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Three results related to the half-plane

property of matroids

Mario Kummer & David Sawall

ABSTRACT We settle three problems from the literature on stable and real zero polynomials and
their connection to matroid theory. We disprove the weak real zero amalgamation conjecture
by Schweighofer and the second author. We disprove a conjecture by Briandén and D’Leén by
finding a relaxation of a matroid with the weak half-plane property that does not have the
weak half-plane property itself. Finally, we prove that every quaternionic unimodular matroid
has the half-plane property which was conjectured by Pendavingh and van Zwam.

1. INTRODUCTION

A real zero polynomial is a polynomial P € R[z1, ..., z,] with P(0) # 0 which has only
real zeros when restricted to any real line through the origin. Real zero polynomials
play an important role in the theory of semidefinite programming, see e.g. [18]. In this
context, the second author and Schweighofer made the following conjecture:

CONJECTURE ([17, Conjecture 7.6]). Assume that F' € Rlx1,x2,y1,...,Ym] and G €

Rlz1, 22,21, ..., 2n] are real zero polynomials. If
Flyy==y=0 = Glzy=..=z, o0,
then there is a real zero polynomial H € R[x1, 22, Y1, .. Ym, 21, - -, 2n] sSuch that

F = H|Z1:"':Zn:0 and G = H|y1:~":ym:0~

We provide a counterexample to this conjecture in Section 3. Using the connection
between stable polynomials, a concept closely related to real zero polynomials, and
the theory of matroids and polymatroids established in [5] and [2], we associate a
polymatroid to every real zero polynomial. Then the key step is Theorem 3.3 which
says that if two real zero polynomials satisfy the conclusion the above conjecture,
then the associated polymatroids can be amalgamated in the sense of Definition 2.4.
Our counterexample comes from two polymatroids which cannot be amalgamated.
These polymatroids are obtained by specializing the matroids F, 4 and F- > two
relaxations of the Fano matroid which have the half-plane property, meaning that
their bases generating polynomials are stable.

More generally, a matroid has the weak half-plane property if its set of bases agrees
with the support of a stable polynomial. The question of which matroids have the
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(weak) half-plane property has been extensively studied. In this context, Brandén and
D’Leén offered the following conjecture:

CONJECTURE ([3, Conjecture 4.2]). Suppose that M has the weak half-plane property.
Then so does any relazation of M.

In Section 4 we present a counterexample to this conjecture. More precisely, we
show that a relaxation P; of the matroid Ps does not have the weak half-plane prop-
erty. On the other hand, Py does have the weak half-plane property because it is
representable over R. For proving that P; does not have the weak half-plane prop-
erty, we employ the techniques developed in [3] for narrowing down the space of
possible coefficients of a hypothetical stable polynomial with support P;.

A key feature of the matroid P; that made us examine it for the weak half-plane
property is that it is not representable — even under more general notions of repre-
sentability as discussed in [14]. Matroids representable over more general structures
than fields still often tend to have the weak half-plane property, see e.g. [1]. Our third
result is of this flavor. Namely, we prove in Section 5 a conjecture which was attributed
by Pendavingh and van Zwam to David G. Wagner:

CONJECTURE ([14, Conjecture 6.9]). All quaternionic unimodular matroids have the
half-plane property.

The notion of quaternionic unimodular matroids is a generalization of the class of
sixth root of unity matroids to the skew field of quaternions. For a precise definition
see Definition 5.3.

2. PRELIMINARIES

We denote by N and Ny the set of positive and nonnegative integers, respectively. In
this section we let E always denote a finite set. For i € E we denote by §; € RF the
ith unit vector. For z € R¥ we write |z] = Y, p |2;]. We further let [n] = {1,...,n}
and denote by ([Z]) the set of all k-element subsets of [n] for every k,n € N. We recall
the cryptomorphic definitions of M-convex sets and polymatroids.

DEFINITION 2.1. A subset J C N is M-convex if for every i € E and every o, 3 € J
such that a; > B;, there is j € E satisfying
aj < B and o — 0; + 05 € J.
DEFINITION 2.2. A polymatroid on E is a function r: 2F — Ny such that we have for
all ST C E:
(i) r(@) =0,
(ii) r(S) < r(T) if SCT, and
(iii) (SUT)+r(SNT) < r(S) 4+ r(T).
If J C N¥ is an M-convex set, then we define the function r;: 28 — Ny by
ry(S) = maX{Zai | € J}.
€S
Conversely, if 7: 2F — Ny is a polymatroid, then we define the set .J, C N¥ by
J.={x e N | le < r(S) for all S C E and Zmz =r(E)}.
= i€E
These two constructions are inverse to each other and define bijections between the

set of M-convex sets in NJ’ and the set of polymatroids on E, see for example [11,
§4.4].
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REMARK 2.3. A polymatroid 7: 2¥ — Ny is the rank function of a matroid M on E
if and only if r({i}) < 1 for all i € E. In this case we have

Jr = {Z:é7 | B is a basis of M}.
i€B
We apply the definitions made for polymatroids to matroids by considering their rank
functions as polymatroids.

2.1. AMALGAMATION OF POLYMATROIDS. There has been considerable interest in
the question whether two (poly)matroids can be amalgamated in the following sense,
see for example [15, 6] and also [12, §11.4].

DEFINITION 2.4. Let Fq, E5 be two finite sets, let By = E1 N Ey and E3 = E1 U Fs.
Let r; be a polymatroid on E; for alli=10,1,2,3.
(a) We say that 1o is the restriction of r1 to Ey if ro(S) = r1(S) for all S C Ey
and denote this by ro = 1| g,
(b) We say that r3 is an amalgam of 1 and ro if 11 = r3|g, and ro =r3|g,.
Clearly, a necessary condition for an amalgam of r; and ro as in Definition 2.4 to
exist is that r1|g, = 72| g,. However, this condition is not sufficient [12, Example 7.2.4].

DEFINITION 2.5. A polymatroid ro on E is called sticky if there exists an amalgam
for all polymatroids vy and ro on finite sets Fy and Es with E = E1 N Ey and such
that ro = ri|g fori=1,2.

In order to describe conditions for a polymatroid to be sticky, recall the following
definition, generalizing the usual notion for matroids.
DEFINITION 2.6. Let v be a polymatroid on E.

(a) A subset F C E is called a flat of r if r(F") > r(F) for every proper superset
' of F.
(b) Two flats F1, Fy are called a modular pair if

T(Fl) + T(Fg) = T(Fl @] FQ) +?"(F1 N FQ)

THEOREM 2.7 ([6]). Let r be a polymatroid on E. If every pair of flats is modular,
then r is sticky. The converse holds if |E| < 5.

EXAMPLE 2.8. Let 2 < n < 5 and E = [n]. One checks that
J={xeNy||z]=3and Vie E:z; <2}
is M-convex. The polymatroid r is not sticky because the pair {1}, {2} of flats is not

modular.

2.2. STABLE POLYNOMIALS. We briefly recall the different stability and real zero
properties of polynomials and their relation to each other. As a general reference we
recommend the survey [13].

DEFINITION 2.9. Let P € R[z; | i € E|] be a polynomial.
(a) The support of P is the unique subset supp(P) C N¥ such that we can write
P = Z Ccqx®
a€esupp(P)

for some non-zero ¢, € R.

(b) The polynomial P is called stable if for all z € CF such that Im(z;) > 0 for
alli € E we have P(z) # 0.

(c) The polynomial P is called a real zero polynomial if for all v € RE the
univariate polynomial P(t - v) € R[t] has only real zeros.

Algebraic Combinatorics, Vol. 8 #1 (2025) 3
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(d) Let P be homogeneous and e € RE. Then P is called hyperbolic with respect
to e if for all v € RE the univariate polynomial P(t - e + v) € R[t] has only
real zeros.

Taking v = 0 in the definition of a real zero polynomial, yields that a real zero poly-
nomial does not vanish at the origin. Similarly, a polynomial P which is hyperbolic
in direction e, satisfies P(e) # 0. Stability is preserved under taking partial deriva-
tives in coordinate directions, under setting some variables equal to each other and
under scaling variables by positive scalars. We summarize the well-known connection
between the above concepts.

PROPOSITION 2.10 (see for example [13, Proposition 5.3]). Let P € R[z; | i € E] be a
homogeneous polynomial. The following are equivalent:

(i) P is stable.

(ii) P is hyperbolic with respect to every point in RE.

iii) P is hyperbolic with respect to every point in RE, and every e € RE, with

>0 >0
P(e) #0.

LEMMA 2.11. Let P € Rz; | ¢ € E] be a homogeneous polynomial and i € E. The
following are equivalent:

(i) P is hyperbolic with respect to 0;.

(ii) Ply,=1 € Rlz; | i € E N {i}] is a real zero polynomial.

Proof. We define Q = P|,,—1 and let d = deg(P). Assume that P is hyperbolic with
respect to §; and let v € REMi )\ € C such that Q(\-v) = 0. We have to show that
A € R. Without loss of generality, we can assume that A # 0. We have

0=Q\-v) =P+ Y Avj-6)=A-PA -6+ Y v;-5))
JEE~{i} JjEE~{i}

Because P is hyperbolic with respect to &;, this shows that A~ and thus X is real.

Now assume that @ is a real zero polynomial. Let v € R¥ A € C such that
P(\-0; +v) = 0. We have to show that A € R. We have

0=PA-6i+v)=P((A+v)-6i+ Y v;-5)).
jeE~{i}

Because v; € R, it suffices to show that 4 = A + v; is real. As above, we can assume
that p # 0. We have

0="Plp-di+ Y, v-6)=p" P+ Y, plvjd)=Qu" > v;-5)).
JjEE~{i} JEE~{i} JjEE~{i}

Because @ is a real zero polynomial, this shows that x~! and thus \ is real. O

DEFINITION 2.12. Let P € R[z; | i € E] be hyperbolic with respect to e € RE. The
hyperbolicity cone of P at e is defined as
A(P,e) = {v € R | P(t- e +v) € R[t] has only nonnegative zeros}.
Hyperbolicity cones are convex cones [7]. Proposition 2.10 can be rephrased in

terms of hypberbolicity cones.

PROPOSITION 2.13. Let P € Rlz; | i € E] be a homogeneous polynomial and e € RE.
The following are equivalent:

(i) P is stable.
(ii) P is hyperbolic with respect to e and 6; € A(P,e) for alli € E.

The connection of stable polynomials to M-convex sets is given by the following.

Algebraic Combinatorics, Vol. 8 #1 (2025) 4
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THEOREM 2.14 ([2, Theorem 3.2]). Let P € Rx; | i € E] be a homogeneous stable
polynomial. Then supp(P) is M-convex.

DEFINITION 2.15. Let J C N(I;J be an M-convex set.

(a) The generating polynomial of J is

¢ .
hJ:ZJER[xi|ZEE]

acJ

where a! = [],c g ail.

(b) We say that J has the half-plane property if its generating polynomial is
stable.

(c) We say that J has the weak half-plane property if there exists a homogeneous
stable polynomial P € Rlz; | i € E] such that J = supp(P).

(d) We say that a polymatroid r on E has the (weak) half-plane property if the
associated M-convex set J, has the (weak) half-plane property.

In the remaining part, we observe that in certain nice situations, restricting the
polymatroid of a homogeneous stable polynomial corresponds to plugging in zeros for
some of the variables.

DEFINITION 2.16. Let J C N(If be M-convex and let T C E. We say that J is non-
degenerate with respect to T if there exists a € J such that for alli € E\NT we
have a; = 0.

LEMMA 2.17. Let J C NSJ be M-conver and nondegenerate with respect to T C FE.
Then we have rj|r = ry where

J = {(i)ier | @ € J such that Vi € EXT :a; =0} C NZ.

Proof. Let S CT. Then

rilr(S) =ry(S) =max{) ax|a € J}

keS

Let o € J be a point where this maximum is attained such that ), o ,ax is
minimal. If ), - ap = 0, then o € J" and we have 7|7 (S) = r;(S5). Thus assume
for the sake of a contradiction that a; > 0 for some ¢ € EX\T. Since J is nondegenerate
with respect to T' C F, there exists 5 € J such that for all k € E\.T" we have g = 0.
Because J is M-convex, there exists j € 1" such that o; < 8; and vy = a—d; +6; € J.

Then Y eV = D pegk because @ € S and Y, p Yk < D pcpor Qk because
1 € EXT and j € T. This contradicts our minimality assumption. O

COROLLARY 2.18. Let E = E; U Ey and let P € Rlz; | i € E] be a polynomial such
that J = supp(P) is M-convex. Finally, for k = 1,2, we let

Py = Plo,—0 for ige, € Rz | i € Ey]

and Ji, = supp(Py). If Py, P> are both not identically zero, then Jy and Jo are M-
convex and 1y is an amalgam of rj, and ry,.

Proof. The condition that Py is not identically zero is equivalent to J being nonde-
generate with respect to Ei. Now the claim follows from Lemma 2.17. 0

Algebraic Combinatorics, Vol. 8 #1 (2025) )
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3. REAL ZERO AMALGAMATION

In this section we always let E = FE7UFE5 be a finite set and Ey = E1 N Ey. We assume
that 0 € Ey. For k =0,1,2 we let 0 # P, € Rlz; | i € E)] be homogeneous and stable
such that

Py = Py|z;=0 for igE,
for £ = 1,2. Note that this implies that Py, P, and P» all have the same degree d.
We further denote Jj, = supp(Py) and r, = ry, for k = 0,1,2. For k = 0,1,2 we
also consider the polynomial Hj obtained from Py by substituting zq + x; for x; for
all i € Ey \ {0}.

LEMMA 3.1. The polynomial Hy, is hyperbolic with respect to dy. Its hyperbolicity cone
contains 6; for alli € Fy and the point

So— > i
0#£i€Ey
Proof. The statement of Hj being hyperbolic with respect to dg is equivalent to Py

being hyperbolic with respect to ), £, 0i- Because of

Py (Z &-) =P (Z 51.) #0,

i€ Ey i€ Eg

by stability of Py, this follows because Py is stable. The hyperbolicity cone of Hj
containing d;, ¢ € Ej, follows from the same statement for P;. The last statement is
equivalent to dy being in the hyperbolicity cone of P. O

LEMMA 3.2. Let H € Rlz; | ¢ € E] be hyperbolic with respect to 6o such that the
hyperbolicity cone of

H|wi:O for i¢Ey,
agrees with the hyperbolicity cone of Hy, for k = 1,2. Then the hyperbolicity cone of H
contains 6; for alli € E and the point

So— > O
0#i€Ey

Proof. This follows immediately from Lemma 3.1. d

Now let E' = E~ {0} and likewise Ej, = Ej, ~ {0} for k = 0,1, 2. Then we consider
the polynomials
Qr = Hk|ac0=1 S R[.Ti | 1€ E;J
for £k = 0,1,2. These are real zero polynomials with the property that
Qo = Qr
or k =1,2. We have the following result.

x;=0 for iZE]

THEOREM 3.3. Assume that there is a real zero polynomial Q € Rlz; | ¢ € E'| with

Qk = Q‘a:,-:O for igE;,

for k=1,2. Then r1 and ro have an amalgam.
Proof. Let d’' = deg(Q). We define

H:xg’.Q(% i€ E') e Rz | i € B
Then we have

H =zl H
|25=0 for igE, = %o g

Algebraic Combinatorics, Vol. 8 #1 (2025) 6
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FIGURE 1. The matroids . * (left) and F; ® (right).

for k =1,2. Thus by Lemma 3.2 the hyperbolicity cone of H contains §;, i € E, and

the point
So— > i
0#£i€Eg
This implies that the polynomial P obtained from H by substituting z; — x¢ for x;
for all i € Ey \ {0} is stable. We have
Ply,=0 for igE, = ﬂfg,_d - Py,
for k = 1,2. Finally, we let P’ be the polynomial obtained from P by dropping all
monomials that are not divisible by xglfd and dividing the result by :rglfd. Then
P'|2.=0 for igk, = P
for k = 1, 2. The support of P’ is M-convex because it agrees with the support of the
stable polynomial 6(;/7&P. Now the claim follows from Corollary 2.18. g

zo

Now we are ready to disprove the real zero amalgamation conjecture from [17].

CONJECTURE 3.4 ([17, Conjecture 7.6]). Let E' = E{ U E} be a finite set such that
E{ = E{ N EY} has two elements. For k = 1,2 let Qi € R[z; | i € E}] be a real zero
polynomial. If

o)
then there is a real zero polynomial Q € Rx; | ¢ € E'] such that

Qr=0Q

z;=0 for i¢E} = Q2 ;=0 for i¢E]>

x;=0 for i¢E;,
fork=1,2.

Theorem 3.3 shows that counterexamples to Conjecture 3.4 can be constructed
from polymatroids with the half-plane property that do not have an amalgam. In the
next subsection we construct such a counterexample with |Ey| = 3.

3.1. AN EXAMPLE WITH |Ep| = 3. We consider the matroids F; * and F;® defined
as in Figure 1. Here, for F{4, every 3-element subset of {0,0',1,1’,2,2',3} forms a
basis, except for the subsets {0’,0,3}, {1’,1,3} and {2/,2,3}. For F7_5, similarly, all
3-element subsets of {0,0’,1,1’,2,2',4} are bases except for {0’,0,4} and {2/,2,4}.
These matroids both have the half-plane property, see [5, §A.2.2] for F;° and [19]

Algebraic Combinatorics, Vol. 8 #1 (2025) 7
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for F 4. Denote by e the third elementary symmetric polynomials in 7 variables.
This means that their generating polynomials

hp;ék = 63(330,330',331, Zy,T2,Tor, xs) — LT3 — T1'X1T3 — LT3
and
hF;s = 63(330,960',9617951/79627$2'7$4) — Lo Tolyg — T2 T2X4

are stable. We let P, and P, be the polynomials obtained from hF7_4 and hF7—5,
respectively, by setting x¢. = zg, 1 = 1 and xo = x5. We have

P, =4z ix0x3 + 2x1x§ + 236%@ + dxgrors + 2xox§ + dxorir3 + 80T 1T
+ 2wox? + 22520 + 2021,
and
Py =4xi1x014 + 2m1x§ + x%m + Zx?mz + dxgrors + 2x0x§ + dxgr124 + 80T 1T
+ 2x0xf + Qx%xg + Qx(%a:l.
By construction we have
Pilzs=0 = Palu,=0-

Hence Ey = {0,1,2,3} and Ey = {0,1,2,4}. Note that the support of Py := Pi|z5—0
is the M-convex set from Example 2.8 for n = 3. We will show that the polymatroids
r1 and 75 corresponding to P; and P, do not have an amalgam so that the real zero
polynomials Q1 and @2 obtained from P; and P, constitute a counterexample to
Conjecture 3.4. In fact, we will even prove that for every m € N the polymatroids
m - 71 and m - 7 do not have an amalgam which shows that Q7* and Q5" also do not
satisfy the conclusion of Conjecture 3.4 for any m € N.

THEOREM 3.5. The polymatroids m - ry and m - ro do not have an amalgam.

Proof. We proceed as in the proof of [15, Theorem 2]. Assume for the sake of a
contradiction that the polymatroid » on E = {0,1,2,3,4} is an amalgam of m - ry
and m - ro. We have

r({0}) +r({0,3}) < r({0}) +7({0,3,4}) <r({0,3}) + r({0,4}).
By definition of r; and 7y this implies that
2m +2m < 2m +r({0,3,4}) < 2m + 2m.

Thus we have r({0,3,4}) = 2m. Likewise one shows that r({2,3,4}) = 2m. Further-
more, we have that

dm < r({3,4}) +3m < r({3,4}) +r({0,2,3,4}) < r({0,3,4}) +r({2,3,4}) = 4m.
This shows 7({3,4}) = m. Finally, we have
m+2m < r({3}) +r({1,3,4}) <7({1,3}) +r({3,4}) =2m +m
which implies 7({1,3,4}) = 2m contradicting
3m=r({1,4}) <r({1,3,4}).

Hence the polymatroids m - r; and m - r2 do not have an amalagam. O

Algebraic Combinatorics, Vol. 8 #1 (2025) 8
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4. WEAK HALF-PLANE PROPERTY
Let E always denote a finite set and M a matroid on E with set of bases B.

DEFINITION 4.1 ([3]). We say that four bases By, By, B3, By € B form a degenerate

quadrangle of M if there exists S C E and pairwise different i,7,k,l ¢ S such that
(Bl7 B27 B?>7 B4) = (S U {Za k}7 S U {27 l}a S U {.]a l}7 S ) {.77 k})

and if at most one of SU{i,j} and SU{k,l} is a bases of M.

The following theorem was used in [3] to reduce the number of possible parameters
when searching for a stable polynomial with support M.

THEOREM 4.2 ([2]). For every basis B € B let 0 # ap € R be such that the multiaffine
and homogeneous polynomial

P = ZGB'H%GR[%UEE]
BeB ieB
is stable. If By, Bo, B3, B4 form a degenerate quadrangle of M, then
(1) aB,ABy = AB,AB,-
Letting bp := log(Jag|) for all B € B we obtain from Equation (1) linear equations
bp, +bp, —bp, —bp, =0

for all degenerate quadrangles By, By, Bs, By of M. We denote by Vi, € RB the linear
space cut out by all such equations. By [3, Lemma 2.6] the vector space

Wy = {(Zvi)geg | v e RF}
i€B
is an (|E| — z + 1)-dimensional linear subspace of Vs where z is the number of
connected components of M.

LEMMA 4.3. Let Uyps be a linear complement of Wiy in V. If M has the weak half-
plane property, then there exists a vector b € Uy such that

> exp(bp) - [] =i
BeB i€B
is stable.

Proof. This follows in the same way as [3, Theorem 2.3]: Scaling the variables by
x; — exp(v;)x; corresponds, after taking logarithms of the coefficients, to shifting by
the corresponding vector from Wj,. g

For choosing a linear complement of W}, in V), in a nice way, the following lemma
might be useful.

LEMMA 4.4. Let M be represented by a matriz A € REl of rank d. For B € B we
denote by A[B] the corresponding d x d submatriz. Then

u(A) = (log|det(A[B)|)Bes € Var-
Furthermore, if M is not reqular, then u(A) & Wyy.
Proof. By [5, Theorem 8.1] the polynomial

Z det(A[B])* - H x;

BeB i€B
is stable. This, together with Theorem 4.2, proves the first claim. Now assume that
there exists v € R¥ such that u(A) = (3 ,.5vi)Bes. Scaling the ith column of

Algebraic Combinatorics, Vol. 8 #1 (2025) 9
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A by exp(—wv;) for all i« € E, we obtain a matrix A’ representing M all of whose
maximal minors are in {—1,0, 1}. After multiplication of A’ from the left by a suitable
invertible matrix we can additionally assume that A’[Bp] is the identity matrix for
some By € B. Then A’ is a totally unimodular matrix representing M which shows
that M is regular. O

EXAMPLE 4.5. In this example, we consider the rank 4 matroid M = Pg on 8 elements
which is represented by the real matrix

10000112
01001011
00101101
00012110

whose columns we label by 0, ..., 7. This matroid is not regular [5, §A4] and therefore
u(A) is in Vi but not in Wy, by Lemma 4.4. Using the Macaulay2 [9] package
“Matroids” [4] we compute that dim(Vas) = 9. Because M is connected, this implies
that the span of u(A) is a linear complement of Wy in Vj;. Note that Pg has the
weak half-plane property because it is representable over R.

A=

Recall that if X is a circuit-hyperplane of M, then BU {X} is the set of bases of
a matroid M’ [12, Theorem 1.5.14]. Then M’ is called a relazation of M.

LEMMA 4.6. Let M’ be a relaxation of M. Then every degenerate quadrangle of M’ is
a degenerate quadrangle of M.

Proof. We proceed as in the proof of [8, Lemma 3.43]. Denote by X the circuit-
hyperplane of M such that M’ is the relaxation of M by X. We show that for all
ze X and y € F\ X the set
(X~ A{z}) u{y}

forms a basis of M (and therefore of M’). Then it immediately follows that X cannot
be contained in some degenerate quadrangle of M’. Since X is a circuit, X ~ {z} still
has rank rank(M) — 1 = rank(M’) — 1. Then (X ~ {z}) U {y} has rank rank(M’)
because X is closed and y ¢ X. Thus (X ~\ {z}) U{y} is a basis of M. O

REMARK 4.7. Assume that rank(M) > 2. Let M’ be the relaxation of M by the
circuit-hyperplane X and denote B’ = BU {X}. Lemma 4.6 implies that the map
RB — RBI, that sends v € RE to the vector w with wx = 0 and wg = vg for all
B € B, maps Vj; to Vjr. We thus obtain a natural embedding
t: Vi = V.
Furthermore, we have dx € V) . If Uy is a linear complement of Wy, in Vi, then
(Upm)®R-0x) N Wy = {0}

However, in general ¢(Uys) and dx do not span a linear complement of Wy, see for
example [3, Table 1].

EXAMPLE 4.8. As an illustration, we recall [3, Example 4.1]. The non-Fano matroid
M’ = F is represented by the real matrix

1100011
A=1(0111001
0001111

whose columns we label by 1,. .., 7. This matroid is not regular [5, §A.2.2] and there-
fore u(A) is in Vs but not in Wjy by Lemma 4.4. On the other hand, the non-Fano
matroid is a relaxation of the Fano matroid F; by the circuit hyperplane {2,4,6}.
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Because dim(Var/Wasr) = 1 by [3], it follows from Remark 4.7 that u(A) + Wy
must contain a scalar multiple of d(5 4 6}. Indeed, one has that u(A) = log(2) - 124,61 -
It was further noted in [3, Example 4.1] that by [5, Example 11.5] the polynomial

hF7 + HT2T4T6

is stable only for ;o = 4. As a side note we would like to mention that this implies in

particular that
> ldet(A[S)]- [
se(t) i€S
is not stable, giving a negative answer to the question raised in [16, Remark 4.2].

Now we are ready to disprove the following conjecture by Brandén—D’Leo6n.

CONJECTURE 4.9 ([3, Conjecture 4.2]). Suppose that M has the weak half-plane prop-
erty. Then so does any relaxation of M.

Our counterexample is a suitable relaxation of Ps.

ExAMPLE 4.10. Consider again the matroid Pg from Example 4.5. The set X =
{3,5,6, 7} is a circuit-hyperplane of Ps. Following [10] we denote by P; the relaxation
of Pg by X. We will prove that P; does not have the weak half-plane property, although
it is a relaxation of Ps. Using the Macaulay?2 [9] package “Matroids” [4] we compute
that dim(Vp, ) = 10. Thus by Example 4.5 and Remark 4.7 the vectors dx and ¢(u(A))
span a linear complement of Wp, in Vp,. We define v = @L(U(A)) — this is just
for convenience to get a vector with entries in {0, 1,2}. If P, has the weak half-plane
property, then by Lemma 4.3 there are a,b > 0 such that

Fop = E b8 + arswsreny
B basis of Pg

is stable. Now consider the (0, 1)-th Rayleigh difference
A0,1P~|¢z7b = awoFa,baa:lFmb - Fa,bamoawlFa,b~

By [2, Theorem 5.10] the Rayleigh difference Ag 1F, ; is globally nonnegative if Fy, 3
is stable. Plugging in (1,1,¢,—1,—1,¢t) for (zo,...,zg) yields

(Ao 1 Fap)(1,1,t,—1,—1,t) = —abt® + (—ab — 4b* + 2a + 12b + 16)t* + at.

Because a, b > 0, this takes negative values for large enough ¢. Therefore, for no choice
of a,b > 0 the polynomial F, ; is stable.

REMARK 4.11. According to [10, Proposition 4] the matroid P; is not representable
over any field. It does not have the half-plane property because it has the matroid F;, 3
as a minor which does not have the half-plane property by [5, Example 11.7]. Moreover,
it does not seem to be representable even in the more general context studied in [14].
This made P; a good candidate for being a counterexample to Conjecture 4.9 as
representations over certain algebras (that are not necessarily fields) sometimes can
still be used to prove the weak half-plane property. See for instance [1] where the weak
half-plane property was proved for the non-Pappus and the non-Desargues matroid.

REMARK 4.12. We use the notation as in Example 4.10. The polynomial Fy; =
lim,,0 F,,1 is the basis generating polynomial of Fs. The polynomial Fpo =
lim, p—0 Fo,p is the basis generating polynomial of the graphical matroid M(G:)
where G is depicted in Figure 2 on the left. In total, the regular subdivision of the
matroid polytope of Ps defined by vp has six maximal cells, all of which are matroid
polytopes themselves. Four of the corresponding matroids are isomorphic to M(G),
the two remaining ones are isomorphic to M (G3) where G5 is the graph on the right
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FIGURE 2. The graphs G; (left) and G (right) from Remark 4.12.

of Figure 2. Unfortunately, this knowledge did not help us representing F,; in a
simple way.

5. QUATERNIONIC UNIMODULAR MATROIDS

We recall the definition of quaternionic unimodular (QU) matroids. To this end, let H
denote the skew field of quaternions.

DEFINITION 5.1. Let E be a finite set and C C HP a submodule of the free left H-
module HP . A nonzero element x € C is called an elementary chain of C if C' does not
contain a nonzero element whose support is strictly contained in the support of x. The
submodule C' is called unimodular if for every elementary chain x of C all nonzero
entries of x have the same norm.

THEOREM 5.2 ([14, Theorem 3.7)). Let E be a finite set and C' C HE unimodular. The
set of supports of elementary chains in C is the set of cocircuits of a matroid M(C)
on E.

DEFINITION 5.3. A matroid on a finite set E of the form M(C) for some unimodular
C CHF s called quaternionic unimodular (QU).

The goal of this section is to prove that every QU matroid has the half-plane
property. This has been conjectured in [14, Conjecture 6.9].

DEFINITION 5.4 ([14, page 219]). Denote by ¢: H — C2*2 the map

a-+bi c+di)

pla+bi+cj+dk) = (—c—i—dia—bi

We extend ¢ to matrices by applying ¢ entry-wise. Thus for a matrix A € H™*"™ we
obtain the 2n x 2n complex matriz ¢(A). We define

5(A) = /| det(p(A))].

REMARK 5.5. We collect some basic properties of 4.
(1) For columns aq,...,a, € H" and A € R, we have

d(Aay az...an) =|A-d(ay...an).
This follows directly from the definition.
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(2) For matrices A, B € H"*™ we have §(AB) = §(A)J(B) and J(A) = J(A").
This is [14, Lemma 5.2].

For a matrix A € H™*™ with m < n and B C [n] of size m we denote by A[B]
the m x m submatrix of A consisting of the columns indexed by B. The following is
a version of the Cauchy—Binet theorem over H.

PROPOSITION 5.6 ([14, Theorem 5.1]). Let A € H™*™ be a matriz over the quaternions
and m <n. Then

5(AA7) = S S(A[BJA[B]").
BC[n]
|Bl=m

LEMMA 5.7. Let E be a finite set and C C H¥ unimodular. Let d be the rank of the
matroid M = M(C). There is a d X |E| matrix A over H whose rows form a basis
of C such that for all B C E of size d we have §(A[B]) = 1 if B is a basis of M
and §(A[B]) = 0 otherwise.

Proof. Let A be a matrix over H whose rows form a basis of C'. By [14, Lemma 3.14]
it has d rows, so A € H**IP! After multiplying A from the left by an invertible d x d
matrix over H, we can assume by [14, Corollary 3.26] that A is a strong QU matriz in
the sense of [14, Definition 3.23]. Now the statement of the lemma follows from [14,
Claim 5.4.1]. O

THEOREM 5.8 ([14, Conjecture 6.9]). Every QU matroid has the half-plane property.

Proof. Let E = {1,...,m} and C C H™ be unimodular. Denote by M = M(C) the
associated QU matroid and let A € H?*™ be a matrix as in Lemma 5.7. We have to
show that the bases generating polynomial hy; of M is stable. This is equivalent to
h3, being stable. We prove this by showing that h3, agrees with the stable polynomial

It suffices to show that these two polynomials agree on the positive orthant. We denote

by ai,...,a, € H? the columns of A. Let z € R? and write x = (z%,...,22,) for
T1,...,Tm € Ryg. Then we have
2

(2) ha(2)* = | D S(A[BJA[B]")2"

BCE

|B|=d

2

(3) = Z 0((z1a1 ... Tmam)[B](z1a1 . . . Tmam)[B])

BCE

|B|=d
(4) = 0((z1a1 ... Ty (T101 . . . Toam)*)?
(5) = |det(p(z1a1 ... Tmam)p(x101 . . . Tpam)™)|

Algebraic Combinatorics, Vol. 8 #1 (2025) 13
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7
3
= | det | ¢(A) o(A)" ||
7,
2,
3
i
= det | ¢(A) p(A)”
x7,
7,

Here we have equality in (2) by Remark 5.5 and Lemma 5.7. (3) holds by Remark 5.5.
For (4) we use Proposition 5.6 and (5) follows from the definition of §. (6) and (7) are
obvious. O
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