F
=> ([FNT|—max(0,|F| + |T| - (n+ 1)) zr
F
=m+1=k)yn— Y. (IF|-kar. O
|F|§k+1

By convexity of the 74’s and the Hodge theory for A*(M) [1, Lemma 9.6], the
matroidal mixed Eulerian numbers satisfy a log-concavity property:

THEOREM 2.5. Let c1,...,c, be nonnegative integers with ¢y + -+ ¢, = r — 2. Let
1<14,5 <n. Then,

Cn Cn a2

deg(7f" ... vemy?) deg(hf! .. yemy3) < deg(Aft - iy
For a flag of flats
GCH GG CFCE,
by inducting on [5, Prop 2.25], there is an isomorphism v,
A*(M)/amn(zp,zp, ... 2p,) = AN(MP) @ AN(M2) @ @ A"(Mpe ) ® A*(MF,)
induced by multiplication by g ¢, ... zF, . Here, Ml?“ is a matroid on Fjq \ Fj

with lattice of flats [F}, Fj11]. Moreover, if one equips A*(M)/ann(zr xp, ... Zx,)
with the degree map

deg: A" ¢(M)/ann(xp,xp, ... xp,) = Z, y — degy (yrp xR, ... 2F,),

Algebraic Combinatorics, Vol. 7 #5 (2024) 1484
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and equips A*(M™) @ A*(Mf2) @ -+ ® A"(Mpe ) ® A*(Mp,) with
deg ;i (X)degM;12 ®R-® degMFC’
then ¥ r commutes with degree maps.
We now compute the images 1+ (7;) following [3, Lemma 6.5].
LEMMA 2.6. The image of vy under r is
0 if k = |Fj| for some j
199 @ gy @ 19070 if |[Fj| < k < |Fj41]| for some j.

Proof. There is a unique j such that |Fj| < k < |Fj41]. Pick T" C Fj11 \ F} of size
|Fjq1| — k, and set T = (E \ Fj;41) UT’. Then,

TP XFy - TF Yk = TR LTFy -« - TF, (Z OIE(F, T)SUF>
F

=T TRy ... TF, E OIE(F,T)IF
F: F;CFCFj1

§ : !
=T TR, ... TF, OIFjJrl\Fj(F\ijT)zF
F: F,CFCFj1

where the second equality is a consequence of our choice of T'. The conclusion follows
from noting that the sum is a description of y;_ ;| in A*(Mg?“). O

The following is immediate from the above Lemma and Poincaré duality of A*(M).
COROLLARY 2.7. For any flat F with |F| =k, xpy, = 0.

Write ¢ = >, 7;. The volume of this class, i.e. PVol(M) = deg,,(¢") is called
the (standard) permutohedral volume and is described in terms of the Dilworth trun-
cation of M in [14, Theorem 7.1.6]. Because the Minkowski sum of the hypersim-
plexes >, A(n + 1,i) is the standard permutohedron, we have PVol(Uy41 541) =
n!(n +1)""1, where (n + 1)"~! is the volume of this permutohedron. The following
is an immediate consequence of the multinomial expansion of {":

LEMMA 2.8. We have
r! .
E Acl,“.,cn (M) = degM(C )
( | c!...¢,!
C1y.yCn

where the sum is over nonnegative ci,...,cy, withcy + -+ ¢, = 7.

3. RELATIONS

The relations satisfied by the matroidal mixed Eulerian numbers are complicated but
simplify significantly when one considers some special cases.

DEFINITION 3.1. The support of a vector (ci,...,¢,) of nonnegative integers is the
set

Supp(er, ..., en) ={i]| ¢; # 0}
DEFINITION 3.2. A support set is contiguous if there exist positive integers a and b
such that Supp(c) = {k | a < k < b}.
A support set is flatly contiguous (with respect to the matroid M) if there exist

positive integers a and b such that Supp(c) C {k | a < k < b}, and for any flat F with
a < |F| < b, then |F| € Supp(c).

Algebraic Combinatorics, Vol. 7 #5 (2024) 1485
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To write relations, it will be helpful to describe matroidal mixed Eulerian numbers
a bit differently. Let s < r be a nonnegative integer, and let v = (v1,...,v,_5) € N
be a vector of positive integers. Write

Cos(M) = deg s (Yo, Yoo -+ Yo, Vn)-
Then Ac,, ., (M) = Cyo(M) for v = 12° ... (n — 1)°~'n°, where i® means i
appears in ¢; consecutive components. Observe that C, s(M) = C, o(Tr*(M)) where
Tr®(M) denotes the s-fold truncation of M. We may write 7, or Yy, Vo, - - - Yo,_, - For
a positive integer k, write
v—kl=(vi—k,...,v.—s — k).

The vector v is sorted if v < vy < -+ < v,_s. Write R(v, k) € N'=5~1 for the vector
obtained by removing the kth component of v.

We can define the support of v to be

Supp(v) = {Ulv 'UQ, e 7vr—s}-

We say v is (flatly) contiguous if its support is (flatly) contiguous, in which case, we
also say the matroidal mixed Eulerian number C,, (M) is (flatly) contiguous. Observe
that even then, C, s(M) = degy;(7,7;) is the degree of a product that may not have
contiguous support.

Write f; = 1707=%7J. It is easily seen that if v is contiguous and sorted, then
R(v, k)+ fr—1 is contiguous. We extend the definition of C, s(M) to vectors of integers
with the convention that C, (M) = 0 if any of the components of v are non-positive.

LEMMA 3.3. Let F be a flat of M, and let (vy,...,v._1) € N'=1 be flatly contiguous.
Then,

degM(xF'YU) =0
unless tk(F) =1 or tk(F) =r.

Proof. Pick a, b as in the definition of contiguity. If | F'| € Supp(v), then deg,,; (zr7y,) =
0 by Corollary 2.7. Hence |F| < a or |F'| > b. Consider the case |F| < a. Now,

deg (zFyp) = degyyr (1) degyy, (%—\F\1)~

This quantity is 0 unless M* is of rank 1 which occurs only if rk(F) = 1. The
argument for |F'| > b is analogous. O

3.1. EULERIAN RELATION. The classical Eulerian recurrence
Ank—1)=Mn—-k+1)An—-1,k—2)+kA(n—1,k—1)
can be rewritten as
degy, . () =(n—k+1)degy, (=) + kdegU”,n(%?_l)-
This recurrence generalizes to contiguous matroidal mixed Eulerian numbers.

PROPOSITION 3.4. Let v = (vy,...,v,) € N" be a sorted flatly contiguous vector. Let
Jj€{l,...,r} be chosen such that the positive integer vj occurs at least twice among
the components of v. Let T C E be a subset of size (n+ 1) —v;. Then

Coo(M)= > Olg(F,T)Cr,j)-1.0(Mr)
rk(FF):1
+ Z Olg(F,T)Cry,j)0(M")

F
rk(F)=r

Algebraic Combinatorics, Vol. 7 #5 (2024) 1486
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Also,
Cuvo(M) = multg(|F|,v;)Crv,j)-1,0(Mr)
+ Z mlﬂtE(lFlvUj)CR(v,j),O(MF)
rk(lffj):r
Proof. Observe that R(v,j) is still sorted and flatly contiguous. Now,
Yo = Yo, VRwg) = 9 OLe(F, T)Zr V(. j)-
F

By Lemma 3.3, the only nonzero terms in the sum correspond to flats of rank 1 and
rank r. The conclusion follows from Lemma 2.6.

The second formula follows from applying the second description of =, in
Lemma 2.2. 0

We can also make sense of matroidal mixed Eulerian numbers coming from
(v1,...,v,) whose support consists of two flatly contiguous blocks, one containing 1
and the other containing the size of the largest proper flat.

LEMMA 3.5. Let v € N¢ and w € N"=¢ be sorted flatly contiguous vectors such that

(1) Supp(v) N Supp(w) = &,
(2) 1 € Supp(v), and
(3) if F is a proper flat of maximal size, then |F| € Supp(w).

Let w' = (wa, ..., wq—g). Then,
degps(yw) = > OIg(|F|,T)degyr (v) degar, (Yor—(r/1)
Firk(F)=(+1

forany T C E with |T| =n+1—w;.

Proof. We write

degpr(Yoyw) = Y _ Olg(|F|, T) deg(voupyur).
F

The only terms that contribute must satisfy max(Supp(v)) < |F| < min(Supp(w’))
by Lemma 2.6. Therefore, the sum equals

Z Olg(|F],T) degpr (7v) degas, (Vw'—|F\1)
F

which, by dimension considerations, only has contributions from F with rk(F) =
{+1. O
3.2. DELETION/CONTRACTION RELATIONS. We study how the hypersimplex classes

behave under 6; to prove a deletion/contraction relation.

LEMMA 3.6. For 1 < £ < n, we have the identities

Yo =0:i(ve1)+ > x5, v =0:(v)+ > ws.
SFi S3i
|S|=0 [S|<¢e
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Proof. Without loss of generality, we may suppose ¢ = n. Let S,7 C E\n. The
following are straightforward verifications.

I T if T —|E
OLp(S.T) = Olp\n(S,T) : S|+ [T| = [E\n|
Olp\n(S,T)+1 if S|+ |T| — |E\n|
OIE(S U {n},T) = OIE\n(S, T)
Olg(S,TU{n}) = Olp\,(S,T)
Olp\n(S,T)+1 if |S|+|T| - [E\n| < —
| >

<0
21

OIp(S U {n},T U {n}) = {

Olp\n(S,T) if |S|+|T|—|E\n| 20
Pick a set T'C F\n with |T| = n — ¢. Then,
On(ve) = Y Olpu(S,T)zs+ Y Olpya(S, T)zsum
SCE\n SCE\n
= Z OIE(Sv T)xS - Z Ts + Z OIE(S U {n}vT)xSU{n}
SCE\n SCE\n SCE\n
|S|>0+1
:ZOIE STJ/‘Sf Z Trs
SZn
|S| =641
= 75-1—1 - Z s,
SZn
[S|=e+1
which is equivalent to the first identity. Similarly,
On(ve) = Z Olp\n (S, T)zs + Z Olp\n (S, T)zs0U{n}
SCE\n SCE\n
> OIg(S, T U {n})xs
SCE\n
+ Z OIE(SU {n}7TU {n})xSU{n} - Z Tsu{n}
SCE\n SCE\n
|S|<e-1
—ZOIE S, TU{n})zs — Y xs
San
|S|<e
=Y — Z zs,
Son
Isi<e
giving the second identity. O

LEMMA 3.7. We have the following identities:
(1) for a flat F with |F| < andi € F,
0i(Ve-1)TF = YexF;
(2) for a flat F with |F| > ¢ and i € F,
0i(ve)TF = Yo F;
Proof. For the first identity, Lemma 3.6 gives

e — 0i(ve-1) Z zs

SFi
|S|>¢
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All flats on the right side must be incomparable with F'. The proof of the second
identity is similar. O

The deletion/contraction relation for contiguous matroidal mixed Eulerian num-
bers is the following:

PRrROPOSITION 3.8. Let M be a loopless matroid of rank at least 3. Let 0 < s < 7,
and kiv = (v1,...,0—s) € N'7% be a contiguous sorted vector. Let i € E, and set
p = |{i}|. Suppose s =0 or vy = 1. If i is not a coloop of M, then

rT—S8

Cos(M) = Cy o (M\i) + > Crop)+ froa—p1s (M)
k=1
If i is a coloop of M, then
Cos(M) = Cosm1(M\D) + Y Cro gyt fis—1,s(Mg)-
k=1

Proof. We will rewrite deg,;(v,7;) applying the second formula in Lemma 3.6 to .,
and the first formula to v;. Observe that for 1 < j <r — s,

deg s (0i(Vor - Yoy 1 )Vo; -+ Yor—a¥n) = dear (0 (Voy -+ Yoy )Vos41 + - YoraTm)

+ ) degp (@r0i (Yo, - Yoy ) Yoy - - Vor_ V-

F>i
|F|<v;

We claim that only the summands with rk(F) = 1 contribute. Suppose rk(F') > 2.
Let 0 < k < j be the largest index such that vy < |F|. If & > 1, there is ¢ with
k<t<j—1with v = |F| -1, and 0;(y,)rFr = v pjzr = 0 by Corollary 2.7.
Otherwise, k = 0 and we must be in the case v; > 1, so s = 0. Now,

degM(xFai(’le s ’yvj—l)fyvji»l s ,-YU’I‘) = degM(zF’YTM-i-l s Y+ 1Yo ,-Y/U’V‘)'

Because this product is contiguous, by Lemma 3.3, the degree vanishes unless rk(F') =
1 or rk(F) = r. If rk(F') = r, the degree vanishes by Lemma 2.6. Indeed. the degree
is equal to

degprr (1) degpy, (Yoy+1 -+ - Yo, 1 41Vvj41 - - - Yoo
which vanishes for dimensional reasons, since My is a rank 1 matroid. The condition
tk(F) =1 and i € F forces F' = {i}. Thus, the sum is 0 unless v; > p = |F| in which
case it equals

degM($F7U1+1 s Yoo+ 1 Vv %riﬂfz)
= degMp (Yor +1—p - Yvj_1+1—pVvjp1—p -+ "Y’Urfs—er’rSL—p)
= C(Ul-‘rl—:lhn-7Uj—1+1—P,Uj+1—P7---7’Ur—s—p)7S(MF)
by applying Lemma 3.7. By combining the above identities for varying j, we obtain

r—S

degar (Yo - - Yo, 78) = degar (05 (Yo, - Yo, )78) + D Creo )+ fu_s—p1,s(Mp).
k=1

If s = 0, the conclusion follows. Otherwise, consider the case when i is not a coloop.
Then E \ 7 is not a flat and we have

Yo = (Oi(Yn—1) + zEi)® = 0:(1n-1)-
Again, take degrees. On the other hand, if ¢ is a coloop, then p = 1, and
Y = 0i(Yn-1) + Tp\;
where E\i is a flat of size n. We note that
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(1) Ymrp\; =0 by Lemma 2.6, and
(2) 0i(ve)rp\i = v\ by Lemma 3.7.

Consequently,
deg (B (vo)vn) = degyy (Bi(vorn_1)) + degas (i (v077 1) 2 m\0)
= degpn; (wp-1)
where we used deg,; 06; = 0, (2), and Lemma 2.6. O

4. THE CHARACTERISTIC AND TUTTE POLYNOMIALS

We relate the characteristic and Tutte polynomial (see, for example, [7]) to the ma-
troidal mixed Eulerian numbers, reproving results of [19, 3]. We begin with the reduced
characteristic polynomial,

X (A) = xar(A)/(A = 1)
where x7(A) is the usual characteristic polynomial. We express its coefficients as

T

TN = S (=D kA,

k=0

We can specialize the definition of the reduced characteristic polynomial to loopless
matroids to obtain the following characterization by deletion/contraction:

(1) YUlyl(q> = 13
(2) if ¢ is not a coloop of M, then

- XN = Xy (A) i {i} s a flat
XA =12 )
Xaryi(A) otherwise,
(3) and if 7 is a coloop of M, then
Xar(A) = (A = DXani(A)-

The following was established in [19], and we provide an alternative proof by
deletion-contraction here.

PROPOSITION 4.1. For an integer k with 0 < k < 7,
(M) = degp (777 ").
Proof. For Uy 1, this is trivial. For the general case, by repeatedly applying

7 = 0i(m) + Ziy, ey =0

from Lemma 3.6 and Corollary 2.7, we obtain

= 0;(vF) + x{i}ei(’yfil)-

Similarly, we obtain

T =0 ) + e ( ).
Here, we treat z(;; and xp\; as zero if the subscript is not a flat. Thus,
(Vi) + 2 0 (0 2 + el (i )
i

=0 + e (8T e (Y

VEynE
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where we made use of the incomparability relation in the matroid Chow ring and
Lemma 3.7. We can, thus, rewrite deg,;(v¥y"=*) as

degap; (V1 7m—t) + degay,,, (0 =) + degana (i)

B degM\i('yf%Z:’f) + degyy,,, (YF=tyrhy if 7 is not a coloop
degyy,,, (n ) + degﬂf\i(vaz:liil) if 4 is a coloop

In any case, this is equal to p*(M\i) + p*~1(M/i) which, in turn, equals p*(M). O

We can specialize the definition of the Tutte polynomial Ths(x,y) to loopless ma-
troids M and obtain the following characterization: the Tutte polynomial Ths(x,y) €
Z|z,y] of a loopless matroid M is a polynomial characterized by the following prop-
erties:

(1) TUl,l(m7y) =,
(2) if 7 is not a coloop of M,

TM((E, y) = TJV[\i(x7 y) + yp_lTMm(xa y)7

where p = |{i}|, and
(3) if ¢ is a coloop of M, then
Ty (x,y) = Tz, y).
The reduced characteristic polynomial is related to the Tutte polynomial by
Xar(N) = (1) Tar (1= A, 0)/(A = 1)
We have the following, which was first proven as [3, Theorem 1.5].

PROPOSITION 4.2. For v = (v1,...,v,) € N", let
Co(M,y) =Y Currro(M)y".
k=0

If v is contiguous and sorted with vi = 1, then
C’U(M7 y) = TM(]-a y)Cv(Ur+1,r+17 y)

Proof. Before we begin the proof, we record the following observation: if w =
(w1, ..., wr_s) is contiguous and sorted with wy < 1, then

Cuw—n1(M,y) =y"Ci(M,y).

We induct on the number of non-coloops in M by deletion/contraction. If there are no
non-coloops, the M = U,41 y4+1. In that case Tas(1,y) = 1, and the result is trivial.
Otherwise, let ¢ € E be a non-coloop of M. Set F = {i} and p = |F|. Then, by
applying Proposition 3.8 to M,

CU(Ma y) = C'U(M\i, y) + Z OR(U7k)+.fk—l_p1(MF7 y)
k=1

By induction, we have

CU(Ma y) = TM\Z(17 y)CU(Ur+1,T+1’ y) + Z TMF(]" y)CR(U,k)+fk71—P1(U7“7T’ y)
k=1

= Tari(1,9)Co(Ursrrs1,9) + 4" Tarp (1Y) Y Crioy+ s —1(Urs ).
k=1
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Here, the second equality follows from observing that
min(Supp(R(v, k) + fr—-1— 1)) <1

because v is contiguous and sorted with v; = 1. Now, applying Proposition 3.8 to
Ur+1,r+1 ylelds

Co(M,y) = (Tari(L,y) + ¥* T (1,y)) Co(Urs1,r41, )
= TM(L y)Ov(Ur-i-l,r-‘rla y)
0

By combining the above proposition with Theorem 2.5, Berget—Sping—Tseng [3]
were able to resolve a conjecture of Dawson [9].

COROLLARY 4.3. We have the following formulas:
(1) [3, Corollary 1.6] for v = (1,2,...,7), we have Cy,(M,y) = r!Ty(1,y);
(2) degps(v1---7) =r!Ti(L,0);
(3) for v contiguous and sorted with vy = 1, C,(M,1) = 1Ty (1,1); and
(4) the sum of all contiguous sorted matroidal mized Eulerian numbers C, o(M)
with vi = 1 is
P17 T (1,1).
Proof. By [23, Theorem 16.3] (or Lemma 7.7 applied to Uy41,r+1); Co(Urt1,r41,Y) =

rl for v = (1,2,...,7). The second identity follows by substituting y = 0.
For v contiguous and sorted with v; =1,

Co(M,1) =Trn(1,1)Cy(Ups1,041,1) = r1Tar(1,1)

where the final equality follows from [23, Theorem 16.4]. The final formula comes from
summing the above over contiguous sorted v with v; = 1, noting that such choices of
v are in bijective correspondence with compositions of r. (]

Proposition 4.2 allows us to write any contiguous matroidal mixed Eulerian num-
bers as a convolution of Tutte polynomial coefficients with ordinary mixed Eulerian
numbers. Let v = (vy,...,v,) be contiguous and sorted, and set v' = v — (v; — 1)1.
Then v’ has first coordinate 1 and is also sorted and contiguous. The matroidal mixed
Eulerian number C,, o(M) is the coefficient of y**~! in C,/ (M, y). By Proposition 4.2,
this evaluates to

Coo(M) = [y 10w (M, y)
_ ym—l](TM(L y)Cv/ (Ur+1,r+17 y)

= (71T (1,9)) Cor -0y —1-y1,0(Urg1,041)

= ([yj]TM(lay)>0v—j1,O(Ur+1,r+1)7

Jj=

[}

where [y7] denotes taking the coefficient of y/. Note that Cy,_j1,0(Ups1,r41) = 0 if
J<uv.—r.

EXAMPLE 4.4 (Uniform matroids). When M = U, 11 p4+1 is a uniform matroid, we
have
n—r n— j )
TUT+1,TL+1(17y) = Z ( r )y]'
§=0
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Thus, for any contiguous sorted vector v,

’Ulfl

n—j
Co,0(Urt1,n+1) = ZO ( . )Cv—j1,o(Ur+1,r+1)-
j:
In particular, the pure powers of the ~; evaluate to
=l j
degy,,, 0 (F) =D ( . )A(r, k—j—1),
j=0

where the A(r,k — j — 1) are usual Eulerian numbers. For k > r, we get

k—1 .
n — .
degy, (D)= 3 ( j)f‘l(?"ak—J—l),

j=k—r r
r—1 .
n+1—k+ .
-3 ( M ai)
J=0 "
=(n+1-k)"

by Worpitzky’s identity
x4+ .
"= A .
=3 (T )aed)

EXAMPLE 4.5 (Sparse paving matroids). Let M be a sparse paving matroid on E of
rank 7+ 1 with exactly m circuit-hyperplanes. Then Ty (1,y) = Ty, , .., (1,y) — m.
Consequently, for a contiguous sorted vector v,

Cv(Ur+1,n+1) - va(Ur+1,r+1) if Uy <r
Co(Urs1,n+1) otherwise.

Cypo(M) = {

5. POSTNIKOV TREES

In [23, Section 17], Postnikov gave a combinatorial interpretation of mixed Eulerian
numbers as weighted counts of certain binary trees. We extend this construction to
express an arbitrary product of the 7;’s in A*(M) as a weighted sum of monomials
xr, for F a flag of flats of M.
Let T be a finite binary tree. The binary search order on the vertices of T is the
transitive closure of the relations
(1) b € L, implies b < a and
(2) b€ R, implies a < b,
where L, and R, denote the left and right branches, respectively, under a. Let
desc(a,T) == L, U {a} U R, be the set of all descendants of a.
An increasing labeling of the vertex set of T is a bijection

o:V(T)—={1,...,k}

such that o(b) > o(a) whenever b € desc(a,T). An increasing binary tree is a pair
(T,o) where T is a binary tree with increasing labeling of o. It is well-known that
increasing binary trees on the vertex set {1,...,k} are in bijection with permutations
of {1,...,k} [24, Section 1.5].

Let £L(M) denote the lattice of flats of M. A flat-filling of T is a function

F:V(T)— L(M)~{9,E}

such that a < b implies F(a) C F(b). Consequently, the image of a flat-filling must
be a k-step flag of flats F (T, F).
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FIGURE 5.1. An increasing binary tree. The increasing labeling is
given by the numbers next to each vertex.

A flat-filled increasing binary tree is a triple (T, 0, F'), where (T, o) is an increasing
binary tree and F': V(T) — L(M) is a flat-filling. We will give a necessary compatibil-
ity condition for (T, o, F) to contribute a multiple of  z(7 ) in a particular monomial
expansion of 7y, ...7v,, where k = |V(T)|. This will allow us to construct a flat-filled
increasing binary tree vertex-by-vertex in an order determined by o. Fori € {1, ... k},
write T, for the subgraph of T' induced by the vertex set o= 1({1,...,i}). We will also
write F' for the flat-filling on T¢; given by restricting F' from 7. Observe that T; is
also a binary tree, and the binary search order on T; is the restriction of the binary
search order on T. For a vertex b, let £(b) and r(b) denote b’s immediate predecessor
and successor, respectively, in the binary search order on T'<; ().

For a vector v = (vy,...,v), we define a flat-filled increasing binary tree (T, o, F)
to be v-compatible if for all b € V(T

[F(())| < vowy < [F(r(b))]

where if b is the minimal (resp. maximal) element in the binary search order on T,
we set F'(£(b)) = @ (resp. F(r(b)) = E). In light of Lemma 2.6 and the discussion
above, this will translate to the condition that v, could have added the flat F'(b)
to F(T<ow)—1, F) to create F(T<qp), F)-

We define a one-vertex extension of a flat-filled increasing tree (7', o, F') on k vertices
to be a flat-filled increasing tree (1", o', F) on k+1 vertices such that T¢; =T, o'|r =
o, and F'|y(py = F. If the new vertex is called b, then F’(£(b)) C F'(b) € F'(r(b)).

We can choose between two possible natural weights for a v-compatible flat-filled
increasing binary tree (7', 0, F):

wto (T,0,F) = [ Olpqy)~rew) (F®) N FED)), Us)
beV(T)
where Uy, is the set of the largest |F(r(b))| — v, () elements of F(r(b)) \ F({(a)), or
thmlt (T, a, F) = H multp(r(b))\p(z(b))(F(b) AN F(f(b)), Ua(b) — \F(ﬁ(a))|)
beV (T)
We set the weight of the empty binary tree to be 1.
EXAMPLE 5.1.Let M = Ug 19 be the uniform matroid of rank 6 on ground set
{0,1,...,9}. Let v = (2,3,1,4) and consider the increasing binary tree (T,0) on
vertex set {b1,ba, b3, by} pictured in Figure 5.1. A flat-filling of T is a a flag
F(b1) € F(b2) € F(bs) S F(ba)
of non-empty proper flats. Such a flat-filling is v-compatible if and only if |F'(by)| = 2
and |F(by)| = 5.

In order for a v-compatible flat-filling to have nonzero OI-weight, each of the fol-

lowing conditions must be satisfied:
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F(b2) # {0, 1}.

The minimum element of E \ F(by) is not contained in F(by).
F(by) consists of the maximum element of F(bs).

F(b3) \ F(b2) must contain the maximum element of F'(by) \ F(b3).

The resulting OI-weight will then be equal to 2 — |F(by) N {0, 1}|.
For instance, the flag

{5} € {3,5} € {3,5,8} € {1,2,3,5,8}
gives a v-compatible flat-filling with OI-weight 2, whereas the flag
{5} £ {0,5},2{0,3,5,8} < {0,2,3,5,8}
yields a v-compatible flat-filling with OI-weight 1.

THEOREM 5.2. Let v = (vy,...,vx) € N¥. Then we have the following equality in
A*(M):
Yoy * Yo, = Z th(Ta g, F) TF(T,F)>
(T,0,F)
(for either set of weights) where the sum is over all v-compatible flat-filled increasing
binary trees on k vertices.

Proof. We will state the proof for the weight function wtS'. The proof using wtmu!t
is identical. The proof is by induction on k. For k = 0, it is trivially true.
We first claim that for any flat-filled increasing binary tree (7', o, F') with k vertices,

Voo BF@ ) = 3 Olpmyrew) F'(0) ~ F'(D)), Up) s )
(T",0' ,F")
where the sum is over one-vertex extensions of (7,0, F) by a vertex b for which
|[F'(£(b))| < vg1 < |F'(r(b))|. Write

FI,F)={@=FR CFH CFRC - CFCE}

If vg 11 = |F| for any j, then v, , 7/ )y = 0 and there are no one-vertex extensions
(T",0', F") with |F'(£(b))| < vk+1 < |F'(r(D))|. Otherwise, if |F}| < vpy1 < |Fj11], by
Lemma 2.6,

YT F(T,F) = Z Olp,,,~r (G~ Fj,U)xgrr(1/, Fry
G: F;GGCF 41
where U denotes the set of the largest |Fj11| — vg41 elements of 41 \ F;. To each
G occurring in the above sum, we produce a one-vertex extension of (T, 0, F) by
adjoining a vertex b such that F~'(F;) < b < F~!(Fj41) in the binary search or-
der and setting o(b) = k + 1, F(b) = G. All one-vertex extensions by b for which
|EF'(£(b))] < vg41 < |F'(r(b))] arise in this fashion.

Now, we give the inductive step. For v/ = (v1,...,v541), set v = (v1,...,v). Write
I
7’111 . .’}/Uk = Z tho (T, O',F) x]-'(T,F)-
(T,0,F)

Multiply both sides by +,,,,. Each choice of (T, 0, F) contributes a sum over one-
vertex extensions (17,0, F') with |F'(¢(b))| < wvgy1 < |F'(r(b))| weighted by an
over-intersection term. The condition on the size of flats adjacent to b is exactly v-
compatibility. Because the product of thOI(T7 o, F') with the over-intersection term is
exactly wtO (T, o', F'), the conclusion follows.

O

By taking degrees when k = r, we obtain the following:

Algebraic Combinatorics, Vol. 7 #5 (2024) 1495



E. KAtz & M. KUTLER

(a) (b)

FIGURE 5.2. Two increasing binary trees. The increasing labeling
is given by the numbers next to each vertex. The unique increasing
binary tree compatible with v = 1% is shown in (a), and the unique
increasing binary tree compatible with v = 1*n"~* is shown in (b).

COROLLARY 5.3. Let v = (vq,...,v,) € N". Then,
Cpo(M) = Z wty (T, 0, F)
(T,0,F)

(for either set of weights) where the sum is over all v-compatible flat-filled increasing
binary trees on k vertices.

Postnikov trees give a perspective on the special cases that we have been able to
treat in this paper. If v = (vy, ..., v,) is a sorted contiguous vector, by Lemma 3.3, the
only binary trees appearing in the above expansion have a path as their underlying
tree. It would be interesting to relate such expansions to lattice paths where the two
choices of step directions correspond to left and right children.

EXAMPLE 5.4. Consider the case of v = (1,...,1) € N*, corresponding to the product
v¥. Suppose that (T,o,F) is a v-compatible flat-filled increasing binary tree. The
v-compatibility condition

[F (b)) <1 <|F(r(b))|

can only be satisfied if b is the minimal vertex in the binary search order on T, (),
so that F(¢(b)) = @. Suppose this holds for all b € V(T). Then o~1(1) is the root
of T, and for i € {2,...,k}, 0=1(i) is the left child of o=!(i — 1). That is, 7" must
be the binary tree which is a path with all edges going to the left and o is the
unique increasing labeling of V(T'). If we let the vertices of T be by, b, ..., by so that
by < by < -+- < by in the binary search order, then we have o(b;) = k+ 1 —i. The
tree T is pictured in Figure 5.2(a).

Now, consider a flat filling F of (T, ). In computing the weight wtO!(T, o, F),
the factor corresponding to by is Olg(F(by),Us,), where Uy, = {1,...,n} consists
of the largest n elements of E. This over-intersection is 0 if 0 € F(bg) and it is 1 if
0 ¢ F(by). Similarly, for 1 < < k — 1, the over-intersection Olp,, ,)(F'(b;), Us,) is 0
unless min(F(b;+1)) ¢ F(b;), in which case it is 1.

Consequently, the flat-fillings F of (T, ) which have a non-zero weight are precisely
those for which min(F(by)) > min(F'(b)) > --- > min(F(by)), i.e. those for which
the flag F(T, F) is descending. For each such F, the weight wtO!(T, o, F) is 1. Thus,
Theorem 5.2 recovers the expansion of 7F given by [1, Lemma 9.4].
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EXAMPLE 5.5. Similarly, we compute the degree of vF7~* for 0 < k < r, which is a
coefficient of the reduced characteristic polynomial. We take v = 1¥n" %,

We observe that, again, there is a unique increasing binary tree for which (T, o, F')
can be v-compatible. Indeed, by reasoning identical to that used in Example 5.4, the
vertices 071(1),...,0 (k) must form a path from the root c=1(1) to o=1(k), with all
edges going to the left. Compatibility with v then requires that F(r(b)) = E for the
remaining vertices, and therefore these vertices form a path descending from the root
with all edges going to the right. If we label the vertices by,...,b, with by < --- < b,
in the binary search order, then we have

k+1—14 if1<i<k
o(bi) =1 . . .
1 ifk+1<igr

The tree (T,0) is shown in Figure 5.2(b). We note that the tree T possesses (7})
distinct increasing labelings.

We now compute the weight of a flat filling (T, 0, F). For 1 < i < k, the over-
intersection factor coming from b; is equal to that computed in Example 5.4. Thus,
in order to have wtOY (T, o, F') # 0, it must be that

(& CFb) S C Flby) € B}

is a descending flag which is initial, meaning that rk(F(b;)) = 4 for all 1 < @ < k.
The remaining over-intersection factors are Ol g, ,)(F(b;) \ F(bi—1), Us,), where
E+1<i<r Uy, =max(E \ F;_1). Since rk(F(b;)) = rk(F(b;—1)) + 1, this over-
intersection will be non-zero (and equal to 1) precisely when

F(bz) = F(bzfl) @] max(E AN F(blfl)

Hence, each initial descending k-step flag uniquely determines a summand with weight

1 in the expansion of v¥v"~%. We thus recover [1, Proposition 9.5], which states that

deg,; (Y¥ym=k) is equal to the number of intial descending flags of length k.

6. LOCALIZATION, VALUATIVITY AND PERMUTATIONS

6.1. EQUIVARIANT LOCALIZATION. In this section, we will use equivariant localization
on the toric variety X(Apg) to show that matroidal mixed Eulerian numbers are
valuative and to relate them to permutation statistics. Our main tool will be the
equivariant lift of the Bergman fan from [2].

DEFINITION 6.1. Let M be a matroid on E, and let w be a permutation in the sym-
metric group on E, Sg. The flag of flats attached to w is the unique complete flag of

flats,
fw={®=Fo§F1§'~§Fr,QFT+1=E}.

obtained from ordering the following set of flats by inclusion:
{Tw©@F, [w©), w}.... [w), .. wi)} }-
Define an increasing sequence of nonnegative integers

K(w) = {kl,wa cee kr-i—l,w} c E

by kjw = min(w™ (Fj \ Fj_1)), that is, kj., has the property that
{w(0),...,wkjw—1)} #{w(0),...,w(kjw)}

Hence, k1., = 0. We will suppress w in the notation when it’s understood.
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The set w ({k1,w,.-.,kr+1,0}) makes up a basis B, (M), called the lez-minimal

basis. Given a flag of flats F and K C F with |K| = r + 1, we may write
SM(FaK):{wGSE|~Fw:~F7 K(w):K}
S]\/[(]:) = {w € Sg | Fu = .7:}

Then {Sn(F, K)}(r k) partitions Sg as does {Sa(F)}#.

Observe that Sy (F, K) is the set of w € Sg such that for all j with 1 < j < 7,
w(kj), R 7w(kj+1 — 1) S Fj, and w(kj) € Fj N Fj—l-

We have the following straightforward:

LEMMA 6.2. Let w € Sg. Then w € Sy (F) if and only if

(min(w_l(Fj ~ Fj—l))j:1,‘..,r+1

forms an increasing sequence.

Localization techniques make use of piecewise polynomials [6] on Ag which can
be interpreted as classes in the equivariant Chow ring A%(M). By [13], there is a
non-equivariant restriction map ¢*: A% (X(Ag) - A*(X(Ag)) which can be inter-
preted as a map PP*(Ag) — A*(Upt1.n+1) where PP*(Ag) denotes the piecewise
polynomial functions on Ag. See [20] for additional references for equivariant localiza-
tion on toric varieties. By composing this homomorphism with the natural surjection
A*(Upg1,n41) = A*(M), we may attach elements of the matroid Chow ring to piece-
wise polynomials on Ag. For a piecewise-linear function ¢ € PP'(A,,), this is just
the assignment

o=y pler)ap.

We will introduce some piecewise polynomials \g, ..., A\, on Ag
DEFINITION 6.3. For 0 <i < n, we define \;: R — R by
Ai(xo, .oy xp) = ((z + 1)** highest component of (xq, . . . ,xn)) — Ty,

Because this is invariant under translation by 1, it descends to a piecewise-linear
function on Ag.

Note that on oy, A; restricts to @) — Tn-

LEMMA 6.4. We have the following non-equivariant restrictions to A*(Up41,n+1):
U An = Y
k=) == Y o
S: |S|zk+1
Nk = Yk = Vht1-

Proof. We observe that

0 else.

-1 if
>\n(€S):{ ifnesS

Consequently t*A, = > g5, T5 = Yn-
Similarly,

if|S|=>k+1
else.

(M — An)(es) = {(1)
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Finally, using Lemma 2.4, we see
Ve = Yet1 =M+ 1 =F)yn —(n+1—(k+1))ym
+ > (S| =kazs— Y (IS (k+1)as
S

S
[S|>k+1 |S|=k+1
=Yn — Z xrs
S
S| >k+1
=9, + (A — " \n)
= L*)\k. O

Consequently, we obtain
Ve = A+ A

We will now use the following equivariant localization formula which employs an
equivariant lift cyop(Qar) of the Bergman class [Ap] :

THEOREM 6.5. Let M be a rank v + 1 matroid on E. Let ¢1,...,p, € PPl(AE) be
piecewise-linear functions on Ag. For w € Sg, write

€o, = (mw(O) - mw(l))_l v (mw(n—l) - xw(n))_la

Ctop(QM)aw = (*1)7177” H (xw(z) - xn)

iZK(w)

Then,

(6.1) degpr(t*(p1---0r) = D (1 0rCrop(Qar))o o,
weSE

Proof. This is very slight modification of [2, Theorem 7.6]) which considers the ac-
tion of the algebraic torus 7' = (G,,)¥ on the permutohedral toric variety X(Ag)
induced through the projection R¥ — RF/R1. There is an equivariant K-class
[Qn] € K3(X(Ag)) whose top Chern class (considered as an element of A% (X (Ag)),
described as a piecewise polynomial) that has the following restriction to o,:

Cop(QM)o,, = (1) 7" H t;
i K (w)

where t; is the character on T corresponding to a coordinate T; of (G,,)¥. By [2, The-
orem 7.6]), the non-equivariant restriction of cyop(Qar) to A*(X(Ag)) is the Bergman
class [Apy], i.e. one has for all ¢ € A"(X(Ag)),

degx(a,)(cU[An]) = degy(c).

Let 7" = (G,,)"!/G,, be the quotient of T" by the diagonal subtorus. The action
of T on X (Ag) factors through 7. Write Zj, ..., Z,_1 for the coordinates of 7" given
by Z; = T;T;;*. The quotient homomorphism 7' — T" has a splitting given by T; — Z;
fori =0,...,n—1and T, — 1. Let e denote the trivial group, so the homomorphisms

e—T —T
induce the restriction maps
A7(X(Ag)) = AT (X(Ap)) = A*(X(Ag)).

The image of cyop(Qum) € A7 "(X(Ag)) under the first map is the class in the
statement of this Lemma, and it maps to [Aj] under the second. O
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Observe that ciop(Qar)es,, can be written in terms of (\;)q,,:

w w

Ctop(QM)aw = (_1)n—r H ()‘i)dw'

igK (w)

In the above, the restriction (¢;)e,, is a linear function and so (¢1 ... ©r¢r(Qnr))e.,
is a polynomial, i.e. an element of Sym* Ny. A priori, the right side of the degree
formula (6.1) is only a rational function, i.e. an element of the field of fractions of
Sym™ Ny . However, it is in fact equal to an integer (under integrality assumptions on
the ¢’s) by localization.

6.2. VALUATIVITY. We begin by reviewing valuativity of matroid invariants [10]. Re-
call that for a matroid M on F, the matroid polytope is

P(M) = Conv({ep | B is a basis for M}).

Write 1p(ay: R¥ — R for the characteristic function of P(M). Let M(E) denote
the set of all matroids on E. A function ¢: M(E) — A to an abelian group A
is valuative if for any matroids Mi,..., My, on E and integers aq,...,ay for which

Zle ailp(a,) = 0, we have Zle a;p(M;) = 0.

THEOREM 6.6. Let cq,...c, be nonnegative integers with ¢c1 + -+ + ¢, = r. The Z-
valued invariant

M degp (7" - v")

s valuative.

Proof. By [2, Proposition 5.6], M — c¢op(Qar) is a valuative invariant in A% (X (Ag)).
Consequently, because hypersimplex classes are obtained from piecewise-linear func-
tions, deg,, (71" ... ¥5) can be computed by Theorem 6.5 and is thus valuative. O

6.3. PERMUTATION STATISTICS. We discuss the relationship between intersection
numbers in the matroid Chow ring and permutation statistics generalizing the results
in [23, Section 3] on the usual mixed Eulerian numbers. It would be very interesting
to compare these arguments to the shelling techniques for the order complex of a
matroid [4, Section 7.6] in which permutation statistics also enter.

Recall that for a permutation w € Sg, the descent set is

Des(w) = {i | w(i) > w(i + 1)},
and we have the descent statistic des(w) = | Des(w)].
DEFINITION 6.7. Given integers cg, . ..,Ccn with ¢ + -+ ¢, =n, let
Ieg,.ch =Hi]co+ -+ <i+1}

Given integers do, . .. ,dp, with dog+---+d, =1, and a set K C E with |K| =r+1,
let

d; ifie K
C; =
d; +1 else,
and set
Ifdo,...,dn),K Sl

We include a slightly different treatment of the proof given in [23, Proposition 3.5]
to allow us to evaluate degrees by localization:
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LEMMA 6.8. Let &, . . ., &n1 with & = x;—x,, be coordinates on RY /R1 (with &, = 0).
Let w € Sg. Let g, ..., c, be integers with co + -+ - + ¢, = n. The constant term of
the rational function

(o) Suoin)
(Cw©) = &w)) -+ Cwmn=—1) = Ewn))

expressed as a power series in QIET |6y 1, ..., & &l /(€1 16n) is (—1)des(w) gf
Des(w) = I,,....c, and 0 otherwise.

Proof. The ring Q¢ [65 €1, ..., &1 €01 /(€1 1€n) contains ¢71¢; for any i < j. We
will eliminate powers of §; in the order &), - - ., &w(n)- We prove by induction on ¢
that the constant term in the statement above is equal to the constant term of

cottci—1i ¢Cit1 Cn
Suli) Su(ir1)  Swin)

(_1)| Des(w)N{0,...,i—1}|
(w) — Ewir1)) - - Ewm=1) = Ewn))

if Des(w) N{0,...,i—1} =1 . ., N{0,...,i—1} and is 0 otherwise.
We explain the first step, i.e. that from ¢ = 0 to i = 1. We note that

E0y (Ew(0) = Ew() H = i gf’?(g)kil wpy - Fw(0) <w()
w(0) 5w w = oy eyt i w(0) > w(1).
If w(0) < w(1), there is no summand without a negative power of &, (o) unless co >

EJ”(I;. Thus one obtains a contribution

1. In that case, one obtains the summand 52;(0)5
exactly when 0 ¢ Des(w) and 0 & I, . ...

If w(0) < w(1), there is no summand without a positive power of &, () unless
co < 0. In that case, one obtains —58)(0)52"(;)1. This occurs when 0 € Des(w) and
0€ e, cn-

Thus, if Des(w) N {0} = I, ..c, N {0}, we obtain the expression

cotec1—1 e Cn
é.wo(—{) ' §w2(2) e é.w(n)

(Ew) = Ew@)) - (Gwmn—1) = Ewm))

(—1)I Pestw)n{o}]

The general step is analogous. 0

THEOREM 6.9. Let M be a rank r + 1 matroid on E. Let dy,...,d, be nonnegative
integers with do + -+ - +d, =r. Then,

degM(L*()\go .. )\Zn)) — Z(_l)n—r+des(w)

w

where the sum is taken over w € Sg with Des(w) = Igdo’m’de(w))

Proof. By the above discussion, deg,,(¢*(A" ... \%)) is equal to the constant term
of the rational function

YO AT eop(Qun))o o = (F1)"TT D AT o

w w

where the ¢;’s are described in Definition 6.7. On o, the piecewise-linear function
AQY - .. ASr restricts to ff,;](o) .. .ffl;‘(n). Thus, the contribution from w is

(=D)"7"Et0) - Suntny/ Cw(0) = Ew (1) - - (Sw(n—1) = Ew(m))-

The result now follows from Lemma 6.8. O
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There may be some combinatorial significance in first summing over the flags of
flats, writing

deg (15N .. AD)) = 303 (—1)nrrdeste)
F w

(where the inner sum is over w € Sy(F) with Des(w) = Iy ; 1, and using
the condition in Lemma 6.2 to interpret Sy (F).

7. PERFECT MATROID DESIGNS

In this section, we study the matroidal mixed Eulerian numbers of perfect matroid
designs, noting that they encompass the remixed Eulerian numbers of Nadeau and
Tewari [22] when ¢ is a prime power.

7.1. BACKGROUND ON PERFECT MATROID DESIGNS.

DEFINITION 7.1. A matroid M is said to be a perfect matroid design if there are
positive integers ny < ng < --- < n, such that for any full flag of flats
O=FCF CFKC---CF.CE,
we have |Fj| =n; for1 <j<r.
For convenience, we will suppose that the matroids in this section are simple, so
ny = 1. We also set n,+1 = n + 1. Perfect matroid designs are surveyed in [11]. It is
observed in [11, Proposition 2.2.3], albeit with a misprint (compare with [12]), that

for 1 < ¢ < r, the number of rank 4 flats contained in a given rank i + 1 flat in a
perfect matroid design is

i—1
Njy1 — Ny
N; = —_—.
jli[[) n; —nj
Note that N; = ns.
DEFINITION 7.2. The perfect matroidal mixed Eulerian numbers are defined to be
A(Cl ,,,,, cr)n (M) = degM(%?l .. '%cﬂ)
where (¢1,...,¢.) € Ly withci+ -+ =,

For perfect matroid designs, the matroidal mixed Eulerian numbers obey a recur-
rence that allows any perfect matroidal mixed Eulerian number to be expressed in
terms of A¢,. 1y, (M) = degy;(Yn, - - Vn, ). Before, we establish it, we identify the
matroidal mixed Eulerian numbers of rank 3 matroids.

LEMMA 7.3. Let M be a rank 3 perfect matroid design on E where |F;| = n; for all
flats F; of rank i. Then we have the following matroidal mized Eulerian numbers:

(n+1-—n1)(n+1—ng)ng

(7.1) degp(7n,) = o :
(72) degM(’Ynl’ynz) = (n+1_n1)(n+l_n2)7
(7.3) deg s (7m,) = (n+1 —na)?

Proof. First,

’Yr%l ZmUItEUGLnl)xG'}%l
G

= Z multE(|G|,n1)$G7m
G: rk(G)=2

= Z multg (| F|,ny) multg (|G|, n)zrza

@CFCGCE
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where the second equality follows from Lemma 2.6. Similarly,

YmYne =y multg(|F|,n) multp p(|G| = ny,ny — ni)zpzg,
SCFCGCE
’7,2,2 = Z multg (|F|, ne) mult g p (|G| — n1,n2 — ny)xrzg,
@CFCGCE
72 = Z multg(|F|,n) multg p(|G| — n1,n —ni)zrze.
GCFCGCE

Because the class xpzg in A%2(M) and its coefficient is independent of the flag of
flats F' C G, each of these sums is equal to the product of multiplicities with the
count of complete flags of flats. The result now follows by computing the ratios of

2 2
Tng  YngVng Tny

the multiplicities in -, TR, and ol and noting that deg(y2) = 1 (by Proposi-

tion 4.1). O

LEMMA 7.4. Let M be a perfect matroid design. Then in A*(M), we have the relation

n; —Nij—1 Nijp1 — N
S L el RNV L5 = S LSV
Nj41 —Nj—1 N1 — Ni—1
Proof. Our proof follows the lines of the special case of U,11 41 in [3, Corollary 7.9].
By Poincaré duality on A*(M), it suffices to verify that the identity is true after
multiplying by any xx where F is a flag of flats of length r — 2. Write the flag F as
a subset of a full flag of flats

GChGChRG - CFRCE

with two flats removed. Both sides of the identity are 0 unless the removed flats are
of size n;,n;y1 or of size n;_1,n; by Lemma 2.6. Consider first the case of n;,n;41.
Write y for the difference of left and right side of the relation. Now, by Lemma 2.6,

degys(zFy) = degM§i+2 (v),
i—1

so we may work in A* (M;:’jf), which is itself a perfect matroid design. The images of

Vniors Vs Ynop, A0 A*(Mgff) are 0,Yn,—n;_1> Ynip1—ns_1» Tespectively. We conclude
deg, iy (y) = 0 from Lemma 7.3 which yields

Fi_1
n; —mn

i—1
- deg(’yni*ni—l/ynii»l*ni—l)

A, —n,0) = o
(] 11—

from (7.1) and (7.2).
For the case of n;_1,n;, we make use of

nist —n;
deg(vi,_p, ,) = 771;1 — 11 deg(Yn; 1 —ni_2Vni—ni_»)-
1 11—

from (7.2) and (7.3) O
We have the immediate relation among matroidal mixed Eulerian numbers:

COROLLARY 7.5. Let M be a perfect matroid design of rankr+1. Let ¢ = (¢1,...,¢,) €
Z% satisfy c1 + -+ cp =7. If ¢, =2, then

(ig1 = ni—1)Ac(M) = (ni = ni—1)Ac—e,, +e,,,, (M) + (niy1 —ni)Ac—e,, +e,,, , (M).

For perfect matroidal mixed Eulerian numbers, this relation lends itself to “prob-
abilistic process” arguments for these numbers as in [22].

A particularly explicit case of perfect matroidal mixed Eulerian numbers are the
lopsided ones.
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DEFINITION 7.6. A r-tuple of nonnegative integers (c1y...,¢.) is lopsided if for all
jwith 1 < j <r, Y71 ¢ > j. The attached matroidal mized Eulerian number is
Aler,ien)n = degp (V5 - 707)-

LEMMA 7.7. Let M be a perfect matroid design and let

N1 — Ny
Vi = (1:[1 N ) :
If (c1,...,cr) € ZY, is lopsided, then
degpr (Vo - oynn) = Vgt .oongr.
Proof. Let £ be the largest index for which ¢, is positive, and write (dy,...,d,) =
(¢1,...,¢) — eg. We begin by proving

degpr (vl - vmn) = Z multE(nT,nZ)degMp(%(ﬁ fyffﬁ)
F: rk(F)=r

Write
degpr (Y, - ve) = > multg(|F|,ne) deg(zpyit ... 7).
F

By Corollary 2.7, only summands for which |F| ¢ Supp(d) contribute a nonzero
term. We claim that moreover, summands for which |F| < ny do not contribute. Let
F ¢ Supp(d) be a flat of rank j for j < £. Indeed,

Jj—1 J
D:=) di=>» di>j>rk(M")-1.
=1 =1

By Lemma 2.6, the summand labelled by F is a multiple of degy,r (y2* .. .’yi:l(‘}f)):ll ).

This must vanish since AP(M¥) = 0 by dimension considerations. Now the only
summands that contribute must have |F| > ny. Again by Lemma 2.6, the summand
corresponding to F' is a multiple of degy,, (1) which vanishes for degree conditions
unless rk(F') = r. Hence, the sum is equal to
n+1—n,
Z multg (| F|, ne) deg(xpvgi .. .'yffﬁ) = Nrgng deg, (’yffi .. .vgi).
n+1

F: rk(F)=r
The result follows by induction because the perfect matroidal mixed Eulerian number
on the right is lopsided. (]

It would be worthwhile to compute the degree of a product of A,,’s by equivariant
localization and compare the product with Nadeau—Tewari’s g-divided symmetrization
[22].

7.2. REMIXED EULERIAN NUMBERS. In [21, 22], Nadeau and Tewari introduced a
g-deformation of mixed Eulerian numbers that they call remixed Eulerian numbers.
In this section, we identify them (up to a power of ¢) with matroidal mixed Eulerian
numbers of a projective geometry.
The projective geometry over the finite field F is the g-analogue of the Boolean
matroid. Recall that
n

" —1 e ,
(g =" =la+ o tq, (n)g! = [[(0)q-
=1

The projective geometry PG(r, ¢) is the matroid on the ground set P"(F,) where the
rank rk(S) of a subset S is dim(Span(S)) + 1, where dim(Span(5)) is the dimension
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of its projective span. Consequently, the rank k flats of PG(r,q) are the (k — 1)-
dimensional subspaces, and each has ny, := (k), elements. Hence, PG(r, ¢) is a perfect
matroid design of rank r 4 1.

DEFINITION 7.8. Let r be a positive integer, and let W, = {(c1,...,¢r) |1+ -+cp =
r}. The remized Eulerian polynomials A.(q) € Clg| for ¢ € W, are a collection of
polynomials characterized by

(1) Ay 1(g) = (r)! and
(2) if i > 2, then (¢ + 1)Ac(q) = qAc—crter (@) + Ac—erters (q)-

THEOREM 7.9. For a prime power q and ¢ € W,., we have the identity between ma-
troidal mized Eulerian numbers and remived Eulerian numbers:

r+1
Ao, (PG(g,7) = g2 Ac(g).
Proof. 1t is well-known that N; = (i + 1),. Consequently, by Lemma 7.7,

Aq.. 1), (PG(r,) = ¢(2)(r),!

The relation in Corollary 7.5 becomes the relation satisfied by the remixed Eulerian
numbers. O

REMARK 7.10. In [21], Nadeau—-Tewari study a g-deformed Klyachko algebra K, 11
generated by indeterminants uq, ..., u, subject to the relations

(q+ D)uf = winip1 + qui—u;

where we take ug = u,41 = 0. Our arguments show that there is a natural homo-
morphism K, — A"(PG(r,q)) given by u; — 7(;),. The algebra is equipped with
a degree map defined by the ¢-divided symmetrization operation which, therefore,
coincides (up to a power of ¢) with the degree map on A"(PG(r,q)). Nadeau and
Tewari [21, Section 7] give a geometric description of the ¢-Klyachko algebra in terms
of a Deligne-Lusztig variety. It would be interesting to find a geometric interpretation
of the above homomorphism by relating the Deligne-Lusztig variety to an iterated
blow-up of projective space P" over F,.
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