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Elements of minimal length and Bruhat

order on fixed point cosets of Coxeter groups

Nathan Chapelier-Laget & Thomas Gobet

ABSTRACT We study the restriction of the strong Bruhat order on an arbitrary Coxeter group
W to cosets mWE, where z is an element of W and Wz the subgroup of fixed points of an
automorphism 6 of order at most two of a standard parabolic subgroup Wy of W. When
6 # id, there is in general more than one element of minimal length in a given coset, and we
explain how to relate elements of minimal length. We also show that elements of minimal length
in cosets are exactly those elements which are minimal for the restriction of the Bruhat order.

1. INTRODUCTION

When studying Coxeter groups, one often encounters subgroups which themselves
admit a structure of Coxeter group. Although there do not seem to exist a general
theory of "Coxeter subgroups" of Coxeter groups, at least several important families
of subgroups are known to admit canonical structures of Coxeter groups: this includes
(standard) parabolic subgroups, or more generally reflection subgroups [3, 4]. Another
family is given by subgroups obtained as fixed points of automorphisms of the Coxeter-
Dynkin diagram.

Let (W, S) be a Coxeter system. In the most basic of the aforementioned situations,
one considers a subset J C S, and defines W; as the subgroup of W generated by
the elements of J. The pair (W, J) is again a Coxeter system, with Coxeter-Dynkin
diagram obtained from the diagram of W by removing the vertices corresponding to
generators in S\J. In this situation, every coset W, admits two basic properties,
namely

7 ¢ W, which has minimal length among all

(1) There is a unique element
elements in zWj,
(2) For all y € W, one has 7 < y, where < denotes the strong Bruhat order

on W.

In fact, for y € Wy, one has the stronger statement that z”/ is below y for the
right weak order; nevertheless, there are generalizations in which this is too much to
expect. For instance, Dyer extended these properties to the far more general setting
of reflection subgroups of Coxeter groups [5, Theorem 1.4], that is, to the case where
W, is replaced by any subgroup W' of W generated by a subset of the set T =
Uwew wSw~! of reflections of W. In this setting, property 2 is only valid for the
strong Bruhat order, not for the right weak order in general.
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The purpose of this article is to study the analogue of Properties 1 and 2 above
for another class of Coxeter subgroups of Coxeter groups, given by fixed points sub-
groups of automorphisms squaring to the identity of the Coxeter-Dynkin diagram of
(a standard parabolic subgroup of) W.

To be more precise, let (W, .S) be a Coxeter system and L C S be a subset. Let W,
be the corresponding standard parabolic subgroup of W. Let 6 be an automorphism
of Wy, such that (L) = L. Then

W= {we Wy | 0(w) =w}

admits a structure of Coxeter group; this was observed by Steinberg for finite Weyl
groups [9, Section 11], and later generalized to arbitrary Coxeter systems indepen-
dently by Hée [6] and Miihlherr [8] (see also Lusztig [7, Appendix]). The simple system
is obtained as follows. First partition L into orbits (J;);es under the action of 6. Then,
whenever J; is such that the standard parabolic subgroup W, is finite, consider its
longest element. The simple system S? consists of all these elements. In what follows,
we will restrict ourselves to the case where % = id, in which case every W, is either
of type Ay or dihedral.

Note that, when W is irreducible and L = S, there may not be a lot of nontrivial
automorphisms 6 of the Coxeter-Dynkin diagram, but for L # S the subgroup Wi,
may not be irreducible, yielding many possible automorphisms permuting irreducible
components that are isomorphic as Coxeter groups. Such a situation arose in work of
Chaput, Fresse and the second author [2, Section 3|, where a study of the analogues
of Properties 1 and 2 of cosets W for subsets L of a certain form was an important
step in the understanding of a partial order defined on the quotient W/ Wg which
in type A describes a "Bruhat-like order" given by inclusion of certain nilpotent orbit
closures. More precisely, while the classical Bruhat order on a finite Weyl group W
describes the inclusion order of Schubert varieties, which are the closures of the B-
orbits on the flag variety G/B, in the aforementioned situation the Bruhat order on
W/W¢E describes the inclusion order of B-orbit closures for the action of B on the
G-orbit of a 2-nilpotent matrix (in the case G = GL,,). See [2, Theorem 9.1] for more
details.

Unfortunately, unlike for the case of standard parabolic subgroups (or more gener-
ally reflection subgroups), there is not a unique element of minimal length in a given
coset in general. The main results addressing the analogues of Properties 1 and 2 may
be summarized as follows:

THEOREM 1.1 (Relation between elements of minimal length in a given coset). Let
u,ve W, ye Wg such that v = uy and u,v are both of minimal length in qu =
vWLQ. Let y1y2 - - -y be an Sg—reduced expression of y in WLO. Then we have

Lu) = lluyr) = l(uyrye) = -+ = L(uyr - - - yp—1) = L(v).
In other words, for alli=1,...,k—1, we have that uy; - - - y; is of minimal length in
uWf = oWe.

The main ingredient for proving Theorem 1.1 is the following proposition, which
will also be useful for the proof of Theorem 1.3 below addressing the analogue of
Property 2:

PROPOSITION 1.2. Let u,w € W such that u is of minimal length in wW?. Let z €
Wg such that w = uz and let x1xo--- xR be an Sz—reduced expression of z. For all
1=0,...,k—1, exactly one of the following two situations occurs:

o cither L(uxy -+ x;) = L(uxy - Xiy1),

® OT UL Ty < UTL " Tjg1-
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In particular, if ;41 is a reflection of W, then we are in the second situation, while
the first situation can only occur if x;y1 is not a reflection of W.

The analogue of Property 2 is then given by the following statement:

THEOREM 1.3 (Elements of minimal length are minimal for the strong Bruhat order).
Let x € W. There is an element w € W which is of minimal length in xWLQ, and
such that w < z. In other words, the elements of minimal length in any coset fo
are precisely those elements which are minimal with respect to the restriction of the
strong Bruhat order < on W to fo.

We illustrate Theorem 1.1 with an example:

EXAMPLE 1.4.Let W = Fy, L = S = {s1, s2, 83,54} and 0 be the diagram automor-
phism of L given by the following figure:

We have Sg = {5184, 852835253} and Wg is a dihedral group of order 16. There are
72 classes in W/W¥, each of them having 16 elements. Let X € W/W?¢ and let u € X.
By computational experimentations with the software SageMath we found that

IMin(u)| € {1,2,3,4,5,6,8,16}.

We now give two examples of such classes where we see how the minimal elements
are related by the elements of Sﬁ = {5184, $2838253} when multiplying on the right,
as an illustration of Theorem 1.1. Write x = s154 and y = s2535253. For simplicity we
will denote a reduced expression s;, s;, - - - 5;,, of an element of W simply by 4142 - - - i.

(1) If w = 42312342 then the minimal elements of X are given in Figure 1.

(2) If u = 343231234312 then the minimal elements of X are given in Figure 2.
Note that in this particular class, every element has minimal length in its
coset. The conclusion of Theorem 1.1 is thus trivially verified in this case.

T Yy x
42312342 «—> 42312321 «—> 43123121 «<—> 43123412

FIGURE 1. Minimal elements of a class having 4 minimal elements.

2. PRELIMINARIES AND NOTATION

Let (W,S) be a Coxeter system (with S finite) with set of reflections T =
Uwew wSw™!, let L C S, and let § be a diagram automorphism of L. It in-
duces an automorphism of the standard parabolic subgroup Wy, which we still
denote 6. It is well-known that the subgroup

W= {weWys | (w) =w}

of f-fixed elements of Wy, admits a structure of Coxeter group (see for instance [6, 8]).
The generators as Coxeter group are given by the following set. Let K C L be an
orbit of the action of 6. If W is finite, let w{ denote its longest element. The set of
Coxeter generators of WY is given by the set of all such elements. We denote by S%
the set of generators of W¥ as a Coxeter group. We denote by ¢ the classical length
function on W.
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. y .
343231234312<<———f———>'432343123121<<———————> 432342312321<<———f———>»234323123432

/ X

343231234123 234323123423
342312341231 423123431231
Y 1 i Yy
342312342312 423123432312
J?I I;r
312343123121 231234323121

N /

312342312321 (T) 123423123432 (T) 123423123423 (T) 231234231231
FIGURE 2. Minimal elements of a class having 16 minimal elements.

Note that the elements of S¢ are not elements of S in general. For instance, if W
has type A1 x A; with Coxeter generators s and ¢, L = S and # exchanges s and t,
then W¢ = WY has type A;, with Coxeter generator st = ts.

We will furthermore assume that 6 satisfies 62 = id. In this case, the elements of
S are longest elements of finite standard parabolic subgroups of W of type A; or
dihedral. In particular, if such elements have odd length, then they are reflections of
W. Tt will be useful to distinguish the elements of S¢ depending on the parity of their

length. We thus write S¢ = © U O, where
0:={zxecs!|lx)iseven} ={x eS¢ |z¢T},
Or:={xecSY | (zx)isodd} = {x e SY|zecT}.

For u € W, we denote by Min(u) C W the set of elements of minimal length in
qu, that is, the set

{veuWf | t(w) > L(v) for all w € uW}.

Let
M= {J Min(w)
weWw
denote the set of elements which are of minimal length in their coset. We have the
following (see [8, Proposition 3.5]).

PROPOSITION 2.1. Let x € Wf and T1,%9,...,T, € Sﬁ such that x1xo---x) 1S an
S -reduced expression of x. Then
k
() = U(x:).
i=1

We denote by < the (strong) Bruhat order on W. Recall that it is defined as the
transitive closure of the relation x < xt whenever x € W, ¢t € T, and £(z) < £(zt). One
has the following characterization, which we will use extensively in the next sections
(see for instance [1, Corollary 2.2.3])

PROPOSITION 2.2. Let u,v € W. The following are equivalent
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(1) u<wv,

(2) There is a reduced expression of v admitting a reduced expression of u as a
subword,

(3) Fvery reduced expression of v admits a reduced expression of u as a subword.

Note that by subword we mean that some letters may not be consecutive in the
bigger expression.

Also recall that, given J C S, the subgroup W; of W generated by J is a Coxeter
system with simple system J. Denoting

W ={weW | lws) > Ll(w) Vs € J},

every w € W admits a unique decomposition w = w’w; with w’ € W7 and w; € Wy,
and it satisfies £(w) = £(w”’) + ¢(wy). See for instance [1, Section 2.4]. In particular,
every coset £W; admits a unique element of minimal length zy, and for every y €
xWy, one has xg < y.

To each element w € W, consider its set N(w) of (right) inversions, which is a
subset of T" defined by

Nw)={teT | lwt) <lw)}={teT|wt<wh
Recall that |N(w)| = ¢(w) and that for all z,y € W, we have
N(zy) = N(y)A(y~'N(z)y),

where A denotes the symmetric difference (see for instance [1, Chapter 1, Exercise
12)).

LEMMA 2.3. Let (W, S) be a Cozeter system and let t,t' € T with t £t and tt' = t't.
Then t ¢ N(t').

Proof. Let s159-+-5,_155SK_1 - S281 be a palindromic S-reduced expression of t'.
Assume for contradiction that ¢ € N(¢'). Then two cases can occur: either there is
1 < i < k such that t = s189---8;_18;S;_1--- 8251, or there is 1 < ¢ < k such that
t = 8182 SkSk—1-""SiSi+1 " SkSk—1 - S1 (the case where i = k yields t = t').

In the first case, we have t' = tt't = $189 -+ 8j_18i41 "+ SkSk—1""* Si+18i—1 """ S1,
which is an expression for ¢’ in the elements of S that is of strictly smaller length than
S189 - -+ Sk - -+ 8281, a contradiction, since the latter was assumed to be S-reduced.

In the second case, we have ' = 189 -SpSp_1- " 8i+18i—1" " S281. But
we also have t't = s1---8;_18i41 " SkSk—1--S281. Since tt' = t't we get
Si41 " SkSk—1"""Si = S SkSk—1"""Sit+1, yielding SiSi41 " SkSk—1"""Si+15; =
Sit1: " SkSk—1---Sit+1, contradicting again the fact that sysg-«-sSpsg_1---s281 is
reduced. O

REMARK 2.4. Lemma 2.3 can also be proven using root systems. Let ® be the general-
ized root system attached to (W, S). We have ® = & [[(—®™"), where &+ = {ay | t €
T} is the set of positive roots. In this setting, for w € W we have
N(w) ={t €T | w(e) € (-27)}.

Let t, ¢ satisfying the assumptions of Lemma 2.3 and assume for contradiction that ¢ €
N(t'). Then t'(ay) € (—®7T). But ¢/(aw) = *apyr = Fau, which forces t/(ay) = —ay.
It follows that ay is an eigenvector of ¢’ for the eigenvalue —1, hence it is proportional
to ay, yielding oy = ays, a contradiction.

We now prove two Lemmatas that will be useful in the proofs of the main results:

LEMMA 2.5. For all z € S¢ and u,w € W such that u < w and {(w) = l(wz), there
is v € {u,ux} such that £(v) < l(u) and v < wz.
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Proof. Let u,w € W and x € SY such that u < w and f(wz) = ¢(w). Since 6% = id,
this forces = to be the longest element in a dihedral standard parabolic subgroup Wy
where I = {s,t} and I is of type I2(2k) for some k > 1; indeed, in all the other
cases, x has to be the longest element in a standard parabolic subgroup of type A; or
I5(2k 4+ 1), hence it is a reflection, hence ¢(wx) # £(w). There are exactly two distinct
elements wy,wy € Wy of length k, and they satisfy w? = o = w3 if k is even (in which
case wy = w;l) and wiwe = x = wowy if k is odd (in which case w; and wy are
reflections). In all cases we have wiz = we and wex = w;. We have u! < w! because
the map z — x! preserves the (strong) Bruhat order (see [1, Proposition 2.5.1]) .

The condition 4(w) = l(wz) yields £(wrx) = £(wy), which forces wr to lie in
{wy, w2}, say wy = w; (the roles of w; and we are symmetric). Consider the de-
composition u = uluy. If £(u;) > k, then £(urr) < k and hence the unique reduced
expression of ujx is a subword of the unique reduced expression of wy. We thus have
ur = vlurz < wlwsy, but wlwy = wlwiz = wlwrr = wz. We thus have the result
with v = ux, since we also have

() = L(ux) = £(ul) + L(urz) < L(u’) + & < L(u’) + L(ur) = £(u).

If ¢(uy) < k, then the unique reduced expression of u; is a subword of the unique

reduced expression of wy. We thus have v = ulu; < wlws, but w/ws = wlwiz =

wlwrr = wx. We thus get the result with v = u. It remains to treat the case where

l(ur) = k, that is, where u; € {wy,ws}. If uy = wy, then ur = v urz = vlwz <
w!wix = wx, hence we get the result with v = uz (also using that f(urz) = £(us)),
while if u; = ws, we have that u = v u; = v wy < wlwy = wlwiz = wz, hence we

get the result with v = . O

LEMMA 2.6. Let u € W and x € S%. If {(u) < {(uz), then u < uz.

Proof. We have x = wy ; for some I C L, where wy s is the longest element in the
finite standard parabolic subgroup W7y; since 6 has order two, we have |I| =1 or 2.
If |I| = 1, then z € S and we have u < ux. Hence we can assume that |I| = 2, say
I = {s,t}. Let u = ulus be the decomposition of u in W W;. We have uz = ulujwo r
and £(u) = £(ul) + €(ur), £(ux) = L(ul) + £(uswo,r). Hence, setting v} := ujwp r, we
deduce from the assumption that ¢(uy) < £(u}). Since uy, w; € Wy which is a dihedral
Coxeter group, we get uy < uf, hence u = wluy < ul u} = ux, which concludes the
proof. O

3. PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1. We keep the notation introduced in the previous
section, recalling that we always assume that 0 satisfies 82 = id.
We begin by proving Proposition 1.2.

Proof of Proposition 1.2. Let i € {0,1,...,k — 1}. Set y := xyx9 - - x;. We separate
the proof into two cases depending on whether x;,1 is a reflection or not.

e Case where ;1 € Or. Since z; is a reflection, we want to show that z; ;1 ¢
N(uy). Since x123 -+ Ti41 18 Sg—reduced, we have that x1xso - --x; is also Sg—reduced,
hence by Proposition 2.1 we have

i+1

Uywips) = Uwrwg - wipr) = D 0wy) = Ly 2) + Lwir) = Ly) + L@iga).

j=1

It follows that ;11 ¢ N(y). Assume for contradiction that x;1 € N(uy). Then since
N(uy) = N(y)A(y 1 N(u)y), we have z; 11 € y~*N(u)y, hence t := yx; 11y~ € N(u).

Algebraic Combinatorics, Vol. 7 #6 (2024) 1756



Elements of minimal length and Bruhat order on fixed point cosets

Note that ¢ € W¢ since both y and z;1; lie in WY. But ¢ € N(u) implies that
{(ut) < £(u), and since ut € uW?, this contradicts the fact that u € M.

e Case where z;1 € O. Then x;,; is the longest element wq ; of a standard finite
parabolic subgroup Wy, where I = {s,t} is such that Wy is of type Is(2m) for some
m > 1. In particular z;;1 has exactly two reduced expressions (st)”™ = (ts)™ in W.

If (uyziy1) > €(uy), then by Lemma 2.6 we have uyz;+1 > uy, which concludes the
proof in that case. It therefore suffices to show that the case where £(uyz;11) < £(uy)
leads to a contradiction. Hence assume that £(uyx; 1) < £(uy). By Lemma 2.6 again,
we have uywr; 1 < uy. Setting x := uy, we consider the decomposition z = z'zy,
where x! € W', x; € W, with respect to the standard dihedral parabolic subgroup
Wy. Setting v = zx;41, since z;11 € W we have ol =27 and vy = xrTit1. We thus
have

O + 0(zr) = L(x) > £(v) = L") + L(vr) = L(2) + U(z12441),
from what we deduce that £(x;) > £(x;2;41). Since z; and xyz;+1 have the same
parity of length (because z;,1 has even length), we must in fact have £(xrz;y1) <
£(z1) — 2. In particular, we have x; # 1, and there is r € I = {s,t}, say r = s without
loss of generality, such that zys < x;. We thus have ¢(z1s) = ¢(xy) — 1 since s is a
simple reflection and we deduce that

Uxrxipr) < l(zrs) < (zy).
Since zjz;y1,z7s and z all lie in W} which is dihedral, we deduce that
TrTip1 < T8 < Ijg.
This stays preserved when multiplying on the left by z!, yielding
v=alzzi <alzrs =xs < ale; = .

Note that g := sz;41 € T since sx;y1 = s(ts)™. We thus have v = zsq < xs < x.
Moreover, for length reasons, since s¢ = ¢gs we must have xzq < x (as x¢ > x would
contradict xqs = xsq < x as s is simple), hence both s, ¢ lie in N(z). We now argue in
a similar way as in the first case above to obtain a contradiction: since x122 - - - T;11 =
yx;yq satisfies £(yz;y1) = Z;J:l ¢(x;), then yx;;1 has a reduced expression obtained
by concatenating a reduced expression of y and a reduced expression of z;; = wo,r,
hence y € WZ. Since both s and ¢ are reflections in W7, we deduce that s,q ¢ N(y).
As © = uy and s,q both lie in N(x) but none of them lies in N(y), using N(x) =
N(uy) = (y"!N(u)y)AN(y) we deduce that both 5 := ysy~! and ¢ := yqy ! lie in
N(u). We thus have us < u, ug < u. We have ¢ ¢ N(5) by Lemma 2.3, as sq = ¢s
implies that s¢ = ¢s. Since N(us) = (SN(u)s)AN(s) and ¢ ¢ N(S), ¢ € N(u)
(hence ¢ = sgs € sN(u)s), we get that ¢ € N(us), hence usq < us < u. But
53¢ = ysqy ™' = yzipv1y~! € WY, hence usq € uW{ with £(usq) < (u), contradicting
u € Min(u). O

We can now prove Theorem 1.1.

Proof of Theorem 1.1. We apply Proposition 1.2 with w = v, z = y, and z; = y; for
alli =1,...,k, which is possible since u € M, v € qu, and the expression 4192 - - - Yi
is S¢-reduced. For all i = 0,...,k — 1, we thus get £(uy; -~ y;) = (uyy -+ yir1) Or
uyy -y < uyi---Yi+1, hence in all cases we have €(uyy ---y;) < L(uyy -+ yip1). We
thus have

Ou) < Lluyr) < -+ <Lluyr---yi) < < luyr - yp—1) < £(v).

But since u,v € M NuW?, we have £(u) = £(v), hence all inequalities in the above
sequence are in fact equalities, which concludes the proof. O
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4. PROOF OF THEOREM 1.3

Proof of Theorem 1.3. Let u € M. To show the result, it suffices to show the fol-
lowing: for all k > 0 and all 1,22, ..,7x € S? such that x12g -z is S¢-reduced,
there is w € M N qu such that w < uxizs - - - zg. Indeed, for every x € W, it then
suffices to choose u € M N ng, to choose an Sg—reduced expression xZs - - Ty of
y := u~ 'z and apply the above result to = uz12s - - - 7 to find w € M NzW?¢ such
that w < x.

The advantage of the above reformulation is that it allows one to argue by induction
on k. For k = 0 the result is trivial since one can take w = w.

Next, assume that k& > 1. By induction there is w’ € M N uW? such that w’ <
UT1To -+ Tp—1. By Proposition 1.2, the case where l(uzixs - - xp) < l(uzi1T2 - T—1)
cannot appear: we have either uxi2s - Tp_1 < Uz Ty~ Tg, or L(UT1Ta -+ Tp_1) =
l(uxixs - xp). In the first case we are done with w := w’, since

w < urixzy - Te_1 < ULITo -+ The

Hence assume that f(uzizo---xk_1) = L(uziz---21). We now have w' <
ux1Tg - Tp—1 and L(uxize - xp—1) = LuxiTo - - TK—_17K) With ) € S’g, hence
by Lemma 2.5, there is w € {w',w'z} such that w < wxixe-- xg_12; and
{(w) < £(w'). Since w and w’ lie in the same coset modulo W¢ and w’ € M, we must
have w € M NuW?, which concludes the proof. O

REMARK 4.1. It is natural to wonder whether the conclusions of Theorems 1.1 and 1.3
still hold without the assumption #? = id. For Theorem 1.1, we do not know, while
Theorem 1.3 does not hold in general. As a counterexample, consider a Coxeter system
(W, S) of type Dy, with S = {sq, s1, $2, 83}, where sq is the simple reflection commut-
ing with no other simple reflection. Let L = {s1, s2, s3} and let 6 be an automorphism
of (Wr, L) acting as a 3-cycle on L := {s1, 52, 3}. Then Wg has type A1, with genera-
tor s15283. The coset leg has two elements s; and sys3, hence 3253W2 AM = {s1},
but s1 € s283.
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