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Stable graded multiplicities for harmonics

on a cyclic quiver

Andrew Frohmader & Alexander Heaton

ABSTRACT We consider Vinberg 6-groups associated to a cyclic quiver on k nodes. Let K
be the product of the general linear groups associated to each node. Then K acts naturally
on @Hom(V;, Vi4+1) and by Vinberg’s theory the polynomials are free over the invariants. We
therefore consider the harmonics as a representation of K, and give a combinatorial formula for
the stable graded multiplicity of each K-type. A key lemma provides a combinatorial separation
of variables that allows us to cancel the invariants and obtain generalized exponents for the
harmonics.

1. INTRODUCTION

Consider the representations of a cyclic quiver on k£ nodes. Associate to each node
a finite-dimensional complex vector space V;, and to each arrow the space of linear
transformations, Hom(V}, Vj41). Set V. = V1 &- - -®V}, and let K be the block diagonal
subgroup of G = GL(V) isomorphic to GL(V7) X - -- x GL(V}) acting on

p = Hom(V3, Vo) @ Hom(Va, V3) & - - - & Hom(Vi_1, Vi) @ Hom(Vy, V7).

Here we let GL(U) x GL(W) act on Hom(U, W) by (g1,92) - T = g2 o T o g ", as
usual. For (T1,...,T) € p, we have K-invariant functions defined by

Trace [(Ty o -+ o Tk)?]

for 1 < p < n = min{dimV;}. By a result of Le Bruyn and Procesi [13], these
generate the K-invariant functions on p. The harmonic polynomials H are defined as
the common kernel of all non-constant, K-invariant, constant-coefficient differential
operators on p.

The harmonics are naturally graded by degree and we may encode the decompo-
sition of H into K-irreducible representations by the g-graded character char,(H),
which places the character of the degree d invariant subspace as the coefficient of ¢2.
If s}( is the irreducible character associated to the K-type A, we may expand

charg(H) = Y m{"™(g) sk
A

Fix the K-type v. Our main result is a combinatorial formula for mS°(g, k), the stable
multiplicity of v in the harmonics on a cyclic quiver of length k. We will see that, for
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any cyclic quiver, m2°(q, k) is equal to m(VG’K)(

and our main Theorem 4.17 will prove

k
mE(g k)= Y gl MO,

TeD(v)

q) up to degree < n = min{dim V;}

We sum over a certain set of distinguished tableau T' € D(v), and the function X;(7T")
is computed from simple combinatorial data associated to 7. The proof consists of
several steps. First, we realize the cyclic quiver above as a §-representation, or Vinberg
pair (G, K), with K the fixed points of a finite order automorphism of G. A key lemma
finds a combinatorial separation of variables, mirroring Vinberg’s theorem [20] that

Clg1] = Clg]" ®@ H.

Our combinatorial separation of variables allows us to cancel the invariants com-
binatorially. Other steps include constructing an action of a larger group and then
restricting to K, applying a branching rule involving Littlewood-Richardson coeffi-

cients, and using the combinatorics of gl crystals to translate the C;/},u into tableau.

2. BACKGROUND

2.1. VINBERC PAIRS. Let G be a connected reductive algebraic group over C, and
let § : G — G be an automorphism of G with finite order k, so ¥ = id. The group
of fixed points K = G? acts on g by restriction of the Adjoint representation. Each
eigenspace of df is invariant. The Lie algebra splits into eigenspaces

g=90Dg1D---Dgr_1-

In [20], Vinberg studied the representation of K on the polynomial functions on an
eigenspace, and proved the following separation of variables:

Clg1] = Clg1]"* ® A,

where C[g;]¥ are the K-invariant functions and # are the harmonic polynomials.
In general, for any representation of K on V the harmonics are defined as the
common kernel for all invariant, non-constant, constant-coefficient differential opera-
tors D(V)E:

H={feC[V]: df =0 for all non-constant & € D(V)5}.

Note that with k = 1, Vinberg’s results recover those of Kostant’s paper, Lie Group
Representations on Polynomial Rings [12]. There, Kostant proved the separation of
variables

Clg] = Clg]“ ® A,

where G acts on its Lie algebra under the Adjoint representation, C[g]® are the
invariants, and H are the harmonics.

The harmonics are naturally graded by degree, and we may encode the decom-
position of H into G-irreducible representations by the ¢-graded character char,(#),
which places the character of the degree-d invariant subspace as the coefficient of ¢%.
If sg denotes the character of the G-irreducible representation parametrized by A,
then we have

chary(H) = Z /Cf’o(q) sg
A

In the Kostant setting, the polynomials ICf,O(q) are called generalized exponents of G
and coincide with the Lusztig g-analogues associated to the zero weight subspaces, by
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Graded Multiplicities

a theorem of Hesselink [5]. Thus,

KSo(@) = D (=)' Py (w(A + p) - p),
weWw

where p is the half sum of positive roots, W is the Weyl group of G, F, is the ¢g-Kostant
partition function, and [(w) is the length of w € W.

Much work has been done in relation to these ideas, see [9, 14, 17] and the references
within.

The separation of variables above was generalized to the linear isotropy representa-
tion for a symmetric space by Kostant and Rallis [11], and yet further to finite order
automorphisms by Vinberg [20]. Vinberg’s work recovers the Kostant-Rallis results
when k = 2, which makes 62 = id an involution, and (G, K) a symmetric pair. We may
expand the g-graded character of the harmonics analogously in the Vinberg setting
as

charg(H) = Y m{“™(q) sk
A

The polynomials mE\G’K) (¢) are much less understood.

In the Kostant-Rallis setting, the graded multiplicities of an irreducible repre-
sentation A in H may be described in terms of the eigenvalues of a certain ele-
ment of €, see [11, Theorem 21]. In [21], Wallach and Willenbring obtained formulas
similar to Hesselink for some examples including: (GLay, Sp2n), (SO2n42, SO2n41),
and (Fg, Fy). Wallach and Willenbring also worked out the example of (SLy, SOy4) ex-
plicitly and other results in special cases have appeared, [19, 10]. There are also stable
results stemming from the classical restriction rules of Littlewood [7, 8, 15, 16, 24].
Recently, Frohmader developed a combinatorial formula for (GL,,, O,,) which is ex-
pected to generalize to the other classical symmetric pairs [2].

Moving outside of the Kostant-Rallis setting, even less is known. To our knowledge
the only graded result is due to Heaton [4], in which he determined the graded mul-
tiplicity for (GLa,, GLy X - -+ x GLgy) by counting integral points on the intersection
of polyhedra. Wallach has developed ungraded multiplicity formulas, see [22, 23]. Our

contribution is a stable formula for mg\G’K) (¢) for (G,K) = (GLy,GL,,, x---xGL,,),

k
where N =37 | n;.

2.2. PARTITIONS, TABLEAUX, AND GL,, representations. For a partition A, let [())
denote length(A) and |A| the size (number of boxes) of . Let P,, denote the set of
partitions with length < n (including the empty partition @) and P the set of all
partitions. Two bases are useful in discussing irreducible polynomial representations

of GL,: €1,...,¢, and w1,...,w,, where w; = €1 + €3 + --- + ¢;. The polynomial
representations of GL,, are in one to one correspondence with highest weights A\ =
a1€1 + -+ + an€,, where a; > as = -+ = a, > 0 are non-negative integers. This

gives a bijection between partitions and irreducible polynomial GL,, representations.
In terms of the w; basis, the highest weights are given by A = byw; + - - - + b, w,, where
all b; € Zx¢. There are no order conditions. So the w; basis allows us to identify
irreducible polynomial GL,, representations with n-tuples of non-negative integers.
Computing the change of basis matrices, we see

A= (a1 —a2)wi + ... (An_1 — Ap)Wn_1 + Gnwn

)\ = (bl + -+ bn)el + (b2 +-- bn)€2 +--F (bn—l + bn)en—l + bnen-

In terms of partitions, €; corresponds to a box in row ¢ and w; corresponds to a column
of length 1.

Algebraic Combinatorics, Vol. 7 #6 (2024) 1605
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F1cURrE 1. Cyclic quiver on k nodes

Define a partial order on P by u < A if A—p € P. In what follows, we will view the
product order on Z*® = {(a1,az,...) : a; € Z,a; = 0 for all but finitely many i} as
extending <. This is the order (b1,bs,...) < (a1,a1,...) if and only if a; — b; € Zxg
for all 7. To accomplish this, write A = ajw1 + - -+ + apw, and g = bywy + -+ - + bpwy,
in terms of the w; basis. Notice A — u € P if and only if (ay,...,a,,0,0,...) —
(b1y.++500,0,0,...) € ZZ, if and only if a; — b; € Zxo.

Let SST, (\) be the set of semistandard tableaux on A with entries in {1,...,n}
and SST(A) the set of semistandard tableaux on A with entries in Zs,. We
view SST,(A\) and SST(N) as gl,, and gl crystals, see [1, 6]. Define the weight of a
tableau T' € SST(\) by wt(T') = k1€e1 + - - - + kne,, where k; denotes the number of i’s
appearing in 7. Writing wt(7') in terms of the w;, we see the reason for extending <
to Z°° is to enable comparison with non-dominant weights. For example, given T a
tableau on a one-box shape with content 2, wt(T') = €2 = —w; + wo which we identify
with (~1,1,0,0,...).

3. THE ACTION OF K2

Let M, ,; denote the space of n; by n; complex matrices. We have an action of K =
GL,, X GLy, X - X GLy, onp =My, n, © Myyny @ - D My, nyy © My, n, by

(91,925 91) - (X1, X2y oo, Xi) = (92 X107 1 93 X205 " - 1 X0gi V).

This yields an action of K on Clp], k- f(X) = f(k™'- X) for k € K and X € p. We
would like to understand the graded multiplicities of this action. (Notice the indices
are cyclically permuted, as in Figure 1).

We can approach the problem through branching starting from the action of K? =
GL), x GL? x---x GL2 on C[p] by

n
(g1shtye oy g hi) - F(X1, Xoy oo, Xi) = f(95 ' Xaha, ... g7 ' Xihy).

Here GL?H denotes GL,,, x GL,,. Of course, we want to restrict this action to the
diagonal subgroup A = {(91,91,92,92,---,9%,9x)} = K. So we have two tasks: first
understand the representation of the big group K2, second understand how this rep-
resentation restricts to A.

We begin by determining the of K? irreducible representations in C[p]. First, recall,

PROPOSITION 3.1 ([3, Proposition 4.2.5]). The irreducible representations of GL,, X
GL,, x---x GLy,, are the representations V1 @ Vo ®---®V; where V; is an irreducible
representation of GLy,.

Algebraic Combinatorics, Vol. 7 #6 (2024) 1606
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Next, notice Clp] = C[Mpyn, @ D My ni] 2 ClMpy 0, | Q- @C[My, n, ], see [3,
Lemma A.1.9] and we have k commuting actions. For example, GL,,, x GL,,, acts by

fi(X1) @@ fiu(Xi) = fi(gs ' X1h1) @ -+ @ fi(Xg).

In fact, we can recognize this representation as the tensor product of k distinct actions,
so we can decompose the actions separately.
Now recall,

THEOREM 3.2 ([3, Theorem 5.6.7]). The degree d component of C[My, »,] under the
action of GLy, X GLy; decomposes as follows

C[Mu,n;] = @(Fﬁi)* ® (F;)
with the sum over all nonnegative dominant weights A of size d and length at
most min{n;,n;}.

Hence we have the following graded decomposition of the K? representation (Note:
in all that follows we consider our indexing with respect to the cyclic quiver, i.e.,
mod k with representatives 1,2, ... k):

THEOREM 3.3. The degree d component of Clp] under the action of K2 decomposes
as follows

Chl= @ [(F)@FN(F2) @F2]e- o [(Fy) @

A1,A2,- Ak
x i i
= @ [(Fniz+1) ®Fn:]
AAo,.oAg i=1
with the sum over all nonnegative dominant weights A1, Az, ..., A\, such that |A1| +

[A2| 4+ -+ + |Ak| = d and length()\;) < min{n;,n;+1}.

Proof. As discussed above, we can decompose each C? [M,,, n;] factor separately. Ap-
ply Theorem 3.2. U

With the action of K2 understood, we turn to the problem of branching to the
diagonal subgroup A.

4. STABLE MULTIPLICITIES VIA BRANCHING

Let n = min{ny,...,n;}. We work with the pairs GLil, GL2 | .., GLik separately.

na?
Essentially, we choose to group the decomposition from Theorem 3.3 as

WD [ @ (Fe) ] @ [Foz @ (Fa) ] @ ® [For @ (Fr=t)’]
13,A25---3\k

k
B QEN(EFN)
A A2, Ag i=1

Recall,
THEOREM 4.1 (Stable Branching Rule, [8, Theorem 2.1.4.1]). For I(X\;) +1(Ai=1) < ng,

dim Homgr,, (Fg:v’f,ng ® (F;L\;q)*) _ NNt

a, vt TavT"
a

F,’L’:’f is our notation for the rational representation of GL,, corresponding
to the tuple of partitions (vT,v7). Both v* and v~ are partitions, and if v+ =

Algebraic Combinatorics, Vol. 7 #6 (2024) 1607
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(a1,a2,...,ap) and v~ = (b1, ba,...,by) then Fﬁ:r”’f is the rational representation
of GL,,, with highest weight
(ala ag,...,qag, 01 ey 01 _bma _bmfla ey _b2v _b1)7

with the number of interior zeros arranged appropriately, see [18]. Hence we have,

THEOREM 4.2. For degree d < n, the degree d component of C[p] under the action
of K decomposes as follows,

with the sum over all {a;, A;, v; }Z 1 in Py, such that |\ +- - -+| x| = d. In particular,

the multiplicity of the K irrep v = (1/1 ey Vi) appearing in degree d is given by
ST
g,V OL7,D
i A =1

Proof. Say d < n. Then for any Ay, A1, {(A;) +1(Aiz1) < |Ni| + [Nz S d < n <y
so Theorem 4.1 applies and we understand the branching down to K. We also note it
suffices to consider partitions in P,, since if a partition a;, A; or VZ.i has length greater
than n, it contributes to a degree greater than n and so only impacts multiplicities
outside the stable range. O

COROLLARY 4.3. The following gives the gmded character chary(C[p]) up to degree n,

+ _
E E [Ai] | I Ai—1 Y,
C S
q a,,l/jr iV, i

+
@Ay,

where sy vi ’Vl is the GL,, character of Fn’ Vi and the sum is taken over all
{ai, \i, ¥ }Z 1 in Py

Next, we handle the invariants, which are generated by Tr([X;X2...X]") for
1 < i < nbyaresult in [13].

PROPOSITION 4.4. We have the separation of variables
Clp] = Clp]"* @ H.
Proof. Notice that K = GY where 0 : G — G is given by conjugation by the diagonal
matrix with entries equal to kth roots of unity 1, ¢, ¢2,...,¢* 1, each appearing with
multiplicities nq, ..., ng. The conjugation action of K on the (-eigenspace is isomor-
phic to the action of K on p. The result now follows from Vinberg’s theory [20]. O
Hence, the graded character of H is given by

n

char (H) = [[[(1 — ¢"")]char,(C[p)).

i=1
COROLLARY 4.5. The following gives the graded character chary(H) up to degree n,

n

Tla-a1 3 qE'Mcha;; s

=1 ag i v

+ - + -
where sz i is the GL,, character of F,’:’ i and the sum is taken over all partitions
{ai, iy 1/ "1 in Py

Algebraic Combinatorics, Vol. 7 #6 (2024) 1608
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In particular, the following formula provides the graded multiplicity of the K irrep

V= (l/ft, o uff) in H, denoted m,(q), up to degree n,
n k
INCEISIDIEEE | Eoltames
i=1 @ i=1 v
Proof. Immediate from above discussion. O

COROLLARY 4.6. For v a K irrep, if either Ele V| >n or Zle v, | > n, then
my(q) = 0 in the stable range.

Proof. Notice in the formula of Corollary 4.5, the smallest degrees come from
the qz‘)‘il terms. Now, by basic properties of Littlewood-Richardson coefficients,
if the term qzl/\i‘ Hle AN LM s not zero, |\ > |v;| for all i, but then

oV oy,

qz il > qZ (BN q". So my(q) is 0 in degree less than or equal to n. O

We now turn our attention to stable multiplicities and make the following key
definition.

DEFINITION 4.7.
o

k
mi(g. k) = [T =" 3 =ML e

. -
i,V

=1 Oéi,)\i
where the sum is taken over all partitions {c;, \;}¥_, in P. This is the stable q-
multiplicity for v on a quiver of length k.

It is easy to see that mS°(q, k) = m,(q) up to degree n. These stable g-multiplicities
will be our focus for the remainder of the paper.

We would like to cancel the [[]5~, (1—¢*")] factor from the formula for m2°(g, k). We
recall, see [2], that ¢} , = |CLR3,V| =NT € SST(v) | a > &(T) and a+wt(T) = A}|.
Here we are viewing SST(v) as a gl crystal with Kashiwara operators & and f;
for i = 1,2,... and we define ;(T) = max{k > 0 | e¥T € SST(\)}, ¢:(T) =
max{k >0 | f¥T € SST(\)}, and

n—1 n—1
HT) =Y ¢i(T)ws, e(T) = &i(T)w;.
i=1 i=1
In this notation, we have,
oo k
m(a,k) = ([T — ")) > a=™TTICLRY L JICLRY |
i=1 @i i=1 o v
Notice the formula for mZ°(q,k) has v fixed for all i, so we are just com-
puting various subsets of SST(v) := Hle[SST(Vj) x SST(v;)]. The key is
to understand which 7 = (37,77 ,....,T;5,T,) € SST(v) appear in some
CLRQ,V = Hle CLRQ’{ X CLR:'__:_ and with what multiplicity. In this con-
text, A= (A1,..., ), = (g, ... ), and v = (Vit, cel, V;Ct) are tuples of partitions.

vt
As T; = (T;F,T;) is associated with the rational GL,, representation Fy,i " | let
wt(T}) := wt(T;") — wt(T;"). Also denote the set of all k-tuples of tableaux P*. We
first isolate those T' contributing with the following definition.

Algebraic Combinatorics, Vol. 7 #6 (2024) 1609
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DEFINITION 4.8. A tuple of tableaux T' € SST(v) is called distinguished if T' € CLRQ’U
for some A\, € P*. We let D(v) denote the set of all distinguished tableaus in SST(v).

LEMMA 4.9. Suppose T' € C’LRQ,,. Then,
ay; = )\1 — ’wt(TZ—Jr) + Z wt(Tj),

j=2

A=A+ > wi(Ty),
j=2

k
> wi(Ty) =0,
j=1

for all a; and X;. In particular, «; and X; are uniquely determined by A1 and T.
With T fized, let A\(A\1) and a(\1) be those elements of P* determined by \;.

Proof. We begin by establishing the formula for A;. Proceed by induction. The base
case is clear. Now assume the formula holds for \;_; with 1 < i < k. From the

term CLRi’f X CLR)"f’l, we see o = \j—1 — wt(7; ) so by induction, a; = A +
> WH(Th) = wi(T,) and s = i + wit(T;7) = M + 35, wi(T})
Next, we establish the third equality. We have,

k
A=A+ > wt(T))

j=2

Notice from the CLR™ L X CLRM™ _ factor, we also have,
ar,v i,V

A = wit(Ty ) + .
)\1 = Wt(TlJr) + aq.

Subtracting the two expressions for A\ yields

k
> wt(Ty) = 0.
j=1

From the term CLRQ? - Wesee o = Aj — wt(T;7) = A\ + Zj—zz wt(Ty) — wt(T;).
o O

Lemma 4.9 shows that with T fixed, there is at most a 1-parameter family
of CLR) , containing 7. We choose to parameterize this family by A;, but note

o,V

that any choice of a fixed \; or a; uniquely constrains CLR;\W and could be used
as parameter. The lemma below shows that the cyclic nature of the representation
constrains the set of distinguished tableaux.

LEMMA 4.10. T € SST(v) is distinguished if and only if 2?21 wt(T;) = 0.

Proof. Say T is distinguished. Then T' € CLRi‘W for some A and « so by Lemma 4.9,
k
0= Zj:l Wt(T])
Now suppose Zle wt(T;) = 0. We must show T € CLRQ}V for some A, a € P*. To
do this, we require two things. First, a; > e(T;") and a; > (T;") for all i. This ensures

A TW + . . —
T € CLRa’t+t(T1 ) and similarly for T, . Second, we have to make sure the \; are

iV,

Algebraic Combinatorics, Vol. 7 #6 (2024) 1610
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compatible, that is the two formulas for A;, \; = ai—i—wt(Tf) and \; = a1 +wt (T )
are equal. '

By Lemma 4.9, to achieve \; compatibility, we must have \; = A\; + Z;ZQ wt(T5)
for i > 1 and Z?Zl wt(T;) = 0, i.e. we are constrained to work within the family
parameterized by A;. The proof comes down to showing this family is not empty
by selecting a \; large enough that a; > 5(T+) and o; > ¢(I;) for all i. As o; =

A — wi(T5) + Z 2Wt(T) this can be achieved by selectlng A = sup{e(TF) +
wt(T;) — 23:2 wt(7;)}F_,. Indeed, then

@i =M = wi(T}) + ) wi(T)
Jj=2

> [e(TF) + wt(T,F) Zwt — wt(T;") + iwt(Tj)
= e(TH). )

3

So we have «; > E(Tijt)7 which shows \; and «; are partitions and hence T is
contained in CLRQVV
O

DEFINITION 4.11. We isolate a least upper bound from the proof of Lemma 4.10 in this
definition. For T € D(v) define Amin(T) = sup{e(T5) + wt(T;") — 2122 wt(T;)}r_,.

Note that Ay exists. It can be explicitly constructed as follows. Notice we can work
in Py if we choose N large enough. ertlng each Si = e(TE)+wt(T;") - 2322 wt(7})
in terms of the w; basis as Sj = afjwl = ...+ aNij. Set a; = max{a“,...,aiik},
that is a; is the maximum coefficient of w; across the Sii. Then Apin (T) = ajwi +-- -+
anwy . Notice also that S;” = (T;")+wt(T},") is a partition by the tensor product rule
for crystals, that is Sf = aflwl 4+ 4 a}le with a1; € Zy for all i. Hence, a; > 0
for all i.

Next, we give a name to the set of partitions parameterizing the CLRQ}V contain-
ing T
DEFINITION 4.12. For T € D(v) let St be the set of all Ay € P such that T €

A(A1)
CLRa(/\ll) e
LEMMA 4.13. For T € D(v), T € CLR)\") , if and only if A1 > Amin(T).
Proof. This follows from the proof of Lemma 4.10. O
LEMMA 4.14. For T € D(v), St = Apin(T') + P.

Proof. This follows from Lemma 4.13 by observing that Api, (7)) is the unique minimal
element in St so for any § € Sy we can write § = Apin(T) + (§ — Anin(T)). O

Hence, for T' € D(v), we have a 1-parameter family of CLRQW containing 7', now
parameterized by € P. We define the following functions

Ai(T,8) = Ain (T) + 6 + Z wt(T})

@i(T,8) = Amin(T) + 6 — wt(T7F) + i:wt(T )

Algebraic Combinatorics, Vol. 7 #6 (2024) 1611
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Then this family can be written explicitly as

k
)‘i(T’é) i— I(T(S) .
{JICLRS g CLR) 107+ 5P}

LEMMA 4.15.

Proof.

A(T,8) = Amin(T) + 6 + Z wt(T})

= Amin(T +®+Zwt

=\(T,2) + 0.
0

Denote A;(T, @) by A\;(T') for simplicity. We isolate the following key lemma which
should be viewed as a combinatorial separation of variables.

LEMMA 4.16.
1 .
ok = X P
=1 seP TeD(v)
Proof.
1 o N (T0)]
T 1 _ ki W (a,k) = Z Zq
[Tz (1= ™) TED(v) 6€P
- ¥ S Eh e
TeD(v) SEP
- ¥ quw@j;lm (T,2)
TED(v) 5EP
S qu:1 i(T2)]
seP TeD(v)
where in the second line we used Lemma 4.15. O

From this, the main theorem is immediate. Cancel » 5 p ¢"° with the invari-
ants 1/ T, (1 — ).
THEOREM 4.17.

Z Z@ L)

TeD(v)
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