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New 2-closed groups that are not

automorphism groups of digraphs

John Bamberg, Michael Giudici & Jacob P. Smith

ABSTRACT In this paper we extend the construction of Giudici, Morgan and Zhou [8] to give
the first known examples of nonregular, 2-closed permutation groups of rank greater than 4
that are not the automorphism group of any digraph. We also show that this construction only
gives examples for four particular primes.

1. INTRODUCTION

The orbitals of a permutation group G acting on a set 2 are the induced orbits of
G on Q x Q. In 1969, Wielandt [13] introduced the 2-closure G?) of a permutation
group G on a set ), defined as the largest permutation group on €2 that has the same
orbitals as G. A permutation group is said to be 2-closed if it is equal to its 2-closure.
A permutation group is reqular if it is transitive and all its point stabilisers are trivial.

A digraph T" is a structure consisting of a set V(I') of vertices, along with a set of
arcs E C V2 not containing (v,v) for any vertex v. A graph is defined similarly, but
with edges rather than arcs, where each edge is a 2-subset of V. Automorphism groups
of graphs and digraphs are always 2-closed, but not every 2-closed permutation group
is the automorphism group of a digraph. In this paper we give new examples of such
2-closed groups.

The classification of the finite regular permutation groups that are not the auto-
morphism group of any graph was an area of active research throughout the 1960s
and ’70s, and was completed by Godsil [9] in 1978. Babai [2] later showed that only
five of these groups are not the automorphism group of any digraph.

Few papers have studied the nonregular permutation groups that are not the au-
tomorphism group of any digraph. Ming-Yao Xu [15] motivated the search for these
groups in 2008. Defining N5R to be the set of degrees of all the 2-closed transi-
tive permutation groups with no regular subgroups, and NC to be the set of all
orders of vertex-transitive non-Cayley graphs, Xu claimed that in order to determine
NoR ~ NC, “we should first find nonregular 2-closed groups that are not the full
automorphism groups of (di)graphs." Giudici, Morgan and Zhou [8] found the first
examples of such groups in 2023. They gave three infinite families of nonregular groups
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that are not the automorphism group of any digraph, along with several isolated ex-
amples. The groups they found all have rank 4, where the rank of a permutation
group is its number of orbitals. Moreover, they fully completed the classification of
the finite, nonregular, primitive permutation groups of rank at most 4, other than
1-dimensional affine groups, that are not the automorphism group of any digraph.

Another motivation for the study of 2-closed groups that are not the automorphism
group of a digraph is the Polycirculant Conjecture. Originally, Marusi¢ [12] asked if
the automorphism group of a vertex-transitive digraph always contains a semiregular
permutation, that is, a nontrivial permutation with all cycles having the same length.
This question was later extended by Klin [6] to the class of all vertex-transitive 2-
closed groups and is now known as the Polycirculant Conjecture. See [5] and [1] for
more information and recent results. Understanding the 2-closed groups that are not
the automorphism group of a digraph yields information about the extent to which
the Polycirculant Conjecture is more general than Marusi¢’s original question.

One of the infinite families given by Giudici, Morgan and Zhou [8] is the family
containing G(m, 3), as defined in Definition 3.1, for all integers m > 2. In this paper
we show that this family can be generalised to groups of higher rank with the same
properties, thus giving the first known nonregular permutation groups of rank greater
than 4 that are not the automorphism group of any digraph.

The following theorem is the main result of this paper.

THEOREM 1.1. Let m > 2 be an integer and let p be a prime. Then G(m,p), as
defined in Definition 3.1, is a 2-closed, nonreqular permutation group that is not the
automorphism group of any digraph if and only if p € {3,5,7,13}.

This result follows from Theorems 4.1, 4.2, 4.3, 4.4 and 5.2. If p is 5, 7 or 13, the
group G(m,q) has rank 5, 5, or 7 respectively. It remains open whether examples
exist of arbitrarily large rank. We note here that all 2-closed groups constructed in
this paper contain a regular subgroup, and hence a semiregular permutation, and so
do not give counterexamples to the Polycirculant Conjecture.

2. PRELIMINARIES

2.1. GRAPH THEORY. The Hamming graph H(d,q), where d and q are positive inte-
gers, is the graph whose vertices are the d-tuples of elements from the set {1,2,...,q},
and in which two vertices are adjacent if and only if they differ in exactly one coor-
dinate. By [4, Theorem 9.2.1], its automorphism group is S, 1 .Sy.

Let G be a group, and let S be a nonempty subset of G\ {1g}. The Cayley digraph
Cay(@, S) is the digraph whose vertices are the elements of G, and in which each pair
(g9,h) € G x G is an arc if and only if gh~! € S. The following is a simple consequence
of [10, Lemma 3.7.3].

LEMMA 2.1. Suppose V is a vector space with a subset S, and let C' be the Cayley
digraph C = Cay(V, S), where V is considered as an additive group. Then any invert-
ible linear transformation of V is an automorphism of C' if and only if it preserves

S.

If G is a permutation group acting on a set €2, then each orbital B has a corre-
sponding orbital digraph, defined as the digraph with vertex set (2 and arc set B.

2.2. Cross-RATIOS. Consider a line ¢ in the projective space PG(n, F'). If we choose
reference vectors v,w € F™t1 such that / is the 2-space generated by v and w, then
every vector in £ has the form A\jv + Aow for some Ay, Ay € F. Therefore all the
1-spaces (or projective points) contained inside £ can be expressed as either (w) or
(v 4 Aw) for some unique A € F'. This means that if we define P,y = (v + Aw) for all
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(& r

0, (PQ)(RS), (PR)(QS), (PS)H(QR)

(PR), (@S5), (PQRS), (PSRQ) )
(PS), (QR), (PQSR), (PRSQ) 1—r
(PQ), (RS), (PRQS), (PSQR) ;

(PQS), (PRQ), (PSR), (QRS) .
(PQR), (PRS), (PSQ), (QSR) =

TABLE 1. Values of " in terms of r for each o € Sym({P, @, R, S}),
given r = R(P,Q; R, S) and ' = R(P?,Q%; R%,57).

A€ F,and Py = (w), then each point P on the line £ can be expressed uniquely in
the form Py, where A € F'U {oo}.

Using the above notation, as well as the convention that division by zero yields
infinity and vice versa, the cross-ratio of four points P4y, P(p), P(c), P(p) on the line
{ is defined as follows:

C—-A)D-B
R(Piay, Fyi Pey, Pioy) = EC— B)) ((D — A;

Although this defines the cross-ratio in terms of the arbitrarily chosen reference
vectors v and w, it can be shown that the cross-ratio of any four collinear points
does not depend on the choice of reference vectors (see for example [7, Section 3.5,
Theorem 1]).

It is well known that if § € PGL(n + 1, F), then 8 preserves the cross-ratio of
any four collinear points P, @, R, S € PG(n, F'). That is to say, R(Pe, Q% R?, SQ) =
R(P,Q;R,S). The following result [3, Lemma 4.4] illustrates how the cross-ratio
R(P,Q; R, S) of any four points is affected by a reordering of the points.

€ FU{oo}.

LEMMA 2.2. Let P,Q,R,S be four collinear points in PG(n,F), and let o €
Sym({P,Q, R,S}) be a permutation of these points. Let r = R(P,Q; R, S), and let
r’ be the cross-ratio of the points’ images under o, that is, ¥’ = R(P?,Q%; R",S57).
Then the relation between v and v’ is given in Table 1.

2.3. TENSOR PRODUCT DECOMPOSITIONS. Suppose V and W are n- and m-
dimensional vector spaces over a field F, with bases, respectively, {vi,va,...,v,}
and {wy,wa,...,wn}. If A € GL(V) and B € GL(W), denote by A o B the linear
transformation of V' ® W mapping v; @ w; to vf‘ ®ij foralll<i:<nand1<i<m.
Denote by GL(V) o GL(W) the group of all such linear transformations.

The following is from Lemma 4.4.5 of [14].

LEMMA 2.3. Let X =V @ W. If § € GL(X) preserves the set of all simple tensors,
then 6 preserves the tensor product decomposition V Q W.

3. THE GROUP G(m,q)

Here we define the main family of groups discussed in this paper.
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DEFINITION 3.1. Let F' be the field GF(q) where q is an odd prime power, and let
V and W be 2- and m-dimensional vector spaces over F, respectively, with m > 2.
Let {e1,e2} be a basis for V, and let {f1, fo,..., fm} be a basis for W. Now define
Ds < GL(2, q) to be the following group of linear transformations of V', expressed with
respect to the basis {e1,ea}:

g 2= (o) [a])
Finally, the group G(m,q) is defined as follows.
G(m,q) = (V@ W) x (Dg o GL(m,q)) < AGL(2m, q).
3.1. SUBORBITS. Let V, W and F be as defined in Definition 3.1, and for convenience

let G = G(m, q). We will refer to the orbits of the point stabiliser Gy = Dgo GL(m, q)
as the suborbits of G. The following lemma will be of use in determining the suborbits.

LEMMA 3.2. (e, e2)"® = {(e1, +e2), (—e1, +e2), (e, £e1), (—ea, e1)}.
Proof. This follows from the definition of Dg in Equation (1). O

Clearly, the set 6 = {0} C V @ W is an orbit of Gy on V @ W. Let A4 be the orbit
of Gy containing the vector e; ® f;. Then

Agy=(e1® 1) ={ef @ filae€ Dg, g€ GL(m,q)}.
It can be seen from Lemma 3.2 that elD8 = {£e1,tes}, hence we have
Ap={ter@w, s @w |w e W~ {0}}
= (({er) ® W)U ((e2) @ W) ) \ {0}
Let Ap be the orbit of G containing the vector e; ® f1 + e2 ® fo. Then
Ap=(e1®@fit+ea® fo) ={el @ +e2® ff|ae Ds, g CGL(m,q)}.

Using Lemma 3.2 and the fact that GL(m, ¢q) acts transitively on the set of pairs of
linearly independent vectors, we find that

Ap={e1 @w; * es @ ws, —e1 @ Wy + €3 @ ws | wy,ws € WN{0}, dim (wy,ws) =2}
={e;1 ®wi + e2 @ wa | wy, wes € W~ {0}, dim (w1, ws) = 2}.

That is, Ap is the set of all non-simple tensors in V ® W.
The remaining orbits of Gy will each be denoted by Ay for some A € F ~\ {0} using
the following definition:

(2) Ay ={(e1 £Xex) ®@w, (e1 £X 'es) @w | we W~ {0}}.

To see that each Ay is a (not necessarily distinct) orbit of Gy, let A € F' \ {0}, and
let A be the orbit containing the vector (e; + Aes) ® f1. Then

A= ((e1 + Aea) ® f1)°
={(e1 +Xe2)* ® f/ | a € Dg, g € GL(m,q)}
={(ef + Xe3)® f{ | a € Ds, g € GL(m,q)}.
Using Lemma 3.2, we have
A= {(el £ Aes) @w, (—ep £ Aea) ® w,

(eatXe1)@w, (—eatAer)@w | weW N {O}}

={(e1£Xe2)@w, (e £X 'es) ®@w | we W ~{0}}

=A,.
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To summarise, the suborbits of G are §, A4, Ap, and Ay for each A € F \
{0}, noting that different values of A may correspond to the same suborbit (see the
following lemma).

LEMMA 3.3. If A\, u € F ~ {0}, then Ay = A, if and only if p € {£X, A7}
Proof. This follows immediately from the definition given in Equation (2) above. O

3.2. ORBITAL DIGRAPHS. Denote the non-trivial orbitals of G(m, ¢) by B4, Bg and
B, such that they correspond to the suborbits A 4, Ap and A respectively for each
A € F ~ {0}. Denote by 'y, ' and 'y the corresponding orbital digraphs. Since
G(m, q) contains the regular normal subgroup V @ W, the orbital digraph correspond-
ing to any suborbit A is the Cayley digraph Cay(V @ W, A).

To check whether G(m,q) is the automorphism group of any digraph, it suffices
to check only the unions of the non-trivial orbital digraphs. Some of these orbital
digraph unions are isomorphic to the Hamming graph H(2,¢™); to see this, we first
note [8, Lemma 3.1] which is as follows.

LEMMA 3.4. Suppose X and Y are m-dimensional subspaces of V.® W such that
VoW =Xa@Y, andlet S = (X UY )~ {0}. Then the Cayley digraph Cay(V @ W, S)
is isomorphic to the Hamming graph H(2,q™).

Using this result, we can prove the following two lemmas.

LEMMA 3.5. The group G = G(m,q) is not the automorphism group of its orbital
digraph T 4, nor of I'p.

Proof. Tt we let X = (e1) @ W and Y = (e2) ® W, then X and Y are m-dimensional
subspaces of V ® W that intersect only at 0, so V@ W = X @Y. Since 'y =
Cay(V@W, Ay) and Ay = X UY ~ {0}, it follows from Lemma 3.4 that T'4 is
isomorphic to the Hamming graph H(2,¢™). Since this has automorphism group
Sgm 182, it is clear that Aut(I'4) is much larger than G.

Recall that Ap is the set of all non-simple tensors in V ® W, and is therefore
invariant under GL(2, ¢) o GL(m, q). Hence Gy < GL(2, ¢) o GL(m, ¢) < Aut(I's), by
Lemma 2.1, so G is not the full automorphism group of I'g. O

LEMMA 3.6. The group G(m,q) is not the automorphism group of its orbital digraph
Ty, nor of T'; for any i € GF(q) such that i* = —1.

Proof. Let X = (e1 +e2) @ W, and let Y = (e; — e2) @ W. Then X and Y are
m-~dimensional subspaces of V' ® W that intersect only at 0, so VW =X @Y.
Recalling the definition of A;, we see that

A ={(le1xe)@w|weW~{0}} =XUY {0},

so by Lemma 3.4 we have I'y = Cay(V @ W, A1) = H(2,q™).
Now if 42 = —1, then i~! = —i. It follows that

A;={(e1 Liea) @w | we W~ {0}}.

Using the same argument as above, but with X = (e; +ies)@W and Y = (e7 —ie2)®
W, we see that T'; is also isomorphic to H(2,¢™). The automorphism group of
H(2,¢q™) is Sgm 1 S2, which is much larger than G, so we conclude that G is not
the automorphism group of I'y nor T';. O

PROPOSITION 3.7. The group G(m, q) acts primitively on V @ W.

Algebraic Combinatorics, Vol. 7 #6 (2024) 1797
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Proof. By [11, 1.12], it suffices to show that all the nontrivial orbital digraphs are
connected. We have seen in the proof of Lemma 3.5 that I'4 is isomorphic to the
Hamming graph H(2,¢™) and is therefore connected. Recall that I'p is the set of
tensors in V ® W that are not simple, and observe that any nonzero simple tensor
vRw eV ®W is the sum of two simple tensors via

— 1 / / 1 / /
VR W= 21)®w+v Rw | + 2v®w—v X w

for some v' € V and w’ € W such that dim (v, v") = dim (w,w’) = 2. Hence Ap is a
generating set for the group V@ W, so I'p = Cay(V @ W, Ap) is connected.

Now consider the orbital digraph I'y = Cay(V ® W, Ay) where A\ € GF(q) \ {0}.
Let X = (e14+Xea) @ W, let Y = (e — Ae2) @ W, and let §, = (X UY) ~ {0}.
Observe then that dy is a subset of Ay, so it suffices to show that Cay(V @ W, §,)
is connected since it is a subgraph of I'y. Since X and Y are m-dimensional sub-
spaces of V ® W that intersect only at 0, we have that V@ W = X @ Y. Hence by
Lemma 3.4, Cay(V ® W, §,) is isomorphic to the Hamming graph H(2,¢™), and is
therefore connected as required. O

3.3. AUTOMORPHISMS OF THE ORBITAL DIGRAPHS. In this section we take z € {4,6}
and I = {1,2,...,z}. Foreach i € T we define u; € GF(q), such that each p; is distinct.

DEFINITION 3.8. For each odd i € I, consider the following direct sum decomposition
of Ve W:
VW = ({ex + piea) W) @ ({e1 + pir1e2) @ W).
Then for each odd i € I and each x € V @ W, define m;(x) and mi41(x) to be the
unique vectors in W such that
2= (14 piea) @ (@) + ((e1 4 pisrer) @ i (@) ).
LEMMA 3.9. Let x,y € V@ W, let k € GF(q) and let i € I. Then m(z+y) =
mi(x) + mi(y) and m;(kx) = k().
Proof. We have
r+y=(e1+mes) ®m(x)+ (€1 + p2e2) @ ma(z)
+ (e1 + pe2) @ mi(y) + (e1 + pze2) @ m2(y)
= (e1+ pre2) ® (mi(z) + m(y)) + (e1 + p2ez) @ (m2(z) + m2(y))
and
ka = £ ((e1 + pre2) @ mi(x) + (e1 + poe2) @ ma(x))
= (e1 4+ pe2) ® kmi(z) + (€1 + poe2) ® ke (),
so we see the lemma holds for ¢ € {1,2}. The proof is similar for i € {3,4,5,6}. O
LEMMA 3.10. Let i, 5,k € I such thati # j. Then there exist k1, ka € GF(q) such that
mp(x) = kimi(x) + Kom;(x)
holds for all x € V @ W. Moreover, if i, j, k are all distinct then k1 # 0 and ko # 0.

Proof. This is clearly true if k =4 or k = j, so assume that ¢, j, k are all distinct.
First, suppose z = 4. It follows from Definition 3.8 that

e1 ® (my(x) + ma(x)) 4+ e2 @ (pami(w) + poma(z))
=e1 @ (m3(z) + ma(x)) + €2 ® (u3ms(z) + pama(w))
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for all x € V @ W, and hence
e1 ® (m(z) + m2(x) — m3(x) — ma(x))
+ €2 @ (i (x) + poma(z) — psms(z) + pama(x)) =0
for all x € V @ W. This gives us
(3) mi(z) + ma(z) — m3(x) — ma(x) =0,
(4) pam(x) + poma(x) — pams(w) — pama(x) =0

for all x € V ® W, from which we can solve for 7 () in terms of m;(x) and 7;(x).
For example, if kK = 1 we have

m(x) = Mm(gj) + Mw)(m)’

H1 — fq H1 — M4

m@) = T2 ) + BT (),
M1 — p3 M1 — p3

m(z) = Mﬁs(x + Mm(x)
H1 — M2 H1 — M2

for all z € V@ W. Since u1, pa, i3, pa are distinct, the above coefficients are defined
and non-zero. It is simple to verify that this also holds for k € {2,3,4}.
If z = 6, then we have the following in addition to Equations (3) and (4):

(5) m1(z) + me(x) — m5(x) — me(x) = 0,
(6) pam(z) + peme(x) — psms(z) — peme(z) = 0
for all z € V. @ W. We can then use Equations (3), (4), (5) and (6) to solve for ()
in terms of m;(x) and 7;(z) similarly to the case where z = 4. O

LEMMA 3.11. Given any i,j € I with i # j, and any w,w’ € W, there exists a unique
z €V @W such that mi(x) = w and mj(z) = w'.
Proof. From Lemma 3.10 there exist some k1, k], ko, k5 € GF(q) such that
(7) mi(z) = mmi(x) + Ky (@),
(8) m2(2) = Komi(z) + Ko7 (2)
for all x € V ® W. Therefore letting
= (e1 + pre2) ® (k1w + kjw') + (e1 + pzez) @ (kow + khw'),

we know that Equations (7) and (8) must hold. Note that if kik, = K{ka, then
solving these equations simultaneously for m;(x) and m;(z) would not be possible,
contradicting Lemma 3.10. Solving the equations simultaneously therefore yields

_ khmi(x) — Kjma(x)

(z
mi(#) K1Kh — KK
Ky (Kiw + Kjw') — K (kow 4 KHw')
B K1Kh — KK
= 'LU,
I<627T1(CL') — H17T2({,C)
mj(x) =

/ /
R1R2 — RK1kq

R (kw4 Kjw') — Ky (Kow + Kyw')

KlKe — K1k}
=
To see that x is the only vector that satisfies these criteria, suppose that m;(y) = w
and 7;(y) = w’ for some y € V ® W. Since Equations (7) and (8) hold if each
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occurrence of z is replaced with y, we have m1(y) = k1w + £jw’ and 7 (y) = Kow +
rhw'. Hence

y=(e1 + pre2) @ (kiw + kKjw') + (e1 + poes) @ (kow + KHw') = . O
DEFINITION 3.12. For each i € I and x € V ® W, we define the set
li(x)={a e VW |m(a)=m(z)}.
LEMMA 3.13. If y € ¢;(x), then £;(y) = £;(x).
Proof. This follows trivially from Definition 3.12. 0

LEMMA 3.14. Let z,y € VQ W and let i,j € I such that i # j. Then {;(x) and ¢;(y)
intersect at exactly one vector.

Proof. For any a € V@ W, we know that a € £;(x) N¢;(y) if and only if m;(«) = m;(2)
and m;(a) = m;(x). This is true for precisely one vector in V' ® W according to
Lemma 3.11. O

LEMMA 3.15. Let x,y € V@ W and let i € I. If £;(x) N ¢;(y) is nonempty, then
y € ;(x).
Proof. Let a € €;(x)NL;(y). Then m;(a) = m;(x) = m;(y), so y € £;(x) as required. O
DEFINITION 3.16. Let A be the subset of V@ W defined by

A={(e1 +piex) @w|iel, we W {0}},
and let T' denote the Cayley digraph Cay(V @ W, A).
LEMMA 3.17. Fach ¢;(x) is a clique of size ¢™ of the Cayley digraph T'.

Proof. We will demonstrate this for ¢ = 1; the proof is similar if ¢ € {2,3,4,5,6}.
Ifz e V®W, then

bz)={ye VoW |m(y) =m(z)}
= {(e1 + pe2) @ m1(x) + (€1 + poe2) ®w | w € W},

so [i(z)| = [W] = q™.
Now let y and 3’ be distinct vectors in ¢1(x). Then 71 (y) = m1(y') = m(z), but
ma(y) # ma(y') since y # y'. Therefore

y—y = ((e1 + pre2) @ mi(y) + (e1 + poez) ® ma(y))
— ((e1 + pre2) @ m(Y') + (e1 + pae2) @ m2(y'))
= (e1 + pae2) @ (ma(y) — m2(y'))
eA

so x and y are adjacent in T. O
LEMMA 3.18. Let 2,y € V@ W be adjacent in T'. Then m;(x) = m;(y) for some i € 1.

Proof. We have y—z € A, soy—x = (e1 + pje2) @w for some j € I and w € W~ {0}.
If j =1, then
(e1+pie) @w =y —x
= ((e1 + pae2) @ mi(y) + (e1 + poe2) ® m2(y))
— ((ex + pae2) @ m(x) + (€1 + poez) ® ma(x))
= (e1 + pe2) ® (mi(y) — m1(x)) + (€1 + p2e2) @ (m2(y) — m2(x))

and therefore m3(y) — m2(x) = 0 as required. The proof is similar if j € {2,3,4,5,6}.
O
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LEMMA 3.19. If ¢ > z and { is a clique of size ¢" of T, then £ = £;(x) for some i € I
and some x € V@ W.

Proof. Since 22 < ¢*> < ¢™, there exist distinct vectors z,y1,%2,...,%,2 € £. By
Lemma 3.18, each of the y; lies in at least one of the cliques {¢1(x), l2(x), ..., . (x)},
so there must exist some ¢;(x) that contains at least z elements of {y1,ya,...,y.2}.
Denote these by x1,x2,...,x,.

Now assume for contradiction that ¢ # ¢;(z). Using Lemma 3.17 we see that £
and ¢;(x) have the same cardinality, so £ is not contained in ¢;(x). Hence there must
exist some u € £\ £;(x). Since u is adjacent to each of the vectors zy,...,z,, by
Lemma 3.18 there must exist some i1,42,...,4, € I such that xp € ¢;, (u) for all
ke {1,2,...,z}. Since u ¢ ¢;(x), Lemma 3.15 implies that ¢;(x) and ¢;(u) do not
intersect. It follows that none of the zj lie in ¢;(u), so none of the iy are equal to 1.
But |I ~ {i}| = z — 1, so by the pigeonhole principle there exists some j € I ~\ {i}
such that at least two of the i, are equal to j. Thus ¢;(u) contains at least two of the
Zg, 50 £;(u) N{;(x) contains at least two vectors. This contradicts Lemma 3.14, so we
conclude that ¢ = ¢;(x). O

LEMMA 3.20. Let g > z, letx,y € VW, leti € I and let 0 € Aut(T"). Then there exist
2y € VoW and a unique i’ € I such that (;(x))’ = €;(z') and (¢;(y))? = (/).

Proof. Since ¢;(z) is a clique of size ¢™ of T' by Lemma 3.17, it follows that (fi(x))e
must also be a clique of size ¢™ of I'. Therefore, by Lemma 3.19, there exist some
2/ € VoW and ' € I such that (¢;(z))’ = £;(2'), with i being unique as the
existence of multiple possible values would contradict Lemma 3.14. Similarly, there
exist some 3’ € V @ W and i” € I such that (¢;(y))? = € ().

First suppose y € ¢;(x). Then we have ¢;(y) = ¢;(z) from Lemma 3.13 and hence
()" = (€;(x))? = £y ('), so the result holds in this case.

Now suppose instead that y ¢ ¢;(z). By the contrapositive of Lemma 3.15 we have
0;(x)N;(y) = @. Hence (¢;(2))? N (¢;(y))? = @. This means that £, (z/) Nl (y) = @,
which contradicts Lemma 3.14 unless ¢/ = i”. The result follows. O

As a consequence of Lemma 3.20, provided ¢ > z we can define an action of Aut(I")
on I such that, if (éi(x))g =y (2') for any z,2’ € VW and § € Aut(T), then i¥ =i’
LEMMA 3.21. Let ¢ > z, let z,y € VQ W, and let 0 € Aut(T"). If m;(x) = m;(y), then
6 (Ie) = ;0 (ye) .

Proof. Since £;(x) is a clique of size ¢" of I by Lemma 3.17, it follows that (4i(z ))
also a clique of size ¢™. Lemma 3.19 therefore implies that (£;(z))’ = ¢, (2') for some
2’ € VW and i’ € I. Then i = i, and since z € ¢;(z) we know z? € (£;(2))? =
l;0(x'). Lemma 3.13 then asserts that ;0 (2") = £;6 (2”). Now since y € £;(z), we must

have y? € (0;(x))? = 0 (27) and the result follows from Lemma 3.13. O

LEMMA 3.22. Let ¢ > z, let x € V@ W and let 0 € Aut(I'),. If mi(x) = 0 for some
i €1, then m;e (xe) =0.

Proof. Observing that m;(0) = 0 = 7;(z), we have from Lemma 3.21 that w0 (z¥) =
7m0 (0%) = 70 (0) = 0. O

LEMMA 3.23. Suppose q > z and q is prime, and let 8 € Aut(T"). If
7o ((a+8)") =m0 (o) + mi0 (8°)
holds for all a, 8 € V@ W and i € I, then 0 is a linear transformation of V. W.
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Proof. As V @ W is a vector space over a field of prime order g, it suffices to show
that 6 preserves addition. Indeed, for all o, 5 € V ® W, we see that

(a+8)" = (e1 + pre2) @ m ((04 + 5)9> + (e1 + paes) ® o ((04 + 5)9)
= (e1 + pe2) @ (mi(a”) +m1(B%)) + (€1 + pae2) @ (m2(”) + m2(87))
= (e1 + p1e2) @ M1 (040) + (e1 + pgea) ® mo (ae)
+ (e1 + pre2) ® m (ﬂe) + (e1 + poea) ® o (59)
—af 4

as required. O

LEMMA 3.24. Suppose q > z and q is prime, and let 6 € Aut(I"),. Then 0 is a linear
transformation of V@ W.

Proof. Let z,y € V ® W, and let i,j,k be distinct elements of I. In light of
Lemma 3.23, it suffices to show that

0
0 ((x +y) > =m0 (2%) + e (v7).
According to Lemma 3.10 there exist non-zero k1, ke, K}, kK € GF(q) such that

9) T(u) = K1mi(u) + Komj(u),
(10) o (u) = Km0 (u) + Ko (u)

forallue Vo W.

According to Lemma 3.11, we can define a € V ® W such that 7;(a) = m;(z) and
mj(a) = 0. Hence Equation (9) gives mi(a) = r1m;(a) + komj(a) = k1 (x).

Now define b € V' @ W such that m;(b) = m;(y) and m;(b) = —m;(y). Hence
Equation (9) gives m(b) = k1m;(b) + rom;(b) = 0.

Finally, define ¢ € V@ W such that m;(c) = mi(z) + mi(y) and 7;(c) = —5Lmi(y).
Observe that m;(c) = m;(b), so we have

o (ce) =6 (be) (using Lemma 3.21)
/
1
= —K—}wie (0%) + — o () (using Equation (10))
K K
!/
(11) = —illﬂ'ie (v%). (using Lemma 3.22)
K2

Observe also that
mi(c) = kim;(c) + komj(c) = kimi(z) = mr(a),

which gives us

0 (09) = Mo (ag) (using Lemma 3.21)
= ki (a°) + Khmje () (using Equation (10))
(12) = Kyme (a). (using Lemma 3.22)

Making use of Lemma 3.9, we have

mi(z +y) = mi(x) + mi(y) = mi(c).

Algebraic Combinatorics, Vol. 7 #6 (2024) 1802



New 2-closed groups that are not automorphism groups of digraphs

We therefore conclude that

) ((x + y)a) =m0 (?) (using Lemma 3.21)
1 9 /45/2 0 . .
= —mpo () = 2750 () (using Equation (10))
Ky Ky
= ;0 (ao) + 0 (ba) (using Equations (11) and (12))
=m0 (2%) + 0 (v7) (using Lemma 3.21 on each term)
as required. O

LEMMA 3.25. Suppose q¢ > z and q is prime, and let 6 € Aut(I'),. Then § € GL(2,q)o
GL(m, q).

Proof. We first note that 6 is a linear transformation of V@ W by Lemma 3.24, so
it preserves the set A by Lemma 2.1. If 6 preserves the set of all simple tensors then
by Lemma 2.3 it would preserve the tensor product structure of V ® W, and would
hence lie in GL(2, q) o GL(m, q) due to the asymmetry of A on this tensor product
structure. Therefore, letting  be an arbitrary simple tensor in V ® W, it suffices to
show that 2 is a simple tensor.

Since x is a simple tensor, we must have x = (v1e1 + vae2) ® w for some vy, 15 €
GF(q) and w € W. Suppose first that —pary + v = 0. Then

xr = (V161 + ,LL2V162) Rw = (61 + /LQBQ) Quriw e AU {O}

Since A U {0} is preserved by 6 and contains only simple tensors, it follows that ¢ is
a simple tensor as required.

Now suppose instead that —pusr1 + 9 # 0. It is easy to check using the definition
of = that

— Ul + V- V1 — U
v = (61 + pes) ® (ﬁmw> (61 + paea) ® (Mw)
H1 — U2 H1 — M2

It follows immediately that

mivy — V2
13 m(r) = ——— 1 (x).
(13) 2(a) = L @)

By Lemma 3.11 we can define y € V ® W such that 7 (y) = 71 (x) and m3(y) = 0.
Then Lemmas 3.21 and 3.22 respectively give

(14) T8 (yg) = M9 (959)7
(15) 730 (y7) = 0.

According to Lemma 3.10 there exist x1, k3, &1, K%, (1, t2, ¢4, th € GF(q) such that

(16) ma(y) = rami(y) + Ksms(y),

(17) a0 (y°) = Kymie (%) + Kymae (4°),
(18) T (xe) = 11710 (a:e) + 19790 (1‘0),
(19) ma(2%) = im0 (29) + oo (7)),
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where k1 # 0. Hence we have

7r2( mivy — V2 y)
K1 (—pov1 + 12)

M1Vl — V2

= 7 using Lemma 3.9

K1 (—pov1 + 112) 2(v) ( & )
vy — V2 . .

=— = (& + K using Equation (16

P S (k1m1(y) + K3ms(y)) (using Eq (16))
M1V — V2 .
e m @) (since 7 (y) = m1(2) and 75(y) = 0
= mo(x). (using Equation (13))
Therefore
o6 (Ie)
0
= o (Wy> (using Lemma 3.21)
R1 (—M2V1 - 1/2)
= 90 <My9> (using Lemma 3.24)
K1 (—M2V1 - V2)
= Mﬂ'ge (yg) (using Lemma 3.9)
K1 (—,u21/1 - 1/2)
HiV1 — V2 / () / 6 : :

= ——— (k7m0 + Ka30 using Equation (17

Hl(_uzyl_yz)(ll(y) 3ms0 (y)) (using Eq (17))
M1Vl — V2 ’ 0 .

20 = ——— K Mo (x by Equations (14) and (15

(20) = i (o) (by Bquations (14) and (15))
and finally

2? = (e1 + pre2) @ m (xe) + (e1 + p2es) ® mo (xa)

= (e1 + p1e2) ® (L17T19 (J}e) + 19796 (1’6))
+ (e1 + p2e2) ® (0 (2f) + thmae (27))
(using Equations (18) and (19))

HilV1 — V2
= (61 + /1,162) ® <L17Tle (xe) + Lgmﬁaﬂ'ls (3}'0)>

' 0y 17l 0
+ (e1 + pges) ® (L17T19 (2%) + i o E—— V2)m17r19 (z )>
(using Equation (20))

— Hivy — V2 12 7]
= (e1 + pie2) ® <L1 + I e —— E— VQ)Hl) w0 (2”)

Hiv1 — 12 ’ 0
+ (e1 + poes) ® L/+L/l€>ﬂ'9$ ,
(e1 + p2e2) (1 251(*#21/1*1/2) 1] ™ ( )

so ¥ is equal to

V1 — V-
<L1 + L2‘u112,€’1) (61 + N1€2)
K1 )

(—pov1 — 12
HiV1 — V2 / 0
+ L’—|—L’/s:> e1 + poes) | @ mo(x
(4 b ) (14 ) ) @ e (o)

and is therefore a simple tensor as required. O
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PROPOSITION 3.26. Suppose q > z and q is prime, let p1, e, ps, ta be distinct ele-
ments of GF(q), and let T be as defined in Definition 3.16. Then Aut(I') < (V@ W) x
(GL(2, ) 0 GL(m, q)).

Proof. This follows from Lemma 3.25 and the fact that the group of translations of
V ® W is transitive. 0

4. SPECIFIC CASES OF THE PERMUTATION GROUP G(m, q)

We examine first the specific case where ¢ = 5, so let G = G(m, 5) and let F = GF(5).
From Lemma 3.3 we have A; = A, and Ay = Ag, so G has orbitals corresponding to
the suborbits §, A4, Ag, Ay and As. Thus G has rank 5.

THEOREM 4.1. The group G(m,5) is not the automorphism group of any digraph for
any m = 2.

Proof. Let G = G(m,5). It suffices to show that G is not the automorphism group of

any union of its four non-trivial orbital digraphs. We know already from Lemma 3.5

that G is not the automorphism group of I'4 or I'. Since 22 = 4 = —1 in the field F,

we have from Lemma 3.6 that G is not the automorphism group of I'y or I's either.
Consider the following orbital digraph union:

ApUA ={e1Qw, e2®@w, (e1te) @w |we W~ {0}}
={(1,0)®w, 0,1)®w, (1,)®@w, (1,-1)@w|weW \{0}}

with respect to the basis {e1,ea} of V. Consider the image of this union under the
linear transformation 6 = [} !, ] o I, where I denotes the m x m identity matrix. If
we take, for example, a vector of the form = = (1,1) ® w for some w € W N\ {0}, then
x € Ay UA; and its image under 6 is given by
11
zf = ((1,1) L _J) ® (wl)=(2,0)@w=(1,0)® (2w) € Ag UA;.

Tt is easy to check using a similar calculation that if 2 is a vector of the form (1,0)®@w
or (0,1) ® w or (1,—1) ® w, then the image of x under 6 lies in Ag U A;.

We have now seen that 6 preserves the set Ay U Ajp, which means 6 is an auto-
morphism of 'y UT'; by Lemma 2.1. Since 0 fixes the zero vector but does not lie
in Gy = Dg o GL(m,5), it cannot be an element of G. Therefore G is not the full
automorphism group of I'y UT';.

Now observe that

ApUAy={e1 Q@w, ea®@w, (e1 £2e2)@w |we W~ {0}}
={(1,0)®w, (0,1)®w, (1,2)@w, (1,-2)@w|weW ~{0}}.
It can be checked that the linear transformation [3%] o I preserves the set Ay U
As, hence it is an automorphism of I'y UT's by Lemma 2.1. Once again, this is an
automorphism that does not lie in G, so G is not the full automorphism group of
T'yuls.
Finally, we have
ATUAy={(e1 L e2) @w, (e1 £2e2)@w | we W~ {0}}
={L,)ew, (1,-1)®w, (1,2)w, (1,-2)w|we W \ {0}}.
It can be checked that the linear transformation [} 9] oI fixes the set A; U Ao, hence
it is an automorphism of I'; U T3 by Lemma 2.1. This automorphism does not lie in
G, so G is not the full automorphism group of I'y U T's.

The remaining orbital digraph unions are A yUA g, AgUA; and AgUA,, as well as
each union of three non-trivial orbital digraphs. However, these are the complements
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of orbital digraph unions that we have already checked, and every digraph has the
same automorphism group as its complement. Hence we conclude that the group
G(m, 5) is not the automorphism group of any digraph, as it is not the automorphism
group of any union of its non-trivial orbital digraphs. O

Next, take ¢ = 7, let m > 2 be an integer, and let G = G(m,7). As we are now
working in the field F' = GF(7), Lemma 3.3 gives us Ay = Az = Ay = Aj and
A; = Ag. Therefore the orbitals of G are those corresponding to the suborbits 6, A 4,
Ap, Ay and As, so G once again has rank 5.

THEOREM 4.2. The group G(m,7) is not the automorphism group of any digraph for
any m = 2.

Proof. The orbital digraphs 'y, I'g and I'; do not have G as their automorphism
group according to Lemmas 3.5 and 3.6.
The suborbit Ay as defined in Section 3.1 is given by

Ay = {(e1 £2e2) ®w, (e1£27'ex) @w | we W~ {0}}
={(1,2)®w, (1,3)®w, (1,4 @w, (1,5)@w|we W ~ {0}}.
It can be checked that this set is preserved by the linear transformation [} 2] o I.
Therefore by Lemma 2.1 this transformation is an automorphism of I's, and since it

does not lie in G we can conclude that Aut(T'y) # G.
Similarly, observe that

ArUA ={e1 0w, ea@w, (1t e)®w|we W\ {0}}
={(1,0)®w, (0,)®w, (1,1)®w, (1,6)@w|we W \{0}},
AAUA2:{61®U), es @w, (e £ 2es) @ w, (61:|:2’162)®w|w€W\{0}}
={(1,00®w, (0,1)@w, (1,2)@w, (1,3)@w, (1,4) @ w,
(L) @w | we W~ {0}},
AU A, :{(elj:eg)@m (e1 £ 2e2) ® w, (61i2_162)®w|w€W\{0}}
={(Lp)@w|peF {0}, we W {0}}.

It can be checked that these sets are fixed by the linear transformations [} *;] o I,

[1%]oT and [} 9] o1, respectively. As these transformations do not lie in G, it follows
from Lemma 2.1 that G is not the automorphism group of I'y UT'y, nor I'y UT's, nor
I'yurls.

Each of the remaining unions of non-trivial orbital digraphs is the complement of
one of the unions we have already checked. Hence G(m,7) is not the automorphism
group of any digraph since it is not the full automorphism group of any union of its
non-trivial orbital digraphs. O

We now consider the case where ¢ = 13, so let G = G(m, 13) and observe from
Lemma 3.3 that

Ay = Ago,
Ag = Ag = A7 = Ay,
Az = Ay = Ag = Ay,
As = Ag.
Therefore the set
O ={6, Aa, Ap, Ay, Ag, A3, A5}

is a complete set of distinct suborbits of G, so the rank of GG is 7. The six non-trivial
orbital digraphs are I' 4, I'g, I'1, ', I's and Ts.
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Orbital digraph union Automorphism || Orbital digraph union Automorphism
N EE 1.
. IADE 1.
T :é_15:oz T, UT, UT;, :(1)(2):01
I 1 51_ ol I, UT, UTs Lll 41} ol
U, :i_41:01 [, UT;UTs Bﬂo[
Ty UTs [éﬂo] T, UTy UTs E_ﬂof
I, UTs [ég}ol I, UT, UT; UTs Bg]ol
T, UTy E _15} ol

TABLE 2. A linear automorphism not in G(m,13) for each of the
given unions of orbital digraphs. The m xm identity matrix is denoted
by I.

THEOREM 4.3. The group G(m, 13) is not the automorphism group of any digraph for
any m = 2.

Proof. First we examine the non-trivial orbital digraph unions that do not include I" 4
or I'g. It can be checked that for each union of the orbital digraphs I'y, 'y, I's and
I's5, the invertible linear transformation given in Table 2 preserves the corresponding
union of suborbits but does not lie in G. Each is an automorphism of the respective
orbital digraph union by Lemma 2.1.

Suppose now that I' = I'gUI"”, where I/ is some union of I'y, 'y, I's and I's. We have
just seen that there exists some 6 € GL(2, ¢) o GL(m, ¢) that is an automorphism of I
but that does not lie in G. But since 6 preserves the set Apg of all non-simple tensors,
it must also be an automorphism of I'p by Lemma 2.1. It follows that 0 € Aut(T").

Finally, if a union of non-trivial orbital digraphs of GG includes I' 4, then its com-
plement does not include I' 4 and has therefore already been checked.

Since G is not the full automorphism group of any union of its non-trivial orbital
digraphs, we conclude that G is not the automorphism group of any digraph. O

THEOREM 4.4. The groups G(m,5), G(m,7) and G(m,13) are 2-closed for all m > 2.

Proof. Firstlet G = G(m,5),let A = AjUAs, and let T' =T Uy = Cay(V @ W, A).
If we define p1 = 1, puo = 2, uz = 3 and py4 = 4, then we have

A={(e1 + pie2) @w i €{1,2,3,4}, we W~ {0}},
so Proposition 3.26 asserts that Aut(T") < (V ® W) x(GL(2,5) o GL(m, 5)). Therefore
G? < Aut(Ty) N Aut(ly) < Aut(T) < (V@ W) x (GL(2,5) o GL(m, 5)).
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Let AoB € G((JQ). It suffices to show that Ao B € Gg. Since AoB € G® Aut(Ty),
we know from Lemma 2.1 that Ao B preserves the suborbit A;. It is easy then to see
that A must preserve the set

Vi = ({e1 + e2) U {e1 + 4ea)) ~ {0}.
Similarly, A o B preserves the suborbit Ay, so A must preserve the set
Vo = ({e1 +2e9) U (e1 + 3€2>) N {0}

It can be checked computationally that the stabilisers of V; and V5 in GL(2, 5) intersect
only at Dg, so Ao B lies in G as required.
Now let G = G(m, 7). If we define p; = 2, puo = 3, ug =4 and py = 5, then

Ay ={(e1 + we2) @w | i € {1,2,3,4}, we W~ {0}},
and hence
G® < Aut(Ty) < (VO W) x (GL(2,7) o GL(m, 7))

by the same reasoning as above. Letting Ao B € G(()Q), it suffices to show that Ao B €
(. By reasoning similar to that above, A must preserve the sets

Vi = ({e1) U (ez2)) \ {0}
and
Va = ({e1 + ea) U (e +4ea)) \ {0}.
It can be checked computationally that the stabilisers of V4 and V4 in GL(2,7) inter-

sect only at Dg, so Ao B lies in G as required.
Finally, if G = G(m, 13) then define py = 2, ps = 6, ug = 7 and py = 11. Then

Ay ={(e1 + piea) @w | i € {1,2,3,4}, w € W~ {0}},
so again we have

G? < Aut(Ty) < (V@ W) x (GL(2,13) o GL(m, 13)).

Using
Vo = ({e1 + 2e2) U (e1 + 6ea) U (e + Tea) U (e1 + 11eq)) . {0},
Vi = ({e1 + 3ea) U {e1 + 4des) U (e1 + 9ea) U (e1 + 10e3)) ~ {0},
the result follows using the same argument as the previous two cases. O

Consider now the group G = G(m, 17). The following result will be used later.

THEOREM 4.5. The group G(m,17) is the automorphism group of its orbital digraph
unton I' =17 Uy for all m > 2.

Proof. Letting A = A U Ay, we have I' = Cay(V @ W, A). If we define py = 1,
o =2, u3 =8, ug =9, us = 15 and pg = 16, then

A={(e1 + pe2) @w |i€{1,2,3,4,5,6}, we W~ {0}},
so Proposition 3.26 asserts that Aut(T") < (V ® W) x(GL(2,17) o GL(m, 17)). Letting

Ao B e Aut(T),, it suffices to show that Ao B € Gy. We know from Lemma 2.1 that
Ao B preserves A. It follows that A must preserve the set

Vir = U er + piea) ~ 0}

i=1

It can be checked computationally that the stabiliser of V4 o in GL(2,17) is precisely
Dg, so Ao B lies in Gy as required. O
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o M
(N

rams) ;0]

rr@s) |14

rsien) |1 7]

TABLE 3. Collineations M that permute {P, Q, R, S} by the permu-
tation o € Vj.

5. FIELDS OF PRIME ORDER

In this section, let G = G(m, p) for some prime p > 5, and suppose that Aut(I'y) > G
for some A\ € GF( ) with A* ¢ {0,1}. Then there must exist some § € Aut(I'y) ~ G
that fixes the zero vector, and from Proposition 3.26 we have that § = Ao B for some
A € GL(2,p) and B € GL(m,p). Since 6 preserves Ay by Lemma 2.1, it follows that
A must preserve the set

Va=((1, M) u((®, =2 UL A7) u((1, =x))cv,

where the vectors are written with respect to the basis {ej, ea}.

Since A is a linear transformation of V', it must permute the one-spaces ((1, \)),
(@, =N)), ((1, A71)) and ((1, —=A71)). If we label these one-spaces respectively as
P, @, R and S, then we can say A induces some permutation o € Sym({P, @, R, S}).

Suppose, for contradiction, that o lies in the permutation group V4, defined as

Va=A{0, (PQ)(RS), (PR)(QS), (PS)(QR)}.

The one-spaces P, ), R and S can be considered as points in the projective space
PG(1, p). Since PGL(2, p) acts sharply 3-transitively on PG(1, p), no two collineations
in PGL(2, p) induce the same permutation of the points {P, Q, R, S}.

Define the 2 x 2 matrix M as in Table 3. For each of the four possibilities for o, it is
easy to check that the collineation M induces the permutation o. Moreover, observe
that M € Dg for any o € V.

Since the collineation A also induces the permutation o, we must have A = kM
for some k € GF(p). But then

0= (kM)oB= Mo (kB) € DgoGL(m,p) <G,

which contradicts our requirement that 6 ¢ G. Hence o ¢ Vj.
Consider now the cross-ratio r = R(P, Q; R, S) of our four projective points. Choos-
ing the reference vectors u = (1,0) and v = (0,1), we find the cross-ratio to be

=R(P.Q;R,S) =R (P<A> Pyi Pa1y, Poa-y)

Ot G )
(A1+A)( —1 )
CSEN
(A2+1)
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Since o ¢ Vj, Lemma 2.2 gives the following restriction on the cross-ratio v’ of the
permuted points:

1 _1
(21) r’:R(PU,Q”;R",S")G{i,1—r, " r }

r—1 1—¢v" r

Moreover, A must preserve the cross-ratio of our four points as it is a collineation
of PG(1,p). Since A induces the permutation o, we have

(22) ¥ = R(P7,Q7 R, S7) = R(P,Q; R, S) = r.
From (21) and (22), we have the following five cases to examine:

Case 1: r = % Then

A2 (AT +1
1*7"2:0 — WO - >\4+1:O
Case 2: r =1 —r. Then
A —6A2+1
+

Case 3: r = -=5. Then

r—

(M 632 +1) (A +1)7 (A —1)°
(A2 +1)!
= M4+6M2+1=0.

2r—r? =0 = =0

Case 4: r = 11 Then

A8 140t 1
P2 erpl=0 = 2Tl SN =0,
(A2+1)
Case b: = % This is in fact the same equation as in Case 4.

The result we have just proved is summarised in the following lemma.
LEMMA 5.1. Let A € GF(p) with A\* ¢ {0,1}. If Aut(T'y) # G, then
0 {A " +1, A £6A7+1, \* + 14\ +1}.
This leads us to our final result.

THEOREM 5.2. Let p be an odd prime and let m > 2. If p ¢ {3, 5, 7, 13} then G =
G(m,p) is the automorphism group of a digraph.

Proof. We have seen in Theorem 4.5 that G is the automorphism group of a di-
graph if p = 17, so suppose that p ¢ {3,5,7,13,17} and assume for contradiction
that G is not the automorphism group of any digraph. It follows that the orbital
digraphs Cay(V @ W, Ag) and Cay(V ® W, A4) must have automorphisms 6y and
6, respectively that do not lie in G. Since 2%, 4* ¢ {0,1}, Lemma 5.1 gives us that
0 € {17, 41, =7, 481} and 0 € {257, 353, 161, 69121}. Equivalently, both of these
sets must contain a multiple of p. This only holds for p = 7 and p = 13, a contradic-
tion. O
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