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Type A partially-symmetric Macdonald
polynomials

Ben Goodberry

ABSTRACT We construct type A partially-symmetric Macdonald polynomials P(y|y), where
A€ Z;ak is a partition and v € Z’;O is a composition. These are polynomials which are sym-
metric in the first n — k variables, but not necessarily in the final k variables. We establish their
stability and an integral form defined using Young diagram statistics. Finally, we build Pieri-
type rules for degree 1 products z; P(y|) for j > n —k and ei[r1, ..., xn_k}P(M,y), along with
substantial combinatorial simplification of the e; multiplication. The Py, are the same as the
m-symmetric Macdonald polynomials defined by Lapointe in [9] up to a change of variables.

1. INTRODUCTION

The type GL,, nonsymmetric Macdonald polynomials can be symmetrized, for ex-
ample by acting on E,, by a symmetrization operator over the finite Weyl group, to
obtain the classic symmetric Macdonald polynomials. In recent work [13], Schlosser
constructs a symmetrization over a parabolic subgroup W; for nonsymmetric Mac-
donald polynomials in general type. This was done in type GL,, by Lapointe [9] for a
particular choice of parabolic subgroup, with the goal of building a basis for partially-
symmetric polynomials which are Schur-positive for some m-symmetric form of Schur
polynomials. We will use the same type of construction, with the symmetric group
S(1,n—k) acting on the first n — k variables as our parabolic subgroup, which gives
us polynomials that are stable when adding symmetrized variables. This stability is
special to type A, and to this parabolic subgroup.

In order to build an integral form Jy|,) as a normalization of Fy|,), in Section 2.3
we introduce Young diagram statistics associated with the split diagram (A | ). This
includes a different way to count arms depending on whether the column is in the
symmetric part of the diagram A, or the nonsymmetric part . These coincide with
the integral form of the m-symmetric Macdonald polynomials in [9]. We use the
combinatorial formula for the nonsymmetric Macdonald polynomials found in [4] in
order to prove that J(x|y) € Z[q,t][z1,...,2y,] in Section 3.2. This is mentioned but
not proven in [9].

The major new identities we explore that do not seem to appear elsewhere are
rules for multiplication of Py, by either e[x1,. .., 2, ], the elementary symmetric
polynomial in all of the symmetrized variables, or by x; where j > n — k, a non-
symmetric variable. We derive these formulas in Section 4. Our approach for finding
formulas for these products, written in the basis of partially-symmetric Macdonald
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polynomials, uses a similar approach by Baratta in [1] for the product z;E,,. Namely,
this makes heavy use of the interpolation nonsymmetric Macdonald polynomials of
Knop [7] and Sahi [12]. Halverson and Ram [5] find Monk type formulas for the same
products, but instead using Cherednik’s intertwiners. While these formulas could be
symmetrized in a naive way, combining the resulting expansion to get it into the basis
of partially-symmetric Macdonald polynomials is quite difficult, as many terms com-
bine to the same P,,). We get around this using properties of the Hecke operators
and by evaluating the interpolation polynomial expressions at a special point which
forces uniqueness and avoids any overlapping of terms.

Our primary goal is to build the polynomials which appear in [2] as isomorphic
images of fixed points of a torus action in the Parabolic Flag Hilbert scheme, which will
be established in upcoming works with D. Orr and M. Bechtloff Weising. Toward this
end, after finding a formula for the expansion of e;[x1,..., 2, ¢]P(x4), in Section 5
we categorize many combinatorial simplifications that can be made to that formula.

This article includes the majority of the results submitted for a doctoral dissertation
in [3], though the final simplifications and z; P, formulas do not appear there.

2. PARTIALLY SYMMETRIC MACDONALD POLYNOMIALS

2.1. NONSYMMETRIC MACDONALD POLYNOMIALS. Let K = Q(g,t) and n > 0. For
any composition v € (Z>o)", denote by E, = E,(z;q,t) € K[z1,...,z,] the non-
symmetric Macdonald polynomial of type GL,, as defined in [4]. These satisfy the
triangularity property,

(1) E, €zt + Z c,x”,

V<(Bru) 4
where z# = xi* .- - ali» each ¢, € K[z1,...,x,], and <(g.y) is the Bruhat order. The
symmetric group S, acts naturally on Z" and K[zy,...,x,]. For 1 < i < n, let s;

be the simple transposition (4,7 + 1) € S,. Then explicitly, the Bruhat order is the
partial ordering on compositions with the covering relations.

o If p; > piy1, then s;(u) > p.
o If ;1 —p; > 1, then s;(pu) > p+e; —ejy1.

In this ordering, we consider a weakly-decreasing weight to be dominant, and a weakly-
increasing weight antidominant.
Define the Demazure-Lusztig operators,

(t = Dxiy
Tig1 — T4

T, =ts; + (1—sy), 1<i<n.

These satisfy the braid relations,

(2) T T =T Ty, 1<i<n

(3) TT; =TT, if]i—j|>2

and the quadratic relations,

(4) (T, — (T +1) = 0.
For any reduced expression w = s;, ---s;, € S, we define the operator T, =
T Ty,
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2.2. PARTIALLY SYMMETRIC MACDONALD POLYNOMIALS. Suppose n > 0 and k > 0.
We can regard Sp;,,,—j as the subgroup of S,, fixing the elements {n —k +1,...,n}.
Define the partial Hecke symmetrizer

ea’nfk] = Z Ty

wes[l,n—k]
For \ € (Zs)" 7%, let (St,n—k))x € Si1,n—k be its stabilizer and
Wi = >t
WE(S[1,n—k])A

We write v = (A | 7) to indicate a splitting of a composition v into two com-
positions, A and 7, ie, v = (v1,...,v) = (A1, s Ak, V1,---,7k) Where X\ =
Moo Ank) € (Zz0)"F and v = (1, %) € (Z0)™.

DEFINITION 2.1. For a weakly-decreasing partition A € (Z>0)”*k and a composition
v € (Zso)k, the partially symmetric Macdonald polynomial Py = Poy (759, t) s
defined by

+
o et n—k Eri)
Ny = =2 2

(A7) Wi(?)

2.3. DIAGRAMS AND THEIR STATISTICS. In constructions related to compositions and
their diagrams, we mostly follow the conventions of [4]. Compositions are tuples
v = (r1,...,vn) € (Zx0)". A composition v is a partition if its entries are weakly
decreasing.

The diagram of a composition v € (Zx()" is the subset d(r) C (Zx¢)? given by

dv) ={(,j) |1 <i<n,1<j< v}

We view the parts v; of v as columns in d(v), where ¢ is the column number counting

from the left and j is the row number counting up from the bottom. Elements of d(v)
are called boxes of v. We also define the following subsets of d(v):

dr(v) ={(i,j) ev]j=r}
dsr(v) ={(i,j) €ev|j>r}
diop(V) = {(i,v3) | 1 <i < n}.
The standard leg and arm lengths of a box [0 = (4,5) € v are defined by
6,0) =v; —j,
a,0)=#{1<r<i|j<v<y}+#{i<r<n|ji—-1<v <y}

We will also use the following alternate versions of arm length (see Example 2.2):
aD)=#{1<r<ilj<v <yl+#i<r<n|ji<y <y},
a,()=#{1<r<ilvi<v.i+#{i<r<n|v, <}

The quantity a,(O) will be called the coarm of the box. Starting with v = (A7) as

above and \ a partition, we construct an augmented diagram d(v) as follows. First,

we form v~ := (A7 | ), where A~ is the weakly increasing rearrangement of A. The
augmented diagram associated with v is then defined as follows

dw)=dv ) U{(n—k+1,0),...,(n,0)}.

We call the subsets of d(v~) corresponding to A\~ and 7 the symmetric and non-
symmetric parts of the diagram, respectively. We will use different arm functions for
boxes in these two parts of the diagram- for boxes in the symmetric part of d(v~),
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we will use a,-, and for boxes in the nonsymmetric part, we will use the arm func-

tion a,- . These arm functions have interpretations as counting certain boxes in d(v~),
as we illustrate in the example below.

EXAMPLE 2.2. For v = (3,1 2,1,3,0,1), the following diagrams illustrate the boxes
counted as arms and legs for the nonsymmetric box v = (3,1) and symmetric box
v = (2,1) respectively.

o] | @

It will prove useful to have formulas for the action of 7; on E,, which is most
simply expressed using diagram statistics.

LEMMA 2.3. We hawve the following formulas for the action of T; on the nonsymmetric
Macdonald polynomials.
o [4, (7)) If pi > piy1 for some 1 < i < n, then
1—t¢

(5) TiEu = Esq;(u) - 1 — qlu(I:I)+1ta“(|j) Iz

where O = (i, pi11 + 1) € d(p).

o [Proof in Appendices] If i < pit1, and w = (i,u; + 1), then
qé(u)Jrlta(u)(l _ t) (t _ qé(u)+1ta(u))(1 _ qé(u)+1ta(u)+1)

(6) :E‘E'u = 1— qZ(u)Jrlta(u) E'u o (1 _ qi(u)Jrlta(u))Q E‘sf?(”)’

where all arms and legs are in terms of the diagram of s;(u).

o If pi = piy1, then

(7) T,E, =tE,,.
o Applying the above formulas, for any w € Sy n—y,
(8) Tw(E,) € K- Span{Ew/(#)}wles[lyn_k].

3. PROPERTIES OF PARTIALLY-SYMMETRIC MACDONALD POLYNOMIALS

3.1. STABILITY. The polynomials P(y|,) exhibit stability in the following sense. Con-

sidering the projection of polynomials in K[z1, ..., z,],
A2 An .
A A xy?eexpry A =0
m(xyt ) = .
oyt {0 if Ay >0

This is equivalent to setting x; — 0 and shifting the remaining indices down by 1.
PrOPOSITION 3.1. If A € Z;ak is an S[1 n—k-dominant weight and v € Z’;O, then
9) T Pol = Py

This is proved in [9] for the m-symmetric Macdonald Polynomials. An explicit
computation in our notation can be found in [3]. As a result of that computation,
with our choice of normalization, P(,|,) expands into the nonsymmetric Macdonald
basis with the coefficient of E(5- |,y (and therefore due to triangularity the coefficient

of X1 in the monomial basis) equal to 1.
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REMARK 3.2. The partially-symmetric Macdonald polynomials form a basis for
partially-symmetric polynomials in K[z, ...,,]%%»—* which is a direct result of
the fact that the E,, form a basis for K[z, ..., z,].

3.2. INTEGRAL FORM. The integral form partially symmetric Macdonald polynomial
Ty = Jiam (@59, 1) is the scalar multiple

T = JamPor
where
j()\"y) = H (1 _ qZV, (D)th, (D)+1) H (1 _ qZV, (D)Jrltau* (D)+1)
Oex— Oey

In the definition of j(,|,), the products are taken over the symmetric and nonsym-

metric parts of d(v ™), respectively. That is, H = H and H = H
Oex- (i,§)EVv™ Oevy (i,5)ev™
1<i<n—k n—k+1<i<n

REMARK 3.3. The integral form normalization agrees with the one in [9].

Before proving integrality of J()|,), we will break it down to pieces which we
will prove individually. Fist, converting to the integral form of the nonsymmetric
Macdonald polynomials found in [8, Eqn. (6.11)], denoted &,, and reorganizing the
denominator, we get:

I (1—¢ u—(':')tay—(D)-H) 1 (1— qéy_(D)+1taV_(D)+1)

Oex— Oery
j =
(A7) W;\‘*k(t)
> Tw(Eom)
. WES[LWH
H (1 — qZV(D)+1tay(|:|)+1)
Oev
[ (1= gl O @41y ] (1 = g O+1ga,-O+1)
Oex— . ey
H (1 - qé,,(D)+1tau(D)+1) H (1 _ qfv(D)Htau(D)H)
Oed=1(N) Oy
X Tw(Eom)
. 11;6,5‘[1,”7k]
Wfik(t) H (]_ — q‘gv(D)+1ta,,(D)+1)
Eledl()\)

The middle products cancel immediately, since the ordering of the columns of A
does not change the arm length of a box in 7. So this can be simplified to
(10)

1 (1— qfu—(D)tzy—(D)H) > Tw(Enm)
7  Oex- . WES[1 n_k
O (- @ e @) W) [T (1 g Ot e @4y
Oeds1(N) Oedy (M)

Then to complete the proof that Jy,) is integral, we will show that

&y
(11) T (1 ¢ O+t O+1)
Oed; (M)

€ Zlg, t][x1, ..., xn],
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and also,
H (1 _ qZV,(EI)tEV,(I:I)Jrl)
Oex- _ _ b= (Dya,— (O)+1
(12) T (1— O @) — H (1-q t )-
Oed>1()\) Oediop(A—)

We will make use of the combinatorial formula for the nonsymmetric Macdonald
polynomials from [4] in order to prove (11).

LEMMA 3.4. For any v = (A | ) where \ has weakly decreasing entries
&y

[T (1- qzu(D)+1tal,(D)+1)
Oedq(N)

(13) GZ[‘LtHxl""axn}'

Proof. First, we will convert &, back into its monic form E,, so the lefthand side
of (13) is

H (1— qé,,(l:l)-&-ltau(lil)-',-l) H (1— qéu(D)-ﬁ-lta,,(D)-&-l)Eu.
Oeds1(N) Oey

Consider the combinatorial formula for E, given in [4],

o 1—t
o o, maj(o)coinv(o)
E,= > a%q" II O iga O
o: l/—>[n] DEd(V)
nonattacking :;(D);E/a\(d([l))

The following definitions are taken directly from [4]. A filling o of the diagram v
is a function assigning a number i € {1,...,n} to each box in the diagram, which we
will call the box’s label. In this formula, d(v) is the diagram of v with no basement
row. The term d(O) is the box immediately below O, so the product is over every box
in the diagram d(v) which does not have a box below it with the same label. Then for
a filling o, the augmented filling & is a filling of the diagram d(v)U{(,0) | 1 < < n}
where 7 (i,0) = 1.

Two boxes (i,7) and (¢, j') are said to be attacking if either,

e The boxes are in the same row, i.e. j = j', or

e The boxes are in adjacent rows and different columns, and the box in the
lower row is to the right of the box in the higher row, i.e. the boxes are of the
form (i,7) and (i — 1, j') where j' > j.

A filling & of the augmented diagram is attacking if there is a pair of boxes in the
augmented diagram which are attacking and which have the same label. And o is
said to be a nonattacking filling of v if the corresponding filling & of the augmented
diagram is nonattacking. This means for ¢ to be nonattacking, every pair of attacking
boxes in the augmented diagram must have distinct values.

Now suppose ¢ is a nonattacking filling of v. Since A is decreasing, every column ¢
in the A part of the augmented diagram where A; # 0 has boxes in the basement row
and row 1. By assumption, each box (i,0) contains the value i. So if we start filling
in the boxes (j, 1) from left to right, the box (1, 1) is attacking every box (j,0) where
j > 1, all the boxes to the right of column 1 in row 0. Continuing to the right, the
box (i,1) is attacking the boxes (k,1) where k < i, and the boxes (j,0) where j > i.
Inductively, the boxes (k, 1) for k < i are labeled k, and the boxes (4, 0) for j > i are
labeled j. So for the box to be nonattacking, (¢, 1) must have label i. Then altogether,
(,1) has label ¢ where X; # 0.

Finally, since o is nonattacking and must have the filling described above, every
O = (4,1) from the first row of A\ must have the same label as the box d(J) be-
low it, namely ¢. Therefore, no box in the first row of A contributes to the product
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1-—t
Dl;[( ) 1 — ¢t @)+1ga, @) @O)+1° That means that the product,
ed(v

o(0)#£0(d(0))

H (1-— qéu(‘j)Jrltau(D)Jrl)7

Oev,
Ogdi(N)

or equivalently,
H (1 — gD+ @)+1) H (1 — g @+1gar @1y,
Oeds1(N) Oexy

is sufficient to cancel all the denominators in the combinatorial formula for F, -.
Therefore for this normalized form of the nonsymmetric Macdonald polynomials,

[ ¢ @ OME  ezjg ... o) 0
Oev,
O¢di(A7)

LEMMA 3.5. If X\ is weakly decreasing,

H (1 _ qu,(EI)tEV,(I:I)+1)

Oex- _ _ b= (Dya,— (O)+1
(14) T (1— O @) — H (1-q t )-
Oed>1()\) Oediop(A—)

Proof. Let wy- € Sp n—p be the shortest element such that wy-(A) = A7. Note
that wy- does not change the ordering of columns of the same height relative to
each other. Consider the boxes u = (i,7) in ds1(\) inside the diagram (A | ), and
u' = (wy-(4),7 — 1), the box in (A~ | 7) immediately below the box corresponding to
u after reversing . Since « is not in the first row of A, the box u' appears in A~ and
not in dop(A).

We wish to show that a,- (u') = a,(u) and £,- (u') = £,(u) + 1. The leg equality
is immediate, since u and u’ are in columns of the same height and u’ is one row
below u, and thus has one more leg than u.

To count the arms in @,- (u') and a,(u), consider the arms which are counted in
the following cases:

e Consider a column in v which could be counted in the right arms of v and v’.
The same box is counted in the right arms, using the definitions of a and a,
since a,(u) counts boxes in the row below u, and @, - (u’) counts boxes in the
same row as u’, which are the same row, j — 1. And the criterion for the box
to be counted is the same in either case.

e In )\ and A7, columns of height \; are only counted if they are to the left of
the box u or u’ in their respective diagrams. Because those columns maintain
the same order relative to each other, and left arms in @ and @ are counted
the same, v and ' have the same number of arms in those columns.

e Columns of height A\; — 1 appear to the right of u in v since A is weakly
decreasing, and to the left of «' in ¥~ since A~ is weakly increasing. Then
since the columns have fewer boxes than \;, these columns contribute to
right right arm in a, (u). Similarly, the columns contribute to the left arm of
in a,-(u).

e Columns of height greater than \; or less than A; — 1 do not contribute to
either a,- (u") or a, (u).
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Altogether, this implies that @, - (u') = a, (u), and from that we can see that,
1-— qey,(u/)tzu,(u/)ﬂ —1_ qf,,(u)-i—lta,,(u)-l-l.

This allows us to cancel most of the terms in the quotient on the left side of (14).
The terms coming from the boxes in ds1(A) correspond to the terms from the boxes
below them in A~. What’s left in the numerator are terms from the top horizontal
strip, diop(A7). O

Now to complete the proof that J(y|,) is integral, it remains to show that the

Poincaré polynomial W;_k(t) is cancelled by the symmetrization of F,,.

THEOREM 3.6. If we expand J(x|y) :Zcux“, with A weakly decreasing, then

m
cu € Zlg,t] for any p.

Proof. Applying Lemma 3.5 to (10), we can start by writing,

~ 1
I | £ _(O)ga — (O)+1
u7(A|’y) (1 q v ( )t v ( ) ) ! n_k(t)
Uediop(A7) A

Yo7 £o)
w
H 1— qZV(D)HtaV(I:I)H
WES[L n—k Ocd: (M) ( )
Looking at the symmetrizer and Poincaré polynomial, and decomposing each w into
w = w'w” where w' € (Sp ) and w” € W is the minimal length coset represen-
tative of w(Sp n—g))x M Si1 1]/ (S -k, We get,

1 1
Wi >, Tu= s > Lo > T

wWES[n—tl wWE(S[1,n—k))A(X) w! €WA w’ €(S[1,n—k])A

Then using (7), the action of Ty, is just multiplication by te(“"), and so,
1
R Y. Tw= ), Tur
A ( ) WES[1,n—k) w”’ €W

Finally, we can consider J(,|4) as,

~ &
4, (D) a,— (O)+1 . (A7)
H (1 q 4 ) Z Tw H (1 _ qu(D)+1tau(D)+1)
Oediop(A™) w”’ €W Oedy ()
Since the operators T; preserve Z[q, t|[z1, . . ., 2], and from (11), the function inside
the symmetrizer is in Z[g, t][z1, ..., z,], we conclude that J(,y € Zlg, t][z1,..., 7]
U

By definition, P(),) has the symmetric and nonsymmetric Macdonald polynomi-
als as special cases if we take P()|z) and F(g|,) respectively. The formula for jy|)
also specializes to the integrality constants of nonsymmetric Macdonald polynomials
in [11], and in the symmetric Macdonald polynomials in [6, section VI.8], so that

Joe)Porey =JIx and gy Py = &y,
meaning [J(»|4) also has as special cases the integral forms of the symmetric and
nonsymmetric Macdonald polynomials respectively. Additionally, because the diagram
for j(xy) is constructed with A rewritten in weakly increasing order, any extra 0 entries
appended to A will not change the diagram, and thus j(x|y) = j(,0/4) for any A and .
Combining this with the stability of P(y},), we have stability of J(y|,) as well.
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3.3. EXPANSION INTO NONSYMMETRIC MACDONALD BASIS. The nonsymmetric
Macdonald polynomials form a basis for K[x1, ..., 2,], so every partially-symmetric
Macdonald polynomial can be written in that basis. Additionally, we know from
Lemma 2.3 that for weakly decreasing partition A and composition -,

Py € Kespan{ Eqw(n)ly) fwesp o w-
It will prove useful in later computations to have formulas for the coefficients of that
expansion in the nonsymmetric Macdonald basis.

PROPOSITION 3.7. In the expansion of P(y|4) into the nonsymmetric Macdonald basis,
Pom = >, fuomEu
HES[ n_k](N)

the coefficients satisfy the recurrence relation,
(15) P-om =1

t — gbsiw (W F1gas, () (u)
(16) 1

Fsctw.m) = Fui) - T o O g (@)

if si(pu) < p and uw= (i,p; +1).

Proof. The identity (15) can be found using the formulas in Lemma 2.3 and the
triangularity of the nonsymmetric Macdonald polynomials. Let p € Spi ,—x)(A) be
some weight such that s;(u) < p and define u = (7, p; + 1). Since P(y|,) is invariant
under the permutation s;,

TPy =P

In the expansion into the nonsymmetric Macdonald basis, writing v ~ A to mean v
is a rearrangement of A (equivalently, v € Sy ,—g)(N)),

Y FnomTiBuin = Y fuimtEuin-

v (2PN
The recursive identity can be recovered by comparing the coefficients of E, (,)) on
each side. On the right, we simply have t - f;, () (zy)- On the left, because T;E
is a linear combination of F(,,) and FE(,(,)), the only possible values of v which
contribute to the coefficient of E(,(,)}y) are E(,y) and E(g, ,)y)- Once again consid-
ering all arms and legs to be with respect to the diagram of s;(ut), computing both
possible contributions gives,

ql(u)+1ta(u)(1 _ t) (t _ qf(u)Jrlta(u))(l _ qZ(u)+1ta(u)+1)
1 — glw+1ga(w) By + (1 — gt +1ga(u))2 Esi )y

Bl)

TiE ) =

TiBtswin = Bouy T T atwretgate) Ll (0

on the left side is,

Thus the coefficient of E,(,)})
t—1 (t _ qZ(u)+1ta(u))(1 _ ql(u)+1ta(u)+1)
fsi(/‘)v(/\h) ’ 1— qé(u)-‘rlta(u) + f“ ’ (1 _ qé(u)+1ta(u))2

This must be equal to t - fs,(4),(A|5), Which implies,

. t—1 B (t _ qé(u)—i-lta(u))(l _ qé(u)+1ta(u)+1)
fsiwy.om | T = 1 — gt+iga(w) | = I# ’ (1 — gt +1ga(u))2

After simplification, this is exactly (16). O
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PROPOSITION 3.8. There is a closed formula for fuv(kl’w
11 (1 _ qéu—\w)(':')“t“(x—m(':'))
OB
1 (- g w»OFawm@)) 7
ge(uly)

where wy, is the minimal length element in Sy ,—k) such that wy, (A\~) = p.

(17) fm(/\h) = ¢/lm)

Proof. We will prove this by showing that the given formula for f, (\,) satisfies the
recurrence relations in Proposition 3.7. The identity (15) is trivial. To show (16),
suppose s;(u) < p for some p € Sp p_p(A). Let w,, and w;, be the elements in
S(1,n—k) of minimal length such that w,, (A7) = s;(x) and wy,, (A7) = p. We must now
simplify
H (1 — qe(ulv)(D)Jflta(Mw)(D))
(18) fsiw, () — llwm)—L(w),) . Deulm) .
S0 I1 (1 _ qf<si<u>m(D)+1ta<5i<u>\w>(5)>
Oe(si(w)l)

Because s;(p) < p, we have £(w,) — £(w),) = 1. Note that every box in the diagrams
(w ] ~) and (s;(p) | v) has the same arms and legs in its corresponding diagram except
one. The exception is the box u whose coordinates in s;(u) are (¢, u; + 1), and the
corresponding box v’ in g with coordinates (i + 1, p; + 1). The boxes «' and u have
the same number of legs. And u has one more box in s;(x) in its arm than «’ in p,
namely the box (i 4+ 1, s;(t)i+1). Thus we can write

1 — gl (W) F1gagum (W) = 1 gls; Gl W)+ (o -1 (w)
Now since every term from a box other than v and v’ in (18) cancels, we are left with

fsi(ﬂ)v()\"}/) — 1-— qé(u\v)(u/)-i‘ltawh)(u’)
fl%(/\h) 1-— qe(si(ﬂ)"ﬂ(u)+1ta(si(u)‘»\{)(u)

t — gleitmim (WHpacs, ooy (@)

1 — glatmim (W14, w1y (W)

Therefore the formula (17) satisfies the recursive condition (16), and so the closed
form we found is an equation for the coefficients f, (x|,)- O

4. MULTIPLICATION RULES

Our next goal with the partially-symmetric Macdonald polynomials will be to find
multiplication rules for e; [z, . . ., ﬂﬁn—k]P(Ah) in the basis P, of partially-symmetric
Macdonald polynomials, where eq[z1, ..., Z,_f] is the elementary symmetric polyno-
mial zy + -+ + 2, . After this is done, we will find a similar formula for x; Py,
with j > n — k, so z; is a nonsymmetric variable, in a similar way. We refer to those
coefficient formulas as Pieri rules.

4.1. SETUP AND NOTATION. From this point forward, we make the assumption that
0 < k < n. Because ei[x1,...,2,-4] and Py (A |7) are both symmetric in the
first n — k variables, so is their product. Additionally, since the two polynomials
are homogeneous with degree 1 and |(A|~)| respectively, their product will be a
homogeneous polynomial with degree |(\ | v)| + 1. There is therefore an expansion,

A
(19 @+ 4o D)PanA = > COMPu ).

[(ulm) = (A7) 41
H1Z o Zhn—k
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In order to compute the coefficients, we will be using similar methods to those used
by Baratta in [1] to compute Pieri rules for the nonsymmetric Macdonald polynomials,
in their case for z;E,,. Because we will be making use of several of the formulas in
that paper, we start by converting our notation into theirs.

The first difference in notation in our constructions and Baratta’s is the indexing
of the variables. In [1], the variables are z; and are written in reverse order, so our
x; corresponds to z,41—;. As a result, the vectors we have considered to this point,
written as (A | ), will be reversed, so our ‘symmetrized’ variables appear at the end.
For the element of maximum length wgy € S,,, the vector (A | v) in our notation then
corresponds to wo(A | v) in Baratta’s.

The Hecke algebra operators H; are defined with identical relations to ours, with
H; replacing T} in the braid relations and quadratic relations (4). The action of H;
is given by the equation,

5T RHL R T A+
Then using the fact that z# = 2*°(#) | we find,

Tif(x1,...,xn) = Hoeif(Zny - -, 21)-

Under these conventions, the nonsymmetric Macdonald polynomials Ey,y corre-
spond to Baratta’s F,,, (x| (2; g~ ', t71). The inverted powers of ¢ and ¢ are a formality,
since we only use that form of the nonsymmetric Macdonald polynomials as an inter-
mediate step. For clarity, we will also denote the polynomials in Baratta’s conventions

with the dagger, so E(TAM,) (z;q7 %, t71). Specifically, they correspond by the equation,

Ey (25q,t) = {EL(AW)(Z;q‘l,t_l)}

Where it is unambiguous, the argument (z;¢~1,¢#71) will be suppressed. Using the
Hecke algebra isomorphism mapping T; to H,,_;, we get the definition of the partially-
symmetric Macdonald polynomials,

1
NP I S HoEL (),
(vIA—) W; k(t) Z (v|xA ™)

t—1)z —tz;
Hj = ( >ZJ + zj ZJJrlSj.

2 Tn41—q

WES[kt1,n]

Because the H,, act the same as the corresponding T, in our symmetrizers, we will
also write this as,

P i P gt
Poiney = ClerimPon-y 00 Fopne) =€ Eg ey
In cases where we need the expansion of P(TA(| Ay asa Q(g, t)-linear combination of

the nonsymmetric Macdonald polynomials, we will write,
T _ T
Pliay = 22 ot Bl
v
where the f, (yx-) is equal to f, , in Proposition 3.7 where v is y written in reverse
order, and 7 is (y | A7) in reverse order.

4.2. INTERPOLATION PoOLYNOMIALS. The following definitions can be found in [1].
In order to derive Pieri-type formulas, we will be working with the interpolation non-
symmetric Macdonald polynomials. Begin with the eigenvalues associated with EJ,

(20) ;= qVit—l'u(i)’ 1<i<n,
l;(l):#{]<l|l/j >Vz}+#{j>l|yj >Vi}-
Let 7 = (¥1,...,7y) be the vector whose entries are the corresponding eigenvalues.

These eigenvalues can be used to define the interpolation nonsymmetric Macdonald
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polynomials, which are the unique polynomials (up to normalization) EZ(z;q,t) of
degree |v| which satisfy evaluation criteria,

Fm>01m¢mmm<M

&) E:(7) £0

By Theorem 3.9 in [7], the top homogeneous component of EZ is a constant multiple
of the corresponding nonsymmetric Macdonald polynomial Ef. We use this to choose
a normalization,

Ej(zq,t) = Ef(ziq 't )+ > huuEl(zq7 7).
ul<lv]

With the normalization chosen, the nonzero evaluation has an explicit formula,
given in Proposition 6 of [1]:

(22) E,(v) = (Hu”) [ - g &@+D-eo),
=1

Oev
Thus define a Q(g,t)-linear isomorphism ¥ : K[zy,...,2,] = K[z1,...,zx] which
sends Ef(z;¢71,t71) to E¥(z;q,t). Note that the powers of ¢ and ¢ in the argument
of the interpolation polynomials are again positive, so in our notation, F,(z;q,t)
corresponds to E:‘UO(V) (2;q,1).
The following lemmas will be useful when we look at the actions of the Hecke
algebra on the interpolation polynomials.

LEMMA 4.1. Let pu be a composition with its corresponding vector of eigenvalues .
Then s;fi = S if and only if w; # pit1.

Proof. This comes by comparing directly the ith and (¢4 1)st column eigenvalues. O

LEMMA 4.2. Let p be a composition with p, > 0. Then

(:un - 17#17.'.7un_1) = (qilﬁn7ﬁ17 aﬁn—l)'

Proof. This is once again immediate from the eigenvalue definition. O

In Theorem 3.6 of [7], the interpolation nonsymmetric Macdonald polynomials are
proven to be simultaneous eigenfunctions of the commuting operators,

S =2 '+2z 'Hy H, 1®H; - H;_1,
where @ is defined by
@ = (Zn — t_n+1)A7

Af(z1y.-y2n) = f <Zl,z1,...,zn1) .
With these operators, we have
5B = (7)) Er.
Then define the following operators on the interpolation polynomials,

Zi = t_(g) (ZlEZ — 1)51 e Ez e En,

where é: means =; is not included in the list. The significance of Z; stems from a
useful corollary in [1],

(23) LBl (27 7Y = (VT Z B (24, 0).
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4.3. INTERPOLATION POLYNOMIAL EXPANSION. We now begin with the computations
that will lead to the desired Pieri formulas. First, following definitions from Baratta,
define a modified version of the operators Z;,

Zi = Hz cee Hn—l(I)Hl cee Hi—l = ZZE.Z —1.
With this definition, the definition of Z;, and using commutativity of the =;, we
have an identity,

n
z,=t"G)Z, = ] =5
j=1

n
This form with the full product H =, is useful since the product acts identically
j=1
on all interpolation nonsymmetric Macdonald polynomials of the same degree.

n
LEMMA 4.3. Let u be a composition. Then H B, = qf"“t(g)E;.
j=1

n n
Proof. The eigenvalue of H Z; acting on EJ has a power of ¢ equal to — Z wi = —|ul,
j=1 i=1

n n

and a t power equal to Z I(i) = (Z) Hence the eigenvalue associated with H E;
j=1 j=1

is q—lult(g). 0

Every nonsymmetric Macdonald polynomial in the expansion of P(Jr has the

YIAT)
n
same degree, so H E; acts identically on each of those terms, and thus,

j=1
= pf — o~ lule(3) pf
,Hl“ﬂp(vw)—q tBPL, .
i

We also need the fact that H; acts the same on nonsymmetric Macdonald polyno-
mials as their interpolation counterparts. This can be seen in [10, page 6]. We have
the relation,

(24) H,El =V 'H,E".

Now we have all the required pieces to set up the desired computation, beginning
by using (24) and the K-linearity of ¥ to pass W1 through the symmetrizer, and

then (23) to move it through the sum of monomials. We also abbreviate e[J,; 1)
toet.

n
t _ + —1
(k41 + - 4 20) Pl o) = Z ) AR L TP
j=k+1
_ N w-tet g
= Z zj | U e EG N
j=k+1

= ql(vlh’)qu—l Z Zje+E(*7|)\,)
Jj=k+1
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_g-! Z (Hj---H, 1®H,---H;j 1 E} et Etia)

Combining the above with (19), we have

Z C((THH P(A\'y (77|:U' ):

[(nlp ) I=](Alv)]+1
H12Z o ZHn—k

N (Hy e Hya®Hy - Hy oy 25 eTEY
j=k+1

Then taking ¥ of both sides and once again using (24) on the left side,
(25)
A e NS (g o1y e
> Ol By = 2 (Hyoo Hya ®Hy - Hiy B € By,
[(lp =AMl +1 J=k+1

B1Z o Zhn—k

This is the equation we will use to compute C’((’Y‘M,)) The first simplification will be

using the relation (see [7]),
HZ )}, =27 H,,
where
—_— (t — 1)21'_;'_1 zZi — tZi+1

H,j = + Si.
2 — Zit1 Ri — Ri+1

This H; is almost the inverse of H;, but instead their multiplication is given by,
HH;, =t.
Importantly, if f = s;f, then H;f = f. In particular, this means for i > k + 1,

HiP{ oy =Pl ).
Now continuing with our calculations,
A e N
> Comn€¢ By = > Hj Hy®Hy - Hy 1 E7 eV EL
|l )=l A +1 =kt

H1Z " Zhn—k

Z Hj---H, 1®H;--- Hy 5;i1€+E8|u>

j=k+1
——1 *
Z Hj- - Hn 1y ®H, - -Hk=k+1qu,W>E<w>
j=k+1 v~ A
:va,(le\*) Z Hj- Hy1®Hy - H]f“kleEEk'y\u)
v j=k+1
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Note that the way we have written the sum on the lefthand side, with p weakly
decreasing, guarantees no two nonsymmetric Macdonald polynomials in the sum sym-
metrize to the same partially-symmetric Macdonald polynomial, so the coefficients
C((Wl)‘,_) are well-defined.

nlu=)
4.4. EXPANSION SUPPORT. In this section, we will determine the weights which ap-
pear with nonzero coefficients in the Pieri expansion. This process serves the dual
purpose of setting up the final computation for the coefficients. The following result
identifies all possible coefficients which could appear, and we will show in Corol-

lary 4.11 that every such coefficient is nonzero.

PROPOSITION 4.4. In the Pieri expansion,

o i . (vIAT) pt
(Zk+1 + + Zn)P(.Y‘A*) - Z C'(7]|IL7)‘P(77|IL7)7
[l )=1(v A7)+
By S Sy

we have C’((;"‘::)) # 0 only if, for some Iy = {t1,...,t.} C [, k] witht; < --- < t,

and v € S,_i(A7), the nonsymmetric part n is
m=v fi¢h
Ne; = Ve, for 1 < j <r wherey, , =v1,
and the symmetric part u~ satisfies
(s by ) € Sn(Vay oo Vi (Y [ ), 1),
In the case that Iy = @, we have n =7 and (y|v), =11.

Proof. We first must analyze the actions of H; and ® on interpolation nonsymmetric
Macdonald polynomials. To simplify the formula for the H;, define some functions,
following [1],
(t— 1)z
alx = bz =
(2,9) pr—y (2,9) pra—y
Then write H; = a(z;, zi+1)+b(2i, zi+1)s;. To continue, note that in the full expression,

T —ty

n

(26) S foen | Do (Hyje Hya®Hy - HyE L) By |
Y J=k+1

because 51;-51-1 is acting on an interpolation polynomial, it acts as a constant eigenvalue
which depends only on (v | ), and does not impact the support. So we are evaluating
the resulting polynomials in the expansion of H;...H,_1®H;. ..HkEE“,Y‘V)(z;q,t).
Expanding all of the H; operators and ®, we obtain
[a(zj, zj41) + 0(25, 2j41)85] - - [a(zn—1, 2n) + b(2n—1, 2n)Sn—1] (2n — " THA
“la(z1, 22) +b(21, 22)81] -+ - [alzk, zk41) + 0(2k, 2k41) 88) B 1) (2565 1)
Since s; permutes the variables z; and z;41, we have that the action of the sim-
ple reflections is siEE“,ylu)(z;q,t) = E{vly)(si(z);q,t). While this does not change the
index (v | v), the argument s;(z) means this is no longer an interpolation nonsym-
metric Macdonald polynomial. Finding a term after expanding the above product
corresponds to choosing either a(z;, z;1+1) or b(z;, z;11)s; from each bracketed pair. In
this way, choose two sets Iy = {t; < -+ <t,} C[I,kland I = {v; < -+ < w5} C
[7,m — 1] so that if 4 € I;, we choose a(z;, zi+1), and if ¢ ¢ I;, we choose b(z;, zi4+1)s:,
and the same for I,. We will write

’U_][l ::Sl-..stl...str...sk
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to mean the full product sj---s; with the simple reflections with a hat removed.
Let py, (2) be the coefficient obtained from the terms in

Ala(zy, z2) + b(z1, 22)81] - - - [a(zk, 2k+1) + b(2k, 2k41)SK] = Z pr, (2)Awy, .

1 C[1,k]
Similarly, define the permutation
WE, = 8 S B Snet
Let p2(2) be the coefficient obtained from terms in
[a(zj, zj41) + b(2j, 2j41)85] - [alzn-1, 2n) + b(2n-1, 2n) 1] (20 — t7"F1)
= Z p2(2)wi,.
1;C[j,n—1]

Notice that the (z, — t7"1) term is part of p,. Additionally, we call this py
rather than py, because in later computations, we will find that the Pieri coeffi-

cients do not depend on I,. Using these definitions, we can write an expansion of
H;---H, 1AH,---H,E} )(z; q,t) as

(vlv
(27) Z pll(z)'pQ(Z)'(Sj"'§v1"'/S\vs"'SnflAsl"'gtl"'§tr"'3k)EEk,y\y)(Z)a
I, C[1,K]
Izg[j»n—l]

or more succinctly as

> pn(2) - pa(2) - Bl (Ia(11(2))),
Ilg[lxk]
IQQ[J:nfl]

where I1(z) and I2(z) are defined by

Zm ifm¢ I and m <k

2ty 4 ifm=t,and £ #1

(28) (I1(2)m == 4 q 2y ifm=t, orr=0andm==Fk+1

2, itm=k+1landr#0

Zm—1 ifm>k+1

Zm ifm<k

Zma1 ifm—-—1¢L, andk+1<m<n—1
(29) (IQ(Z))m =N % ifm=vy+1

Zu; 441 ifm=v;+1andi>2

Zy,+1 ifm=mn, and if s =0, thenv, +1 =7

The actions of I; and I on the indices of the variables z; can be described as
products of disjoint cycles, along with A, by considering the whole permutation as
follows in cyclic notation:

Sj..'/s\’l_}l...g’l}s..'sn—lAsl.'.gtl -..gtr-.-sk
=(G...o0)(v14+1...09) - (vs+1...n)AL...t1)(E1 +1...t2) - (t-+1...k+1).
This whole product can almost be combined into one long cycle,

(vs+Lvs—1+1,...,m+ 1,5, —1,.. ., k+2k+ 1t trq,...,t1).

However, the cycling of ¢; to vs + 1 is special, since I(I1(2,)) = ¢ L2y, 41
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It is easier to work with the compositions (v | ) than the lists of eigenvalues (1 | u),
so we would like to find an action d; for which

di(y|v) =l p) tandonlyit L (1 (W) =GTw).

The I in dj should be thought of as I = I;UI5. The following definition of d; is derived
by repeated application of Lemma 4.1 and one application of Lemma 4.2. Note that
the hypothesis in Lemma 4.1 that p; # w41 means the property above only holds if
Iy and I> do not include the permutation s; if it would permute two columns of the
same height. For now we take this for granted, but we will see in Lemma 4.5 that
we are only interested in I; which have this property, and the same will be shown
explicitly for I in the proof of Theorem 4.9 when uniqueness of I is established.
Assuming I; # @, the following definition of d; satisfies this property, and the
horizontal bar separates the nonsymmetric and symmetric parts of dr(y | v):

v V), ifm<kandmé¢ I,
(’y|1/),§+1 if m=t, m <k
AR ifm=t;and i #r
W [ v)m =9 (v | V) Ek+1<m <]
CAR2M ifm>jand m—1¢ Iy
(Y ¥)y, 41 ifm=jand s #0 m>2k+1
(V[ V)ppys1 m=vi+land1<i<s
(vIv),)+1 ifm=vs+1 ors=0and m=j

If I = @, the entry ((y|v), )+ 1 in the last row should be replaced by
((7 | ¥)41) + 1. The constructions so far allow us to compute the partially-symmetric
Macdonald polynomials which appear in the Pieri expansion, by considering evalua-
tions of (26). First, we rewrite that equation using the operator expansions we have
found:

(30) D fuen | X D pn(E) p2() Bl (L(1(2)

Y j=k+1 I,C[1,k]
I>Clj,n—1]
If we evaluate the expression at z = (n | u~), by the vanishing properties of the

interpolation polynomials, we only get a nonzero term if I ( I ((n | u—))) =(v]|v).

So equivalently, this vanishes unless (| =) = d;(vy | v) for some sets I; and I. From
the definition of dj, this happens when n satisfies

(32) Nt; = Ve, for 1< j <7 where vy, =1
and p~ has
(33) (/1’1_7 ce a:uy:_k) € Sn—k(’/25 s Un—k, (7 | l/)t1 + 1)

Again we have that if I; = @, then ¢; should be considered as k + 1.
Then take the formula found earlier,

(IAT) 4 g
> Clnln=y€ Enlu-)
[l ™) =M +1

Ml/v..>un—k
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=Y fuiny > Hj-o Hy a®Hy - Hy 5,0 B ).
v~ Jj=k+1

Due to (30), the right side vanishes when evaluated at (n | =) unless (9| u™)

meets the above criteria. We know from (24) that e*EE"nw_) expands in the same

way as P(Tnlu*)' So the left side must also vanish for (n | #~) which don’t meet those
conditions. Because both sides are K-linear combinations of interpolation polynomials,
using (21), the only possible E(*n\ ) which can appear with nonzero coefficients on
the left are indexed by those same nonvanishing (n | u™).

The order of = is unimportant, since any permutation of x4~ contributes to the

same P(Tmu,). Altogether, we conclude that the P(Tnlzr) which appear in the expansion

of (zg1+ -+ zn)P(T,YlV) are those which satisfy (31), (32), and (33). O

With this all constructed, we make the following notes:

e The action of d; increases the height of exactly one column, which is found
inp”.

e Because I permutes only the entries with positions in [k + 1,n], which will
all symmetrize to the same partially-symmetric Macdonald polynomial, the
action of I does not change which terms appear as basis elements in the Pieri
expansion.

We can now restrict the possible subsets I; which contribute to the Pieri-type
coefficient formula.

LEMMA 4.5. Let (n | p) be a composition such that (v |v) = Iy (Il ((7] | ,u))) for

some composition (v | v) and sets Iy C [1,k] and Iz C [j,n — 1]. Then the I; and Iy
which satisfy that equation are unique.

Proof. This is a consequence of Lemma 4.1, and is proved in [7, proof of Lemma 4.3].
O

We will work more with I in the proof of Theorem 4.9, but for now we define Iy
which is the unique set in the lemma above.

DEFINITION 4.6. We call Iy maximal with respect to (v | v) and Iy if there is some

(n | 1) for which (v Tv) = Iz (1 (T w)) ).

In explicit terms, I is maximal with respect to (v | v) and if it satisfies:
(1) v #, for alli <ty, and if I; = @, consider (y |v), =1
(2) Vi # Viwyy forall ty, +1 <0 <tyqpq —1
Note that the set I; which satisfies the above crieria is called comazimal with
respect to (y | v) in [1]. We also omit the reference to Iy in maximality where it is
not needed. We will show after computing the coefficients pr, (Z) and p2(%Z) that for a

YIAT)

nln-) is nonzero. Finally, we

particular choice of I3 and maximal 7, the coefficient C((
give notation for the support set.

DEFINITION 4.7. Define M5~y to be the set of compositions which appear in Propo-
sition 4.4,

M-y :=={(|u") | di(y|v)=(n|p") for somev € S,_(A\7), some maximal
set Iy and some = € Sy g (va, ..., Vn—k, (7| V), + 1)}
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EXAMPLE 4.8. In the support of (z4 + 25)P(T2,0,1|1’2), we can have v; = 1 or v; = 2.
The following are all maximal I; and resulting composition (n | ) for each of these.
I (nlp)

237 (
{1,2p | (
{2,3t | (
(

(

(

V1:2

)

; (1.3}
) i
{2}
By | @0,

4.5. PIERI COEFFICIENT COMPUTATION. Let us return to the equation which we will
use to determine the Pieri coefficients:

(YIAT) _+ =
> Clalri) ¢ Etptu— (2)
|l )= 1A )1

n

(34) :qu,(v\r) Z (Hj"'Hn—l(I)Hl"'HkElz-il-l)EEk’ﬂV)(Z)
Do j=k+1

Our approach will be to evaluate both sides at a particular value for z, and solve
the equation for C,|,-). First, use the expansion of e*Ez‘nw,)(z) into nonsymmetric
interpolation polynomials,

(v[AT) "
Z C(n\u‘) Z fﬂ’w(n\u*)E(nm')(z)
(mlp=) W
n
(35) = Z For1am) Z (Hj--Hy 1 ®H, - H 51;11) Ef)(2)
v j=k+1

By the vanishing property of interpolation polynomials, evaluating at a vector of
eigenvalues (7 | 1') will cause all but one term to vanish on the left side. We will choose
a particular value of y’ that we call i which simplifies our remaining computations.
Starting with a vector (v | A7), we begin by choosing some (n | 4~ ) in M,x~), which
determines a unique I; that is maximal with respect to (7| A7). Notice that going
from (y ] A7) to (n| p~), exactly one column height from A~ is removed, and one
column has its height increased in the creation of p~. This can be read directly from
A7 and p~ unless A~ = p~. If this is the case, both the removed A~ column and the
increased p~ column have a height ; where i is the largest value for which v; # 7;.

Then for the choice of which j1 to use in the evaluation, we require all columns with
the same height as the increased column in g~ to be at the beginning of the vector.
The remaining entries are chosen to be weakly decreasing. As a consequence of the
choice of 11, we will see later that there is only one contributing v in the sum indexed
by v. We call this special composition X, which is given by

sy dnk) = ey iy - - s Fini)
if I # @, and if I = @,

(Xla cos k) = (I — 1, oy ooy fln—k)-

It is useful to define a value,

AT . ~ ~
mmu_; ={l<i<n—k| m=m} -1
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This is the same as the number of entries in (Xg, ... ,Xn,k) which are the same height
as the newly increased column. We now have enough to write the coefficients in the
Pieri expansion.

THEOREM 4.9. The product ei|zky1,. .., zn]P(T,Y‘/\,) can be written as a sum of
partially-symmetric Macdonald polynomials with the formula,
Il _ (2 p
(rntooFza)Plny = D Cl ) Pl
(n|ﬂ7)€M<7\A )
where
AT (A X
C((;,Y”“ y = 7f~( = (V[ Npgr P P2 —(* ) —
i (ln) B ~ )((n | u))
the symmetric parts @ and X are those described above, the set Iy = {t1 < -+ < t,}
(vIA7)

is mazimal with respect to (| X), m := =m,-y, and pr, and py are given by
1 1= r—1 _ 17 t1—1 —17 —tn
- (t=1)q  Fppiy H (t—1)m,, H 4" M1 — 105
L= = — f— — = _
q_llum+1 - 77t1 u=1 ntu - ntu+1 j=1 q_llu’m+1 - 77;

. H t“’ﬁ‘l <nt“ - tnj)

-k =
= 7t,n+1) nl‘[ ,um—i-l t- p’j

1— tm+1
—— (Bmpa

P2 = 1_1¢

j=m-+2 :um+1 ILLj

Proof. The remainder of the derivation proceeds by evaluating both sides of (34) at

(n ] 1). Because the sums in the left side were constructed to have no overlapping
terms, evaluation of the left side of the equation gives

(vIA7) N T (vIA7) ——
<|Z Ciatu—y D Furtnlu) * B ((nlu)) Cooni=y Ty o ((nlu))-
nlp wep

Before evaluating the right side of (35), using the fact that E,;il acts as an eigen-
value, we make the simplification

Hj---Hyp 1 ®Hy - Hy B B (2) = (V[ V)gyy (Hj - Hy 1 ®Hy - Hy) B0 (2).

It remains to simplify the evaluation,

Zf%(Wl/\_) 'Wk-i-l Z (H H, 1®H,; - HkE('y\v)) (W)

v j=k+1
Expanding the inner sum indexed by j with (27), we must then simplify
S0 > v (@lD) w (GT0) B (B (0 (0TH))).
j=k+1 L,C[jn—1] [ C[1,k]

The goal at this point is to find which compositions (v | v) and sets I; and Iy can
be used to satisfy

GTv =L (0 (07m)).
In other words, we must find which compositions and sets satisfy

dr(v | v) = (n|n).
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The nonsymmetric part 7 has already been found in the support computations. Recall

that there is only one I3 such that pp, ((17 | ﬁ)) # 0 by Lemma 4.5. That leaves us

with the task of finding possible values for v and Is. Note that g has entries equal to
- .. A~ A~

o s At o
interchangeably. We will now make several observations which reduce the sums to

only one composition v = X and set Iy = [j,...,k + m].

+ 1 positions. From this point on, we will use m and m

e vy must be 7, which was found when constructing (n | x~), if I # @. And
if I = @, then v; is the increased column.

e Since iy = (v | v),, + 1, by the definition of d;, we get (dr(v | v))v,+1 = fi.
So since df(y |v) = (n| i) only has fi; in positions £+ 1,....,k +m + 1,
we can conclude vs + 1 < k 4+ m + 1. And because v, is the highest value
in I, that means any value in {k + m + 1,...,n — 1} cannot appear in I5.
So I, C[j,...,k+m)].

o Again using the definition of d;, we have that (dr(y | v)): = (n | @), = (v | v);
for i > k+m+2, since this means i—1 ¢ I». Equivalently, v; = fi; for i > m+2.
These are exactly the entries of & which are not equal to jz1. The only entries
not accounted for in v are the ones equal to i1, so v; =y forall 2 < i < m+1.
Altogether,

(1/27 sy ank‘) = (ﬁ?v ceey ,Enfk)'
e If j > k+ m+ 1, then from the definition of d;, on one hand,
(dr(vy ‘ V) ktmt1 = (7] V)k+m+2 # 1.
On the other hand, we have

(dr(y V) ksmer = (1| /7)1@+m+1 = [im+1 = 1.

Soj<k+m+1.
e Suppose £ ¢ Iy and j < ¢ < k+ m, and choose the smallest such ¢. That
would mean we take the part of Hy that acts as b(z¢, 2¢41)s¢. Since (| @), =

(n | /)y = i1, by the definition of the eigenvalues, we have (n | i), =t -

(0 | 1) 44, - Therefore the coefficient p, will include the term

b(i 18 ): mlm)y—t-|m)ey
=] ﬁ)é+1

(| /7)57 (] ﬁ)zﬂ

Thus for the coefficient to be nonzero, Hy must act as a(z¢, z¢+1), which means
I, =[j,...,k+m]. Note that if j =k +m + 1, then I, = @.
The above observations allow us to conclude that for it to be possible that
di(vy|v)=(n| ), we must have v =X and Ir = [j,..., k+m].

H; must act as a(z¢, z¢+1) for each j < ¢ < k+ m, and the columns ¢ and ¢ + 1
have the same height, so we have zZ, =t - Z;11. After evaluation, the actions simplify
to

Hy = a(Z,Ze41) = w =t.
20T 241
Taking all possible values of j together,
k+m-+1 m
Z Hj---Hpim actsby Zti.
j=k+1 i=0
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We will consider the above sum to be part of py(zZ). With all the simplifications
up to this point, as well as rewriting the coefficient f, 4~y with the corresponding

specific value in our notation f/\ (Ay)’ We can now rewrite (36) as

f;’(/\h) ‘mk-H "Pn (W) " D2 (W) 'Eziyh/) (—72 (11 (W))) :

The argument (IQ ( ((n | ﬁ)))) can just be written as (7 | X) at this point. Now

all that remains is computing explicit formulas for pr, (Z) and p2(z). We have already
done most of the work to compute p» (%), since we know how each of Hj,..., Hp_1
act. So we can make some simplifications,

Z Hj--- Hy (20 — t_n+1)

o
_ (
_ (

This means that the formula for ps (%) is:

NE

tl> Hk+m+1 T Hn—l(zn - t_n+1)
0

NE

fi) [b(Zktmt1s Zhtma2)Skem1] -« [D(2n—1, Zn)sn—1](zn — t7"F)

S
I
=3

NE

ti) (b(2ktmt1, Zhtma2) - b(Zhtma1s 2n)) (Zepmpr — ")

Il
=}

*Sk4+m+1° " Sn—1

= <Z ti> Emtkar = ) (0(Frtmt1, Zramaz) - - O(Ertme1,Zn))
=0

—k =
_t—n-I—l). h Merl t 'uj

— 1 —¢mtl
P2 ((77 | M)) -1 (Him 41
j=m+2 Um+1 lJ’j

We shorten ps ((77 | /7)) to po. And finally, for py, (%), the coefficient is almost

identical to the one computed in [1]. Let Iy = {¢1,...,¢.} and t,41 := k+ 1, and note
that vs + 1 =k + m + 1. Then the coeflicient py, (Z) is:

r—1 t1—1 r tut1—1
1= _ —
a(q ZUS+172t1)Ha(Ztu7Ztu+1)' Hb( Zyg41, %5 H H b quaz]
u=1 7j=1 u=1j=t,+1

—1 _ ti—1 , _q_ _
_ <(t—1) zvé+1> h ( (t = 1)z, ) . i‘[ (q 'Zo, 41 —tzj)
O Zo41 =20 ) 0 B~ Flu =1 T Zo, 41— Zj
tu 1, _
ﬁ ﬁ (zt —tzj)
u=ljmty1 \ Fte T F

After evaluation at (n | ), we get the formula for py, ((77 | ﬁ)), which we shorten
to pr,:

oy — (G4 P ﬁ (=1, tﬁl 0 o1 — 10
' G g1 — Ty, w1 \ Mt = Mty j=1 qilﬁmﬂ_ﬁj
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rotupr—=1 )
1 (5=7)

With all the terms now computed, we solve the following equation to find the Pieri
coefficients:

(vIA7) ) = £ . by . N D By
Cob) Bt By (7)) = Fx oy O I Mg w1, w2 B 5 ((10)

>

oA A (v | )‘)k+1 pL, o (*'YD\) ( _
(nl7) <(” | “))

O

4.6. FURTHER COEFFICIENT RESULTS. Now that we have a formula for the Pieri coef-
ficients, we will show the coefficient is nonzero for each partially-symmetric Macdonald
polynomial that we claim is in the support. Then we will convert the formulas back
to our original conventions, and give the corresponding formula for the expansion of
61[351, e ,:L'n_k]\_lf(/\h).

LEMMA 4.10. If Iy is mazimal with respect to (v | X), then py, <(n | ﬁ)) # 0.
Proof. See appendices. O

COROLLARY 4.11. For every (n | p~) € My x-) , the coefficient C'((7|| _y 1S monzero.

Proof. In the proof of uniqueness of I and v, we found that ps ((n | ﬁ)) # 0. The

evaluation E(* 5% (('y | A)) is nonzero by the vanishing properties of the interpolation
polynomials. And f; X() # 0 by Proposition 3.7. So choosing the maximal set Iy

C’('y"\ ) is nonzero. O

(nlp=)

We now convert Theorem 4.9 back to our original notation.

such that d;(v | \) = (| [i) guarantees the coefficient

Given a weight (\|~), begin by choosing some entry of A to be An_i and set
I ={t1,...,t.} C[1, k] which satisfies,
o n; £, foranyuwe {1,...,r}and j € {t,—1 +1,...,t, — 1}, and
® 1) # fip—, — 1 forany je{t,+1,... k}.
The increased column height has height v, + 1. Next we choose i to have all the
columns uh,...,ﬁn_k of height v, + 1, and 1 < --- < pip—1. Also, we choose
()\17 .. /\n k—1) = (f1,. .., fin—k—1). Finally, we define n as before,

i =V ifi¢f1

(37) N, = Ve;4, for 1 <i <7 where 7y, = =\
COROLLARY 4.12. The product ei[z1,...,Tn_k] Py can be written as a sum of
partially-symmetric Macdonald polynomials with the formula,
A
@14+ 2 ) Pa A [ = D COM Py (i | ),
(]m) €M (x|~
where
5 — Er (A7)
A A (Al (A\ )
C&m = = . ANk - Pry P2 . G ),
o (pelm) (H|77) N
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I, is maximal with respect to (X | v), the symmetric parts i and X are those described
above, pr, and pay are given by

oy = (t—1)q ', ﬁ (t— 1)ﬁtu+1 ﬁ q 'y, — n;
L=\|"—= - |- - |- —_—
' qty, — M, a1 \ Ttugs — Tty G=t,+1 qty, — n;j

We can also renormalize the Pieri formula to get a corresponding equation for the
integral form [J(,|,) polynomials.

COROLLARY 4.13. There is a Pieri expansion of the integral form of partially-
symmetric Macdonald polynomials,

(xl _|_ . + xn—k)\7(>\|’7) =

B (X
o 1)

A | 7>n—k pr, D2 — I

= i Tpulm)-
() EMx 1 Futny Gy (A1) Ty

4.7. MULTIPLICATION BY A NONSYMMETRIC VARIABLE. Much like in the previous
section, we would like to find a rule for the expansion of the product z;P|,), where
j > n — k, in the partially-symmetric Macdonald basis. Fortunately, the approach
is virtually identical to what we’'ve done to compute ej[x1,...,Z,|P(yy). As there is
little extra insight to be gained from the derivation, those computations are left to
the appendices. The primary difference is that the nonsymmetric variables are split
into two groups, those in [1,j — 1] and those in [j, k], which act differently since the
operators Hj, ..., Hj, act after ®, and Hy,..., H;_; act before ® in the interpolation
polynomial computations.

THEOREM 4.14. Let j € [1,k]. Then the expansion of the product ZjP(T’y\A*) is,

ot - (vIA7T) | pt
(38) ZJP(WM—) - Z D(nlu‘) P(n\u‘)’
[(nle)=I(Aly)[+1
H1Z o Zhn—k

where (, X, and [ are as found in Theorem 4.9, and n is

Yo fl<el<j—1landl ¢ 1]
Vit ifl=t; andi#r
Y if =t

(39) m={ e L=
e fj+1<l<kandl—-1¢I,
Vyi+1  Pl=yi+landl<i<c
M ifl=yc+1

for some mazimal Ij = {t1,...,t,} C [1,5 —1] and I§ = {y1,...,y.} C [4,k]. The

coefficients DEZ“::; have the formula,
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po) _ by OV =t W0, T,
(=) (lp=) O [ V)i L—tmtl 5, (7; —17,,)

-1 _ _ -1 _ —
yi—[ n; — tnu . I N, — T

— — — —
v T e Sy e, — Ul

5. CANCELLATION

The formula in Corollary 4.13 is highly unsimplified. We conclude our work by can-
celling that formula as far as possible, with the aim of a condensed form which will
prove useful in upcoming work with D. Orr.

5.1. INTERNAL CANCELLATIONS IN f~ Recall that A and 1 are almost

%00 T iy
antidominant, but both have columns of helght ln_1 as far right as possible, and
Ak is some distinguished entry from . If A # i, the only entry which differs

between the two diagrams is the (n — k)th position. Consider f; AR and f (i)

using the recursive formula. Each symmetric column of height i, _x is permuted past
taller columns in both 1 and )\ with this happening one more time in p than . The
term which contributes multiplicatively to fu () and f3 XAl is identical for all the

columns of height i, that are in both diagrams, as the boxes in row i, + 1 of the
symmetric diagrams have the same number of arms and legs before and after columns
are cycled. N

There is one column which is permuted to the right from each of  and A which

contributes to f; ) /fu () and is not cancelled. For fx(kl'y)’ this is the column
)\n_k, and for f~

T (i) this is the leftmost column of height fi,_;. Again using the
recursive formula, the contributions are as follows:

e For f+

) permuting the entry Xn,k all the way to the right contributes

t — glo—im B Fea- ) O+
H 1 — o m@Fea- ) O+

Oed ~ A7)
Ap—k+D

e Similarly, in fﬁ (uln)’ permuting the leftmost entry fi,, 1 as far right as possible

(left of the rest of the columns of that height) contributes
£~ (O)+1 (=)
H t—q im t( wlm)
T~ O+ )
~ 1 —q t o)
D& ™ I

Therefore we obtain the cancelled form,

fxa()\"‘f) _ t— qe()\_"Y)(D)+1ta()\_"y)(|])+1
f;(#hﬂ - Oed ~ (A-) 1-— qe(*’\’Y)(D)J"lta(xﬂ.y)(m)-‘rl

Ap—+1)
—1
~ (O ~ (O
H t—qz(uln)( )Jrlta(u\n)( )
@O@+1 a~ (O)
Oed ~ (l)l—q(\n) t (ulm)
(B —p+1)

Note that if A= 11, the formula still holds, but the argument works by moving just
the A\, _ column to the (n — k)th position, and moving the leftmost column of height
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fn—k to its final position, and the rows of boxes in d(anﬁl)()\_) and d(ﬁn,ﬁl)(ﬁ)

are the same row.

5.2. INTERNAL CANCELLATIONS IN j(x|4)/J(uln)- To simplify this constant, we need to
identify and sort all boxes in the diagrams (A~ | v) and (1~ | n) whose contributions
to j(aly) and j,,) are different. The diagram at the end of this section gives a visual
representation of these groups. The groups that are in (A~ | <) are labelled with
numbers and a subscript j, and the corresponding groups in (= | ), namely the
same boxes after columns are cycled, are labelled with the same group number, j,
and a prime.

First recall that j,) and j(,, are calculated using the diagrams (A~ | v) and
(1~ | ), with the symmetric parts weakly increasing (antidominant). Beginning with
columns which are in the symmetric part of both diagrams, the only symmetric boxes
whose statistics change after columns are cyclically permuted are those in the same
row as the newly added box. Each of these gains one (modified) arm after cycling. So
if we let

Group 1, = {D €dg () | Ois not the newly added box} ,

(Hn—k
then the contribution of these boxes to the product jixy)/J(uly) is
1— qew*\n)(':’)t";(ww(m)

D @) 80y @)1

(40) J1= .
OeGroup 1; 1- q =

Next, we address the nonsymmetric columns, including the column which is moved
from A. First suppose Iy = [k + 1,n], i.e,, each T; for k +1 < ¢ < n— 1 acts as a
constant, not permuting columns. Then the only boxes whose statistics change are
those that moved from the rightmost symmetric column of height A, _x (call this
Group 2;) to the first column of 7 (call this Group 2}). In this case, the contribution

60 J(al) /Jeuln) 18

1 1-¢e mOpa-nO+
OeGroup 2;

41 jo 1= .
(41) /2 11 1 — gtum i H1a0— ) O)+1

OeGroup 2;

Notice that for a box O = (A,—g,j) € Group 2; and its corresponding box O =
(1¢,,J) € Group 2, the boxes have the same number of legs, and the arms only differ
by the number of nonsymmetric columns of height j — 1, which are not counted in
a(r-|) (). So we can rewrite ja as a product of rational functions in only one diagram,

1— qz<rw)(‘:')tz<rw)(‘:')+1

(42) j2 = 0 ~ 0 )
DeGroup 2, 1 — g" 0= O F o0 O1r1tmy—a ()

where m;_1(n) is the number of entries in n that are equal to j — 1.

Now we extend this to where I; # [k + 1,n] by considering what happens to the
diagram if the action of T; includes the permutation s;. From the columns in position
i and 7 + 1, the only box whose statistic is changed from (A~ | v) is

0— (i+ 1,9+ 1) if v <71
(4, %ie1 + 1) if 5 > yia

In the first case, the box has one more arm in (= | #) than in (A~ | 7), and in
the second case, the box has one less arm in (u~ | ) than (A~ | ). We will call
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these boxes Group 3; when considered in (A~ | v), and Group 3} when considered
in (u~ | n). The boxes in the column which become iy, as well as boxes in columns
{t + n—k,...,n} will be excluded from this group and dealt with separately. Then
the contribution for these boxes is

I 1-¢omOFao-n@+
X OeGroup 3;
43 = .
( ) J3 H 1— qew,M)(D)+1ta(“,w(m)+1

OeGroup 3;

Note that Group 3; might include a box from the column Group 2;, if the action
of T,,_ includes the permutation s,_j. While this could be cancelled further with
terms in jo, it is more useful to leave the product uncancelled in this form for now.

The final set of boxes to consider are in the column which wraps around and gains
a box, and any boxes in columns {¢, +n —k,...,n} whose statistics were affected by
the column that wrapped around. Like in Group 3;, each time the column ~,, passes
another column, one box in either the v, column or the column it passes gains or
loses an arm. If ¢ > ¢, and 7; > fn, then the box (i +n — k, fiy,) gains one arm. And
if ; < pp, the box is in the column which becomes ;. So our next group is

Group 4 := {0 = (i,71n) | tr +n—k <i}
and the contribution from the boxes in these columns to j is
1— qEJ\n)(D)HtQJ\vn(D)

s (~ (@)+1,a~ (O)+1
OeGroup 4/ 1—q wm t ulm

We finally account for the boxes which land in f;,. The newly-added box has no
arms or legs, so its contribution to j,,) is 1 — ¢. Every other box in the wrapped-
around column has one more leg in (u | ), which means the power of ¢ in the con-
tribution of the box in j(y,) is the same as in j(,,), since in j(},) the box is in
the nonsymmetric part of the diagram, and in j,, it is in the symmetric part.
Let O = (4,4) be a box not on top, so j < fip,. Then we make three observations:

(1) Boxes in the newly-increased column of (4~ | ) have the same number of
arms as their counterparts in (z | 7), so for the sake of future cancellation,
we will write in terms of (i | 7).

(2) a(ih)(tr +n—kj)= a(;m)(h,j)~
(3) 5(;‘n)(h,j) = a(mn)(h,j) —gj—1, where gy := #{Z > 1y | i = Z},

Define j5 to be the rational function contribution of boxes which move to fiy, and its
corresponding group of boxes,

Group 5} := {0 = (h,1) | 1 <i < [in}.

Using the above observations, we find

_ 1 1= g Gin D Gy D F e
5= H (~ (O) a~ (O)+1
OeGroup 5 1—q Wn 7t win
O=(h,i)
i#“h

With all the groups now indexed, we can rewrite j(x|y)/J(uln):

/Tl = J1 - J2 - J3 - Ja - Js-
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0,0
0,0 | 1,2 0,1
0,0 1,2 2,4 0,2 1,3
0,0 1,2 | 2,4 | 3,6 1,5 0,2 2,5
0,0 1,3 | 2,5 | 3,7 | 4,9 | 2,7 0,1 1,4 | 0,2 | 3,8
0,0 1,225 37|49 |511]3,10 0,2 1,3 | 2,6 | 1,4 | 4,10
|
: Yty Vta
|
D € Group 1; D € Group 2; D € Group 3;
D € Group 4; D € Group 5; D Cancels
|
|
|
0,0
0,0 | 1,2 0,1
0,0 0113/ 25] 02 1,4
0,0 1,1 1,2 | 2,4 | 3,6 1,6 2,5
1,3 | 2,4 | 2,5 | 3,7 | 49 | 2,7 0,1 0,2 0,2 | 3,8
0,0 | 2,5 | 3,6 | 3,7 | 49 |511]3,10 1,3 1,3 | 0,1 | 1,4 | 4,10

Algebraic

I
: Mty Mt
I

D € Group 1} D € Group 2} D € Group 3

D € Group 4] D € Group 5/ D Cancels

FIGURE 1. Diagrams for j(54,3,2,14,0,1,0,2,3,2,5 (top) and
j(6,5,474,3,1|4,0,2,0,2,1,2,5) (bOttOHl) Each bOX iS ﬁlled Wlth (legs,
arms).
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5.3. INTERNAL CANCELLATIONS IN E(* (X 7)/E( in )(M | 7). This will be very sim-

ilar to the cancellations in jix|)/J(ufn)- We will group things in the same ways, but

since we are looking at the diagrams (A | v) and (zz | ) now, we will label the groups
with the subscript E. Recall the formula,

(

), (e~ —a~
A1), ) I (1-¢ e ™)

>
s

E(Klv)( ) _ N\ Oe(A )
E~ (1 no——(uln), (G, O+ - O
(plm) (M | Tl) <H ( | ) H > H (1 —q (pelm) (MM) )

O (k)
To simplify the products of eigenvalues on the left, recall from Lemma 4.5 and
Definition 4.6 that since I; is maximal, the permutation of columns from (A | ) to
(Iz | ) also permutes the associated eigenvalues, except in the column which gains a

box. Combining this with the facts that i, = ¢, +1 and €(~| )(h) = EEX‘ )(tr +n—k),
¥
we get

n ————(), U (bgnek)\ e
A . ~ Vi i ing f
(11:[1( 7 ) (()‘ | PY)tTJrnfk) (q’y £oom >

(f[l A )(u|)> B (Mh)zh B (qzhtezzm(h))’;h

~ O (w)
= ¢ 2t Gum

Once again, if we compare a corresponding box in (A |v) and (i | ) and it has
the same arms and legs in both diagrams, those terms cancel. Beginning like before
with boxes which are in the symmetric parts of both diagrams, the boxes which have
different statistics are in the (i, + 1)st row counting from the bottom, so define
groups,

Group 1g := d(ﬁn,,k+1)(A)
Group 17 := de oy ()

The boxes in group 1% have the same legs and one more arm, namely the column fi,,

and so we can write
I (1 _ q_(é&m(D)H)t_a&m(m))

OeGroup 1

T, O —e O
I1 (1761 (bl )

UeGroup 17
(1 _ q_w(:m)(D)H)t_(a(mn)(m)_l))

OeGroup 17 (1 — q_(é(:‘”)(D)+1)t_a(;~tln)(m)>
(t*q (u\n)( )+ t ( In )(D))

~ (O)+
OeGroup 17 (1 —q (uln)( * t Gl )( ))

Notice that this matches exactly with the remaining denominator from the term
so those will cancel.

Ef =

B o/ i ainy
Unlike with the j’s, because the E* formula is all in nonsymmetric terms, the

statistics of the boxes which cycle from column A,_j to n; (prior to the T; actions)
do not change, so there is in effect no Group 2g to account for.
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The analogs to Group 3; and Group 33— will work exactly the same with E* as in the
Jj’s, since both use the same diagram statistics (nonsymmetric arms). The resulting
contribution from these boxes is then

1—gq ~¢5,© )+) R

OeGroup 3;

E; = — —— .
1— q_w(m)(m)ﬂ)t ®Gim D

OeGroup 3;.
The boxes in Group 49 also behave the same in E* and j, so the contribution for
those boxes to the right of n; which change is

-~ (D)+) —(a ‘(D)—l)
n)

1—q &
* Pp—
=11 —(~()+)—~(D)
OeGroup 4/ 1—q m t (ulm

Finally, we address the group of boxes which go from column 7, to . Compare
the boxes (. +n — k,4) in (A | v) and (h,4) in (@ | ). The box in i, has the added
box as an extra leg, and comparing Oy )(t + n — k,i) to the modified 6(ﬁ|n)(h’i)’
these both count the same columns except that Ay

in columns to the right of ¢, +n — k with height ¢ — 1. We still need to account for
the newly-added box, so altogether we have groups,

Group b :={0=(t, +n—k,i) | 1 <i <y}
Group 5% := {0 = (h,i) | 1 <i< fin},

(tr +n — k,4) also counts boxes

and contribution of those groups,

1 _q <A| >( )+1 )t—amw@)

OeGroup 5
B = =

1—q((\1)( )+) 1)(D)

OeGroup 5%
1 H 1— qiz(iwn)(D){(a@n)(m)w“l)
- o~ o “~ O+ —a~ @
1—q 1t a(u\n)(hﬂuh) OeGroup 5 l—gq (Wl")( ) )t a(“‘n)( )
O=(h,i)
i

With all boxes enumerated, we have the simplification,

B~ ()
(w( [ )

~ '~ (h)
=q 2t wm T B FE} - Ef - EX

(nln)

5.4. CONVERSION OF py, TERMS. The remaining cancellations happen by combining
some diagram statistic expressions involving j; terms and Ex; terms, and eigenvalue
functions from p;, and ps. This will simplify the formulas substantially, but requires
some lengthy computations, all using similar techniques.

PROPOSITION 5.1.

r ty—1

r ty—1 = g u o
(a4 poE Il [T 22 I 22

u=1j=ty_1+1 M., = 1; u=1j=ty_1+1 M by 77]
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Algebraic

D € Group 4% D € Group 5 D Cancels

FIGURE 2. Diagrams for Ef| 3564040102325 (top) and
B\ 3564.4/4,002021,2;5 (bottom). Each box is filled with (legs,
arms).

Combinatorics, Vol. 7 #6 (2024)

|
|
l
|
0,1 I
|
|
|
0,2 | 1,4 w 0,1
|
1,3 | 2,5 | 0,1 0,2 1,3
0,3 | 2,7 | 3,9 1,5 1,5 0,2 2,5
1,4 3,8 4,10 | 2,6 0,1 2,7 0,1 1,4 0,2 3,8
0,2 | 2,7 [ 4,11 5,13 | 3,9 | 1,4 | 3,10 0,2 1,3 | 2,6 | 1,4 | 4,10
|
: V1 Vto
|
D € Group 1g D € Group 3g
D € Group 4g D € Group bg D Cancels
|
|
l
|
0,1 I
|
|
|
0,3 | 1,5 | 0,1
|
1,3 | 25| 00| 01|02 1,4
0,3 2,7 3,9 1,4 1,5 1,6 2,5
1,4 | 3,8 |4,10] 2,5 | 2,6 | 2,7 0,1 0,2 0,2 | 3,8
0,2 | 2,7 [ 4,11 [5,13| 3,8 | 3,9 | 3,10 1,3 1,3 | 0,1 | 1,4 | 4,10
|
: Mty Mts
|
D € Group 1% D € Group 3%
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Proof. In order to cancel parts of py, with other terms, we first need to convert from
eigenvalue expressions to expressions involving diagram statistics. We split this into
two cases with ¢,_1 < j < t,, the first with n; > 7:_, and the second with n; < n,. It
is not possible that n; = 7, as that would mean I; is not maximal. Recall from (20)
the formula for the eigenvalues,

U; = q”it*llv(i), 1<i<n,

L) =4 <ilv;>vi} +#{j >i|v; > v}
Case 1: Consider some column 7n; with t,_1 < j < t,, and suppose n; > 1., . Our
goal is to rewrite the rational function

Ny, — ;5

e, =T
in terms of diagram statistics of the box O = (j +n — k,n, + 1) in the diagram
(1t | ). First, the difference in column height, n; — 7, , is one more than the number
of legs of 0. So n; — ny, = E(/NLM)(D) + 1. For readability, we will write £; and ¢} to

mean E’(;ln)(j +n—k) and gl(;\n) (ty +n — k) respectively. Now, we find the differences

between the gl(ﬁ\n) values for the columns 7., and 7;. This will be organized by the
location of each column relative to 7; and 7;,, and the height of that column.

Counted in £ and ¢; | Counted only in ¢ | Not counted
Left of both > 1 M, +1,...,m; < My,
Between 7; and n,, = n; e, +1,...,m; — 1 < ey,
Right of both > n; T | < N,

The final column that is counted and not in the chart is column 7;, which is counted
in £; . We can compare the above to the arm length a(ﬁln)(j’ N, + 1),

@y Uo e +1) =81 i <j+n—k | m, +1< (7| n); <ni}l+
#lj+n—k<i<n|n, <@|n);<n -1}

Notice that the same columns that are counted in this arm are the ones which con-
tribute only to £; . While on the surface there seems to be a discrepancy between the
right arm of the box and the columns between 7; and 7;,, where £, does not count
columns of height 7, recall that such a column existing would contradict maximality
of the set I. Additionally, there is one extra box counted in the arm length, which is
again the column 7;,. From this comparison, we obtain the formula,

)(ja Mt + 1)

Further, combining this with the difference in column heights, we get a formula re-
lating the eigenvalues and statistics of O = (4,1, + 1),

(D)+1ta(l~m)(5).

b, = 69 G

0~

ﬁj = m - q (mlm)

Using this, we can now simplify the rational function,
{~ (O ~ (O

T R A AL

Nt, —Nj T — T qzﬁwn)(m)ﬂta(:\n)(m)
1— q%m)(m)“ta@m

(D)Hta@n)(m)

@)+1

0~
1— q mlm
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To continue with the cancellation, recall that O = (4,7, + 1) € Group 3; This
box has one more arm, namely from the column 7, , than the corresponding box
(4,mr, +1) € Group 3;. This means the contribution of these boxes to js is

1 — qZJm(D)Hta&m(D)H 1— qEJ\n)(D)HtQJMn(D)

1— qzﬁwr:)(m)ﬂta(:\v:)(D)H 1— qéﬁwvn(m)ﬂta(:\m(D)H

This cancels exactly with the eigenvalue rational function for column n;. We can go
one step farther and use the contribution of the same box to E3,

1—g¢ Ry e, @y qf(e(l\n)(D)H)t*(a((lm(m)*l)
1—¢q —g, B ) i@ 1— qf([dfw(D)H){a(iw(D)
T qf(e(lm)(‘:l)ﬂ) @, O
- - q ~Eey @ me s, ©)
_ Wy, =1
M, —MNj-

Case 2: The approach here will be similar to the first case, but now instead of
just considering a single column n; with 7; < n.,, we consider all columns strictly
between 7, , and 7, of a given height that is lower than 7,,. The product of the
eigenvalue rational functions for all columns of height s will cancel together with the
contribution of O = (¢, +n—k,s+1) to E3, and the contribution of the same square
to j3 will be equal to the corresponding products of eigenvalues on the right side
of (44). Combined with case 1, this accounts for all of j5 and F3, as well as all pairs
of ¢, and j in the product of the eigenvalue rational functions.

Let s € {0,1,...,m, — 1}, and suppose the columns of height s between 7, ,
and 7, of height s are 9g,,...,7q, , 50 gs = #{tu—1 < i < ty_1 | 7 = s}. Let
O = (ty +n —k,7+1). Suppose 7j € {7a,, .. .,a,, } is one of these columns. Like in
case 1, comparing column heights, we have n;, =7, + ¢ (ﬁln)(D) + 1. There is again a

comparison of ¢ and ¢} :
J ty

Counted in ¢ and ¢; | Counted only in ¢ | Not counted
Left of both > N, s+1,...,m, <8
Between n; and 7, > g, Sy s Mty <s
Right of both Z N, Syeees e, — 1 <s

There are two differences in boxes counted only in £} and iy )( ):

(1) ¢; counts n;,, but there is no corresponding column which contributes to
%) (O)
(2) ¢; counts boxes between n; and 7, of height s, while those are not counted
i a g, ().
With these differences accounted for, we get the equation,

G =Ly, + (0, @) + 1) +#{j <i <ty | ni = s}

We can use this to extract a series of formulas for the eigenvalues, moving from
the rightmost column of height s to the left,
Nag, = Mty - qi(e(:\n)(D)Jrl)ti(a(:\"l)(D)Jrl)

T —(t~ (D+1) ~((a~ (D)+1)+1)
Nagg.—1) = Mty =4 17 t (el m)
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Tar = T, - qf(e(l\n)(D)H)tf((a(:\m(D)H)Jrgs)

Taken together, the product of the respective eigenvalue rational functions before
substitution is

ﬁtu — tﬁ‘lgs . ﬁtu — tﬁa9571 L ﬁtu — tﬁal

ﬁtu - ﬁags ﬁtu - ﬁa_qs_l ﬁtu - ﬁal
and after substitution (and suppressing the subscripts, since all diagram statistics are
relative to (i | n)), this becomes

1 — —C@+0=a@) | _ D+ )—(@@+1) q*(é(;m)(D)+1)t—(a(m)+gs—1)

1 — g~ C@+D¢=(@@+1) 1 — ¢~ E@O+1¢=@@+2) 1 — = EO)+1)¢—(a(@)+9:)
which simplifies so that
My, = e, e, = a, T, — .,  1— g~ U@+ 4—a(@)

Moo =Mag, T ~Mag, oy Ty ~ Ty 1= g OO0
To complete the cancellations, notice that the columns which are counted in
a(}m)(t“*l’s + 1) but not a(ﬁln)(t“’s + 1) are exactly those between 7, , and
ne, of height s, which means the contribution of the boxes ' = (t,_1,5 + 1) and
O = (tu,s +1) to Ej is
1— q—(e&h)ﬂ)(m )t_a&m(lj ) 1— q_(e(:mwrl)(D)t_(a@n)(

(D)t_a(lm)

O)+gs)

()

()

—(£~ Q) —a~ —(t~
1— q (nlm)+1) t (uln 1— q (ulm)+1)

So the product of rational functions cancels exactly with the box’s contribution to
E%. Looking at the corresponding contribution of the box to j3, we have

1— qe T\w)(D/)Hta&m(D/)H 1 — ! +1a@)+1+gs

L qe(:‘n)(m)+1ta(:|m(m)+1 1 — ¢@+1ta@)+1

1— qZ(D)-i-lta(D)-i-l-i-gs 1— qé(D)-‘rlt(a(D)-‘rl)-‘rl
T 1 O @+ D T ] — @+ e+
- O+ a@+1)+1

May — May - ¢" D10+ 4o = — 7

Tay — Tlay - ¢"O+1@ -1 = = glO)+1pa@)+1

_ Nay =Ty, Tag, — LT,
Nay = Mtw Nag, — Mtu
Altogether, between the two cases, every term from j3 and E3, and every eigenvalue

rational function in the left side of (44) has been either cancelled or converted to the
form in the right side of the equation. O

PROPOSITION 5.2.
(45)
M-ty (0 — 7,
Ja-Js - By E3 - H 717773: H ?7]
it O =T 5y (@i =T

L~ (O) —a~ (O)
1—q wm 't W ( 1 ) 1
—(t~ O+ —a~ (O) _ ’ o ~
O€eGroup 5% 1—gq ((”‘") ) )t a““”)( 1-1 1—q_1t a(#ln)(h’uh)
O=(h.i)
i#ph

Proof. See Appendix D. The proof uses the same techniques as Proposition 5.1. [
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5.5. CONVERSION OF ps TERMS.

PROPOSITION 5.3. The eigenvalue function from ps can be rewritten,

_ —t~ (O) “a~ (O)+gs
(pelm)

1:[ t,LL] _ H 1-— q ®lm t W

: N —t~ @) —a~ (O

Jj=1 ] O=(h,s)eGroup 5;. 1-— q (klm) t  (ulm)
S;é:;h

(O+1 @~ )(D)-t,-l

1 7qé(:\n) t (uln
H L~ (O)+1 a~ (O)

~ 11— q (mIm t (elm)

where g, = #{i | fii = 5}

Proof. Detail omitted, the process is identical to the previous 2 proofs. O

Next, we can cancel most of the Group 5;» product from Proposition 5.2 and Propo-
sition 5.3.

PROPOSITION 5.4.

1— ¢ GG 1—q am O yegn, Ot
—(t~ (O)+1) —a~ (O) H - O - O
OeGroup 5% 1—g¢q (uelm) t  wm O=(h,s)eGroup 5;. 1— q wmn t (ulm
iF R s
1 B 1
1-— q—lt_a(ﬁm(h’“") 1— q_(eﬁln)(h’1)+1)t_a(,7m)(h’1)

Proof. The left product numerator and right product denominator cancel directly.
The rest comes immediately from the observation that for a box O = (h, 7) in the left
product and O’ = (h,i + 1) in the right product,
~ o !
iy (B = 95 = o, (&)
_ oy /
£ @) = LG @) + 1.

So the contributing terms for each pair of boxes [ and (I’ in the left and right products
cancel, and what’s left is the contribution for the box (h, 1) in the left product. O

There is also a small cancellation with one of the terms left over from Proposi-
tion 5.2,

PROPOSITION 5.5.

uh—t‘"“ ~ '~ (h)

T, D) —a = ) =gt
1—g¢q

Proof. Again, the approach here is the same as the other eigenvalue conversions. The
only important thing to note is this makes use of the identity,

/ e — ~ J—
E(mn)(h)—n a(uln)(h’l) 1

which comes from comparing the columns counted in a(ﬁln)(h’ 1) and in ¢ Giln )(h) in

the same way we have done up to this point.

We have one more major cancellation to compute.
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PROPOSITION 5.6.

1 tm—i—l O)+1

L~ ()41 a~
) — 1—q t (ulm) _
N H T~ e~ @ -1
(7) 1— q (rlm) t (uln)

(Mh+1)

Proof. Recall the formula for ji,
1— qz(u’ln)(D)tZ(u’\n)(D)
(D)tz(u’\n)(m)+l

ji = :

OeGroup 1; 1- g »im

where Group 1/ is d (1) but excluding the newly-added box. The cancellation occurs

by breaking this product into two pieces. The first will be those boxes in Group 1;

which have no boxes above them (i.e., boxes in columns of height fz5,), and the second
is those which have boxes above them.

If we consider first the boxes which have no boxes above them, notice each of them
has 0 legs, and the number of modified arms in ag,-, (0) are 1,2,...,m, where
m=#{1<i<n—k| ;= }— 1. The contribution of all those boxes to j; is then

1—t 1—tm
1—t2 1—tm+1'

1— t

So those contributions cancel with . For the remaining boxes, we compare the
contribution of one of the remaining boxes O = (i,7) in the Group 1} product with
the corresponding box above it [0’ in the d G +1)(ﬁ) product. The diagram (u~ | 1)
has boxes of height 15, to the left of ¢, which means they are counted in the modified
arm of [J, while (& | ) has boxes of height iy, to the right of [, which are counted in
the arm of [J’. All other columns are counted identically in a(,- ;) (0) and o )(D ).
The powers of ¢ match as well, with the extra leg accounted for in the +1 on the
g-powers of the d(ﬁn +1)(;7) product. Everything cancels as desired. O

Considering all the cancellations up to this point, we state the final cancelled form
of the expansion of e1[x1, ..., Zn_1]T(A|y)-

THEOREM 5.7. The coefficients in the expansion,
(A
61[$1,---;$n—k]~7(>\|»y) = Z A |W)j(uln

(pelm)
(klm) EM(x|4)

are given by the formula,

(46) A(A|’Y) _ H t—qg(r|w>(D)+1ta(f|w>(D)+ sl L
(ulm) ooy - glo-m@+1an— ) O+ 2 Pn T\ 1 —¢

(g )
where p7, is the modified py,

_ k 1
t—1)q~ ,u 77tu (g='t) :U'h n;
p/I1 — ( h H — N T g H J
q Vi, — el ”tu+1 Mo ) i \ 4 Ly = 5
. ﬁ ﬁl (t”tu —771‘)
M, =15 )

u=1j=t,_1+1
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with0 =1ty <t; <--- <t, <try1 =k+1, and we recall

1— qé<rw)(':')tg<rw)(':')+1

j2 = ~ 5
DeGroup 2; 1 — g‘omm O e E)FtEmy - ()

where Group 2; is the column that is moved from the symmetric part of the diagram
to the nonsymmetric part.

We end with the following example of a coefficient Agim using Corollary 4.13
and (46).

ExXAMPLE 5.8. We will compute Ag;i I 183 in two ways. First, note I; = {1, 3}, and

(}:|’7):(173’1 ‘ 17071)7 (ﬁ|77):(17312 | 1,0,1).

The eigenvalues are

My =@ gt | a2 a7, (aln) = (¢t ¢ @t | ¢ >,¢7° ¢t ?)

The underlined terms in (7 | ) are ji;, 7y, , and 7, =7, respectively. The following
diagrams are used to compute j,y and ji,,) respectively, filled with (leg,arm),
and arms are modified in the symmetric columns and standard in the nonsymmetric
columns:

0,0 0,0

1,0 0,0 | 1,1
0,0 | 0,1 | 24| 0,3 0,3 0,0 | 1,3 | 24| 0,2 0,2
T | -7 |

Cancelling the gray box terms which are the same in the numerator and denomi-
nator, we get
Jom _ (A —gt)(1 - )1 —qt*)(1 — qt*)

Jmy  (L=1)(1 —gt?)(1 —qt*)(1 — qt3)(1 — gt3)

Next we build the diagrams for (X | v) and (f | n) respectively, filled with (leg,arm)
with all standard (non-modified) arms:

| |
| |

0,0 l 0,1 |
| |
|

1,3 } 1,3 | 0,2
|

0,1 | 25102/ 0,3 0,3 0,1 | 2,5 | 1,4 | 0,2 0,2

Again cancelling boxes with the same arms/legs in gray, we find,

EEKKM(X ) _ (¢! (1—g (1 —g 31 —qg 't 3)
B (il (@) A—g )1 —g ) (1 - g2 (1 - g2t

(wlm)
_ 1—gq 1—qt? 1—qt? 1
1—qt 1—qt? 1—qt?2) 1—q 24
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Then we compute p2 and py,,

1—t¢ B B q2t_1 _ qt—3 th—l _ q3t
Do 7((]225 1—t 5)(

T 1_¢ Pt — gt—* Pt — g

_ o, 1 — qt? 1 —qt?
2,-1 2,4

=q°t 1-— t -t

e (1—q ) <1—qt3>(1—qt

((t=1)gt™? (t—1)qt=2\ [qt™2 —t*
bn = qt‘l _ qt_2 qt‘2 _ qt_?’ qt‘2 _¢5

_ 3 1 — qt?
1—qt3
Finally, we find fi(x\lﬂ/)/f/z(u\n) = %. Combining all these terms as well

as (A | 7),,_, = gt~ as per Corollary 4.13, and cancelling as far as possible, we obtain:

qeuiron _ (1= ¢?)(1 - #)(1 — gt?)
(3211101 7~ (1T = 23)(1 — £)(1 — ¢t3)(1 — qt3)

The computation using (46) is substantially easier. Since An—i = 1, the product

over d(xnikﬂ)()\) = dy(\) only has one box, and
H t— qe(xf\«,)(D)Jrlta(A—\«,)(D)Jrl ot >3 1 g2t
Lo Fla, - (O)FL 1 — o243 "1 — g243°
Oed ~ ()\7)1_q<x 1) 4= 1) 1—q4t 1—q4t
()‘nfk'*'l)

Next, jo also only has a single box, namely the box (2,1) in (A~ | ), and

1— qéuﬂw)(D)tz(rw)(D)“ 1— 2

Jo = - = ,
DeGroup 2; 1 — gl @Fao- ) @)t ttmi () 1 - qt?
J

That leaves pj , which we compute:

b (=Dt N\ ((E-D)gt 2N (gt 70
P, = qt‘l _ qt_2 qt‘2 _ qt—?, qt_2 —_¢5
_pl- qt*

1—qt3

Now, including again A,_j = gt =3, the extra =, and qfﬁh/“ =q 1, we use (46),

A(3,1,1 11,01) _ (1- qt4)(1 - q2t2)(1 - t2)
(3,2,1|1,0,1) (1—qt3)(1— @23 (1 —qt®) (1 —t)

APPENDIX A. PROOF OF (6)

(6): If s;(p) < p, and w = (i, u; + 1), then

S qé(u)+1ta(u)(1 _ t)E (t _ qé(u)+1ta(u))(1 _ qé(u)Jrlta(u)Jrl)E
Gl I gt(w+1ta(w) w (1— qz(u)+1ta(u))2 si(p)»

where all arms and legs are in terms of the diagram of s;(u).

Proof. Suppose 1; < i1, S0 s;(p) < p. Using (4), note that T, ' = H(T; +1 — ¢).
Then since s; (1) < $;(s;(1)), we can apply (5) with s;(1) to obtain,

t—1

TiEs; () = By + 1 — glw+1ga(w) By
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where the arms and legs are with respect to the diagram of s;(u). Multiplying both
sides on the left by T[l and simplifying, we get,

1 t—1
Esi(ﬂ) = g(Tz +1-— t)(EH + WE&.(M))
t—1

tEs = TiEy+ (1 - E, + (TiESi(lJf) +(1- t)ESi(u))

1— qf(u)-i-lta(u)
tESi(H) = TiEp + (1 — t)Eu

t—1 t—1
+ 1— qé(u)+1ta(u) <EV‘ + 1— qé(u)+1ta(u) Esi(ﬂ) + (1 - t)ESi(M)>

1-—t
T,E, = (t —1+ T ot T igata) q@(u)+1ta<u)) E,
(t—1)2 t—1)(1-1)
+ (t — 1— qz(u)+1ta(u))2 1 gt +1ga(u) Es,(w
L(u)+1pa(u) 1— _ Lu)+1pa(u) 1— O(u)+1ra(u)+1
fig, = LAY (g e

1— qf(u)+1ta(u) (1 _ qé(u)+1ta(u))2

APPENDIX B. PROOF OF LEMMA 4.10

Lemma 4.10: If I; is maximal with respect to (v | A), then py, ((77 | ﬁ)) # 0.

Proof. We will prove the contrapositive, so assume pry, ((n | ﬁ)) = 0. This implies
either

(1) B, =tn; for some u € [1,r] and j € [t, + 1,,11 — 1], or

(2) ¢ iy 4y = t7); for some j € [1,¢1 — 1].
In the first case, it 7, = 17];, the powers of ¢ being equal means columns ¢, and j have
the same height, so 1, = n;. Let I := I U {j}, and let d} be the action associated
with I7. We will show that d;(y | v) = d}(vy | v). In that context, we have v; = v, ,-
The only positions affected by the addition of j to I; are the positions j and ¢;. And
in these positions,

(dr(y [ )e, = (v [ )y, and (d7(v | v)e, = (v |v);

(di(y|v); = (v1v); and (dj(v|v)); = (vIv),,,,-

All entries of dy( | v) and d)(vy | v) agree, so I; is not maximal.

In the second case, since q’lﬁmﬂ = t1); for some j € [1,¢1—1], again using column
height, we have 7; = fim41 — 1. In terms of (v | v), because fm+41 = fly,+1, this
implies v; = 7y, after applying the definition of d;. By the same argument as in the

first case, d;(vy | v) and d}(y | v) are identical, hence I; is not maximal with respect
to (v ]| v). O

X

APPENDIX C. PROOF OF THEOREM 4.14

C.1. SETUuP. We return to Baratta conventions for the computation. We are therefore
(vIA7)

(1) for the expansion,

looking to find coefficients D

T (VA7) | pt
(47) %Pl = > D ).p

M=) = (nlp=)’
[(nlp ) I=[(A)]+1
H1Z - ZHn—k

where 1 < j < k. Then passing to the interpolation polynomial computation as before,

T — -1 N:*l *
%Poa-y =Y (ZJ‘HJ‘ €+Emm)
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<Z fV7(’Y|)‘_)Hj..'HTL*1¢H1'.'HJ 1»—4 E('Yl ))

v

Taking ¥ of both sides, using (38) for the left side, and expanding P ( |- nto the
nonsymmetrlc Macdonald basis, this becomes

(48

( * _ ':—1 *
Z Z DO ol By = 9 Fosiainy Hy - Huoa®Hy - Hy 1BV Ey)
(nlp=) wop VA

C.2. EVALUATION. In spite of some of the H; operators being shuffled, we will still
evaluate at the same (1 | ) used in Section 4.5. With the vanishing property of the
interpolation polynomials, this reduces the left side of (48) to

DA Y
Doty Tty iy ((”“‘))’
and the right side becomes

Z ST ( 71v); ) Hj-- Hy 1 ®Hy - Hj 1 E( ), (W) :

v~

(v[A7)

Prior to simplifying the product of operators and sum over v, the formula for D(nlu*)

is then,

Jovr)
(49 D(V\/\ — 2i ‘ )
) VZN:A 7 (nle-) ( ) E; )((77 | u))

Hj-o - Hoy ®Hy - Hya B ) (W)

The question that remains is, for which v and specific actions of each H; does the
term in this sum not vanish?

C.3. NONVANISHING POLYNOMIALS. The goal in this section is to identify the terms
in the expansion,

j Hn_l(le--'Hj_lEZiylu)(Z),

which do not vanish when the function is evaluated at (v | ). Begin by defining three
indexing sets,
nclj-1], LClk+ln-1, I3C][jklL

Also, label the sets as follows:
I ={ty,....,tr}, Iy={vi,...,vs}, It={y1,...,yc}
Note that like before, it is possible for some of these sets to be empty. Expanding out
the product,
la(zj, 2j+1) + b(25, 2j+1)85] - - [a(zn—1, 2n) + b(2n—1, 2n)Sn—1] (2n — tinJrl)A
“lalz1, 22) + b(21, 22)51] -+ - [a(zj-1, 25) + b(2j-1, %) sj-1] B (2),
term by term results in some choice of either a(z;, zi+1) or b(z;, zi41)s; for each 1 <

i < n—1. Then the sets I1, I}, and I} are those indices for which we choose a(z;, z;j4+1)-
Thus a single term in the expansion will be of the form,

PP P By (5(B((2)))
We label these p* to distinguish from py; and p, already used, as we will be comparing
these new functions to pr, and ps after further computation. Also, note once again
the use of p3 rather than pz, as we will see there is an explicit form for I}. Rather

than identify how each set permutes z separately, we combine it into a single action:
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Zp ifegIfandl <l<j—1
Zt,_, if¢=t;andi #1 <
qilzvﬁ_l ifl=t
e L ¥ fk4+m+2<?
I3(I15(11(2)))e := 1 fk+2<l<ktm+l L>k+2
2 ife—1¢Iland j+1<l<k
Zyi 141 if¢{=y;+1andi>2 j+H1<i<k+1
Zyc+1 1f£:k+1

This is written with the assumption that I}, = [k+1, k+m)], where m is the number
of columns of newly-increased height in p. This comes from the exact same argument
as in the elementary symmetric polynomial multiplication, as I5 is the same there,
and we are evaluating at the same (n | ). In cyclic notation, the action I%(I5(11(2)))
almost acts like the cycle,

(k+m+15k+m7"'7k+15y(:+17y(:—1+1;"'ay1+17j7t’r‘7t7“—17"'7t1)7

except that z;, is sent to ¢~ 124 1. If either of I or I} is empty, the relevant entries
are simply omitted from the list. Also, some of the terms may actually be the same,
e.g., it is possible that k € I so that k +1 = y. + 1, so one of those terms would be
omitted from the cycle in that case.

We would like to find an action d} for which

iy |v) = (1) itandonty it 1 (13 (11 (W) = (7o),

This action is in some sense the one that ‘undoes’ the permutation above. The
following is the action which achieves this aim:

(v v), ifl<é<j—1land £ &¢I
v [ V)i, if¢=t;and i #r .
(7| v), ite—t, t<J
(V) L=

/ . (v 1v), ifk+m+2<4

(dr(y | ¥))e = (V| ¥)pss ifk+1<¢<k+mand E+1<

(y[v),)+1 ifb=k+m+1
(v lv), ifj+1<l<kandl—-1¢1I
(V1)1 Hl=yi+tlandl<i<c j+H1<I<k
CARZ ifl=y.+1

We are looking to evaluate £, (Ié (Ié (I{ ((n | ﬁ))))), so we must identify the

possible I1, I}, and I}, as well as v, such that

di(y |v) = (n| 7).
Therefore we find that,

(Var s Vi) = (Fizs s Fini):
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Using the action d}, we find that 11 = (n | i) Yot We give this specially-chosen v the
name v, so
U= (Nyet1s B2, -+ fln—k)-
It can be checked using exactly the same arguments as in Section 4 that v is the only
permutation of A which has nonzero contribution to (49), and that there are unique
(maximal) I7, I3, and I for which d7(v | 7) = (n | ).
Here we note that this choice of indexing causes v to be the same as A

C.4. COEFFICIENT CALCULATIONS. Just like in Section 4.5, the remaining goal is to
compute pz ((77 | ﬁ)), Jo ((17 | ﬁ)), and p?é ((77 | ﬁ)), and our approach here will be

the same as well. We start with p} ((n | ﬁ)), which is the simplest.

The product of operators which contribute to p3 is Hyi1 -+ Hp1(2, — "),
The only difference between this and the formula we found for py is that rather than

k+m+1 m
the sum Z Hj --- Hpip, which acted as Zti, we only have the longest product,
j=k+1 i=0

Hyiq - Hiyp,, which acts as t™. The rest is exactly identical, and so we obtain,
n—k = =
Hopyr — - 1l

)

p; =t (ﬁm+1 - tinJrl) : = =
j=mt2 HPm+1 7 Hy
or equivalently,
1—t¢
-
py=t"- T gmi1 P2

Next, we deal with p7,. We are working with the following product:
3

Hj - Hy, = [a(zj, zj41) + b(25, 2j41)85] -+ - a2k, 241) + b(2k, 2541)5k]

For the choice of I3 = {y1,...,yc} C [4, k], consider the contribution from some H,,,
which acts as a(zy,, zy,+1). The relevant part of the full H; ... H; which modifies

a(2y,, 2y, +1) is:
Syi—1+1° " syifla(zywzyﬂrl) = a(zyi—1+1’ Zyi+1)syi—1+1 crSyi—1,

if ¢ > 1, and if ¢ = 1, the term yy should be treated as j — 1. Similarly, for some
¢ € [j,k] for which y; < £ < y;11, we find Hy acts as b(zg, z¢+1), and the relevant
portion of the full product is:

Syi+1 - Se—1b(20, 2e41)80 = b2y, 41, 2041) Sy, 41+ Se-

If £ < y1, then again, consider yy < ¢ < y; with yo = j — 1. Additionally, if y. # k,
then the remaining operators on the right, Hy 1 --- Hy, act as

k+1
< H b(zy.+1, Zu)) Sye+1 " Sk-

U=yc.+2

Taking all the contributions from Hj --- Hy(z) together, we obtain:

c k+1 c Yi
p?’s(’z) = Ha(zyi—1+17z’yi+1) : H b(ZyCJrleu) : H b(zyi_1+172u) .
1=1 u=yc+2 i=1lu=y;_1+2

The computation for pj, is similar to py,. We give the formula without proof, as
1
the process is like what we did for p},, and again refer to [1] where the derivation is
3
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almost identical:

r—1 t1—1

* —1

p1(2) = alq™ Zk4m+1, 20,): 1 e 20 H (g Zhgmt1, 2u) H b(2t;5 2u)s
=1 i=1u=t;+1

where t,41 := j + 1. To unify the formulas of pj, and pj, and compare them to p;,,
1 3

we use the following indexing:
ti if 1 r

1 <
Yier+1  ifr4+1<

Iz :={(ty)1,--., (tY)ctr} such that (ty); = { i<rie’

Expressing pjé in these terms and rearranging the products turns this into,

r4c—1 (ty)ry1—1 rd+c  (ty)iv1—1
a(zj’ Z(tll)r+1) ’ H a (Z(ty)w Z(ty)z:+1) ’ H ZJ? Zu) H H b (Z(ty)i’ Z“) )
i=r+1 u=j+1 i=r+1 u=(ty);+1

with (ty)ryer1 =k + 2.
Now the product pz . p?é can be simplified to,

r4+c—1

a(Z‘,Zt ” )
_ M Ayt ) H a(2(ty)1> Xty isn)
i=1

a(Z(ty),» Z(ty)r 1)

(ty)r41-1
t1—1 H b(zj’ Zu) r4+c (ty)iv1—1

' H b(qilzk-i-m-i-lv Zu) ' (ty;:jljfll ’ H H b (Z(ty)nzu)
u=1 ’

H b(z(ty),\azu) =1 u=(ty);+1
u=(ty),+1

P;;(Z)‘p}ﬂé(z) = a(q” 2rgpmi1, 2) -

Written this way, it is easier to compare to py, where Iy = {t1,...,t,y1+1,...,y.+1}:

(ty)r41—1
( ) b(zjﬂ ZU)
* o _ . a Zj7z(ty)7‘+1 . u=j+1
P Py (e) =P (%) (a(z(ty)ra Z(ty)r+1)> ! b( )
Z(t )ro Zu
u=(ty),+1 Y

Expanding out the a’s and b’s,

(ty)rt1—1 (ty)rp1—1

% (2(y), = 209)rr) I = tzy [ Ctw =

i) (% = 2wy Zihy 7T P iy), — t2u

P (2) - p1(2) = pr, (2) -
u=(ty),+1

And finally, evaluating Py ((77 | ﬂ)) Pl ((77 | ﬁ)), we find,

— y1—1 _— —
vy (0 T0) vty (@ T) = o, (0T - e =g, TT B
h s nt (77] ny1> uzl;[+1 ,’7_] — My
[ _

’ ntr — Ny
u=t.+1 ntr - tnu

It is worth noting that if ¢, = j, then this simplifies to just pr, ((77 | ﬁ)) Combining
all these simplifications with (49), using the vanishing property of the interpolation
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polynomials, and comparing with the result from Theorem 4.9, we obtain the expres-
sion:

- B (yia- B X ((7 | X)>
Do) = A0 ((7 | v) ) Pl ph ey — L
(nlp=) f~( ) J 1 I (( ‘~))
e iy WV
_ o) (v v); m Lot 7, —1,,)
G G Ty L=t T, (- 1y,)
yﬁl ﬁ] - tﬁu . n-t ﬁtr 7ﬁu

o T =Ty T, — 1T

APPENDIX D. PROOF OF PROPOSITION 5.2

Proposition 5.2

k 1= — k TN
e q ' — 175 s 1
Ja-Jjs - Ey - Eg - H —I = H <.

et T =Ty (@ =Ty N1t
1— inJM)(D){a(ﬁn)(D) 1
—(l~ O+ —a~ (@O —a~ M
OcGroup 55 1 = ¢ Cm @@ 4 gt G )
O=(hi)
iFEUn

Proof. We approach the proof of this proposition much in the same way as Propo-
sition 5.1. The major difference will be that the boxes contributing to js now have
the modified arm lengths. This naturally breaks into two cases again, the first case
cancelling very similarly to those in Proposition 5.1, and the second one which leaves
us with the extra diagram statistic terms on the right side of the equation.

Before getting into the cases, we point out that the final two fractions in the right
side of the equation, and ——, are the contributions of the

1-t¢ 1 q—lt_a@n)(h’”h

newly added box (h,fip) to js and E} respectively. These do not cancel with the
eigenvalue rational functions like the terms from other boxes do.

Case 1: Let j > t,, and suppose that 1; > . We will show that the term coming

_17 —
—17;
from j for the box (j +n — k, ip,) cancels with ql'liiijj, and the corresponding
4 TRy
. * . . (q_lt)ﬁh - ﬁj . .
term coming from E} replaces it with (1)? The first observation is that
q " )Hn — 1

nj = fn + é(mn)(D). As we did before, we write ¢; and ¢}, to mean Zl(ﬁln)(j +n—k)
and £/~ (h) respectively. The following table shows column heights where £}, and ¢’

(ualm)
differ:
Counted in ¢ and ¢; | Counted only in ¢; | Not counted
Left of both > n; an+1,...,1; < jin
Between fi, and n; > 7, Bhy 51 < [in
Right of both 2 n; fhy oo, — 1 < fin

Like before, ¢} also counts the column 7;, and a(;m)(D) counts the column .
Superficially, there appear to be two differences between the boxes only counted in ¢},
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and a )(D). The first is that a(;m)(D) counts boxes left of fi of height fiy,, and ¢},
does not, but by construction, no such columns exist. The second is that only aGm (O)
counts columns to the right of 7; of height 1, — 1, but such a column does not exist
by maximality of I;. This means we have ¢} = Z +ac (O). Comparing eigenvalues,

we also get 77; = o - q “Gim )t i , again with O = (4, 1,). The comparison leads

to the following conversion:

)

e =t g — iy, - q£<:\n>(D)ta<:|n)(D)+l
q an =7, ain — fip, - qZG\n)(D)ta@n)(D)
1— q (Mn)( )+1 t (ilm )(D)+1

1—gq Eim (L ¢ Gim®

Then the power of ¢ in the denominator can be modified, using the fact that
a(ﬁ\n)(j’ [ip) counts one more column than a3 (4, ir), which is the column which

wraps around and becomes fij,. As a result,
q_lﬁ—tﬁj 1—qe(:I77)( )+ LG , )+

qaVan — ; 1 — qEJ\n)( )+ Y R T

which cancels identically with the related term for this box in js. And the rational
function coming from the box in Ejj can be converted back into an eigenvalue function,

1—gq —5, O+ ) *Gim @ 1— q_(e@n)(D)H)t_(“(:\n)(m)_l)

1— q_( Gy D )t_a@n)(m) 1— q_w(:m)(m)ﬂ)t_a@m(D)
M~ (qflt)q_e(:\m(D)t_a@m(D)
- —t~ (@),—a~ (O

ﬁj 7%_ . (q*l)q (elm) " T (ulm)
_ n; — (q_lt)ﬁh
n; — (g,
In summary, this case takes care of:
(1) All terms in jy and E}
—1=~ — — 1=
— 7. _ ¢
(2) The rational functions ql/iiii?] on the left and w on the
g tun =, n; — (¢ Yy,

right of the equation for all values j such that n; > f.

Case 2: Like case 1, the work in this case mirrors case 2 of the proof of
Proposition 5.1. So let (h,s) be a box in the diagram (@ |n) with s < . Let
Nays---sMa,,_, be the columns of height s — 1, with ¢, < a1 < --- < ag4,_,,
80 gs—1 = #{i >t | mi = s — 1}. Suppose 0 € {Nay,- - - 7Ma,,_, }- Let O = (h,n; +1),
or equivalently O = (h, s). Note that 1, = n; + Lo )( ) + 1. Comparing ¢; and £},,
we get the following:

Counted in ¢ and ¢}, | Counted only in ¢} | Not counted
Left of both > [ip, n;+1,..., 0 <
Between 15, and 7; > iy ni+1,...,0,—1 <y
Right of both > [in Mjsoooyfbn —1 <m;
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Additionally, ¢; counts fi5,. Unlike before, we would like to compare ¢; and ¢}, using
the modified arm, a( in )( ). The formula for this is,
a,0)=#{1<r<i|j<v<y}tt+#{i<r<n|ji<y <v}

Like in the previous proof’s case 2, this does not count columns to the right of 7; of
the same height s — 1. Taking into account this and the additional column i}, counted
in ¢, we have the relation,

=ty + @G, @) + 1)+ #{j <i <k | n =}

Now we use this information to find eigenvalue relations for each column of
height s — 1,

Moy, | = T - qf(E@n)(D)+l)t7(a<:\n>(|:’)+1)

= Gy @G, @

_ = =t~ (D+1), —(a~ (O)F1+g._1-1)
Nay = Pp - 4 (nlm) t (nlm)
Next, we simplify the product of rational functions,

qilﬁh - tﬁa9571 qilﬁh — tﬁal

a iy = Na, q iy, = Ta,

1- q_é(:‘”>(D)t_g(f~‘\ & q_é(:\m(m)t_(z(:\n)(D)+1)
1—q oy _(“ p O q—f(;m(lil)t—(a~ (@)+2)
1—q wm)( ) 7( @ Fge-1-1)
1- qie<:|n>(m){(“<l|,,>( )+9s-1)
1— q_ZJ\n)(D)t_z(:\n)(D)
1—gq (M,,)( ), n)(D)+gs—1)

Unfortunately, unlike the other cases, this does not fully cancel with the term
coming from E7. Recall that the contribution of that box to Ef is
1— q_é@n)(u)t_(a(:\m(D)Jrg"*l)
1 q_w(;m)(m)ﬂ)t—a@m(D)
So the EZ numerator cancels with the rational function denominator, and we are left
with

1 — qieﬂm)(mt*a(:\m(u)

1 — qf(l(;w(D)H){a(l\n)(u)

We can do a similar thing with the corresponding rational function on the right
side of the desired equation, (45),

(@ O, =T, (¢ )i — T,
q_lﬁh - ﬁ“gs_l q_lﬁh - ﬁal
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(D)Hta(:\n)(D)H 7

_ £~
(O, a e ~Ta,,_,
a7, . qeﬁm)(u)ﬂta(Qn)(D)H -7,
9s—1 9s—1
L~ (D)+1 a~ (O)+gs
. (qflt)ﬁa1 q Gim ™ tamn)( )91 — M,
0T, .q£<:\n>(m)+1ta<:|n>(D)Jrgs‘l — Tla,
1 — qe@n)(D)ta<:|n)(‘:|)+1+g“1
1— QZGM)(D)ta(En)(D)H

Observe that this matches identically with the contribution of the box to j5. Then
to summarize our last case, we have accounted for the following parts of the equa-
tion (45):

(1) j5 and E¥
i — 17 (¢ ')

2) The rational functions qiij on the left and 771_7711 on the right
— = g

q Yn =, n; — (¢ Yy,
of the equation for all values j such that n; < fip,
(3) The extra product with diagram statistics on the right,
1— q_z(:m)(m)t_a(:w(m)
_(Z(l\n)(D)H)t_a(:\n)(m) '

OeGroup 5% 1- q
O=(h,i)
i#fn

That takes care of the remainder of the pieces of (45). O
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