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Hive-type polytopes for quiver multiplicities
and the membership problem for quiver

moment cones

Calin Chindris, Brett Collins & Daniel Kline

ABSTRACT Let Q be a bipartite quiver with vertex set Qg such that the number of arrows
between any source vertex and any sink vertex is constant. Let 8 = (8())zc 0, be a dimension
vector of Q with positive integer coordinates.

Let rep(Q, 8) be the representation space of -dimensional representations of Q and GL(3)
the base change group acting on rep(Q, 8) be simultaneous conjugation. Let Kf be the multi-

plicity of the irreducible representation of GL(8) of highest weight A in the ringof polynomial
functions on rep(Q, 3).
We show that K f can be expressed as the number of lattice points of a polytope obtained

by gluing together two Knutson-Tao hive polytopes. Furthermore, this polytopal description
together with Derksen-Weyman’s Saturation Theorem for quiver semi-invariants allows us to
use Tardos’ algorithm to solve the membership problem for the moment cone associated to
(9, B) in strongly polynomial time.

1. INTRODUCTION

1.1. MoTIVATION. The Littlewood-Richardson coefficients are fundamental structure
constants in algebraic combinatorics, representation theory and other areas in math-
ematics, mathematical physics, and algebraic complexity theory. In [21], Knutson
and Tao found a beautiful polytopal description of the Littlewood-Richardson coef-
ficients in terms of certain triangular arrays of numbers, known as hives (see also
the exposition by Buch [3]). This description plays a crucial role in the (first) proof
of the Saturation Conjecture of the Littlewood-Richardson coefficients. Furthermore,
Mulmuley, Narayanan, and Sohoni [23] used the Knutson-Tao hive model and the
Saturation Property of the Littlewood-Richardson coefficients to test their positivity
in strongly polynomial time.

In this paper we aim to find similar polytopal descriptions for the more general
multiplicities K f and provide applications to the membership problem for moment
cones of quivers.

Let @ be a general quiver with set of vertices @y and set of arrows ). For an arrow
a € @1, we denote its tail and head by ta and ha, respectively. Let 8 = (8(2))zeq, €
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Zgg be a sincere dimension vector of () and let us consider the representation space
of B-dimensional representations of @,

rep(Q, ) := H P (ha)xp(ta)
ac€Q
The base change group GL(8) := erQo GL(B(z)) acts on rep(@, §) by simultaneous
conjugation. This action gives rise to a rational convex polyhedral cone (see [25]),
which we refer to as the moment cone associated to (Q, 8) (see also [5]). It is defined
as follows:

A(z) is a weakly decreasing sequence of 5(z) real num-
bers, such that there exists W € rep(Q, §) with A(x) the

A(Q, ) = { (\(#))scq, | sPectrum of >~ W(a)*-W(a)— > W(a)-W(a)", 3,
a€Q a€ Q1
for all z € Qom - he=e

where W (a)* € C#(t)xB(ha) denotes the transpose of the conjugate of W (a) for every

a € Q.
For example, consider Q = @ — o <— @ and 8 = (r,r,7). In this case, the mul-

tiplicities K f are the Littlewood-Richardson coefficients corresponding to triples of

partitions of length at most r, and the moment cone A(Q, B) is essentially the Kly-
achko cone (see Example 5.1 for more details).

1.2. OUR RESULTS. In this paper, we focus our attention on bipartite quivers Q with
m source vertices, [ sink vertices, and n arrows between any two source and sink
vertices. We refer to such quivers as n-complete bipartite quivers.

T1 e (n arrows) L

L2 * Y2
Q:

Tm o Y

Let A = (A(xs), =A(Y)))iemm).jeg be a tuple of sequences with A(z;) a partition
of length at most 3(x;) and A(y;) a partition of length at most ((y;). Here, for
A = (A1,...,An) a weakly decreasing sequence, —\ denotes the weakly decreasing
sequence (—An,...,—A1).

Let K f be the multiplicity of the irreducible representation of GL(f5) of highest
weight A in Clrep(Q, B)], the ring of polynomial functions on rep(Q, ). We point out
that the multiplicities K f can also be expressed as dimensions") of weight spaces

of semi-invariants on the representation space rep(Qg, E), where (Qg, 5) is the flag-
extension of (Q, 5); see diagram (2) for details on how to draw (Qg, 3).

(1)Any multiplicity Kf can be expressed as dim SI(Qg, E)a for a suitable weight o. This step is
essential to our analysis because it allows us to use powerful methods from quiver invariant theory
to derive the formula (13). However, despite these advantages, the explicit polytope we obtain in the
first part of Theorem 1.1 cannot be constructed in strongly polynomial time when given a weight
o as input. This limitation is the main obstacle to concluding that the positivity of dim S1(Qg, E);,
can be decided in strongly polynomial time. This problem, which we refer to as the generic quiver
semi-stability problem, is still wide open.
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Our main goal is to provide an explicit, polytopal description of the multiplicities
K f . This description combined with Derksen-Weyman’s Saturation Theorem (see

[12]) allows us to use Tardos’ strongly polynomial time algorithm (see [26]) in our
context.

THEOREM 1.1. Let Q@ be an n-complete bipartite quiver with source vertices x1,...,Tm
and sink vertices y1,...,ye and let f = (B(x))zco, be a sincere dimension vector of
Q

Let A = (Mx:), =A(Y;))icim),jelg be a tuple of sequences with A(x;) a partition of
length at most 5(x;) and A(y;) a partition of length at most 5(y;) such that

m L
D@l =3 Al

e multiplicity can be expressed as the number of lattice points of a

1) The multiplicity K7 b d as th b lattice poi
polytope Py obtained by gluing together two Knutson-Tao hive polytopes.

(2) There exists a strongly polynomial time algorithm to decide if Kf > 0. In

particular, checking membership in the moment cone A(Q, 3) can be accom-
plished in strongly polynomial time.

To prove the first part of Theorem 1.1, we establish in Theorem 4.8 a formula
that expresses the multiplicity K f as a sum of products of two multiple Littlewood-

Richardson coefficients. This is achieved by first viewing K f as the dimension of a
weight space of semi-invariants for Qg and then using quiver exceptional sequences
and Derksen-Weyman’s Embedding Theorem to embed Qg into another quiver T,
introduced in Section 3. It is this new quiver 7 and its weight spaces of semi-invariants
that enable us to derive the desired formula for K f (see also Remark 4.9). This
formula leads us to the polytope P, that can be described as a combinatorial linear
program and, furthermore, the positivity of K f is equivalent to the feasibility of the
corresponding combinatorial linear program (see Proposition 4.14). In Section 5, we
first show that a tuple A of weakly decreasing sequences of integers lies in A(Q, 3)
if and only if K f is positive. Thus, checking membership in A(Q, 8) is equivalent
to checking the feasibility of a combinatorial linear program that can be checked in
strongly polynomial time via Tardos’ algorithm.

In a recent paper [27], Vergne and Walter generalized our Theorem 1.1 by proving
the existence of polytopes that are less explicit than ours but they work for arbitrary
acyclic quivers; see Remark 2.2 for more details. This, combined with Tardos’ algo-
rithm, allowed them to conclude that the membership problem for moment cones for
general acyclic quivers can be solved in strongly polynomial time.

2. BACKGROUND ON QUIVER INVARIANT THEORY

2.1. QUIVERS AND THEIR REPRESENTATIONS. Throughout, we work over the field C
of complex numbers and denote by N = {0, 1, ... }. For a positive integer L, we denote
by [L] ={1,...,L}.

A quiver Q = (Qo, Q1,t, h) consists of two finite sets Qg (vertices) and Q1 (arrows)
together with two maps t : Q1 — Qo (tail) and h : Q1 — Qo (head). We represent @
as a directed graph with set of vertices Qg and directed edges a : ta — ha for every
a € Q1. A quiver is said to be acyclic if it has no oriented cycles. We call a quiver
connected if its underlying graph is connected.

A representation of @ is a family V = (V(x),V(a))secqy,acq,,» where V(x) is a
finite-dimensional C-vector space for every & € Qp, and V(a) : V(ta) — V(ha) is
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a C-linear map for every a € Q. After fixing bases for the vector spaces V(z),
x € Qo, we often think of the linear maps V(a), a € Q1, as matrices of appropriate
size. A subrepresentation W of V| written as W C V', is a representation of @) such
that W(z) C V(x) for every x € @, and moreover V(a)(W(ta)) € W (ha) and
W(a) = V(a)}w(m) for every arrow a € Q.

A morphism ¢ : V' — W between two representations is a collection (¢(z))zeq,
of C-linear maps with ¢(z) € Homc(V (z), W(x)) for every z € Qo, and such that
p(ha) o V(a) = W(a) o p(ta) for every a € Q1. The C-vector space of all morphisms
from V to W is denoted by Homg (V, W).

The dimension vector dim V' € N%° of a representation V is defined by dim V' (z) =
dim¢ V' (z) for all z € Qp. By a dimension vector of @, we simply mean an N-valued
function on the set of vertices Q. We say a dimension vector S is sincere if 8(z) > 0
for every = € Q. For every vertex x € @y, the simple dimension vector at x, denoted
by ez, is defined by e,(y) = 6z, Yy € Qo, where ., is the Kronecker symbol. We
point out that e, is the dimension vector of the simple representation S, defined by
assigning a copy of C to vertex z, the zero vector space at all other vertices, and the
zero linear map along all arrows.

The Euler form (also known as the Ringel form) of @ is the bilinear form on Z%°
defined by

(0, 8) = > a(@)Bx) - Y a(ta)B(ha), Ya, B € ZP.
E€Qo a€Q1

From now on, we assume that all of our quivers are connected and acyclic. Then, for
any integral weight o € Z?°, there exists a unique a € Z?° such that o(x) = (@, e,),
Vr € Q.

2.2. WEIGHT SPACES OF SEMI-INVARIANTS AND QUIVER SEMI-STABILITY. Let 3 be
a sincere dimension vector of a quiver (). As mentioned in Section 1, there is a natural
action via simultaneous conjugation of GL(3) on rep(Q, ), i.e. for g = (9())zeq, €
GL(B) and W = (W (a))aeq, € rep(Q, B), we define g - W € rep(Q, 5) by

(g-W)(a) := g(ha) - W(a) - g(ta) ™, Va € Q.
This action descends to that of the subgroup
SL(B) = [ SL(B()),
z€Qo

giving rise to a highly non-trivial ring of semi-invariants SI(Q, 8) := C[rep(Q, 8)]5“(*).
(We note that since @ is assumed to be acyclic, the invariant ring C[rep(Q, 3)]“(?) is
precisely C.) Since GL(j3) is linearly reductive and SL(f) is its commutator subgroup,
we have the weight space decomposition

SIQ.P) = @D SHQ, Py,

XE€X*(GL(B))

where X*(GL(5)) is the group of rational characters of GL() and
SUQ, B)x = {[f € Clrep(Q, B)] | 9 - f = x(9)f, ¥g € GL(B)}

is the space of semi-invariants of weight x. Every integral weight o € Z%° defines a

character x, of GL(8) by Xo(9) := [ eq,(det g(2))7™), Vg = (9(2))seq, € GL(B).
Moreover, since § is sincere, any character of GL(j3) is of the form y, for a unique
o € Z90, allowing us to identify the character group with Z?°. In what follows, we

write SI(Q, 8), for SI(Q, B)y, -
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In [16], King used weight spaces of semi-invariants and tools from Geometric In-
variant Theory to construct moduli spaces of quiver representations. Our focus in this
paper is on combinatorial /computational aspects of weight spaces of semi-invariants.

PROBLEM 2.1 (The Polytopal Problem for quiver semi-invariants). Let Q be
a quiver, B a sincere dimension vector of Q, and o an integral weight of Q such that
o - B =0. Find an explicit rational polytope P, such that

(1) dim SI(Q, B), = the number of lattice points of Py;

(2) P, can be described by a combinatorial linear program Ax < b, where A does
not depend on o, and the coordinates of b are homogeneous linear forms in
the coordinates of o. (This latter condition implies that TPy = Py for any
positive integer r.)

The polytopal problem for quiver semi-invariants, where the emphasis is on explicit,
combinatorial polytopes, seems to be very difficult in general. There are only a few
explicit examples of quivers in the literature where Problem 2.1 has been solved; see
[7,6,9, 10, 12]. All of these examples rely on Knutson-Tao’s hive model for Littlewood-
Richardson coefficients. In this paper, we solve Problem 2.1 for n-complete bipartite
quivers and their flag-extensions by using quiver exceptional sequences to embed these
quivers into other quivers and then computing the dimensions of the weight spaces
of semi-invariants for those quivers (see the quiver 7 defined in Section 3). Directly
computing dimensions of weight spaces of semi-invariants for these quivers without
embedding leads to very complicated formulas (see Remark 4.9).

REMARK 2.2. As a “straightforward variant of their [our] construction", Vergne and
Walter introduced in [27] polytopes whose numbers of lattice points are the dimensions
of weight spaces of semi-invariants for general acyclic quivers. While it seems difficult
to find explicit, geometric descriptions of these polytopes, their existence allows the
authors of loc. cit. to prove that the membership problem for A(@, 3) can be solved
in strongly polynomial time for acyclic quivers Q.

On the other hand, in the general context of Geometric Complexity Theory, given
a decision problem, it is not enough to find strongly polynomial time algorithms that
are just efficient in theory (see [23, pages 106-107]). It is important to find simple,
combinatorial algorithms that run in strongly polynomial time and do not depend on
linear programming (or other complicated numerical procedures). Our polytopes Py,
available for n-complete bipartite quivers Q, are explicit and can be geometrically
visualized (see (20) and Definition 4.13). This opens up the possibility of finding
algorithms to test membership in A(Q, §) in the same vein as the max-flow polynomial
time algorithm found by Biirgisser and Ikenmeyer in [4].

The notion of a semi-stable quiver representation, introduced by King [16] in the
context of moduli spaces of quiver representations, plays a key role in understanding
the positivity of the dimensions of weight spaces of semi-invariants.

Let 0 € Z%° be an integral weight of Q). A representation W of Q is o-semi-stable
if and only if the following conditions hold:

(1) o-dimW =0 and o - dim(W') <0, VW' C W.

Let 3’ be a dimension vector of Q with 5’ < 3, i.e. 8'(z) < B(x), Vx € Qp. In what
follows, we write 8’ < /3 to mean that a generic (equivalently, every) S-dimensional
representation has a subrepresentation of dimension vector 5’

ExAMPLE 2.3. If z is a sink vertex of @), it is immediate to see that any S-dimensional
representation has the simple representation S, as a subrepresentation, and thus
e; < B. On the other hand, if x is a source vertex of @), one can also easily see that

B — ez = p.
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The next fundamental result gives necessary and sufficient conditions for the pos-
itivity of dim SI(Q, /).

THEOREM 2.4. For an integral weight o € Z2° of Q, the following statements are
equivalent:

(1) dimSI(Q, 8)s > 0;

(2) o-8=0ando-p <0 forall B’ — j;

(3) there exists a o-semi-stable 3-dimensional representation of Q;
(4) there exists W € rep(Q, B) such that

S W(a) W)= Y W) - W(a) =o(x) Idsg) Vo € Q.

acQy a€Q1
ta=x ha=x

Consequently, weight spaces of quiver semi-invariants have the following Satura-
tion Property:

dim SI(@Q, 8)+ > 0 for some positive integer r > 1 implies that dim SI(Q, ), > 0.

The equivalence of (1) and (2), and the Saturation Property of quiver semi-
invariants are due to Derksen and Weyman [12] (see also [11]). The equivalence of
(2), (3), and (4) is due to King [16].

REMARK 2.5.

(1) We point out that if dimSI(Q, ), > 0, then dimSI(Q, ), > 0 for any
positive integer r. Indeed, if f € SI(Q, 5), is a non-zero semi-invariant then
f7 is a non-zero semi-invariant of weight ro.

(2) Assume that dim SI(Q, 8), > 0. Then it follows from Theorem 2.4 and Re-
mark 2.3 that

o(x) = 0 for any source vertex x, and o(y) < 0 for any sink vertex y.

We recall another important result [15, Lemma 6.5.7] (see also [8, Lemma 3]) that
gives necessary conditions for the positivity of dim SI(Q, 8),. It comes in handy in
the proof of our main result, Theorem 4.8.

PROPOSITION 2.6. Let o € Z%° be an integral weight of Q with o = (a,-) for a unique
a € Z%. If dim SI(Q, B)s > 0 then a must be a dimension vector of Q, i.e. a(x) > 0,
Vx € Qo.

REMARK 2.7. If 8 is not sincere, then the positivity of dim SI(Q, 8), does not neces-
sarily imply that all the coordinates of v are non-negative.

2.3. THE CONE OF EFFECTIVE WEIGHTS. Let @) be a quiver and (3 a sincere dimension
vector of Q. The cone of effective weights associated to (Q, ) is the rational convex
polyhedral cone defined by

Eff(Q,08) :={c €R? |g-B=0and o -5 <0, VG — S}

It follows from Theorem 2.4 that the lattice points of Eff (Q, 3) is the affine semi-group
of all integral weights o € Z%° for which dim SI(Q, 8), > 0. This is further equivalent
to saying that there exists a -dimensional o-semi-stable representation. For further
details, we refer the reader to [12, 13, 24].

PrOBLEM 2.8 (The generic quiver semi-stability problem). Let Q) be a quiver,
B a sincere dimension vector of Q, and o an integral weight of Q such that o - = 0.
Decide whether o belongs to Eff(Q, 8).
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REMARK 2.9. We know from Theorem 2.4 that for a given o € Z%,

o € Eff(Q, ) <= dimSI(Q, B)5 # 0.

Thus, one might hope that a solution to the Polytopal Problem 2.1 combined with
Tardos’ algorithm would imply an effective solution to the generic quiver semi-stability
Problem 2.8. This is indeed the case assuming that the input is specified as in Remark
5.5.

On the other hand, when the input (8 and o) is specified as lists of integers, each
of length |Qql|, we are not aware of any examples of polytopes P, (solutions to the
Polytopal Problem) that can be constructed in strongly polynomial time from this
input. We are thankful to M. Vergne and M. Walter for pointing this out to us.

For the remainder of this section we assume that @ is a bipartite quiver (not
necessarily n-complete) with source vertices x1, ..., Z,,, and sink vertices y1, ..., ys.
For a sincere dimension vector 3, let ()s be the flag extension of ) defined as below,
where the flag F(x) is an equioriented type A quiver with 3(z) — 1 arrows for each
z € Qo. We use — to indicate that multiple arrows are allowed between vertices
but ) need not be n-complete.

F(z1) = v F(y)
ANNNNFe CNNNNN>
F(x2) x>/ Y2 Flye)
(2) Qp:
]:(xm) . - }—(yé)

We define B to be the extension of 8 to Qs that takes values 1,...,[(z;) along
the vertices (from left to right) of the flag F(x;), ¢ € [m], and B(y;),...,1 along the
vertices (from left to right) of the flag F(y;), j € [¢].

LEMMA 2.10. Let @ be a bipartite quiver with source vertices x1,..., Ty, and sink

vertices yi,...,Ye, and let 5 be a sincere dimension vector of Q. If ¢ € Eff(Qg, B) is
an effective weight, then

&|}'(xi) > 0,Yi € [m], and 5|}_(yj) <0,Y5 € [4).

Proof. We already know that o is non-negative at the m source vertices of )3 and
non-positive at the I sink vertices of ()3 by Remark 2.5.

Now let W € rep(Qg, B) be a generic representation such that W(a) is injective
along any given arrow a of a flag F(z;) and W (b) is surjective along any given arrow
b of a flag F(y;). Since B(ha) = B(ta) + 1 and B(tb) = B(hb) + 1, it is immediate to
see that W has subrepresentations W] and W9 of dimension vector B — enq and ey,
respectively, where W] is the same as W except that at vertex ha where W7 is the
(B8(ha) — 1)-dimensional image of W(a), and W} is zero everywhere except at vertex
tb where W3 is the one-dimensional kernel of W (b).

The argument above shows that if z is a non-source vertex of @) lying along one

of the flags F(z;), then 3 —e, < f and thus 5(z) > 0. Furthermore, if z is a non-sink

vertex of Qg lying along one of the flags F(y;), then e, — /3 and thus o(z) = 0. This
now completes the proof. O
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REMARK 2.11. (1) As hinted in Theorem 2.4, there is a tight relationship between
the moment cone A(Q, 8) and the cone of effective weights Eff(Qg, B), see
Proposition 5.3 for full details.

(2) Let o be an integral weight of @ and let o’ be its trivial extension to Qg
defined to be zero at all other vertices of ()g. Then one can check that

SHQ, B)o = SUQp; B)o-

3. QUIVER EXCEPTIONAL SEQUENCES AND THE EMBEDDING THEOREM FOR
QUIVER SEMI-INVARIANTS

In this section, we first review Derksen-Weyman’s Embedding Theorem for quiver
semi-invariants. This result allows us to embed the quiver Qg into a new quiver,
denoted below by 7, without changing the dimensions of the weight spaces of semi-
invariants for Qg. The advantage of working with 7 is that it is significantly easier to
find a polytopal description for the dimensions of its spaces of semi-invariants than
for those of Qg (see Sections 4.3 - 4.5).

In what follows, by a Schur representation V of a quiver (J, we mean a represen-
tation such that dim Endg(V) = 1, i.e. Endg(V) = {(Mdy (2))zeq, | A € C}. Fur-
thermore, for two dimension vectors « and 3, we define (a0 8)q = dim SI(Q, 8)(a,.)-
(Whenever the quiver is understood from the context, we drop the subscript @ and
simply write a o 3 for the dimension of SI(Q, §)(a,.)-)

DEFINITION 3.1 (Quiver Exceptional Sequences). Let Q = (Qo,Q1,t,h) be a
quiver. A sequence € = (e1,...€n) of dimension vectors is said to be a quiver ex-
ceptional sequence if:

(1) each €; is a real Schur root, i.e. (€;,€;) =1 and ¢€; is the dimension vector of
a Schur representation for all i € [N];
(2) (ei,e5) <O0andejoe; #0 foralll <i<j<N.

REMARK 3.2. To check the second condition in the definition above, we will use the
following fact which is a consequence of Derksen-Weyman’s First Fundamental The-
orem for quiver semi-invariants [12] (see also [11]). For two dimension vectors a and
B of @, we have that oo 8 # 0 if and only if

(e, ) = 0 and Homg(V,W) =0

for some representations V and W of dimension vectors o and 3, respectively.

To any quiver exceptional sequence € = (ey,...,€ey), we associate the quiver Q(e)
with vertices 1,..., N and —(¢;, ¢;) arrows from vertices ¢ to j for all 1 <4 # 7 < N.
Let

Z: RN — R@

be the map defined by

N

T, v (V)5 =S 56 for all 4 = (1(1),...,7(N)) € RY.
i=1
We are now ready to state Derksen-Weyman’s Embedding Theorem which plays

a key role in our approach to computing the dimensions of weight spaces of quiver
semi-invariants.

THEOREM 3.3 (The Embedding Theorem for Quiver Semi-Invariants, [13]).
Let Q = (Qo, Q1,t,h) be a quiver and € = (e1,...,en) a quiver exceptional sequence.
If a and 8 are two dimension vectors of Q(€), then

(@0 B)qe) = (Z(a) o Z(B)) g -
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We end this section with an important example. Let Q be the n-complete bipartite
quiver with source vertices x1, ..., T, sink vertices y1,...,y¢, and n arrows from x;
to y; for every i € [m] and j € [¢]. Let 8 be a sincere dimension vector of Q and let
Q3 be the corresponding flag-extension of Q. In what follows, we show how to realize
Qp as T (€) for a suitable quiver 7 and quiver exceptional sequence €.

Let T be the quiver defined as:

ANNANNe
T
CNANNN
Y1
ANNANN o L b )
1
N
a
>0
Yo
by
ANNANN
Ye

with the flag F(x;) going in vertex z; of length f(x;) — 1, Vi € [m], and the flag
F(y;) going out of vertex y; of length B(y;) — 1, Vj € [¢]. Note that there are no flags

attached to the n vertices 41, .., Tmin. Also, if B takes value one at a vertex of
Q, then no flag is attached to that vertex in 7T .
Next, consider the dimension vectors 41, ..., d,, of T defined by
51(1’0) =n-+ 1,6l(y0) = n,éz(xl) = 6i(Im+1) =...= 61(Im+n) = 1,

and §; is zero at all other vertices of 7. To build the desired quiver exceptional
sequence, we will work with the following dimension vectors:

e the simple roots at the vertices of the flag F(x;) ~\ {z;},4 € [m];
i 517 teey 6’m7
e the simple roots at the vertices of the flag F(y;),j € [].

PROPOSITION 3.4. The dimension vectors above can be ordered to form a quiver ez-
ceptional sequence € for T such that T (e) = Qg.

Proof. To obtain the sequence €, we list the simple roots at the vertices of the flags
Flz1) ~A{z1}, ..., F(zm) ~ {zm} by going through the vertices of each flag from left
to right starting with the flag F(x1). Next, we list the dimension vectors d1,. .., dp,.
Finally, we list the simple roots at the vertices of the flags F(y1), ..., F(y¢) by going
through the vertices of each flag from left to right starting with the flag F(y1).

It is clear that any simple root is a real Schur root. Next, we show that the §; are
real Schur roots and §; L §; = 0 for all ¢,j € [m]. For each i € [m], consider the
representation V; of T defined by

o Vi(zo) = C"L Vi(yo) = C", Vi(z;) = Vi(xms1) = ... = Vi(min) = C, and
V' is zero at the remaining vertices;

o Vi(a) : C""l — C" sends (t1,...,tnr1) t0 (1 +tnits- s tn +tns1);

o Vi(a;): C — C™" s the (n + 1) canonical inclusion of C into C"*1;

e Vi(amsr) : C — C"1 s the k" canonical inclusion of C into C"*! for every
k € [n].
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It is immediate to check that Endr(V;) = {AIdy, | A € C}, i.e. V; is a Schur
representation of dimension vector d; which together with the fact that (d;,d;) = 1
proves that ¢; is a real Schur root for all ¢ € [m]. Also, we have that Hom7(V;,V;) =0
and (d;,0;) = 0, which imply that d;, 0 §; # 0 for all 1 < i # j < m. Thus, it is now
clear that € is a quiver exceptional sequence with 7 (¢) = Qg. O

EXAMPLE 3.5. In what follows, for two quivers @’ and Q, we write Q' — @ to mean
that @' = Q(e) for an explicit quiver exceptional sequence e.

(1) (n-Kronecker quivers)
. arrTOws
o/'_\o — n + 1 sources

NS

(2) (complete bipartite quivers)

I
L
SN :
' 5 \%
L

m sources . 4+ 0 sinks 5

L

-
.

m + 1 sources £ sinks

REMARK 3.6. If 4 € Z(25)0 is an integral vector, then Z(7) € Z° is the same as v at
the vertices of the flags F(x;), ¢ € [m], and F(y;), j € [¢]. Furthermore, we have that

Z(y)(xo) = (n+1)C, Z(7)(yo) = nC, and Z(7)(Tm+1) = ... = Z(7)(@min) = C,
where C' := Y"1 | v(x;). Moreover, if 7 is a weight of 7 of the form (Z(v), )7, then
(1) o(z9) =0 and o(yo) = —C, and
(2) 7isequal tod = (v,-)g, at the vertices of the flags F(z;), i € [m], and F(y;),
j € .

4. HIVE-TYPE POLYTOPES FOR QUIVER MULTIPLICITIES

4.1. THE IRREDUCIBLE REPRESENTATIONS OF THE GENERAL LINEAR GROUP. In this
section we review the basics of the representation theory of the general linear group,
which can be found in [14]. A partition is a sequence A = (A1, ..., \,.) of integers with
A1 2 ... 2 A 2 0. The length of a partition, denoted by £()\), is defined to be the
number of its nonzero parts. If X is a partition, we define |A| to be the sum of its parts.
The Young diagram of a partition X is a collection of boxes, arranged in left-justified
rows with )\; boxes in row i. If a and b are two positive integers, (b%) denotes the
partition that has a parts, all equal to b. We say that the diagram of (b*) is the a x b
rectangle.

Now let NV be a fixed positive integer. Denote the set of partitions of length at
most N by Py. For a partition A\ € Py, S*V denotes the irreducible (polynomial)
representation of GL(V') with highest weight A, called a Schur module, where V is any
fixed N-dimensional complex vector space. Given partitions A, u,v € Py, we define
the Littlewood-Richardson coefficient cX ,, to be the multiplicity of S”V in SAMNV@SHV,
that is,

&, = dime ($°V* @ 2V @ s1v) Y.
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More generally, if v, A(1),...,A(r) € Py, we define

GL(V)
K.y = dime (S”V* A T P SW)V) .

Following [28], given partitions A(1),...,A(r) € Py, we define partitions M€ Py
by

(3) HG—1)N4i = Z A1(k) and X(jfl)NJri = Xi(j) + B—1)n+i, V5 € [r], i € [N].
k=j+1

REMARK 4.1. (1) The last N parts of the partition fi are zero. Furthermore, X—ﬁ
is a skew diagram whose connected components are translates of the diagrams
of A(1),..., A(r).

(2) We emphasize that if the partitions A(1),...,A(r) have different lengths, we
first choose an integer N > 1 such that £(A(1)),...,£(A(r)) < N and extend
each A(7) by adding N — ¢(\(4)) zero parts. Then we construct the partitions
Xand i i according to Equation (3). This is emphasized in the diagram below
by using red vertical lines to indicate that zeros may have been added to the
end of the partitions.

Diagrammatically, these partitions are defined as

PROPOSITION 4.2 ([28, Proposition 9]). Keep the same notations as above. If
v, \(1),...,A(r) € Pn are partitions, then

A1) Ar) = Cr e

We end this subsection by listing some very useful properties of the irreducible
representations of GL(V).

PROPOSITION 4.3.
(1) Let A € Py. Then (S’\(V))SL(V) # 0 if and only if dim SMN(V') = 1 if and only
if X = (w). In this case, (SAV)SL(V) is spanned by one semi-invariant of

weight w.
(2) Let A = (M\,...,An) and p = (p1,...,p4n5) be two partitions. Then

(S)‘V* ®S”V)SL(V) # 0 if and only if ui — N\i = w for all i € [N] for

some integer w. If this is the case, (S’\V* ® S“V)SL(V)
vector space spanned by a semi-invariant of weight w.

is a one-dimensional
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(3) Let U be a rational representation of GL(V). Then USL(YV) = @, _, Uy, where

Up={uecU]|g u=det(g)? u, g GL(V)}
2\ CL(V)
is the space of semi-invariants of weight 0. Moreover, Uy = (U ® dety, ) ,
where dety,? : GL(V) — C* is the one-dimensional representation of GL(V)
that sends g € GL(V) to det™(g) € C*.

4.2. KNUTSON-TAO’S HIVE POLYTOPES FOR LITTLEWOOD-RICHARDSON COEF-
FICIENTS. In this subsection we review a combinatorial model for computing
Littlewood-Richardson coefficients that was introduced by A. Knutson and T. Tao
in [21, 22]. Further details about this combinatorial description and its consequences
can be found in, for instance, [17, 18, 19, 20].

To define the polytope whose number of lattice points is the Littlewood-Richardson
coefficient ¢ u for a specific choice of partitions v, A, and p with at most N parts, we
start by considering a triangular graph obtained by dividing an equilateral triangle
into N2 smaller equilateral triangles of the same size by plotting N + 1 vertices along
each edge of the large triangle.

An N-hive is a tuple of numbers (e; ;, fi j,9:,;) with 0 <4, j,7+ j < N — 1 where
the entries e; ; label the edges parallel to the left boundary of the large triangle, the
entries f; ; label the edges parallel to the right boundary of the large triangle, and
the entries g; ; label the horizontal edges. Furthermore, these numbers must satisfy
the hive conditions (4) — (6) described below. A hive is said to be an integral hive if
all of its entries are non-negative integers. A 3-hive is depicted in Figure 1 below.

The hive conditions are a set of constraints on the edge labels of each the following
two elementary triangles and three elementary rhombi:

In each of the two triangles 77 and 15, we want

(4) a+fB="7.
In particular, this implies that in the three rhombi with our labeling, we must have
(5) a+o=p+n.

Furthermore, we want the elementary rhombi to satisfy the rhombus inequalities, i.e.
for each of Ry, R, and R3, we want

(6) azy and B2,
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Joo o1 Jo2

FIGURE 1. Left: The 3-hive with border labels. Right: Boundary
labels determined by partitions A, u, v.

where it is clear that either one of the two inequalities in (6) implies the other one.
Moreover, note that inequalities (4) — (6) define a convex polyhedral cone in R¥GH
DEFINITION 4.4. An LR-hive is an integer N-hive whose border labels are determined
by three partitions \, p, and v with at most N non-zero parts such that |v| = |A| + ||
and

€0 = Niy1, [jN-1-j = pN—j, and gox = Vg1, VO <4, 5,k <N — 1.

THEOREM 4.5 ([21, Theorem 4]). Let A\, u, and v be three partitions with at most N
nonzero parts such that |v| = |A| + |u|. Then the Littlewood-Richardson coefficient
5, is the number of LR-hives with boundary labels determined by A, p, and v.

4.3. COMPUTING WEIGHT SPACES OF SEMI-INVARIANTS VIA LITTLEWOOD-
RICHARDSON COEFFICIENTS. In this section we compute weight spaces of semi-
invariants for the quiver 7. The computational method we use in this paper has been
pioneered by Derksen and Weyman (see for example [12, 13]) who used it to great
effect to prove the Saturation Conjecture for Littlewood-Richardson coefficients as a
consequence of their more general Saturation Property for quiver semi-invariants.

Let m,n, and ¢ be positive integers and let Q be the n-complete bipartite quiver
with source vertices 1, ..., z,,, and sink vertices y1,...,ys. Let 8 be a sincere dimen-
sion vector of Q.

Let T be the quiver introduced in Section 3. Our goal in this section is to find a
hive-type polytopal description for the weight spaces of semi-invariants for the quiver
set-up (7, 3)7 where 3 = Z(pB) with 8 being a sincere dimension vector of Q and 3 its
extension to Qg. More precisely, we have that B is the dimension vector of T given
by:

o B(x0) = (n+1)d, B(yo) = nd, and B(zm4r) = d for all k € [n], where

di= Y Bw)

e traversing the flag F(x;) going into the vertex x; from left to right, the values
of B at the vertices of this flag are 1,2, ..., B(x;) for every i € [m];
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o traversing the flag F(y;) going out of the vertex y; from left to right, the
values of 5 at the vertices of this flag are B(y;),...,2,1 for every j € [£].

Next, let & be a weight of 7 such that & - B = (. Furthermore, we assume that:

(7) G >0, € [m], and ayf(y') <0,j€l4,
J

and
(8) o(xo) =0, and &(Tmir) = —0(yo) = 0, Vk € [n].
For each ¢ € [m], let us label the vertices of the flag F(x;) of the quiver T as follows
z;
Flx;)): ¢ > @ -« o — o
12 Ba)-1  1B(x)

and define the partition

9) Ai) = > o) € Ps(ay)

E<r<B(z;) ke[B(x;)]

For each j € [¢], let us label the vertices of the flag F(y;) of the quiver T as follows

Yj
Flyj): o — 4 — e —— 06— e
I8 JBly-1 Jo J1

and define the partition
(10) V(]) = |~ Z 8(]7") € Pﬁ(yj)
hrsp) ke[B(y;)]

We point out that since 7 - B = 0 we have that

m L
Z A@)] = Z ()l

~

PROPOSITION 4.6. Let 6 be a weight of T with & - 3 =0, and such that ¢ satisfies (7)

and (8).
Then the following formula holds:
; e — M LM
(11) dim SI(T, ﬂ)g = /ZL C/\(1)7,..,)\(m),(fd)7 o (fd) o), (0),(Frd)
£(p)<nd M

n times

where f = —5(yo).

-~

Proof. To find the desired formula for dim SI(T, 3)~, we proceed as follows. First,

we use Cauchy’s formula to decompose Clrep(T, 3)] into a direct sum of irreducible

~ ~

representations of GL(8). Then, we consider the ring of semi-invariants SI(T, 8) =
Clrep(T, B)]SL(ﬁ ) and sort out those semi-invariants that have weight &.
For each i € [m], let us focus on the following subquiver of T

T
o——» o—ro

Zo
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For convenience, let us denote 5(z;) = r and write Vj, = CF, V1 <k <r,and
V = CA@0) = C+Dd_ Then the contribution of the subquiver above to Clrep(7T, 3)]
is:

r—1
C| [ ] Hom(Vk, Vis1) x Hom(V;, V)
k=1

r—1
=QS(Via Vi) @SV, V)
k=1

r—1
_ o SO e ® (Sv(k—l)vk* ® Sv(k)vk)
Y1),y (r=1),7(4) k=2

® <5w<r—1>V: ® SWVT) ® STy

This yields the following contribution of the vertices of the flag F(x;) to SI(T, B ):

)SL(Vl) )SL(Vk)

r—1
(val ®® (SW—UV,: LA

YD)y (r=1),7(4) k=2

® (S”/(rfl)vr* ® SW(i)VT)SL(VT)
Sorting out those semi-invariants of weight & completely determines the partitions
SL(V1)
~v(1),...,v(r—1), and (7). By Proposition 4.3(1), we have that (SA’(I)%) '

if and only if it is one-dimensional. If this is the case, then (1) is a 1 X w rectangle

SL(V1)
with w € N and ($70v;)" "
(57(y;) S

is spanned by a semi-invariant of weight w. Thus,

contains a semi-invariant of weight &(i1) if and only if v(1) = (5(i1)).
SL(Va)
Next, using Proposition 4.3(2), we have that the space (57(1)1/2* ® 53(2)> 7 s

nonzero if and only if it is one-dimensional. If that is the case, then (2) is (1) plus
some extra columns of height 2, with the number of these extra columns equaling

SL(Va)
the weight of the semi-invariant spanning (S’Y(l)VQ* ® Sy (2)) *. Thus, this space
contains a nonzero semi-invariant of weight o (iz) if and only if v(2) = (c(i2) +
0(i1),0(i2)). Continuing with this reasoning, we see that vy(1),...,~v(r — 1), and ~(4)
are completely determined by o with

V(i) = @(@i) + 5 (ir—1) + ... +0(i1), ..., 0(xi)),
which is precisely A(¢). Now, let us focus on vertex z( and its neighbors:

Z1
L]
Z2
: L0
Tm >
.7' Yo
L]
Tm+1
L]
Tm+n
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We write W = CP®) = C"@. The contribution of this subquiver to Clrep(T, B\)] is
C[Hom(V1,V) x - -+ x Hom(Vyy 40, V) X Hom(V, W)]
=SWViaV)®@  @SViin @ V)@ S(V o W").
Using Cauchy’s Formula again, we can write
(12) S(VeW") =@ s“V)eSHW),

where the sum is over all partitions p of length at most min{dim V,dim W} = nd.
Since the weight & is zero at vertex xg, the calculations above together with Propo-

-~

sition 4.3(3) show that the contribution of xy to SI(T, 3)
form

~ is made of spaces of the
GL(V)

SOy g g MM g sUNYE g . 0 STV gsrY 7

n times

with g a partition of length at most nd.
Taking into account the contributions of all the other vertices of T, we get that

-~

SI(T’, B) is isomorphic to
GL(V)
P [V @MY g U g . @ STV @Y ®
Z(u)ﬂgnd n times

GL(W)
® (SV(l)W®...SV(Z)W®S“W* ®det€v) .

Thus, we conclude that

: 2\ 1 oy
dimSI(T, ); = XM: C,\(1),...,A(m),(fd),...,(fd) o), (), ()" -
~———

n times

£(p)<nd

REMARK 4.7. We point out that when ¢ = 1, i.e. Q has only one sink vertex and
thus 7 is a star quiver, the right hand side of (11) can be simplified down to one
multiple Littlewood-Richardson coefficient. Indeed, for a partition p with £(u) <
nd, we have 05(1),(fnd) # 0 if and only if (S*(W)* @ S* (W) ® detéV)GL(W) # 0,
where W = C". By Proposition 4.3(3), this is further equivalent to saying that
the weight space of weight —f that occurs in the weight space decomposition of
(SEW)* @ S*W(W))SHW) s not zero. Finally, using Proposition 4.3(2) , we see
that this is equivalent to p being equal to v(1) plus f columns of length nd and
05(1),(fnd) = 1. Thus, we get that

dim SI(T, B)~ = ZW+U™) .
(T.8); AL m), (FD), .. (FD
—_——

n times

This can be further expressed as a single Littlewood-Richardson coefficient via Propo-
sition 4.2.

With Proposition 4.6 at our disposal, we are ready to establish the following formula
for the multiplicities K f .

THEOREM 4.8. Let Q be an n-complete bipartite quiver with source vertices x1,...,Tm
and sink vertices y1,...,ye and let f = (8(x))zeq, be a sincere dimension vector of
Q.
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Let A = (M@i), —=A(Yj))iem),je[q be a tuple of sequences with X(x;) a partition of
length at most 5(x;) and A(y;) a partition of length at most 5(y;) such that

m 14
> Al =Y M)l

i=1
Then

B _ Iz
(13) By = a @D @), (fD)s -y (D) ) A ) (7
Z(M)Snd n times

where d = Z B(xz;) and f = Z Ai(z;) are the sums of the largest parts of the
i€[m] iem]
partitions A(x;).

Proof. From the tuple A = (A(z;), =A(Y;))ic[m),je[q, We can construct the following
weight o5 of Qg. If  is a source vertex of Q, the values of 7 along the §(z) vertices
of the flag

F(z):o—>0— -0 —0

are

(14) )\1(,%) — )\2(.%'), RN )\g(w),l(.’ﬂ) — )\B(m)(l‘), )\[3(96) (CL‘)

If, instead, y is a sink vertex of Q, the values of o) along the §(y) vertices of the
flag

Flx): es0—---0—e

are

(15) =) (¥), A8 (¥) = As)-1(y),s -, A2(y) — A1 (y).
Using the same methodology as in the proof of Proposition 4.6, we can express
both dim SI(Qmﬁ)gA and Kf in terms of sums of products of multiple Littlewood-

Richardson coefficients. Specifically, we obtain that
(16)

Ay;
dim SI(Qg, 5) —Kf—z H (1) bt ) ) H é/) (n) 1) (n) 3

i B ool G veeesby jaeesbyy s
I

]

where the sum is over all partitions u( Doie [m], 5 € [{], r € [n], with é(ug?) <

min{B(z;), B(y;)}-

Our goal is to simplify this complex formula. We start by expressing ¢ as (@, ) g,
and then consider the weight o := (Z(«), )7 of 7. By construction, we have that
5A|f(”) > 0,Vi € [m], and 5>\’f(y) < 0,Vj € [f. Also, it is immediate to see

MM (2 Al 7y,
a(z;) = M(x;), Vi € [m], and so

F(@nn) = o = () = ~50) = 3 Mili) >0

by Remark 3.6. Thus, the weight & satisfies (7) and (8). Furthermore, it follows from
(14) and (15) that A(z;) and A(y,) are precisely the partitions A(7) and v(j) from (9)
and (10), respectively.

Algebraic Combinatorics, Vol. 8 #1 (2025) 191



CALIN CHINDRIS, BRETT COLLINS & DANIEL KLINE

Next we claim that
(17) dimSI(Qs, B)5, = dimSI(T, B)-.

Indeed, we can see via Remark 3.6 that « is a dimension vector of Qg if and only
if Z(«) is a dimension vector of T. If « is a dimension vector then the Embedding
Theorem 3.3 yields (17). Otherwise, both quantities in (17) are equal to zero by
Proposition 2.6.

Finally, it follows from (16), (17), and Proposition 4.6 that

B8 _ H L
Ky= ; MDA @) (FD), oy () A A ) (77
fu)snd n thmos
where d =}, B(z:) and f =37, A1(z;). This completes the proof. O

REMARK 4.9. As indicated in formula (16) above, one can compute K f directly (with-
out embedding Qg into 7)) in terms of Littlewood-Richardson coefficients. The prob-

lem with this direct approach is that it computes K f as a sum over [mn variable

partitions ugfj), i € [m],j € [l],r € [n[, where each term of the sum is a product of

ml multiple Littlewood-Richardson coefficients. The result is very difficult to work
with, making our approach based on quiver exceptional sequences and the quiver T
essential for our purposes.

As a consequence of Theorem 4.8, we obtain the following interesting combinatorial
identity.

COROLLARY 4.10. Let d and n be two positive integers and let A = (A1,...,Aq) and
v=(v1,...,vq) be two partitions of length at most d. Then
v V+(And)
(18) D W) Vi) = € d). gy
(1), p(n) NI

where the sum on the left hand side is over all partitions p(1),...,u(n) of length at
most d.
Proof. Let Q be the n-Kronecker quiver

. arrows

TN

$U1

and let 8 = (d, d). Then it follows from formula (16) that the left hand side of (18) is
precisely K (B M) The identity now follows from Theorem 4.8 and Remark 4.7. [

REMARK 4.11. If A = v = (2%) for some non-negative integer x, then the left hand side
of (18) is precisely dim SI(Q, (d,d)),—») where Q is the n-Kronecker quiver. In this
case, our corollary shows that dim SI(Q, (d, d))(,,—+) is a parabolic Kostka coefficient.

4.4. HIVE-TYPE POLYTOPES FOR QUIVER MULTIPLICITIES. Our goal in this subsec-
tion is to find a polytopal description for constants of the form

Ky +(d,n) = ! e n
B0 = D e () Bl
tu)<nd —

n times
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where f,d, ¢, m,n are fixed positive integers and A(z1), ..., A(xm), AM(y1),- .., A(ye) are
fixed partitions such that > .- [A(z;)| = Zﬁ:l |A(y;)|. As we have seen in Section
4.2, these types of structure constants occur as our multiplicities K f .

We begin by applying Proposition 4.2 to the terms of the sum in the definition of
K, ¢(d,n). To this end, we first extend each of the partitions A(z;), A(y;), (f9),
and (f™?) by adding zero parts so that their length is at most > .-, ¢(A(z;)) +
Z§:1 £(A(y;)) + nd. Using (3), we next construct the partitions y(1) C v(2) and

~v(3) C v(4) such that

n _ (2 " _ @)
19 @ (D), (£8) ~ S 3 Ay, 200 (70 T Cun ()
—_——

n times

Note that v(1),7v(2),v(3), and y(4) have at most N parts where

14

N:=(m+n+1+1) iﬁ()\(xz)) + Zé()\(yj)) +nd
i=1 j=1

It now follows from Proposition 4.2 that
_ (2) (4)
Kaf(dn)= 3" <5 s
f(u)}%nd

Let us now consider the polytope obtained by gluing two hive polytopes as follows:

(20)
Specifically, we define Py ¢(d,n) to be the polytope consisting of all tuples of non-

negative numbers (x; j,Yi j, ti,j» Tij, Yij» ti,j) such that
1) Zi,0 = 'Yi+1(1)7 tO,k = 7k+1(2)7 V’La k S {07 e 7N - 1}7

(
(2)
(3) Ynd+j,N—1—(nd+j) = 07 vj € [N - nd],
(4) 5'i,() = %‘+1(3)7 %,k = ’Yk+1(4)7 V% ke {07 LR 7N - 1}7
(5) X35 wiv-1-5 = @) = (D) = (@] = hB)l;
(6) (zi,Yi,j,ti,;) and (T, 5,9, ti,;) are N-hives.
It follows from Theorem 4.5 that the number of lattice points of Py s(d,n) is
7(2) v(4)

(1) Cuy(3)
"

where the sum is over all partitions p with £(u) < N whose last N — nd parts are
zero. Thus, we get that

(21) K) ¢(d,n) = the number of lattice points of Py ¢(d,n).
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REMARK 4.12. The linear inequalities defining Py ¢(d,n) can be written in the form
of an integer linear program

A-x < b,

where the entries of A are 0, 1, and —1, and the entries of b are homogeneous linear
integral forms in the parts of the partitions A(x;), A(y;), and f. This is a combinatorial
linear program in the sense of Tardos [26].

4.5. THE POLYTOPE P, FROM THEOREM 1.1. Let Q be the n-complete bipartite
quiver with source vertices x1, ..., Ty, and sink vertices y1,...,y.. Let [ be a sincere
dimension vector of Q and let (Qg, 3) be the flag-extension of (9, 3).

DEFINITION 4.13 (The polytope Py). Let A = (A(w;), —A(Y;))ie[m].jelq) be a tuple of
weakly decreasing sequences with A\(xz;) a partition of length at most B(x;) and A(y;)
a partition of length at most 5(y;) such that

m 14
>l = M)l

We define
(22) Py =Py s(d,n),

where

f= Z A(z;) and d = Z B(z;).
i€[m]

i€[m]

As a direct consequence of Theorem 4.8 and the Saturation Property of Derksen
and Weyman, we obtain the following polytopal description of the multiplicities K f .
PROPOSITION 4.14. Keep the same notations as above. Then
(23) Kg = Z ng;,u . 62523) = the number of lattice points of Py,

f(u)lénd
where v(1),7(2),7(3),7v(4) are obtained from X\ via (19). Furthermore,
(24) Ky #0 <Py # 2.

Proof. The first part, formula (23), follows at once from Theorem 4.8 and (21).
When it comes to (24), the implication “=" is obvious. For the other implication,

assume that Py # @ and let v be one of its vertices. Then v must have rational

coefficients, and therefore r-v is a lattice point of P, for some positive integer r, and

thus KfA # 0 by (23). But KEA can also be expressed via (16) as the dimension of a
weight spaces of quiver semi-invariants of the form dim SI(Qg, B)T;A. It now follows
from the Saturation Property stated in Theorem 2.4 that K f , which can be expressed
as dim SI(Qg, E) , is also non-zero. O

oA

5. MOMENT CONES FOR QUIVERS AND THE PROOF OF THEOREM 1.1

Let Q = (Qo, Q1,t, h) be a connected acyclic quiver and § € Zgg be a sincere dimen-
sion vector of Q. If U((z)) is the group of B(x) x f(x) unitary matrices for every
T € Qg, then

Up) = [[ vs)

T€Qo
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is a maximal compact subgroup of GL(/3). The conjugation action of U(/3) on rep(Q, 3)
is Hamiltonian with the moment map given by

¢ :rep(Q, B) — Herm(p)

Wi g(W):= [ Y W) W) — Y W(a) W(a)*

a€Qq a€Qq
ta=x ha=x 2€Qo

where Herm(3) := [[,co, Herm(B(z)) with Herm(5(z)) being the space of B(x) x
B(z) Hermitian matrices for every x € Qo and W(a)* denotes the adjoint of the
complex matrix W(a), i.e. W(a)* is the transpose of the conjugate of W(a). The
moment cone corresponding to this moment map is A(Q, ), which is a rational
convex polyhedral cone (see [25, Theorem 4.9]) and can be viewed as the cone over
the moment polytope of the projectivization of rep(Q, 8) (see [25, Corollary 4.11]). A
more in-depth description of A(W, 3) can be found in [1]. Nonetheless, this description
does not provide a strongly polynomial time algorithm for testing membership in

A(Q, B).
If A = (Aq,...,\n) is a weakly decreasing sequence of real numbers, then the
weakly decreasing sequence (—Ay, ..., —A1) will be denoted by —A.

EXAMPLE 5.1.Let Q = @ — o < e and 8 = (r,r,7). Then A(Q, ) consists of all
triples (A(1), A(2), —A(3)) with each A(¢) a weakly decreasing sequence of r (non-
negative) real numbers for which there are positive semi-definite r x r Hermitian
matrices H(1), H(2), and H(3) with spectra A(1), A(2), and A(3), respectively, and
H(3) = H(1)+ H(2).

Recall that the Klyachko cone KC(r) consists of all triples (A(1), A(2), A(3)) of weakly
decreasing sequences of r real numbers for which there are r x r Hermitian matrices
H(1),H(2), and H(3) with spectra A(1), A\(2), and A(3), respectively, and H(3) =
H(1) + H(2).

Now, let (A(1),A(2),A(3)) be a triple of weakly decreasing sequences of r real
numbers, and consider the following sequences of non-negative real numbers:

A1) = (A1(1) = Ap(1), o, Arm1 (1) = An(1),0),
A2) = (A1(2) = An(2), - Aot (2) — Ar(2),0),
AB3) = (A1) — (1) + 20(2)), - An(3) = (Ae(1) + An(2))).

It is now immediate to see that

(A1), A(2),A(3)) € K(r) <= (A1), A(2), —A(3)) € A(Q, B).

We next explain how to view A(Q, ) as the cone of effective weights associated to
a different quiver. While this result holds for general quivers (see [2]), we will focus
in what follows on bipartite quivers since this suffices for our purposes.

Assume that @ is a bipartite quiver (not necessarily n-complete) with source ver-
tices x1,...,%m, and sink vertices y1,...,y¢, and let (Qg,ﬁ) be its flag-extension.
(Note that we orient our flags slightly differently than in [2].)

Let A = (M), =A(¥)))ie[m],jeq be a tuple of sequences with A(x) a weakly de-
creasing sequence of §(x) real numbers for every vertex x € Q.

REMARK 5.2. It is immediate to see that A belongs to A(Q, 8) if and only if there is
a representation W € rep(Q, 8) such that

(1) the spectrum of the Hermitian matrix > qeq, W(a)* - W(a) is A(z;) for every

ta=x;

i € [m];
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(2) the spectrum of the Hermitian matrix ) qeq, W(a) -W(a)* is A(y;) for every

ha=y;
jeld
This shows that a necessary condition for A to belong to A(Q, ) is that A(x;), i € [m],
and A(y,), j € [£], are non-negative sequences.

Now let o € R(@s)o be the real weight defined as follows: If x is a source vertex
of @, the values of g along the §(z) vertices of the flag

F(z):e—0—---0—0
x
are

)\1(%) — )\2(%), ey )‘B(z)—l(x) — )\B(m)(x), )\B(I) (ZC)
If, instead, y is a sink vertex of @, the values of 5 along the 5(y) vertices of the flag

are
=) W)s As(e) W) — As)—1 (1), -+, A2(y) = Aa(y)-
PROPOSITION 5.3 (compare to [2]). Let Q be a bipartite quiver and [ a sin-
cere dimension wvector of Q. Let T be the function from the set of all tuples
A= (M), =AY5))ieim).jelq as above to R(@s)o defined by T(\) = 7y. Then
T(A@Q.5)) = Efi(Qs. 5),

and T is an isomorphism of rational convex polyhedral cones.
To prove this result, we require the following very useful lemma.

LEMMA 5.4 (see [11, Sec. 3.4]). Let 0(1),...,0(N — 1) be non-negative real numbers.
Then the following are equivalent:

(a) There exist matrices Wy € COTDX1 1 < i < N — 1, such that
Wi* Wl —WZ‘,1 . W::l = O'(l) -Id(ci f07“2 < ) < N — 1,

Wl* . W1 = 0’(1).
(b) There exists an N x N Hermitian matric H (= Wx_1 - W} _,) with eigen-
values
i)=Y o), VI<i<N-1,
i<GEN—1
and y(N) = 0.

We are now ready to prove Proposition 5.3.

Proof of Proposition 5.3. Let A = (Mx:), —=A(Y5))icim],je[g be a tuple of sequences
with A(x) a weakly decreasing sequence of 3(z) real numbers for every vertex x of
Q. From Remark 5.2 and Lemma 5.4 we obtain that A € A(Q, 8) if and only if there

exists W € rep(Q@g, 5) such that
Y W) W(a)— Y W(a) W(a) =5x(x)- Id,, Vo € (Qp)o-

a€Q1 a€Q1
ta=x ha=x

It now follows from Theorem 2.4 that T’ (A(Q, B) N Z(Qﬁ)") C Eff(Qgs, E) NZ@s)o,
To prove the other inclusion, let & € Eff(Qg,3) be any effective weight. Then & is
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non-negative/non-positive along the vertices of the flag F(z) if z is a source/sink of
Q@ by Lemma 2.10. For any such &, consider the partitions

Z 5(5) if x is a source
i<G<B(x) i€[B(z)]

Y s if 2 is a sink,
i<j<B(x) i€[B(z)]

where (k) denotes the value of & at the k' vertex of the flag F(z) as we traverse
the flag from left/right to right/left for any source/sink vertex x € Qg and k € [3(z)].
Then, using Lemma 5.4 once again, we get that A> = (A\z(%:), =A5(y;))ie[m).jelo
belongs to A(Q, §) and

T(A;)=o0.

This shows that T(A(Q, B)) N Z(@s)o = Eff(Qg, 5) N Z(@s)o  which implies the claim

of the proposition since A(Q, 8) and Eff(Qg, ) are both rational convex polyhedral
cones. O

Finally, we are ready to prove our main result.

Proof of Theorem 1.1. (1) This part is proved in Proposition 4.14.

(2) Let A = (A(:), =A(yj))ie[m].jeq be a tuple of sequences with A(z) a weakly
decreasing sequence of (z) integers for every x € Qp.

We assume that the A(z;) and A(y;) are partitions since otherwise we know that
A ¢ A(Q, ) by Remark 5.2. It now follows from part (1) and Propositions 5.3 and
4.14 that

AEA(Q,B) = K| #04= P, # 2.

Since Py can be described as a combinatorial linear program (see Remark 4.12),
deciding whether A belongs to A(Q, §) can be done in strongly polynomial time using
Tardos’ [26] combinatorial linear programming algorithm. O

REMARK 5.5. Let 5 = (8(x))zeo, € Zgg be a sincere dimension vector and let

g = (U(I’i), U(yj))ie[nz],je[é] S ZQO
be an integral stability weight for Q with o(x;) > 0, Vi € [m], and o(y;) <0, Vj € [{].
Set AN(z;) == (0(x;),...,0(x;)) for every i € [m], and A(y;) := (=0 (y;),...,—0(y;))
—_—

B(xi) B(y;)
for every j € [¢], and let

Ay = (M@4), =A(Yj))ie[m).jel-
Then it follows from Theorem 2.4 that
o € Eff(Q, ) <= A, € A(Q,B).

Thus, if the input in Problem 2.8 is specified as A,, then Theorem 1.1 implies a
strongly polynomial time algorithm for the generic semi-stability problem.
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