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On stability and nonvanishing of
homomorphism spaces between Weyl

modules

Charalambos Evangelou, Mihalis Maliakas
& Dimitra-Dionysia Stergiopoulou

ABSTRACT Consider the general linear group G = GLy,(K) defined over an infinite field K
of positive characteristic p. We denote by A(M) the Weyl module of G which corresponds
to a partition A. Let A, u be partitions of r and let v be a partition with parts divisible by
p. In the first main result of this paper, we find sufficient conditions on A, u and « so that
Homg (A(N), A(p)) ~ Homg (A + v), A(e + 7)), thus providing an answer to a question
of D. Hemmer. As corollaries we obtain stability and periodicity results for homomorphism
spaces. In the second main result we find related sufficient conditions on A, and p so that
Homg (A(X), A(p)) is nonzero. An explicit map is provided that corresponds to the sum of all
semistandard tableaux of shape p and weight A.

1. INTRODUCTION

Let K be an infinite field of positive characteristic p and let G = GL,(K) be the
general linear group defined over K. We let A(\) denote the Weyl module of G
corresponding to a partition . Since the classical papers of Carter-Luzstig [5] and
Carter-Payne [4], homomorphism spaces Homg(A(MN), A(p)) between Weyl modules
have attracted much attention. In those works sufficient arithmetic conditions on
A, and p were found so that Homg(A(N), A(n)) # 0. The determination of the
dimensions of these homomorphism spaces, or even when they are nonzero, seems
a difficult problem. Other natural problems arise when one considers the behavior
of Homg(A(N),A(r)) and higher extension groups under various operations in the
representation theory of G, such as taking Frobenius twists of the modules [6], or
considering complements of the involved partitions [9], or horizontal and vertical cuts
[11, 7, 3].

Various stability and periodicity properties in the modular representation theory
of G and the symmetric group that are related to adding powers of p to the first parts
of the involved partitions have been studied. For example, decomposition numbers,
p - Kostka numbers, dimensions of various cohomology groups have been shown to
exhibit such properties; see [12, 14, 17, 16, 23]. In [22, Theorem 1.1(1)], two of the
present authors proved a periodicity property of the dimensions of Home (A (M), A(w))
(and also higher extension groups) with respect to adding a power of p to the first
parts of A and p. In the first main theorem of the present paper (Theorem 4.4) we
generalize this result by finding sufficient combinatorial hypotheses on A and p so
that dim Homg (A(N), A(p)) = dim Homg (A(A+7), A(u+7)), where 7 is a partition
such that each part is divisible by a sufficiently high power of p. These powers are
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explicitly determined by A and p. Theorem 4.4 provides an answer to a problem of
D. Hemmer [15, Problem 5.4] formulated in terms of homomorphisms between Specht
modules for the symmetric group. This is equivalent to the above formulation when
p > 2 via the Schur functor [13].

If k is a nonnegative integer and v = (v1, ..., 1, ) a partition, let kv be the partition
(kva, ..., k). Let

dy, = dim Homg (AN + kv), A(p + kv)).

As an immediate corollary we have that the sequence dp, dy2, ... eventually stabilizes
for any partition v under certain conditions on A,y (Corollary 4.5). Also, we show
that for a particular class of partitions v, the sequence dgy,dy,... is periodic with
period a power of p (Corollary 4.6).

Our second main result (Theorem 5.2) shows that under suitable combinatorial
hypotheses on A, and p we have Homg (A(N), A(p)) # 0. A nonzero homomorphism
A(X) = A(p) is provided explicitly that corresponds to the sum of all semistandard
tableaux of shape p and weight A. This generalizes Theorem 3.1 of [21] that is valid for
w1 consisting of two parts. The second result is independent of the first, but both proofs
use similar techniques. We rely on a systematic use of the classical presentation of the
Weyl modules A(\) and utilize combinatorics and computations involving tableaux.

The paper is organized as follows. In Section 2 we establish notation and gather
preliminaries that will be needed later. In Section 3 we introduce a family of pairs
of partitions A, u to which the two main theorems apply and we establish associated
important combinatorial results that are utilized in the following sections. The proofs
of the first and second main theorems are given in Section 4 and 5, respectively.

2. RECOLLECTIONS

The purpose of this section is to establish notation and recall facts that will be needed
in the sequel.
For the reader’s convenience we gather here some of the notation that will be used
often.
Dictionary of frequent notation
e A(n,7) and At (n,r): set of sequences of length n of nonnegative integers that sum
to r and the subset of partitions of r (Subsection 2.1).
e D(a), where o € A(n,r): D(a) = Do, V ® -+ @ Dq,, V tensor product of divided
powers of the natural GL, (K)-module V' (Subsection 2.1).
o ma( 1 D(p) = A(p): natural projection onto the Weyl module A(y) (Subsection
2.1).
e SST(u) and SSTq(u): set of semistandard tableaux of shape p and the subset of
semistandard tableaux of shape p and weight a (Subsection 2.2).
e RSST(u) and RSST, (p): set of row semistandard tableaux of shape p and the subset
of row semistandard tableaux of shape p and weight o (Subsection 2.2).
o Ar, where T € RSST4(p): the n X n matrix Ar = (ai;), where a;; is equal to the
number of appearances of the entry j in the ith row of T' (Subsection 2.2).
e [T], where T € RSST(u): [T] = ma(uy (111 - pln) @. .. @1(an1) ... plann)y where
(as;) is the matrix of T' (Subsection 2.2).
e T's,s+ 1]: tableau consisting of rows s and s + 1 of T' (Subsection 2.2).
e ¢, where T' € RSSTq(u): the map ¢r : D(a) - A(n) defined in Definition 2.4.
e \(s,t), where A € AT (n,7): A(s,t) = (M,..., As =, Ast1 — t,..., An) (Subsection
2.4).
o ¢ where a € A(n,r): e® =1V @...@nl) € D(a) if a = (a1,...,a,) (Subsec-
tion 2.4).
e I,(a): the least integer i such that p’ > a (Subsection 2.5).
e 1,: the map in Lemma 3.3(2).
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At (n,r),: the subset of A*(n,r) defined in Definition 4.1.
cs and es: the integers defined in Definition 4.3.

a¥ = a + v (Subsection 4.2).

1: the map defined in Definition 5.1.

Ts =t1 + -+ ts—1 (Subsection 5.2).

2.1. NoTAaTION. We will be working with homogeneous polynomial representations
of G = GL,(K), where K is an infinite field of characteristic p > 0. For a positive
integer 7, let A(n,r) the set of sequences & = (ay, ..., ay,) of length n of nonnegative
integers that sum to r and AT (n,r) the subset of A(n,r) consisting of partitions, that
is sequences p = (1, .. ., by ) such that gy > pe > -+ > uy,. The length of a partition
 is the number of nonzero parts of p and is denoted by £(u). If m is a positive integer
such that m < n, we will consider A(m,r) and AT (m,r) as subsets of A(n,r) and
At (n,r), respectively by appending a string of 0’s at the end if necessary.

If a,8 € A(n,r), where o = (a1,...,a4), 8 = (B1,-..,0n), we write a < 3 if
a1+ +a; <P+ + G forall e

We use the notation ), M; for the direct sum of vector spaces M;. We denote by
V = K™ be the natural G-module and DV = Zz)o D;V the divided power algebra of
V, ([2, Section 1.4]). If v € V and ¢ is a nonnegative integer, we have the ith divided
power v(") € D;V. We recall that if i, j are nonnegative integers, then the product
v of v and v is given by

v @) = (149)y (i)

where (H]'J) is the indicated binomial coefficient. If & = (aq,...,an) € A(n,r), let
D(a) = D(ay,...,ay) be the tensor product Do,V & -+ ® D, V. If u € AT (n,r),
we denote by A(u) the corresponding Weyl module for G and by

A F D(p) = Ap)

the natural projection.

2.2. SEMISTANDARD TABLEAUX. Consider the order ¢; < €3 < --- < ¢, on the natu-
ral basis {€1,...,€,} of V. In the sequel we will denote each element €; by its subscript
i. For a partition g = (u1,...,un) € AT(n,r), a tableau of shape p is a filling of the
diagram of p with entries from {1,...,n}. A tableau is called row semistandard if the
entries are weakly increasing across the rows from left to right. A row semistandard
tableau is called semistandard if the entries are strictly increasing in the columns
from top to bottom. The set consisting of the semistandard (respectively, row semi-
standard) tableaux of shape p will be denoted by SST(p) (respectively, RSST(u)).
The weight of a tableau T is the tuple @ = (a,...,ay), where «; is the number of
appearances of the entry ¢ in T'. The set consisting of the semistandard (respectively,
row semistandard) tableaux of shape p and weight « will be denoted by SST,, (1)
(respectively, RSST,,(u)). For example, the following tableau of shape pu = (6,4)

T = 2]4]

212144

is semistandard and has weight o = (4, 3,0, 3). We will use ‘exponential’ notation for
row semistandard tableaux. For the previous example we may write

1424
T=502),0-
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REMARK 2.1. For latter use we make the following remark. If a tableau T of shape
(1, - -+, i) and weight of the form (Aq,..., As+t, As41 —1, ..., \y), has the property
that all elements 1,2, ..., s appear in the first s rows of T, then

< (pr — Ar) 4 (s — As).
Indeed, let k be the number of entries of T' that are less than or equal to s. Since these
entries appear in the first s rows of T' we have k < p1 + - -+ + ps. On the other hand,

since the weight of T is (A1,..., As+t, X401 —t, ..., Ap), we have k = A\ 4+ - -+ A\s +¢.
Thus ¢ < (1 — A1) + -+ (us — As).

For T' € RSST, (1) we may associate an n x n matrix Ap = (a;;) with nonnegative
integer entries by letting a;; be the number of appearances of the entry j in the
ith row of T. It is understood that a;; = 0 if i > £(u). Let M, (N) be the set of
n X n matrices with nonnegative integer entries. For A = (a;;) € M, (N), we have the
sequences AW A e A(n) of column sums and row sums of A defined by

AW = (D2 @ity D2 @in),s A®) = (ZJ A1y Zj nj)-
It is clear from the definitions that we have a bijection
(2.1) RSST, (1) = {A € M,(N): AV =, A® = 1}, T — Ap.

For B € M,(N) such that BY) = o, B?® = 4, we denote by T € RSST, (1) the
unique row semistandard tableau such that Ar, = B.
If T € RSST,(p) has corresponding matrix Ar = (a;;), we may consider the
element
1(0) . oplam) @ @ (@) Looplann) e D(p).

The image of this element under the natural projection ma(,) : D(u) — A(p) will be
denoted by [T,

[T] = WA(M)(I(GM) Ce n(aln) R 1(‘1711) Ce n(ann))'
We recall from [2] the following result.

THEOREM 2.2. A basis of the vector space A(u), where p € AT (n,r), is the set {[T] :
T € SST(u)}.

Let T € RSST(u) and consider the tableau
T[s,s+1]

consisting of rows s and s+ 1 of T, where s € {1,2,...,m —1}. We have the partition
p[s, s + 1] = (ps, ps+1) and the corresponding Weyl module A(u[s, s + 1]). From the
analog of [2, Lemma I1.2.3] for Weyl modules we obtain the following result.

LEMMA 2.3. Let T € RSST(p). If in A(u[s, s+1]) we have [T'[s,s+1]] = >, ¢;[T[s, s+
1);], where ¢; € K, then in A(p) we have [T) = Y. ¢;[T;], where T; is the tableau
obtained from T by replacing rows s and s + 1 with T[s,s + 1];.

2.3. THE MAPS ¢y AND WEIGHT SUBSPACES OF A(u). Let o € A(n,r), p € A (n,r)
and T € RSST, (1) with corresponding matrix A = Ap = (a;;). We have A = o

and A®) = p. For each j = 1,2,...,n, consider the indicated component

(22) A:D(aj)—>D(a1j,a2j,...,anj),

of the comultiplication map of the Hopf algebra DV If € D(«;), the image A(z) €
D(ayj,a2j,...,0,;) is a sum of elements of the form z,(a1;,1) ® z5(a2;,2) ® --- ®

zs(an;,n), where for each j we have z,(a;j,i) € D(a;;). By a slight abuse of notation
we will write x4(a;;) in place of z4(a;j,%). Thus we will write A(z) = > z(a1;) ®
rs(az;) @ - @ ws(an;).
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DEFINITION 2.4. Let T € RSST,(u). With the previous notation, define the map
o1 : D(a) = A(p) that sends x1 @ 22 ®@ -+ ® Xy, to

'/TA(M)( Z T1s, (all) cTpsy, (aln) Q- T1s, (anl) c Tns, (ann))

S1;--58n

REMARK 2.5. We note that ¢7(1(°0) @ --- @ nl@)) = [T] if T € RSST,(u), where
a=(a1,...,an).

EXAMPLE. Let n = 3 and consider the partition g = (6,5) and the row semistandard

tableau
12)94)

~ 12(2)3(2)
that has weight oo = (3,6, 2). Then the matrix of T is
240

Ar=1|(122
000

€ RSST. (p),

Let x = 21 ® 29 ® z3 € D(«), where z1 = 2(3), To = 1(3)2(3), zg = 32, Computing
the images of the z; under the maps (2.2) we have

D(3) = D(2,1),2®) — 2 g 2,

D(6) — D(4,2),1320) 5 132 2@ 1 122 g 12 412 g 13,

D(2) = D(2),3®) 303,
Hence for the image of x under the map ¢ : D(a) — A(u) of Definition 2.4 we have

or(z) = ma (2P 182 © 22333 4 75, (2P13)2) g 2123))
§ragn (212 & 21?30))

13)2@3) 1(2)9(4) - [12(2)3(3)
=03 [2@)3(2)} + (22 () {12<2>3<2>} +(3°) [1@)23(2)] :

The binomial coefficients come from the multiplication in the divided power algebra
DV.

Let A(p)q be the weight subspace of A(u) that corresponds to the weight a. We
recall from [1, Section 2] the following.

PROPOSITION 2.6 ([1]). Let a € A(n,7) and p € AT (n,r). Then there is an isomor-
phism of vector spaces A(p)o ~ Homg(D(a), A(w)) such that [T] — ¢p for all T €
RSST,(1). Moreover, a basis of Homeg(D(x), A(u)) is the set {¢r : T € SSTo (1)}

2.4. PRESENTATION OF A()). First some notation. If o = (ay,...,ay) € A(n,r) and
s,t are integers such that 1 < s<n—1and 1 <t < asy1, let us denote the sequence
(a1,...,as+t,asp1 —t,...,an) € A(n,7) by a(s,t).

Recall from [2, Theorem 11.3.16] that we have the following presentation of A(\),

n—1As+1

(2.3) 33 DAGs. 1) 2 DY) 2% A 0,

s=1 t=1

where the restriction of Oy to the summand D(A(s,t)) is the composition
(2.4)

Onst : DOA(s,8)) 222229 DO Ayt Ast — £y Ap) 2@l

D),
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where A : D(A\s +t) — D(\s,t) and 1 : D(t, As41 —t) = D(Xs41) are the indicated
components of the comultiplication and multiplication respectively of the Hopf algebra

DV.
Ifa= (041, .- -,Oln) S A(n,’f'), we let

e* =1 g...@nl*) € D(a).
Let T € RSST(u). Then

1(a11)9(ar2) ... plain)
T =

)

1(“711)2(0'",2) e n(ann)

where Ar = (a;;). In many occasions we will have subscripts of the form a,;. For
clarity we will often write a;; in place of a;; when ¢ and j are more complicated

expressions.

The next lemma concerns the composition of the maps Oy ;; and ¢r.

LEMMA 2.7.Let T € RSST\(n), Ar = (aiz), s € {1,2,...,n — 1} and t €
{1,2,...,As41}. With the previous notation, the image of et under the composi-

A,s,t

tion D(A(s,t)) Do, D()) o, A(p) is equal to

(2:5) Do) () ()T (s b

t1,...5tn

where the matriz of the row semistandard tableau T(s,t;tq,. ..

(aij) by replacing the columns s and s+ 1 by the columns

v tn)l;

,tn) is obtained from

a1s +t1 a1,s41 — t1
Qns +1n Qn,s+1 — ty
and the sum is over all t1,...,t, € N such that
(26) t14+---+1t, =1, Q1,541 -t 20, ..., QAp, 541 —t, = 0.

Proof. From the definition of Oy 5 given in (2.4), we have

D)\737t(6)\(8’t)) =10 @ ... @ s @ sM (54 1)Asr17t)

® (s + 2)(/\s+2) ® - @ntn),

Let 2411 = 8% (s + 1)As+179_ For the map

A D()\S+1) — D(a1,8+1, a2 541 .-+, an,s_,_l)

given (2.2) we have

A(zsy1) = Z s(tl)(s + 1)(a1,s+1*t1) ® - ® s(t")(s + 1)(an,s+1)*tn7

t1,..05tn

Algebraic Combinatorics, Vol. 7 #6 (2024)
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where the sum is as in (2.6). Now Definition 2.4 yields
[1(a11) ... S(als)s(tl)(s + 1)(a1,5+1—t5+1) .. .plain)
b7 o D,\,S,t(e)‘(‘*t)) _ Z o
tytn | 1(an1) oL g(ans) g(tn )(3 + 1)(an,s+1—ts+1) o p(ann)
_ ais+t Anstitn
= > (" 1)"'( )
t1,etn
[ 1(a11) ... s(als-i-tl)(s =+ 1)(a1,s+1—ts+1) .. .plain)

1(ant) . glanstin) (g 4 1)(@nst1=terr) .. plann)
= > (M) ()T (s ). O
t1,...,tn
We note that T'(s,t;tq,...,t,) has weight A(s, ).
COROLLARY 2.8. Let T € RSST (1), Ar = (ai;), s € {1,2,...,n — 1} and t €
{1,2,..., As41}. The image of ¢ under map
Home (O, s,¢,A(1))

Home (D(N), A(p)) Home (D(A(s, 1)), A(n)),

is equal to D7, (alﬁtl)(@gt?) (am+t YOT(s,t5t1,....t,), Wwhere the sum is over

all ty, ..., t, € N satisfying conditions (2.6) of the previous lemma.

Proof. Since D(\(s,t)) is a cyclic G-module generated by the element e*(**) | see [25,
Theorem A4], it suffices to show that Homg(Oy ¢, A(p))(p7)(e?&D)= f(er®D),
where f = Ztl,...,tn (a“tjtl)(mstjm) (a"SH )¢T (s,titr..tn)- Lhis equality follows
from the previous lemma and Remark 2.5. (]
REMARK 2.9. We will need a slightly different expression for the sum (2.5) in Lemma
2.7 in the following special case. With the notation and assumptions of Lemma 2.7,
suppose in addition that Ay = (a;;) is upper triangular and that s satisfies s < m,
where m = £(u). Define
To=0and 7, =t;+---+t; foralli=1,...,s

Then (2.5) is equal to

(2.7) () () (ST [T (s, bttt — 76,0, 0],
t1,rts
where the sum is over all ¢1,...,ts € N such that
s+1
(28) t—Tl 1 — Z Ay, 541 \t,’ mln{a“_ﬂ,t—ﬂ»_l}, iZl,...,S.
u=1+1

Indeed7 since (a;;) is upper triangular, the inequalities in (2.6) yield toq1o = --- =

= 0 and thus tg41 =t — 75. It is clear that (2.6) imply the right inequalities of
( 8). Also from (2.6) we have Zu i1 Qust1 = ZZ+1+1 =t —7; and hence the left
inequalities of (2.8) hold. Conversely, suppose (2.8) hold. By defining t,41 =t — 75 it
follows from the right inequality (for ¢ = s) that t541 > 0. It is clear that the right

inequalities (2.8) imply the inequalities in (2.6).
We will need the following from [21, Lemma 4.2].

+ 1(“1)2(‘12) e n(an)
LEMMA 2.10. Let v € AT (2,¢), v = (v1,10) and T = L) ) € Tab(v).

Then we have the following identities in A(v).
(1) If a1 + by > vy, then [T] =0.

Algebraic Combinatorics, Vol. 7 #6 (2024) 1767
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(2) If a1 + b1 < vy, then

1(a1+a2)2(a2—k2) . n(an_kn)

ARG VIS W (o) RERN G I IS S :
ko,....kn

where the sum ranges over all ks, ..., k, € N such that ko +-- -+ k, = b1 and
ks <as foralls=2,...,n.

2.5. BINOMIAL COEFFICIENTS. Our convention for binomial coefficients is that (‘;) =
0ifb>aorb<0.

If a is a positive integer, let I,(a) be the least integer i such that p’ > a. We will
need the following well known divisibility properties of binomial coefficients. See, for
example, Lemma 22.4 and Corollary 22.5 of [18].

LEMMA 2.11. Let a > b > 1 be integers.
(1) If d is a positive integer such that p'*®) divides d, then (a+d) = (4) mod p.

b b
(2) p divides all of (“Tl), (a;r2)7 A (a;)rb) if and only if p'»®) divides a + 1.
We will also need the following identities that were used in [21].
LEMMA 2.12.
(1) (Vandermonde) Let aq,...,as € N anda =ay +---+ as. Then

(as) = (‘tl), where the sum ranges over allty,...,ts € N such

Ztl,m,ts (?11) e
that ty + -+ +ts = t. :
(2) Let a,b,c € N such that b < a. Then > 5_(—1)c77(“*7)( ’ ) = (a_b+c)

. N b J=0 J c—J c
= 5157 ()
3. THE SET P(;1) AND COMBINATORICS

The key definition of this paper is the following.

DEFINITION 3.1. Fiz n € AT (n,r) and let m = £(u). If m =1, let P(pn) = A(n,r). If
m = 2, let P(u) consist of all « € A(n,r) such that

(3.1) 1+ po+ o+ Lo+ <o Fast oo,
for alli=2,...,m, where [i;_1 means that p;_1 is omitted.

EXAMPLE. Suppose p € A" (n,r) has length m = 4 and let « € A(n, 7). According to
the above definition we have that o € P(u) if and only if

N

H2 X O,
p1+ p3 < a1+ ag,
w1+ po + pa < o+ ag +as.

Let T be semistandard tableau of shape p and weight «, where oo € P(u). Then T
looks like

,,,,,,,,,,,,,, 1,7777777777774 /,[,1

,,,,,,,,,, 2,,,,,,777< ‘UQ

,,,,, 3----=] --- U3

Ha

meaning that the number of i’s in the ith row is at least p;11, where ¢ = 1,2, 3. This
example is generalized in Lemma 3.3(1) below.

We have the following properties of P(y).
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LEMMA 3.2. Let u € AT (n,r) and m = {(p) > 2. If a € P(u), then the following
hold.

(1) Olz'2(,LL1+"'+,Ui_1)—(041+"'+06i_1)fOTalliZQ,...,m—l.
(2) If a S, then a; = pipq foralli=1,2,....m—1.

(3) If B € A(n,r) and a < B, then B € P(u).

(4) If vy € AT (n) and €(y) < m, then a +~ € P(u+ 7).

Proof. (1) Let i € {2,...,m —1}. Using inequality (3.1) for i+ 1 in place of i we have
(3.2) P+ pe et iy < @t a + e+
and therefore

itz e <antaz oo+ ag
Hence a; > (ul + -4 ,ui_l) — (Oél + -+ Oéi_l).
(2) We have a1 > po from inequality (3.1). Let i € {2,...,m—1}. Using inequality
(3.2) and the assumption a <y we have
Qi = pin+ pe e i — (e i)
2 pat p2 e T pis — (B A pie1)
= Mi+1-
(3) Let i € {2,...,m}. From inequality (3.1) and the hypothesis « < 3 we have
prtp2 ot i s Sartagto i < B+ Pat o+ Bica
Hence 5 € P(u).
(4) Let i € {2,...,m}. Since v is a partition we have v; < ;_1 and thus
Mt Yzt <t Y2 + Vi
From this and inequality (3.1) we obtain

(1 +v1) + -4 (e +vie2) + (Him1 +%ie1) + (i + %)
(o +71) + -+ (@img +vie2) + (@im1 + 7ie1)-
Hence a + v € P(u+ 7). O

If T is a semistandard tableau of shape p and weight «, then since the entries of T’
are strictly increasing in each column from top to bottom, it is clear that each entry
i of T appears only in then first ¢ rows of T If in addition a € P(u), then we have a
result in the converse direction according to part (1) of the next lemma; if T is row
semistandard and each element i of T' occurs only in the first 4 rows of T, then T is
semistandard. As a consequence we obtain the isomorphism of weight spaces of part
(2) of the next lemma which is crucial for our purposes.

LEMMA 3.3. Let u € AT (n,7) and m = £(u) > 2. Let o € P(u) and v € A*(n) such
that £(y) < m.

(1) Suppose S € Tabai~(pt + ) has the property that for eachi=1,...,m —1,
all entries of S equal to i are contained in the first i rows of S. Then for each
i=1,...,m — 1, the ith row of S contains the element i at least v; + pi+1
times.

If, in addition, S is row semistandard, then S is semistandard.

(2) Suppose £(y) < m. Then the map SSTq(p) — SSTasq(p +7), T — TV,
is a bijection, where TV is obtained from T by inserting v; copies of i at the
beginning of row i, for each i =1,2,...,m—1. Hence we have an isomorphism
of vector spaces

Yo : Homg(D(a), A(p)) — Homeg(D(a +7), A(p + 7))
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such that o (¢p1) = drv, where T € SST, ().

Proof. (1) Let i € {1,2,...,m — 1}. The first conclusion of (1) is clear if ¢ = 1, since
from the assumption we have that all elements of S that are equal to 1 are located
in the first row and the number of these is equal to a; + ;1 and we have oy > ps. So
let ¢ > 1. Suppose that the number k of elements in row i of S that are equal to ¢

satisfies k < 7; + pi+1. From the assumption we have that in rows 1,2,...,2—1 of S,
the number of elements equal to i is «; +y; — k. Hence the total number of elements
in rows 1,2,...,i— 1 of S is greater than or equal to

(a1 +7) 4+ (e +7vie1) + (s + 7 — k)
=(a+-Farta)t(n++Hye) -k
> (o4 taimrta) (e vie1) = Bt
2 (- pior i) + (4 i) — pi
= +mn)+ -+ (i1 +7i-1)-

This is not possible because of the strict inequality.

Suppose in addition that S is row semistandard. From the first statement of (1)
we have that the ¢th row of S contains at least v; + p;41 copies of i, for each ¢ =
1,...,m — 1. Since v; + fi+1 = Yi+1 + Mit+1, which is the length of the i + 1 row of
S, and since every element of the ¢ + 1 row of S is greater than or equal to i + 1, we
conclude that there is no column violation involving the rows ¢ and ¢ + 1. This holds
forall i =1,2,...,m — 1 and thus S is semistandard.

(2) Let T € SSTy(i). Since v1 = -+ = Ym—1 = 0, it is clear that TV is semis-
tandard. Hence we obtain the map SST, (1) — SSTaq (i + ), T + TV which is
injective.

Let S € SSTqa4+(pt + ). Since S is semistandard, each element i does not occur
in rows ¢ + 1,...,m, for each ¢« = 1,2,...,m — 1. By part (1) of the lemma, we
may consider the tableau T € Tab,(u) obtained from S by deleting from the ith
row, 7; appearances of the element i, for each i = 1,2,...,m — 1. Again by part (1)
of the lemma, the ith row of T contains the element i at least u;y; times for each
t=1,2,...,m — 1 and moreover all the elements of the m-th row of T are greater
than m — 1. Hence T is standard. It is clear that TV = S. O

Recall from Section 2.4 that for A = (a;;) € M,,(N), we have the sequences A(Y) €
A(n) and A® € A(n) of column sums and row sums of A. Let us denote by T;,(N)
the set of n x n upper triangular matrices with entries in N. For «, 8 € A(n,r), define
the set

T,(N)(a, B) = {A € T,(N) : AV =, A®) = 3}
COROLLARY 3.4. Let o« € P(u). Then a basis of the vector space Homg(D(a), A(p))
is the set {¢r, : A € T,,(N)(a, p) }.

Proof. We have the bijection (2.1),
RSST, (1) = {A € M, (N) : AV =, A® = 1}, T — Ar.
If T semistandard, then an element ¢ € {1,2,...,n} cannot occur in a row of T located
below the ith row and hence Ar is upper triangular. By restricting the previous map
we have the injective map
SST, (1) = {A e T,(N): AV =, A® = 1}, T — Ay

This map is onto because if B € T),(N) is such that B") = o and B?) = p, then the
corresponding tableau T has the property that an element ¢ € {1,2,...,n} cannot
occur in a row of T located below the ith row, because B is upper triangular. Since
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a € P(u), we may apply Lemma 3.3(1) for v = 0 to conclude that T's is semistandard.
By the above bijection, the matrix of T is B. O

4. HOMOMORPHISMS AND ADDING POWERS OF p

4.1. FIRST MAIN RESULT AND COROLLARIES. Theorem 4.4 that follows concerns pairs
of partitions A, u € AT (n,r) that satisfy (a) A € P(u) and (b) an additional condition
on 4 that is given in the next definition.

DEFINITION 4.1. let g be an integer such that 1 < g < n. Ifg=1, let AT(n); = AT (n)
and At (n,7)1 = At (n,7). If g > 2, let
AF(n)g={pe A" (n): g1 <pj+pjp, §=2,...,9}
and
AT (n,r)y = AT (n,7) N AT (n),.
In the previous definition, it is understood that p,,+1 = 0.

EXAMPLE. Let n > 4. Then for g = 2, we have that A*(n)y consists of the partitions
pw=(p1,...,1un) € AT(n) that satisfy
H1 < p2 + pg.

For g = 3 we have that A™(n)s consists of the partitions u = (u1,..., u,) € AT(n)
that satisfy

P < 2+ 3,
p2 < p3 + g
In particular, (7,6,3,2) € AT(n)y and (7,6,3,2) &€ AT (n)3.
From Definition 4.1 it follows that we have the descending sequence
AT(n)=AT(n)y 2AT(n)2 2+ D AT (n),.
REMARK 4.2. We have p+~v € AT(n), if p,v € AT (n),. Indeed, if pj—1 < pj + pj41
and j_1 < ;541 for j =2,..., g, then 1 +vj—1 < (5 +75) + (y+1 + Vi+1)-
We will need the following notation.

DEFINITION 4.3. Let A\, € AT (n, 7).
(1) Define

S

CSZZ(ILLL‘—/\Z‘), SZl,...,TL.

i=1
(2) Let g € {2,...,n—1}. Define es = es(\, u, g) € N by
c,s5 =1,
(4.1) es = ¢ max{cs_1,¢s}, 1 <5<y,
min{Ag41,¢4}, s =g.
If g =1, define e; = min{Aq, c1}.
Our first main result is the following.

THEOREM 4.4. Let A, € AT (n,7) and v € At (n). Suppose A € P(pn), p € AT (n)g
and g < m, where g = (), m = {(u). If p»(¢*) divides v, for all s =1,...,g, then

Homg (A(A), A(p)) = Homg (A(A +7), A(p + 7).
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We noted in the Introduction that the above theorem provides an answer to a
problem of D. Hemmer [15, Problem 5.4].
As corollaries we obtain a stability result and a periodicity result. As in the In-

troduction, if k is a nonnegative integer and v = (vq,...,v,) a partition, by kv we
denote the partition (kvq,...,kv,). Let
(4.2) dr = dimHomg(A(A + kv), A(u + kv)).

COROLLARY 4.5. Let A\,u € At (n,r) and v € AT (n). Suppose X € P(u) and p €
AT (n)y and g < m, where g = £(v),m = {(p). Then, the sequence dp,d,z2, ... eventu-
ally stabilizes.

Proof. Indeed, according to Theorem 4.4, dim Homg (A(X), A(p)) = d,nv for all N >
max{er,..., ez} O

COROLLARY 4.6. With the assumptions of the previous corollary, suppose in addition
that v € AT (n)g. Then, the sequence dy,ds, ... is periodic with period a power of p.

Proof. From Lemma 3.2(4) and Remark 4.2, it follows that A+kv € P(u) and p+kv €
AT (n), for all k € N. From (4.1) it is clear that e;(\, i, g) = e;(A + kv, p + kv, g) for
alli=1,...,g and all k¥ € N, because ¢(v) < g+ 1. Thus we may apply Theorem 4.4
to obtain

Homg (AN + kv), A(p + kv)) ~ Homg (A + (k + p™M ), A(p + (k + p™)v)),

where N > max{ei,...,eg4}. O

EXAMPLES 4.7. (1) Let p be a prime such that p > 5 and define the partitions
A= (4pa 3p— lyp_ lap_ lap_ 1’4)5

The length of 1 is m = 3. We have pe < A1 and g1 +p3z < Ap + Ao and thus A € P(u).
Let g = 2. We have p1 < pa + ps and thus g € At (n),. Using eq. (4.1) we see that

e1=c1=p—1, eg =min{Az,c0} =p—1,

and thus l,(e1) = l,(e2) = 1. Hence Theorem 4.4 states that Homg (A(N), A(p)) ~
Homg(A(A 4+ ), A(p + 7)) for all partitions v = (v1,72) such that v; and -9 are
divisible by p and 7, # 0.

For ¢ = 1 in the above example, Theorem 4.4 states that Homg(A(N), A(p)) ~
Homg(AA+ (71)), A(pe + (71)) for all nonnegative 77 that are divisible by p. Hence
the final conclusion is that Homg(A(M), A(n)) =~ Homg (AN + ), A(u + 7)) for all
partitions v = (71,72) such that v; and 2 are divisible by p.

We note that in this example we have Homg (A (M), A(p) # 0 according to Theorem
5.2 that is proved in Section 5 below. See Example 5.3.

(2) Let us fix a partition u such that g € AT (n,7)m_1, where m = £(u), and p has
distinct parts. Let ¢ be an integer such that

(4.3) 0 < q<min{py — po, 2 — 13, - -+ fln—1 = fhms Hn } -
Define the partition

(44) A:(,UI_QMUQV"MU'TI’H(])'
Using (4.3) it follows that A € P(u). From eq. (4.1) we deduce

e1 =" =é€p_1 =4
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Let v be any partition of length at most m — 1. Applying Corollary 4.5 and its proof,

we have that the sequence of nonnegative integers d,,dy2,... defined in eq. (4.2)
stabilizes at dplp(q)7 that is
(4.5) dpip@) = dyip@+1 = ...

and this common value is equal to dim Homeg (A(N), A(n)).

We now relate this example to a result of Carter and Payne.

If p be a prime and A\, u € AT (n,r), we say that A, are a pair of Carter-Payne
partitions if there exist 1 <7 < j < n and g > 0 such that

(4.6) i =N+ q, g =Nj—q, = Ay, UF L]
and
(4.7) P @ divides \i — A\j +j —i+q.

We recall the following classical result of Carter and Payne.

THEOREM 4.8 ([4]). If A\, u € AT (n,r) are a pair of Carter-Payne partitions, then
Homa (A(N), A(g)) # 0.

The dimensions of the hom spaces Homg(A(N), A(n)), where A,y are a pair of
Carter-Payne partitions, are not known in general to the best of our knowledge. They
are known to be equal to 1 when ¢ =1 in (4.6) and p > 2, [§].

Now let us consider again partitions A, u as in (4.4), where ¢ satisfies (4.3), u €
AT (n,7)m_1 and p has distinct parts. Suppose in addition that p'»(@ divides p1 —g+m.
Then A, p are a pair of Carter-Payne partitions (for ¢ = 1 and j = m + 1) and by
Theorem 4.8 we have Homg(A(M), A(i)) # 0. On easily checks that A + ptv, u + ptv
are a pair of Carter-Payne partitions (for ¢ = 1 and j = m + 1) for every ¢t > ,(q).
Hence the dimensions d,: are nonzero for all t > [,(¢). The new information provided
by Corollary 4.5 is that these dimensions are in fact equal and the common value is
equal to dim Homg (A(X), A(w)).

(3) Theorem 4.4 may be useful in computing dimensions of hom spaces between
Weyl modules for particular cases. For example, let p = 3 and

A=(11,10,7,3,3),

u=(14,10,7,3).
For g = 3 one checks that ey = ex = e3 = 3 and thus [,(e;) = 2, i = 1,2,3. From
Theorem 4.4 we conclude that Homg(A(N), A(u)) ~ Homg(A(A + ), A(n + 7)) for

any partition v = (y1,72,73) such that every v; is divisible by 32. Using the GAP4
program written by M. Fayers [10], one finds dim Homg(A(A), A(x)) = 2. Hence

dim Homg (A +7), A(p+7)) =2

for all v as above.
(4) Next, we show by examples that none of the hypotheses A € P(u) and pu €
At (n), of Theorem 4.4 may be omitted.
(a) Let p=3, A =(4,3,2,2), u = (5,5,1) and v = (6,3). Here, g =2 <3 =m
and e; = 1,63 = 2. Also A ¢ P(u) and pp € AT (n),. Using [10], one finds
Homg(A(A), A(p)) = 0 and Home (A(A +7), A(p + 7)) # 0.
(b) Let p=2, A= (5,4,1,1), p = (8,2,1) and v = (4,2). Here, g =2 <3 =m
and e; = 3,e3 = 1. Also A € P(u) and pn ¢ AT (n),. Using [10] one finds
Homg (A(A), A(n)) # 0 and Home (A(A +7), A(p+ 7)) = 0.
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4.2. PROOF OF THEOREM 4.4. We note that A <y if and only if A+~ <+ . Since
A()) is a cyclic G-module generated by an element of weight A and since every weight
a of A(p) satisfies a <y ([19, IT 2.2 Prop)), it follows that both Hom spaces are zero
if A 4 p and thus we assume A < p.

We need some notation. If o = («1,...,a,) € A(n,r) and s,t are integers such
that 1 < s <n—1and 1 <t < a1, let us denote the sequence (o, ..., a5+t agp1 —
t,...,apn) € A(n,r) by a(s,t),

afs,t) = (a1, ..., a5 Ftiagpr — .o ).
Also let
a’ =a+ .

Taking into account the presentations of A(u) and A(p") from Section 2.4, consider
for each s =1,...,n — 1 the following diagram,
(4.8)

msoHomg (Ox,A(p))

Home (D(\), A(y)) St Home (D(A(s, 1)), A(p))
\P}A lz T e
Home (DY), A()) —=2ome @ 260 st fome (DY (s,1)), A(uY)

where ¢\ and 95, are the isomorphisms from Lemma 3.3(2) and the restriction of
the right vertical map on the summand Homg(D(A(s,t)), A(n)) is the map
Y,y » Homg(D(A(s,t)), A(p)) — Homg (D(NY (s,1)), A(pY)),

where 1 <t < t541. Also, ms and 7Y are the indicated natural projections

n—1Ast1 Ast1

Z Z Homg(D()\(S,t)), A(M)) - Z HomG(D()‘(S’t>)’ A(M))»
n—1As+1 Ast1
>3 Homg(D(XY (s, 1)) Z Home (DAY (s, 1)), A(p)),

respectively. We note that the vertical map on the right in diagram (4.8) is in general
a monomorphism since the number of summands in the codomain is equal to A, |, the
number f summands in the domain is equal to A;41 and we have As11 < A1 +7s41 =
AYy1- We intend to show that diagram (4.8) is commutative for all s. If this is the
case, then by taking kernels of the horizontal maps of diagram (4.8) we obtain the
commutative diagram

(4.9)

Z — Homa(D(N), A()) Yiet! Homa(D(A(s, 1)), A(u))
J lwk J{Z S (st
7' < Homg (DY), A(u)) Z2Home O D) s~ Nn o (DAY (s, 1)), A(pY))

where Z = Homg(A(N), A(p)), Z' = Homg(A(AY), A(pY)) and the left vertical map
is the restriction of ¢, to Z. In diagram (4.9) the map ¢, is an isomorphism and the

msoHomeg (Ox,A(r))

map Zi‘;{l Y (s,t) is monomorphism as we noted before. By applying the Five Lemma
[24, Proposition 2.72(i),(ii)], we will have Z ~ Z’  that is Homg(A(N), A(n)) =~
Home (A(A +7), A+ 7).

We now show that diagram (4.8) is commutative. Fix s such that 1 < s < n —1.
Let T € SST(p) with corresponding matrix A = (a;;). Since T is semistandard, A is
upper triangular. In particular, a; 11 = 0 for all ¢ > s 4 1. Using this and Corollary
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2.8, we see that the image of ¢ under the top horizontal map of diagram (4.8) is
equal to

‘s+1

(4.10) Z Z alﬂLtl a2§jt2) (a”H )¢T(s tit1 eyt 1,0500,0) 9

t=1 t1,...,teq1
where the right sum is over all ¢1,...,ts41 € N such that
(411) tl + -+ ts+1 = t, 1,541 — tl 2 0, ceey Q41,541 — ts+1 2 0.

We note that the tableau T'(s, t;t1,...,ts41,0,...,0) has weight A(s,t).

For the counterclockwise direction we note that the matrix (a;;) of the tableau
TV € SSTria(p + «) is given by ay, = a;; +; for all i and aivj = a;; for all ¢ # j.
According to Corollary 2.8, the image of ¢ under the counterclockwise direction of
diagram (4.8) is equal to

Asp1+Ys+1

(4'12) Z Z (alsu—"l_ul) (a2ijz_uz) T (a85+17:+u5)¢Tv (s7u;u17'-'7u5+1701'*'70)7

ULy Us+1

where the right sum is over all uj,...,us+1 € N such that

U+ FUsp1 = U, Ay sp1 — UL 20, oo, Ggsp1 —us 20,

as+1,s+1 + Vs+1 — Us+1 2 0.

Recall that we are assuming g < m. We distinguish three cases according to the
relative size of s.
Case 1. Suppose g < m < s. Then from the definition we have
(4.13)
1(a11) . .. S(a15+t1)(s + 1)(az,s+1*t1) ... plain)
T(s,t;t1,...,ts+1,0,...,0) =--- .
m(amm) . S(ams+tm)(8 _|_ 1)(am.s+1_tm) . n(amn)

The weight of this tableau is A(s,t) and thus Lemma 3.2(3) yields A(s,t) € P(u).
Hence we may apply Lemma 3.3 for A(s,t) in place of o and for v = 0 to conclude
from (4.13) that T'(s,t;t1,...,ts+1,0,...,0) is semistandard. Thus we may apply the
maps of Lemma 3.3(3) to (4.10) and we obtain that the image of ¢ in the clockwise
direction of diagram (4.8) is equal to

As+1

(414) Z Z a1s+t1 azi;ﬁ-tz) L (ass‘i‘t )¢T(s tit1smste 1,000,005

t=1 t1,...,ts41

where the right sum is over conditions (4.11). By assumption we have g < s
and hence 75 = Y541 = 0 and A/, = Agp1. Thus T'(s,t;t1,...,t541,0,...,0)Y
=TV(s,t;t1,...,ts11,0,...,0) and (4.14) and (4.12) are equal.

Case 2. Suppose g < s < m. As before, the image of ¢ under the top horizontal
map of diagram (4.8) is equal to (2.5). Since s < m, we have

1(a11) ... plan)

S(G/SS) .. n(aﬁ”ﬂ)

(4.15) = (s + 1)(as+1,s+1) oo op(@stin)

ml@mm) ... p(amn)
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and thus
1(a11) ... 8(a1s+t1)(8 4 1)(als+1—t1) ... plain)

§las,stts) (g 4 1) (@ss01-8:) .y (asn)

T(s,t5t1, - tor, 0,00, 0) = stert) (5 4 1) (@ntnoniThonn) o pl@eian)
(5 + 2)(@s+2.542) ... plasi2,n)

m(amwl) e n(amn)

This last tableau is not in general semistandard because of the appearance of s(*s+1)
in the s 4+ 1 row. Consider the tableau
8(a55+ta‘)(s + 1)(as,s+1—ts) .. plasn)

(416) Tls. it tupn, O O+ 1] = S (SR

consisting of rows s and s + 1 of T'(s,t;t1,...,ts41,0,...,0). If ags + ts + ts41 > 1s,
then T'(s,t;t1,...,ts41,0,...,0)[s,s+1] = 0 according to Lemma 2.10(1). So suppose

(4.17) ags +ts +tsr1 < Us-
Applying Lemma 2.10(2) we have that [T'(s,¢;t1,...,ts+1,0,...,0)[s,s + 1]] is equal
to

(_1>t5+1 Z (as+ls+1];ts+l+ks+l) . (as+}€n+kn)

s+1 n
kst1,..skn

s(ass+ts+ts+l)(s + 1)(as.s+1—ts—ks+1) coopl@sn_ky)

{(5 4 1)@ttt —torithota) L (@stinthn) ’
where the sum ranges over all ks11,...,k, € N such that
(4.18)  ksy1+ -+ kn =tor1, ksy1 < a5 o41 — s, ksp2 < as542, -y kn < Qspe
Upon substitution in (4.10) according to Lemma 2.3 we obtain

Ast1

Do () () (e

t=1 t1,..tsi1

—t k s41, k
Z (a”l’”lksffl+ ) (a*“kfr ”)¢T(s,t;t1,...,t5+170,...,0)k5+1 ,,,,, o ?

Ksg1,-skn

where
(4.19) T(S, t; tl, . ,ts+1, O7 - ,O)kSJrl,m’kn =
1) . glarsttn) (g 4 1)(0e01—t) o (an)

(s — 1)(as—1,s—1)5(as—1,s+ts—1)(5 4 1)(05—1,s+1*ts—1) ooplas—1n)
8(ass+ts+ts+l)(8 + 1)(as,s+1*ts*ks+1) e n(as,n—kn)

(s+ 1)(as+1,s+1—ts+1+ks+1) ooplastintka) )
(s + 2>(as+2,s+2) cooplastzn)

m(avrwn) . n(anun)

the middle sum is over all ¢1,...,ts+1 € N subject to (4.11), (4.17), and the right sum
is over all ks41,...,k, € N subject to (4.18).

The weight of each tableau in (4.19) is equal to A(s,t) and by Lemma 3.2(3) we
have A(s,t) € P(u). Moreover, each tableau in (4.19) is row semistandard and has
the property that for each ¢ = 1,...,n all its entries equal to i are contained in the
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first ¢ rows. Hence we may apply Lemma 3.3(1) for A(s,¢) in place of o and for v =0
to conclude that T'(s,t;t1,...,ts41,0,..., O)th,,,)k,” is semistandard. Thus we may
apply the maps of Lemma 3.3(3) to obtain that the image of ¢ in the clockwise
direction of diagram (4.8) is equal to

As+1

4 20 Z Z a1a+t1 azi:tz) L. (U«sst:rts) (71)t5+1

t=1 t1,...,t541
E 541,541 tst1t+kst1) .. (Ast+1,ntkn
( kst1 ) ( kn )¢(T(S tit1,..., ts4+1,0,..., O)ks+1 _____ k")vﬂ

ks+17--<7k3n

where the sums are over the same conditions as in the previous paragraph.
A similar computation shows that the image of ¢ in the counterclockwise direction
of diagram (4.8) is equal to
(4. 21)
As1+Ys+1

Z Z (a1z~lku1) (azg;guz) . (a53+17:+u3)(71)u5+1

ULs.sUs+1

Ast1,s4+1FYs+1—Ust1+s Ast1,n+ln
Y (T e ) () G s 110,00

a1 n st1rnln
Lottsensln
where the middle sum is over all uy,...,us41 € N such that
(4.22) U+ F Usp1 = U,
(4.23) a1s41 — U1 20, ..., Gs syt —Us 20, Asp1,641 + Vo1 — Usy1 = 0,
(4.24) Ass + Vs + Us + Ust1 < Hs + Vs,
and the right sum is over all l;41,...,l, € N such that
(4.25)  lop1+ A by = Usq1, L1 < G sq1 — Usy lsp2 < asoqa, ooy by < agn.

By assumption we have g < s and thus in particular v, = 541 = 0. Hence (4.20) and
(4.21) are equal.

So far we have not used the divisibility hypotheses of the theorem. Recall the
notation cs = > 0 (i — i), s =1,.

Case 3. Suppose 1 < s < g. Exactly as in Case 2, the image of ¢ in the clockwise
direction of diagram (4.8) is equal to (4.20), where the middle and right sums are
over all ¢1,...,ts41,ks+1,--.,kn € N subject to (4.11), (4.16), (4.18), and the image
of ¢7 in the counterclockwise direction of diagram (4.8) is equal to (4.21), where the
middle and right sums are over all uy, ..., usy1,ls41,...,ln € N subject to (4.22) -
(4.25).

Claim 1. We claim that in the left sum of (4.20), we may assume that ¢ < ¢, if
s < g and that ¢ < min{A\g41,¢4} if s = g. Indeed, every tableau in (4.20) has the
property that all elements 1,...,s are located in the first s rows and thus ¢ < ¢s by
Remark 2.1. By Lemma 3.2(1), we have A\;41 > ¢ if s < g. Hence we may assume in
(4.20) that t < ¢, if s < g. If s = g, then by Remark 2.1, t < ¢, and we may assume
in (4.20) that t < min{A\g41, ¢4}

Claim 2. We claim that in the left sum of (4.21), we may assume that u < ¢, if
s < g and that v < min{A\g41,¢4} if s = g. Indeed, the proof is almost identical to
the previous proof (the 4’s cancel out) except when s = ¢ in which case vs41 = 0 by
assumption of the Theorem 4.4.

Claim 3. Consider the last inequality in (4.23), that is ast1,s41 + Vs+1 — Us+1 = 0.
We claim that in the middle sum of (4.21), we may assume Ggs41 541 — Ust1 = 0.
Indeed, this is clear if g = s, since y441 = 0. So let s < g, whence s < g < m by
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the assumption of the theorem. Suppose @541 541 — Us+1 < 0. Then from inequality
(4.24) we have

Hs 2 Agg + Ug + Us+1 > Qgs + Usg + as+1,s+1 2 Ags + as+1,s+1-

Since s + 2 < m, we may apply Lemma 3.3(1) (for & = A, = 0) to conclude that
Qss = fot1 ANd Gs41,641 = fst2. Hence pg > pig41 + fto2 which contradicts the
hypothesis u € AT (n,7),.

Claim 4. We have the equalities in K

(ass+17:+us> — (assutus)’ (as+1,5+1+’Y;:Jr11—us+1+ls+1) — (as+1,s+1l:ff+1+l§+1>_

Indeed, from Claim 2 we have u < ¢, for all s and thus us < ¢s. From the hypothesis
of the theorem, p'»(*s) divides v, which by Lemma 2.11(1) implies the first equality
of Claim 4. For the second equality, we note it holds if s = g, since 441 = 0. Suppose
s < g. From Claim 2 we have u < ¢s and thus from (4.25) and (4.22), ls41 < ¢s. So
from the hypothesis of the Theorem 4.4, p'»(s+1) divides ~s+1. From this and Claim
3, it follows we may apply Lemma 2.11(1) to get the second equality of the claim.

Now from Claims 1-4 it follows that (4.20) and (4.21) are equal. Thus diagram
(4.8) commutes in all three cases.

The proof of Theorem 4.4 is complete. 0

REMARK 4.9. Suppose v = (1) is a partition consisting of a singe part. In [22] it was
shown that the extension groups Ext’ (A(N), A(u)) and Exti (A(A+7), A(u+7)) are
isomorphic as vector spaces under suitable conditions on p, A, i, y1. Let us comment
here how the special case of Theorem 4.4 of the present paper for v = (v;) relates to
the above result for i = 0.

Suppose in the statement of Theorem 4.4 we have g = 1, so that v = (7). According
to Definition 4.1 we have AT(n); = AT (n) and according to the definition given in
eq. (4.1) we have

€1 = min{)\%/j,l - )\1}
Thus from Theorem 4.4 we conclude that if
A € P(p) and 1 = p?, where d > min{\a, 11 — A1},

then Homg (A(X), A(u)) = Homg(A(A+(71)), A(r+(71))). This result was obtained
in [22, Theorem 6.1] under the weaker assumption s < A; in place of A € P(u).
However, let us mention without providing a proof here, that for ¢ = 1 the proof of
Theorem 4.4 is considerably simpler and in fact one may verify that it reduces to the
proof of [22, Theorem 6.1]. In particular, one of the simplifications that occurs in this
special case, is that we only need the first inequality pus < A1 of the inequalities in
the definition of A € P(u), see Definition 3.1.

5. A NON VANISHING RESULT

5.1. SECOND MAIN RESULT. Let us fix a pair of partitions A, u € AT (n,r) such that
A < and denote by m the length of x. Recall the notation ¢, = >0, (p; — A;) and
the definition of I,(a) for a positive integer a from Section 2.5. We let

Crp_q1 = min{e_1, A } and 1,(0) = 0.
DEFINITION 5.1. Let ¢ be the map
YD) = A, v= > ¢r

TESST (1)

corresponding to the sum of all semistandard tableauz of weight X and shape p.

Our second main result is the following.
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THEOREM 5.2. Let A\, p € At (n,7) such that X< p and X € P(p). If
(1) p(e) divides Ny — pop1 + 1 for all s = 1,...,m — 2 and p'»(cm—1) divides
Am—1 — tm + 1, and
(2) plePe+1) divides A +1 for all s =m,...,n — 1,
then v induces a nonzero homomorphism A(N) — A(p).

EXAMPLE 5.3. Let us recall the partitions in Example 4.7(1). Let p be a prime such
that p > 5 and let

A= (4]9, 3p - l,p - 1ap - ]-ap - 174)a
p=(5p—1,3p+1,2p).
We observed that A € P(u). One checks that A < . With the notation of Theorem
5.2 we have
cg=p—1, co =min{p+1,p—1} =p— 1.
Thus I,(c1) = l,(ch) = 1. Also Ay — o +1 = A2 — us + 1 = p are divisible by p, so that
hypothesis (1) of Theorem 5.2 is satisfied. Since p divides A3 +1=p and \y +1 =p,

hypothesis (2) is also satisfied. Hence the map 1 of Definition 5.1 induces a nonzero
element of Homeg(A(N), A(w)).

REMARK 5.4. Suppose in Theorem 5.2 that u is a partition of length at most 2. In
this case the hypothesis A € P(u) is equivalent to pus < A;. Hence we recover [21,
Theorem 3.1]. In fact this result was the main motivation for Theorem 5.2 and the
consideration of pairs of partitions A, u satisfying A € P(u) in the present paper.

5.2. PROOF OF THEOREM 5.2. From the presentation of the Weyl module A()\) given
in (2.3), it follows that in order to show that the map ¢ : D(A) — A(u) of Definition
5.1 induces a map A(X) — A(u) of Weyl modules, it suffices to prove the following
lemma.

LEMMA 5.5. Under the assumptions of Theorem 5.2, the composition
D s,t
D(A(s.1)) = D(X) % A(p)
is the zero map for all s € {1,2,...,n— 1} and i € {1,2,..., X s11}, where the map
O se, @5 defined in (2.4).

Proof. The proof of this lemma is somewhat lengthy and takes up most of Section
52.Fix s € {1,2,...,n—1}. We distinguish 3 cases that depend on the relative sizes
of s and the length m of p.

In Section 5.3 below, we have gathered four elementary lemmas needed in the proof
of Lemma 5.5.

Case 1. Suppose m < s < n — 1. From Definition 5.1 and Corollary 3.4 we have
Y =" 4 ¢1,, where the sum ranges over all A € T,,(N)(), ). Since each matrix A is
upper triangular, Lemma 2.7 yields
(5.1)

Gy =N N (et (e (et [T (s, 88, E, 0,2, 0)),

A t1,tm

where the left sum is over all A = (a;5) € T,(N)(A, 1) and the right sum is over all
1y ybm € N such that t;1 + -+ t,, = t, a1,s+1 —1t1 20, ..., Am,s+1 —tm = 0.
Each tableau T' = Ty(s,t;t1, ..., tm,0,...,0), where
1(a11) ... S(a15+t1)(8 + 1)(al‘s+1—t1) ...plain)
(a22) . .. glazs+t2) (az,s41—t2) ... plazn)
(5.2) _2 s (s+1) n

m@mm) ... g(@msttm) (s + 1)(a7n,s+17t7n) .o .plamn)
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in the right hand side of (5.1) is semistandard by Lemma 3.3(1). Fix such a T Its
coefficient in the right hand side of (5.1) is equal to

(53) Z (M;—fh) (azz—:tz) . (amZ:tm)

B,ui,...;um

where the sum is over all B = (b;;) € T,,(N)(\, 1) and all us,...,u, € N such that
foralli=1,...,m

(5.4)

bij = aij, (J # 8, 5+1), bis+ui = ajs+1i, bisp1 —U = Qi 41—ty UL+ -+ Uy =1,

From Lemma 5.7 below, it follows that (5.3) is equal to
Z (a15+t1) (a23+t2) L. (ams-‘rtm)7
wdFum=t ’ "

where the sum is over all uy,...,u,, € N such that u; +---+u,, =tand a;5s+t; > u
foralli =1,...,m. By Lemma 2.12(1) this is equal to

(@rstttebamattn ) (Aot)

which by Lemma 2.11(2) is zero in K by assumption (2) of the Theorem 5.2.

Case 2. Suppose 1 < s < m. This case is more involved. Let A = (a;;) €
T, (N)(A, 1), let ¢ be an integer such that 1 < ¢ < As41 and consider the tableau
Ta € SST (). As in the first paragraph of the proof of Case 2 of Theorem 4.4 (the
only difference is that here we use Remark 2.9 in place of Corollary 2.8) we obtain
that ¢, (e*5) is equal to

n

(5.5) E H a”H t Ts E (abﬂ s+1—kt Tb)+ks+1 H ab+1 _]+k}
s+1

ts i=1 Ksg1,-mskn j=s+2
[T(S,t;tl,...,t—TS,O,...,O)kS+1 ,,,,, kn}’

is given by (4.19),

kn

where T'(s,t;t1,...,t = 76,0,...,0)k oy, k
Ts:t1+"'+t5717
the left sum is over all ¢1,...,t; € N subject to (2.8) and ass +t — 75—1 < ps, and the

right sum is over all ks41, ..., k, € N subject to
(Sa) kep1 4+ +k,=1t—7s,
(Sb) ks+1 < as,erl - ts» ks+2 < as,s+27 ey kn < Qgn.

For clarity, we break up the proof into 3 steps.

Step 1. Before we compute 1 = ZAeTn(N)(A,u) o1, let us simplify (5.5); we want
to compute the sum with respect to t;.

For the sake of conciseness, define

k=FEoro+ -+ kn.

Then from (Sa) we have k = (t — 75) — ks41. Now we substitute in (5.5) and rearrange
the left sum to obtain

S TlerSene) S e
s —Ts—
ti,..,ts—1 1=1 ts kst1,--skn

n

11 (a”léj"'k")[T(s,t;tl,...,t—TS,O,...,O);CS+17,,,);%].
Jj=s+2
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Note that in the above expression, we may drop k1 from the right sum since k511 =
t — 17s — k. Hence we may pass the t; from the middle sum to the right to get

DS e s ST )

t1,ets—1 i=1 kst2yekn
n
[T ()T titn, st = 76,0, )]
Jj=s+2
where the left sum is over all t1,...,ts_1 € N subject to

(S'la) t — -1 — ZZEH Qu,s+1 < t; <min{a; sp1,t — -1}, i <s—1,
(S'1b) ass +t — 75—1 < s,
the middle sum is over all ksyo,...,k, € N subject to
(S'2a) ki < agi, i 25+ 2,
(S 2b) t— Ts—1 — Qs,541 < k < Gs41s+1
and the right sum is over all ¢, € N subject to
(8/3) t— Ts—1 — as+1,s+l < ts < min{as,s+la t— Ts—1}~
Indeed, it is straightforward to verify that conditions (Sa) and (Sb) are equivalent to
(S'2a), t—Ts—1—as 541 < k < t—75 and kg1 = t—75—k. Furthermore, t—75 < @s41,541
and since (aszfljtlk k) =0 for all k such that t — 75 < k < as41,54+1, we obtain (S'2a)
and (S'2b).
The rows s and s + 1 of the tableau T'(s,t;t1,...,t — 75,0,...,0)k_,, ...k, in the
right hand side of (5.6) are
S(ass"l't_Ts—l)(s + 1)(as,s+1_(t_7—sfl_k))(s + 2)(as,s+2—ks+2) .o .plasn—Fkn)
(5 + 1)(as+1,s+l_k)(s + 2)(as+1,s+2+ks+2) - n(as+1,n+kn)

and thus T'(s,t;ty,...,t —75,0,...,0)k, ...k, does not depend on ¢,. Hence we may
write (5.6) as follows

DY M 0 (™)

te_1 i=1 Kogoykn j=s42

<Z<1>”S (erprhy (as;jfs)) D(s,t5t1, oot =73 0re e O]

ts
Now we claim that in the right sum of (5.7) we may assume that ¢, <t — 75_1 — k.
Indeed, let
c=1t— Ts—1 — k.

Ifty > ¢, thent—7,—k =t—7s_1—ts—k = c—t5s < 0 and thus (aszjf:j,;k) = 0. Next,
from the first inequality of (S'2b) we have ¢ < as s+1. Hence ¢ < min{agss11,t—Ts—1}-
Thus we conclude from (S’3) that in the right sum of (5.7), ¢t ranges from 0 to c.
Note that as41,641 =k < Gsy1,5641 < Ms+1 < g5, Where the last inequality comes from
Lemma 3.3(1). Hence we may apply the first equality of Lemma 2.12(2) to conclude
that the right sum is equal to

(DR T,

Thus far, we have shown that (5.5) is equal to

s—1 n
(5.8) E H (aist"'ti) E (_l)k(assfaz+1,s+l+li77's 1 H as+1 ]Jrk
i —Te_1—
t1,ets—1 =1 ksyo,....kn ! Jj=s+2

[T(S,t;tl, . ,t — 7'350, .. "O)ks+17~~vknL
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where the left sum is subject to (S'1), the right sum is subject to (S'2) and

(59) T(S,t;tl, . 7t — TS7O, . 7O)ks+1,...,kn =
1(a11) . .. 5(a15+t1)(5 + 1)(a1,s+1*t1) .. .pla1n)

(s — 1)(as—1,s—1)S(G.e—l,.e+t.e—1)(8 + 1)(a.<—1,.<+1—ts—1) cooplas—1n)
5(ass+t*‘rs—1)(5 4 1)(a5,5+1—(t—7—5_1—k))(8 + 2)(a5,5+27ks+2) .o oplasn—Fkn)
(5 + 1)@stro0170) (5 4 2)(@str o2 thora) . plaotrnthn)

(5 +2)(@s+2542) .. plasian)

m(amm) e n(amn).

Step 2. Next, we start the computation of w(e)‘(s*t)). As in the previous step, we
will simplify the sums using change of variable arguments and Lemma 2.12.

We have seen that ¢ = ) , ¢, , where the sum is over all A = (a;;) € T, (N)(A, ).
Claim. We may write the sum ) , ¢7, as follows (isolating the s 4+ 1 row of A and
‘forgetting’ the s row),

b= Y > G4,

aij:i¢{s,s+1} Gst1,s41,--, As41,n
where the left sum is over all a;; € N, 1 <4 < j <n,i# s,s+ 1, such that
(S'4a) Z?:Z aij =i, i £ s, s+1, Dl _ja; =X\, j<s—1,
(S4b) D71 s et @ig SNy J =5,
and the right sum is over all as41,s41,...,as+1,n € N, such that
(S'ba) Z?:s+1 As+1,j = Hs+1,
(8'5b) @st1, SAj = D1y e sn1 Gigy J =5+ 1

Proof of Claim. First, suppose A = (a;;) € T,,(N)(A, p). Since A is upper triangular
with sequence of column sums equal to A, we obtain the second equality of (S'4a),
(S’4b) and (S’5b). Similarly, since A is upper triangular with sequence of row sums
equal to p, we obtain the first equality of (S'4) and (S’5a). Conversely, suppose

e we have a;; € N, 1 <i < j <n,i#s,s+ 1 satisfying (8'4), and

o we have asy1,5+1,---,as+1,n € N satisfying (S'5).
We define
J
(510) asj:)\j— Z Qjj, j:S,...,n,
i=1,i#s
and
Qaij = 0,2 > 7.

Then the n x n matrix (a;;) is in T5,(N)(A, p). Furthermore, the i row of (a;;), for
i#s,5+1is (0 ---0a;; ---ain) and the s+ 1 row of (a;;) is0 -0 Ggs - Gsg1,n-
Finally, (a;;) is the unique matrix in 7}, (N)(\, 1) with these rows in position 1,...s—
1,5+ 1...n. The proof of the Claim is complete.

Now using (5.8) and swapping the sums Zas+1,s+17~~~7as+1,n and >, ;. (which
is permissible since, from (S'1) and (5.10) (for j = s+ 1), we can see that ¢1,...,ts_1

Algebraic Combinatorics, Vol. 7 #6 (2024) 1782



On stability and nonvanishing of hom spaces

are independent of asy1 s41,-..,0s+1,n), We Obtain

(3.11) 0y = 3 RIS

a;;i@{s,s+1} ti,.ts—1 i=1

n
E (_1)k(ass*as+1,s+1+t*7’s 1 H ?+1 7+k
t—Tsfl—kI
As41,54+15-++ As+1,n; j:5+2

kst2,-skn
[T(S, t; tl, e ,t — Ts, 0, e ’O)ks+1,---7k7z]7
where the right sum is subject to (S'2) and (S'5).
Before we make substitutions after changing variables, let us consider the right
sum in (5.11). Let I be the set of all sequences
(a5+17s+17 L] ,as-i-l,na ks+27 vy kn)

of nonnegative integers satisfying (5'2) and (S'5). If gs42,...,qn € N satisfy

J
(5.12) G<AN— > ay, j=s+2
i=1,izs,5+1
define the set I, , .. 4, consisting of all
(Gst1,541s -+ Qst1ms kst  kn) €T
such that
(5.13) Qoy1;+kj =q5,7 = s+ 2.

Then we have the disjoint union

I= qu+2,--~7qnIqs+z,..-,qn~

From the definitions we have that, given gsyo,...,q, as in (5.12), then

(Gst1,541s -+ Ast1ms kst oo s kn ) € 1y,,s,..q, if and only if (S'2), (S'5) and (5.13)
hold. Hence we may apply Lemma 5.8 below to conclude the following. Suppose
Gs+2, - - - qn satisfy (5.12). Then

(as+1,s+17 ceey Qs41 0, ks+27 sy kn) S IqSJFQ,H.,q71
if and only if (S'5b), (8'6) and (5.13) hold, where
(S 6&) As41,5+1 = Ms+1 — (¢ + k
(S 6b) t — 711 — s+1+z 1 Ajs41 + pst1 < ¢ < fhst1,
and ¢ = gs2 ++* + Q-
We also note that Iy, ps,.
..,0).
Now with the substitutions
4 = ast1,5 +kj, (5 =5+2),

we see that rows s and s 4 1 of the tableau T'(s,t;t1,...,t — 75,0,...,0)5, ., .k, i
the right hand side of (5.11), which is given in (5.9), are

_g¢n 1s nonempty as it contains (fs41 — ¢, gs+2,-- - qn, 0,

(5_14) S()\S—Zf;ll ais“rt—‘rs—l)(s + 1)(>\s+1—/Ls+1—Z:;11 ais+1—(t—Ts—1)+q)
(S + 2)(A5+272::1,1:¢s,s+1 is42—Gs+2) - n(Anizj:Li#s‘s#»l @in—Gn)
(54 1) 179 (5 4 2)(@s42) . plan)

From (S’6a) it follows that (“szazjf_*;:i*“*) = (“SS_“S;rj:‘i_l’izt_”‘l). The point

is we have expressed (5.9) independently of the asy1s41,--.,0s41,n,Kst+25 .-+, Kn-
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Using this and the conclusion of the previous paragraph, we may rewrite the right
sum in (5.11) as follows,

n
k - —ktt—Ts i
(5.15) 3 ( DD C Vi Gk I | (Z§)>
Qs+25--54n Ast1,5+150s+,1n, J=s+2
ksy2,..kn

[T(sat;tlv coyt—=T76,0,. .. 70)ks+17---7kn]?

where the left sum is over all ¢s12,...,¢, € N such that (S'6b) and (5.12) hold, and
the right sum is over all as11 541, .., @s+1,n; Ks+2, - - -, kn € N such that (3'5b), (S'6a)
and (5.13) hold. Then by Lemma 5.9 below, the right sum in (5.15) is equal to

n
(5.16) Z (_l)k(asrusﬁztilittfrs,l) H (gj)
kst2,....kn j=s+2

where the sum is over all ksya,...,k, € N such that k; < g; (j 2 s+ 2) and
k< Aer1— 3201 @igs1 — pss1 + g We observe that from (S'1a) and (S'6b) we have
s—1
0<t—7s1 < )\s+1 - Zai,erl — Msr1 +4g.
i=1
Moreover, by our convention (““_”St*_lj_'q__l’izt_“”) = 0 for all k£ such that t—7s_1 < k.
Thus the sum in (5.16), say X, is over all kqyo, .., ky, € N such that k; < g; (7 > s+2)
and k <t — 75_1. Therefore

t—Ts—1 n

(5.17) D= Y (~DF(rerreptakiionon N IT &)
k=0 kstot-+kn=k j=s+2
t—Ts—1
= Y (FDF(reTrep e e (1)
k=0

by Lemma 2.12(1). From Lemma 3.3(1) we have ass — pts11 > 0, so by letting a =
ass — fs+1 + ¢ and b = ¢q, we have a > b > 0. From the second identity of Lemma
2.12(2) we conclude that ¥ = (%o~ Het1H=To-1)

t—Ts—1
To summarize, we have

s—1
(5.18) ,(/}(e/\(s,t)) — Z Z Z (ass_l»l‘t‘t*—‘l{s—":tl_TS_l) H (a7§tj_t7)
aijig{s,s+1} ti,ts—1 Gst2,-4n i=1

[T(S,t;tl, e ,t — 7’5,07 e ,O)(qs+2“”,qn)],

where the left sum is over (S'4), the middle sum is over (S'la) and (S'1b) with ass
replaced by As — 37, ;. ais, and the right sum is over (8'6b) and (5.12). Moreover,
all rows of T'(s, t;t1,...,t —75,0,...,0)(g.1s.....q0), €XCEPt TOWS 5 and s + 1, are equal
to the corresponding rows of (5.9), while rows s and s + 1 are given by (5.14).

Step 3. We conclude the computation of 1(e*(**)) with another change of variable
argument.

Let us begin by rewriting the first sum in (5.18) by isolating columns s, s + 1. We
see that ¥ (e**)) is equal to

s—1
(19 2 > X e ILes)
i=1

aij:i,j¢{s,s+1} @ t17~~5tszl+l Qs+25---50n
syeer@s—1,5

[T(s,t;t1,...,t —7s,0,...,0)

(QS+27~~~7‘ZN)}7
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where the left sum is over all a;; € N, where 1 <i < j<nandi,j ¢ {s,s+ 1}, such
that

(S"1a) Zj sl Qi S iy 1< s — 1, gnd D @i = iy 125+ 2,

(8"1b) 321 yai; =2A;, j<s—1,and 25:1,¢¢s,s+1 aij S Aj, J 2 5+2,

and the middle sum is over all ¢1,...,t,—1 € N and ais,01,641,-.,0s5—1,5,@s—1,5+1 €
N, such that (S'la) and (S'1b) hold and

(S"2a) Z; Z Uz71<3_1

(S”2b) El L @is < As and >0 _1 Qi st1 < Ast1-
Our goal in Step 3 is to compute the coefficient of [T'(s,t;t1,...,t — 74,0,...

0)(go2,eran)]- Define
w=a;s+t; (1=1,....,s—1)and u =uy + -+ ug_1.
Then it is easy to verify by direct substitution that
T(s,t;t1,...,t —75,0,..., 0)(QS+27---1qn) =1Tp,
where D = (d;;) € T,(N)(\, p) is defined by

n

(5.20) dis = i, digp1 = i — Z aij; —ui, i < s— 1,
=i js,stl
dss = As —t +u,

dssH—/\s+1—us+1—t+q—2m+z Z @ij +u,

i=1 j=t,j#s,s+1

dg=X— Y — 4, j=s+2
i=1,i#s,s+1
Aot1,541 = pst1 — @, dsy15 =¢q5, Jj = s+ 1,

dij = a;j, otherwise.

We have expressed Tp independently of the t1,...,ts-1 and ais,a1 5415+, 8s—1,55
as—1,s+1- Moreover, we have

s—1 s—1 s—1
U:§ ais+§ tz:§ ais +1—Ts1
i=1 i=1 i=1

and hence from (5.10) we conclude that (s o1 771) = (AS_”S“H_"). We ob-

t—Ts—1 t—Ts—1

serve that the left hand side of (S'6b) is equal to

Ms+1_ s+1 +t+ZMz Z Z aij—’U/,
=1 j=i,j#s,s+1
that is, it is independent of the subscript s + 1 of a; s11. Hence from (S'1a), (5"2)
and (S'6) we may swap the middle and right sums in (5.19). These remarks allow us
to obtain

Gay > 22 (tZ (“#xt‘f“)sﬁc:))[TaL

aij:t,jE{s,s+1} Ui, Us—1 Qgs42,-- @ 17--d7tszl+1 =1
sy s—1,s

where the second sum is over all uy, ..., us—1 € Nsuch that, given a;; (4,7 ¢ {s, s+1})
as in the first sum, there exist ¢1,...,t,_1 € Nand a15,a1 541,---,05-1,5,805-1,5—1 € N
satisfying (S”2), (S'1a), (S'1b) with ass replaced by As — 371, ;. ais, and
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(S”?)) U; :ais+ti7 ’L: ].,...,S—]..
The fourth sum is over (S”2a), (S”2b), (S'1a) and (S'1b). However, condition (S'1b)
is equivalent to ¢t < ps — As + u. Thus we may impose this condition on the second
sum in (5.21) and not on the fourth.
By Lemma 5.10 below, (5.21) may be written as follows

s—1
CEONEED SHED SEED DN U DI G =B | () 8!
aij:t,jE{s,s+1} Ui, Us—1 gs42,--,qn  “t1,ls1 i=1
where the fourth sum is over all ¢1,...,ts_1 € N such that
(8"4) 151 <t,0<u—75_1 <Asand t; <uy, i=1,...,8— 1.

We claim that Ay — ps41 +¢ —u > 0. Indeed, at the end of Step 2 we noticed that
Gss — hs+1 +t — Ts—1 = 0. We also noticed that under the change of variables in Step
3, Gss — fst1 + 1 — Ts—1 = As — ts+1 + t — u, so the claim follows. We also note that
we may drop the second condition in (S”4) (this follows from the third condition of
(S”4) and the definition of u). Hence we apply Lemma 2.12(1) to conclude that (5.22)
is equal to

(5.23) Z Z Z (ATt [ Tp).

aijit,JE{s,s+1} Ui, Us—1 Gs42,--50n
Now from (5.9) we have that the number of appearances of the elements 1,...,s—1,s
in Tp is A\; + -+ + As—1 + (As + ) and these appear in the first s rows of Tp. Hence
M4+ Ao+ s +18) < pr+ -+ ps, that is ¢ < ¢s. On the other hand we
have ¢ < As41 and thus ¢ < min{cg, Agy1} for all 1 < s < m. From Lemma 3.2(1),
min{cs, As+1} = ¢ if s < m—1. Now from assumption (1) of the theorem and Lemma
2.11(2), it follows that (5.23) is equal to 0.

Case 3. Suppose s = 1. This is essentially identical to the first part of the proof
of [21, Theorem 3.1] and thus omitted. The only difference is that we append rows
3,...,mof T4 to the two-rowed tableaux that appear in the proof of loc.cit. according
to Lemma 2.3.

The proof of Lemma 5.5 will be complete once we prove the four lemmas of Section
5.3 below. O

From Lemma 5.5 we have that ¢) induces a G-homomorphism
b A = Adp).

It remains to be shown that 1) # 0. Recall that we are assuming A<l in the statement
of Theorem 5.2.

LEMMA 5.6. The map 1 : A(\) — A(u) is nonzero.
Proof. From Remark 2.5 we have that
P(1M @ ... @nn)) = Z 7],
TESST (1)

which is a sum of certain distinct basis elements of A(u) according to Theorem 2.2.
So it suffices to show that the set SST (1) is nonempty. This is indeed the case since
A <, see [20, Theorem 17]. O

The proof of Theorem 5.2 will be complete once we prove the next four lemmas.

5.3. FOUR ELEMENTARY LEMMAS. We prove here the four lemmas that were used in
the proof of Lemma 5.5.

Recall that we have partitions A, 4 € AT (n,r) and integers s, t satisfying 1 < s <m
and 1 <t < Agy1, where m = £(p).
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5.3.1. The first lemma. Let us recall the setup of Case 1 of the proof of Theorem 5.2.
Suppose m < s < n — 1. We have a fixed tableau

1) . 5(@16) (5 4 1) W) . plain)

(5.24) p 2003 @2 (5 1) () plasn)

m(amm) e S(QCms)(s + 1)(ym,s+1) - n(amn)

given by eq. (5.2), where (a;;) € T,(N)(\, 1), is = ais +t; and y; s11 = a5 511 — i
For the matrix A7 of T' we have

(5.25) Ar € T(N)(A(s, t), ).
Let X be the set of all ordered m + 1 tuples
(Byut, .. Um),

where B = (b;;) € T,(N)(\, ) and u1,...,u, € N satisfy for all ¢ = 1,...,m the
following conditions

(5.26) bij = aij, (j # 5,8 +1), bis +ui = Tys, bisy1 — Ui = Yisq1, UL+ + Uy =T
Let X’ be the set of all ordered m tuples

(U1, ..y ),
of nonnegative integers such that
(5.27) Tis 2w (1=1,...,m), ug + -+ Uy =t.
LEMMA 5.7. The map X — X', (B,u1, ..., Um) = (U1, ... up), is a bijection.

Proof. Suppose (B,uy,...,u,) € X. From the second equality of (5.26) we have
Z;s — u; = bis = 0. Thus (5.27) is satisfied and (uq,...un) € X'.

Suppose (B,u1,...,Umn), (Ciu1,...,uy,) € X. From the first three equalities of
(5.26) we have B = C. Hence the map X — X’ is 1-1.

Suppose (u1, ..., Un) € X'. Define B = (b;;) from the first three equalities of (5.26).
From the inequalities of (5.27) it follows that the entries of B are nonnegative integers.
From (5.25) and the equality uy+- - -+uy, = t, if follows that B = (b;;) € T,,(N)(A, p).
Hence the map X — X' is onto. O

5.3.2. The second lemma. Suppose 1 < s < m.

LEMMA 5.8. Suppose we have nonnegative integers
o a;;, where 1 <1 < j < n, satisfying (5.10),
o t1,...,ts_1 satisfying (S'1),
® (si2,...,qn Satisfying (5.12), and

ksio,. .., kn satisfying (5.13).

Then the tuple w = (41,541, s Ast1m, Kst2s - - -, k) Satisfies (S'2) and (5'5) if and
only if it satisfies (S'5b) and (5'6).

Proof. We recall the notation
Ts=t1+ - +ls—2, ¢=qst2+ +an, k=kspo+ -+ kn.

Let us begin with an equation that will be used in both directions of the proof of the

lemma. By summing egs. (5.13) with respect to j = s+ 2,...,n, we obtain
(528) Z As41,5 + k= q.
j=s+2

Suppose w satisfies (3'2) and (S'5). Using (S'5a) and (5.28) we get fis4+1—Gst+1,+1+
k = q. Hence asy1,s41 = ps+1 — ¢ + k which is eq. (8'6a).
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From (S'2b) we have
t—To—1 — Gs 541 <k < asq1541 = (add ¢ — k)
t—Ts—1—ass+1+q—k <q<asp1s41+9— k= (use (S'6a))
b= To—1 — Qs 541 — Asi1,5+1 + fst1 < ¢ < psp1 = (use (S'5b) for j =s+1)
s+1

t— Ts—1 — as,erl - )\s+1 + Z ai,s+1 < q < Ms+1 =
i=1,i#s,s+1

s—1
t— Ts—1 — )\s+1 + Zai,s+1 < q < Ms+1-
i=1
Hence we have shown (5'6b).
Conversely, suppose w satisfies (S’5b) and (S’6). Then the implications in the proof

of the previous paragraph may be reversed. Thus we have (S'2b).
Using (5.10) we have

Ay =XN— Y ay

i=1,i#s
J
= )\j - Z Qjj — As41,5 (use (513))
i=1,i#s,s+1
J
= )\j — Z ai; —q; + kj (USG (512))
i=1,i#s,5+1

> k;
for all j > s + 2. Hence we have shown (S2a).

Finally, from (S'6a) we have
As1,541 = Mst1 — ¢+ K (use (5.28))

n
R S
Jj=s+2

Hence Z;-L:SH as+1,; = ps+1 and we have proven (S'ba). O

5.3.3. The third lemma. Let us recall the setup of Case 2, Step 2 of the proof of
Theorem 5.2. Suppose 1 < s < m. We have a;; € N, where 1 < ¢ < j < n and
i,j ¢ {s,s+ 1}, that satisfy (S'4). We have t1,...,ts—1 € N that satisfy (S'1a). Also
we have ¢s42,...,q, € N satisfying (S’6b) and (5.12).

Let B be the set of all sequences

(as+1,s+17 vy Os41,n, ks+27 cey kn)

of nonnegative integers that satisfy (S'5b), (S'6a), (5.13) and let B’ be the set of all
sequences

(Kst2,--ykn)
of nonnegative integers such that
s—1
(5.29) ki<q (j=s+2,....n)and k < Asy1 — Zai,s-‘rl = M1+ 4.
i=1

Recall the notation
k=kspot+ - +kn, g=qsy2+ - +qnand 7, =t +---+1;.
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LEMMA 5.9. The map [ : B — B/,

(as+1,s+17 sy Ast1n, ks+27 L) k'n) = (k5+2, ey kn>7
s a bijection.

Proof. Let © = (Gsq1,5415---5As41,n: Ksy2,---,kn) € B. From (5.13), k; = ¢; —
as+1; < gj. Also, from (S'5b) for 7 = s+ 1 and from (S'6a) we have k + psy1 —
g < Asy1 — Zf;ll a; s+1 from which the second inequality of (5.29) follows. Hence
f(B) C B'. Clearly f is injective. If (ksyo,...,k,) € B’, define as41 541 from (S'6a)
and define agy;; from (5.13). Then asy1,641 = pst1 — g = 0 by the second in-
equality in (S’6b). From the first inequality of (5.29) we have asyq1; > 0 for all
j =s+2,...,n. From (S'6a) and the second inequality of (5.29) it follows that
Qot1,5+1 < Agp1 — Zf;l’#&sﬂ a; s+1 and hence (S8'5b) holds for j = s + 1. From
(5.12) we have asi1; = ¢j — kj < A\j = 2311 izq 411 @ij» and hence (S'5b) holds for
Jj=$+2,...,n. We have shown that (S'5b) holds. Note that (S'6a) and (5.13) hold by
definition. Hence we have established that (@st1,s+1,---50s+1,n, kst2,--.,kn) € B.
This proves that f is surjective. O

5.3.4. The fourth lemma. Let us recall the setup and relevant notation of Case 2,
Step3 of the proof of Theorem 5.2. We have a;; € N, where {7, j} ¢ {s,s+ 1}, and we
have uy,...,us—1 € Nasin (5.21). Let u = uy +- - - +us—_1. Define the set C' consisting
of all sequences of nonnegative integers

(1, ts—1,Q1s, Gl 541, - s Gs—1,5, Bs—1,5+1)

that satisfy (S'1a), (S”2) and (S”3). Define the set C’ consisting of all sequences of
nonnegative integers

(t1,. .. ts—1)
that satisfy (S”4).
FOr later use, lf (t17 s 7t8—1)alsa a1,8+17 e )as—l,svas—Ls-‘rl) S Ca deﬁne
Oé(Z) = Ast1 — (a17s+1 + -+ ai,s+1) fori=1,...,s—1.
LEMMA 5.10. The map g : C — C" is a bijection, where
(t1y oo tsm1, 005, @1 115 Qs—1,65 Gs—1,5+1) 7> (L1505 ts—1)-

Proof. The first and third inequalities of (S”4) follow immediately from (S’'1a) and

(S”3) respectively. By summing equations (S”3) we obtain u = Zf;ll a;s + Ts—1 and

using the first inequality of (S”2b) we obtain u — 75_1 = Zf;ll a;s < As. Hence (S"74)

is satisfied which means that Img C C".

Suppose z,z’ € C, where © = (t1,...,t5-1,015,01,541,-- -, As—1,5, Bs—1,s+1) and
o' = (1, ts1,06, Q) g5 -5 Qg g, Qs g41)- From (S8”3) we have a;s = u;—t; =
ai, foralli=1,...,s— 1. For each such %, using (S”2a) and what we just showed,
n n
Qj,s+1 = Hi — Z Aij — Qis = i — Z Qij — a{is = Gg,s+1~
j=i, j#s,s+1 j=t, j#s,s+1

Thus z = z’ and g is injective.

Surjectivity is a bit more demanding. Let y = (¢1,...,ts—1) € C’ and define for
everyi=1,...,8 —1,

n
(5.30) is = Ui — by Qi sp1 = Hi — Z Qjj — Q.
j=t, j#s,s+1

We intend to show that (t1,...,%s—1,@1s,01,s41,---,0s—1,5,0s5—1,s+1) € C, that is
a;; 20 (j=s,s+1)and (S'1a), (8”2), (S”3) hold.
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It is clear from the definitions that (S2a) and (S”3) hold.

From (5.30) and the last inequality of (S”4), we have a;, > 0. Moreover, >.7_ ! a;, =
Zf;ll (u; — t;) = u — 7s—1 < As, where the last inequality is due to (5”4). Hence the
first inequality of (S”2b) holds.

From the hypothesis on uq,...,us_1, there exist
yp
sty g, a’lsvall,s-&-la cey a’;—l,s? a;—l,s+1 €N
such that
(5.31) t—7_—a'(i) <ty <min{aj 4y, t—7 1}, i=1,...,s—1,
n
(5.32) Yo agtd it =, i=1,5—1,
j=i, j#s,s+1
s—1 s—1
(5.33) D od <A Y al o < e,
i=1 i=1
(5.34) w=a,,+1t, i <s—1
s—1
(5.35) tg,us—)\s—i—Za;S—l—Ts,l:,us—)\s—u.
i=1
We note the following equalities,
(5.36) Wig + G gy = Qis + Qi oq1, 1 <51,
(537) a;s + t/' =a;s+t, 1<s—1,
(5.38) @gp1 — b = Qisp1 — tl, 1< s—1,

s—1 —
! !/
(539) E Qi s41 — Tg—1 = § Qi 541 — Ts—1
=1 =1

Indeed, (5.36) follows from (5.32) and the second equality in (5.30). The equality
(5.37) follows from (5.34) and the first equality in (5.30). From (5.36) and (5.37) we
have (5.38) and by summing (5.38) for ¢ < s — 1 we obtain (5. 39)

From (5.38) we have a; 511 = (a;,SJrl t}) +t; and thus a;s41 >0 forall i <s—1
by the second inequality of (5.31).

From the first inequality of (5.31) and the definition of /(s — 1), we have t —7/_, —
Asr1+307) a; 411 < t,_; and thus S @} ov1—Ti1 < Asp1—t. Hence (5.39) implies
that 25;11 Qi 541 — Ts—1 < Agy1 — t. Thus Zf;ll Aist1 < Asp1 — (8 —To—1) < Agt1,
where the last inequality comes from ¢ —7,_1 > 0 of (S”4). We have shown the second
inequality in (S”2b). It remains to be shown that (S'1a) holds.

From the ﬁrst inequality of (5.31) and the definition of &/(7), we have ¢t — 7/_; —

Asp1 + 30, d! ior1 < i, where i < s — 1. From this and (5.36) we obtain

i
t— S+1 Z a‘us - Z u,s+1 + a;s) + Til = Z a;s - Z(Q’U«,S+1 + a’U«S) + Ti/‘

u=1 u=1 u=1

From the above equahty and (5.37) we have

% % i
li /
t— )\s+1 + § Ay, s+1 < § Qs — § Ays + T, =T
u=1 u=1 u=1

and thus ¢t — a(i) — ;-1 < t;. We have shown the left inequality of (S'1a).
From (5.31) and (5.36) we have

CL% + t (lz6 + az s+1 — Qis + @ s41-
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From (5.37) and the above we have ¢; = al, + t; — a;s < a;s41 which is one of the
right inequalities of (S’1a). To show the other, note that from (S”4), 7, < 75—1 < t
fori<s—1,s0t; <t—Tj_q,foralli=1,...,s—1. O
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