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Polytopal realizations of

non-crystallographic associahedra

Anna Felikson, Pavel Tumarkin & Emine Yildirim

ABSTRACT We use the folding technique to show that generalized associahedra for non-simply-
laced root systems (including non-crystallographic ones) can be obtained as sections of simply-
laced generalized associahedra constructed by Bazier-Matte, Chapelier-Laget, Douville, Mousa-
vand, Thomas and Yildirim.

1. INTRODUCTION

An associahedron is a polytope whose combinatorics is defined by families of Catalan
objects. For example, vertices of an associahedron can be indexed by triangulations
of a convex polygon, edges correspond to flips of triangulations, and faces correspond
to dissections (i.e., partial triangulations). Combinatorial description goes back to
Tamari [29] and Stasheff [26], since then many different polytopal realizations were
constructed (see the paper by Ceballos, Santos and Ziegler [4], the recent survey by
Pilaud, Santos and Ziegler [22] and extensive bibliography therein).

Generalized associahedra were introduced combinatorially by Fomin and Zelevin-
sky [13] for any finite (crystallographic) root system in the context of cluster algebras;
when restricted to type A root system, the construction gives the classical associahe-
dron. The combinatorial construction was extended to all Coxeter elements by Marsh,
Reineke and Zelevinsky [18] (the initial construction in [13] corresponds to a bipartite
Coxeter element), and was reformulated without the crystallographic assumption by
Fomin and Reading [11], see also [24].

The first polytopal realizations of generalized associahedra (for a bipartite Coxeter
element) were constructed by Chapoton, Fomin and Zelevinsky [5], the normal fans
of these polytopes are d-vector fans [12]. Hohlweg, Lange and Thomas [15] provided
realizations of generalized associahedra for arbitrary Coxeter element, the normal fans
of these polytopes are Cambrian fans [23, 25], which coincide with g-vector fans [14]
for finite root systems. More general constructions were considered by Hohlweg, Pilaud
and Stella in [16].

In [3], Bazier-Matte, Chapelier-Laget, Douville, Mousavand, Thomas and Yildirim
provided a construction of generalized associahedra for simply-laced root systems (and
any Coxeter element) by using representation theory of quivers. More precisely, they
consider a vector space with coordinates indexed by almost positive roots, and use
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certain mesh relations (which depend on a number of parameters) in the correspond-
ing cluster category to produce an affine subspace of linear dependencies. Intersection
of this affine subspace with the positive orthant results in a realization of a gener-
alized associahedron, where the normal fan is precisely the g-vector fan (we recall
the construction in more details in Section 2). The construction above extends the
earlier construction of the classical associahedron by Arkani-Hamed, Bai, He and Yan
appearing in [1]. The space of all polytopal realizations of g-vector fans was explored
by Padrol, Palu, Pilaud and Plamondon in [21].

In this note, we show that generalized associahedra for non-simply-laced root sys-
tems (including non-crystallographic ones) can be obtained as sections of simply-laced
generalized associahedra presented in [3]. A non-simply-laced root system A’ can be
obtained from a certain simply-laced root system A by a folding technique [17], see [28]
for details. The construction in [3] depends on a number of parameters which can be
indexed by positive roots in a simply-laced root system A; we consider “symmetric”
collections of parameters giving rise to a “symmetric” generalized associahedron An.
We then construct a certain plane II using the restrictions coming from the folding
technique, and consider the section of Ax by II. The main result can be formulated
as follows (see Section 3 for the details).

THEOREM 1.1 (Theorem 3.4). The section of Ax by I1 is a realization of the gener-
alized associahedron Aa,. The normal fan of Aa/ is the corresponding g-vector fan,
and it can be obtained as an orthogonal projection of the normal fan of Ax onto II.

We note that in the case A’ is crystallographic, the theorem can be derived from
the results of Arkani-Hamed, He and Lam [2].

We recall all necessary terms and constructions in Section 2, formulate our main
result in Section 3 and give the proofs in the final Section 4.

2. PRELIMINARIES

We start with describing the construction of the generalized associahedra for the
simply-laced Dynkin diagrams by [3]. We then remind the essential facts about g-
vectors and weighted unfoldings. While talking about generalized associahedra we
will omit the word “generalized” if there is no ambiguity.

2.1. SIMPLY-LACED GENERALIZED ASSOCIAHEDRA. In [3], authors use representation
theoretical techniques to generate certain equations and their intersection of the posi-
tive orthant to obtain associahedra. We recall the key parts of the construction below,
see [3] for more details.

Let @) be an orientation of a simply-laced Dynkin diagram, and denote by rep Q°P
the category of representations of the opposite quiver Q°P. Let DP(rep Q°P) be
the bounded derived category of rep @Q°P. Note that repQ°? can be embedded
in D®(rep Q°P) by sending each indecomposable object M in rep Q° to a complex
in D’(rep Q°P) whose only nonzero object is M. We consider a subcollection Cq
of D®(rep Q°P), where we take all the indecomposable objects in rep Q°P along with
the shifted projectives. This subcollection Cy can be thought as cluster category
without some morphisms but we do not need to go into details in this paper. Let N
be the number of indecomposables in Cg, and let V' be a real vector space of dimen-
sion N (note that N = n(h + 2)/2, where h is the corresponding Coxeter number
and n is the rank of Q). Consider an indeterminate tp; for each object M € Cg
as a coordinate function in V, and positive constants cp; for each representation
M € rep Q°P. An associahedron is then constructed for each choice of parameters c;.
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Polytopal realizations of non-crystallographic associahedra

Given a collection of parameters ¢y, we consider the following hyperplanes in R"™:

v + tu = ZtE + e,
E
where E € Cgq sits in an Auslander-Reiten sequence 0 — 7M — E — M — 0
in D®(rep Q°P) for the objects in Cg.
It has been shown in [3] that the intersection of this set of hyperplanes with the
positive orthant provides a construction of a generalized associahedron. For type A,
one recovers the classical associahedra as constructed in [1].

EXAMPLE 2.1.Let @ = 1 ——=2~<——3 . Then the category Cg can be drawn as
follows.

t11 11 t21 Ca1 t31
t12 C12 tao C22 t32
ti3 C13 tas Co3 t33
The equations are

t11 + to1 =tz +cnn
tiz + tog =ti2 +c13
t12 + toz =to1 + tog + c12
to1 + t31 =ta2 +ca1
tag + 133 = taz + Ca3
log + l32 =131 + 33 + C22

The intersection of the affine subspace generated by these equations and the posi-
tive orthant gives us the associahedron of type As.

We show an explicit solution when all the parameters c;; are set to be 1 in Figure 1.
To be able to draw the associahedron, we consider the projection to the last three
coordinates, i.e. t31, t3o and t33.

The equations above can be rephrased using combinatorics of root systems as
follows. Let @ be an orientation of a simply-laced Dynkin quiver and A be a root
system corresponding to @ with A" being the set of positive roots. Let A>_; denote
the set of almost positive roots (i.e., the set of positive roots together with negative
simple roots). Then objects in Cq are in a bijective correspondence with elements
of A>_1, so indeterminates tp; for each M € Cg can be understood as t, for each
o € Ax_1, and the constants cjs for each M € rep Q°P can be understood as ¢, for
each a € AT. Using the compatibility degree (:||-) on As_; (see e.g. [31] or [27]), the
equations can then be rewritten as

(1) th+ta = ty+cCa,
v

where (B]|a) = 1 and v € As_; such that (y]la) = (7]|8) = 0. In other words, in
the language of cluster combinatorics the indeterminates ¢, are indexed by cluster
variables x, of the corresponding cluster algebra.

The same equations can also be obtained by tropicalization of u-equations [2].

Algebraic Combinatorics, Vol. 8 #1 (2025) 19
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FIGURE 1. Associahedron of type Ag, see Example 2.1.

2.2. g-VECTORS. Given a cluster algebra with principal coefficients, every cluster
variable can be assigned with an integer g-vector as a multi-degree of the Laurent ex-
pansion with respect to the initial seed [14]. A g-vector fan is a simplicial fan spanned
by g-vectors with maximal cones corresponding to seeds of the cluster algebra. The
g-vector fan is complete if and only if the cluster algebra is of finite type [14]. A
generalized associahedron in the crystallographic case can be realized as a polytope
whose normal fan is the g-vector fan [23, 25, 15, 16]. In particular, the normal fan to
the realization of the generalized associahedron in the construction of [3] is precisely
the corresponding g-vector fan.

Note that g-vectors satisfy the equations (1) when all the parameters c; are set
to zero (see [3, 21]).

In the non-crystallographic cases g-vectors and g-vector fans were defined in [8, 7]
via Nakanishi—Zelevinsky tropical duality [20]. It was shown that the definitions are
compatible with quiver mutations, and also with weighted unfoldings (see Section 2.3).

2.3. UNFOLDINGS. Our main tool is a weighted unfolding, see [8] for the general defi-
nition (which is a generalization of the notion of unfolding introduced by Zelevinsky,
see [10]). For the purposes of this paper, we are interested in finite types only. Every
non-simply-laced root system A’ (including non-crystallographic ones) can be ob-
tained from certain (non-unique) simply-laced root system A by a folding technique
(see [17, 6, 28] for details). Under folding (which is a linear map), a simply-laced
root system A is taken to a union |JwiA’, where {wy} is a certain set of weights
(in the crystallographic case all w; = 1, so the map can be considered as a projec-
tion; see [19, 8, 7] for weights in the non-crystallographic cases). For convenience, we
reproduce the list of unfoldings with their weights in Table 1.

Weighted unfoldings are compatible with mutations of quivers (or diagrams)
and seeds [10, 9, 8]. In the crystallographic case, variables of folded cluster algebra
are obtained by specialization of the variables of its unfolding. In particular, the
same projection takes c-vectors and g-vectors of the unfolding to the c-vectors and
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g-vectors of the folded cluster algebra. The latter holds for non-crystallographic quiv-
ers of finite type as well (up to a multiplication by the corresponding weight, see [8, 7]).

TABLE 1. Unfoldings of non-simply-laced root systems and their
weights.

For crystallographic non-simply-laced root systems we use weighted quiver notation:

the corresponding exchange matrices are non skew-symmetric, and o Lb> B means
that doa = dgb in the symmetrizing diagonal matrix (d;). For non-crystallographic
root systems, the exchange matrix is skew-symmetric, and the weights of arrows are
equal to the moduli of matrix elements. Quivers for unfoldings of dihedral types are
oriented from white to black. U; denote the Chebyshev polynomials of the second
kind, and ¢ = 2cos(m/5) is the golden ratio. Quiver Q’ is defined up to sink-source
mutations, the corresponding composite mutations should be applied to Q.

‘ ‘ A— A ‘ Q ‘ Q' ‘ weights
Crystallographic root systems A’

1 Dyy1 — B, oﬂ*a{ oﬂ%&ﬂio w; =1

2 Agpn1 — Cp > .%Hi. w; =1

2,1
3 E¢ — Fy .ﬁ<:: o—o—o w; =1
4 Dy — Go <§ oo w; =1

Non-crystallographic root systems A’

1 2 6
o0 -0 w; =1 .
5 D(:, — H‘g ! 1 =1,2,3
Paar-dinet Wiy3 = ¢
1 2 3 8
z o—o—0 "0 w; =1 .
6 Es — Hy ! 1 =1,2,3,4
5 6 7 4 Wit4 = P
0 2 2n-2
7 | Aoy — L(2n+1) m m 2c0s o w; = Ui(cos g07)
1 2n-1
0 2 2n4 2n2
8 | Agn—1 — (2n) m V 2cos 5 w; = Uj(cos )
1 2n-3
0 2 2n2
2n 2cos = wz:Uz(COSf) 1=0,...,2n—2
9 | Dany1 — I2(4n) \/V\( W in wi = LUsn_1(cos =) i=2n—1,2n
2 4an

i
i
i
i
1’

0 2 2n2
- on 9 cos - w; = Uj(cos g i=0,...,2n—-3
10 | Dap — Ix(4n —2) m Yo =2 w; = LUz a(cos 725) i = 2n—2,2n—1
n-
1 3 4
o i = Ui(cos 5 1=0,1,2
11 FEg — I5(12 /W\‘ 2cos 5 Wi i 15 , 1,
6 2( ) b by ® 12 wi =v2 wi=w1 ws=uwo
5
0 2 4 5 w,:Ul(cos% i=0,1,2,3
P T =Ui(cos &)
12| E oD NN 2c0s 7 v ;
7T 2( 8) h h . 18 ws = Uz(cos §)
’ we = 2 cos %
1 3 5 6 w; = Uj(cos 55)  1=0,1,2,3,4
13 Es — 1(30) W I2Cos 75 ws = ¢~ Us(cos )
by b by * we = Ui (cos %

wy = pUp(cos lﬂ

Notation

e Given a folding of root systems A — A’ we denote by @’ an acyclic quiver
(or diagram) of type A’ (for non-crystallographic root system one arrow of
@’ has a non-integer weight). Let @ be the quiver of type A that can be
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folded to @', let A be the corresponding skew-symmetric cluster algebra with
principal coefficients. We denote by n and n’ the number of vertices of ) and
Q' respectively.

e Quiver @) as above defines uniquely a Coxeter element of A. We will denote
by Ag the corresponding generalized associahedron.

e We denote by p the folding map of A to | JwiA’, where wy, is the set of weights
(see Table 1). Given a € As_;, we denote by z, the corresponding cluster
variable of A (see [12]). If p(a) € wA', then w is called the weight of z, (or,
equivalently, the weight of the indeterminant ¢,).

e We denote by P the map of vertices of ) onto the vertices of @’ induced
by the folding. By default, we will denote by [i] the indices of vertices of Q.
Given a vertex with index [¢] of @', the collection of indices iy, .. . 4; of vertices
of @ such that P(i;) = [i] forms a block of the unfolding (see [10, 8]). Thus,
the indices of vertices of @’ can be understood as the blocks of vertices of Q.

e Let P be the map of vertices of @) onto the vertices of @)’ as above, assume
that @ belongs to the initial seed of A. We call a seed of A symmetric if it
is obtained from the initial seed by iterative composite mutations compatible
with P (i.e. every mutation in i; comes together with mutations in all vertices
from the same block). In terms of the folding map p, this is equivalent to the
following: together with every variable z, the seed contains all variables x4
with p(&) = wp(a), w > 0.

e We use the notation xy; for cluster variables of A (as well as for the corre-
sponding indeterminates ty; and constants c;) as follows. The second index i
corresponds to the row of the Auslander—Reiten quiver (or, equivalently, to
the vertex of @), so 1 < i < n, where n is the number of vertices of Q. The
first index k corresponds to the number of applications of the (inverse of the)
Auslander—Reiten translation 7 to the initial variables, see Example 2.1. If h
is the Coxeter number of A, k varies from 1 to (h+2)/2 if h is even, or from 1
to (h+3)/2 if h is odd.

In these terms, a seed is symmetric if with every variable zj; the seed
contains all variables x; with 4, j belonging to the same block.

REMARK 2.2. As it was shown in [8, 7], for a given j all variables z; have the same
weight w;.

ExAMPLE 2.3. To illustrate the notion of weighted unfolding and all notation in-
troduced above, we treat in details the case of the folding of A = A4 onto non-
crystallographic root system A’ of type I5(5).

1 2 T T x: T
A — A4 . K 11 21 31 41

S NSNS
NSNS N
AN =15 L 72 \M/ \xg/ \x34/

o —Ppo

FIGURE 2. Folding Ay — I5(5) and ¢ = 2cos(n/5)
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The folding of root systems A — A’ works as follows. Let aq,...,as be simple
roots of A, and (31, 3> be simple roots of A’, the corresponding quivers (Q and Q' are
shown in Figure 2. Clearly, n = 4 and n’ = 2. The map P of vertices of @) onto the
vertices of @’ is defined by P(1) = P(3) = [1] and P(2) = P(4) = [2], so there are
two blocks of vertices, {1,3} and {2,4}. The folding map p is defined by

p(a1) = B1, plas) =P2,  plas) =P, plaz) = P,
where ¢ = 2 cos(n/5) = Uy (cos(m/5)), cf. line 7 of Table 1. The map p is then extended
to the whole A by linearity.

To every mutation pp;) of quiver Q' there corresponds a composite mutation of
quiver @, here p) gives rise to p1pus, and ) gives rise to popy. Individual mutations
in a composite mutation always commute as there are no arrows between vertices in
one block, and this property is preserved under composite mutations. A seed of the
cluster algebra Ag is symmetric if it is obtained from the initial seed by a sequence
of composite mutations pqus and popuy.

The cluster variables of the cluster algebra Ag are indexed as shown in Figure 2.
The weights wy and w, of the variables in the first and the forth rows are equal to 1,
while the weights wy and ws of the variables in the second and the third rows are equal
to ¢ = 2cos(m/5). There are 7 symmetric seeds in Ag, and each variable is contained
in precisely two of them. Namely, there are six symmetric seeds of type {xg1,...,Trsa}
and {Tr+1.1, Tk, Tht1,3, Tra} for k =1,2,3, and a seed {x11, Z13, T43, T41 }-

3. CONSTRUCTION AND MAIN RESULT

Consider a weighted acyclic quiver @’ of type A’ and its weighted unfolding @ of
type A with weights w;. Let Ag be the generalized associahedron of @) constructed
in 3] with parameters c; satisfying w;cr; = w;cy; for every pair (4, j) belonging to
one block.

DEFINITION 3.1. Let II be the plane given by the intersection of all hyperplanes of the
form wjty; = wity; where i and j belong to the same block.

REMARK 3.2. A straightforward computation shows that the requirement on param-
eters cy; above guarantees that the dimension of II is equal to n/, the rank of Q.

ExAMPLE 3.3. In the notation of Example 2.1, set ¢11 = ¢13 and ¢31 = 23, and assume
t11 = t13. Then equations in the same example imply that to; = to3 and t3; = ts3.
Thus, the plane II has dimension 2 with coordinates on it given by any two indeter-
minants t; taken from the first two distinct rows corresponding to compatible cluster
variables (say, t11 and ta3). By taking the intersection of II with the associahedron of
type As (see Figure 1), we obtain the associahedron of type Cy (see Figure 3).

We can now formulate our main result.

THEOREM 3.4. Let A’ be a finite root system (possibly non-crystallographic) of rank n’,
let Q' be the a weighted acyclic quiver of type A’. Let Q be the unfolding of Q' (as listed
in Table 1), denote by n the rank of Q. Consider the realization of the generalized
associahedron Ag C R™ for Q constructed in [3]. Let I C R™ be the plane as in
Definition 3.1.

Then the section IINAg is the generalized associahedron Ag: for Q'. Furthermore,
the normal fan of Ag: is precisely the g-vector fan of the quiver @Q'.

To prove the theorem, we will first show that AgNIlis indeed a polytope of required
dimension with the correct number of facets (Proposition 4.1), and then that the g-
vectors for Q' are precisely normal vectors to the facets of Ag NII (Propositions 4.3—
4.5). In particular, g-vectors for Q' are (rescaled) orthogonal projections of g-vectors

Algebraic Combinatorics, Vol. 8 #1 (2025) 23



A. FELIKSON, P. TUMARKIN & E. YILDIRIM

(3,4,3)

(0,0,0)

(0,1,0)

FIGURE 3. Intersection plane II that yields the associahedron for Cs,
see Example 3.3.

for Q. Proposition 4.6 then shows that both g-vector fan for ' and normal fan
of II N A coincide with the intersection of II with the normal fan of A. In view of
results of [25, 31] this implies the theorem.

4. PROOF OF THE MAIN RESULT
We start with observing the following property of II N Ag.

PROPOSITION 4.1. The plane 11 intersects every facet of Ag, and the intersection has
dimension (n' — 1).

Proof. Every facet of Ag is of the form ¢, = 0 for some k,i. We consider two cases:
either for every k there are precisely n indeterminants ty;, or there are n/2 of them (the
latter happens in the only case of Coxeter number of A being odd, i.e. for A = Ag,,,
and k = 2m), see Figure 4.

A= A3 A=A
tu  cn €21 t31 ti 11 €21 €31 ty
NN NN

12 25 Ca2 32
/ A NN
N
14 C24

a

ti3 13 tos €23 t33

S
e

/q\/

FI1GURE 4. Choosing a symmetric seed containing xx;
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In the former case, we can consider the seed containing all the variables
{zr; |7 =1,...,n}. The coordinates on the plane are given by all values of ;
with j # 7. The obtained seed is clearly symmetric, so the corresponding vertex of Ag
(which is defined by {tx; = 0} for all j =1,...,n) belongs to II. The coordinates on
the intersection II N Ag are given by the values {¢x;}, where we take any one index j
from every block, there are precisely n’ blocks available. Setting tp; = 0 we are left
with (n’ — 1)-dimensional plane in II N Ag. See Example 4.2 for an interpretation of
the proof above in terms of triangulated surfaces.

In the latter case, we choose a symmetric seed containing xy; as follows. There
are n/2 variables only with first index k, so we take all existing {x; }, and complement
them with all {z}_1;} such that no xj; exists. We get a symmetric seed, so the further
reasoning is similar to the previous case. O

Proposition 4.1 implies that II N Ag is an n/-dimensional polytope.

ExXAMPLE 4.2. Going back to Example 3.3, ty; in A3 correspond to diagonals of a
regular hexagon, seeds are given by triangulations, while symmetric seeds are precisely
triangulations symmetric with respect to the center of the hexagon. Every diagonal
can be included in a symmetric triangulation, the coordinate on any of the other
diagonals of the triangulation parametrizes the corresponding facet of Ag NIIL

Denote by 7 the orthogonal projection R™ — II. We now want to explore the
normal fan of Ag NII. We start with the following elementary observation.

PROPOSITION 4.3. Let f be a facet of Ag NI, that is f = 1IN f, where f is a facet

of Ag. Let © be an outer normal vector to f. Then v = 7(0) is an outer normal vector
to f in II.

Proof. Let v = m(v) + w where w € II*, then for any u € f we have
(m(0),u) = (v,u) — (w,u) = 0.
O

Let {e;} be the basis of g-vectors for @ (i.e. the g-vectors of the initial seed given
by Q).

PROPOSITION 4.4. (a) Let i,j belong to one block. Then w;m(e;) = w;in(e;). In
particular, the vectors {ef; = m(e;)/w;}, where we take one i from every block,
form a basis of II.
(b) Let m: R™ — II take a vector A = (A1,...,An) = > Nie; € R™ to the vector
N = ()\[1], ceey )\[n/]) = Z)‘[i]e[i] e Il. Then

>\[i] = Z wj)\j.
J: P(5)=[d]

Proof. To prove (a) note that it is sufficient to consider two-dimensional plane spanned
by e; and e;, in which e; and e; form an orthonormal basis. Denoting the corresponding
coordinates in the plane by y; and y;, the intersection of II with this plane is the line
w;Y; = w;y;, from which the statement follows immediately.

The statement of (b) follows from the definition of vectors ef;) given in (a) straight-
forwardly. O

Proposition 4.4 gives rise to the following notation: Given a g-vector gx; corre-
sponding to variable xy;, we denote my,(gxi) = 7(gr:)/wi-

Denote by G (resp. G') the set of g-vectors for @ (resp, Q'). Next, we prove
that 7,(G) = G'.
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PROPOSITION 4.5. The set of scaled orthogonal projections m,(G) to Il of g-vectors
for Q coincides with the set of g-vectors for Q' (where g-vectors for Q and Q' are
written in the bases described above).

Proof. Indeed, in the crystallographic case this follows immediately from Proposi-
tion 4.4 and the definition of g-vectors. For the non-crystallographic case combine
Proposition 4.4 with Theorem 8.4 in [8] and Theorem 6.15 in [7]. O

Proposition 4.5 combined with Proposition 4.3 shows that the g-vectors for )’ are
precisely normal vectors to the facets of IIN Ag. Next, we will show that the normal
fan of II N Ag coincides with the g-vector fan for @’. This is proved in the next
proposition.

PROPOSITION 4.6. Both g-vector fan for Q' and normal fan of I1N Ag coincide with
the intersection of 11 with the normal fan of Ag.

Proof. First, we prove that the intersection of II with the normal fan of Ag coincides
with the normal fan of IIN Ag. For this, it is sufficient to prove that given any face f
of Ag intersecting II, the intersection of its normal cone F' with II is the normal cone
of the face II N f of IIN Ag.

Let f be an (n — ¢)-dimensional face of Ag intersecting II, and let F' be the
corresponding face of the normal fan of Ag. Suppose that F' is spanned by g-
vectors Vg, j,,---,Vk,5, Of cluster variables wxy,j,,..., 7k, , Trespectively. Choose
any ¢ € {1,...,q}, and consider first the case when xy,;, is contained in a block
of size one. Then tj,;, does not appear in the equations of II, and thus the facet
of Ag corresponding to t,; is orthogonal to II, which implies that vy, ; € II,
50 T(Vk,j,) = Uk, €IINF.

Now suppose that xy,;, is contained in a block with variables xy,r,, ..., Tk, (de-
note also 7 = j;). Note that if not all vg,,,,..., vk, belong to F, then II does not
intersect the interior of F, and neither it intersects the interior of f, so fNII = f'NII
for some proper face f’ of f. Therefore, without loss of generality we may assume that
all ty,,, are contained in the list ¢4, , ...,k ;,- By Propositions 4.4 and 4.5, 7(vy,;,)
is a non-negative linear combination of vectors v,,, corresponding to indeterminates
t,r,, and thus 7(vg,;,) € F.

Therefore, for all generating rays vy, ;, of F' we have m(vk,;,) € F, so w(vy,j,) €
ImnF~r. . .

Observe that «(f) = () fi) NII = () (f; NII), where f; denotes the facet of Ag

i=1 i=1
orthogonal to vy, j,. By Proposition 4.5, w(vy, ;) is a normal vector to (f; N1II), which
implies that the normal cone to 7(f) is spanned by 7 (v, ;). Therefore, the normal
cone to m(f) is contained in IIN F'. As this holds for every face of IIN A, this implies
that the two fans coincide.

Now, we prove that the intersection of II with the normal fan of Ag coincides with
the g-vector fan for Q’. As we have proved above, the intersection fan is spanned by
g-vectors of Q’.

Take any maximal cone K in the intersection fan, it is an intersection of IT with a
maximal cone K of the normal fan of Ag, denote the generating g-vectors of K by
v1,...,0,. Then K is spanned by non-negative linear combinations of {v;}. The only
g-vectors of Q' which are non-negative linear combinations of {v;} are projections
7w (vi) (see Propositions 4.4, 4.5), so K is a cone of the g-vector fan of Q'. The
statement now follows since all the fans in question are complete. 0
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REMARK 4.7. It was pointed out to us by Nathan Reading that the fact that the
g-vector fan for Q’ coincides with the intersection of IT with the g-vector fan for Q is
also proved by Viel in [30, Theorem 2.4.24].

We are now ready to complete the proof of the main theorem.

Proposition 4.6 shows that the normal fan of the polytope II N Ag is precisely
g-vector fan of Q’. According to the general form of [25, Theorem 10.2] (see also [31,
Theorem 1.10]), this implies that II N Ag = Ag/, which proves Theorem 3.4 in the
crystallographic cases (as Theorem 10.2 in [25] is stated for crystallographic case
only).

In the non-crystallographic cases we proceed as follows. The proof of (the general
form of) [25, Theorem 10.2] is based on the fact that mutations of g-vectors are
given by Conjecture 7.12 of [14], while [14, Conjecture 7.12] is implied by the sign-
coherence of c-vectors [20] (note that in the finite types the c-vectors are manifestly
sign-coherent as they are all roots of the corresponding root system). As defined
in [8, 7], mutations of g-vectors for types Hsz, Hy and I,, also satisfy Conjecture 7.12
of [14], so all considerations above can be applied.
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