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Chain-order polytopes: toric degenerations,

Young tableaux and monomial bases

Igor Makhlin

ABSTRACT Our first result realizes the toric variety of every marked chain-order polytope
(MCOP) of the Gelfand—Tsetlin poset as an explicit Grobner (sagbi) degeneration of the flag
variety. This generalizes the Sturmfels/Gonciulea—Lakshmibai/Kogan—Miller construction for
the Gelfand—Tsetlin degeneration to the MCOP setting. The key idea of our approach is to
use pipe dreams to define realizations of toric varieties in Pliicker coordinates. We then use
this approach to generalize two more well-known constructions to arbitrary MCOPs: standard
monomial theories such as those given by semistandard Young tableaux and PBW-monomial
bases in irreducible representations such as the FFLV bases. In an addendum we introduce the
notion of semi-infinite pipe dreams and use it to obtain an infinite family of poset polytopes
each providing a toric degeneration of the semi-infinite Grassmannian.

INTRODUCTION

In the study of flat degenerations of various geometric objects particular attention
is paid to degenerations of Lie-theoretic varieties such as flag and Schubert varieties.
Recent decades have seen a broad range of results in this field ([32, 10, 8, 42, 1, 22,
24, 36, 33, 17] and many others) shape into a theory at the interplay of algebraic
geometry, combinatorics, representation theory and commutative algebra.

In particular, a constantly-growing array of works provides new methods of obtain-
ing such degenerations. These papers often proceed by attaching a degeneration to
every combinatorial or algebraic object of a certain form. Examples include adapted
decompositions in the Weyl group ([8]), specific valuations on the function field ([36]),
specific birational sequences ([16]) and coherent matching fields ([46]). While these
notions and the discovered connections are of great interest, not many explicit yet
general construction methods are known for these attached objects. This leads to a
certain shortage of concrete recipes for constructing flat degenerations that would
work in a general situation.

Let us consider the fundamental case of toric degenerations of type A flag varieties
which will be discussed in this paper. The first and best-known such degeneration
is the Gelfand—Tsetlin degeneration due to [52, 32, 42] given by the Gelfand—Tsetlin
polytope of [31]. A more recent construction is the FFLV degeneration due to [24,
14] given by the Feigin—Fourier—Littelmann—Vinberg polytope of [23]. Until recently
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these two constructions remained the only known explicit definitions of polytopes that
would provide a toric degeneration for every flag variety of type A (despite it being
well known that plenty of other degenerations exist, some numerical results are found
in [5]). A step towards closing this gap was made by the paper [30] which proved that
each of 27("=1/2 explicitly defined polytopes provides a toric degeneration for a flag
variety of type A,,_1. Let us give some combinatorial background for this result.

The notion of poset polytopes originates in [51] where two polytopes were associ-
ated with every poset: the order and the chain polytope. These definitions have been
substantially generalized, in particular, Gelfand-Tsetlin and FFLV polytopes are, re-
spectively, marked order and marked chain polytopes of the Gelfand—Tsetlin poset,
see [3]. The even broader class of marked chain-order polytopes (MCOPs) has been
defined and studied in [15, 18, 19]. In the case of the Gelfand—Tsetlin poset every
such polytope Op, c(A) is given by a decreasing n-tuple of integers A and a partition
O U C of the poset (enumerated by positive roots) into two subsets, hence 2(»~1)/2,
The case C' = @ then provides the Gelfand—Tsetlin polytope while the case O = @
the FFLV polytope. In [30] it is proved that the toric variety of every such polytope
is a flat degeneration of the flag variety corresponding to .

Now, it must be noted that the main object of study in [30] are Newton—Okounkov
bodies. Toric degenerations are obtained as a consequence via the results in [2] which,
in a general setting, show that Newton—Okounkov polytopes provide toric degener-
ations. The initial motivation of this paper is to give a more direct approach to the
realization of these flat degenerations. Specifically, we aim to generalize the explicit
Grobner degeneration constructions known for the Gelfand-Tsetlin and FFLV cases
to all MCOPs. We now sketch what such a generalization would look like.

The flag variety is realized by the Pliicker ideal I in the polynomial ring in the
Pliicker variables X, . ;.. Meanwhile, the toric variety of Op () is realized by a
toric ideal 19°C in the polynomial ring in variables X ; labeled by order ideals J in
the Gelfand—Tsetlin poset. To realize the toric variety as a Grébner degeneration of
the flag variety we are to define an isomorphism between the two polynomial rings
which would map I9°¢ to an initial ideal in< I with respect to some monomial order
<. This is precisely the approach used in [32] and [14] and the challenge is to find a
common generalization of the two constructions that would apply to all MCOPs. The
solution is given by the notion of pipe dreams which can be viewed as combinatorial
rule for associating a permutation wy; with every subset M of the positive roots (or
elements of the Gelfand—Tsetlin poset). This notion originates in [29] and plays an
instrumental role in the algebraic combinatorics of flag varieties ([4, 41, 40, 42, 39]
and others). We prove the following.

THEOREM A (cf. Theorem 2.1). For every partition OUC of the Gelfand-Tsetlin poset
and every order ideal J we have a subset My in the poset and an integer kj such that
the following holds. The map

VY Xy X, (1), 0, (k)
is an isomorphism and there exists a monomial order < for which ¥(I°¢) = in_ I.
This realizes the toric variety of Oo.c(N) as a degeneration of the flag variety.

Both the Gelfand—Tsetlin and the FFLV degenerations are accompanied by a col-
lection of intimately related algebraic and geometric constructions. Two well-known
examples include standard monomial theories and PBW-monomial bases in irreducible
representations. Our subsequent results generalize these two concepts to the MCOP
setting.
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The classical example of a standard monomial theory is the basis in the Pliicker

algebra given by monomials [ X for which the Young tableau with elements
1ot

iy is semistandard. Each tableau defines a point z with coordinate z, s equal to the
number of elements s in row r. The convex hull of such points over all semistandard
tableaux of shape A is unimodularly equivalent to the Gelfand—Tsetlin polytope, this
observation is essentially due to [42]. The FFLV counterpart was defined in [22] in
the form of PBW-semistandard Young tableaux which provide a basis in the Pliicker
algebra in a similar way and have a similar connection with FFLV polytopes. Our
generalization has the following form.

THEOREM B (cf. Theorem 3.9, Proposition 3.10). For every partition OUC' there exists

a notion of (O, C)-semistandard Young tableauz such that monomials [[; X;s
1oty

for which the tableau with elements if is (O, C)-semistandard (standard monomials)
provide a basis in the Plicker algebra. The convex hull of points x defined as above
over all (O, C)-semistandard Young tableauz of shape A is unimodularly equivalent to

Oo,c(A).

For an integral dominant weight A\ consider the irreducible representation V with
highest weight vector vy. Let P denote the set of pairs 1 < i < j < n. Every pair
in P with ¢ < j corresponds to a negative root vector f; ;. Every point x € ZI;O
corresponds to the product f* = HK]- ffjj (where we fix an ordering of the roots).
If a collection A of dim V) points is particularly nice, the set {f%v)}zeca is a basis in
V) known as a “monomial basis”. For general )\ there are two known constructions
of polytopes in R” whose integer point sets are particularly nice in this sense. The
first is the FFLV polytope which provides the FFLV basis of [23]. The second is
a unimodularly transformed version of the Gelfand—Tsetlin polytope considered in
various forms in [48, 42, 43, 47], it provides a somewhat less-known but also interesting
monomial basis. We generalize these bases to the MCOP setting (note that MCOPs
are naturally embedded into RY).

THEOREM C (cf. Theorem 4.2). For every O U C and X there exists a unimodular
transformation & of RY such that {fg(w)vA}IEO()7c()\)ﬁZP is a basis in V).

Finally, we give an addendum where we broaden the scope of our method by apply-
ing it in the semi-infinite setting. Semi-infinite Grassmannians are varieties of infinite
type introduced in [15, 28] and playing an important role in the theory of Weyl mod-
ules, see [6, 25, 35, 13]. They also parametrize rational curves in Grassmannians, this
viewpoint is studied in [49, 50] where the term “quantum Grassmannian” is used. Less
is known about toric degenerations of these varieties, until recently the only known
construction was due to [50]. In [27] another toric degeneration was obtained, there
the two degenerations were interpreted via poset polytopes of a certain infinite poset
@, similarly to the Gelfand—Tsetlin and FFLV degenerations. These poset polytopes
are chain-order polytopes: simpler versions of MCOPs depending only on a partition
OUC = Q. Here we introduce the notion of semi-infinite pipe dreams which associates
a permutation with every finite subset of () and using this notion prove the following.

THEOREM D (cf. Theorem 5.13). For every partition OUC = Q for which O contains
a certain distinguished subset the corresponding chain-order polytope provides a toric
degeneration of the semi-infinite Grassmannian.

Note that each such degeneration immediately provides a combinatorial character
formula for every Weyl module whose highest weight is a multiple of the respective
fundamental weight. Indeed, the semi-infinite Grassmannian’s coordinate ring is a
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sum of the duals of such Weyl modules ([6, 25, 35]), hence a toric degeneration of this
ring expresses the character as a sum over a polytope’s lattice points.

1. PRELIMINARIES AND GENERALITIES

1.1. DEGENERATIONS OF PLUCKER ALGEBRAS. We start by recalling some general
facts about the Pliicker embedding and its Grobner theory. Consider integers n > 1
and 1 < d; < -+ < dp < n—1, denote the tuple (dy, . ..,ds) by d. Let Fy4 be the variety
of flags of signature d in C™. The Pliicker embedding realizes Fyq as a subvariety in

Pg = P(AT'C") x --- x P(A%C™).

The multihomogeneous coordinate ring of Pq is Sq = C[X;, .. i Jked 1<ii<-<ip<ns it
is equipped with a Z"~!-grading grad with grad X;, . ;, the kth basis vector ;. Fyq is
the zero set of the grad-homogeneous Plicker ideal Iq C Sq and the Pliicker algebra
Sa/Iq is the multihomogeneous coordinate ring of Fyq with respect to the Pliicker
embedding. Alternatively, one can say that Fy is the variety MultiProj Sq/Iq with
respect to the induced Z"!-grading.

The Pliicker ideal is realized as the kernel of

184 = T =Clz jlicicn—1,1<<n

with ¢(X5,,..i.) = Di, .. i, Where the latter denotes the minor of the matrix (z; ;) ;
spanned by rows 1,...,k and columns iy, ...,i;. We will denote the image ¢(Sq) by
Rgq, it is, of course, isomorphic to the Pliicker algebra. The ring T is also equipped
with a Z"~! grading grad with grad z1; = €1 and gradz; ; = ¢; — g5 for ¢ > 1.
The map ¢ is grad-homogeneous. Below the induced Z"~! gradings on quotients and
subspaces of Sq and T will also be denoted by grad. The graded component of a space
U corresponding to A € Z"~! will be denoted by U[\].

Next, for any polynomial ring C[z,]qsca we understand a monomial order < on
Clxa)aca to be a partial order on the set of monomials with the following two prop-
erties.

e The order is multiplicative: for any two monomials one has M; < M, if and
only if Mz, < Msz, for all a € A.
e The order is weak, i.e. incomparability is an equivalence relation.

Note that every total order is weak. In general, weak orders arise as inverse images of
total orders. Moreover, every monomial order can be obtained by applying a monomial
specialization and then comparing the results lexicographically. We will not be using
this general fact, see [38, Theorem 1.2] for a proof and further context (note that they
use the term “monomial preorder”).

For a monomial order < and a polynomial p € C[z,|s,ca one considers the initial
part in. p equal to the sum of those monomials occurring in p which are maximal with
respect to <, taken with the same coefficients as in p. For any subspace U C Clzy]aca
one considers its initial subspace in. U spanned by all in. p with p € U. One easily
checks that the initial subspace of an ideal is an ideal (the initial ideal) and the initial
subspace of a subalgebra is a subalgebra (the initial subalgebra).

We will also use the notion of sagbi bases where “saghi” stands for “subalgebra
analogue of Grobner bases in ideals”.

DEFINITION 1.1. For a monomial order < on Clxglaca and a subalgebra U C Clzy]aca
a generating set {sp}oen C U is a sagbi basis of U if {in< sp}pep generates inc U.

We will chiefly use these Grobner-theoretic notions in two contexts: initial ideals of
the Pliicker ideal and initial subalgebras of the Pliicker algebra. A connection between
these contexts is given by the below definition and fact.
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DEFINITION 1.2. For a monomial order < onT let o : Sq — T denote the monomial
map given by p<(X;,... i) =1inc Dy, .. Let <¥ denote the monomial order on Sq
given by My <% Ms if and only if o (M) < p<(Ms), i.e. the inverse image of <
under Q<.

ProprosITION 1.3. Consider a monomial order < on T for which the determinants
D;, ..., form a sagbi basis of Rqa. Then ince Iq = ker oo and Sq/ince Iq is isomor-
phic to in. Ry.

Proof. Note that the sagbi basis assumption precisely means that ¢ (Sq) = in< Rq
so it suffices to prove the first claim. For p € S4q every monomial appearing in
p<(ince p) appears in p(p) with the same coefficient. Hence, for p € Ig we must
have ¢« (ince p) = 0 and we obtain ince Ig C ker . Now, it is well known that
passing to an initial subspace preserves the dimensions of graded components. In
particular, for any A € Z"~! we have dim(in< Rq[)\]) = dim(Rq[A]). We deduce

dim(ker ¢ [A]) = dim(ker p[\]) = dim(Iq[\]) = dim(ince Iq[A]).
Since these dimensions are finite, the above inclusion cannot be strict. O

One sees that the above proposition and its proof generalize straightforwardly to
arbitrary monomial maps between polynomial rings whose kernel is homogeneous with
finite dimensional components with respect to some grading.

The geometric motivation for considering initial ideals and subalgebras is that they
provide flat degenerations. The following fact is essentially classical and holds for any
ideal in a polynomial ring, for a proof in the setting of partial monomial orders see [38,
Theorem 3.2 and Lemma 3.3].

THEOREM 1.4. For any monomial order < on Sq there ezists a flat C[t]-algebra R such
that R/(t) ~ Sa/ ing Iqa while for any nonzero ¢ € C we have R/{t —c) ~ Sq/I ~ Rgq.

In geometric terms this means that we have a flat family over A' for which the
fiber over 0 is isomorphic to the zero set of ing Iq in Pq while all other fibers are
isomorphic to Fg. This flat family is known as a Grobner degeneration. Proposition 1.3
shows that if we choose a monomial order < on T' for which the D;, ;. form a sagbi
basis and set <=<%, then the fiber over 0 can be identified with MultiProjin. Rq,
this special case is known as a sagbi degeneration. The case of a total < is of particular
interest, since in. Rq is then generated by a finite set of monomials, i.e. it is a toric
ring and ince Ig is a toric ideal. This means that the fiber over 0 is a toric variety
and we have a toric degeneration of the flag variety.

1.2. MONOMIAL BASES IN REPRESENTATIONS. Consider the Lie algebra g = sl,,(C),
choose a Cartan subalgebra h. Let aq,...,a,-1 € h* denote the simple roots and
denote the positive roots by

ajj =0+ +aj_, 1<i<j<n.

The root vector in g corresponding to the negative root —c; ; will be denoted f; ;.

For an integral dominant weight A the irreducible representation with highest
weight A will be denoted by V), its highest weight vector by wvy. Let wy,...,wp—1
denote the fundamental weights, we will identify an integral weight

A=awi + -+ ap_1Wp_1

with the tuple (a1, ...,a,—1) € Z" L. In particular, if such A is dominant, it is well
known that dim V\ = dim(R[\]) where R = R(; . ,_1) is the Pliicker algebra of the
complete flag variety. (Moreover, R[] is the contragredient dual of V) with respect
to the natural g-action on R.)
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We also recall that for 1 < k£ < n — 1 the fundamental representation V,, is
isomorphic to the exterior power A*C™ equipped with the natural g-action. Specif-
ically, let ey, ..., e, denote the basis vectors in C”, then V,,, is spanned by vectors
€iy,....i,. = €i; A+ A ey, The highest weight vector is v, = €1, and f; je;, . . . is
zero unless ¢ € {i1,..., ik} and j & {i1,..., 4k}, in which case f; jei, . i = €5, s
where (j1,...,jk) is obtained from (i1, ...,%) by replacing ¢ with j.

Let P denote the set of pairs (i,7) with 1 < 7 < j < n. We use the following
shorthand: for a vector ¢ = (¢; ;) j)ep € Z5, we denote

26 = H C”ET and f¢= H fc”

(i,7)eP\{(n,n)} 1<i<j<n

where the second product lies in the universal enveloping algebra U (g) and the factors
are ordered by 7 increasing from left to right and within a given ¢ by j increasing from
left to right (or, equivalently in view of commutation relations, first by j and then by
i). For instance, when n = 4 one has f¢ = f’; ”flC o 4]02C CZ *f5%*. We note that
these notations will only be used for ¢ with cmn =0.

DEFINITION 1.5. A monomial order < on T is triangular if it is total and has the
following two properties.

o The determinants D;, .. ;. form a sagbi basis of R with respect to <.
o Forevery Dy, .. ;, there exists a vector c''' € ZI;O such thatine Dy, . ;, =
GiLsees i

z . In other words, the initial parts contain only z; ; with i < j.

One immediately observes that if < is triangular, then the entire initial subalgebra
in. R is spanned by monomials of the form z¢ ¢ € ZI;O, i.e. containing only z; ; with
i < j.

THEOREM 1.6. Let < be a triangular monomial order on T. Then for any integral
dominant weight \ the set of vectors fCuy for which z¢ € in. R[)\] is a basis in V.

Proof. We first check the claim for fundamental representations. Indeed, denote

Lok

inc Dil,...,ik =z s

then, in view of z¢

ieeyi
fC ke Lk S {eil,u.,ik7_eil,...,ikao}'

..... i

e1,....x 7 0 which is ensured by the chosen
order of factors in fC

Now, consider a general )\ (a1,...,an—1). First of all, note that since dim R[\] =
dim V), we only need to prove the linear independence of our set. Consider the product

U= V‘Em Q - V®aw 1

Wn—1

and denote its highest weight vector

— ,,®a1 ®an—1
U=0, Q- QU .

Wn—1

The cyclic submodule U(g)u is isomorphic to V. A Z2O—grading gr on U is defined as
follows: we first define a grading on every V,,, by gre;, .. i, = ¢t and then extend
it multiplicatively to the tensor product. Note that the order < may be viewed as a
semigroup order on Zgo given by ¢1 < cg if 2% < 2

Choose any z¢ € in< R[A]. We claim that f“u has a nonzero gr-homogeneous com-
ponent in grading ¢ while all of its other nonzero gr-homogeneous components lie in
gradings ¢/ > c¢. This will imply the desired linear independence. Indeed, consider
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the decomposition of fu into a linear combination of tensor products of the e;, .., ,
suppose this decomposition contains the vector
n—1

u = €kl k1 Q@ €kay  kay
e i ey, i yeealp

with a nonzero coefficient. This means that we have vectors b*" € Z’;O with 1 <k <
n—1,1 < r < ag such that fbMeL__ﬂk = :I:eii,,r,wiz,r and Z,” bk = ¢. Note that the
coordinates bﬁ’[ can be chosen arbitrarily as long as they sum up to ¢; ;. Let us show
that we may choose the b%7 so that z*"" is a monomial appearing in the determinant
Di;lc,ry__wit,r, this already implies gr Cikor ik > b5 and, consequently, gru’ > ¢. The
fact that fbmel7,,,,k # 0 implies that for every i € [1, k] we can have bﬁ’; =1 for at
most one pair ¢ < j while all other such bf”; = 0. Choosing the bfy’[ accordingly we
may assume that for every i € [1,k] exactly one coordinate bﬁ’; = 1, note that this
choice satisfies Zk,r bk = ¢. From fbk’relw’k = :I:ez:;Z:, we now deduce that
2" is indeed a monomial appearing in D,LllchII;r

It remains to show that f“u has a nonzero component in grading c. The fact that
2¢ € in. R[\] implies that it is a product of the ¢ . Specifically, we have tuples
Gy, ") with 1 < k< n—1,1 <7 < ag such that Dk it di" = ¢, This
means that the decomposition of f°u contains the following vector with a nonzero
coefficient:

seed g cd g

n—1
® € .k,1 k1 @ Q€ kyay eyap . O
E—1 J1 J J1 5

Bases in irreducible representations of this form are known as monomial bases
because every element is obtained from the highest weight vector by the action of
a PBW monomial. Perhaps, the best known basis of this kind is the FFLV basis
constructed in [23], see also Example 4.3.

1.3. MARKED CHAIN-ORDER POLYTOPES. We equip the set P with a partial order <
such that (7, 7) = (¢, 7') if and only if ¢ < 4" and j < j'. The poset (P, <) is sometimes
referred to as the Gelfand—Tsetlin poset. For n = 4 the Hasse diagram of this poset
looks as follows (with the minimal element on the left and the maximal on the right):

(1,1) (2,2) (3,3) (4,4)
(1) ~ P ~ 1

(1,4)
We will now define a family of polytopes associated with this poset. Denote

A={(1,1),(2,2),...,(n,n)}
and for an integral dominant g-weight A\ = (a1,...,a,-1) and 1 < i < n denote
Ai) =a;+ -+ an—1 (s0 A(n) = 0). What follows is a specialization of the definition
originally given in [15, Definition 1.5] for arbitrary posets to the case of the poset
(P,=).

DEFINITION 1.7. Consider an integral dominant g-weight A and a partition O LU C =
P\A. The marked chain-order polytope (MCOP) Op.c(\) C RY consists of points ©
such that:
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o x;; = Ai) forall1 <i<n,

o z;; >0 forall (i,j) € C,

e for every chain (p,q) < (i1,71) < -+ < (im,Jm) < (r,s) with (p,q),(r,s) €
O U A and all (ig,j¢) € C one has

xihjl +eee xim;jm < xpvq - x’r‘,s-

In the notations of [15] this is the polytope COo.c((P,>), A, (A(1),...,A(n))). In
particular, there it is associated with the dual poset (P, ) rather than (P, <) but the
above form will be more convenient to us. It is worth mentioning that [15] imposes a
certain restriction on the partition O LI C but the same definition is considered in [18,
Proposition 1.3] without such restrictions.

One can already note that when C' = @ the resulting polytope consists of points
with ; ; = A(¢) and z; ; > x ;» whenever (4,7) < (i, j'). This is the famous Gelfand—-
Tsetlin polytope of [31]. When O = & the polytope consists of points with z; ; = A(7),
all ; ; > 0 and the sum of coordinates over any chain in C' starting in (¢,7 + 1)
and ending in (j,j + 1) being no greater than A(i) — A(j + 1). This is the FFLV
polytope of [23]. These two polytopes are also known as the corresponding marked
order polytope and marked chain polytope, a terminology due to [3]. For this reason O
is known as the “order part” and C as the “chain part”. The other Op () are seen
to interpolate between these two cases.

We will, however, mostly work with an alternative definition which is shown to
be equivalent in [26, Subsection 3.5]. The approach here is to explicitly describe the
lattice point sets of the fundamental polytopes Op c(wy) and then define all other
Oo.c(N) as Minkowski sums of these. Let J denote the set of order ideals (lower sets)
in (P, <).

DEFINITION 1.8. Consider a partition O U C = P\A. For J € J let xo,c(J) € RP
denote the indicator vector 1y, .(y) of the set

Mo.c(J) = (J N (O U A)) Umax(J)

(max~ denotes the subset of <-mazimal elements). The MCOP Op c(wy) is the
convex hull of those xo,c(J) for which |J N Al = k, i.e. J contains (k,k) but not
(k+1,k+1). For A= (a1,...,an_1) the MCOP Op c(X) is the Minkowski sum

a100,c(w1)+ -+ an—100,c(wWn-1).

In other words, Mo ¢(J) contains all elements of J contained in OUA and maximal
elements of J contained C, e.g. Mp\4,¢(J) = J and Mg p\a(J) = (JNA)Umax_ J.
Also, for n = 4 and J generated by (1,4) and (2, 3) the set Mo ¢(J) consists of the
black elements in (3) whenever O contains (1,2) but not (1, 3).

A key combinatorial property of MCOPs which motivated their introduction is as
follows.

PROPOSITION 1.9 ([18, Corollary 2.5]). For a given A all polytopes Oo c(N) are pair-
wise Ehrhart equivalent, meaning that for every m € Zxq the number of integer points
in the dilation mOop c(A) does not depend on O and C.

COROLLARY 1.10. For any O, C' and A we have

|Oo7c()\) N Zpl = dim V.
Proof. By Proposition 1.9 for a given X it suffices to prove the claim for one chosen
partition O U C. However, in the original works [31] and [23] the key property proved
for, respectively, the Gelfand-Tsetlin polytope Op\4,z()) and the FFLV polytope

Og,p\a(A) is that the polytope’s integer points parametrize a basis in V). In partic-
ular; the number of integer points in either polytope is dim V. 0
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We will also use the following Minkowski sum property of MCOPs.

PROPOSITION 1.11 ([19, Theorem 2.8)). For integral dominant A and p every integer
point in Oo,c(A+ p) decomposes into a sum of two integer points in Op c(N\) and
Oo,c(p):

Oo.c(A+p) NZY = (00,c(N) NZ") + (00.0(p) N Z7).

We now proceed to discuss the toric varieties of MCOPs and their multiprojective
realizations. We will denote the toric variety of Op,c(A) by Ho,c(A) and call it a
generalized Hibi variety (see below). For a weight A = (a1, ...,a,-1) let its signature
be the tuple of those i for which a; # 0. We have the following simple observation.

PropPOSITION 1.12. If integral dominant weights X\ and p have the same signature,
then for any O,C the polytopes Oo,c(X) and Oo,c(p) are strongly combinatorially
equivalent (have the same normal fan). In particular, Ho c(\) and Ho c(p) are iso-
morphic.

Proof. This follows directly from Definition 1.8, since the normal fan of a Minkowski
sum is the common refinement of the summands’ normal fans. O

For any subset £ C J we will write C[£] to denote the ring of polynomials in
variables X7, J € L. Let J;, C J denote the set of J with |J N A| = k. The ring C[J%]
is the homogeneous coordinate ring of the space P(C7*). Proposition 1.11 implies
that every MCOP is normal, i.e. every integer point in the dilation mOp ¢ (X) is
the sum of m integer points in Op ¢(A). An implication of Corollary 1.10 is that
Oo,c(wy) contains no integer points other than the zo ¢ (J) with J € Jj. That is
since dimV,,, = (}) and it is also easily seen that |7;| = (}) and the zo c(J) are
pairwise distinct. By standard properties of toric varieties (see [12, §2.3]) these two
facts provide a projective embedding of the toric variety. Consider the map ¢o,c :
C[J] — T given by

vo,0(Xy) = 2",
PROPOSITION 1.13. Hp ¢ (wg) is realized in P(CT*) as the zero set of ker(vo,clcz,))-

Consider an integral dominant weight A of signature d = (ds,...,d,;) and denote
Ja = Ta, U---UTg,. The ring C[Jg] is the multihomogeneous coordinate ring of the
product

PYC = P(CTn) x - -- x P(CT).

By Proposition 1.12 the variety Ho ¢ () is isomorphic to Ho c(wq, + - - - +wa, ). The
general multiprojective realization of the toric variety of a Minkowski sum of normal
polytopes (see, for instance, [26, Lemma 1.8.3]) provides the following theorem which
is a special case of [26, Theorem 3.2.3] for the more general marked relative poset
polytopes.

THEOREM 1.14. Hp () is realized in ]P,do,c as the zero set oflg’c = ker(ypo,clcizq))-

One notices that ]P’g’c is isomorphic to the space Pq containing the flag variety
F4. In particular one may hope to find a bijection between order ideals and Pliicker
variables providing an isomorphism 1 : C[Jq] — Sq that would map Ig,c to an initial
ideal of Iq. If such an isomorphism is found, we have realized the generalized Hibi
variety as a flat degeneration of the flag variety. This was essentially the method of
obtaining the flat degenerations given by the Gelfand—Tsetlin polytope in [32] and by
the FFLV polytope in [14]. One of our main goals is to generalize this approach to all
Ho,c(N).
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Note that every Jq can be viewed as a distributive lattice with N as meet, U as join
and C as the order relation. The ideal Ig\A’g C C[J4] is seen to be generated by the
binomials X j, Xj, — X 5,07, XJ,nJ, and is known as the Hibi ideal of the lattice Jq
(after [34]). Hence, the Ig,c are referred to as generalized Hibi ideals. Furthermore,
the toric ring ¢p\ 4,(C[Ja]) is known as the Hibi ring of the lattice Jq. We will

denote Rfi)’c = ¢0,c(C[Ja]) and refer to these rings as generalized Hibi rings. The
Proj of the Hibi ring is known as the Hibi variety which motivates our terminology
for Ho}c()\).

1.4. P1PE DREAMS. There exists a well-known method of associating a permutation
to every subset of P. Consider the permutation group S, and for (i,7) € P let s; ;
denote the transposition (i,j) € S,. In particular, s, ; is always the identity.

DEFINITION 1.15. For any subset M C P let wy € Sy, denote the product of all s; ;
with (i,7) € M ordered by i increasing from left to right and within a given i by j
increasing from left to right.

For instance, for n = 4 we have (in one-line notation):

(2) W{(1,1),(2,2),(1,2),(2,3),(1,4)} = 51,151,251,452,252.3 = (4,3,1,2).

One may also note that wp = wy is the longest permutation. It is obvious that wjy,
is uniquely determined by M\ A but it is convenient for us to consider subsets of P
rather than P\ A.

The permutation wjy; can be found with the use of a diagram known as a pipe
dream (the terminology is due to [40] but similar diagrams were already considered
in [4] where they were termed RC-graphs). In terms of the visualization of P used
in (1) the pipe dream corresponding to M consists of n polygonal curves or pipes
described as follows. The ith pipe enters the element (i,n) from the bottom-right,
continues in this direction until it reaches an element of M U A, after which it turns
left and continues going to the bottom-left until it reaches an element of M, after
which it turns right and again continues to the top-left until it reaches an element
of M U A, etc. The last element passed by the pipe will have the form (1, 7). It is
straightforwardly checked by induction on |M| that one has wy (i) = j. The pipe
dream of the set in (2) is shown below, here elements of the set are highlighted in
black and each pipe is shown in its own colour.

1.1) (2,2)
¥ N v N v N e N
(1.2) (2,3)
(3) o0 -0
LS 'é
(1,4)
K IS

REMARK 1.16. The correspondence between subsets and permutations as well as its
visualization are subject to many variations and dualizations, the conventions chosen
here differ from those in [4] and [40]. For readers familiar with other approaches the
following alternative characterization of wj; may be helpful. For 1 <i<n —1 let s;
be the elementary transposition (¢,7 + 1) and set sg = id. Then one may check that
wy = w'wy where w’ is the product of s;_; over all (¢,j) € P\M with the factors
ordered by ¢ increasing from left to right and within a given ¢ by j increasing from
left to right. Since the pipes cross precisely at elements of P\(M U A), one sees that
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wyy is the product of the simple reflections corresponding to these crossings (in the
spirit of [4, 40]) which is then reversed by multiplying by wy.

2. TORIC DEGENERATIONS

In this section we define an isomorphism between C[J4q] and Sq mapping the toric
ideal I 3 '“ $o an initial ideal of I4. This realizes the generalized Hibi variety as a flat
degeneration of the partial flag variety.

Fix a partition OUC = P\ A and a signature d. We use the shorthand waz,, ..(7) =
w’. We also use the standard convention X, s, = (=1)7X;_,..i,(, for a permu-
tation o € Si to define Pliicker variables with subscripts which are not increasing.
Similarly, we set D;, . . = (—1)"Div(1) _____ oy

Consider the homomorphism ¢ : C[J4] — Sq given by

V(X)) = X (1),... w7 (|JNA])-

The key fact proved in this section is as follows.

THEOREM 2.1. The map ) is an isomorphism and there exists a total monomial order
< on T for which the Dy, . ;, form a sagbi basis of Rq and w(Ig’C) = inge Iq. In
particular, 1 induces an isomorphism between Rg’c and ing Rq.

Of course, the isomorphism claim amounts to J — {w’(1),...,w”’(|]JNA|)} being a
bijection between (proper nonempty) ideals in (P, <) and (proper nonempty) subsets
in [1,n]. Now, in view of Theorem 1.14 together with Theorem 1.4 and the subsequent
discussion we have the following consequence.

COROLLARY 2.2. For an integral dominant weight X of signature d the toric variety
Ho,c(X) is a flat degeneration of the flag variety Fq.

EXAMPLE 2.3.Let n = 4 as in (3) and suppose 2 € d. Let J be the order ideal
generated by (1,4) and (2,3). For any O containing (1,2) and not containing (1, 3)
the set Mo ¢ (J) and its pipe dream will be as in (3), hence we will have (X ;) = X4 3.

Theorem 2.1 will be proved by constructing an isomorphism between RS’C and an
initial subring of Rq. Before defining the corresponding map we will need the following
notions. First, for (i,7) € P let ((4,)) € J denote the principal order ideal composed
of all p < (4, ).

DEFINITION 2.4. Consider 1 < 4,5 < n. If i < j, let r(i,j) denote the integer
w (i) If i > j, set r(i,5) = w"(j) = wo(j)-

The number r(, j) can be thought of as follows. If ¢ < j, one considers a pipe which
starts from (i,7) going to the bottom-left and continues according to the “zigzag”
procedure used to define pipe dreams, turning at elements of O U A. The last element
passed by this curve will be (1,7(i,7)). If i > j, one considers the pipe entering (j,n)
from the bottom-right and turning at elements of O U A.

PROPOSITION 2.5. For every i the numbers r(i,1),...,r(i,n) form a permutation of
[1,n].

Proof. This is best seen diagrammatically. Let us follow the pipe considered above in
the opposite direction: consider a pipe entering (1,7(4,5)) from the bottom-left and
turning at elements of O U A. If j > ¢, the element (4,5) will be the first element of
the form (7,-) passed by this pipe. If j < 7, then (j,n) will be the last element passed
by this pipe. From this characterization it is easily seen that the r(i, ) are pairwise
distinct. O
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DEFINITION 2.6. Let T* denote the ring of Laurent series C[zfjl]lgi’jgn, We define
an endomorphism 6 of T* as follows. Choose a variable zij.- If i > 7, we set 0(z; ;) =
Zir(ig)- If 1 < g, d.e. (i,5) € P\A, we consider the largest j' < j such that (i,7") €
O U A and set 9(2’1‘7]‘) = zi77.(i7j)/zi77.(i7j/).

PROPOSITION 2.7. For any J € Jq one has
0(z0C) = 21 r(1) - - 21anALw (TR A])-

Proof. Evidently, for a given ig < |J N A the product of all 6(z;, ;) with (ig,j) €
Mo,c(J) is equal to z; (i, j,) Where jo is maximal among such j. However, one has
w’ (ig) = r(ip,jo) as seen directly from the pipe dream visualizations for w” and
T(io,jo). O
DEFINITION 2.8. We define a total monomial order < on T as follows. First, we set
Ziy g1 P Zig,j, when i1 < ig. Next, for j1 < jo we set z; (i ji) > Zir(ijo) of and only if
(i,71) € OU A and there is no j € [j1 + 1, j2] such that (i,5) € OU A. In other words,
for some i let £y > -+ > £, =i denote all £ such that (i,¢) € OU A, then we have

Ziw(ify) > Zir(in) >0 P Zir(if+1) Z Zir(ils) P Rir(ify—1) > P Zip(ifa41) > e

> Zir(ilm) 2 Fir(ilmo1—1) 2 0 > Zie(iidl) 2 Zir(ii-1) >0 2 Zire(i,1)-
Finally, we extend < to a lexicographic order: for monomials My = Hsz, My =
Hzf’]J let z; ; be the <-mazimal variable for which b; ; # ¢;; and set My > My if
bi,j > Cij-
EXAMPLE 2.9. When O = P\ A we have r(i,j) = j—i+1for j <iand r(i,j) = n—j+1
for j < 4. In particular, < first compares the z; ; by 7 and within a given 7 we have

Zin—itl > Zin—i > > 21 > Zin—i42 > Zin—i+3 > " > Zin.
When O = & we have r(i,7) = j for all j. Hence, we have
Rig > Zin > Rin—1 > > Zig41 > Zii—1 > > Zi1-

The initial parts in D;, ... 4, produced by these two orders are described in Exam-
ple 2.12. Also, for O = {(1,2),(1,4),(2,3)}, i.e. the black elements of P\A in (3),
below is a table containing the values (i, j) and the resulting order on the variables:

i J 413121 214> 212> 213> 211>
1 413121 72,3 > 222 > 221 > 224>
2 213|114 23,1 > 232> 233 > 234>
3 2(1(3|4 242 > 241 > 243 > 244
4 21134

ProrosiTIiON 2.10. For J € Jq we have
ing DwJ(1),...,wJ(\JmA\) = 21w’ (1) - - - ?lJNA|,w’ (|JNA|)-

Proof. It suffices to show that z; ., ;) is <-maximal among all variables of the form
2w () With i < j < |J N Al Note that w” (i) = r(i,£) for the maximal ¢ such that
(i,£) € Mo,c(J). Now suppose that z; 7y > 2;,7() for some i < j < [JN A In
the pipe dream of Mo ¢(.J) consider the jth pipe, it passes through (1,w”(5)). It also
passes through some (i, ¢'), consider the minimal such ¢, then 7(i,¢') = w’(j). Note
that (i,¢') € J.If ¢/ > ¢, then (i,5') ¢ OUA for all j/ € [¢+1,¢] and (i,¢) € JN(OUA)
which provides z; ,(;.¢) < 2;r@i¢) contradicting our assumption. Now suppose that
< £ 0f (4,0') ¢ OU A, we again have z; (i ¢y < 2ir(i,0)- If (i,£') € OU A, then there
must exist (¢, £"”) € OU A with ¢ > ¢/ which is passed by the jth pipe prior to (¢, ¢).
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We also have (i, £") € J, therefore, our choice of £ implies ¢ < ¢, hence ¢ € [{' +1,/]
and 2; (i 01y < Zj,r(i,0) - O

PROPOSITION 2.11. The D, .., form a sagbi basis of Rq for <.

.....

Proof. Propositions 2.7 and 2.10 provide in< D1y, . w7 (|7na) = f(z%0.c(7)) and
we are to show that these elements generate in. Rq. Since the 6(z%©.¢(/)) generate
0(RY), we have O(RSC) C ing Rq. We prove that §(RS )\ = in< Ra[\ for
every \. Proposition 2.7 implies that for J € Jgq we have grad §(z*0.c(/)) = W INA|-
Consequently, if one chooses a; integer points in every Op,c(w;), then the sum z of
these a;+- - -+a,_1 points satisfies grad 6(2*) = A. However, by Proposition 1.11 every
z € Oo.c(A)NZF can be expressed as a such sum, hence satisfies 6(z*) € 0(RS)[A].
Furthermore, the monomials 6(2%) with x € Op,c(\) NZF are pairwise distinct since
0 is seen to be an automorphism from its definition. Corollary 1.10 now provides

dim O(RG“)[A] > dim V3 = dim Ra[)] = dim in Rq[\]. O

Proof of Theorem 2.1. For distinct Ji,Jo € Jq the sets {w”1(1),...,w” (]J; N A|)}
and {w’2(1),...,w’2(|J2 N A|)} are distinct. Otherwise, Propositions 2.7 and 2.10
would imply 0(z70:¢(/1)) = £f(z70.c(J2)) which is impossible. This proves the iso-
morphism claim. Propositions 2.7 and 2.10 also show that the maps 8oy ¢ and g o
coincide on C[Jq]. Since ¢ and 6 are injective, ¢ must identify ker o c = Ido’c and
ker ¢ = inge Iq (the latter by Propositions 2.11 and 1.3). Meanwhile, 6 must identify
the maps’ images RS’C and in, Rq. O

EXAMPLE 2.12. Let O = P\A. Then for 1 <4y < --- <iy <nonehasing D;,,  ; =
Z1,ip, - - - Zkyiy» 1-€. this monomial order is “antidiagonal” and we obtain the initial sub-
algebra in< Rq and initial ideal in<+ Iq which define the Gelfand—Tsetlin toric degen-
eration studied in [52, 32, 42]. Now let O = @. Then ing D;, . ;, = £21,0y - - - Zk,ay,
where (aq,...,ax) is the permutation of (i1, ...,) that forms a PBW tuple: o; = j
if a; < k while all «; > k are ordered decreasingly. The corresponding initial ideal
and initial subalgebra define the FFLV toric degeneration and were studied in [14]
(see also [44, Section 6] and [27, Subsection 3.2]).

REMARK 2.13. Results in [44] (see [44, Corollary 5.4]) show that the generalized Hibi
. 0,0 . Lo .
ideal 1"~ is generated by quadratic binomials

XJlXJg - XJlUJ2XJ1*o,cJ2

where Ji,Jo € Jq and *o ¢ is a certain binary operation on J4. By applying ¥ to
these binomials we obtain a set of generators for the toric initial ideal z/J(Ig’C).

REMARK 2.14. It may be curious to compute how many different toric degenerations
we obtain from this construction. For instance, for n = 3 and d = (1,2) we have
8 different partitions (O, C'), however, the ideal I(; 9y is principal and has only 3
initial toric ideals all of which lie in the same Ss-orbit (see Section 4), in particular,
the corresponding toric varieties are pairwise isomorphic. All 3 of these initial ideals
have the form w(I(?:QC)) for some (O,C). For n = 4 and d = (1,2,3) the situation
is only slightly more interesting: the 64 partitions (O, C') provide 24 distinct initial
ideals w(Ig’C) contained in 2 different Sy-orbits, one containing 1/)(15\‘4’@), the other

w(If’P\A). Thus, we only obtain 2 degenerations up to isomorphism: the Gelfand—
Tsetlin and the FFLV toric varieties. The first degenerations which are not isomorphic
to either of these appear for n = 5. For d = (1,2,3) one obtains 4 pairwise non-
isomorphic toric varieties given by O = &, O = {(1,2)}, O = {(1,3)} and O =
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P\A (or {(1,2),(1,3)}). For d = (1,2,3,4) computations become rather resource-
consuming but the number of isomorphism classes is seen to be between 6 and 8.

3. STANDARD MONOMIALS AND YOUNG TABLEAUX

The generalized Hibi ring Rg,o possesses a natural basis parametrized by increasing
chains of order ideals. In this section we apply the map 1 to this basis, obtaining
a monomial basis in the Pliicker algebra (i.e. a standard monomial theory) which is
parametrized by Young tableaux satisfying a certain standardness condition.

Consider the monomial ideal I}/ C C[J4] generated by all X, X, with J; ¢ Jo
and Jo ¢ Ji. In other words, monomials not in I}? are those of the form X, ... X,
with Jy C --- C Jp,. The following is a straightforward observation (see [44, Proposi-
tion 5.3]).

PROPOSITION 3.1. There exists a monomial order < such that ing Ic?’c = I}, Con-
0.,C

sequently, monomials not lying in Igd project to a basis in Ry .

In view of Theorem 2.1, by applying 1) we obtain an initial monomial ideal (7, é” )
of I4 and a set of monomials in Sq projecting to a basis in the Pliicker algebra Rq. We
call these (O, C)-standard monomials, in this section we aim to give a more explicit
description of this set in terms of Young tableaux.

REMARK 3.2. Geometrically, the ideal 1 (I}') defines a flat degeneration of Fyq. How-
ever, this degeneration does not, up to isomorphism, depend on (O, C), only its em-
bedding into Pgq does. One easily sees that it is a union of products of projective spaces
enumerated by maximal chains in (Jg, C) and [ é\/f is, in fact, the Stanley—Reisner ideal
of the latter poset. This degeneration appears in [7, 20, 26, 11].

The characterization we give relies on the following notion. For 1 < i < n let o;
denote the permutation inverse to (r(i,1),...,7(é,n)). The value of o;(j) can be found
by considering a pipe entering (1,7) from the bottom-left and turning at elements of
O U A. If this pipe contains an element of the form (4, ¢), then the first such element
passed by the pipe is (¢, 0;(j)). If the pipe does not contain such an element, then the
last element passed by the pipe is (o;(j),n).

DEFINITION 3.3. For 1 < k < n — 1 we call a tuple of pairwise distinct integers
(i1,...,i%) in [1,n] an (O, C)-tuple if the following hold:

e 0;(ij) =2 j for 1 <j<k;

o forany 1< j</tl<k either oj41(i;) =7 or oj+1(i5) > o¢(ie).

ExXAMPLE 34.For O = P\A one has 0;(¢) = ¢+ j—1for £ < n+1—j and
0j(¢) =n+1—"Lfor £ >n+1— j. The first condition in the definition then means
that i; <n+1—j. For £ = j+1 the second condition means that either i; =n+1—7j
(which implies i; > i, via the first condition) or i; > i, hence the tuple decreases. It
is also seen that both conditions are satisfied for a decreasing tuple, thus (P\A, &)-
tuples are precisely the decreasing ones.

For O = @ one has 0;(¢) = ¢ for all j, ¢. The second condition implies that all
i; # j are ordered decreasingly. Moreover, all i; # j satisfy i; > i > k, the latter
by the first condition. We see that (i1,...,4) is a PBW tuple. It is also seen that
both conditions are satisfied for a PBW tuple, thus (&, P\ A)-tuples are precisely the
PBW tuples.

PROPOSITION 3.5. The set of tuples (w” (1),...,w'(|JNA|)) with J € J and |JNA| €
[1,n — 1] coincides with the set of all (O, C)-tuples.
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Proof. Let us show that every (w”(1),...,w’(|J N A])) = (i1,...,ix) is an (O,C)-
tuple. Note that o;(i;) is equal to the largest ¢ for which (j,¢) € Mo, c(J), this
immediately provides the first condition. Choose 1 < j < £ < [JNA|. If (§,0;(i;)) ¢ O,
then (j,0;(i;)) € max< J. We obtain ¢;41(3;) = 0,(i;) > 0¢(ie): the equality by
(4,05(i;)) ¢ O and the inequality by (j,0;(¢;)) € max~J. If (j,0;(¢;)) € O and
there exists m > ¢;(4;) with (j,m) € O, then ¢j41(i;) = m for the minimal such m.
Since (j,m) ¢ J, we must have o¢(i¢) < m. Finally, if (j,0;(i;)) € O and there is no
m > o,;(i;) with (j,m) € O, then o,11(i;) = j.

Conversely, let (i1, .. zk) be an (O, C)-tuple and let J be the minimal order ideal
containing all (j,0;(3;)) (Which lie in P by the first condition). We claim that w’(j) =
i; for all j < k. Indeed, we are to show that o;(i;) is equal to the largest ¢ for which
(4,0) € Mo,c(J). This is deduced from the second condition similarly to the above
by considering the same three cases for the element (j,0;(i;)). O

In particular, we see that the set of (O, C)-tuples of length k has size (}) with
each k-subset occurring once. This follows from 1 establishing a bijection between
the variables in C[Jx] and in S,.

DEFINITION 3.6. Consider a Young tableau Y in English notation with m columns
and the ith column of height k;. Let Y; ; denote the element in the jth cell from the
top in the ith column. We say that Y is (O, C)-semistandard if

o (Yi1,...,Yi,) is an (O, C)-tuple for everyi € [1,m] and

o for any i’ < i in [1,m] and j € [1,k;] there exists j' € [j,ki] for which

oy (Yir ) 2 05(Yi;)-

EXAMPLE 3.7. Consider the case n = 4 and d = (2,3). Let O = {(1,2),(1,4),(2,3)},
i.e. the black elements in (3) that lie in P\ A. We have o1 = (1,2,3,4), 02 = (2,4,3,1)
and o3 = (3,4,2,1). The one-column (O, C)-semistandard tableaux of heights 2 and 3
are the (O, C tuples Wthh can be found using either Definition 3.3 or Proposition 3.5:

Below on the left we have three examples of tableaux which are (O, C')-semistandard
and on the right three which are not.

412123144122 |4]2]3
313131123332
2|1 1

’Hw»lk

4
31212
2

EXAMPLE 3.8. The (P\A, @)-semistandard tableaux are a dualized version of semi-
standard Young tableaux: those in which elements decrease strictly in every col-
umn from top to bottom and decrease non-strictly in every row from left to right.
The (@, P\ A)-semistandard tableaux are the PBW-semistandard tableaux introduced
in [22]: those for which the elements in every column form a PBW tuple and for any
2<i<mand1l<j<k; there exists j < j < k;j—1 for which Y;_1 ;s 2 Y ;

THEOREM 3.9. The (O, C)-standard monomials are precisely the monomials
X1 il o Xym m € 85q

ety i, 4
wzth k1 > Z 2 km for which the Young tableau Y with Y; o = ig, i.e with jth column
(i1, .. zk ), s (O, C)-semistandard. In particular, the set of such monomials projects

to a baszs in the Plicker algebra Rq.
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Proof. We are to show that for Jy,Js € J with |J1 N A| > |J2 N A| the two-column
tableau with columns (w”t(1),...,w’t(]J; N A])) and (w’2(1),...,w'2(]Jo N A])) is
(O, C)-semistandard if and only if Jo C J;. The theorem will then follow from Propo-
sition 3.5 and the preceding discussion. However, every J € J can be characterized
as the minimal order ideal containing all (j,c;(w’(j))) with j < |J N A|. Hence,
Jo C Jp if and only if for every 1 < j < |J2 N A| there exists j < j/ < |J; N Al with
(s (@ () = (s (w2 (), ke o (™ (7)) > 73w (7). .

We also show that the structure of the lattice polytope can be recovered from the set
of (O, C)-semistandard tableaux. Consider the set P = {(i,j)|i € [l,n—1],j € [1,n]},
for 2 € Z" we have a monomial 2% € T*. For a Young tableau Y let z(Y) € R” be
the point for which z(Y'); ; is the number of elements equal to j in row ¢ of Y.

PROPOSITION 3.10. For an integral dominant weight A = (a1, ...,a,—1) the polytope
Oo.c(N) is unimodularly equivalent to the convex hull of points x(Y') over all (O, C)-
semistandard tableaux Y of shape A, i.e. with exactly a; columns of height i.

Proof. By the definition of 6 we have a unimodular operator ¢ on RP such that
0(z%) = 26 for x € Z¥ C Z (see also the next section). Assume A has signature
d. Monomials ¢ (M) such that M is (O, C)-standard and grad M = X compose a

basis in ine Rg[A]. For such an M = X il .. Xip . im consider the tableau Y’
sl i

with Y, = Z% Then Y is (O, C)-semistandard, has shape A and ¢ (M) = 2*(Y)
by Proposition 2.10. Therefore, in. Rq[)\] is spanned by 2*(Y) with Y an (O, C)-
semistandard tableau of shape A. We have also seen (proof of Proposition 2.11) that
this space is spanned by monomials 0(2%) = 2¢(®) with 2 € O, ¢()\) NZ". Hence the
convex hull in consideration equals ((Op ¢ (N)). O

REMARK 3.11. To conclude this section let us note that the results in [26] can be
applied to describe the degenerations of Fg intermediate between the toric and the
monomial one. Consider an ideal I’ such that I’ is an initial ideal of Ig,o and I}
is an initial ideal of I’. Such ideals are parametrized by faces of the maximal cone
corresponding to I} in the Grébner fan of IE’O. Note that ¢(I’) is an initial ideal of
1/1([5’0) and of Iq, hence the zero set of ¥(I') in Pq is a flat degeneration of Fy. This
zero set is isomorphic to the zero set of I’ in IP’COI’C and such zero sets are described
by [26, Theorem 3.3.1]. It is semitoric with each of its component the toric variety of a
certain marked relative poset polytope. This is a family of poset polytopes generalizing
MCOPs each of which is defined by an order <’ on P weaker than < (rather than by
a partition (O, ().

4. MONOMIAL BASES IN REPRESENTATIONS

Choose an integral dominant weight A = (a1, ..., a,—1) with signature d. The goal of
this section is to construct a monomial basis in V) parametrized by the integer points
in (a unimodular transform of) Op ¢ (A). This will be done by applying Theorem 1.6,
however, it is easily seen that already in the case O = P the total monomial order <
on T defined in Section 2 is not triangular. Thus, our first goal is to obtain a triangular
order from it.

The permutation group S, acts on Sq by w(Xi, .. ) = Xw(y),...,w(i,) and on T
by w(zi;) = 2;w(j) for w € S,. It is well known that the ideal I and the subalgebra
Rq are preserved by these actions. Recall the order < introduced in Definition 2.8.
For w € §,, we consider a monomial order < on T by setting w(M;) < w(Mz) if
and only if My < Ms. Let 7 denote the permutation (w?)™' = (wo)™! = o,.
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PROPOSITION 4.1. The order <7 is triangular.

Proof. The fact that the determinants form a sagbi basis for <7 is immediate from the
analogous property of <. In view of Proposition 2.10 we are to show that 7(w” (i)) > i
for any J € J and i < |J N A|. However, w”/ (i) = r(i,j) for some j > i. By the
definitions of r and 7 we have 7(r(i,5’)) = j' for any j’ € [1,i — 1], hence 7(r(3,j)) €
[i,m]. O

Before applying Theorem 1.6 let us define the aforementioned unimodular trans-
form of Op,c(A). The fact that for ¢ < j we have 7(r(4, j)) > 4 implies that 7(8(z; ;)) =
2¢ for some ¢ € ZF (where 7 is extended to T%). In other words, 7 o § preserves the
subring (C[zii?jl](i’ j)yep- Furthermore, by the definitions of 7 and 6, both automorphisms
of T* act on monomials by applying a linear operator to the degrees, i.e. we have a
linear operator £ on RY such that 7(6(z¢)) = 28(°) for ¢ € ZF. For (i,5) € P let &;
denote the basis vector 1(; ;)} € R and if i < j, choose the largest j/ < j for which
(i,5) € OU A. Then & can be written as

4 DN — e oy if i < 7,
(4) Eery) = § O S RS
€ir(r(iyi)) 1 1= J.
In particular, the matrix of £ is unitriangular in the basis consisting of €; ; ordered
by o;771(j). Hence, H?’C = £(00o.c(N)) is a lattice polytope in RY unimodularly
equivalent to Op,c(A). For an alternative characterization of the polytope note that

0.c
H)\ = all_[gl’c 4+ 4+ an,lﬂo’c

Wn—1

and Proposition 2.7 implies that Hg};c is the convex hull of
(5) {61 7wy + F Ehrw (k) F €T -
THEOREM 4.2. The set of vectors fvy with ¢ € H?’C NZF is a basis in V.

Proof. By Theorem 1.6 and Proposition 4.1 it suffices to show that ine- R[A] is
spanned by the set of 2¢ with ¢ € Hf\)’c N ZF. We have in- Rq = 7(in< Rq) and
via an application of 77! we are to show that in, R[)\] is spanned by the set of 6(z%)
with € Op ¢(A\) N ZF which follows from Propositions 2.7 and 2.10. O

ExXAMPLE 4.3. For O = @ all 7(r(4,5)) = j and from (4) one sees that £(z); ; = x; ;
unless (i,7) € A, i.e. Hf’P\A has the same projection onto R”\ as the FFLV polytope
Og,p\a(A). Hence, in this case the basis provided by Theorem 4.2 coincides with the
FFLV basis {f“vr}ceo, p1(ynzr constructed in [23]. Meanwhile, for O = P\A the

map £ is more complicated and Hf\A’g is a transformed version of the Gelfand-

Tsetlin polytope appearing in various forms in the papers [48, 42, 43] (see also [45,
Section 14.4]). It consists of points z € RY such that all x; ; > 0, for any i < j one
has 370 i — Dy Tipre < @i and all 307 @ = A(@) (see [43, Section 2]).
The resulting monomial basis is considered in [48, 43, 47], it is also a subset of the
Chari-Loktev basis [9] in a local Weyl module over s, (C)[[t]].

REMARK 4.4.In [30] it is shown that every Op () can be realized as a Newton—
Okounkov body of the complete flag variety F' = F(; . ,_1). This statement can be
straightforwardly deduced from the above construction. One of the standard ways
of defining a Newton—Okounkov body is via a choice of a line bundle £ on F, a
global section ¢ of £ and a valuation v on the field C(F') (see [37, 36], this is also the
language used in [30]). In these terms we consider the equivariant line bundle £y on
Fy4, an arbitrary section ¢ and the highest term valuation defined by <7. The latter
means that we identify C(F') with C(z; ;)i1<i<j<n by viewing z; ; as the coordinate
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on the open Schubert cell corresponding to root «; ; and set 2*() = ing- f for any
polynomial f. Then for m € Zx( the convex hull of

{”(Sintm) |s € H%F,ﬁ%m)}

is a translate of HS’C independent of m, i.e. the respective Newton-Okounkov body
is identified with Op (\) by a suitable change of coordinates.

REMARK 4.5. A basis in V) parametrized by the lattice points of Op (M) is also
constructed in [30, Theorem 6.8]. This basis is essentially different from the one given
by Theorem 4.2 as seen already for n = 3, A\ = (1,1) and C = &. It would be
interesting to study the transition matrix between the two bases.

5. ADDENDUM: SEMI-INFINITE (GRASSMANNIANS

In this addendum we show how the above techniques can be applied in the semi-infinite
setting to obtain a family of toric degenerations of the semi-infinite Grassmannian.
Choose integers n > k > 1 and consider the rings
¢
Soo = (C[Xi(l,).4.,ik]1<7;1<"'<ik<n»420
and

- (C[ zg]le[l k], j€[1,n],£=0-

We write z; () to denote the power series _,- Z(]té and let D;, . 4, ( ) denote
the minor of the matrix (2;;(t))ic k), je[1,n] SPanned by columns 4; < --- < i;. Let

D@__ . denote the coefficient of t¢ in the power series D;, ., () and ¢oo : Soo = To

1155k

be given by
(X.(’Z) . ) =p¥
Poo Tl yenny 1k 11 k"

The kernel of ¢, is the semi-infinite Pliicker ideal I, and the image of ¢, is the
semi-infinite Pliicker algebra R (the subalgebra generated by all D(é) Zk) The
variety of infinite type Proj R is known as the semi-infinite Gmssmannian (due
o [21]) or the quantum Grassmannian (due to [49]). Similarly to the finite case we
have the following.

DEFINITION 5.1. For a monomial order < on Ty, let o« : Soo — Too denote the map
given by <,0<(Xz(f)2k) =inc Dz(f?---,ik' Let <% denote the monomial order on S given
by My <? My if and only if o (M) < @(Ms), i.e. the inverse image of < under
P<-

PRrROPOSITION 5.2. Consider a monomial order < on Ty, for which the D( )

a sagbi basis of Roo. Then Soo/ince I, is isomorphic to ine Ry

i Jorm

Proof. The proof repeats that of Proposition 1.3 with the difference that, in order
to have finite dimensional graded components, we consider a Z @ Z grading given by

grad,, Xff) i, = k®land g]radOQ ” =1@/L. O

Initial ideals of I, and initial subalgebras of R, provide flat degenerations of the
semi-infinite Grassmannian, at least in the following simple setting.

DEFINITION 5.3. A total monomial order < on T is a reverse lexicographic order if
for monomials My = [[(%; (¢ )) i cmd M2 [z (Z)) i we have My < My if and only
if for the <-minimal zl() with b i 7 c . one has b(z) > c(e)
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PROPOSITION 5.4 (see [27, Section 2]). Consider a reverse lexicographic order < on
Two for which the pY i, Jorm a sagbi basis of Rx. There exists a flat family over

T1,eey
C with all fibers outside of 0 isomorphic to the semi-infinite Grassmannian Proj Reo

and the fiber over 0 isomorphic to Proj(ine Ro) = Proj(Sec/ince Ino).

We will be constructing toric degenerations of this form and proceed to define the
corresponding combinatorial objects.

DEFINITION 5.5. Let (Q, <) be the poset consisting of elements (i,j) with i > 1,
jzk+1landj—ie€[0,n—1]. Weset (i1,71) = (i2,j2) if at least one of the following
holds:
(i) i1 <2 and ji < jo,
(11) i2 —il } k or
(111) jg —j1 =Zn— k.
We write < for the corresponding strict relation.

The definition of (Q, <) is due to [27, Section 5]. Above one sees part of the Hasse
diagram of (@, <) in the case n = 5 and k = 3 (with the longer arrows dashed for
visibility). In general, the covering relations in @ are of four types:

(1) (i,4) < (14 1,4) for i < g,

(2) (4,§) < (G, j+ 1) forj—i<n-—1,

(3) (iyi+n—1)<(i+k,i+k)fori=>1and

(4) (i+k,i+k)<(i+1,i+n)fori> 1.
To understand the nature of the relations of types (3) and (4) consider the set H of
pairs (i +mk,j —m(n —k)) with (i,j) € Q and m € Z equipped with a partial order
such that (i1,71) <’ (i2,j2) if and only if ¢; < j; and is < jo. The poset (H,<') is
acted upon by the group generated by the translation (4,j) — (i + k,j —n + k) and
(Q, <) is seen to be the corresponding quotient poset. In particular, for any (i,5) € H
there exists a unique m € Z such that (i + mk,j — m(n — k)) € Q. For (i,j) € H
we will write (Z,7) to denote the corresponding (i + mk,j — m(n — k)) € Q. In this
notation covering relation (3) can be rewritten as (4, j) < (i, +1) where j = i+n—1
and (4) can be rewritten as (4,5) < (i + 1,j) where j = i + n. Hence all covering
relations have form (4, j) < (i +1, j) or (4,5) < (,5+ 1) for some i, j € Z. We proceed
to introduce an analog of pipe dreams for this setting.

DEFINITION 5.6. For a € Z we understand a mod k to be an integer in [1,k] and
a mod (n—k) to be an integer in [k+1,n]. Fori,j € Z let 3; ; denote the transposition
(¢ mod k,j mod (n—k)) € S,,. For M C Q let wyr € Sy, be the product 3; ; over
all (i,7) € M ordered so that §;, j, is on the left of §;, j, whenever (i1,j1) < (i2, ja2).
(Note that §;, j, and §,, ;, commute unless i1 — iz € kZ or j1 — jo € (n — k)Z, hence
they commute when (i1,71) and (iz, j2) are incomparable.)
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While the finite poset (P, <) is naturally realized as a set of points in the plane,
the poset (@, <) is more naturally realized as a set of points in the plane modulo a
translation, i.e. a set of points in a cylinder. This makes the diagrammatic intuition
here more complicated and instead of defining pipe dreams in terms of polygonal
curves we will use the more formal language of paths in the Hasse diagram (note that
the polygonal curves above can be viewed as such paths).

DEFINITION 5.7. We call two edges in the Hasse diagram of (Q, <) parallel if either
both correspond to covering relations of the form (i,7) < (i + 1, ) or both correspond
to covering relations of the form (i,5) < (i,j + 1). A pipe for a subset M C Q
is a sequence (i1,71),- .., (im,Jjm) of elements of @ with m > 1 and the following
properties.

(a) (ig,je) covers (igs1,je+1) for £ < m, so the sequence is a path in the Hasse
diagram (with arrows reversed).

(b) For £ < m — 1 the edge connecting (i¢, jo) and (igs1,jes+1) is parallel to the
edge connecting (igy1, jey1) and (iet2, jer2) if and only if (iet1,jer1) & M,
i.e. the “direction” changes at elements of M.

(c) The sequence is mazimal in the sense that one may not choose (i1, jm+1) €
Q@ so that the above is satisfied.

It is evident that a pipe is determined by its first two elements. Also note that
(4m, jm) covers no more than one element, hence either i,, = 1 and j,,, € [k + 1,n] or
Jjm =k + 1 and i, € [1,k].

DEFINITION 5.8. For a pipe (i1,51)y - - s (tm, Jm) its value is an integer in [1,n] defined
as follows. If i,, > 1, then the value is iy If jm > k + 1, then the value is jn,. If
(im,Jm) = (1, k+1), then we have two possibilities. The value is 1 when (1,k+1) ¢ M
and (im-1,jm-1) = (1, k +2) or when (L,k+1) € M and (im-1,Jm-1) = (2,k +1).
Otherwise, the value is k + 1. We denote the value by Nar((i1, j1), (i2, j2))-

One way of thinking about the value is that it is determined by the last element
of the pipe together with the “direction” in which the pipe would leave this element
if it were to continue beyond it. Specifically, add a vertex (im+1, jm+1) to the Hasse
diagram where 4,41 and j,,4+1 are just formal symbols rather than numbers. Let
(tm+1,Jm+1) be adjacent to (im, jm) and formally assign the edge between them to
one of the two parallelity classes in such a way that property (b) in the definition of
a pipe is satisfied for £ = m — 1. If the edge is parallel to edges connecting (i, ) with
(i+1,7), then the pipe’s value is j,,. If the edge is parallel to edges connecting (3, j)
with (¢, 5 + 1), then the pipe’s value is i,,.
LEMMA 5.9. For finite M C Q consider (C,D) € Q such that (C,D) 2 (i,5) for all
(i,7) e M. If (C,D — 1) € Q, then
and if (C —1,D) € Q, then

Ny ((C,D),(C —1,D)) = wp (D mod (n — k)).

Proof. This is checked by induction on |M|. Let |M| = 0. To verify the first equality,
note that the pipe starting with (C, D), (C, D—1) consists of all (C’, D") < (C, D) with
C' = C € KZ. Tts value is C' mod k. We also trivially have wys(C mod k) = C mod k.
The second equality is verified similarly with both sides equal to D mod (n — k)

Now suppose |M| > 0. If the pipe starting with (C, D), (C,D — 1) contains no

elements of M, then both sides of the first equality are again equal to C' mod k
because ¢ mod k # C mod k for any (i,j) € M. Otherwise, denote the pipe’s elements
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by (i1,41),- .-, (im, jm) and choose the smallest r such that (i,,j,) € M. Note that
(i, jr) is the <-maximal element in M with i, — C' € kZ. Let M’ consist of (¢,j) € M
for which (i,5) # (i, 7). One sees that either r = m and i,, = C' mod k = 1 so that
both sides of (6) equal j, or

NM((Cﬂ D), <C’D - 1>) = NM’((iryjr)7 <i7‘ - 17jr>>‘

By the induction hypothesis the latter is equal to wp (j, mod (n — k)) and we
are to show that applying the product of §; ; with (i,7) € M\M’ to C mod k =
i, mod k provides j, mod (n — k). However, the above characterization of (i, j,)
shows that 5;_; is the only transposition in the above product which acts nontrivially
on C' mod k. The induction step for the second equality is similar. O

EXAMPLE 5.10. Consider n = 5, k =3 and M = {(1,4),(2,5), (4,4), (3,6), (4,5)}. Let
us write the first equality in Lemma 5.9 for (C, D) equal to (4,7), (5,5) and (3,7)
and the second equality for (5,6) and (5,5). The edges of the corresponding pipes are
shown below, each pipe in its own colour, while the elements of M are highlighted
in black. The proposition shows that the values of these 5 pipes taken in the above
order compose the permutation wys. Hence, wys = (2,5,4,3,1) which is also equal
to 517452,5547453,65475 = 51,452,551,453,451,5- For an arbitrary M, we can construct n
pipes in a similar way to find wj;. The collection of these pipes may be viewed as a
“pipe dream” of M but, of course, there are infinitely many suitable choices for the
pipes’ first elements.

(4,4)
S @)
RN i v X v
r\// z 3 X P K
(1,4) 7 (2,5) ! (3,6)
Ko v D X

We now define the final ingredient of our theorem: chain-order polytopes associated
with (@, <). They are termed “interpolating polytopes” in [44, 27] but since their rela-
tionship to MCOPs is the same as that of order polytopes to marked order polytopes
or of chain polytopes to marked chain polytopes, we now consider the former term
more appropriate.

DEFINITION 5.11. Let J, denote the set of all finite order ideals in (Q,=<). For a
partition OUC of Q and J € J denote

Mo.c(J) = (JNO) Umax<(J).

The corresponding chain-order polytope Op.c C R? is the convex hull of indicator
vectors Ly, () for all J € Ju.

Such a polytope contains no integer points other than the 1,7, .(s) and is also nor-
mal (see [27, Section 3]). In particular, its toric variety (the corresponding generalized
Hibi variety) is Proj R2:“ which is defined as follows.

DEFINITION 5.12. Denote C[Jx] = C[Xj]jeg.. and C[Q, s] = C[s][zp]peq. Consider
the map ¢ : ClTw] — C[Q, 5] given by

LX) =5 H Zp-
pEMo,c(J)
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The kernel of ¢ is the generalized Hibi ideal I$C and the image of ¢ is the
generalized Hibi ring RC .

Now fix a partition @ = O U C such that O contains all elements of the form (4,4).
For o € i denote X\*) = (*I)UXi(f?,,.,ik- For J € Ju denote w’ = wyy, o (1)-

To(1)s:: ;la(lc)

Define a map 9o : C[Jo] = S by

(d(J))
Voo (X) = X 0o (1, i ()

where d(J) is the number of elements of the form (4,%) contained in J. The following

is our main result concerning semi-infinite Grassmannians.

THEOREM 5.13. ¥ s an isomorphism and there exists a reverse lexicographic order

< on T for which the Dl(f)“ form a sagbi basis of Reo and oo (I2C€) = ince I

In particular, Vo, induces an isomorphism between RS and ing Ry,

By Proposition 5.4 we have

COROLLARY 5.14. The generalized Hibi variety Proj RDOO’C is a flat degeneration of the
semi-infinite Grassmannian Proj R,

EXAMPLE 5.15. As in Example 5.10 consider n = 5 and k& = 3. Let J € J be
the order ideal generated by (4,5) and (3,6). The example shows that for any O
containing (1,4), (2,5) and all (¢,%) and not containing (1,5), (2,4), (3,4), (2,6), (3,5)
we will have ¢oo (X) = X5 ;.

The proof will follow the same outline as that of Theorem 2.1.

DEFINITION 5.16. For (i,j) € Q set r(i,5) = No((¢,7), (i — 1,7)) if the latter is well-
defined. If not, we have i =1 and set r(i,j) = j.
DEFINITION 5.17. Consider (i,j) € Q, suppose i = gk + (i mod k). Set /'(z(; j)) =

Z(q)

i mod k(i) defining a map Clzplpeg = To- Now define a map

(Z)il
ClQ,s| — (C[Zi,j Le[l,k},jeu,n],@o

as follows. For (i,7) as above consider the <-maximal (i',35") € O with (i, 7") < (3, J)
and i — i € kZ. If such (i',j") ewists, set Ouo(2(i,5)) = 0'(2¢:.5)/ 2 4))- If not, set

Ooo(2(i,5)) = 0'(23,))/ fol?nod ki mod k- Finally, set foo(s) = zgol) l(col)e

EXAMPLE 5.18. For O as in Example 5.15 one sees that 7(4,6) = 3 and r(4,5) =

2, hence 0o (2a,6)) = 0'(2(4,6)/2(a5)) = 213/2' . We also have r(4,4) = 1 and
r(1,4) = 7(3,6) = 4, hence Oc(2(4,4)) = 0'(2(a,0)/2(1,4)) = zl 1/21 4 and O (2(3,6)) =

0 (5.0)/ %8 = 254/ 255

PROPOSITION 5.19. Consider J € Jw, let d(J) mod k = ¢, suppose d(J) = gk + .
Then

— (@ M) HlatD) (g+1)
O | s H 2p | = P wI (641) T Flw (k) FLw (1) T Flw (6)
pEMo,c(J)
Proof. Consider a € [1, k] and let II, denote the product of 6 (2 ;) over all (i, j) €

Mo,c(J) with ¢ — a € kZ. If this product is nonempty, it is equal to 9’(z(ia’ja))/z((l?g
where (4, j,) is <-maximal among all (7, j) in the product. Furthermore, in this case
we have w’(a) = r(i4, jo) by Lemma 5.9.
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First, suppose a € [(+1, k]. If the product 11, is nonempty, we must have i, = gk+a.
That is since (4,1) € Mo ¢(J) if and only if ¢ < d(J) + k so that ((¢ + 1)k + a, (¢ +
1k +a) ¢ Mo,c(J) and either (¢k + a,gk + a) € Mo c(J) or ¢ = 0. We see that

0" (2(,.,5.)) = z((qu)uj(a). Now, if the product is empty, we have ¢ = 0 and w”’(a) = a.

(@)
a,w’ (a)"

Now, if a € [1,£], then the pré)dlic% cannot be empty because ((q + 1)k + a, (¢ +
1)k+a) € Mo,c(J). In this case we have i, = (¢+ 1)k +a and zé?c)bl'[a =0"(23i,.5.)) =
z((lq;_} - We see that 0o (s) [[,¢(1, 4 Ila is equal to both the left- and right-hand sides
in the statement O

Hence, in both cases z((l?l)lﬂa =2z

Next, for 1 <14 < j <k (so that (i,7) ¢ Q) let us set r(i,j) = j.

PROPOSITION 5.20. For any @ > 1 the values r(i,i),...,r(i,i +n — 1) form a permu-
tation of 1,...,n

Proof. For i = 1 we evidently have the identity permutation. If ¢ > 1, choose
(i,71), (i, 42) € @ and note that if r(i,51) = r(i,j2), then the two pipes starting
with (4,71), (¢ — 1,41) and (4,j2), (i — 1, j2) must end with the same two elements.
However, by Definition 5.7 this implies that one pipe contains the other which is
impossible. It remains to show that for ¢ € [2,k] and j € [k + 1,7 + n — 1] we have
r(,7) ¢ [i, k] but in this case (a,k + 1) £ (i — 1,7) for any a € [i, k], hence the pipe
starting with (¢, j), (¢ — 1, j) cannot have value a. O

DEFINITION 5.21. Define a reverse lexicographic order < on T, as follows. First, set
zi(f,lj)l < szQJ)z whenever €1 < fo or {1 = £ and i1 < i3. Now consider £ > 0 and
i € [1,k], note that r(kf + i,kl+i),...,r(k{ + i,k + i+ n — 1) is a permutation
of L...;n. For 0 < ji < ja<n—1 Set Zz(?(ké+z ketibin) < P (kb kttitgg) UNIEss
(k0 +1, M +i+71) € OU{(1,1),...,(k,k)} and there is no j € [j1 + 1, j2] for which
(kl+i,kl+i+j) €O.

EXAMPLE 5.22.Let n =6, k = 3. If (5,5),(5,8) € O and (5,6), (5,7), (5,9), (5,10) €
C, then

() (0) (0) (€) (0) ()
Zo.r(5,6) < %2057 < R2r(5,5) < %2,r(5,9) < Z2,r(5,10) < Z2,r(5,8)"

Also, if (2,6) € O and (2,4),(2,5),(2,7) € C, then

20 _ (0 (0) (0) (0) _ 0 (0) (0)

Zyr(2,3) = %2,3 < Z%2p24) <225 < For22) T #2,2 < 22002,7) < %20(2,6)°
PROPOSITION 5.23. Consider J € Ju, let d(J) mod k = ¢, suppose d(J) = gk + £.

Then
D)

ine DN = :I:z( q) (q) (q+1) (q+1)

041w (041) " PR (k) 21w (1) Fewd ()
Proof. Since the z( j) are ordered first by ¢ and then by i, we immediately see that

the initial term must have the form
+1 +1
:I:zéi)l .- z,(cqz gq. ). zéfl. ).

Consider a € [£+ 1, k], let us show that z(q) T > zé i (v Tor any b € [1,n\[{+1,a].

Let (iq,7q) and (i, jp) be as in the proof of Proposition 5.19. Recall that w’(a) =
7(iq,ja) and w’ (b) = r(ip, jb). We also have i, = gk-+a. Since i}, > i,, we may consider
the smallest j; > i, such that the pipe starting with (i, js), (i —1, j») contains (iq, j;,)
(the last element of the form (i, j) passed by the pipe). Then w’(b) = r(i4, jj), also
note that (iq,j;) € J. Consider the largest jo with (iq,j0) € J. By our choice of
(ia, Ja), €ither (iq4,7,) € O and (i4,j) ¢ O for all j € [jo + 1,J0] or jo = jo. In the
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former case the variable zéqz(i o) is <-maximal among all zflqz(ia i) with (iq,7) € J,
hence (@) (9) (@) (@)

q _ (a q _

aw’(a) — Pariaje) ~ ar(iag]) — Caw’ (b)

(2) (@)
ariada) = Partiagy) 1
(tq,Jp) € O, then, by our choice of j;, there exists at least one j' € [j; + 1, j,] with
(ia,7") € O: we may take (iq,J’) to be the first element of the form (i, ) in the pipe
starting with (ip, j3), {ip — 1, jp). This again provides z((l?i(ia’ja) > Zé?i(ia,jg)‘

a € [1,4] and b € [a + 1,¢] is similar. O

Suppose j, = jo. If (ia,7;) ¢ O, then j; = jp < j, and z

The case

PROPOSITION 5.24. The Dz(f)lk form a sagbi basis of Ry for <.

Proof. First let us show that 6., is injective. Since the map is monomial, it suf-
fices to show that distinct monomials have distinct images. Consider distinct M; =
sbo HZZ(]J)) and My = s Hz(cz(jj)), let us show that oo (M1) # Ooo(Mz). We may
assume that the GCD of M; and M is 1. We may also assume that M;/M; is not a
power of s since this case is trivial. Among all z(; jy with b(; ;) +c(; jy > 0 consider the
variables with the largest ¢ and among these the variable with the largest j, denote
it by z(r j). Assume that by jy > 0 while c( jy = 0. One sees that the variable
0" (z(i j7y) occurs in O (My) but not in o, (Mo).

Now, we are to show that 0,,(R2C) = ing Ro. By Propositions 5.19 and 5.23
we have 6o (R%Y) C ing Roo. We claim that §(R2) and R, have the same graded
dimensions with respect to grad . By [27, Corollary 2.5] the ring R2:“ has a basis con-
sisting of products 7 = ¢ (X, ... X, ) with J; C --- C J,,. By Proposition 5.19
we have grad, 0o (m) = km @ (d(J1) + -+ + d(Jm)). By the injectivity of 6, this
implies that the graded dimension of 6., (R%¢) does not depend on (O, C') and it suf-
fices to prove the equality for one partition. However, the case O = {(i,%)};>x+1 is due
to [27], namely the proof of [27, Lemma 5.9] precisely shows that 6., (R2) = in« Re.
in this case. O

Proof of Theorem 5.13. Consider distinct Ji,J2 € Jw with d(J;) = d(J2). The
sets {w/1(1),...,w’ (k)} and {w’2(1),...,w’2(k)} must differ, otherwise Proposi-
tions 5.19 and 5.23 would imply Ooc (s [T,e a1, (1) 2) = £0o0 (s [ Tpenro o (1) 2p)- One

also sees that for m > 0 there are (}) order ideals J with d(J) = m. The isomorphism
claim follows.

Propositions 5.19 and 5.23 also show that the maps 6 09 and ¢« 015 coincide
on C[Js]. Since 1o, and 04 are injective, 1o, must identify the kernels 1-¢ and
ince Ino of 92 and ¢ while 6., must identify their images R3¢ and ing Ro.. O
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