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Stable-limit non-symmetric Macdonald

functions

Milo J. Bechtloff Weising

ABSTRACT We construct and study an explicit simultaneous % -eigenbasis of Ion and Wu’s stan-
dard representation of the tstable-limit double affine Hecke algebra for the limit Cherednik
operators %;. This basis arises as a variant of Cherednik’s non-symmetric Macdonald polyno-
mials of type GL. We utilize links between Tstable-limit double affine Hecke algebra theory of
Ion—Wu and the double Dyck path algebra of Carlsson—Mellit that arose in their proof of the
Shuffle Conjecture. As a consequence, the spectral theory for the limit Cherednik operators is
understood. The symmetric functions comprise the zero weight space. We introduce one extra
operator that commutes with the %; action and dramatically refines the weight spaces to now
be one-dimensional. This operator, up to a change of variables, gives an extension of Haiman’s
operator A’ from A to Z5,. Additionally, we develop another method to build this weight basis
using limits of trivial idempotents.

1. INTRODUCTION

The Shuffle Conjecture [11], now the Shuffle Theorem [6], is a combinatorial statement
regarding the Frobenius character, Fr, , of the diagonal coinvariant algebra R,,. The
algebra R, is the quotient of the polynomial ring Clxy,...,Zn,y1,...,Yn] by the
ideal J,, generated by the non-constant polynomials which are invariant under the
simultaneous permutation action on the x;,y; variables. The conjecture built on the
work of many people during the 1990s, including but not limited to Bergeron, Garsia,
Haiman, and Tesler [2, 8, 3]. The following explicit formula is due to Haiman [14]

Fr, (X;q,1) = (=1)"Ve, [X]
where the operator V is a diagonalizable operator on symmetric functions prescribed
by its action on the modified Macdonald symmetric functions H,, as

Vﬁ# = ¢w) gn(W) “H,

where for a partition A, n(A) := 3,5, (i — 1)A; and y’ is the conjugate partition of .
The original conjecture of Haglund, Haiman, Loehr, Remmel, and Ulyanov [11] states
the following:

THEOREM 1.1 (Shuffle Theorem [6]).
(_1)nven [X] — Z Z tarea(-rr)qdinv(-rr,w)xw.

T weEWP,
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In the above, 7 ranges over the set of Dyck paths of length n and WP, is the set
of word parking functions corresponding to 7. The values area(w) and dinv(w, w) are
certain statistics corresponding to m and w € WP.

In [6], Carlsson and Mellit prove the Compositional Shuffle Conjecture of Haglund,
Morse, and Zabrocki [12], a generalization of the original Shuffle Conjecture. Carls-
son and Mellit construct and investigate a quiver path algebra with relations called
the Double Dyck Path algebra A, :. They construct a representation of A, ., called
the standard representation, built on certain mixed symmetric and non-symmetric
polynomial algebras with actions from Demazure-Lusztig operators, Hall-Littlewood
creation operators, and plethysms. The Compositional Shuffie Theorem falls out after
a rich understanding of the standard representation is developed. Later analysis done
by Carlsson, Gorsky, and Mellit [5] showed that in fact A, occurs naturally in the
context of equivariant cohomology of Hilbert schemes.

Recent work by Ton and Wu [16] has solidified the links between the work of Carls-
son and Mellit on A,; and the representation theory of double affine Hecke alge-
bras. Ion and Wu introduce the Tstable-limit double affine Hecke algebra s+ along
with a representation of 2 on the space of almost-symmetric functions, £, from
which one can recover the standard A, representation. The main obstruction in
making a stable-limit theory for the double affine Hecke algebras is the lack of an
inverse/directed-limit system of the double affine Hecke algebras in the traditional
sense. Ton and Wu get around this obstruction by introducing a new notion of con-
vergence (Definition 2.15) for sequences of polynomials with increasing numbers of
variables along with limit versions of the standard Cherednik operators defined by
this convergence.

Central to the study of the standard Cherednik operators are the non-symmetric
Macdonald polynomials. The non-symmetric Macdonald polynomials in full general-
ity were introduced first by Cherednik [7] in the context of proving the Macdonald
constant-term conjecture. The introduction of the double affine Hecke algebra, along
with the non-symmetric Macdonald polynomials by Cherednik, constituted a signifi-
cant development in representation theory. They serve as a non-symmetric counterpart
to the symmetric Macdonald polynomials introduced by Macdonald as a ¢, t-analog of
Schur functions. Further, they give an orthogonal basis of the polynomial representa-
tion consisting of weight vectors for the Cherednik operators. The spectral theory of
non-symmetric Macdonald polynomials is well understood using the combinatorics of
affine Weyl groups. The correct choice of symmetrization applied to a non-symmetric
Macdonald polynomial will yield their symmetric counterpart. The type A symmetric
Macdonald polynomials are a remarkable basis for symmetric polynomials simulta-
neously generalizing many other well studied bases which can be recovered by appro-
priate specializations of values for ¢ and ¢. The aforementioned modified Macdonald
functions H,, can be obtained via a plethystic transformation from the symmetric
Macdonald polynomials in infinitely many variables.

It is natural to seek a stable-limit extension for the non-symmetric Macdonald
polynomials following the methods of Ion and Wu. In particular, does the standard
JT representation 22 have a basis of weight vectors for the limit Cherednik opera-
tors #%;? The first main theorem of this paper (Theorem 4.30) answers this question in
the affirmative. In the second main theorem of this paper (Theorem 6.7) we use a new
operator ¥, , which commutes with the limit Cherednik operators, to distinguish be-
tween #-weight vectors with the same %/ -weight. The operator ¥, is, up to a change
of variables, an extension of Haiman’s operator A’ [13] from A to 2, (Remark 6.6).
The operator W¥,, is a limit of operators from finite variable DAHAs. We conjecture
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(Conjecture 6.9) that for any symmetric function F' € A there is an analogous se-
quence of operators from finite variable DAHAs giving an analogous operator ¥ on
P, If true, this conjecture would yield an action of an almost symmetric variant of
the elliptic Hall algebra [4, 21] on 27, (Remark 6.10).

REMARK 1.2. This paper is the full version of the author’s accepted submission to
FPSAC 2023 [1].

Structure of the paper. Section 2 introduces many of the definitions and notations
needed throughout this paper. In Sections 3 and 4, we construct a basis of weight
vectors for the limit Cherednik operators %;. Our strategy for this is the following.
First, in Section 3, we show that the non-symmetric Macdonald polynomials have
stable-limits in the sense that if we start with a composition u and consider the
compositions p * 0™ for m > 0, then the corresponding sequence of non-symmetric
Macdonald polynomials E,.om converges to an element EH of 2}, Next, in Section
4, we show that these limits of non-symmetric Macdonald polynomials are %-weight
vectors. Importantly, the newly constructed set of E# do mot span £} To fill in
these gaps, the lowering operators d_ from A, ; are used to create enough % -weight
vectors to span 22} Finally, a symmetrization operator is used to show that the
spanning set obtained from this process is actually a basis in Theorem 4.30.

Lemma 4.1, Corollary 4.15, and Lemma 4.13 together give a description of the
weights for the above weight basis of 227 in other words we describe the #-spectrum.

In the last two sections of this paper, we investigate some applications of Theorem
4.30. In Section 5, we derive some recurrence relations for the stable-limit Macdonald
function basis similar to the classical Knop—Sahi relations. In Section 6, we construct
an operator ¥, on P, which is diagonal on the stable-limit Macdonald function
basis, and thus commutes with the limit Cherednik operators . The action of ¥,
distinguishes between our basis elements with identical % -weight. This leads to the
second main theorem of this paper, Theorem 6.7, where we prove that, after adding
this new operator to the algebra of limit Cherednik operators, the resulting algebra
is commutative and has one dimensional weight spaces in 2, .

2. DEFINITIONS AND NOTATION

2.1. DOUBLE AFFINE HECKE ALGEBRAS IN TYPE GL. We present here the conven-
tions that will be used in this paper for the double affine Hecke algebra of type GL.
Take note of the quadratic relation (T; — 1)(7; + t) = 0 which has been chosen to
match with the conventions in [16] but may differ from other authors.

DEFINITION 2.1. Define the double affine Hecke algebra 57, to be the Q(q,t)-
algebra generated by Ty, ..., Th_1, Xftl7 ... ,X,fl, and Ylil, el Ynil with the follow-
ing relations:

(i) (T; = 1)(T; +1) =0, (ili) TY;T; = tYipq,
TiTi1Ti = Ti T T4, T.Y; = YT, j ¢ {i,i+1},
T,T; =TT, |i — j| > 1, YY; =YY,

(i) T, ' X, T =71 Xy, (iv) I'T1 X, = XoY1 Ty,
T X; = X;T;, j ¢ {i,i+ 1}, V) iX1--- X, =qX1--- X, 11
X X; = X; X,

Further, define the special element w, by

=1 —1y—1
wy =T T Y
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This conveniently allows us to write
Yi=w, T T

When required we will write Yi(n) for the element Y; in 54, to differentiate between
the element Yi(m) in a different 7, forn # m.

We will often use the following basic fact about 7%, the proof of which we will
omit.

LEMMA 2.2. Let f(Xq,...,X,),9(Y1,...,Y,) € 5, be symmetric Laurent polynomials
in X ’s and Y ’s respectively. Then for all1 <i<n—1,

[T, f(X1,..., Xn)] = [T, 9(Y1,...,Y,)] = 0.
2.1.1. Standard DAHA representation.

DEFINITION 2.3. Let 2, = Q(q,t)[zi",...,2E!]. The standard representation of
H, is given by the following action on 2, :

() Tif(z1, ... xn) = sif(x1,. .. ,mn) + (1 — t)o:lxll_;illf(xl, ceeyTp)

(2) Xif(l‘l, . ,Z‘n) = .I‘if(aH, . ,.’L‘n)

(3) wnf(wy,...,xn) = f¢ T, 21, ., Tp_1)

Here s; denotes the operator that swaps the variables x; and x;y1. Under this
action, the T; operators are known as the Demazure—Lusztig operators. For q,t
generic Py, is known to be a faithful representation of ;. The action of the elements
Yi,...,Y, € 7, are called Cherednik operators.

Set " to be the positive part of ., i.e. the subalgebra generated by
Ty,...,Th—1, X1,...,Xn, and Y7,...,Y, without allowing for inverses in the X
and Y elements and set &2 = Q(q,t)[z1,...,2,]. Importantly, £} is a At
submodule of &2, .

DEFINITION 2.4. For 1 < i < n — 1 define the intertwiners, <pz(-n) € I, as
o = 0,V = Y - YT

The intertwiner elements have the following properties which are readily verified
from the relations of J7,:

1) o =" - v + 1 -ty

@) A =y ol

(3) (o) = (" =y EH - e ).

2.1.2. Non-symmetric Macdonald polynomials. Before discussing non-symmetric
Macdonald polynomials, we must first review some basic combinatorial definitions.

DEFINITION 2.5. In this paper, a composition will refer to a finite tuple p =
(141, - -+ fin) of non-negative integers. We allow for the empty composition & with no
parts. We will let Comp denote the set of all compositions. The length of a composi-
tion = (1, ..., pn) is £(p) = n and the size of the composition is |p| = p1+- -+ i -
As a convention, we will set £(&) = 0 and |@| = 0. We say that a composition i is
reduced if p = & or g,y # 0. We will let Comp™® denote the set of all reduced
compositions. Given two compositions = (i1, ..., tn) and B = (B1,...,Bm), define
wk = (1, thn, 81,---,8m). A partition is a composition A = (A\1,...,\,) with
Al = -+ = Ay = 1. Note that vacuously we allow for the empty partition &. We
denote the set of all partitions by Par. We define sort(u) to be the partition obtained
by ordering the nonzero elements of p in weakly decreasing order. The dominance
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ordering for partitions is defined by A <wv if foralli > 1, \i+---+ X\ <vi+---+y;
where we set A; = 0 whenever ¢ > £(\) and similarly for v. If X Qv and X # v. we
will write A< v.

We will in a few instances use the notation 1(p) to denote the value 1 if the state-
ment p is true and 0 otherwise. In this paper, we will write &,, for the permutation
group on the set [n] :={1,...,n}.

In line with the conventions in [10], we define the Bruhat order on the type GL,,
weight lattice Z™ as follows.

DEFINITION 2.6. Let eq, ..., e, be the standard basis of Z™ and let o € Z™. We define
the Bruhat ordering on 7™, written simply by <, by first defining cover relations
for the ordering and then taking their transitive closure. If i < j such that a; < «;
then we say o > (i)(c) and additionally if a;j — o; > 1 then (ij)(a) > a+e; —¢;
where (ij) denotes the transposition swapping i and j.

It is important to note that, with respect to the Bruhat order, any weakly decreas-
ing vector v € Z™ is the minimal element in its permutation orbit &,,.v.

DEFINITION 2.7. The non-symmetric Macdonald polynomials (for GL,,) are the
family of Laurent polynomials E, € &, for p € Z" uniquely determined by the
following:

(1) Triangularity: Each E, has a monomial expansion of the form

E, ="+ Z a
A<
(2) Weight Vector: Each E,, is a weight vector for the operators

v v e s,

The non-symmetric Macdonald polynomials are a Y (™)-weight basis for the 72,
standard representation &,. For u € Z", E,, is homogeneous with degree pi1+- - -+ fip.
Further, the set of £, corresponding to u € ZY, gives a basis for [z

2.1.3. Combinatorial formula for non-symmetric Macdonald polynomials. Note that
the g, t conventions in [10] differ from those appearing in this paper. In the below
theorem, the appropriate translation ¢ — ¢~ ! has been made.

In [10], Haglund, Haiman, and Loehr give an explicit monomial expansion formula
for the non-symmetric Macdonald polynomials in terms of the combinatorics of non-
attacking labellings of certain box diagrams corresponding to compositions which
we will now review.

DEFINITION 2.8 ([10]). For a composition p = (p1,. .., ftn) define the column diagram
of 1 as

dg'(p) :=={(i,7) e N*: 1 <i<n,1 <5< i}
This is represented by a collection of boxes in positions given by dg’ (). The augmented
diagram of p is given by

dg(p) = dg' (1) U{(3,0) : 1 <i < n}.

Visually, to get @(u), we are adding a bottom row of boxes on length n below the
diagram dg'(p). Given u = (i,j) € dg'(n) define the following:

(1) leg(u) :=={(i,j") € dg'(p) : j > j}

(2) arm'*®(u) := {(¢',5) € dg'(n) : 7' < i, pir < ps}

(3) a8 (u) o= (7, — 1) € dg(p) : &' > i, v < g}

(4) arm(u) := arm'®®(u) U arm®i&bt (v)
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(5) lg(u) := |leg(w)] = pi — j
(6) a(u) :=|arm(u)|.

A filling of u is a function o : dg'(p) — {1,...,n} and given a filling there is an

associated augmented filling o : @(u) — {1,...,n} extending o with the additional

bottom row bozes filled according to c((4,0)) = j for j = 1,...,n. Distinct lattice

squares u,v € N2 are said to attack each other if one of the following is true:

(1) uw and v are in the same row
(2) w and v are in consecutive rows and the box in the lower row is to the right
of the box in the upper row.
A filling o : dg’(n) — {1,...,n} is non-attacking if c(u) # 5 (v) for every pair of
attacking bozxes u,v € @(u) For a box u = (3,j) let d(u) = (3,5 — 1) denote the box
just below u. Given a filling o : dg'(p) — {1,...,n}, a descent of o is a box u € dg’ (1)
such that (u) > a(d(u)). Set Des(0) to be the set of descents of ¢ and define

maj(7) == Y (g(u)+1).
uEDes(;)

The reading order on the diagram Elg(u) is the total ordering on the bozes of @(u)
row by row, from top to bottom, and from right to left within each row. If o : dg’ (1) —
{1,...,n} is a filling, an inversion of T is a pair of attacking bozes u,v € @(ﬂ) such
that u < v in reading order and o(u) > 7(v). Set Inv(d) to be the set of inversions of
o. Define the statistics

(1) (@) = [Tv(@)] — {1 <3 15 < i3 H = B pepuas) alt)
(2) coinv(o) := (Zuedg,(#) a(u)) — inv(a).
Lastly, for a filling o : dg’(n) — {1,...,n} set

1 _
o ._ o7 (1)) lo=(n)]
z7 = x) ezl .

The combinatorial formula for non-symmetric Macdonald polynomials can now be
stated.

THEOREM 2.9 ([10, Thm. 3.5.1]). For a composition u with ¢(n) = n the following
holds:

_ o —maj(o)coinv(o)
B, = Z rq t H (1 _ q—(lg(u)+1)t(a(u)+1)) ’
o:p—[n] __u€dg’(n)
non-attacking a(u);ﬁ;(d(u))

ExXAMPLE 2.10. We finish this subsection with a visual example of a non-attacking
filling and its associated statistics. Below is the augmented filling & of a non-attacking
filling o : (3,2,0,1,0,0) — [6] pictured as labels inside the boxes of dg(3,2,0,1,0,0).

6
411
1] 2 3

112134 |5]|6

Let u be the column 1 box of 35(37 2,0,1,0,0), filled with a 4 in the above diagram.
Notice that u is a descent box of 7, as 4 is larger than the label 1 of the box d(u) just
below u. Further, we see that a(u) = 2 and lg(u) = 1. Considering the diagram as a
whole now, we see that 27 = z2zsx31476, maj(c) = 3, | Inv(c)| = 21, inv(c) = 14,
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and coinv(c) = 1. The contribution of this non-attacking labelling to the HHL formula
fOI' E(372,07170,0) S (@g_ is

P 1—-1t 1—1 1-—1t 1—-1
1L2X3T4T6q 1—q-113 1—q 12 1—q2t3 1—q1¢2 .

2.2. SYMMETRIC FUNCTIONS.

DEFINITION 2.11. Define the ring of symmetric functions A to be the subalgebra of
the inverse limit of the symmetric polynomial rings Q(q,t)[z1,- .., 2,]®", with respect
to the quotient maps sending x,, — 0, consisting of those elements with bounded x-
degree. For i > 0 define the i-th power sum symmetric function by

pi=a)

It is a classical result that A is isomorphic to Q(q,t)[p1,p2,...]. For any expression
G = a1g" + agg*? + - - - with rational scalars a; € Q and distinct monomials g in a
set of algebraically independent commuting free variables {g1, g2, ...}, the plethystic
evaluation of p; at the expression G is defined to be

pi[G] := a1g™ + asg™ +-- - .

Note that g; are allowed to be q or t. Here we are using the convention that iy =
(g1, .. ipy) for w = (u1,- -+, ur). The definition of plethystic evaluation on power
sum symmetric functions extends to all symmetric functions F € A by requiring F' —
F[G] be a Q(g,t)-algebra homomorphism. Note that for F € A, F = Flzqy +x2+ -]
and so we will often write F' = F[X] where X := 21 + 2o + --- . For a partition A,
define the monomial symmetric function my by

my = E zH
n

where we range over all distinct monomials x* such that o(u) = X for some permu-
tation o. For n > 0, define the complete homogeneous symmetric function h,

by
hn = Z my.
IN=n
We can extend plethysm to Q(q,t)[[p1,p2, - - .]]. The plethystic exponential is defined
to be the element of Q(q,t)[[p1,p2,-..]] given by
Exp[X] = > hy[X].
n>0

Here we list some notable properties of the plethystic exponential which will be
used later in this paper.

(1) Exp[0] = 1

(2) Exp[X + Y] = Exp[X]Exp[Y]

(3) BExplay + a2+ -] =112, (1%%)
(4) Bxpl(L =)@ +aa+ )] = [T, (222)

EXAMPLE 2.12. Here we give a few examples of plethystic evaluation.
(1) ps[l+5t+ qt?] =1+ 5t + ¢3t6
11 1-t2)po [ X]+(1-1)%p1 1 [X
(2) s2[(1 _tt)X] :O£p2+2pl, N1 =) X] = (1=t")pa| ]+2( t)°p1.a1[X]
(3) Expli=] =121 (=)

E
E
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2.2.1. Hall-Littlewood symmetric functions. For the purposes of this paper, we need
the following explicit collection of symmetric functions.

DEFINITION 2.13 ([17]). For n > 0, define the Jing vertexr operator %, €
EndQ(qyt)(A) by
Bp[F) = Z"VF[X — 27 Exp[(1 — t)zX].
Here (2™) denotes the operator which extracts the coefficient of 2™ of any formal
series in z. For a partition X\ = (A\1,..., ), define the Hall-Littlewood symmetric
function Py by
Py =By, - By, (1).

r

Note that the operator 4, is graded with degree n. The definition of the Hall-
Littlewood symmetric functions in this paper matches with [16] and [6], but differs
from that of other authors. As we will see later in Proposition 4.25, the Py[X] are the
same as the dual Hall-Littlewood symmetric functions Q»[X; ] defined by Macdonald
[19]. These symmetric functions have the following useful properties.

(1) PA is homogeneous with degree ||
(2) Py [X] = hn[(1 = 1) X]

(3) Ifn > A1 then B, (Py) = Ppax

(4) Bo(Py) = t"VPy

Lastly, it is a classical result that the collection {Py | A € Par} is a basis of A.

2.3. STABLE-LIMIT DAHA OF IoN AND WU. As the index n varies, the standard
S, representations, &, fail to form a direct/inverse system of compatible J%, rep-
resentations. However, as the authors Ion and Wu investigate in [16], this sequence
of representations is compatible enough to allow for the construction of a limiting
representation for a new algebra resembling a direct limit of the double affine Hecke
algebras of type GL. We will start by giving the definition of this algebra.

DEFINITION 2.14 ([16]). The *stable-limit double affine Hecke algebra of Ion
and Wu, 27T, is the algebra generated over Q(q,t) by the elements T;, X;,Y; for
t = 1 satisfying the following relations:

(1) The generators T;, X; for i € N satisfy ((1)) and ((ii)) of Definition 2.1.

(2) The generators T;,Y; fori € N satisfy ((i)) and ((iii)) of Definition 2.1.

(3) Y1T1X1 = X2Y1T1.

Importantly, there is no relation of the form Y, X --- X,, = ¢X; --- X,,Y; in s+,
As such, there is no invertible ’w’ element in $#* which in .7, normally realizes the
cyclic symmetry of the affine type A root systems.

DEFINITION 2.15 ([16]). Let 2% denote the inverse limit of the rings 2} with respect
to the homomorphisms T : @2;1 — P} which send x4y to 0 at each step. We
can naturally extend m to a map 2L — Py, which will be given the same name.
Let Z2(k)" :=Q(q,t)[x1,. .., 2k @ A[gt1 + Tiyo + - -+ ]. Define the ring of almost
symmetric functions by P =5, P (k)*. Note 2/, C ZL. Define p: P —
X1 Pt to be the linear map defined by p(z$t -+ 2% Flzp, + Tpmyr + -++]) = L(ag >
0zt - a8 Flxy + Timy1 + -+ -] for F € A. Note that p restricts to maps &, —
x1 Py, which are compatible with the quotient maps my,.

The ring 92‘5 is a free graded A-module with homogeneous basis given simply by
the set of monomials 2* with u reduced. Therefore, 2 has the homogeneous Q(q, t)
basis given by all 2#m[X] ranging over all reduced compositions p and partitions A.

Further, the dimension of the homogeneous degree d part of Z2(k)* is equal to the
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number of pairs (u, A) of reduced compositions p and partitions A with |u| 4+ [N\ = d
and £(pu) < k

In order to define the operators required for Ion and Wu’s main construction, we
must first review the new definition of convergence introduced in [16].

DEFINITION 2.16 ([16]). Let (fm)m>1 be a sequence of polynomials with f,, € P,.
Then the sequence (fm)m>1 is convergent if there exist some N and aumlwry se-

quences (Rum)m>1, (gr(n))m>1, and (am))m>l for 1 < i@ < N with hmvgm e 2,

aS,’;) € Q(gq,t) with the following properties:

(1) Forallm, fm =hm —l—ZZ La Bl

(2) The sequences (hm)m>1, (g,(n))m>1 for1 <i < N converge in @; with l;’mits
h, g respectively. That is to say, Tm(hms1) = hm and ﬂm(g,(:l)_s_l) = gSﬁ) for
all1<i1 <N and m > 1. Further, we require ¢(9 € L

(3) The sequences a for 1 <@ < N converge with respect to the t-adic topology
on Q(q,t) with limits a ), whzch are required to be in Q(q,t).
The sequence is said to have a limit given by lim,, f,, = h + Zfil a® g
This definition of convergence is a mix of both the stronger topology arising from
the inverse system given by the maps ,, and the t-adic topology arising from the ring
Q(q,t). It is important to note that part of the above definition requires convergent
sequences to always be written as a finite sum of fixed length with terms that converge
independently.
Here we list a few instructive examples of convergent sequences and their limits:
(1) lim,, t™ =
(2) limp, 14 +t™ = 1
(3) lim,, ﬁ(m% ot a22) = q 2pofas 4+ -]
REMARK 2.17. In this paper, we will be entirely concerned with convergent sequences
(fm)m>1 with almost symmetric limits lim,,, f,, € 2} In this case, it follows readily
from definition that each of these convergent sequences necessarily will have the form

N
@)
fm(wlv cee axm) = chm)xu Fz[xl +-- 4+ xm}
i=1
where N > 1 is fixed, c( are convergent sequences of scalars with lim,, c; (m) ¢ @(q, t),
F; are symmetric functlons and ;) are compositions. Here we will c0n81der 21 =0
in 2, whenever £(u()) > m.

DEFINITION 2.18 ([16]). For m > 1, suppose A, is an operator on 2\ . The se-
quence (Ap)m>1 of operators is said to converge if for every f € P the sequence
(A (T (£)))m>1 converges to an element of .. From [16] the corresponding op-
erator on P, given by A(f) := lim,, Ay (7, (f)) is well defined and said to be the

limit of the sequence (Ap,)m>1. In this case, we will simply write A = lim,, Ay,
There are two important examples of convergent operator sequences which will be
relevant for the rest of this paper. For all i > 1 and m > 1, let Xi(m) denote the
operator on 22, given by 0 if m < i and by X(m)f = x; f if © < m. Similarly, for
t>21land m > 1, let T(m) denote the operator on 32+ given by 0 if m — 1 < i and

by Tif = sif + (1 —t)x xf ;’f: if i < m — 1. Then, for all ¢ > 1, it is immediate

from definition that the sequences (XZ-(m))m;l and (T Z-(m))m>1 converge to operators
X; and Tj, respectively, on ﬁzjs. Further, their corresponding actions are given for
f € 2, simply by
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(1) Xa(f) =aif
(2) Ti(f) =sif + (1 — t)%zf%f:l
The following important technical proposition of Ion and Wu will be used repeat-
edly in this paper.

PROPOSITION 2.19 ([16, Prop. 6.21]). If A = lim,, 4,, and f = lim,, f,, are limit
operators and limit functions respectively then A(f) = lim,, Ay (fm).

This is a sort of continuity statement for convergent sequences of operators. The
utility of the above proposition is that for an operator arising as the limit of finite
variable operators, A = lim,, A,, say, we can use any sequence (fn,)m>1 converging
to f € 21, in order to calculate A(f).

as

2.3.1. The standard +stable-limit DAHA representation. Ion and Wu begin their con-
struction of the standard representation of ##* by noting the following key fact.

PROPOSITION 2.20 ([16, Prop. 6.2]). Forn > 1,
T 1t" VM X = " X,y

In other words, the action of the operators t"Yl(") and t"‘lYl(n_l) are compatible
on x1.2,. As such, there exists a limit operator Yl(oo) s P — 11 PL such that
WnYl(oo) = t”Yl(")‘ A crucial idea of Ion and Wu is to extend the action of the operators
t"Yl(n) on 142, to all of &2, using the previously defined projection p : &, — x1%,.

DEFINITION 2.21 ([16]). Define the operator ﬁ(n) = pot"Yl("). For 2 <i < n, define
Yi(n) by requiring Yi(n) = tilTi_lYi(_nl)Ti_l.

A direct check shows that }71(”)X 1= t”Yl(n)Xl so that }71(n) extends the action of

t"Yl(n) on x1Z, as desired. The main utility of this specific choice of definition is the
following theorem.

THEOREM 2.22 ([16, Thm. 6.34]). The sequence (}71(m))m>1 converges to an operator
2 on @;‘s. Define the operators %; fori > 2 by %; .=t 'T;_1%_1T;_1. The opera-
tors %; along with the Demazure—Lusztig action of the T;’s and multiplication by the
X;’s generate an ST action on P}L..

In particular, the authors Ion and Wu show that despite the fact that for 1 < i #
j<n, Yi(n)Yj(n) + Yj(n)Yi(n) the limit Cherednik operators commute:

Y = U,

The action of the %; operators respect the canonical filtration of 2, = Usso Z(k)".
For all n > 0, the operators {#,...,%,} restrict to operators on the space & (n)*
whereas the operators {#,.1,%,12,...} annihilate &?(n)". Note that for n = 0,
2(0)T = A so all of the operators %; annihilate A.

2.4. DOUBLE DYCK PATH ALGEBRA. The Double Dyck path algebra A, ., intro-
duced by Carlsson and Mellit [6], is a quiver path algebra with vertices indexed by
non-negative integers with the following edge operators:

(1) dy,d} :k—=k+1

(2) Ty, ..., Tk 1 : k—k

(3) d_:k+1—k.
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The full set of relations for A, ; are omitted here but can be found in [6]. In order
to match the parameter conventions in Ion and Wu’s work [16], we will consider A,
as opposed to A,; formed by simply swapping ¢ and ¢ in the defining relations of
Ag+. Here we highlight a few notable relations of A; , which will be required later:
(1) The loops T1,...,T;_1 at vertex k > 2 generate a type A finite Hecke algebra
(2) d®Ty_1 = d?* starting at vertex k > 2
(3) Thyd— =d_T; at vertex k for 1 <i < k —2
(4) zid_ =d_z; at vertex k for 1 < i < k—1 where z; := %[dj_,d_]T,;_ll STt

and z;41 = t 1T 2,T;.
2.4.1. The standard A;, representation and the +stable-limit DAHA. Vital to the
proof of the Compositional Shuffle Conjecture by Carlsson and Mellit [6] is their
construction of a particular representation of A; ;.

DEFINITION 2.23 ([6]). For k > 0, let Vi, = Q(q,t)[y1,--.,yx] @ A be associated to
the vertex k and denote by Vo be the system of spaces Vi. Let (i denote the algebra
homomorphism
CefWrs-- s Yu—1,U6) = f(Y2,- - Yns qu1)-

If f is a formal series with respect to the variable y with coefficients in some ring
R, denote by ¢,(f) € R the constant term of f, i.e. the coefficient of y° in f. Note
that each &y acts on Vi by permuting the variables yi,...,yx. Define the following
operators:

(1) TF = siF + (1 — t)y L=
(2) d_F = ¢y, (F[X — (t — 1)ys] Exp[—y;, ' X])
(3) dyF = =Ty Tp(yr 1 F[X + (t — )yr41])
(4) dLF = GF[X + (i~ gyl

THEOREM 2.24 ([6, Thm. 7.3]). The above operators define a representation of A,
on V.
+

as O

Ton and Wu use their construction of the standard S#* representation &2
recover the standard A, , representation V.

THEOREM 2.25 ([16, Thm. 7.14)). There exists an A, representation structure on
Pe = (P(k)" k>0 isomorphic to the standard representation Ve such that at each
vertex k, z; acts by % and y; acts by X;. Further, according to this isomorphism
P k)t is identified with Vi via the map 7" -+ x3* Flapp +- -] = yit -yt Fl25)-

3. STABLE-LIMITS OF NON-SYMMETRIC MACDONALD POLYNOMIALS

We start by investigating the properties of certain sequences of non-symmetric Mac-
donald polynomials. We will find that if we fix any composition p and consider the
sequence of compositions (4 % 0™),,>0, the corresponding sequence of non-symmetric
Macdonald polynomials (E,«om )m>0 will converge in the sense of Definition 2.16. It
is important to note that in most cases the sequence (E,.om )m>0 Wwill not converge
with respect to the inverse system (7 : Pry1 — Pi)r>1. This should be expected
because the spectra of the Cherednik operators acting on &y; are incompatible
with the spectra from the Cherednik operators acting on ;. However, by using the
HHL explicit combinatorial formula for the non-symmetric Macdonald polynomials,
we show that the combinatorics of non-attacking labellings underlying the sequence
(E,x0m)m>0 converge in a certain sense. The weaker convergence notion introduced
by Ion and Wu is consistent with these combinatorics. For our purposes later in this
paper, we will heavily rely on the convergence of these sequences as a bridge between
the limit Cherednik operators %; and their classical counterparts.
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We now show the convergence of the sequence (E,.om)m>0. First, we describe a
convenient rearrangement of the monomials in each E,.qm.

THEOREM 3.1. Let p be a composition with ¢(u) =n and m > 0. Then E,.om has the
explicit expression given by

(1) Eu*Om = Z mx [In-&-l +- xn-i—m]
A partition
AN
3 A QI L O} JCOIE

o: 0N S n4-£(N)]
non-attacking
Vi=1,...,0(\)

Ni=lo~ (ntd)]

where

(@) scoinv(s 1—t
(m) (=) . ,— maj(o) coinv(o)
'™ (@) :=q t II <1 = q(lg(u)+1)t(a(u)+1)>
wedg' (ux0’N)

o (u)#o(d(u))

u not in row 1

H 1-t¢
1 — ¢~ Us(w+D¢lalu)+m+1) |-

udg’ (ux0"™)
o (u)#a(d(w))

u in row 1

Proof. First, start with directly applying the HHL formula (2.9):

SN 1—t
_ o — maj(o)coinv(o)
EH*Om = Z T q t H (1 _ q—(lg(u)+1)t(a(u)+1)> )
o:ux0™ —[n+m] u€dg’ (u*x0™)
non-attacking ?(u);ﬁ;(d(u))
We know that E,.om is symmetric in the variables 41, ..., Zyntm [7] so it follows
that the Q(q,t)[x1,...,z,]-coefficient of each monomial in Z,11,...,Zp4m is inde-

pendent of the ordering of the latter variables. Hence, we find that by grouping these
monomials by symmetry

E,u*Om = Z mx [In—&-l +-- 4+ xn—&-m]
A

Z x‘f’il(l)\ L $\n<771(n)|q— maj(:r\)tcoinv(/a\)

o:pux0" —[n+m)]
non-attacking
Vi Ai=|o " (n+i)]

H 1-1¢
1 — g~ (e(w)+D)gla(w)+1) |~

__u€dg’(n)
o(u)#o(d(u))

Note that, by degree considerations, the only possible partitions A with a nonzero
contribution to the above sum have |A| < |u|. Hence we can rewrite the above as

Y ¥y -y ¥

o:pux0™ —[n+m] A partition o:px0™ — [n+£(\)]
non-attacking I el non-attacking
Vi Ai=|o " (n+i)] Vi Ai=|o " (n+1)]

In the latter sum above, we have written each ¢ as a non-attacking labelling o :
o+ 0™ — [n+ £(N)] to emphasize that the numbers occurring in this labelling are
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contained in the set [n + £())], which is independent of m. However, these are still
considered labellings of the diagram corresponding to p * 0™ and hence, we calculate
the corresponding ¢, t coefficients in the HHL formula accordingly.

We must now understand the dependence on m of the statistics maj, coinv, lg, and
a in each of the non-attacking labellings o : p* 0™ — [n 4+ £(\)] as m varies. Fix
a non-attacking labelling o : u * 0¥ — [n + k] for some k < m and let o, be the
associated labelling of p * 0. Recall that

maj(@) = Y (lg(u) +1)
ueDes(?t\)

and similarly for maj(d,,). The only descent boxes of 7, occur in the diagram dg’(u)
itself and lg(u) for these boxes will not depend on m. Therefore, maj(d,,) = maj(c).
For u € dg’(pu x 0™), clearly u € dg’(n) and by direct computation we see that when
w is not in row 1 a(u) does not depend on m. However, for w in row 1 a(u), when

calculated in the diagram @(,u), increases to a(u)+m when calculated in the diagram

c/lE(,u x 0™). This comes from counting the extra row 0 boxes for each box in row 1.
Also note that in any non-attacking labelling there cannot be descent boxes in row 1.
Now from careful counting we get the following:

(1) [ (@n)| = [Inv(@)] + (n+ k) (m — k) + ("5 F)

(2) Hi<g:(u*0m); < (ux0m);} =
i< gt (ux0%); < (o 0F) ;) + (#{i i = 0} + k) (m — k) + ("5 F).

(3) ZueDes(}\m) a(u) = ZuEDes(}\) a(u)
By using the above calculations and cancelling out terms we get
v (Gn) = [ T0v(G)| = [{i <t (0™ < (e 0™} = S alu)
ueDes(/U\m)
= |Iv(@)] — [{i <& (p*0%); < (u*0%);}
- Z a(u) + (n—#{i: pu; =0})(m — k)

uGDes(;i\)
=inv(o) + #{i : p; # 0} (m — k).
Further, from the prior observation about how a(u) changes with m, we see that
S aw=#iim £ m-k+ > a)
u€dg’ (ux0™) u€edg’ (p*0*)

where a(u) has been calculated in the corresponding diagrams.
We then have

comv(am):( 3 a(u))—mv(am)

u€dg’ (ux0™)

_<#{¢;M¢o}(mk)+ 3 a(u))

u€dg’ (ux0k)

— (inv(@) + #{i s # 0} (m — k)

( 3 a(u))—inv(a)

u€dg’ (ux0F)

= coinv (7).
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Thus maj(c,,) = maj(c) and coinv(d,,) = coinv(o).
Lastly, we return to the expansion of E,.on» we found above. For each partition A
with |A] < |p|, we now see that
Z x|la*1(1)| _,.xllafl(n)\q—maj(?)tcoinv(g)
o:pux0"™ = [n+L(N)]

non-attacking
Vi Ai=|o " (n+i)]

H 1-1¢
1 — g~ (e(w)+1)¢a(w)+1)

R uEd;q\’ (p)
o(u)Fo(d(u))

— Z x‘l‘fl(l)‘ .. .ag\rifl(n)ll-‘(m)(3)7

k0" N S n4e(N)]
non-attacking
Vi Ai=|o " (n+i)]

where
i(3) peoinv(a) 1—1t
(m) /2y . —maj(o)coinv(o)
rre) =g ! 11 (1 - q—(lg(u)+1)t(a(u)+1))
uedg’ (ux0t))
o(u)F#o(d(u))
u not in row 1
1-t
H 1— q—(lg(u)+1)t(a(u)+m+1) :
uedg’ (ux0fM)
a(u);ﬁa(d(u))
u in row 1
and we calculate all of the associated statistics in their respective diagrams. 0

Now that we have conveniently rearranged the monomial terms of each F, o= and
identified the dependence of the coefficients on the parameter m, we can give a simple
proof that the sequence (E,.om )m>0 converges.

COROLLARY 3.2. Let p be a composition with £(n) = n. The sequence (E.om)m>1
converges to an almost-symmetric function E,, = lim,, E,.om € 9;, which is given
explicitly by

~ 11 1 ~
@ Eu= > mlptol o 3wy Wl 0TE)
A partition a:u*OZ(M—)[n-‘r@()\)]
(A< non-attacking
Vi=1,...,0(\)
)\i:\a_l(n+i)|
where

['(3) :=limI™ (5)

5 scoinv(S 1—t
_ ,— maj(o)coinv(o) _
q t II (1 _ q—(lg(u)-‘rl)t(a(u)-i-l)) II (1-1).
uedg’ (ux0tA)) uedg’ (ux0*N)

o (u)#0 (d(u)) o (u)#0 (d(u))

u not in row 1 u in row 1

Proof. Note that formula (1) from Theorem 3.1 is a fixed size finite sum where the
only dependence on m is in the m) symmetric function terms and the t™ occurring in
the T(™) terms. Thus, in the sense of Ion and Wu, see Definition 2.16, this sequence
converges to a well defined element of z@;. In particular, each my[xp11+ -+ Tptm)
converges to my[Tn41 4 -] and ™ converges to 0 in the I-term. Simplifying gives
the formula above. O
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It follows from Corollary 3.2 that the almost symmetric functions Eﬂ are homoge-
neous of degree || and Eu € P(£(u))T. Note importantly, that for any composition
p (not necessarily reduced) and any n > 0, by shifting the terms of the sequence
(E,x0m )m>0 we see that E#*On = Eu-

COROLLARY 3.3. Let A be a partition with {(\) = n and |\| = N. Then E is deter-
mined by Ey.on € ?}’:HV, That is to say, if

Exon (71, ZngN)

(1)

1 (k)
=ciz’ mym [T+ F TN+ F T mye [Tapr + o+ Togn)s

then

~ &N *®)
Ey=cz" ‘myotptr + ]+ e Tmym [@pger + 0]

Proof. As X\ is a partition, row 1 of any non-attacking labelling of A\ must be
1,2,...,£(X). Thus no boxes of dg’(\) in row 1 will have 7(u) # &(d(u)) and so there
will be no contributions from any of the terms of the form

H 1-1¢
1— qf(lg(u)+1)t(a(u)+m+1) ’

uedg’ (N\)
o (u)#o(d(u))

u row 1
Further, from Corollary 3.2 it is clear that these are the only coefficients that depend
on m in the limit. Also it follows that each term of the form z*m, [z, +1+- -] that oc-
curs in the expansion of EA appears at least by the m = N step of the limit. From these
two facts it follows that the expansion of E)\ will match that of Ey, o~ (21,...,ZninN)
up to truncating each my [X,11 + -] to my[Tpi1 + -+ + Tpyn] using m,4 N O

4. % -WEIGHT BASIS OF 2

Given a family of commuting operators {y; : ¢ € I} and a weight vector v, we denote
its weight by the function a : I — Q(g, t) such that y;v = «(i)v. We sometimes denote
aas (ag,a9,...).

4.1. THE E# ARE % -WEIGHT VECTORS. In what follows, the classical spectral the-
ory for non-symmetric Macdonald polynomials is used to demonstrate that the limit
functions EM are & -weight vectors. The below lemma is a simple application of this
classical theory and basic properties of the t-adic topology on Q(g,t).

LEMMA 4.1. For a composition p with ¢(u) = n define a&m) to be the Y ("™ _weight
of Ewom . Then in the t-adic topology on Q(q,t) the sequence (t"*‘maim) (1)) m>0 con-
verges in m to some a&,(i) € Q(g,t). In particular, &, (i) = 0 for i > n and for
1 < i < n we have that &, (i) = 0 exactly when p; = 0.

Proof. Take p = (u1, ..., tn). From classical double affine Hecke algebra theory [7],
we have a(o)(z’) = ¢"it' =P wwhere

3) Bu() =4 1<j<i,py <} +#{j 1 <j<n, > p;t

If we calculate f3,,.om (¢) directly, it follows then that

gritn L= Bu(+mL(i#0) = g (0 () i <my s #£0
tn+mozgn) (1) = qﬂit”+m+1*(5u(i)+m1(ﬂi¢0)) = tn+ma§L0)(Z') i<n,pu =0
gnAmAl—(F#{jiu;= 03+i—n) — 3#{j:p;# O}gm+1-(i—n) ;< p
Lastly, by taking the limit m — co we get the result. O
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For a composition i, define the weight «,, using the formula in Lemma 4.1 for the
list of scalars &, (i) for i € N.

LEMMA 4.2. For a composition = (u1,..., 1) with p; #0 for 1 <i < n, Eu is a
% -weight vector with weight o, .

Proof. Fix any r € N. We start by rewriting the operator ;. explicitly in terms of
the limit definition of %,.

%:t—(r—l)TT_l Ty T
== Ty hmt pwy, Tk 11 "Tl_lTl o Treay,

= lilgntkTr,l S Typt™ <T Do it - Tt

r

= 1j]£n R - ~T1pT1’1 . T;_llt_(r_l)Tr—l . lekflTk:ll Ty

= 1j’£n Ty TypT TR Y By,

Applying %, to Eu, we see by taking kK = n + m > n and shifting the indices that

D (Ep) =l "y TypTy e T Y (B )

m

=lmTy - Tiply T, (™ (r) B o
By Lemma 4.1 this converges to
%(Eu) = &u(r) (Tr—l o ~T1pT1_1 o 'Tr_—ll)Eu'

Importantly, we have implicitly used the fact that both of the sequences (Ev0m)m

and (aff”)(r))m converge, that the operator T,_1---T} pTl_ T 1 commutes with
the quotient maps my : Pi1 — Py for k > r, and Proposmon 6.21 in [16]. We will
show that the right side is &, (r )E As &, (r) = 0 for r > n, by Lemma 4 1 we reduce

to the sub-case » < n. Fix r < n. If we could show that x; divides T ~TT__11§H,
then we would have

p(T T, NE,) =T T4 B,
implying that
%(Eu) = au(r)(Tr-1 - TlPTfl T Tf—ll)Eu
= au(r)lr—1--- T1T171 T Till)Eu

T

as desired. To show that 1|7} L. T E , it suffices to show that for all m > 0,
x|y T E s To this end, fix m > 0. We have that
a(m) (T)EM*O"L = n(ner) (E#*O’”)

i
_ gn+m—r+1 — -1
=t Ty Tyt Tk o T E g

Since a&m) (r) # 0, we can have ﬁ()Tl -T~!, act on both sides above to get
a, (r
1 1 gt 1 1
T T B = it Tty T B
oy (r)
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By HHL, since u; # 0, any non-attacking labelling of p x 0™ will have row 1 diagram
labels given by {1,2,...,n} so, in particular, z, divides E,.om for all m > 0. Lastly,

wr;imTr:-i}m—l e Tr_lXT = werlrmt_(n+m_r)Xn+an+mfl T
= qti(n+m7T)X1w;_~l_an+m—l T
Thus, 21 divides Ty ' -+ T E,,uom for all m > 0, showing the result. O

Now we consider the general situation where the composition p can have some
parts which are 0. We can extend the above result, Lemma 4.2, by a straight-forward
argument using intertwiner theory from the study of affine Hecke algebras.

THEOREM 4.3. For all compositions p, E,, is a % -weight vector with weight o, .

Proof. Lemma 4.2 shows that this statement holds for any composition with all parts
nonzero. Fix a composition p with length n. We know that by sorting in decreasing
order that p can be written as a permutation of a composition of the form v x 0™ for
a partition v and some m > 0. From the definition of Bruhat order, it follows that
v+0™ will be the minimal element out of all of its distinct permutations, including u.
Necessarily, this finite sub-poset generated by the permutations of v*0™ is isomorphic
to the Bruhat ordering on the coset space &,,/S,; where &, is the Young subgroup of
&, corresponding to the stabilizer of v+0™. Hence, it suffices to show inductively that
for any composition 8 with v+ 0™ < 8 < s;(8) < p, if Eg satisfies the theorem, then
so will Esi(ﬁ). As p is finitely many covering elements away in Bruhat from v * 0™,
this induction will indeed terminate after finitely many steps.

Let ¢; = T;%; — %;T; be the affine Hecke algebra intertwiner operator in this
context. Since %jp; = ;% (j), we only need to show that for any composition 3

i

with v % 0™ < B8 < 8;(8) < i,
iEg = (Gp(i) — A(i + 1)) Ey,(s).

Suppose the theorem holds for some 8 with v % 0™ < 8 < s;(8) < p. Then we have
the following:

0B = (Ti(% — Fi1) + (1 — )%11) By
= (ap(i) — ag(i + 1) TiEs + (1 — t)ag(i + 1)Es
- %n(wmag”) (i) — "0l (i + 1)) T Bpom + (1 — )" al™ (i + 1) Eguom
- 1131(15”%2’”) (i) — "t ™0™ (i + 1)) By, (gye0m

= (ap(i) — ap(i + 1)) Es,s)-
This completes the proof. O

As an immediate consequence of the proof of Theorem 4.3, we have the following.

COROLLARY 4.4. Let p be a composition and i > 1 such that s;(i) > p. Then

(1- 0@+ 1) \
) am'H)) Fu

Esi(ﬂ) = (Ti +

We have shown in Theorem 4.3 there is an explicit collection of #-weight vectors
E, in &}, arising asNthe limits of non-symmetric Macdonald polynomials E,.qm.
Unfortunately, these E, do not span Z;,. To see this note that one cannot write a

non-constant symmetric function as a linear combination of the E;r However, in the
below work we build a full % -weight basis of &2/..
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4.2. CONSTRUCTING A FULL % -WEIGHT BASIS.
4.2.1. Defining the stable-limit non-symmetric Macdonald functions. To complete our
construction of a full weight basis of 2}, we will need the o) operators from Ion and

Wu. These operators are, up to a change of variables and plethysm, the d_ operators
from Carlsson and Mellit’s standard A; , representation.

DEFINITION 4.5 ([16]). Define the operator o) . P(k)T — Pk —1)T to be the
g@,j_l—linear map which acts on elements of the form x}F|xpi1 + Tpyo + ---] for
FeAandn >0 as

O (@ Flawsr + @ivz + 1) = BulF)[en + @ips + -]
Here the A, are the Jing operators from Definition 2.13.

Importantly, the o) operators do not come from #T: Proposition 4.25 relates

them to limits of Hecke algebra operators. Note that the 8(7]“) operators are homoge-
neous by construction.

We will require the useful alternative expression for the 5‘(_k) operators which can
be found in [16]. Recall the notation ¢, from Definition 2.23.

LEMMA 4.6. Let 1, denote the alphabet shift X, — Xx_1 acting on symmetric func-
tions where X; := x;41 + Tjyo + - -. Then for f € Py and F € A,

O (f(x1, ... x) FIXk]) = Theay (@1, ax) F[Xg — ox) Exp[—(t — 1)z 1Xy).
Proof. See [16] (section 7, (7.5), page 35). O

As an immediate consequence of this explicit description of the action of the 8(})
operator, we get the following required lemmas.

LEMMA 4.7 ([16, Section 7, (7.6), page 35]). The map oM 2yt — P(k—1)* isa
projection onto P(k—1)*1, i.e. for f € P(k—1)* C 2(k)" we have that a(f)(f) = f.

Proof. Fix F € A. It suffices to show that ™" (F[Xk-1]) = F[Xk-1]. By using the
coproduct on A, we can expand F[Xj_1] = Flxy + Xi] in powers of 2§ with some
coefficients F; € A as Flzy, + Xi] = 22,5}, Fi[Xi]. From Lemma 4.6, we have

O (F[%y]) = 00 (Flaw + X4
oW (3" af Fi[x))

i>0

= TCy, inFz [Xk — 2] Exp[—(t - 1)56121%1@}

i>0

= Tieo F[ Xk — o + 1) Exp[—(t — 1)), ' X]
= T, F[X4] Exp[—(t — 1)z ' X4
= 7 F[Xkca, Bxp[—(t — 1) Xy]
= 73, F'[Xy]
= F[Xg_1]. O

The next lemma is a particular case of a result in Ton-Wu [16, Section 7, (7.8),
page 35|, but we include its proof for completeness.
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LEMMA 4.8. For all G € A and g(x) € 2 (k)"
O™ (Glay + zpr + -+ 19(2)) = Glay, + zpgr + 108 (g(2)).

Proof. Tt suffices to take g(x) € Z(k)T to be of the form g(z) = f(x1,...,zx)F[X)]
with f € ,@i and F' € A. From Lemma 4.6, we get the following:

8@(6’[% + Tpp1 + - Jg(@))
= 0" (G[xk-1]g())

= T30, G[ X1 — 2 f(21, .. o, 2) F[X) — 2x) Bxp[—(t — 1)ay ' Xy]
= Ty, G| X f (21, . . ., xk)F[Xk — o] Exp[—(t — 1)z ' Xy]
= TG [X1]ew (21, o) FXk — 2] Exp[—(t — 1)z, X4]
= G[X)- 1}chmkf(x1, ey a) F[X), — o) Exp[—(t — 1)z; ' X4
G 0P (f (o, .. 20) FI2))
[kmku» O

COROLLARY 4.9. For G € A and g(z) € 2(k)*,

™ (G[X)g(x)) = G[X]0Y (g(2)).

Proof. Take G € A and g(x) € Z(k)*. Expand G[X] as a finite sum of terms of the
form fi(x1,...,x5—1)F;[xg + -], where f; € Pr_1 and F; € A so

= Zfi(ml, conyxp—) Filrg + -]

By Lemma 4.8 and the fact that 8(_k) is a ﬁ:ﬁl—linear map from Definition 4.5, we
now see that

o™ (G Za (fi(@1y- o xpo) Filay + - g ()
= Zfi 1, wie) Bl + - 10% (g(2)

= G[X10™ (g(2)). 0

We can now construct a full #-weight basis of £27.. We parameterize this basis
by pairs (u|A) for 4 a reduced composition and A a partition. Combinatorially, this is
reasonable because, as already mentioned, the monomial basis for 27, {z#my | pu €
Comp™?, \ € Par}, is indexed by pairs of reduced compositions and partitions.

DEFINITION 4.10. For i a reduced composition and A a partition, define the stable-
limit non-symmetric Macdonald function corresponding to (u|\) as

(4) Ew/\) = oW+ a(_f(M)H(/\))EHM
For a partition A, define
(5) Ay = E(m,\) € A.

Later in Theorem 4.30, we will show that the collection {E(M)\) | n e Comp™?, X €
Par} is a %-weight basis for 22, .
REMARK 4.11. Note, importantly, that E(MA) € 2((n))* and E(#IA) is homogeneous
of degree || + |A|. Further, we have E(mg) = E# and E(gp\) = A,. Notice that in

Definition 4.10 it makes sense to consider F(, ) when p is not necessarily reduced.
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However, it is a nontrivial consequence of Theorem 6.7 that an analogously defined
E(u*o\ A) 18 a nonzero scalar multiple of E(M »)- Thus, there is no need to consider the
case of p non-reduced when building a basis of ﬁ‘”‘ .

There is another basis of 22, given by Ion and Wu in their unpublished work [15]
which is equipped with a natural ordering with respect to which the limit Cherednik
operators are triangular. It follows then that, after we show in Corollary 4.15 that the

E(ul ) are &-weight vectors, that each E(M ») has a triangular expansion in Ion and
Wu’s basis.

REMARK 4.12. The stable-limit non-symmetric Macdonald functions E( i) as defined
in this paper are distinct from the stable-limits of non-symmetric Macdonald poly-
nomials occurring in [10] (section 5, Thm. 5.2.1, page 19). In their paper Haglund,
Haiman, and Loehr investigate stable-limits of the form (EOm*u>m>O where p is a
composition. Their analysis does not require the convergence definition of Ion and
Wu as the sequences (Egm ., )m>0 have stable limits in the traditional sense. Further,
the limits of the (Egms,)m>0 sequences are symmetric functions whereas, as we will

see soon, the F(,y) are not fully symmetric in general.

The following simple lemma will be used to show that since the E,L* A are %-
weight vectors the stable-limit non-symmetric Macdonald functions F(, ) are #/-
weight vectors as well. We describe their weights in Corollary 4.15.

LEMMA 4.13. Suppose f € P(k)T is a ¥ -weight vector with weight given by
(a1,...,04,0,0,...). Then 8(_k)f € Pk —1)T is a ¥ -weight vector with weight
(Oél, ey Ozk_l,(), 0, .. )

Proof. We know that from [16, Section 7, Thm. 7.13, page 36] for g € P(k)* and
1<i<k—-1, 6’/1-3(})9 = agk)%g SO %8@]” = 3(,k)€’/if = aiﬁ(,k)f. From Definition
2.21, Theorem 2.22, and Definition 2.16, we have that if z' > k, then %; annihilates
P(k—1). Since 8™ f € P(k — 1)* for all i > k, %0™ f = O

EXAMPLE 4.14. Here we give a few basic examples of stable-limit non-symmetric Mac-
donald functions expanded in the Hall-Littlewood basis P, and their corresponding
weights a.

-1

E(z\z) =Polrr +---]+ 1_(17(],115731,1[1'1 +---]; g2y = (0,0,...)
- —1
Eo) = o1 + 1—(17q—1t$17)1 LR A(le) = (¢°1,0,...)
E(1,1,1|@) = T1X2T3; ag,11e) = (qt®, qt*, qt,0,...)
Eqapy = z122Pifzs + s agpy = (gt?,qt*,0,...)
Eapyy = x1Piales + - ]; agi) = (qt*,0,...)

As an immediate result of Lemma 4.13, we have the following:

COROLLARY 4.15. For i € Comp™® and A € Par, E(MP\) € P}, is a W -weight vector
with weight &,y given explicitly by

(6) G (i) = {aﬂ*ﬂz') = Ut OB ), pg £ 0
(i) =

0 otherwise.

Proof. By Definition 4.10, we have that

Bl = 900D L gl+toN g
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From Theorem 4.3, we know that Eu* x is a #'-weight vector with weight .. Recall
that from Lemma 4.1, that @, (i) = ¢Nit{N+H1=Fua(@ for § < ¢(u * \) and
equals 0 for ¢ > £(u x ). Using Lemma 4.13 inductively now shows that E(MP\) is a
% -weight vector with weight &/, |x) given by the expression given in the statement of
this corollary. O

By using the HHL-type formula we proved for the functions Eu in Corollary 3.2, we
readily find a similar formula for the full set of stable-limit non-symmetric Macdonald
functions.

COROLLARY 4.16. For a reduced composition v and partition A, we have that

- B =\ o) lo =t (e(m))]
Fum= > R
v partition .40t ¢ L(N)+£(v
|V‘<|P«‘+‘/\| # no7::1[tt(zfc)k—~i_ng(] )+ ( )]
vi=1,...,0(v)

vi=lo ™ (0()+E(N)+i)|
Bl (0 +1)] * Blo=1 ) +e00) | (M) [ ey +en)]s

where

~ N 1-¢
~\ .__ _—maj(o)coinv(o)
I'@):=q t H (1 _ q—(lg(u)+1)t(a(u)+l))
u€dg’ (prrx0"™))

o (u)#o(d(u))

u not in row 1

11 (1—1).
uedg/(u*)\*Oé(V))
o (w)#0(d(u))
u in row 1

Unfortunately, this formula is not nearly as elegant or useful as the HHL formula
(2.9). The main obstruction comes from not having a full understanding of the action
of the Jing operators %, on the monomial symmetric functions. If one were to find
an explicit expansion of elements like HB,, - - - B, (m)) into another suitable basis of
A (possibly the P, basis), one would be able to give a much more elegant description
of these functions. Likely there is a nice way to do this that has eluded this author.

4.3. A, BASIS FOR A AND SYMMETRIZATION VIA THE TRIVIAL HECKE IDEMPOTENT.

Lemma 4.7 shows that the following operator is well defined on 32:{3’ i.e. independent
of k.

DEFINITION 4.17. For f € 2(k)t C 2}, define

(7) F(f) =M ... oM.

Then & defines an operator 2}, — A which we call the stable-limit symmetriza-
tion operator.

REMARK 4.18. Note that G(EA) = A, and &(E(HP\)) = &(EH*A)

DEFINITION 4.19. For all 0 < k < n, define the operator e,(cn) L P = P as

(8) (/) :=ﬁ S e,
t JEG(lkyn,k)

Here &1k ) := 61 X -+ X 61 X &y C &y, is the Young subgroup of &, cor-
responding to the composition (1¥,n — k), T, = Ty, - Ts, whenever o = s, -5

T
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is a reduced word representing o, and [m];! = H?;(%) is the t-factorial. We will
simply write €™ for eén).

For n > 1, define the rational function

) Qu(@) = Quler,. o mit) =[] (W)

1<icj<n N T
We will need the following technical result relating the action of €™ on polynomials

to a Weyl character type sum involving €2,,.

PROPOSITION 4.20. For f(z) € 2},
1

(10) @) = g D of@)(@).

t ceS,
Proof. See [20, Remark 4.17]. After translating the finite Hecke algebra quadratic
relations in [20] to match those occurring in this paper, the formula matches. O

From the formula above in Proposition 4.20, we can show that the sequence of
trivial idempotents (¢™),>; converges in the sense of [16].

PROPOSITION 4.21. The sequence of operators (e("))n>1 converges to an idempotent
operator € : @: — A such that for alli > 1, €T; = €.

S

Proof. From [19, Chapter 3, Section 2, (2.1), page 208] and Proposition 4.20, we see
that for all partitions A\ with /(A) = k and n > k, that
— k]!
M Py + i
[n]¢!

where Py\[X;t] is the Hall-Littlewood symmetric function defined by Macdonald (not
to be confused with PA[X] seen in Definition 2.13) and vx(t) := [[;5,([mi(A)]+!) where

m;()\) is the number of i ’s in A = 1™1(M)2m2(N) ... Now we note that with respect
to the t-adic topology,

(11) M (@) =

[n — kl¢!

. te _ k
i S e )

so that
lim ™ (2}) = vy (£)(1 — t)* M Py [ X 1]

and hence (¢(™(2*)),>1 converges. Note that following Macdonald’s definitions,
uA(t)(1 = )"V Py [X5t] = Qa[X ).

Since ™ T; = €™ for 1 < i < n—1, it follows that for all compositions j, the sequence
(€™ (2"))>1 is convergent. Clearly, from definition we have that for all symmetric
functions F € A and f(x) € 2,

e (Flay + -+ xp] f () = Flag + -+ + 2 )™ (f ().

It follows now from a straightforward convergence argument using Remark 2.17 that
for all g € 27, the sequence (e (7,(g)))n>1 converges. The resulting operator € :=
lim,, €™ o, is evidently idempotent as its codomain is A and certainly € acts as the
identity on symmetric functions. Further, for all i € N we have

GTZ' = lim 6(n) ] 7rnTi
n
and since 7, commutes with T; for n > i 4+ 1, we see that

lim ™ o 7, T; = lim e ™ T, o7, = lime™ o7, = €. O
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COROLLARY 4.22. For all k > 0, the sequence (6,(6"))n>;c converges to an idempotent
operator €, ?}’IS — P(k)T such that for alli >k + 1, e,T; = k.

Proof. This follows immediately from Proposition 4.21 after shifting indices and not-

ing that the operators eén) commute with multiplication by x1, ..., k. O

Now we will extend our definition of the stable-limit symmetrization operator o to
partial symmetrization operators in the natural way.

DEFINITION 4.23. For k > 0, let o : P), — P(k)T be defined on g € P(n)* for
n>=k by

(12) Fu(g) == 0% . 9™ (g).

REMARK 4.24. The operators g are well defined by Lemma 4.7. In particular, if
g€ 2T for 0 < L <k, then ()t C 2(k)T and there is no ambiguity in defining
or(g) = AR () (g) as above. Note that &, = &. Further, for all 4 € Comp™*
and A € Par we see that in this new terminology

Equpy = Fe) (Bpunr)-
Further, if £ < ¢, then oo, = 0.

We will now show that as operators on .. e, = oy for all £ > 0.

as?

PROPOSITION 4.25. For all £ > 0, ¢y = o0y.

Proof. By shifting indices it suffices to just prove that e = 7, i.e. the £ = 0 case.
Further, since both maps are T;-equivariant A-module maps (see Corollary 4.9) it
suffices to show that for all partitions ), e(z*) = &(2*). From the proof of Proposition
4.21, we saw that e(z) = Q[X;t] whereas it follows from the definition of the
Jing vertex operators [17], Definition 2.13, that &(2*) = Px[X]. Therefore, it suffices
to argue that Qx[X;t] = Py[X]. This result is already known (see Macdonald [19,
Chapter 3, Section 5, Example 8, page 238]) but we include its proof for completeness.
To this end, we will prove that

(18) PaX] = (e 22V Bpl(l —t)(ea 4 2)X] Bxp (1= 1) Y0 2
1<i<g<r !
which by 2.15 in [19, Chapter 3] is an alternative definition for Q,[X;].
Suppose A = (A1,...,\.) is a partition. Note first that by definition P,[X] =
B, - B, (1). We will now induct on the number of operators Z acting on 1 in the
expression Ay, -+ Ay, (1). As a base case,

B, (1) = (237) 11X — 2, Exp[(1 — )2 X] = () Exp[(1 — t)2 X].

We claim that for all 1 < k <,
(14)

Py
B Ba, (1) = (-2 Expl(1 = )z + -+ 2)X]Bxp [ (1-1) Y-
k<i<j<r 7
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Suppose the above is true for some 1 < k < 7. Then

%Akffﬁkk T ‘%)\r(l)

=By | (02 Exp[(L =) (2 + -+ 2) X Bxp | (¢t - 1) Y 2

k<i<j<r

= ("0 s M) Expl(L— ) (k4 + 2) (X — 2]

Exp |(t-1) > 2| Expl(l - )z 1 X].

— zZ.
k<i<j<r

Now we use the additive property of the plethystic exponential to rearrange terms
and get

(2 2 Exp [(1— 8) (21 + - - + 2) X] Exp[(1 — t) 21 X]

Exp | (t—1) Z ZJ Exp|:(t—1)( kg P )]

zZ. Rle— Zle—
k<i<j<7'l k—1 k—1

which simplifies to

. .
(2ot 2V Exp[(L— ) (zhmr + 20+ + ) X Bxp (6 —1) Y L
k—1<i<j<r Zi

showing that the formula (14) holds for all 1 < k < r. Taking k = 1 shows equation
(13) holds. O

As an immediate consequence of Proposition 4.25, we find the following enlighten-
ing description for the E(,y) functions.

COROLLARY 4.26. For all (pu|\) with p a reduced composition and A a partition,
(15) E(H\/\) = lirrln eg&z) (EM*/\*OTL—(@(“,)H(A))).

In particular, for partitions X\, Ax\[X] = (1 — ) Nuy(t)PA[X;q¢7",t] where
P\[X;q71,t] is the symmetric Macdonald function. As a consequence, the set
{Ay : X € Par} is a basis of A.

REMARK 4.27. The P,[X;q,t] are the symmetric Macdonald functions as defined by
Macdonald in [19, Chapter 4, Section 4, (4.7)] and seen in Cherednik’s work [7], not
to be confused with the modified symmetric Macdonald functions H 4 seen in many
places but, in particular, in the work of Haiman [14]. Further, Corollary 4.26 gives an
interpretation of the E(u\ ) as limits of partially symmetrized non-symmetric Mac-
donald polynomials. Goodberry in [9] and Lapointe in [18] have investigated similar
families of partially symmetric Macdonald polynomials. Up to a change of variables
and limiting, these different notions are likely directly related.

In order to prove the first main theorem in this paper, Theorem 4.30, we will require
the following straightforward lemma.

LEMMA 4.28. For any composition i, there is some nonzero scalar v, € Q(qg, t) such
that

5(EM) = ’YM-Asort(u)
where v, = 1 when p is a partition.
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Proof. We know that from Definition 4.10 for all partitions A, E(EA) = A, so this
lemma holds trivially for partitions. Now we proceed by induction on Bruhat order
similarly to the argument in the proof of Theorem 4.3. To show the lemma holds, it
suffices to show that if x4 is a composition and & such that s (x) > p in Bruhat order

and 5(E,) = YuAsore() or v # 0, then G(Ey, (4) = Vs, (u)Asort() 0r Vs, () # 0. To
this end, fix such p and k. Then by Corollary 4.4,

(1—t)au(k+1) ) ~
au(k) —au(k+1)) "

From Proposition 4.25, & = lim,,, (™) so that 67T}, = &. Therefore,

~ - (1t)&u(k+1))~>
E = T — = E
i Sk(u)) U(( k+0‘u(k)_au(k+1) .
B 1-t)a,(k+1) \ -, =
= (1 G e n) B
_ ((au(k) —tau(k+1)
B ( (k) — g 1) ) Teortor
By Lemma 4.1, we see that since s3 (1) > p, it follows that &, (k) # ta,(k+1). Hence,

o, (k)—to, (k
Vor(p) = (%) Yu 7 0 so the result follows. O

Esk(/") = (Tk +

a, (k)—ta,(k+1 .
A <(k+1>)> Tu 1
the proof of Lemma 4.28, the formula for the eigenvalues &, (k) in Lemma 4.1, and
the base condition 7, = 1 for u a partition, it is possible to give an explicit expression
for 7, for any composition p. However, all we need for the purposes of this paper is
that 7, # 0 so we will not find such an explicit expression for ~,,.

REMARK 4.29. Note that using the recursive formula v, () = (

4.3.1. First main theorem and a full % -weight basis of 9:5. Finally, we prove that
the stable-limit non-symmetric Macdonald functions are a basis for 2. To do this we
will use the stable-limit symmetrization operator to help distinguish between stable-
limit non-symmetric Macdonald functions with the same % -weight.

THEOREM 4.30. (First main theorem) The E(“M) are a % -weight basis for P}.

Proof. As there are sufficiently many E(M n) in each graded component of every
P (k)T it suffices to show that these functions are linearly independent. Certainly,
weight vectors in distinct weight spaces are linearly independent. Using Lemmas 4.1
and 4.15, we deduce that if E(u“) A1) and E(M@”/\(z)) have the same weight, then nec-
essarily ) = ;(®). Hence, we can restrict to the case where we have a dependence
relation _ B
alppmy+ -t enEg oy =0

for X, AX(V) distinct partitions. By applying the stable-limit symmetrization op-
erator, we see that

5(61E(M|/\(1)) + 4 CNE(M‘)\(N))) = 5(01§M*>\(1) + -+ CNEM*)\(N)) =0.

Now by Lemma 4.28, 6(E, ) = Vua® Asort(usr) With nonzero scalars v,
yielding

0= c/lAsort(;L*A(l)) +eee C;Asort(,u*)\(N))-
The partitions A(?) are distinct so we know that the partitions sort(u * A(¥)) are dis-
tinct as well. By Corollary 4.26, the symmetric functions .Asort(u* A(y are linearly
independent. Thus ¢, = 0 implying ¢; = 0 for all 1 < < N as desired. O
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5. SOME RECURRENCE RELATIONS FOR THE E, )

In this section, we will discuss a few recurrence relations for the stable-limit non-
symmetric Macdonald functions. We start by looking at the action of the Demazure—
Lusztig operators T; and the lowering operators 0_.

PROPOSITION 5.1. For a reduced composition u = (f1,..., 1) and partition X\ =
(AMyee s M)y if por = A1 and pir—1 # 0, then
(& o
(16) o (E(m,..i,mxl,.i.,xk)> = Bl ottt A i)
Proof. This follows immediately from the definitions of E( uln) and o). O

PROPOSITION 5.2. Take i € Comp™® and A € Par and suppose 1 < i < () — 1 such
that s;(u) > p and s;() € Comp™®. Then

~ (I —t)oua(t+1) ) ~
17 oo = (T + ——— QA 7 Euin.
(17) (si ()N ( ozu*,\(z) — au*/\(z 1) (k|N)
Proof. Since s;(1) > p, we know that s;(u * A) > p* A so by Corollary 4.4,

~ (I —t)aua(i+1) ~
E, = 1T; — - — - «
i) ( T Gper (i) — G (i £ 1))

Now we know T; commutes with the operators 8(72(“)“), ceey 6(72(“”5()‘)) and thus we
see that

= £(p)+1 ) +L(N) /7=

By ) = 080D U+ (B Y

_ a(f(y)ﬂ) ) ~-8(f(”)+z()‘)) ((Tz n ~(1 —‘t)?i,f,\(i + 1) ) Eu*/\>
pex (i) — Qe (i + 1)

(I —t)aual(i+1) ) C4D)  aE) ), S
= /T’L ~ ; =~ ; o0 0y E .
( T ) — @i+ 1) (Epsx)

1 - Dapn(i+1) \ =
_ (Ti+ ~( : )Oz;:,\(z-.k ) )E(/LIA)' n
Qpan(t) — o (i + 1)

PROPOSITION 5.3. For pt = (p1,..., ) € Comp™® and A € Par, we have that

(18) T By = : B,
V(1o pir—1,0, 10 ) %X

Proof. First, note that by Corollary 4.15,
er(Buny) = (T — Zrir) + (1= ) %11) B
= (@uer(r) = 0) T2 Equpny + (1= £)(0) Equpa)
= G (T Eu))

b —1,0,0 [N *

and by Lemma 4.1 au.x(r) # 0 since p, # 0. Therefore, ¢, (E(,x)) is nonzero
and therefore must be a #-weight vector with weight (c(1),...,@ua(r —
1),0, 0,42 (7),0,...). By using the explicit formula for the eigenvalues &, (i) from
Lemma 4.1, we see that for 1 <17 <7, @, (7)) = 0 exactly when p; = 0 and further,
for all 1 < i < r with p; # 0, du (i) = g*it% for some b;. Hence, by Theorem 4.30
and Corollary 4.15, <pr(£~'7(“‘,\)) is of the form

or(Euin) = D @ Blus, e 1 0o l)
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v ranges over a finite set of partitions v and a, are some scalars. Note that we have

5 (r(Equny)) = 3(@en(r) T B )

and since o1, = 0,

5(907"(-5(;4)\))) = &H*A(T)g(E(M)\)) = aﬂ*)\(r)'y,u*)\Asort(,u*)\)

using Lemma 4.28. Similarly, we see that

(E :a,, (115 st —1,0, | V)) § :a,/y (1 eertir— 1,0, )3 Asort ()

since sort (g1, . .-, flr—1, 0, pp) * V) = sort(u x v) for all v. Thus
bOI‘t (pxX) — Za Asort(u*u

where

r_ AV (et —1,0, 00 )%V

v &M*A(T)’m*,\

By Corollary 4.26, we know that the Ag are a basis for A and so we see that the
only possible partition v that can contribute a nonzero term in the above expansion

Oéu*)\(r)’Yu*A
H1sees P10, ) %X

a

is v = A. Further, @) =1 and thus a) =
Therefore,
au*)\(r)’)/p*/\

Y1y br—1,0, 17 ) %X

@r(Equny) = Qun(r) T B ny = B evopir—1,0,010)

which yields

o Yux =~
T B = = Bty eopir1 0,00 B
V(pr,opor—1,0, 007 ) %X

DEFINITION 5.4. Define &y, := X, T, ---T,;Y | considered as an operator on 2.

REMARK 5.5. These operators are the same as the corresponding operators defined by
Ion and Wu. The operators wy, and @, are used by Ion and Wu [16] to give operators
analogous to the d,d’ operators in Ay 4.

Recall the actions of the operators w;,! from Definition 2.3.

LEMMA 5.6. The sequences of operators (W, )m>1 and (w;;})m>1 converge to opera-
tors @, w* : P — PT respectively with actions given by

(1) @ -2 FIX)) = o Ty - T et - 2 FX

(2) Wiyt -y FX]) = @' - $k+1F[X + (q — D).
Proof. Let (fm)m>1 be a convergent sequence with limit f € 22(k)*. We start by
showing the sequence (@' (f,n))m>1 converges to an element of Z7,. Tt follows di-

rectly by the definition of convergence that there exists some M > k such that for all
tand m withm > M and k+1<i<m—1, T; fr, = fin- Therefore, for all m > M

“vairzl(fm) = xlTl_l e 'Tle_lfm

which clearly converges to z;T; " - - T Lf. It follows then that the sequence of op-

erators (w,,')m>1 converges to an operator which we call &. By considering f =

xit - 2P F[X] with F' € A, we get the first formula in the lemma statement above.
Next we will show the sequence (w,,} (7, (f)))m>1 converges. Expand f as

N
f = Zci.%'”mFi[X
i=1
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for ¢; € Q(q,t), compositions ', and F; € A where we may assume each composition
19 has length k so that for all m > k

N
Tm(f) = Zcix“(”Fi[m +o 2]
i=1

Applying w,,! to m,(f) gives for m > k
(i)

o
W, ch xk+1F[qx1+x2+~~+wm]

so therefore we get

) .
limw,, ZCZ% - 23—1F[X + (¢ — D)ay].

m

Thus, the sequence of operators (w;,!),>1 converges to an operator which we call w*.
Lastly, by applying this formula to f = z{* - - - 2* F[X] with F' € A to see the second
formula given in the lemma statement. O

In line with the above results in this section, we will now give a partial general-
ization of the classical Knop—Sahi relation regarding the action of the w operators on
Macdonald polynomials.

PROPOSITION 5.7. For all compositions p,
(19) t#U20G(E,) = 210" (E,) = Erup.
Proof. Suppose £(u) = n. Recall that for all m > 1

(Y(n+m))—1 — tn—i—m—l

— 1
n+m wnerTl : Tner 1

Therefore, by recalling the eigenvalue notation in Lemma 4.1 we have

tn+m71wn+mT1_ Tn_er 1E[l.*0"" = (Y(n+m)) IE#*Om = ()é‘gtm) (TL -+ m)ilE‘u*om

n+m

so that
t"+m_1aLm)(n +m)a Ty T 1 Busom = 2105, Ly By
From Lemma 4.1, we see that

tn+m71a£m)(n +m) = t# 170}
which gives

t#{j:w#o}xlTl—l Tn—er 1 Eom = t#{jil»tj#()}w;}_m(E#*Om) = xlwnerE#*Om.

From the classical Knop-Sahi relations (see [10] equation (10)) applied to E,.om, we
get mlw;imEu*om = Eyuxom—1- Applying Corollary 3.2 and Lemma 5.6 as m — oo
now gives

t#{jﬁﬂjio}w(ﬁu) = 1‘1w*(Eu) = El*u- O
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6. CONSTRUCTING Ej;,|»)-DIAGONAL OPERATORS FROM SYMMETRIC
FUNCTIONS

The main goal of the following section of this paper is to construct an operator on
27, which is diagonal in the stable-limit Macdonald function basis, commutes with
the limit Cherednik operators %;, but does not annihilate A. This operator will be
constructed from a limit of operators arising from the action of thl(m) +-- -+thn(1m)
on P . After finding the eigenvalues of this new operator, we will show that the
addition of this operator to the algebra generated by the limit Cherednik operators
has simple spectrum on ;.

We begin with the following natural definition.
DEFINITION 6.1. For F' € A, define the operator \I/%m) c P 2l by
(20) v = Py ™ ey,

Further, for a composition p with ¢(u) = n and m > 0, define the scalar /i,(fn)(q, t) as

n+m
(21) kUM (g.t) == > Tl (i),
i=1
Recall from Lemma 4.1 that o™ (i) is given by V" "™ E,.om = o™ (i) Ejuom.
LEMMA 6.2. For all compositions u, the sequence (HS'L)(q,t))m>0 converges to
some ku(q,t) € Q(q,t). Further, r.(q,t) = kyor(g,t) for all k > 0 and
Ku(q,t) = Ky (g, t) for all 1 <@ < L(p) — 1.

Proof. Using Lemma 4.1, we get the following:

n+m
R (g, t) = Y (i)
=1
n n+m
= S errmalm() 4 3 g0 = Gion)
=1 i=n+1

= Z t”ago)(i)tml(“izo) + ¢#5ns#0} Z gm—itl

i=1 =1
m
= Z t"alQ (i) + ™ Z 1"l (i) + ¢# 70} Z s
i 70 ;=0 i=1

Therefore,

L0}

(22)  muat) =lmsf (g0 = | Y a0 | + € Qg 1)

1—-t
11413 7#0
The last statement regarding £ ,.ox (q,t) and kg, (g, t) follows now directly from the
definition of 5,(¢) in equation (3) in Lemma 4.1. O

REMARK 6.3. Recall from the proof of Lemma 4.1 (equation (22)) that
tnag)) — ql‘mtn"!‘l_ﬂu(i).

Applying this to the Lemma 6.2 gives the combinatorial formula

14+#{j:pn; #0
t {j:1;#0} n Z quithrlfﬁu(i).

k(g t) = ——
Hi 70
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If we consider the partition A to have an infinite string of 0’s attached to its tail, then
(oo}
ka(g,t) = gt
i=1

Notice that this is exactly equal to
t
T (1 -1 =11 =4q)Bx(g,t))
where By (g, 1) is the diagram generator of X in [13, Section 2, (2.12), page 7].
COROLLARY 6.4. Let A and v be partitions. Then kx(q,t) = k,(q,t) if and only if
A=v.

Proof. This follows readily from the identity

oo
ralg ) =Y gt
i=1

given in the prior remark. O

In this next result, we will show that the sequence of operators (\Ing))m>1 con-
verges to a well defined map on ﬁ:s. As expected, these operators are well-behaved
on sequences of the form 621(7;)) (EN*/\*OM_(«,L)H(A))). In fact, it is not hard to show that

m . . .
(\I/,()1 ))m>1 converges on the former sequences. However, this is not a sufficient argu-

ment to show the convergence of the (\I/]E,T))m>1. In order to obtain a well-defined

operator on 2 from the sequence of operators (\D,(,T))m>1, one needs to show
that given an arbitrary convergent sequence (f,)m>1 the corresponding sequence

(\III(,T)( fm))m>1 converges. Therefore, the difficulty in the following proof is to show
that the \Ill(fln) are well behaved in general.

THEOREM 6.5. The sequence of operators (\III(,T))m>1 converges to an operator W, :
P — DL which is diagonal in the E(,x) basis with

(23) Uy, (Eun) = Kuer (458 Egupn)-

Proof. Notice that every element of &2, is a finite Q(g, t)-linear combination of terms
of the form T, z* F[X] where ¢ is a permutation, ) is a partition, and F' € A. Therefore,

to show that the sequence of operators (\Ilz(fln))mgl converges it suffices using Remark
2.17 to show that sequences of the form

(U™ (T,a* Flay + -+ m)))ms1

converge. For m sufficiently large, T,, commutes with \Ilz(fln) = tm(Yl(m) + Y,%m))
so it suffices to consider only sequences of the form
(U (@ Flzy+ - 4 Zm]) )1
Let A be a partition, k := ¢()\), F' € A, and take m > k. Recall from the comment
after Definition 2.21 that ¥, X; = t™Y,"™ X, from which it follows directly that
ffi(m)Xi = thi(m)Xi for all 1 < ¢ < m. Then for all 1 < 7 < k we have that since
Ai 0,
Y (@A Flay + -+ a)) = V(@ Flay + -+ ).

Therefore,

e Y @l 4 m]) = (G 4 V) @ Pl 4 ),
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Now since vy, := 2 F[z1 + -+ - + 2,,] is symmetric in the variables {k+1,...,m}, we
see that

U ORE o Y (0m)
_ (tm—ka . lemlel L Tk+1 + tm_k_lTkJrl . lemlel L Tk+2
11+ Thwg, ) (Um)
= (tm*ka c T AR T+
+ me,1 Tl) ( m)
= (tm_ka-nTl—f—tm Pl T+ -
+ Tt Tl)(xél . ~x2i1F[qx1 +ao+ -+ am])
_ (tmflc + tmfkflTk_‘_l U
+tTm—1 - Thy1) (Tk e Tyagt - kaF[qxl + T4+ xm]) .
Notice that since T} - ~T1x§‘1 . wk+1F[q;v1 + x9 4+ -+ + Xy, is symmetric in the
variables {k +2,...,m}, we have
e,(:i)l(Tk---Tlxé\l . kaF[qzl—Fzz—F )
=Ti---Tyayt -2t Flowy + za + - 4 ).
Therefore,
Y+ V) ()
=t koo 4 tT,_1 - -Tk+1)€§{;7-7-)1(Tk .. -T1x§\1 .. '$211F[qx1 + oo+t 2))
=ty 4 1)€§€m)(Tk Tyt a Flge 4 xo+ -+ 2)

where the last equality follows from

gkl gk 2 Ty - T () (m)
gm—k—1 { gm—Fk—2 _ ... 4] k1 T

Putting it all together we see that
W () = " () 4+ Y) (o)
="V 4 V) () + T 4 VI (0)
= (Yl(m) NI Yk(m))(vm)
FEE R e D (T Tyt - apth Flgzy + aa 4+ 7))

which by Theorem 2.22 and Corollary 4.22 converges to

(P + -+ D) F[X]) + (T - Thzy' - 23k F[X + (g — 1)1]).

1-t¢

Therefore, the limit operator ¥, :=lim,, ‘lll(,T) is well defined.
We will now show that the E, ) are weight vectors of ¥, and compute their

corresponding weight values. Let p € Comp™ and A € Par. By Corollary 4.26, we
have that

Euy = lim 62?;))(E/L*)\*Om*(é(u)JrZ()\)))-
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Therefore, by [16, Proposition 6.21], Lemma 6.2, and Lemma 2.2 it follows that

\I/pl (E(ulx\))

= liﬂrln \I/I(Jln) (E%L)) (Eu*)\*om,—(ﬂ(p)+é(k)) ))

= liﬂrﬁLII tm(Yl( ™) —+ -+ Yn(@m))ﬁén)) (EH*,\*om—(e(qu(/\)))

= lim eéa))(tm(Yl(m) +- Kgm))Eu*/\*om—(e(mH(/\)))

= hm /@'L X —(tu )H(A)))(q, t)eéa))(EH*,\*Omfumu(x)))

= R (@, 1) E(uln)- 0
REMARK 6.6. From the proof of Theorem 6.5, we see that in particular, for partitions
A we have that

t
Up, (ANX]) = 75 (1 = (1 = 1)(1 = @) Ba(g, 1)) Ax[X].

We saw that in Corollary 4.26 A\[X] = (1 — t)*Muy (t)PA[X; ¢, 1] so, following the
argument of Haiman in [13, Definition after Corollary 2.3], the operator t (1 —¢)¥,,
is up to a change of variables equal to A’. Therefore, we can view t~1(1 —¢)¥,, in a
certain sense (after changing variables) as extending the operator A’ from A to 22,

Further, Theorem 6.5 does not follow immediately from the work of Ton and Wu in
[16] and in particular,

\ijl #%+%+

although the latter operator is certainly well defined in a weak sense as a diagonal
operator in the F, ) basis. The easiest way to see this is to note that #; + %5 +
will annihilate A whereas ¥, acting on the basis Ay of A has nonzero eigenvalues

ka(g,t) # 0.

THEOREM 6.7 (Second Main Theorem). Let Y denote the Q(q,t)-subalgebra of
Endgq, t)(,@ 5) genemted by U, and % for i > 1. 21, has a basis of Y -weight

vectors and every Y- weight space of @ is 1-dimensional.

Proof. Since ¥, is diagonal in the E(M ) basis, see Theorem 4.30, it commutes with
each %;. Therefore, Y is a commutative algebra of operators on P so it makes sense
to ask about its weights in 2/, To show that the Y-weight spaces of 2}, are 1-
dimensional, it suffices to show that if (u(1)|)\ ) £ (WP IN) for 1M, 1) € Comp™?
and A1), /\(2) € Par with E(Ml)p\(l)) and F (L A@) having the same % -weight, then
the ¥, eigenvalues for E(“(l)l)\(l)) and E(“(z)l)\(z)) are distinct. Necessarily, from the
proof of Theorem 4.30, if E(“m‘,\m) and E(mez)) have the same % -weight then
p® = p® = . Since (u|AM) # (u|A?), it follows that A1) # A(2) so that sort(u *
A1) £ sort(p+ A(?)). From Lemma 6.2, we then know that Rpusa) # K@ 80 lastly
by Theorem 6.5, we see that the ¥,,, eigenvalues for E( IA() and E(sz)) are distinct.

Hence, the Y- weight spaces of @ , are 1-dimensional. g

Theorem 6.5 motivates the following definition.

DEFINITION 6.8. For F € A, let Y : Pt — P} be the diagonal operator in
End@(q’t)(@js) in the {Eq ) : € Comp™, \ € Par} basis given by

(24) Ur(Euny) = Flama(a, )] Egy).-
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Here we evaluate the eigenvalues F'[k (g, t)] using plethystic notation as in Defi-
nition 2.11. Notice that, by construction, every operator ¥ r commutes with the image
of every % € Endg(q.n(24,) since from Corollary 4.30 we know that the E, are
a basis of 27,

CONJECTURE 6.9. For all F € A, we have that

(25) Up =lim ¥,

REMARK 6.10. Trivially, this conjecture holds for ' =1 € A and Theorem 6.5 shows
that this conjecture holds for F' = p;. Thus, we see that the conjecture holds for
F € Q(q,t)[p1]- It is easy to extend part of the argument in the proof of Theorem 6.5
to show that

lim v (eé?;))(EM*)\*OM—(E(MH—@(/\)))) = Flipuan (g, 0] Eguny = Ur(Eup)-

However, this is not sufficient to prove the conjecture. Similarly, to the proof of Theo-

rem 6.5 one needs to know that the sequence of operators (\I/%m))m% is well behaved
on arbitrary convergent sequences in order to prove convergence to an operator in
Endgg(24,). It would be sufficient to show that for every r > 2 the sequence of
operators (‘III()T))m>1 converges since if this sequence converges, its limit operator will
necessarily agree with ¥, on the E(ul ) basis.

This conjecture would imply the existence of an action of an almost symmetric
variant of the elliptic Hall algebra [4, 21] on the space of almost symmetric func-
tions. In independent work, according to private communications, Dongyu Wu has
constructed similar operators on 9:3 of which their operator P 1) agrees with ¥,
up to a scalar.
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