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Atoms and charge in type Cy

Leonardo Patimo & Jacinta Torres

ABSTRACT We construct atomic decompositions for crystals of type C2 and use them to define a
charge statistic, thus providing positive combinatorial formulas for the corresponding Kostka—
Foulkes polynomials. Our methods include Kashiwara—Nakashima tableaux combinatorics as
well as the combinatorics of string polytopes and twisted Bruhat graphs.

1. INTRODUCTION

Let g be the symplectic Lie algebra sp,(C), i.e. the simple Lie algebra of type Cs.
The irreducible g-modules are the highest weight modules V(A), with A a dominant
weight. Given an arbitrary weight 1, we denote by dy , the weight multiplicity, i.e.
the dimension of the weight space V/(\),,.

The weight multiplicity dy , admits a g-analogue, known as the Kostka—Foulkes
polynomial K ,(¢), so that K ,(1) = d» . The Kostka-Foulkes polynomials have
a natural representation-theoretic interpretation since their coefficients record the
dimensions of the graded pieces of the Brylinski—Kostant filtration on weight spaces
[4]. They also arise as structure coefficients in the theory of non-symmetric Macdonald
polynomials and affine Demazure characters [7, 27]. Additionally, these polynomials
are (up to renormalization) special cases of affine Kazhdan—Lusztig polynomials and
have positive coefficients [10, 21, 24].

The goal of this paper is to give a positive combinatorial formula for the Kostka—
Foulkes polynomials K ,(q) in type Ca. For our purposes this amounts to finding:

(1) a set B(A), of cardinality dy , parametrizing a basis of the u-weight space
V(A)u, and

(2) a combinatorial statistic ¢ : B(\), — Zxo, called the charge, such that the
Kostka-Foulkes polynomial K ,, is a generating function of charge c on B(\),,

Ky ulg) = Z q“™.

TEB(\),
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The set B(A), has many known realizations, some of which are geometric, such as
Littelmann paths [20], others algebro-geometric, such as Mirkovié—Vilonen cycles [3]
and polytopes [8], and some purely combinatorial, such as Kashiwara—Nakashima
tableaux [9]. An important feature that all of these models have in common is that
they are endowed with a crystal structure, that is, for each of these models the set
B(A) = UB()), has cardinality dim(V'(\)) and is the vertex set of a colored directed
graph known as a normal g-crystal (see Definition 3.1 and [3, 5]).

The analogous problem in type A,, was solved in 1978 by Lascoux and Schiitzen-
berger, who constructed the charge statistic using a combinatorial procedure on
tableaux called cyclage [12]. There is also the fermionic formula In [13], Lascoux,
Leclerc and Thibon provided another formulation of the Lascoux—Schiitzenberger
charge statistic in terms of the crystal structure on tableaux. In [14], Lecouvey for-
mulated a conjectural positive formula in type C,, by defining a (co)cyclage proce-
dure on Kashiwara—Nakashima tableaux. This conjecture has been proven for one-row
tableaux in [6]. In [15], Lecouvey—Lenart defined a charge statistic on King tableaux
of weight zero to provide a combinatorial formula in type C,, for the Kostka—Foulkes
polynomials K o(g). Note that there is another charge statistic defined in [17] on ten-
sor products of Kashiwara—Nakashima single column crystals providing a formula for
the one-dimensional configuration sums, which coincide with Kostka—Foulkes polyno-
mials only in type A,.

In recent work by the first named author [25, 26], an alternative description of the
charge statistic in type A, was obtained through a more geometric approach, which
transports the problem of finding the charge to the affine Grassmannian. In this
setting, a charge statistic can be deduced after finding swapping functions combina-
torially mimicking wall-crossing for hyperbolic localization. This geometric approach
provides a type-independent framework which we believe can be used to find charge
statistics beyond type A, in a more uniform way. In the present paper we develop
a similar strategy to construct a charge statistic in type Cs. We believe that this
strategy can be extended to cover groups of higher ranks.

1.1. CHARGES VIA THE AFFINE GRASSMANNIAN. We now briefly recall the results
in [25], at the heart of which lies the geometric Satake correspondence. Let Gbe a
complex reductive group with Langlands dual group denoted GV (in our setting we
take G = Sp4(C) for which G¥ = SO5(C), but we may as well state here the results
in general). Let BY C GV be a Borel subgroup and TV C BY be a maximal torus.
The affine Grassmannian Gr := Grgv associated to GV is endowed with an action of
the extended torus 7.\, := TV x C*. ()

Let Xbe the weight lattice, i.e. the set of cocharacters of TV. We denote by
Xt C X the subset of dominant weights.

For A € X, let Gr* denote the corresponding spherical Schubert variety in the
affine Grassmannian of GV (cf. [25, §2.1.2.]).

Let X & X & Z be the cocharacter lattice of T.... We say that n € X is singular if
there exists an affine root a¥ of GV such that (n,a") = 0 (cf. [25, Definition 2.13]).
We say that 7 is regular otherwise.

For any regular n € X and any p < A hyperbolic localization induces a functor

HL]! : D (Gr) — D°(pt) = Vect”,

t-equivariant constructible sheaves

on the spherical Schubert variety Gr* with Q-coefficients, and DP(pt) is the derived

where D%evxt(gr/\) is the derived category of T

MAs a guide for the reader, representation theoretic objects (e.g. B(\)) are associated with the
group G, while geometric objects (e.g. Gr) always based to the Langlands dual group GV .
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category of sheaves on a point, which is equivalent to the category of graded Q-vector
spaces (cf. [25, §2.4]).

If n € X4, then the hyperbolic localization functors are weight functors, sending
an intersection cohomology sheaf ICy to the weight space V(A),, of the irreducible
highest weight module V' (\). In this case, as in [25, Definition 2.18], we say that
7 is in the MV region, where MV is short for Mirkovi¢-Vilonen [23]. If n € X is
affine dominant, that is, the pairing between n and any positive affine root is positive,
then the hyperbolic localization functors return graded vector spaces whose graded
dimensions are renormalized Kostka—Foulkes polynomials. In this case, we say that 7
is in the KL region, where KL is short for Kazhdan-Lusztig.

Let h := grdim(HL}(/Cy)). The polynomials hz)\(v) are called remormalized n-
Kazhdan—Lusztig polynomials. We say that a function r,, : B(A) — Z is a recharge for
n if we have

~ 1 - 11
ni @)= > ¢"Mezlgr,q ).
TEB(N)u

For npsy in the MV region, it is easy to construct a recharge for nysy which is
constant on B(\), (cf. [25, Eq. (21)]). If nkr is in the KL region and p € X, then

K,a(q) = RISE (g7 )q =™

is a Kostka—Foulkes polynomial by [25, Proposition 2.14], where £ is the Bruhat length
(cf. [25, Eq.(7)]). So if rk, is a recharge for nk, in the KL region, we obtain a charge
statistic ¢ : B(A) — Z by setting ¢(T) := rx(T)+3(wt(T)). Notice that if wt(T) € X
this is equal to ¢(T) = rx 1 (T) + (wt(T), p¥).

Hyperbolic localization depends on the cocharacter . More precisely, it can have
different values in 77 and 72 only if they are separated by a hyperplane of the form

Hov = {77 e X|(na”) =0},
where o is a positive real root for the group GV. There is a simple rule to compute
the hyperbolic localization functor after crossing such a wall. Assume that H,v is
the only wall separating 7; and 7y, with 79 lying on its positive side. Then by [25,
Proposition 2.35] we have, for v = s,v (1) such that p < v < X

TZZQ)\(U) = v_QEZ})\(v) and
hizy (v) = By (v) + (1= v~ )hl (v).

To track these changes combinatorially, one must construct a swapping function
Y B(A)u — B(A)s,_y (u), which satisfies the condition r,, (T) — 1 = r,, (¥(T)). Having
such a swapping function v, we can derive r,, from 7, by swapping its values as
indicated by 1. Swapping functions are an essential ingredient to perform wall-crossing
combinatorially and to modify the trivial recharge in the MV region into the desired
recharge in the KL region.

In type A,, swapping functions are given by the modified root operators ey, fa,
which are defined for any positive root o € ®. This is a consequence of the atomic
decomposition of the crystals B(A) in type A,, given by Lecouvey—Lenart [16]. From
this, it follows that the charge statistic giving the Kostka—Foulkes polynomials in type
A, is

Z €a(T), where €,(T) = max{k | e*(T) # 0}.

acdt
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1.2. REsuLTS. Our main results consist of the atomic decomposition of the type Cy
crystals B()), as well as the construction of swapping functions. As a byproduct, for
any p € X, we obtain the following formula for the charge statistic in type Cy

c: BN\, =N
T— 61(T) + EQ(T) + Elg(T) +/€\21(T)

where €1 is not attached to a modified crystal operator, but rather depends on the
atom in which T sits. This yields a positive combinatorial formula for the Kostka—
Foulkes polynomials. We outline our methodology below.

1.3. ATOMIC DECOMPOSITIONS AND CHARGE STATISTICS. In [26], the first named
author has shown that the LL atoms [16], where LL is short for Lecouvey—Lenart,
coincide with the connected components of a graph with same vertices as B()), given
by the f,-closure of the W-orbits, where W denotes the Weyl group. This is one
of the first obstacles which appear when considering type Cs crystals: here the fo-
closures of the W-orbits are not atoms (cf. Definition 4.15). This calls for an alternative
approach. As in [26], the language of adapted strings will be an important tool for us.
Let w;,ws € X be the fundamental weights. We first define an embedding of crystals
(cf. Proposition 4.1)

D : B(A\) = B\ + 2w).

We call the complement of ® in B(A + 2wy) the principal preatom P(\ + 2wy).
If A = Ay + Aewe is such that A; < 1, we define P(A\) := B(A). The map ® has
an easy definition using the combinatorics of Kashiwara—Nakashima tableaux which
allows to prove its properties directly. However, its reformulation in terms of adapted
strings allows us to give equations describing the principal preatoms P()\), which we
use throughout this work. A preatomic decomposition of our crystal can be defined
recursively. We show that the preatoms are stable under the W and f> action, hence
naturally generalize the LL atoms. (Although we do not show it here, the preatom
P(A) is a union of one or two (W, fs)-connected components, depending on the parity
of \.) Once the preatomic decomposition of our crystal has been defined, we are ready
to define its atomic decomposition. In Proposition 4.16 we show that there exists a
weight-preserving injection

U :P(A) = P+ w2)

such that the set A(A + ws2) C P(\ + ws) defined as the complement of Im(¥) if

A1 # 0, respectively A(M 4 2w3) C P(A + 2w3) defined as the complement of Im(@z)
if \; = 0, are atoms. The map V¥ is defined explicitly in terms of adapted strings.
An explicit description in terms of Kashiwara—Nakashima tableaux is provided in
the slightly more lengthy arXiv version of this manuscript. However, we do not need
tableaux combinatorics in this paper. To show that the sets A(\) are atoms, we resort
to algebraic computations directly in the Hecke algebra. In particular, we make use
of pre-canonical bases, introduced by Libedinsky—Patimo—Plaza in [18]. In analogy
to the Satake isomorphism, in Proposition 4.12 we show that the ungraded character
of a preatom P(\) corresponds to the specialization at v = 1 of a modification N3 of
the precanonical basis N* from [18, Definition 1.1]

In fact, the atomic and preatomic decompositions alone are already enough to
define our charge statistic in type Cy. Let T € B()X). We define in Definitions 4.10
and 4.25 the atomic number at(T)and the preatomic number pat(T)to be the positive
integers such that
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T € A\ — at(T)ws — 2pat(T)wy) C P(A — 2pat(T)wy) C B(N).
A consequence of our main result reads as follows (cf. Corollary 6.4).
THEOREM. The function ¢ : B(A)1 — Z defined as
o(T) = (A = wt(T), p") — at(T) — pat(T)
is a charge statistic.

1.4. TWISTED BRUHAT GRAPHS AND NON-SWAPPABLE STAIRCASES. To obtain our
main result, Theorem 6.3, we first need to construct a recharge statistic r,, for each
7; in a family of cocharacters defined in Equation (42) each of which lies in a region
determined by two hyperplanes, starting at the MV region and ending at the KL
region. We achieve this via a careful study of the geometry of atoms in type Cs.

We consider twisted Bruhat graphs associated to a fixed infinite reduced expression
Yoo in the affine Weyl group. For any m € Z~, let y,,, be the product of the first
m elements of Yy, and let N(y,,) be its set of inversions. The idea is to start off by
considering the Bruhat graph I'y of a given dominant integral weight A, that is, the
moment graph of the spherical Schubert variety Gry. The vertices of the graph I'y
are all the weights smaller or equal than A in the dominance order. We have an edge
w1 — po in Ty if and only if po — py is a multiple of a root and p; < po. From Ty
we obtain our twisted Bruhat graph I'{'by inverting the orientation of all the arrows
in ')y with label in the inversion set of y,,. For u < A, let Arr,,(u, \) be the set
of arrows pointing to p in T'), and let £, (u, \) := | Arr,, (1, \)| be the number of
such arrows (cf. Definition 5.1). Let t,,11 be the only element in N (ym+1) ~ N(ym)-
If u < tpmy1p then, for the twisted Bruhat graphs in type A ([26, Prop. 2.17]) the
following holds: £,,(u, \) = L (tme1pp, A) — 1 if o < tppe100 < A This implies that
Lrnt1 (s A) = Lo (b1 8, A). However, as we show in Example 5.3, this property does
not hold in type Cj. In Definition 5.2 we define an edge p — t,, 410 in I'y to be
swappable if

Loy N) = Ly (brnp1pt, A) — 1.

Section 4 is dedicated to the classification of such edges. We pay particular attention
to non-swappable edges and in Definition 5.28 we count the number of non-swappable
edges in the following sense:

N (i, A) = {k <m | p <t < X and p — L is not swappable}|.

An important property of non-swappable edges is that they will always “be swap-
pable” in an atom isomorphic to A(X — kws) for large enough k. This leads to the
notion of non-swappable staircases (cf. Definition 5.35). Essentially, a non-swappable
staircase over (u, A) consists of a sequence of edges of the form e; := (1 — p—(n+1i)a)
such that e; is non-swappable in A(X + iws). We define ﬁm(u, A)to be the length
of the longest non-swappable staircase over (u, ) where the label of every edge e;
is a root with label in N(y,,). Moreover, in Definition 5.41 we define the following
statistic, which considers only non-swappable staircases lying in a single preatom:

D (1, A, k) = min(k, Dy, (1, A — kws)).

We are now ready to define the recharge statistics r,,, (cf. Definition 6.2). For
T e P(A) C B(X) with p := wt(T) and a = at(T), we define

Pm(T) i= Ly (1, A — a2) + Ny (i1, A — awwz) — Dy (1, A, a) — a — 2pat(T) 4+ (N, p¥).

Our main result, from which descends our explicit formula for the charge statistic in
type Cs, is the following (cf. Theorem 6.3).
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THEOREM. The function r,, : B(A) — Z is a recharge statistic for n,, for any m €
NU{co}.

1.5. SWAPPING FUNCTIONS. To prove our main theorem, we need to construct swap-
ping functions.

The existence of non-swappable edges in type C2 means that we cannot define
swapping functions within a single atom as in type A,. In Section 6 the swapping
functions we construct involve two elements from two different atoms within the same
preatom. In order to determine which are the two atoms involved we need to introduce
a new quantity, which we call the elevation Q(e) of an edge e that measures the height
of the maximal staircases of non-swappable edges lying underneath it. For any pu € X
and any reflection ¢ € W such that p < tp < XA we define the swapping functions

Yyt BNy — B(A)

as follows. Let T € B(A)y, and assume that T € A(XA — awz) C P(A). Let e =
(i — tp) € E(A—aws). Then 14, (T) = T', where T’ is the only element of weight x in
A(A—(a+Q(e))wwa) C P(N). To prove Theorem 6.3 we show in Proposition 7.2, based
on the results on non-swappable staircases and non-swappable edges from Section 5,
that

Tm+1(T) = Trmg1 (Ve (T)) + 1.

1.6. ALTERNATIVE FORMULA. In Section 6, we obtain an alternative formula for the
charge statistic by focusing on a single element and counting how many times its
recharge gets changed by a swapping function. The formula we obtain is in terms of
the modified crystal operators, which we define in Definition 3.7.

Let T be an element of an atom A({) of highest weight ¢ € X and let wt(T) = p.
Let €21(T) be the maximum integer such that p+ ka; < ¢. In Section 6 we show that

o(T) = e1(T) + €2(T) + €12(T) + €21(T)

is a charge statistic on B(\),, for any ¢ € X . Finally, we conjecture a formula for a
charge statistic in type Cs, which is a natural generalization of our formula. We also
provide an example where our statistic does not coincide with the statistic conjectured
by Lecouvey [14].

2. THE ROOT SYSTEM AND HECKE ALGEBRA OF TYPE (9

2.1. THE ROOT SYSTEM AND THE AFFINE WEYL GROUP. Let (X, ®, XV, ®V) be the
root datum of the reductive group Sp4(C). The lattices X and X" are isomorphic to
7?, with bases {w1, w2} and {wy, @y }. Let Xy and XY be the subsets of dominant
weights and dominant coweights. Sometimes we use the notation (A1, A2) to denote
the weight A = Ay + Aowo.

The root system & C X is a root system of type Co, with positive roots

{o1, a2, 012 := 201 + g, 91 := a1 + @z}
with ao and a2 being the long roots. We have a; = 2w —ws and as = —2w; + 2ws.
The coroot system ® C XV has positive coroots
{af, a3, afy == af + a3, a3 == af +2a3}.

For any i € {1,2,12,21}, o is the coroot corresponding to «;.

Let p € X be the half-sum of the positive roots and p¥ € XV be the half-sum of
the positive coroots. We have p = 2a;1 + 3ag and p¥ = 3ay + 2a3.

We have X/Z® = Z/27 and the two classes are generated by 0 and ;.
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Q12

v
Q2 Qg

FIGURE 1. The root system ® and the coroot system V.

We denote by W the Weyl group of type Cs. Let W := W x Z® be the affine
Weyl group of type Cs. The group W has three simple reflections sg, s1, s2 and has
the following description as a Coxeter group:

2 2

W 22 (50,581,852 | 52 = 57 = 52 = (5082)" = (5152)" = (5051)>

=e).

Notice that TV contains W as the subgroup generated by s; and sy. We also consider
the extended affine Weyl group Wezt =W x X.

Let XV := XV@Zd and let &V = {aV+mé | oV € ¥, m € Z} be the corresponding
affine root system. The positive roots in 3V are

&)i ={a"+mdé|a’ e®,m>0}UdY
and the simple roots are
AV = {aY, a3, af =6 — a3}
There is a bijection between reflections in W and positive roots @i, with simple

reflections corresponding to simple roots. For a reflection ¢ € W we denote by « the
corresponding positive root in @Y.

2.2. THE HECKE ALGEBRA AND ITS PRE-CANONICAL BASES. Recall from [11] and
[21] the definition of the spherical Hecke algebra (see also [18, §2.2]). We denote
by H the spherical Hecke algebra associated to the root system ®. The spherical
Hecke algebra is the free module over Z[v, v™!] with standard basis {H} cx, and a
canonical basis, the Kazhdan-Lusztig basis, which we denote by {H, }rex, -

The spherical Hecke algebra can be thought of as a deformation of the monoid alge-
bra Z[X ], which is an abelian group is free with basis {e*} e x, . In fact, specializing
at v = 1, we obtain a ring homomorphism

(—)o=1: H — Z[X ]
H, — 6)\.

If A = A1 + Aywop we write E(Auh) for H, and similarly for H.

For w € W and A € X we denote by w - A = w(A + p) — p the dot action of w on
A. We say that a weight A is singular if there exists w € W with w(A) = A. Clearly, a
weight A is singular if and only if A + p is singular with respect to the dot action.

We extend the definition of H, to the whole X by setting H, = 0 if (A + p) is
singular and Hy = (—1)*™H, , if w € W is such that w-\ € X . Notice that in our
setting A+ p for A = (Aq, Aa) is singular if and only if Ay = —1, Ao = —1, \{ + Ay = =2
or A\; + 2\ = —3.
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Recall the definition of the pre-canonical bases. We have

Ni= Y (), s

. aEIa
IC®>t

where 27 is the subset of roots of height at least i. Notice that we have ®23 = a9 =
2w, and 22 = {a19,a21} = {21, @2 }. Recall by [18, Theorem 1.2] that N! is the
standard basis, while N2 is the atomic basis N, that is we have

N3 =N, := Z v2<pv’A*“>Hu.
BEA

It follows immediately from the definition that H, = N%.

ExaMPLE 2.1. Unfortunately, and contrary to the type A situation, the coefficients
of the H-basis in the N3-basis are in general not positive. For example, we have
N?O,Az) =H,,) +v°Hq,_1)- In particular, we get H, ;) = N?0,1) - UZN?O,O)'

To recover positivity, we need to introduce a modification of the N3 basis. We
define

~ 3 1
W N N folyéo
H)\ 1f)\1:O

LEMMA 2.2. We have

H()\h/\2) = Z U2ZN?A1—21}>\2)
i<| %]
Proof. We prove it by induction on A;. The claim is clear if A\; = 0.
If Ay > 0, we have I(I?)’\ = H, —v’H,_,_, . If \; =1 we have N3 = H, since
A — 2wy + p is singular. If Ay > 2, we get Hy = Ni + vzﬂ/\_2w1 and the claim easily
follows by induction. O

LEMMA 2.3. We have

3 _ Zig,\z U%Nf,\l,,\ri) if A1 >0
(M,A2) ZigL%j 7J41N%A17/\272i) if Ay = 0.

Proof. We have N3 = N3 —0?N5__ . If \; > 0 we get N} = N§ = N3 + Uzﬁ?}’\—WQ
and the claim easily fgllowsiby induction on As.
If A\; = 0 we have N3 = N?O)\z) = H?O,)\z) and
Nforn) = Hgay) = v"H( 5, = v"H s, 1) + 0" H( 5 5, )
=H,n,) +v"Hx, 1) — V"Hn, 1) = V' Hg 5, )

4 ~ 4T
=Hp,) —v"Hp,—2) = N, — v Nior,_2)-

If Ay < 1 we get N%O)\Q) = N:()’O,)\Z). For Ay > 2 we have 1(1?07)\2) = N(Q(],AQ) +

USN?O Ao—2) and the claim follows by induction. O

REMARK 2.4. The decomposition of the H-basis in terms of the N basis was com-
puted in [1, Theorem 1.1] using different methods. We prefer to reprove it using the
precanonical bases since the N3 basis has a natural combinatorial interpretation in
terms of the crystal (cf. Proposition 4.12).

Algebraic Combinatorics, Vol. 8 #2 (2025) 528



Atoms and charge in type Ca

3. CRYSTALS AND WEYL GROUP ACTIONS

DEFINITION 3.1. A (seminormal) crystal for a complex finite dimensional Lie algebra
g consists of a non-empty set B together with maps

wt:B— X
e, fi :B — BU{0},i € [1,rank(g)]

such that for all b, € B:
o b =e;(b) if and only if b= f;(V'),
o if f;(b) #0 then wt(f;(b)) = wt(b) — ovi;
o if e;(b) £ 0, then wt(e;(b)) = wt(b) + «;, and
o 9i(b) — €i(b) = (wt(b), o),
where

€;(b) = max{a € Zx¢ : ef(b) # 0} and
¢;(b) = max{a € Zx¢ : f{*(b) # 0}.

To each such crystal B is associated a crystal graph, a coloured directed graph with
vertex set B and edges coloured by elements i € [1,rank(g)], where if f;(b) =V there is

an arrow b — b'. A crystal is irreducible if its corresponding crystal graph is connected
and finite. A seminormal crystal is called normal if it is isomorphic to the crystal of a
representation of g. Irreducible normal crystals are thus indexed by dominant integral
weights of g. We refer the reader to [5] for more background on crystals.

For a dominant weight A\ we denote by B()A) the corresponding normal crystal
associated to the irreducible representation of g of highest weight .

3.1. CRYSTALS OF KASHIWARA-NAKASHIMA TABLEAUX. In type C we can realize
crystals using Kashiwara—Nakashima tableaux.

DEFINITION 3.2. Let n be a positive integer. A Kashiwara—Nakashima tableau (KN
tableau for short) is a semi-standard Young tableau whose shape is a partition with at
most n parts, in the alphabet

Ppi={l<--<n<n<---<1}

which satisfies the following conditions:

e FEach column is admissible (cf. Definition 3.3).
o [ts splitting is a semi-standard Young tableau (cf. Definition 3.4).

DEFINITION 3.3. Let C' be a semi-standard column in the alphabet P, of length at
most n. Let Z = {z1 > ... > 2z, } be the set of non-barred letters z in P, such that
both z and Z both appear in C. We say that the column C is admissible if there exists
asetT={t; >...>tn} of non-barred letters that satisfy:

e t1 < z1 and is mazimal with the property t1,t1 ¢ C;
o t; <min(t;_1,2;), t;,t; ¢ C and is mazimal with these properties.

DEFINITION 3.4. The split of a column is the two-column tableau (CrC where IC is
the column obtained from C by replacing z; by t; and possibly re-ordering, and rC is
obtained from C by replacing z; by t; and possibly re-ordering.

The splitting of a semi-standard Young tableau consisting of admissible columns is
the concatenation of the splits of its columns.
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EXAMPLE 3.5. Let n = 2. The column (— is admissible (we have Z = {2} and T =

{1}), however, E is not. Notice that although each one of its columns is admissible,

the tableau ; ° lis not KN, because its split, 121112 s not semi-standard.

2 21121

DEFINITION 3.6. Let T be a KN tableau. For i € {1,2} let n;(T) denote the number of
i’s appearing in T and let nz(T) denote the number of i’s. Let t;(T) = n;(T) — nz(T).
Let M\ (T) = t1(T) — t2(T) and Xo(T) = t2(T). The weight of T is defined to be wt(T) =
(/\1('1')7 )\Q(T)) = Al(T)wl + )\Q(T)WQ.

3.2. WORDS, SIGNATURES AND CRYSTAL OPERATORS. The word of a KN tableau T is
the reading of its entries, column by column, starting from the right most column and
reading each column from top to bottom. We will denote the word of T by word(T).
For example, if

2

(2) T=

2|1

we have word(T) = 2112. For each 1 < i < n, to a word w € P,, we assign a labelling
of the letters of w by +, — or no label. For i < n — 1, label the letters i,7 + 1 by
+ and the letters i + 1,7 by —. If i = n, label n by + and @ by —. The remaining
letters remain without label. Finally, cancel out pairs of labels of the form +—, that
is, cancel out every label + with the first — to its right, starting from the left-most
one. For example, if the sequence of labels is — + O — —[0 + +0 (blank box means
no label), after the cancelling out process we obtain —OOO — O+ +0. Like this, we
obtain a sequence of labels which looks like this (after ignoring blank boxes):

(=)"(+)°

for some r,s € Z>. This is the i-signature of w (but we also keep a record of the
position of the remaining labels). We will denote it by o;(w). For example, the 1-
signature of word(T) as in (2) is — — ++. Its 2-signature is empty. To apply the root
operator f; to T, we replace in T the letter a which is tagged by the left-most + in the
i-signature of word(T), by the letter @, where @ = a. If s = 0, then f;(T) = 0. To apply
e;, we replace in T the letter a which is tagged by the right-most — in the i-signature
of word(T), by the letter @, where @ = a. If r = 0, then ¢;(T) = 0.

3.3. PLACTIC RELATIONS FOR WORDS. Note that the definition of the crystal oper-
ators and therefore of the simple reflections makes sense on arbitrary words in the
alphabet P,,. In [14] the following plactic relations (R1-3) on words are introduced.

Rl yzax ~ yxzforz < y < z with 2 # T and zzy ~ zzy for x < y < z with
z # T
R2 yr—1(z—1)~yzT and 2Ty 2z — 1(z — 1)y for l <z <nand z <y < T;

R3 w ~w~{z,%z}, where w € P} and z € [n] are such that w is a non-admissible
column, z is the lowest non-barred letter in w such that N(z) = z + 1 and
any proper factor of w is an admissible column.

These relations define an equivalence relation = on the word monoid P;;. Each word
w € Pk is equivalent via plactic relations to the word of a unique KN tableau T(w).
Moreover, there is the following characterization. Let u,v € P, and let U,V the
connected components (both normal U, (sp(2n, C))-crystals) in which they lie. Then
u = v if and only if there exists a crystal isomorphism 7 : U — V such that n(u) = v.
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3.4. WEYL GROUP ACTIONS AND MODIFIED CRYSTAL OPERATORS. Let
oi(word(T)) = (=)"(+)°

be the i-signature of word(T) as defined in the previous paragraph. To apply the
simple reflection s; to T do the following:

o If r = s, then ;(T) =T.

o If r>s,5(T) =e; *°(T).

o If s >, 5(T) = f77"(T).

Let = s;, ---s;,. € W. The action of 2 on a KN tableau T is defined by

2(T) = i, (- (54,(T)))-

More generally, given a crystal B there is an action of the Weyl group W on B
where s; acts by reversing the f;-string, i.e. for T € B with r = ¢;(T) and s = ¢;(T),
we define s;(T) as e} °(T) if r > s and f;"(T) if s > r.

For a proof that this defines an action of W see [5, Proposition 2.36]. For any
x € W we have z(wt(T)) = wt(z(T)).

We now introduce the modified crystal operators. These were originally introduced
in [9] and later studied in detail in [16].

DEFINITION 3.7. We define the modified crystal operators ejs := s1e281 and fi2 :=
51 f251.

REMARK 3.8. Unfortunately, we cannot just define es; as ssejss to be the modified
crystal operator attached to the root as;. In fact, in our inductive procedure we need
the crystal operator to be constructed by conjugating the root of higher index, but it
is not possible here since a1 and s lie in different orbits under the Weyl group (as is
long while s is short, as shown in Figure 1). One of the main hurdles of generalizing
the charge statistic from type A to type C is in fact to find an appropriate replacement
for this crystal operator in the charge formula.

3.5. ADAPTED STRINGS. There are two reduced expressions for the longest el-
ement wy of type Ch: $1828182 and $2818281. After fixing a reduced expression
0 = S, SiySizSiy Of wg, an element T € B(A) is uniquely determined by a quadruple
of non-negative integers str,(T) = (a,b,c,d), called the adapted string, such that
T = f2fb f& f&(va), where vy € B()) is the highest weight vertex. We abbreviate

14
StTs,sps,s, @S StT1 and strg, s, s,s, as stra. The adapted strings for each of the different

reduced expressions form a cone, denoted by C7 and Cs. The precise relation between
these two cones has been given by Littelmann.

THEOREM 3.9 ([19, Prop. 2.4]). There exists piecewise linear mutually inverse bijec-
tions 015 : C1 — Cy and 01 : Cy — C4, such that 0150str; = stry and 021 ostrg = stry,
given by 612(a,b,c,d) = (a’, 0, ', d"), where

a' = max {d,c —b,b—a}

b = max {c,a — 2b + 2¢,a + 2d}

¢ =min{b,2b — c+d,a + d}

d" = min {a,2b— c,c — 2d},
and 091(a,b,¢,d) = (', V', ¢, d"), where

a’ = max {d,2c — b,b— 2a}

b = max{c,a+d,a+ 2c—b}

¢ =min {b,2b — 2c +d,d + 2a}

d' = min{a,c—d,b—c}.

Algebraic Combinatorics, Vol. 8 #2 (2025) 531



LEONARDO PATIMO & JACINTA TORRES

Moreover, Littelmann precisely characterizes the adapted strings which occur in a
given crystal B(\).

THEOREM 3.10 ([19, Corollary 2, Prop. 1.5]). Let A = Ay +Aewsa. Given (a,b,¢,d) €
7%, there exists x € B(N) with stra(z) = (a,b,¢,d) if and only if the following
inequalities hold:

b>c>d

d< M

C g )\2 —+ d

b< A1 —2d+2c

a<)d+d—2c+b

4. THE ATOMIC AND PREATOMIC DECOMPOSITIONS

In this section we introduce some important decompositions of the crystal B(\).

4.1. PREATOMS. We start by defining the preatomic decomposition. As we note in
Remark 4.5, the preatoms turn out to be a direct generalization of the LL atoms in
type A, although they can contain several elements with the same weight.

PROPOSITION 4.1. There is an embedding of crystals ® : B(\) — B(\ + 2w1).

Proof. We define the map ® on Kashiwara-Nakashima tableaux as follows. Note that
since n = 2, all tableaux will have at most two rows. Let T be a Kashiwara-Nakashima
tableaux of shape a partition [a,b]. Then we replace the first row of T, say r! =
[rt]--]rt], by [1[4]-.[-L] T ] The resulting tableau will be denoted by ®’(T).

If ®'(T) contains the column , we replace it with the column . The new tableau
will be denoted by ®(T). Note that by semi-standardness, since T does not contain a
column , ®’(T) can contain at most one such column.

The map ® is well defined: the tableau ®'(T) is clearly semi-standard. Assume that
®'(T) # ®(T). The 1 in the column — of ®'(T) is necessarily the right-most one, so

all entries to its right in ®'(T) must be strictly larger than 1. In the second row of
®’(T), the 1 which is replaced by 2 to obtain ®(T) has to be the left-most one, since

1
missing to check in order to establish that ®(T) is indeed a KN tableau is that it does

not contain as a sub tableau ——. But this is impossible, because then ®(T) would

2|2

otherwise ®'(T) would contain another column — which is impossible. The last thing

1]2

necessarily have to contain as a sub-tableau, which is not semi-standard. Note

1(2
that, by construction, ® is weight-preserving. The case ®'(T) = ®(T) is left to the
reader, as the arguments are very similar to the ones above.

It remains to show that ® is injective and that it commutes with the crystal
operators. We start with a lemma.

LEMMA 4.2. Let T be a Kashiwara-Nakashima tableau, and let w = word(T) be its
word. Then the word Twl is plactic equivalent to word(®(T)).

Proof. Let r, s be positive integers such that the second row of T has length s and the
first row s+7. Let a1 < --- < a,45 be the entries in the first row and let by < --- < by
be the entries in the second row of T.
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Adding a 1 at the end of the first row of a tableau just adds a 1 at the beginning
of its word. For a tableau T let ®~!(T) be the tableau obtained by removing the
rightmost 1 from ®(T). Let T, be tableau consisting of the first s columns of T. Then
we have

word(®(T)) = Tword(®~(T)) = Ta,1s . . . a1 word(®~(Ty)).
1

It is then enough to show that word(®~'(T,)) = word(Ts)1. We show this by induction
on s.
The claim is clear if s = 0. For s > 0, let U = T,_;. Notice that we have

word(®~1(U)) = as_;word(®(U);_1) and that ®[U),_; = &(T)s_;. We have
word(Ts) = asbs word(U) and by induction we have

word(T,)1 = a,b, word(®~(U)) = asbsas_1 word(®(T),_1)
Assume that by # @,_1. Since as_1 < as < bs by Relation R1 in §3.3 we have
asbsas—l = asas—lbs-

We conclude because asas_1bs word(®(T),_1) = word(®~1(T,)).
Assume now that by = a@,_1. Note that b, = 2 is impossible since semi-standardness

alone then implies that as_1 = a; = 2 and by_1 = b, = 2 but the tableau ; ; is not

KN. Therefore the only option is by = 1 and as_1 = 1. In this case we have as € {2,2}
and Relation R2 tells us that

asll = ag22.

Notice that the case bs = 1 precisely occurs when the s-th column of ®'(T) is and

is replaced by — in ®(T). Hence, we have a,22 word(®(T),_1) = word(®~1(T,)) and
we conclude. O

We now go back to the proof of Proposition 4.1. From Lemma 4.2 we see im-
mediately that ® is injective. Let T be a KN tableau and w = word(T). We have
o1(1wl) = —oq(w)+. This implies that, if f; is defined on w then it is also defined
on 1wl and
3) fi(Twl) =1f1(w)l
Similarly, if e; (w) is defined, then e; (1wl) = Te;(w)1. We know by Lemma 4.2 that
Twl = word(®(T)) therefore
(4) Si(word(2(T))) = f1(Twl) = 1fi(w)1 = word(®(f1(T)))-

This implies that, since f1(®(T)), e1(P(T)), P(e1(T)) and ®(f1(T)) are KN tableaux,
we have

() [1(@(T) = (f1(T))  ex(B(T)) = P(ea(T))

as desired. Now, o2(1wl) = o2(w) by definition, so ez and f; are defined on ®(T)
if and only if are defined on T. Hence fa(word(®(T)) = word(®(f2(T))) and (5) hold
after replacing f1 by f2 and e; by es. O

COROLLARY 4.3. Given a KN tableau T, the new tableau ®(T) is defined by first column
inserting the letter 1 into T using symplectic insertion and subsequently adding a 1 at
the end of the first row.

Proof. The proof follows immediately from Lemma 4.2. O
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COROLLARY 4.4. The complement of Im(®) is closed under the action of W, under
es and under outwards ey, i.e. if T & Im(®) and (wt(T),ay) = 0 and e1(T) # 0, then

e1(T) & Im(®).

Proof. Since ® commutes with W, the complement of its image is union of W-orbits.
Let T ¢ Im(®). We know that ®(e;(T)) = €;(®(T)) if ¢;(T) # 0.

Assume e3(T) # 0. If eo(T) = ®(T'), then it follows from o2(P(T')) = o2(T’), that
f2(T’) # 0 and therefore T = fo(®(T')) = ®(f2(T’)), which is impossible.

Assume e (T) # 0 and (wt(T), a)) > 0. Assume e;(T) = ®(T’). Since (wt(T'), a)) =
(wt(T),aY) +2 > 0, we have fi(T') # 0, hence T = f1(P(T’)) = @(f1(T’)), which is
impossible. O

REMARK 4.5. In analogy with [26, Definition 2.17] we can consider the connected
components obtained as fa-closures of the W-orbits in the crystal graph. From Corol-
lary 4.4 we see that preatoms are unions of the fs-closure, and moreover, it turns out
that for most A (i.e. for A; > 0) each preatom consists of exactly one or two connected
components, depending on the parity of A;. In this sense, we can think of preatoms
in type C5 as a direct generalization of LL atoms in type A.

DEFINITION 4.6. For A such that Ay > 2, we define the principal preatom P(X) to be
the complement of Im(®) in B(X). If Ay < 1, we define P(A) := B(\).

We define the preatomic decomposition by induction on A\1. If \y = 2, let B(A —
2w01) = || P(u;) be the preatomic decomposition. Then, the preatomic decomposition

of B()\) is
BO) = PN U] 2(P(1))-

Notice that all the preatoms in B()\) are images of a principal preatom P (A —2kwo)
under the map ®* for some k. In particular, for any A € X every preatom of highest
weight A is isomorphic via some power of ® to the principal preatom P(\) C B(X)
and every preatom has a unique element of maximal weight. We now give a different
characterization of preatoms using adapted strings.

PROPOSITION 4.7. Let T € B()\) and consider ® : B(A) — B(A + 2w1).

(1) If str1(T) = (a,b,c,d), we have str1(P(T)) = (a+ 1,0+ 1,c+ 1,d).
(2) If stra(T) = (a,b,c¢,d) we have stro(P(T)) = (a,b+ 1,c+1,d+ 1).

Proof. If vy is the highest weight vector, then it follows from Lemma 4.2 that
(6) (T) = fifefi(vrt2m,).

In this case stri(vy) = (0,0,0,0) so the claim follows since (1,1,1,0) is an adapted
string for ®(T). For arbitrary T € B(\) it follows from Proposition 4.1 that

(7) O(T) = fL L3 f1 15 Frfafr(vasom,)-
We introduce the following notation:
(0/, bla C/, d/) = Strl(deflfol (U)\+2w1)) = 921(d7 17 17 1)
(a",0" ", d") = stry (f 73 7 15 (vnvomn)
(", 0", " d") = stra(f5 T SSST (vare)).
By Theorem 3.9, we have (a',V',c/,d") = 612(d,1,1,1) = (1,d + 1,1,0). More-
over, it follows from [19, Cor. 2, ii.] that (a”,b”,c",d") = (0,¢+ 1,d + 1,1) and
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(@, 0", ", d") = (1,b+1,c+ 1,d). Putting all of this together we get that
O(T) = L L3 F1 15 1 fafr(vasaw,)
= [IRFTR T IS (onvew,)

b 2 "o ed!!
= I 2+a s 1 (0asew,)
11’ 117 1" i

:f{H_a f2 fi f2 (vatow,)-

Therefore
(a+a" 0", " d")=(a+1,b+1,c+ 1,d) = stry(P(T)),

showing the first statement. The proof of the second statement is similar. It follows
from Lemma 4.2 that

(8) ®(va) = fifaf1(vasam, ),
so that stra(®(vy)) = (0,1,1,1). Using [19, Prop. 2.4] we get that

O(T) = f5f1 15 1 (frfofr(Vas2my))
= SIS F fo fr(Urgowy )

= [P AT AT (0asoe, )

b+1 1 pd+1
= f3 1+ 2C+ 1+ (Vr+2w, )-

This concludes the proof. O

REMARK 4.8. Notice that one can avoid the recourse to tableaux combinatorics and
use the equation in Proposition 4.7 as the definition of ®. Then one can use the
explicit description of the adapted strings in Theorem 3.9 to the check that ¢ is well
defined and that has the desired properties.

The description of the embedding @ in terms of adapted strings allows us to give
a convenient description of the elements in the principal preatom P(\) C B(\).

COROLLARY 4.9. There exists T € P(X) with stra(T) = (a,b, ¢,d) if and only if all
the inequalities in Theorem 3.10 hold and at least one of the following equations hold.

e d=0

Proof. Let T € B(A) with stra(a, b, ¢, d), so all the inequalities in Theorem 3.10 hold.
There exists U € B(A — 2wy) with str(U) = (a,b0—1,¢—1,d — 1) so that ®(U) =T
if and only if all the inequalities in Theorem 3.10 hold for (a,b —1,¢—1,d — 1) and
A — 2wy, which written explicitly means that d > 1, d < Ay —land b < Ay —2d+2c—1
(the others remain unchanged). The claim now easily follows for A; > 2. O

DEFINITION 4.10. Let T € B(MA). Let pat(T) € Zso be such that T € P(A —
2pat(T)wy) C B(A). We call pat(T) the preatomic number of T.
In other words, pat(T) is the mazimum integer with T € Tm(®P24(T)),

We now compute the size of the preatoms using the precanonical bases from Sub-
section 2.2.

DEFINITION 4.11. Let BT ()) be the subset of B(\) consisting of elements whose weight
is dominant. For a subset of C C BT (\) we define the ungraded character of C as

[Clozr = 3 e € Z[x,]
ceC
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More generally, for a subset C' C B(\) stable under the W-action we define
[Clo=1 := [C N BT(AN)]v=1
PROPOSITION 4.12. We have [B(\)]v=1 = (Hy)v=1 and [P(\)]v=1 = (N3),_,.

Proof. The statement about B()) follows by the Satake isomorphism (see for example
[11]). The second statement follows easily from the definition of N§ In fact, if Ay <1
we have B(A) = P(X). If Ay > 2 we have P(A\) = B(A) \ ®(B(A — 2w)). Since P is
weight preserving and injective, we have

[P()‘)]vzl = [B()‘)]vzl - [BO‘ - 2w1)]v:1 = (EA - EA—2wl)v:1 = (Ni)vzl' O

4.1.1. The preatomic Z function. In analogy with [25, Definition 1.17] we define a
function Z in type C.

DEFINITION 4.13. For T € B(X), let Z(T) := ¢1(T) + ¢2(T) + ¢21(T).

The function Z is not constant along preatoms but nevertheless can be used to
give an explicit formula for the preatomic number pat.

PROPOSITION 4.14. Assume T € B(A) and let p := wt(T). Then we have
_ [ — M
(9) Z(T) = A + A2 + pi1 + po + max 0,? + pat(T).

Proof. We show the claim by induction on pat(T). We first assume pat(T) = 0, or
equivalently that T € P(A) C B(A). Let (a, b, ¢, d) = stra(T).

Let T = (QU{+oc}, ®, ®) be the tropical semiring (cf. [22]), where z®y = min(z, y)
denotes the tropical addition and z ® y = = + y is the tropical multiplication. We also
write fractions in T for the tropical division, i.e. % = x — y. A tropical polynomial is
the function expressing the minimum of several linear functions. A tropical rational
function is the difference of two tropical polynomials.

Our first goal is to reinterpret both sides of (9) as tropical rational functions in
a,b,c,d, A1 and A. For example, p11 can be expressed as a tropical rational function:
since we have u; = A1 4+ 2a + 2¢ — 2b — 2d, we can write u; = %. In the rest
of this proof we make the notation lighter by simply writing xy for  ® y and =" for
@™, Since pat(T) = 0 we can rewrite the RHS in (9) as
AIN3 acAIN3

RHS(T) := - .
@ bd(1 @ Ao @ bdy — a2c2\ © abed & b2d?

Expressing the LHS of (9) is unfortunately a much longer computation. We have
Z(T) = $2(T) ® ¢1(T) © ¢12(T) and
o ou(1) = 2

ac?
e $1(T) = @) 0 b1 (a,b,c,d), where ¢ (a,b,c,d) = b?;’\l and fy; is as in Theo-
rem 3.9. .
e $13(T) = ¢pa00120071 06091(a, b, c,d) where o1(a,b,c,d) = (’\1;’02‘1 ,b,¢,d) is the

transformation expressing the action of the simple reflection s; on stry.

From this, we can obtain an explicit expression of Z(T) as a tropical rational function.
However, this is a rather unfeasible task to do by hand, so we resort to the help of
the computer algebra software [28]. In Sage we can simply compute Z(T) by formally
treating its three factors as ordinary rational functions in Q(a, b, ¢, d, A1, \2).

Then, to check the claim, we need to show that Z(T) = RHS(T) when d = 0,
d =X or b = A + 2d — 2¢. In other words, we need to show that, as tropical
rational functions on the set of elements of the crystal, we get Z(T)/RHS(T) = 1 if
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we specialize d = 1,?) d = A\; or b = A1d?/c?. Again, this can be checked with the
help of SageMath. In Appendix A we attach the code that proves our claim.

Assume now pat(T) > 0, so T = ®(T’) for some T € B(A — 2t;). Since pat(T) =
pat(T’)+1, by induction it suffices to show that Z(T) = Z(T')+1. From Proposition 4.7
it follows that ¢1(T) = ¢1(T') + 1 and ¢2(T) = ¢2(T’). Moreover, we have

$12(T) = ¢2(51(T)) = Pa(s51(P(T'))) = P2(P(51(T"))) = P2(s51(T)) = P12(T')

since ® commutes with s, and the claim follows. O

4.2. Atoms. The goal of this section is to describe a finer decomposition of B(\) into
atoms.

DEFINITION 4.15. We call a subset A C B(X) an atom if [A]y=1 = (N,)y=1 for some
w € X4. This means that there exists i € X4 such that every weight smaller or equal
than p in X occurs exactly once as the weight of an element in A.

An atomic decomposition is a decomposition of B(\) into atoms.

PROPOSITION 4.16. There is an injective weight-preserving map ¥ : P(\) — P(\ +
wa). If A1 # 0 then the set A(A+ @) := P(A+w@2) N U(P(N)) is an atom. If \; =0
then the set A(X + 2w2) := P(A + 2w2) N @2(77()\)) is an atom.

We divide the proof into several steps. We begin by defining a map ¥ directly in
terms of the adapted strings. The map W is then obtaining by making ¥ symmetric
along s;. Then we prove injectivity in Lemma 4.20 and that the complement is an
atom in Proposition 4.21.

LEMMA 4.17. Let T € P(\) with stra(T) = (a,b, ¢, d). Then we have the following:

(1) If d € {0, \1}, there exists U € P(\ 4+ wa) with str2(U) = (a,b+ 1,¢+ 1,d);
(2) If d € {0, A1}, there exists U € P(X+ wa) with stra(U) = (a,b,c+1,d +1).

Proof. Assume first d = 0 and d = \;. The Littelmann inequalities for (a,b+1,c+1,d)
and A 4 wq are implied by the original ones for (a,b, ¢, d) and A, so there exists such
U € B(\+ w2). Since d = 0 or d = A1 we also see that U € P(\ + w3).

Assume now d # 0 and d # A;. Since T € P(A\) we have b = A\; — 2d + 2¢. The
Littelmann inequalities for (a,b,c+ 1,d + 1) and A + wo are:

b>c+l1>d+1,
d+ 1<\,

b< A —2d+ 2¢, and

a<A+d—2c+hb.

All these inequalites are implied by the original ones (and by d # A1) except b > ¢+ 1.
However, if b < ¢+1 then b = cand ¢ = A\{—2d+2c or, equivalently, d = %(C+/\1)- Since
d < cand d < A\p this is impossible. It follows that there exists U € B(A + wy) with
stra(U) = (a,b,c+1,d+1). Moreover, b = A\ —2(d+1)+2(c+1),s0U € P(A+wz) O

Lemma 4.17 ensures that the following function is well defined.

DEFINITION 4.18. We define U : P(A) — P(A + w2) as follows. Let T € P(A) with
stro(T) = (a,b,c,d). Then U(T) = U with

stra(U) = (a,b+1,¢+1,d) ifd=0ord=X\
S (a,b,c+1,d+ 1) otherwise.

(2)Recall that 0 € Q is the multiplicative unity in T
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We also define W : P(\) — P(A + w2) as follows.

T = {\II(T) if Wi <
s1(W(s1(T))) if wt(T)y >
LEMMA 4.19. For T € P(\) we have:
(1) Wt(\II T)) = wt(¥(T)) = wt(T)
(2 T)) = ¢2(T)

2 (U .
( f2(T) # 0 also fo(¥(T)) = U(f2(T)).
e2(T) # 0 also ex(¥(T)) = ¥(ex(T)).

(5) s1(¥(T)) = ¥(s1(T)).

Proof. This is clear by the definition of strs. O

0
0

/‘\/—\

) ¢
) If
(4) If
) s

LEMMA 4.20. The maps ¥, W : P(\) = P(\ + wa) are injective.

Proof. Tt is enough to prove the statement for . Assume ¥(T) = ¥(U) with T # U.
Let stra(T) = (a, b, ¢,d) and stra(T) = (a/, ¥, ¢, d’). We can assume that d & {0, A1},
d" € {0,\1} and that
stro(¥(T)) = (a,b,c+1,d+ 1) = (a’, b/ + 1, + 1,d').
It follows that d =d+ 1, ¢ =cand & = b — 1. Since
b—1=0b <\ —2d +2 =X —2(d+1)+2¢

it follows that b < A\; —2d+2c¢—1. But this contradicts the fact that b = A\ —2d+2¢. 0O

Recall the atomic basis N = IN? of the spherical Hecke algebra from Subsection 2.2.

PROPOSITION 4.21. We have [A(A)]y=1 = (Na)y=1. In particular the set A(X\) is an
atom.

Proof. If Ay = 0 we have A(A) = P(A), 50 [AN)]v=1 = (N2 )p=1 = (N o1
If A2 =1 and Ay = 0 then we can easily check that B()) consists of a single atom.
If Ay > 1 and \; = 0 then we have A(X) = P(\) T (P(A—ws)). Since ¥ is injective
and weight-preserving, we have by Lemma 2.3 that
AN o=t = [PW]o=1 = [P = 22)]o=1 = (NS = N3 o, )om1 = (N et
Finally, assume Ay > 0 and A\; > 0. Then, we have A(\) = P(A\) \ U(P(A — w@s)).
Since VU is injective and weight-preserving, we have

[AN]o=1 = [P(N)]o=1 — [P(A = @2)]u=1 = (N3 — Ni—wz)vzl = (Ny)y=1. O

From this we can obtain an atomic decomposition of B(\). Because we already
know how to decompose B(\) into preatoms, it is enough to decompose each preatom
P(A) into atoms. If Ay = 0 or if A = (0,1) we have P(A) = A(X). If A2 > 0 and
A # (0,1) then we have

PN = AN UT(P(\ — w3)) ifAd >0
T lAN LT (PN — 2m3)) if A =0
so, applying ¥, we obtain an atomic decomposition by induction.

REMARK 4.22. It is worth noting that an atomic decomposition can also be obtained
by taking the complement of ¥ rather than . The advantage of using ¥ is to ensure
that atoms are stable under s;. This stability is crucial, as our approach inherently
relies on s;-symmetry, as discussed for example in Proposition 5.24. It is therefore
essential to ensure that the structures we define are compatible with this symmetry.
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LEMMA 4.23. Let T € P(\) with stra(T) = (a,b,¢,d). Then

o (T(T)) = {qsl('r) ifd:Q and 2a>b>2c ord#0,M\ and b > 2a +d
¢1(T) +1 otherwise.
Moreover, if ¢1(V(T)) = ¢1(T) and p1 <0, then ¢1(T) =0
Proof. Let m, : Z* — 7Z be the projection onto the first component. Then, we have
(10) ¢1(T) = 71 (a1 (stra(T)))+(Wt(T))1 = A\ +2a—2b+2c—2d+max(d, 2¢—b, b—2a).
From here we see that, if d = 0 or d = A1, we have
¢1(P(T)) — ¢1(T) = max(d,2¢ — b+ 1,b — 2a + 1) — max(d, 2c — b, b — 2a).

If d = 0, then ¢1(¥(T)) = ¢1(T)) if and only if 2a > b > 2¢. If d = Ay, we have
2c—=b>22d— X = A, 50 $1(U(T)) — ¢1(T) = 1.
If0<d< Ay and b=\ —2d + 2¢, then

@1(¥(T)) — ¢1(T) = max(d + 1,2¢ — b+ 2,b — 2a) — max(d, 2c — b, b — 2a),

but 2¢ —b=2d — A1 < d, so ¢1(¥(T)) — ¢1(T) = max(d + 1,b — 2a) — max(d, b — 2a)
and the claim easily follows. O

COROLLARY 4.24. Let T € P(\) with stra(T) = (a,b,¢,d). Then

$12(T)+1 ifd=0and2a>b>2c ord+#0,\ andb>2a+d
$12(T) otherwise.

$12(¥(T)) = {
Proof. Tt follows from Proposition 4.14 that
$12(V(T)) — ¢12(T) = 1 — (91(¥(T)) — ¢1(T)),
so we conclude by Lemma 4.23. 0

DEFINITION 4.25. Let T € B()).

Let at(T) € Zso be the maximum integer such that T is in the image of ¥
P(A —at(T)wsz) = P(N). We call at(T) the atomic number of T.

at(T)

PROPOSITION 4.26. Let T € P(\) C B(X) with stra(T) = (a,b,c,d) and wt(T); < 0.
We have

o) min(c, \; + 2¢ — b) ifd=0
a =
AM+2c—2d—b+min(Aa+d—c,d—1) ifd>0.

Proof. Notice that since wt(T); < 0 we have ¥ = .

First recall that by Theorem 3.10, we have 0 < d < A1. If d = 0, at(T) is the
maximal amount we can subtract simultaneously from b and ¢, decreasing at the
same time the value of Ay by the same amount, so that the inequalities and equalities
mentioned in Corollary 4.9 still hold. Since b > ¢, we can focus only on ¢ and the
inequality A\; 4+ 2¢ — b > 0, which is the only other inequality describing P(A) which
is affected after reducing b,c and Ay in equal amounts. Now if we decrease b and ¢
simultaneously by the same amount, the quantity A\; 4+ 2¢ — b decreases by the same
amount. Therefore, in this case at(T) = min (¢, A\; + 2¢ — b) as desired.

Assume now d = A\;. Recall that we need to find the maximal at(T) such that the
map ¥ (U) = T for an element U € P(\ — at(T)ws). Recall that the definition of
the map ¥ depends on the value of d. Let 1)1 and 12 be the two possible actions on
adapted strings defined by W, corresponding to the cases 0 < d < A; and d = 0, \;

Algebraic Combinatorics, Vol. 8 #2 (2025) 539



LEONARDO PATIMO & JACINTA TORRES

respectively (i.e. we have 9y, : Z* — Z* with ¢y (a,b,¢,d) = (a,b,c+ 1,d + 1) and
a(a,b,c,d) = (a,b+1,¢+ 1,d)). The definitions imply that we must have

stra(T) = 52 My D (stry (U))

for some aty(T),at2(T) € N with at(T) + at2(T) = at(T).

Now, to calculate atq(T) we first need to subtract the largest possible amount
from b, ¢ and Ay such that our inequalities and equalities stated in Corollary 4.9
will still hold. Analogously to the case d = 0 we can conclude that this number is
at1(T) = min(c, A1 + 2¢ — b — 2d). In this case the inequality 0 < A\ +2¢—2d — b
becomes 0 < 2¢ — A; — b < ¢ since ¢ < b. Therefore at;(T) = A\ + 2¢ — b — 2d. To
compute ato(T) in this case, after already reducing b, ¢ and Ay by at1(T) we need to
further reduce ¢/ = ¢ — at1(T) as well as d and A\, = Ay — at(T) by the maximal
possible amount strictly smaller than d such that the preatom inequalities/equalities
will still hold. This amount is

ate(T) =min (A +d — ¢’,d —1) =min (A2 +d — ¢,d — 1)

since the inequality Ao+d—c¢’ > 0 is the only preatom inequality affected by decreasing
¢, d and Ao simultaneously by the same amount. Moreover, it decreases precisely by
this amount.

Finally, assume 0 < d < A;. As in the discussion above we have

StI‘Q(T) = gtz(T) (StI‘Q(U))7

and thus at(T) = aty(T). Moreover, if 0 < d < A; we have b = A; —2¢+2d so we can also
write at(T) = A1 +2¢—2d—b+ata(T) = A\ +2c—2d—b+aty(T)+min(Ao+d—c,d—1). O

COROLLARY 4.27. Let U € P(\) C B(\) with stra(U) = (a,b,¢,d). Then U & U(P(A —
wq)) if and only if one of the following two conditions holds:

e b=X\ —2d+2cand (d<1lorc=X+d);

e b< A\ —2d+2cand c=d=0.

Proof. We know that U ¢ U(P(A — wq)) <= at(U) = 0. First assume at(U0) = 0. If
b= A1 — 2d + 2c then from Proposition 4.26 we see that either d < 1 or if d > 1, we
must have min(Ay +d —¢,d — 1) = 0. Since d > 1 this implies that Ao +d —c=0. If
b < A1 — 2d + 2c¢ then by Proposition 4.26 d > 0 is impossible, so d = 0 necessarily.
Moreover, since at(U) = 0 we must have min(c, A\; + 2¢ — b), but since the second
term is strictly larger than zero by assumption, we conclude ¢ = 0. Conversely, if
b= A1 —2d+2cand d < 1, it follows directly from Proposition 4.26 that at(U) = 0. If
¢ = Aa+dand d > 1 then at(U) = 0 also by Proposition 4.26. Now, if b < A\ —2d+2¢
and ¢ = d = 0 then at(U) = 0 applying the first formula in Proposition 4.26. 0

4.3. EXAMPLE: THE ATOMIC DECOMPOSITION OF B(kws). Let By := B(kws). By
definition Bj, consists of a single preatom. We describe now the atomic decomposition
of By. Since \; = 0 we have stra(T) = (a,b,¢,0) for any T € By. By Lemma 4.23, we
see that ¢1(¥(T)) = ¢1(T) for any T € By, hence ¥ commutes with s; and we have
U = U. Then by Lemma 4.19.3, we see that ¥ also commutes with f5.

Here we refer to the connected components under W, fy simply as connected com-
ponents (cf. Remark 4.5). Notice that ¥ preserves these connected components. We
claim that the crystal By has precisely k£ + 1 connected components

k
By = || Bglil.
=0

and that U(By_1[i]) = Bgli]. In particular, it follows that A(kws) = Bp~¥?(Bj_1) =
Bk[k] U Bk[kﬁ - 1]
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FIGURE 2. The weight multiplicities of the crystal Bs.

The crystal By consists of a single element, the empty tableau, so the claim is
trivial. In By there are two connected components. In fact, it is easy to see that

- )

is fixed under the action of f> and s1, and that its complement in B; is a connected
component of cardinality 4.

The weights of the elements in A(kws) form two square grid of side k and k+ 1 as
shown in Figure 2, so | A(kws)| = (k+1)2+k2. From this, it follows that | By|—|Bk_1| =
(k+1)%

By induction, to show our claim it is enough to show that the complement of
U(By_1) in By is a single connected component of cardinality (k + 1)2.

The complement of ¥ always contains the highest weight vector Ty € Bjy. Then,
for 0 < r < k, the tableaux

1011

£3(Ty) = o R

2(..]212/[..]12

in which there are r column of the form , are also in the same connected component
as Ty. We obtain s1(f3(T)) from f3(T) by replacing the columns of the form by

columuns of the form . The tableaux s1(f5(T)) are the highest element in their fs-

string, and there are k+ 1 elements in their fs-orbit, given by barring some of the 2’s.
So we have seen that there are at least (k+1)? elements in the connected components
of Tj. Since ¥ is an embedding and |By| — |Bx_1| = (k + 1)2, these are precisely all
the elements in the complement of .

5. SWAPPABLE EDGES AND THEIR CLASSIFICATION

5.1. TWISTED BRUHAT GRAPHS. The Bruhat order on the weight lattice X is the
order generated by the following relations

NBYY>M i M >0,
A\BY) <M if M<O.
where oY = Mé + BV, with 8¥ € ®Y and X € X. The set of elements smaller that

in the Bruhat order, which we denote by {< A}, can be characterized as

(12) {< A} =Conv(W - \) N (A + ZD)

(11) sY(N) <A = {
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(see for example [2, Chap. VIII, §7, exerc. 1]).

Let A € X,;. Let I') denote the moment graph of the spherical Schubert variety
Gry. This is a directed labeled graph, also called the Bruhat graph of X. We recall
from [25, §2.3] the explicit description of I'y. The vertices of the graph 'y are all the
weights in {< A\}. We have an edge 1 — po in T'y if and only if pg — pq is a multiple
of a root B € ® and p; < pg. In this case, the label of the edge p1 — pg is md — 8V,
where
(B, 11+ pa)

2
(cf. [25, Lemma 2.7]). Notice that s,,s—pv (1) = pe. We denote by E(A)the set of
edges in I'y.

Let T'x denote the union of all the graphs T'y, for A € X, (where T’y is regarded

as a subgraph of Ty, if A < \') and call it the Bruhat graph of X.

For w € W we denote by
N(w) :=f{aec® |w ' (a) e d”}

m = —

the set of inversions. If w = s;, ... s;, is a reduced expression for w then
— IaY v v
N(w) = {af,, 56, (), -, 80,80y - 54y, (aik)}.

We say that w = s182...8... is a reduced infinite expression if for any j the
starting expression w; := s152...5; is reduced. If w is a reduced infinite expression,
let N(w) =52, N(w).

Consider ¢ = sp828182. Then gy, := ccc... is an infinite reduced expression. Let
Ym be the element given by the first m simple reflections in y.,. We order the roots
in N(yso) as follows:

(13) d—ay; <0 —a)y <20 —ay; <5 —ay <36 —ay; <20 —ayy <
<M —aYy <2MS—ayy < M§—ay < (2M +1)6 —ay; < ...

so that the first m roots in (13) are precisely the elements of N (y,).
We define the m-twisted Bruhat order <,,of Wyt by setting

v <, w if and only if ytv <y, tw,

and the m-twisted length by £,,,(v) := £(y;,'v). Recall that X = /V[Zm/W. Hence, the
twisted Bruhat order on Wemt also induces a twisted Bruhat order on X. Concretely,
this means that we regard A € X as a right coset in /V[th and denote by A, € /Wemt the
element of minimal y,,-twisted length in the coset A. Then we set £,,(\) := € (Am)
and p <y A If Ay <o o

For every m € Zxo we define I'Y", the y.,-twisted Bruhat graph of A, to be the
directed labeled graph with the same vertices of I'y and where there is an edge 1 — A
if there exists a¥ € ®" such that Sav(p) = X and p <., A. Concretely, we can obtain
'Y from I'y by inverting the orientation of all the arrows in I'y with label in N(y,,).

Since each graph I'y has only a finite number of edges, the twisted graphs I'}"
stabilize for m big enough, so we can define I'S® := I'}{* for m > 0.

For m € Zx¢ U {00}, we define I'} as the union of all the graphs I'Y?, for A € X .
The graph I''} can be obtained from I'x by inverting the orientation of all the arrows
with label in N (y,).

DEFINITION 5.1. For u < A, we denote by Arry,(u, \) the set of arrows pointing to p
in T and by Ly, (1, N) := | Arrp, (i, \)| the number of those arrows.

For i € {1,2,21,12} let Arrin(u,/\) be arrows pointing to u in T, of the form
1 —koy — p for k € Z. Let €6 (p, \) = | Arr? (1, \)].
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Let Arr,, (1) be the set of arrows pointing to p in I'¢. Fori € {1,2,21,12}, the set
Arr; (p) is defined accordingly.

Recall from [26, Lemma 2.10] that | Arrp, (@)] = £ (). We have

(14)  Arrp(p,N) = U Ambh(wA) and Ln(pd) = > ()
i€{1,2,12,21} i€{1,2,12,21}
for any p < A. Notice that, since there are no arrows of the form Md§ — oy in N(ys0),

the set Arr,ln(u, A) does not depend on m, and does not depend on A as long as p < A.
If u < A, for all m by (11) we have

Arry, (1, A) = {pp — kon = | p— kay < pi}

CJ{p =k = p|0<k<m} ifp 20
{p—kay = p|0>k> m} if py <O.

Hence, we have

M1 if pp 20
(15) U (1, A) = .

—u1 — 1 if uy <O.
5.2. SWAPPABLE EDGES. To pass from I'}" to I'}""! (and from I'} to I'g ™) we need
to invert the arrows with label oy, where t,,,11 is the reflection

(16) bl 5= Yms1Ym' = YmSmp1Um -

Here s;, ., denotes the (m + 1)-th simple reflection in y... Notice that {a) } =
Nms1) ~ N(ym).

If i < tyy1pe, then Arrp, 1 (fmp1p) N Arty (tmgipt) = {0 = tmp1p} and Arrp, (@)
is in bijection with Arry, (tms1p) ~ {#t = tmy1p} by [26, Lemma 2.11]. In particular,
we have

(17) U (1) = bin (tms1p) — 1.

A property of the twisted Bruhat graphs in type A ([26, Prop. 2.17]) is that the same
is true if we restrict to T'y, i.e. £ (i, A) = Lo (brg1pts A) — 1 if 0 < typ1pp < A This
implies that £,,11(p, A) = € (Emr1p, A) and £y, (1, A) = Lty (Emr1 e, A). However, as
we will see in Example 5.3, this property does not hold in type Cs. The goal of this
section is to classify the set of edges for which it holds.

DEFINITION 5.2. We say that an edge pn — ty 10 in I'y is swappable if

(18) Lo (e, A) = Ly (bpp 1 1, A) — 1.

We also say that an edge is NS if it is not swappable. We denote by ES(\) and EN (\)
the sets of swappable and non-swappable edges in I'y, respectively.

As it turns out, to determine if an edge is swappable or not, we have to solve an
elementary geometric problem, which the next example illustrates.

EXAMPLE 5.3. In the Figures 3 and 4 the starting points of the arrows in £y, (1, A)
are denoted by red circles while the starting points of the arrows in £, (414, A) are
denoted by blue squares.

Assume that A = (2,2), p = (2,—1) and that m + 1 = 8, i.e. that t := t,,41 is
the reflection corresponding to the root 26 — a. In Figure 3, the yellow octagon is
the convex hull of W - X while the green octagon is (the border of) the convex hull
of YWyt - . As we will observe in Subsection 5.4, the arrows in Arr,,(u, A) and
Arr,, (tp, A) can be characterized as the weights in the diagonal of the green octagon
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td
FIGURE 3. A swappable FIGURE 4. A non-
edge swappable edge

which lie inside the yellow octagon. In this case we see that there are are 7 red dots
and 8 blue squares, meaning that the edge p — tu is swappable.

Now assume that A = (2,2), 4 = (4,—2) and m + 1 = 12, i.e. that t 1= t,,41 =
S35—ay - As illustrated in Figure 4, we have 9 red dots and 9 blue squares, so in this
case the edge p — tp is not swappable.

5.3. GEOMETRY OF ATOMS. We fix A € X . Recall that {< A} = (A+Z®)NConv (W -
A).

In our situation, the convex hull Conv(W - i) is an octagon with vertices as in
Figure 5. We can make the actual conditions more explicit.

So\ = (Al —+ 2)\2, 7)\2) A= ()\1, )\2)

S281A = ()\1 + 2)\27 -1 — )\2) S\ = (—)\17 A+ )\2)
828182\ = ()\1, -1 — )\2) 5182\ = (—)\1 — 2)\2, A1+ )\2)
woA = (=A1, —A2) 5152510 = (=M1 — 2X2, A2)

FIGURE 5. The W-orbit and the convex hull of A

LEMMA 5.4. We have p < X if and only if uy = A1 (mod 2) and the following inequal-
ities hold:

- =2 < = {u,a)) <A1 +2X\
—AM = K tpe = (gaty) KA+ A
— A=A <o = {p,ay) <A+ A
— A1 — 20 < pr 4 22 = (wya;) < A1+ 20
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Proof. 1t is easy to see that u = A (mod Z®) if and only if 1 = A1. The inequalities
can be easily deduced from Figure 5 O

We introduce now some helpful quantities which evaluate the distance of a weight
p from the walls of Conv(W - A).

DEFINITION 5.5. Fori € {1,2,21,12}, let @-(u, A) be the maximum integer k such that
w—ka; <A

LEMMA 5.6. Let p < A. We have
(1) bo1(pt; \) = Ao + pio + min ()\1, Ak A+ M1)
(2) bia(ps, \) = 232 i (do + iz, | 22522 | 2
(3) 2l A) = /\15#1 + min ()\2 + p1 + p, {WJ 7>\2> :

Proof. We prove only the first statement, since the other two are analogous. Consider
the maximal x € Ry such that v := g — zag; € Conv(W - A). Then pu — zag; belongs
to the boundary of Conv(W - \) and agl(u, A) = |z].

We have (v1,v2) = (u1, 2 — ), hence by Lemma 5.4 the following inequalities
three inequalities hold

A =A<t —x
A =A< —x
7)\172)\2<[LL1+2‘LL272£L'

and since we are on the boundary at least one of them must be an equality. It follows
that

, A1+
r=min(py + p2 + A1+ A2, A+ Ao + po, 12M1+)\2+M2)
. A+
:A2—|—,U/2+Inll’l()\1, ! 2:“1’)\1 +/,(,1) O

5.4. TwiSTED REFLECTION GROUPS. For k > 0 consider the reflection subgroup
wk .= ykWy,zl cW.
Note that for any k we have Wkt =, W¥¢; ;.

LEMMA 5.7. For any M > 0 we have WAM=3 = WA4M=2 — yy4M—1 — yy4M = pfope-
over, the reflections in WM correspond to the roots
{af , M6 — o, M — Yy, 2M6 — a3y }.

Proof. We check this by induction. Recall that for any M > 0, tapr—3, tanr—o, tapr—1,
and t4) are the reflections corresponding to the roots (2M — 1)§ — oy, Md — oy,
2M6 — oy, and M§ — o, respectively.

Recall that for any M € N we have

4M -3 4M—4
w = t4M,3W tanr—3.

By induction, the reflections in W4 =4 correspond to the roots oy, (M — 1)§ —
ay, (M — 1) — aYy, and 2(M — 1)6 — a3 .
The claim follows since

S@M-1)5—ay, (@) = af
SeM-1)5—ay, (M —1)6 — ay) = =M +af,
S(aM—-1)5—ay, (M —1)0 — afy) = =M + oy

S(2M—1)5—ay, (2(M —1)6 — ayy) = —2M6 + a3,
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SQ)\ A
SlA
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FIGURE 6. The green octagon is the border of the convex hull of
W4M - .

therefore taps—; € WM =3 for 0 < ¢ < 3, which implies that

WAM _ p4M—1 _ pr4M=2 _ pr4M=3 0
There are four reflections in W*M. The reflection corresponding to the root ay
is s7.
DEFINITION 5.8. We denote the other three reflections in W*M as follows.
var := reflection corresponding to M& —
qu = reflection corresponding to M — oy
ra = reflection corresponding to 2M§ — ;.

These reflection are also depicted in Figure 6. More explicitly, we have

(19) vnpe = o — (p2 + M)z = (1 + 22 + 2M, —pip — 2M)
(20) guit =p— (g1 + po+ M)ars = (—p1 — 2us — 2M, p19)
(21) TMN:M—(M1+2M2+2M)Q21:(Ml’—ul_u2_2M)

We also have qpr = s1vars1 and ray = varsi1var-
We can use the twisted reflection subgroups W™ to describe the set of smaller
elements with respect to twisted Bruhat order.

LEMMA 5.9. Let p € X.
(1) For any m > 0 we have {<,, u} C Conv(W™ - ).
(2) If p1 = 0 and p < vprp, we have
{<anr p} = Conv(WM - 1) 0 (4 + Z@) = {<anr—1 vmrp}

Proof. Let v <,, p. Then y v <y .tp, so y,.'v € Conv(W -y, tu). This shows the
first part. For the second part, because of (12), it is enough to show that y&&]u =
ZU4_J\1/1—1UMN is dominant, since then

{<ane i} = {<ani—1 vap} = {< i} = Conv(W - yp) 0 (4 + Z9).

Recall that a weight 7 € X is dominant if and only if 7 > s17 and 7 > so7. We have
s1pt < p, and this is equivalent to sy <4pr p- Moreover, s; commutes with y, and
therefore also with y4ps. It follows that slygj\fl = y4_1\1451 u< 94_1&1 .

We have p < v, and this is equivalent to vy <4as p, S0

Yinrl = Yang Ol = Yinr_ 11 = S2Yarh- O
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Recall from Definition 5.5 the definition of (Zi(,m A).
LEMMA 5.10. Assume that pu < varp. Then we have
(22) vnp KA = M > 6o N) — pa == a1 (1, A) = dali, N),

Proof. By (19) and the definition of $2 we have vprp < A if and only if pus + M <
gZA)Q(u, \). It follows from Lemma 5.9.2) that Arr2,,(u) consists precisely of the arrows
(b — kag — p), with g — kas lying on the segment between p and vy p. In other
words, we have

Arry () = {(n — kag = p) | 1 <k < po + M}
If vprp < A, then Arr?,, (1) = Arr2,, (i, A), so
Coaroa () = Gar(1,\) = 1= o+ M — 1< Ga(p1, N).
If var € X we have
Arrfas () = {(n—kag) = 1| 1<k < o, N}
and 50 £3yr_ (11, \) = £33 (11, A) = da(p, ). O
Similarly, we have

o Arri3, () = {(p—kai) = p| 1<k <y 4 pe+ M} and if g < qarp we
have

(23)  auu N = M > da(p )~ — pp == 05351, \) = dra(p, A)

o Arrihy () = {(p—kagy) = p | 1< k< py + 2p +2M} and if p < ragp
we have

(24) rup LA = 2M > </§21(M7 A) =1 = 2u2 = Ly o(m,A) = 521(/% A).
In the following Lemma we describe the Bruhat order on a W*M-orbit.

LEMMA 5.11. Let p € X and vy, rar,qur as before. If p < vy and py = 0 or if
w<qpp and py <0, then varp < raypvprp < rarps and gagps < rafpt.

Proof. Assume first g1 > 0 and g < wvprp, so po > —M. We have (vprp, a3;) =
(vaprp)1 +2(varpe) = p1 —2M > —2M, so ryrvprpe = vy by (11). We have gpry =

rarvpr and (Tagp, e = —p1 — po — 2M < —M so rarvpp < rarp. Similarly, we
have p < qup < vagup < S19pm gt = Ty The case p; < 0 and p < gprp is
similar. [l

LEMMA 5.12. Let m > 0 and assume (tmp)1 = 0 and p < typp < . Then titpp < tmp
for all k < m corresponding to roots of the form K& — as .

Assume instead 1 = 0 and p < tpp < A Then tgp < X for all kE < m correspond-
ing to roots of the form K§ — a3 .

Proof. First we prove the first part of the lemma. By assumption we have k = 4K,
since tj corresponds to a root of the form K — ay. First assume that m = 4M, so
tm = SMs—ay- Since k < m we have K < M. By (11) we have that for k = 4K <
m =4M,

titmph < typt = (tpp, —ay ) = o + 2M > K.

We conclude the proof in this case since by assumption u = tptmp < tnp and
K <M.

Now we assume m = 4M — 2, so that ¢, = Spr5-ay,- In this case 4K < 4M -2, so
in particular K < M. We have

titmph < tmp = (tp, —ay) = —pp > K.
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Our assumption g < tpp implies that (t,p, —aly) = p1 + pe + 2M > M and
(tmp)1 = 0 implies pq + 2p2 + 2M > 0. Putting them together we obtain:

K <M< p+p2+2M < py+ 200 +2M — pg < —pa.

which finishes the proof in this case.
Now we assume m = 4M — 1, so that t,, = saps—ay, - In this case, we have

titmph <ty = (tpp, —a ) = 1 + po +2M > K.

Our assumption p < t,p implies that (tn,u, —ay;) = 1 + 2us + 4M > 2M and
1 = (typ)1 = 0. Putting them together we obtain:

2K < 2M < pn + 2p9 +4M < 201 + 2p9 + 4M.

Finally, assume that m = 4M — 3, so that ¢, = s@m-1)s5-ay,- This case follows by
the same argument of the case m = 4M — 1 since we have 2K < 2M — 1.

Now we proceed to prove the second part of the lemma, namely that, assuming
w1 = 0and p < tppu < A, then tpu < X for £ = 4K < m. We can assume pu < tgu,
otherwise the statement is obvious.

The case m = 4M is clear since txu lies on the segment between ¢,, 1 and p. Assume
now m = 4M — 1 or m = 4M — 3. In both cases, we have rxgpu = tx_1p < A since it
lies on the segment between p and ¢,,u. We conclude by Lemma 5.11, since we get
vk < Tk < T . The last case to consider is m = 4M — 2. Similarly, we have
g < X and also siqrpu = rgvgp < A. We conclude again by Lemma 5.11 since
VK < TKUK - [l

5.5. ANALYSIS OF ay-EDGES. In this section we fix m +1 = 4M so that v := vy =
L1 is the reflection corresponding to the affine root M§ — v, i.e. the reflection over
the vertical axis {z | (x,ay) = —M}. Let r := rp; and q := qp.

5.5.1. Sufficient conditions for swappableness. In this section, we assume that p <
v < A The goal of this section is to provide a first important constraint on an as-edge
to be swappable (see Figure 7)

PROPOSITION 5.13. Assume that qu < A. Then u — v is swappable.
We begin with a preliminary computation.

LEMMA 5.14. If qu < X and ru € A, then —A1 < 1 < A and (vp)s = —ps —2M <
—a.

Proof. Observe that, since A € X, for any v € X we have v < X if and only if
s1v < A. So we also have s1ru = vgu € A, s1qu = qru < A and syop = vrp < A.

If g1 > Aq the line {g — zao1 oer., intersects the boundary of Conv(W - A) in the
segment

[5251), 5251800 C H :={v € Xz | (v,a3) = (s251\, ) = —A1 — Ao},
and since ru ¢ Conv(W - \) we have
<T/’(’7 Oé¥> < _)\1 - )\2a

However, gru = siqp lies on the same side of H as rp, since {siqu,ay) = (ru, ay).
Therefore, s1qu & Conv(W - \), contradicting our assumption. Similarly, if p; < —Aq,
then we must have

(ru,afs) < =M1 = A,
which implies vru = syop € Conv(W - ). We conclude that —A; < pg < Aq.
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FIGURE 7. In this example gu < A and the edge yu — v is indeed
swappable.

For the second part, assume that (vu)s > —Ao, then the line {vpu — za12}zer.,
intersects the segment

[s28180\, wo] C H' :={v € Xg | (v,a3;) = (woA, ay) = —A1 — Ao}

forcing (qup, ad;) < —A1 — A2. But since (qu, oy, ) = (qup, o, ), this would contradict
qp < A U

Proof of Proposition 5.13. Recall that £,, (1) = €y (vp) — 1 by (17). To conclude it is
enough to show that

(25) Cin (1) = Lo (11, A) = Ly () = Ly (vpas N)

The proof is divided in two cases. Assume first that ru < A. In this case, since
additionally qu < A, the convex hull Conv(W™*! . 1) is contained in Conv(W - \)
entirely, so £y, (1, A) = € (1) and £y, (vp) = Loy (v, N).

We can assume now that ru € A. By Lemma 5.14, we have —A; < pp < Aq,
which implies that A; + g1 > 0 and min(Aq, ’\1"2”“ JA1+ ) = % It follows from
Lemma 5.6 that

M+ A

B21 (1, N) = iz + Aa + 5

Since qu < A, we have Arrt2(u) = Arr?(u, \) and
A2y (1) ~ Arcg (1, ) = {1 — kazr) = | Gar (i ) < b < pa + 210 + 2M
so we get
O (1) = L (11, \) = G0 (1) = £33 (11, ) =2M + 1 + 2410 — boa (1, V)

1 — A1
5

(26) =2M + po — Ao +

By Lemma 5.6, since (vu)s < —A2 we have

p1t A
2

512(1)/1, )\) = + Xy — M.
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————— p1 + p2 = —A2

FiGURE 8. By Lemma 5.15 the starting point of a non-swappable
edge in the ag-direction must lie in the red or in the orange region.
We further show in Proposition 5.18 that actually a starting point of
a non-swappable edge can only be in the red region.

Similarly, since rou = s1qu < A we have Arr2! (vu) = Arr2! (v, A) and
Arry? (vp) N Ay (o, A) = {op = kans = vp | $iz(op, A) < k < (op)1 + (vp)e + M}
We get
U (0p) = o (0, ) = £ (vp) — €7 (0, N)
= (v)1 + (vm)a + M = G (vp, )

+ A
(27) = pp+ M = Do+ M - L
The claimed identity (25) now follows by comparing (26) and (27). O

As a consequence, an edge . — vy can only be not swappable if qu € A. This gives
some constraint on the possible location of such weights p (see Figure 8).

LEMMA 5.15. If qu L X, then pu1 > 0, po < Ao and ru £ .

Proof. Assume that qu £ A. Then by (22) and (23) we have

G211, X) = pa + M > pra(, A) — .
This is equivalent to

A2+ 1+ . A2 +
Q'MJMJ s A2) > min(Az + p2, { : 5 MQJ s A2).
This forces p1 > 0. Moreover, we have o < Ay otherwise both sides of (28) would be
equal to As.

Notice that if qu € A, also s1qu € A. Moreover, r = gs1q and {ru,ayy) = —pz —
2M < —M. By (11), we conclude that qu < ru £ . O

(28) min(Ag + p11 + pig, {

5.5.2. Classification of swappable edges.
LEMMA 5.16. Assume puy = 0. An edge p — v is swappable if and only if
(29) 2(pz + M) + 67 (0, ) + £y (v, A) = 67 (1, X) + 07 (1, A).

Proof. By Lemma 5.9, an arrow (u — kag — wp) is in Arr? (u, \) if and only if
0 <k < pg+ M. It follows that ¢2 (u) = €2 (vp) — 1. Moreover, by (15), we have

O (11, ) = L3 (vpa, ) = 2(pig + M).
The claim now follows directly from (14). O
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v

F1GURE 9. We have p1 > A1, so to check whether u — vp is swap-
pable we just need to count the weights below p and wvp. In this
example they are both 3, hence the edge is swappable.

We now need to estimate carefully £12(u, \) and £2(p, \), i.e. we need to char-
acterize the arrows in Arrl?(u) and Arr?(u) whose starting point is contained in
Conv(W - \).

We are now ready to classify all swappable as-edges. We have already seen that it
is always swappable if p; < 0. Now we divide the rest into two cases: p; > A; and
0 < p1 < Ap. As illustrated in Figure 9, in the case p; > A; it is sufficient to compare
the number of weights below p and vy in the convex hull of W - A. We prove now this
analytically.

PROPOSITION 5.17. Let p be such that p1 > M. Then p — vu is swappable if and

only if \
f > ~Xo +1 and M < P;“ﬂ .

Proof. Since pq 2 A1 and p < A, we have ps < Ag. Since p < vu we have M + g > 0.
We know that if gu < A then p — v is swappable. In the other direction, if ps < —Ag

or pg > —Ag and M > {%W then it follows from (23) that gu £ A. So it is enough

to consider the case qu £ A.
We have Ay < p1 < (vp); and (vp)s < Ag. In this case, we have

(30) G21 (0, ) = A1+ Ao — iy — 2M = o (11, A) — 2(paa + M).
Combining this with (29) and (23) we get that u — v is swappable if and only if
d12(pt, A) = ¢12(vp, N), which is equivalent to

A A
min<)\2+ﬂ2¢ 2;u2J> zmin<)\2—M7{ 2;M2J>.

This equality holds if and only if both minima are achieved at {#J , Le. if

Ao + po

/\2+M2>{ 5

| <2

So we have —pus < M < PTT’“—‘, which is equivalent to ps > —A2 + 1 and the claim
follows. N
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PROPOSITION 5.18. Let u < A be such that 0 < puy < A\1. Then u — vu € EN(N) if
and only if
A — Ay —
(31) M>2TH L pax — 2, 2Rz
2 2
Proof. Notice that if the inequality (31) holds, then qu € A by (23). Since pp — vp is

swappable if gu < A\, we can just assume that qu € A.
We begin by proving the following inequality.

CLAIM 5.19. We have (vjit) < —Ag.

Proof of the claim. We have (vu)y = —po — 2M. If g < —XAg, then —py — 2M <
—M < Ho < —Ag. If to = )\2, we have —M2 — 2M < —p2 < —Aa.
If =Xy < po < Ag, then we have by (23) that

—ptg — 2M < pip + 21 — 26121, \)

)\2+M2J

<=2 O
5 2

=—>\1+u1+uz—2{

Assume first g1 < (vp)1 < Ap, or equivalently that M < % — po. Since qu € A,

we have by (23) that

(32) M > u — min(Ag, {A2 _ M2J ),
2 2
forcing po < M — % < —X2. Now we can easily compute both sides of (29) and
check that they are both equal to A1 +p1 +2(A2+ p2). So p — vy is always swappable.
Assume now pu; < A; < (vp)1, that is, that M > /\1;”1 — 2. Since we assumed
that gu € A, by (23), we also have that

A — Ay —
(33) M>12M1+{22M2J.

In this case (29) is equivalent to

3+ . A2+
(34) %+2A2+MQ—M=A1 +,u1—|—/\2+u2—|—m1n()\2+u2, { 2 . “2D
and we get an equality if and only if
A — Ay —
(35) M ITM + max (_m, [22/@D

Notice that by (33) we cannot have M < % + [%—‘ . The claim now follows. [

We can restate Proposition 5.18 in more convenient terms.

COROLLARY 5.20. Assume 0 < p; < M. Then (u — vu) € EN(N) if and only if
A1 < (vp)1 and qu € X, except when Ao Z ps (mod 2), Ao + ps > 0 and
A1 — Ao — 2
SR { 2

M =

Proof. As in the proof of Proposition 5.18, we know that the only case in which
A < (vp)1, qu € X and (u — vp) € ES(N) is for M as in (35). Since \; < (vu)y

then M > % — 2. Since qu € A then M > % + [)‘2_7”2—‘ So the equality in
(35) is possible if and only if [’\2;“2—‘ > VQE’”J and P?_T’”—‘ > —lg, i.e. if Ao Z po
(mod 2) and )\2 + M2 2 1.
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FI1GURE 10. The exceptional case in which the edge p — vp is swap-
pable even if (vu); > A;.

EXAMPLE 521.Let A = (3,2), p = (1,—1) and M = 21z _ PZ*TM] — 3. As
illustrated in Figure 10, in this case the edge u — v is swappable even if (vu); > Aq.

5.6. ANALYSIS OF a12-EDGES. Assume now that m + 1 = 4M — 2, so that ¢y :=
tm1 is the reflection corresponding to the root Md — aY,, i.e. a reflection over the
hyperplane {v | (v,a)s) = —M}. Let 7 := rp, q := qu and v := vy so that
the reflections in the reflection subgroup W™+ are {s1,r,q,v}. The classification of
NS-edges in the ajs-direction can be reduced to the known case of as-edges, as the
Proposition 5.22 shows.

PROPOSITION 5.22. An edge of the form p — qu is swappable if and only if sy — vsip
s swappable.

Proof. Tt is enough to show that
(36) Con (1, A) = L (g, N) = Lo (8140, A) — b2 (vsips, A).
Cra 5.23. Conjugation by s1 induces a bijection

Arry, (e, A) N {s1p0 = p} = Arr (s, A) N {p — s1u}
which sends (up — p) to (syup — syp). In particular, we have L (u,\) =

Proof of the claim. Notice that, since m = 4M — 3, we have 8Y € N(y,,) if and only
if 51(8Y) € N(ym). If tin <p p for t = sys_ov with @V € {ay, ayy, a3, }, then also
s1(aY) € {ay, afy, ad;} and, since (u, ") = (s1(u), s1(a")) it follows by (11) that
also s1ts151(p) <m s1(p). If t = sysray With N # 0, then sits; = sy5_qy and we
have
t <m p <= sgu(N)(u,af) > |N|
= sgn(=N)(s1(n), ay) > | = N]|
= s16(p) <m s1(). O

We assume now pq < 0 and let v = s1(u). Notice that (qu); < 0. Since vs; = s14¢,
using the claim, (36) is equivalent to

L (U, A) — Ly (0, A) = Lo (W, A) — Liga(vr, A).
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For any weight p/, the symmetric difference Arr,, (1, \) A Arry,io(/, ) is con-
tained in {qu’ — p',rp’ — p'} since these are the two only edges which we are
possibly reversing. Then the claim follows since we have

gm-‘rQ(Va )‘) - Em(l/7 >‘) = |{qV7 TV} N {g /\}| = £m+2(111/, )‘) - Em(’l}lj’ )‘)

In fact, by Lemma 5.11 we have v < gqv, and vv < rov and qv < A <= s1qV =
rov < A. Similarly, we have v < rv and vv < quv and rv < A <= s1rv = qrv < A
The case @1 > 0 is similar. O

5.7. ANALYSIS OF a21-EDGES. We conclude the classification of swappable edges by
looking at edges in the ag;-direction. In this case, the classification is trivial since, as
it turns out, all the ao1-edges are swappable.

PROPOSITION 5.24. Any edge of the form pu — p — kasgy is swappable.

Proof. We can assume that p—kao1 = s@an—j)s—ay, (1) with j = 0 or j = 1. The root
(2M — )6 — o is the (4M —1—2j)-th root occurring in (13). Let m+1 = 4M —1—2j
so that r :=t,,4+1 = S(2M—j)6—ay, -

We have (1 (p) = ¢*(rp) and 21 (p, A) = 21 (rp, A) — 1, so to show that u — 7u is
swappable it is enough to check that

(37) P, )+ 02, N) = C(rp, A) + 02 (rp, N).

We consider first the case j = 0, so W™ is the reflection subgroup with reflections
S1,qMm, T, VM- Notice that 7 = 7y If i > 0 and vpyrp > p then Conv(W™ - ) C
Conv(W - A) and the edge © — ru is swappable by the same argument as in the proof
of Proposition 5.13.

Assume now g1 > 0 and vy < p. Notice that we also have varp < rup. If gu < A,
then again Conv(W™ - u) C Conv(W - A). If gu £ A, then also siqu = gru € X and
we can rewrite (37) as

(38) () + D121, N) = £, (rp) + Gra(r, V).
CLAM 5.25. We have ps < —Mo.

Proof of the claim. we have p > vyrp 80 po + M < 0. If po > —XAo then $12(M7>\) =
A+ opr + {#J and gu £ X implies by (23) that py + pe +2M > A\ + Ao, In

particular, g > A + Ao — pg — 2M > Aq, so 521([,&, A) = Ag + po + A1 but this leads
to a contradiction since ru < A and by (24) we get 1 + po + 2M < Ay + Ao O

We now go back to the proof of (38). We have ¢2 () = —pg — M —1 and 2, (ru) =
p1+po+M—1. Since e < —Az we have by Lemma 5.6 that q/b\lz (1, A) = %Al-‘r)\g-i-ug
and 512(7"#, A) = ‘“T*'/\l + A2 — g1 — e — 2M and the claim easily follows. The case
p1 < 0 is analogous.

Consider now the case j = 1. The proof here is similar, with the main difference
being that the reflections in W™ are sy, qa, rar, vy but 7 # 7. In fact, we have
7= S@eM-1)5—ay, and Trr = S2pr5-ay, - In the case py = 0 and vayrp > p, or gup < A
then, similarly to the previous case, we have

{<m p} C Conv(W™ - ) ~ A{rpyp} € Conv(W - N).

(In other words, the convex hull of W™ - i must lie inside Conv (W - ), except possibly
for rprp, but this does not matter since p <,, rarp.) It follows that u — ru is
swappable. If > vprp and gprpe € A then we conclude by checking the identity (38)
as before. The case 1 < 0 is symmetric. d
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5.8. CONSEQUENCES OF THE CLASSIFICATION. We can summarize the results from
the previous three sections in the following proposition.

PROPOSITION 5.26. Assume w1 > 0 and let t be a reflection. If the edge pn — tu is not
swappable, then t corresponds to a Toot of the form M§ — .

Proof. By Proposition 5.24, we know that p — t,,414 cannot be in the aws;-direction.
Since py > 0, by Proposition 5.22 we also know that it cannot be in the a;s-direction.
Hence, the only possibility is that it is an edge in the oo direction. O

The classification of swappable edges also allows us to easily compare swappable
edges for different atoms.

PROPOSITION 5.27. Let 1 < A with py > 0. Let m = 4M so that t,, = sprs-ay and
assume [t < tpmp < A Consider the arrow (= t,u) € E(N).
(1) If (1t — timp) € ES(N), then (1 — tmp) € ES(\ + kwy), for any k > 0.
(2) If (p — tmp) € ES(N), then for any k < m such that p < tpp < A, we also
have (1 — tip) € ES(N).
(3) If (u — tmp) € EN(N), then X — @y is dominant and p < \ — ws.

Proof. The first two statements are clear from the explicit description given in Propo-
sition 5.17 and Proposition 5.18.

To prove (3), first notice that if Ay = 0, by Lemma 5.15 and Proposition 5.18 there
can be no non-swappable edges.

We now need to show the inequalities from Lemma 5.4 for u and for A = A — ws.
In fact, by Lemma 5.15 and Proposition 5.18, we only need to establish the following
inequalities, since they describe the hyperplanes delimiting the red region in Figure 8:

(1) pr+p2 <A +r-1
(2) 1 <AL +2X —2
(B) pa= - —A+1

However note that if 4 lies on either one of the hyperplanes defined by 1 = A1 +2X2
or s = —A; — Ag or , then ¢, £ X since t,,pu is “on the left” of p. Therefore the
only inequality we really need to prove is 1.

We assume that the inequality is not true, that is, u lies in the hyperplane defined
by A\ + A2 = p1 + pe. In particular, since p < A, such g must belong to the “top
side” of the octagon Conv(W - \) and it must satisfy A\; < p1 < A1 + 2Xo and
—Xo < p2 € Ag. Also (¢,1)2 must lie on the same side of the octagon, so necessarily
then (t,pu)2 = —ps — 2M > —Ag, which holds if and only if

M 2T H2
2

We get a contradiction, since by Proposition 5.17 the edge y — t,, 1t is swappable. [J
We are now ready to count the number of non-swappable edges.

DEFINITION 5.28. For u < A and m € N, we denote by

No(p, A :i={k <m | p <t < X and p — tgp is not swappable}|
the number of non-swappable edges in EN(N) corresponding to a reflection t., for
k < m, with starting point u. Let

Noo(p, A) :i= {k e N | u <t < X\ and p — tp is not swappable}| .
LEMMA 5.29. If i1 < tpppe < A, then No (Emp, A) = 0.

Proof. Tf (ty,p)1 = 0, this follows directly from Lemma 5.12. The case (t,,u) < 0 is
symmetric. O
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Note that since I'y is a finite graph, we have N (u, \) = N (i, A) for m large
enough. If u; > 0, the only non-swappable edges are in the as-direction, so in this
case we have

N ) = {1 < K <

—

2] 10— sws-aym) € BV

PROPOSITION 5.30. Let M = min (2], —p2 + qbg(,u, A)) and assume that up > 0.
Then we have
M + min(u, | £25°2 ) if > M
if 0 <y <A1, p2 < A2
and py + po = —MXo
if =0, p2 = Ao
or py + po < —Ag.

A H1—M 5 H2—A2
Nop(A) = 4 M+ 55 + min(pz, { 5 J)
0

Proof. This follows directly from Propositions 5.17 and 5.18. O

If p1 > 0, taking the limit m — oo we get

Ga(p1, A) — max(0, | L2522 ) if 1>

if 0 < py <A, po < Ao
and p1 + po = —Ag;
ifpup =0, po > Ao

or py + pi2 < —Ag.

(39) Moo ) = 4 920820 + 52— max(0, [
0

If py < 0 we have Mo (11, A) = Noo(s1(t), A). In particular, we have

~ . —p1 — A\
)+ 0, 1=
¢12(/~L ) min ( 92 > if 1 + 42 g )\2
- B p1+ p2 + Ao and po > —Ao;
(40) Noo(p, A) = max <07 {2 D
0 if gy +pe 2 Ao
or fig < —Ao.

A remarkable property is that the number of NS edges gives exactly the correction
term in (18) for non-swappable edges.

PROPOSITION 5.31. For any p < A with tymy1p < A, we have
gm-{—l(ﬂa )\) - em—i—l(tm—&-lﬂ'a )\) —1= ém(ﬂv )\) - ém(tm+1,uv )\) +1= A/'m—&-l(,ua /\)

Proof. The first equality is clear because p <u tmt1pft <m+1 M, SO We just need to
show the second one.

If 4 — tymy1p is swappable the claim is clear since Ny,41(p, A) = 0 by Proposi-
tion 5.27. We can assume 1 > 0 and v := {41 = Sps-ay, since the case py < 0 and
tm+1 = SMs—ay, 1s analogous. In this case we have gaprp £ A and garop £ A

Assume first p1 > A1. Then

Con (1, A) = Lo (01, A) + 1= 02 (1, A) — 37 (vp, X) =
A2 + 2

= min(A2 + ua, {

M2—>\2

= M + min /1427{

I—
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In fact, since ¢ — wp is not swappable, and Ay + po > Ao — M, we have Ay —

M > L#J The same computation also shows that the minimal K such that
N .

W= Sks—ayH €FE (N is

K = max(—pusz, ’V)\Q ; MQ—‘) +1

s0 also Nyy1(i, \) = M — K +1 = M + min(us, V"’%}‘ZJ)

Assume now py < A1. Recall that in this case we have pg > —X2 + 1. As in (34),
we have

- A - A
fm(u’)\) — L (b1t A) +1 =M + \fﬁg QJ + it !

2 2

In this case, the minimal K such that g — sgs_ayp € EN()) is

K:Al_“1+P2;“ﬂ+1.

2

and again Npp1(pu, A\) =M — K + 1. O

We can also generalize Proposition 5.31 to the case when t,,+1p £ A. In this case
L (Lt pt, A) is not properly defined, so we first need to generalize its definition.

DEFINITION 5.32. Let p € X and assume py > 0. For m € N and i € {2,12,21} we
define

G X) if p <X

g“””:{@mM if g,

where here qASi(u, A) is to be interpreted as the function given in Lemma 5.6 (notice
that ¢; is not properly defined if n € A). Then we define

O (1, 2) = £1(1) + £, (1) + o (11, 3) + 032 (11, M)
Notice that Zm(tmﬂ, A) =L (tpp, A) if m=4M and p < tpp < A
COROLLARY 5.33. Let i < A and m = 4M . Then we have

Lo (11, X) = O (timpts A) — 1 = Ny (2, N)

Proof. Let v := t,,. We can assume vu € A, otherwise the claim follows by Proposi-
tion 5.31. Notice that this forces qprpe € X and rprp € A. Notice also that ¢2 (vu) =
—p2 — M — 1 and that N, (1, A) = Noo (i, N).

Assume first p1 > A;. We have

U (11, A) = L (01, A) = 1= 1211, A) — br2(vpa, ) + b2, A) — €2, (vp) — 1

= 01 i, | 22522 ) 4 o)~ =
= o1, A) + min(0, — PQ ;“ﬂ ).
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Assume now p1 < Ap. In this case, we have

2 — A2 1 — M
) J+ 2

O X) = Pon(opis \) — 1 = M + V T Bal, N) — (o) — 1

. e, -
= M + min(pz, Vz 5 2J)+¢2(M»)\) —p2— M

—~ A -
@(u,mmin(oﬂ ﬁﬂ)#‘l L

2 2
The claim follows by comparing these formulas with (39). O

5.9. NON-SWAPPABLE STAIRCASES. In type A,,, swapping functions can be defined
within a single atom. Unfortunately, the existence of non-swappable edges in type Co
means that we cannot do the same, causing a relevant increase in complexity. Instead,
for every non-swappable edge, the swapping functions we are going to construct in
Section 6 will involve two elements from two different atoms within the same preatom.
To determine which are the two atoms involved we need to introduce a new quantity,
which we call the elevation of an edge and that measures the height of the maximal
staircases of non-swappable edges lying underneath it.

DEFINITION 5.34. Let e = (u — pu — ka) € E(X) be an edge. We call the elevation of
e the minimum integer j > 0 such that (n — p — (k — j)a) € E¥(\ — jws) and we
denote it by Q(e).

Notice that Q(e) = 0 if and only if e is swappable. The elevation of a non-swappable
edge is well defined by Proposition 5.18.

In the other direction, we need a way to control how many times an element gets
swapped with elements from higher atoms.

DEFINITION 5.35. Let k > 0 and let p < A. A staircase of non-swappable edges over
(4, A) (or NS-staircase, for short) is a sequence of edges (e;)1<i<a Such that
o ci:=(u—p—(n+i)a) € ENA\+iws) foranyi=1,...,a.
en=0o0re:=(u—p—na)ec ESN).
We define @oo(u7)\)to be the length of the longest NS-staircase over (u,\). We

define Dy, (1, A)to be the length of the longest NS-staircase over (p, A) where the label
of every edge in e; is a oot in N(Ym).

EXAMPLE 5.36. Let A = (3,1) and p = (3,0). Then eg := pg — u — s = vy is a
swappable edge, while e; := (1 — 1 —2a2) € EN(A+w2) and ey := (1 — 1 —3aa) €
EN(X + 2wy), as illustrated in Figure 11. So (e1,e3) is a NS staircase of (i, A) and
we have Q(ez) = 2, Q(e1) = 1 and Q(eg) = 0.

Moreover, as illustrated in Figure 12, the staircase (ej,es) cannot be extended,
since pt — 4as € A + 3wsy. Hence, we have ZSOO(,u, A)=2.

LEMMA 5.37. There exists at most one non-empty NS-staircase over (j, \).

Proof. Assume that the there are two non-empty NS-staircases of the form p —
p—(n+i)a€ EN(A\+iws) and g — p— (n' +i)8 € EN(X + iwz). Now, if g > 0,
by Proposition 5.26 we have « = 8 = a9 and if u; < 0 we have @ = 8 = aq9, so in
particular o = 3.

We can assume n/ < n. Since g — pu — na € ES()), by Proposition 5.27.1), we
have that y — p — na € E¥(\ + wy). With this and Proposition 5.27.2), we get
(0 = p— (n' 4+ 1)a) € ES(\ + wz). Our second NS-staircase must therefore be
empty. O

LEMMA 5.38. If Ny (1, A) = 0 and pi < top < A, then also Dy, (1, A) = 0.
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FIGURE 11. The edge eg is swappable while e; and e; are not. To
check this, since p; > A1, as explained in Proposition 5.17, it is
enough to compare the number of weights in the convex hull lying
below p and vp.

A+ 3w

FIGURE 12. We have p—4as € A+3ws and the NS staircase (e1, e2)
from Figure 11 cannot be extended.

Proof. Assume that p; > 0. If yu — tpp € ES()\) for k < m, then also u — txu €
E%(X\ + wy) by Proposition 5.27. If tyu £ X and (1 — txp) € EN(\ + ws), then
lk = Sk6—ay - But this cannot happen by Lemma 5.12.

The case p; < 0 is symmetric. (]

PROPOSITION 5.39. If 1 > 0 we have

if =A< <A

and po Z o (mod 2);
max (0, min(p1, A1) + A2 + p2) i po < —Ao;

0 otherwise.

max(0, min(Aq, p1) — 1)
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Proof. Let (ei)i<i<a = (0 — Unm+ilt)1<i<a b€ @ non-empty maximal NS-staircase
over (p, ) with M > —puo.
Assume first gy > A\;. We have e; = (1 — vary1p) € EN (A + @32), so by Propo-

sition 5.17 we get pus < —Ay or M +1 > [w—‘ We have either vy = p or
eo = (u — varp) € ES(N). In the first case we get —M = po. In the second case we
have ps > =X+ 1, M < PTTW—‘ and M +1 > [w—‘, so the only possibility is

M = PZ_M-‘ _ P2—M2+1-"

2 2
which also implies A\g # ug (mod 2).
Assume further that ps < —\o. From the discussion above we must have M = —ps.

It is easy to check that for any k > 1 we have ey, € EN (A +kws) if v pp < A+ koo
and that

=0

A A —k
UMkt S A+ ko <= { ke bl o J

2
s0 we get Dog (11, ) = max(0, Ay + Az + 2).
Assume now pg > —Ag. If Ao #Z po (mod 2) then Do (p, A) = 0. If Ay Z po (mod 2)

we must have M = )‘2;2“2-‘ Since vy < A, from (22) we get
Ao — 12 < AL+ A2 — o
2 = 2 ’

so this is possible only if A; > 0. It easy to check that for any k& > 1 if vprppep < A+
kwa, then also (i — var4k(p)) € EN (A +kwog). Moreover, from (22) vas1r < A+ koo
we see that is equivalent to

A2 — 2 < M+ —p—k
2 h 2

which is true if and only if £k < A\; — 1. Hence ﬁoo(,u, A) = max(0,A; — 1).
The proof in the case 0 < gy < Ay is similar. Since e; € EV(\ 4 @) we have

M+1> % + max(—pus, [%—‘) We have either vy = poor (u — vprp) €
ES()\). However, the first case is not possible because

A —
M41l=—p+1< 12M1

)\2—/12-1-1—‘)

+maX(7N’27 ’7 D)

In the second case, we have M < LQI“ + max(—pa, [’\2;“2—‘ ), which forces

(41) (i | 22512 ]) = (-, | 2222

2 2

and M = )“_T’“+max(—u27 [)‘25“2—‘). The equality in (41) can only occur if pg < — A2
or if ug > —Ag and Ay # po (mod 2).
Assume now pp < —Ag. Then M = % — po. It is easy to check that for any

k > 1 we have ¢, € EN()\ + kws) if vprppp < X+ kwy and that

p1+ Ao+ po — k
2

UM+]€[L<)\+I€’W2<:> L J}O

so we get Do (1, A) = max (0, + Az + piz).

Finally assume po > —Xg. If Ao Z po (mod 2) then ﬁoo(,uJ\) = 0. If Ao &£ uo
(mod 2) we must have M = % + [%—‘ It easy to check that for any k > 1
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if varipp < A+ koog, then also (u — varer(p)) € EN(X + kws). Moreover, from
(22) vpr4k < A+ kwo we see that is equivalent to k + 1 < py. Hence Do (p, A) =
max (0, p1 — 1). O

COROLLARY 5.40. If p11 < 0 we have
if — Ao < 1+ pe < Ao
and py + po Z Ag (mod 2);

max (0, min(—p1, A1) + X2+ p1 + p2) if pr 4 p2 < —Ag;
0 otherwise.

max (0, min(Ay, —p1) — 1)
Deo(ps A) =

Proof. This immediately follows from Proposition 5.39, since by symmetry (cf. Propo-
sition 5.22) we have Do (11, A) = Doo(s1(1), ). O

Suppose than T € A(A—kwsz) C P(A). In our applications in Section 6, we are only
interested in NS staircase over (wt(T), A — kwws) that live inside the preatom P(X). In
other words, we truncate our NS staircases (e;)1<i<q S0 that a < k.

The following quantity measures the longest possible truncated NS staircase over
(1, A — kwo) in a preatom of highest weight A.

DEFINITION 5.41. Assume that k > 0 and p < X\ — kws. Then, for any m € NU {oo}
we define

D (1, A, k) := min(k, Dy, (1, A — kwos)).

6. THE CHARGE AND RECHARGE STATISTICS

6.1. A FAMILY OF COCHARACTERS. Let X = X @& Zd be the cocharacter lattice
of the extended torus T, = TV x C*, where TV is the maximal torus of GV. Let
)?Q ZZ)?@ZQ and )?R ZZ)?@ZR.

We recall some definitions from [25]. The KL region is the subset of )?Q of the
elements 7 such that («",n) > 0 for all a" € &)i Concretely, an element in the KL
region can be written as 7 = A+Cd where A € X and C' > (A, 8Y) for all 3V € ®Y.
The MV region is the subset of )?Q consisting of elements of the form n = A + Cd,
with A € X4 and C =0.

We call a wall a hyperplane in )?R of the form
Hov i={n € Xz | (n,a") = 0} C X

for ¥ € ®V. For A € X, we denote by ®¥()) the set of all the labels present in the
graph T'y. We say that a wall Hyv is a A-wall if oV € ®V(\). We call a A-chamber
(or simply a chamber, if \ is clear from the context) the intersection of )?Q with a
connected component of
)?]R N U Ha\/ .
avedv(n)

Two chambers are adjacent if they are separated by a single A-wall. The KL chamber
is the unique chamber containing the KL region and the MV chamber is the unique
chamber containing the MV region. We say that A € Xgq is regular if it does not lie
on any wall. Otherwise, we say that A is singular.

For A € X, let Gr* denote the corresponding spherical Schubert variety in the
affine Grassmannian of GV (cf. [25, §2.1.2.]). For any regular € X and any g < A
the hyperbolic localization induces a functor

HL? : Do - (Gr) — DP(pt) = Vect”,
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where D%ch* (mk) is the derived category of TV x C*-equivariant constructible
sheaves on the Schubert variety Gr* with Q-coefficients, and Db(pt) is the derived
category of sheaves on a point, which is equivalent to the category of graded Q-vector
spaces (see [25, §2.4]). In general, for any regular n € )?Q we can define HL]] as HLfy”,
where N is any positive integer such that Nn € X. By abuse of terminology, we may
then refer to all the elements in )?Q as cocharacters.

Let h := grdim(HL (1Cy)), where ICy denotes the intersection cohomology sheaf
of Gr*. The polynomials iNLZ \(v) are called renormalized n-Kazhdan—Lusztig polyno-
mials. We say that a function r : B(A\) — Z is a recharge for n if we have

B = Y g™ ezlgr g0,
TEB(N)

If ngr is in the KL chamber and p € X, then
K@) = St (g7)g =)

is a Koskta—Foulkes polynomial by [25, Proposition 2.16]. So if rgy is a recharge
for nxr in the KL region, we obtain a charge statistic ¢ : B(A\) — Z by setting
¢(T) == rir(T)+3£(wt(T)). Notice that if wt(T) € X this is equal to ¢(T) = rg(T)+
(wt(T), pV).

We specialize [26, Definition 3.7] to our setting.
DEFINITION 6.1. Let A € Xy . We call M-parabolic region the subset of )?Q consisting
of reqular cocharacters n such that

e (n,8Y) > 0 for every BY of the form M — oy with M > 0, or of the form
Mé§+ oV, witha € @4 and M > 0, and

e (n,8Y) <0 for every gV € </I;i(/\) of the form Mé — «f such that M > 0 and
i e {2,12,21}.

The walls that separate the parabolic region from the KL region are precisely
Hys—ov  with M >0 and i € {2,12,21}.
Every cocharacter np of the form
np = A1y + Aswe + Cd

with 0 < A; < C < A, lies in the parabolic region.®)
We consider the following family of cocharacters:

(42) n:Qx0 — )?Q, n(t) =np +td.

Observe that n(t) is in the KL chamber for ¢ > 0. We can choose ty such that n(to)
is in the KL chamber and for any ¢ we choose t; 1 < t; so that n(t;) and n(t;11) lie in
adjacent A-chambers until we arrive at ¢, in the parabolic region. We can furthermore
choose ty = 0 and set tpr41 = ... = too = 0 and n; := n(¢;) for any i € NU {oo}.

6.2. RECHARGE STATISTICS FROM THE PARABOLIC TO THE KL REGION. Our goal
is to attach a recharge statistic to each of the cocharacters 7;.
Let T € B(A). Recall that by Definitions 4.10 and 4.25 we have

Te AN — at(T)we — 2pat(T)wy) C P(A — 2wy (T)) C B(A).

(3)More precisely, sufficient conditions are 0 < A1 < C < % where v = max{M | M§ — BV €
®V(N)}-
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DEFINITION 6.2. Assume that T € P(\) C B(X) with p := wt(T). Let a := at(T) and
p:=pat(T) so that N = X\ + 2pwo;. We define

O (T) = L (p, A — aw2) — N (p, A — aw@2) + Do (1, A, @) + a + 2p.
Let 1, (T) := —0om(T) + (N, pY) = —om(T) + (A, p¥) + 3p.
Our main result is the following.

THEOREM 6.3. The function r,, : B(A) — Z is a recharge statistic for n, for any
m € NU {co}.

The proof that r; is a recharge for 7); is divided in two parts. We first show directly
in Subsection 6.3 that r, is a recharge statistic for 7., = 1(0), i.e. a recharge in the
parabolic region, and then we construct for any ¢ swapping functions between 7; and
Ni+1. After putting everything together, this proves that rx := ro is a recharge in
the KL region, and we can easily obtain from that the following formula for a charge
statistic in type Cs.

COROLLARY 6.4. The function ¢ : B(\)y+ — Z defined as
e(T) = (A — wt(T), p*) — at(T) — pat(T)
is a charge statistic.

Proof. By definition, we have Ny = Dy = 0 and £y = ¢. Hence
1 1
o(T) = ro(T) + Z(WH(T)) = (A, p") — ZH(WH(T)) — at(T) — 2pa(T)
is a charge statistic. We conclude since, for T € B(\);, we have ((wt(T)) =
2(wt(T), p). .

6.3. RECHARGE IN THE PARABOLIC REGION. Let 75/ be a cocharacter in the MV
region and np be in the parabolic region. The only walls separating 7,y from np are
of the form Hpzs_qy, with M > 0. We know from [25, Eq. (21)] that

rarv(T) = —(p”, wt(T)).
is a recharge in the MV region. To construct a recharge in the parabolic region, after

Levi branching, we can assume we are in rank 1 and thus compute the recharge as
illustrated in [25, §3.1]. In particular, it follows from [25, Lemma 3.8] that

rp(T) = —(p", wt(T)) + ¢1(T) — £ (wt(T))
is a recharge in the parabolic region. It remains to show the equality between rp and

T'oo-
Let T € P(\) C B(A + 2pw) with p = pat(T) and let a = at(T) and p = wt(T). At
m = 0o, we have

oM =)+ Y Gilp A~ am)

i€{2,12,21}
(43) —Noo (p, A — awz) + Doo(p, A, @) + a + 2p.
Our next goal is to simplify the expression (43).
LEMMA 6.5. We have (Egl(,u, A—aws) +a= $21(/A, A).
Proof. This follows directly from Lemma 5.6. O

PROPOSITION 6.6. Let = wt(T) and assume that py < 0. We have ¢o(T) = q/ﬁ\g(u, A—
aws) and

$12(T) = P12 (i, A — am2) = Noo (1, A — am2) + Do (11, A, ).

Algebraic Combinatorics, Vol. 8 #2 (2025) 563



LEONARDO PATIMO & JACINTA TORRES

The proof of Proposition 6.6 is rather long and technical and we postpone it to
Subsection 6.4.

LEMMA 6.7. Let = wt(T). We have
(44) 0o (T) = £1(1) + 62(T) + $12(T) + P21 (1, A) + 2p.

Proof. If up <0, this follows immediately from Lemma 6.5 and Proposition 6.6.

If 11 > 0, then let T = 51 (T). Recall that atoms are stable under s; by Lemma 4.19.
So the element T’ can also be characterized as the element in the same atom of T with
weight s1(u). Notice that ¢a1, Noo and Dy, are preserved by s1, while ¢o(u, A\—aws) =
D12(s1(p), A — awz) and £1(p) = (*(s1(p)) — 1. It follows that oo (T) = 0o (T') — 1.
On the other hand, we also have ¢3(T) = ¢12(T’) and ¢12(T') = ¢2(T), so we obtain
the desired identity (44) for T as well. O

PROPOSITION 6.8. We have 7p(T) = roo(T) for any T € B(X).

Proof. Let = wt(T) and assume T € P(\) C B(A + 2pw;). By Lemma 6.7 we have
Poo(T) = = (1) — $2(T) — ¢12(T) — Ga1 (1, A) + (A, ") +p.

So our claim is equivalent to

(Nt 11,0) = d21 (1, A) = 61(T) + 62(T) + ¢12(T) —p = Z(T) — p.
By Proposition 4.14 and Lemma 5.6 we have
A1+

~ 3 3 .
(42X p) — 21 (p, A) = Ao + o + 5)\1 + SH —min(Ag, 5 JAL+ )
LA — AL+
= Ao + pi2 + A1 + p1 — min( 12H1,07 12u1)
=Z(T) —p. O

6.4. COMPUTING ¢o. It remains to prove the identity Proposition 6.6.
We begin by considering the case at(T) = 0. The general case will follow by induc-
tion on the atomic number.

PROPOSITION 6.9. For any T € P(\) with wt(T); < 0 we have ¢(T) = gg(vvt(T)7 A—
at(T)ws).
Proof. Let pu < A. Consider the multiset
Mo(p, ) = {¢2(X) | X € P(N\) with wt(X) = p}
Since P(A) is a union of fo-strings, we have an equality of multisets
(45) Mo (i, \) = {6(p. A — kea) | 0 < k< Xp with p <A — ko).

In fact, the fo-strings contained in P(A) which pass through an element of weight u
are in bijection with the atoms in P(A) containing an element of weight p.
The claim now follows by induction on Ag. If Ao = 0, then P(A) = A(\) and

Ma(p, A) = {92(T)} = {pa(p, )}

If Ay > 0, consider the embedding ¥ : P(A—ws) < P(A) from Definition 4.18. The
map ¥ is weight-preserving and we have ¢o (¥ (X)) = ¢2(X) and at(¥ (X)) = at(X)+1
for any X € P(A —wq) with wt(X); < 0. If T = ¢(X) for some X € P(\— ws), then
@2(T) = ¢2(X) = b2 (1, A — w2 — at(X)ws) and the claim follows. Otherwise, we have
Te AN =P(A) N Y(P(A—ws)) and by (45) we see that

{62(T)} = Ma(, ) ~ Ma(p, A — @2) = {2 (11, M)} O
LEMMA 6.10. Let T € P(\) C B(XA) and let p = wt(T). Assume py < 0 and at(T) = 0.
Then we have ¢1(T) = max(0, pu1 + p2 — Ao, —p2 — A2).
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Proof. Let stra(T) = (a, b, ¢,d). By Corollary 4.27 we have
at(T) =0 <= (c=d=0)or (b=X +2c—2dand d <1orc= X\ +d)
As computed in (10), we have
$1(T) = A\ + 2a — 2b + 2¢ — 2d + max(d, 2c — b, b — 2a).

We now divide into several cases. Assume first ¢ = d = 0. Then the statement is
equivalent

(46) A1+ 2a — b —min(2a,b) = max(0, A\; — b, —2X2 — b+ 2a).

Since p1 = A\ —2b+2a < 0 and b < A1, we have 2a < b, so the LHS in (46) is A; —b.
Moreover, Ay —b > 0 and Ay — b > 2a — b — 2\, otherwise we get. A1 + 23 < 2a < b.
So the RHS in (46) is also equal to Ay — b.

We can now assume b = A1 +2c¢—2d, so we have ¢1(T) = max(—A; +2a—2¢+3d,0),
while the RHS can be rewritten as max(0,d — 2¢, —2As + d 4+ 2a — A1). Moreover, we
have d —2c < 0 and p1 = —A1 + 2a — 2¢+ 2d < 0.

So it is enough to show that

(47) max (0, 1 +d) = max(0, 41 —2(c — A2 —d) +d)

The equality is clear if ¢ = Ay + d and it also follows if d < 1 since that both term
vanish for p; < 0. O

PROPOSITION 6.11. Let T € P(A) and let p = wt(T). Assume p1 < 0 and at(T) = 0.
Then we have ¢12(T) = ¢d12(1, ) — Noo (1, N).

Proof. If pi = 0, then ¢15(T) = ¢2(T), 12(T) = ¢o(T) and Nog (1, A) = 0, so the claim
follows from Proposition 6.9. We assume in the rest of the proof u; < 0. We can also
assume that T lies in the largest preatom, i.e. P(A) C B(A). In fact, since & commutes
with s; and fs, the claim for the other preatoms easily follows by induction.
Recall now by Proposition 6.9 that ¢2(T) = qgg(u, A). We divide into three cases.
We first assume pu; + puo < Ao and ps > —Ao. Notice that this precisely means
¢1(T) = 0. By Equation (39), we have in this case

9/25\12(T) — Noo(pt, A) = max(0, VMMJ) — min(0, M)

2 2
Let x := A2 + p1 + po. Then by Propositions 4.14 and 6.9 and lemma 6.10 we have

$12(T) = Z(T) — ¢1(T) — ¢2(T)

AL+ 1 — A .
= S o max(0, 2 —min(x, | 5] h2):

Notice that min(0, %) + max(0, 7)‘127“1) = 7>‘127’“ and that Ay > [%]. So,

our claim results equivalent to the easy-to-check identity
x = min(x, | 5 [) = max(0, [ 5 ]).
2 2
We now assume that p; + po > A or that pus < —A9. In both cases, we have
from Lemma 5.4 that pu; > —A1, so Z(T) = A1 + Ay + p1 + p2. Moreover, from
Proposition 5.31 we have Ny (i, A) = 0, so the claim is equivalent to Z(T) — ¢1(T) —
$2(T) = ¢12(T). R R
If g + pg > Mg, then ¢o(T) = % + A2 and ¢12(T) = % + Ag, so the desired
equality reduces to the identity

A A
/\1+/\2+M1+M2—M1—M2+/\2—?1+%—>\2=?1+%+>\2~
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Finally, if o < —MAg, the desired equality reduces to the identity

A A
)\1+>\2+M1+u2+ﬂ2+/\2*?1+%*M1*H2*>\2:?1+%+>\2+H2- U

PROPOSITION 6.12. Let T € P(A) and let u = wt(T). Let A := at(T). If p1 < 0, we
have

612(T) = d1a(, A — Aws) = Noo (1, A — Aw) + Doo (1, A, A).
Proof. As in Proposition 6.11 we can assume that P(X) C B(A). We show the claim

it by induction on A. If A = 0, the claim immediately follows from Lemma 6.10 since
Doo(pt, A, 0) = 0.

If A> 0, then T = ¥(U) for some U € P(A —wz) C B(A —ws) with at(U) = A — 1.
By induction, we have

$12(V) = dr2(s, A — Awz) — Noo (11, A — Aws) + Do (1, A — w2, A — 1).

So it suffices to show that, for any U in P(A — w2) C B(A — ws) with wt(U) = p, we
have
(48)

¢12(\I’(U)) - ¢12(U) = ,Doo(/lv )‘aA) - DOO(M7 A — g, A — 1)

= min(A4, ﬁoo(u, A — Aws)) — min(4 — 1, ﬁoo(,u7 A — Aws)).
Let strz(U) = (a, b, ¢, d). We know from Corollary 4.24 that

1 ifd=0and 2a >b>2cord#0,\ and b > 2a+d
0 otherwise.

$12(¥(V)) — $12(U) = {

However, notice that we cannot have d = 0 and 2a > b > 2c¢ since otherwise pu; =
A1+ 2a—2b+2¢ > A +2¢—b > 0. Tt follows that (48) is equivalent to showing that

~

Doo(i, N\ — Awg) 2 A < d#0,\ and b > 2a +d.

We show this in the following lemma. O

LEMMA 6.13. Let X € P(X\) C B(\) with p = wt(X) such that py < 0. Let A := at(X)
and stra(X) = (a,b,c,d). We have

~

Doo(pty A — Awg) > A <= d#0,\1 and b > 2a +d.
Proof. Recall from Corollary 5.40 that we have

if g +pe+ e = A,
max(0,min(Ay, —p1) — 1) py +po + A < Ay and
N B B p1+p2 A — A (mod 2);
Doo (s A — Awoz) = max (0, min(—p1, A1) + Ao

— A+ p1 + p2)
0 otherwise.

if/l1+ﬂ2+/\2<A;

Moreover, from Proposition 4.26 we have

min(c, A1 + 2¢ — b) ifd=0

A=at(X) =
at(X) {)\1+20—2d—b+min()\2+d—c,d—1) if d > 0.

We divide the proof into three cases.

First case: d = 0. We claim that in this case we actually have Do (, A= Awoa) =
0. Notice that gy + o + Ao = A1 +2 o —b > Ay +2¢— b > A. So we can also assume
that A < Ay — g — o = b — A1. Notice that this is equivalent to ¢ + A; > b and
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A =X +2c—b. However, if A = A1 +2¢c—b then u1 + s+ A2+ A =0 (mod 2), and
therefore ﬁoo(u, A — Awy) = 0.

Second case: d = \;. In this case we have A = min(As + ¢ —b,2c — b — 1) and
1+ po + Ao = 2Xo — b. It follows that g + ps + Ao > A if and only if A > ¢. Recall
also that b < 2¢ — \;.

Assume first Ao > ¢, so that A =2¢c—b—1 and pu; + o + Ay > A. The claim now
follows since ﬁoo(u,)\ —Awy) <A —1<2c—b—1.

Assume now Ao < ¢ so that A = Ay +c—0b and pg + po + A2 < A. The claim follows
because, if ﬁoo(u,)\ — Awsy) > 0, then ﬁoo(u, A—Awo) <K A+ X+ +pus— A=
)\1+>\27C§)\2+Cfb:A.

Third case: d # 0,A;. In this case we have b = A\ — 2d + 2¢. Notice that
b > 2a+d is equivalent to A\; — 2a + 2¢ > 3d. We also have A = min(Ay +d —c¢,d—1)
and p1 4+ po + Ao = 2X9 — 2c+d, so puy + p2 + Ao = A if and only if Ao > c.

Assume first Ay > ¢, so that A = d—1 and p; +ps+As > A. Notice that A\ —1 > A
and also

—u1—1>A <= M +2c—2a—-2d—1>d—1 <= A\ +2c—2a>3d
Hence, ZSOO(N,A—AWQ) > A if and only if A; + 2¢ — 2a > 3d.

Finally assume Ao < csothat A = A +d—cand uy + us + Ao < A. In this
case we have Dy (i, A — Aws) = max(0, min(0, 1 + A1) + Ao + po — A). We have
,U,1+>\1—|-/\2+,[L2—A:>\1+)\2—C>)\2—|—d—C:Aand

A+pus—A>A < A +2c—2a>3d.

It follows that ﬁoo(p, A — Awy) > A if and only if A; + 2¢ — 2a > 3d. O

7. SWAPPING FUNCTIONS

Recall the family of cocharacters {1, }men introduced in Subsection 6.1. The unique
wall separating 7, and nm1 is Hay  , where a1 € &DYF is the (m + 1)-th root
occurring in the sequence (13). As in (16), let ¢ := ¢,,4+1 denote the corresponding
reflection. For any ¢ € X such that p < tp < A we define

’L/)tu : B()\>tu — B()\)M

as follows. Let T € B(\);, and assume that T € A(A — awz) C P(A) and let e :=
(ke — tp) € E(X — aws). Then 94, (T) = T, where T is the only element of weight p
in AA — (a + Q(e))ws) C P(A).

PROPOSITION 7.1. The collection of maps ¥ = {1, } is a swapping function between
Nm+1 and M. In particular, if rmi1 95 a recharge for nmy1 then ry, is a recharge for
Nm -

To prove Proposition 7.1 we need to check that for any m and T we have 7,1 (T) =
Tm+1(¥eu(T)) 4+ 1, or equivalently that ¢y, 1(T) = o1 (e (T)) — 1.

PROPOSITION 7.2. Assume T € A(A — kwz) C P(A) with ty = wt(T) and that e :=
(= tp) € E(N — aws). Then, we have
(49) Om+1(T) = Opmgr (Peu(T)) — 1.

Proof. By Lemma 5.29 we have N, 11(tu, A — aws) = 0 and by Lemma 5.38 we also
get Dy (tp, A, a) = 0. Let Q := Q(e) and recall that ¢, (T) is the element of weight
p in the atom A(X — (a + Q)wa) C P(A).

First assume €2 = 0, or equivalently that e is swappable. Since u — tu is swappable,
by definition we have £,,,11(u, A — awwg) = Ly11(tp, A — aws) + 1. By Proposition 5.27
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we have that N, 1(p, A — awz) = 0 and by Lemma 5.38, we also get D41 (1, A, a).
The claim now easily follows.

Assume now > 0, so e is not swappable. Notice that D, 11(u, A, a + Q) = Q.
Combining with Lemma 5.29, our claim (49) becomes equivalent to

U1 (B, A — aw2) = L1 (1, A — (@ + Q)@2) — Ning1(p, A — (a + Q)wa) +202 — 1.

We can assume pq > 0 as the case p; < 0 is symmetric. Because e is not swappable,
we have m+1=4M, qpp € X and rpr 0 € A In particular, by (23) and (24) we have
012 = ¢12 and (2!, | = $o1. Using Corollary 5.33, our claim is then equivalent to

(50) Ot (s A — @792) — Ly (B, A — (a4 Q)zma) = 200,
By Lemma 5.6 we have

do1 (tpa, A — azoy) — o (tp, A — (a + Q)ewg) = Q

$12(t/% A — ClLTJQ) — (Elg(t,m A — ((l + Q)WQ) =0

because (tm+144)2 < —A2 (as proven in Claim 5.19) and the identity (50) now follows
directly from the definition of £,,41. O

Proof of Proposition 7.1. Proposition 7.2 precisely shows that v is a swapping func-
tion for ry,,41. This means that we can obtain a new recharge r,, for n,, by swapping
the values of r,,11 as indicated by . It remains to show that r,, = r/ . In other
words, for ¢t = t,,41 and for any p < tu we need to show that

(1) if wt(T) = tp then r,,(T) = 1 (W(T)) = rppr (T) — 1
(2) if wt(U) = p and U € Im(vpy,) then 7, (U) = rm+1(1/)t_#1 () = rm+1(0) + 1;
(3) if wt(U) = p and U & Im(e)y,) then 7, (U) = rypq1 (U).

The first statement is clear since 7., (T) — 7n1(T) = L1 (Ep, 7) — Lo (Ep, 7) = —1
by Lemmas 5.29 and 5.38. Let now U € A(¢) with wt(U) = p and let a := at(U). We
need to compute

Tm(0) = "my1(U) =lmp1 (1, C) — L (pt, ¢) — Nm+1(/~La ) "‘Nm(,u» ¢+
(51) +Dm+1(li7<+@w27a> _Dm<M7C+aw2,a)~

If U € Im(4y,), there exists Q € N such that e := (u — tp) € E(( + Quws) and
Q= Qe). If Q = 0, then e is swappable and tx < ¢. So (51) simplifies to 7, (U) —
P41 (U) = L1 (1, ¢) — b (10, ¢) = 1. If Q > 0, then we have by Proposition 5.27.1
that (u — tu) € EN(C) or tu £ ¢. Tt follows that

(52) b1 (11, Q) = lin (11, €) = Niny1 (11, Q) = N (11, Q) = 0 if g c

so the first line in the RHS of (51) vanishes. Since 2 < a, the edge e belongs to
a truncated NS staircase over (p,( + aws), hence D11 (1, ¢ + awa,a) — D (s, ¢ +
aws,a) = 1.

Finally, assume that U ¢ Im(¢;,). This means that (u — tu) € E¥((), so (52)
holds again in this case. Moreover, there does not exists k < a such that f := (u —
tu) € EN(C + ko) with Q(f) = k, from which it follows that Dy, 1 (u, ¢ + awe,a) =
D (p, ¢ + aws,a) and (51) can be simplified to 7, (U) — 41 (U) = 0. O

{1 ity < ¢
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7.1. ALTERNATIVE FORMULA. We can obtain an alternative formula for the charge
statistic by focusing on a single element and counting how many times its recharge
gets changed by a swapping function. In type A, this is discussed in [26, Remark 3.13].

DEFINITION 7.3. We define A® : B(\) = Z, for a € & as the total contribution of
the swapping functions along the direction a. It is defined as

A* =" rp(T) = 11 (T)

where the sum runs over all m such that the (unique) wall between the \-chambers of
Nm and Nym—1 s of the form Hpyrs—_qv -
We write A := A% fori € {1,2,21,12}.

We have rgr, — ryy = Ea€‘1>+ A“. Recall that in type A for any o € ¢, we
have A%(T) = ¢ (T) — £*(wt(T)). When we apply the swapping functions along the
ay-direction, to go from the MV region to the parabolic region, we regard B()) as a
crystal of type Aj. It follows that AY(T) = ¢1(T) — ¢} (wt(T)) as in [25, Lemma 3.7].
Moreover, if T € B4 (), we have

(53) AY(T) = ¢1(T) — (wt(T), o) = ex(T).
PROPOSITION 7.4. For T € A(¢) C B(X\) with wt(T) = p and at(T) = a we have
(1) A2H(T) = o (41, ) — ! ()(T).

(2) A%(T) = ¢2(T) — £2(wt(T))
(3) A(T) = ¢12(T) — £12(wt(T))

Proof. By Proposition 5.24, the swaps in the ag;-direction always occur within the
atom of T, so to compute A2?}(T) we just need to consider the string of elements in
the atom of T of weights p + kao;. This means that we can compute A2! as in the
rank one case and have A%!(T) = (;ASgl(T) — 02 ().

Assume first g7 < 0. Then the swapping occurring on T in the s direction only
occur within the atom of T, so as for A2!, we have

AX(T) = da(p, Q) — £2(1) = ¢2(T) — £2(n),
where the second equality comes from Proposition 6.9.

Assume now p1 > 0. Then by construction the number of swappable edges con-
taining p in the atom of T is ag(/i, ¢) — N (i1, ¢). Of these, there are ¢2(u1) attached
to roots M+ sy, which do not correspond to any crossed wall. Moreover, T is also in
the image of Dy (i, ¢ + aws, a) swapping functions, corresponding to non-swappable
edges in atoms bigger than A(¢). It follows that

AX(T) = §a(1: €)= (1) = Noo(: €) + Do (41, + atw, @) = (1) — £ ()
by Proposition 6.12.
The proof of the formula for A'? is symmetric. U
Assume now that T € B (). Then, as in (53), we have A?(T) = €3(T) and A'?(T) =
612(T).
DEFINITION 7.5. Let T € A(C) be such that wt(T) = u. We define €31(T) := ;521(/1,, ¢)—
().

Notice that €1(T) can equivalently be defined as the largest integer k such that
wt(T) + k < ¢, for T € A(C).

For T € By (), we have rx(T) — rarv(T) = €1(T) + €2(T) 4 €12(T) + €21(T). Since
rav (T) + 26(wt(T)) = 0 for T € B4 ()), it follows that

C(T) = 61(T) + EQ(T) + 612(T) + €21(T)
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is a charge statistic on By (\).
We conclude by giving a more explicit way to compute €21 (T).

DEFINITION 7.6. Let T be in the biggest atom, that is we assume T € A(X) C P(A) C
B(X\) and let stro(T) = (a,b, ¢, d). We define

(a—1,b—1,¢,d) ife=d=0
ST (T) =4 (a—1,b—2,¢,d+1) ifc>0andd=0
(a,b,c—1,d—1) ifd>0

and €21 (T) as the element in B(\) such that stra(ea1(T)) = €8 (T) if it exists, and 0 oth-
erwise. Finally, define €12(T) as €12(T) if wt(T); < 0 and s1(€12(s1(T))) if wt(T); > 0.

PROPOSITION 7.7. Let T € A(N\) C B())
o Ife51(T) # 0, then €21(T) € A(N\) and €1(T) > 0.
o Ifes1(T) =0 and (wt(T),a3;) = 0, then €2;(T) = 0.

Proof. Tt can be easily verified by Corollary 4.27 that if T € A()\) and €31 (T) # 0,
then also €21 (T) € A(X).

To prove the second statement, we introduce operators f5i*, fo;, fgl, similarly to
Definition 7.6, where f5{"(T) is defined, for T € A(X\) with stra(T) = (a, b, ¢, d) as

(a+1,b+1,¢,d) ifb< A\ —2d+2c
S(T) =< (a,b,c+1,d+1) ifd=0orc=MX+d
(a—1,b+2,¢,d—1) ifd=1landc< X +d

Again, one can verify via Corollary 4.27, that if T € A()\) also fo1(T) € A(N). If
€21(T) # 0, there exists U € A(\) with wt(U) = wt(T) 4+ 21. Then, we have fo;(U) =T,
from which it follows that ez1(T) =U # 0, or ]?gl(U) = 0. But we cannot have ]?gl(U) =
0 and (wt(U), ;) > 2. For example, if ¢ = Ay +d or d = 0, then f5;(T) = 0 only if
a = Ao + b — 2¢c + 2d, which implies (wt(U), a3;) = wt(U); +2wt(U)o = -b< 0. O

The proposition implies that €5, is associated to the operator €3;. That is, we have
€1(T) = max{k | €, (T) # 0}. Similar expressions for €»; on the other atoms can be
obtained recursively using the embeddings ® and V.

We believe that one can construct similar charge statistics in higher ranks.

CONJECTURE 7.8. Assume B is a crystal of type Cs. Then there exists a function
€39 1 B — Z>o such that
co(T) = e1(T) + €2(T) + e2(51(T)) + €3(T) + €3(s2(T)) + €3(s152(T))

~

+e32(T) + €32(s51(T)) + €32(s251(T))
is a charge statistic on By (X).

Notice that if wt(T) = 0 the conjecture predicts that ¢(T) = €1(T)+2€2(T)+3e3(T) +
3€321(T). We have checked in many examples that such a function exists on elements
of weight 0.

7.2. COMPARISON WITH THE CONJECTURAL CHARGE FORMULA BY LECOUVEY. We
have checked in many examples using computers and it seems safe to conjecture that
our charge formula and the formula conjectured by Lecouvey in [14] coincide for
A = koop (in this case Lecouvey’s conjecture is shown to be true in [6]). However, as
the following example shows, the two statistics do not coincide in general.
1|2 1|2

If A = 2wo, there are two tableaux of weight 0: T; = T and Ty = ST

We have ¢(T;) = 4 and ¢(T3) = 2 while, if we denote the Lecouvey charge statistic
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by Le, we have Le(Ty) = 2 and Le(Ty) = 4, after making the appropriate alphabet
conversions.

APPENDIX A. PROOF OF PROPOSITION 4.14 WITH SAGEMATH

R.<a,b,c,d,L1,L2>=PolynomialRing (QQ)
#L1 and L2 represent lam_1 and lam_2
K=R.fraction_field ()

def thetal2():
X = [a,b,c,d]
X[0] = 1/K(1/d + b/c + a/b)
X[1] = 1/K(1/c + b~2/(a*c”2) + 1/(a*d~2))
X[2] = K(b+b~2*d/c+a*d)
X[3] = K(a+b~2/c+c/d"2)
F(a,b,c,d) = tuple(X)
return F

def theta21():
X = [a,b,c,d]
X[0] = 1/K(1/d+b/c"2+a~2/b)
X[1] = 1/K(1/c+1/(a*xd)+b/(a*xc”2))
X[2] = K(b+b~2*d/c~2+a”~2%*d)
X[3] = K(a+c/d+b/c)
F(a,b,c,d) = tuple(X)
return F

def RRTAux(P):
#From tropical polynomials we can remove coefficients bigger than 1.
#Moreover, we are only interested in the function on positive values of
a,b,c,d,L1 and L2
#we can remove monomials which are divisible by another monomial, as the
minimum is never
#expressed exclusively by them.
M = P.monomials ()
R = []
for i in range(len(M)):
for j in range(len(M)):
if M[i].divides(M[jl) and i != j:
R.append (j)
return sum([M[j] for j in range(len(M)) if not j in RI)

def RemoveRedundantTerms (X):
return RRTAux (X.numerator ())/RRTAux(X.denominator ())

t12 = thetal2 ()

t21 = theta21 ()

si(a,b,c,d) = (L1*b~2%d"2/(a*c”~2),b,c,d)
phi2(a,b,c,d) = L2*b*d/(a*c”2)

Phi2= K(L2*b*d/(a*c~2))

philaux(a,b,c,d) = Li1x*b~2%xd"2/(a*c”2)
Phil = K(philaux(*t21))

phil2auxl = s1(*t21)

phil2aux2 = t12(*phil2auxl)

Phil12 = K(phi2(*phil2aux2))

Z = Phi2*Phil*Phil2

RHS = K(L172*L272/(bxd*(1+Li*a*c/(b*d)+b*d/(a*xc))))
Q = Z/RHS

We first compute the quotient @ on the subset of elements in P(A) such that d = 0.
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fi(a,b,c,d,L1,L2) = (a,b,c,1,L1,L2)

Q1 = RemoveRedundantTerms (K(Q(*f1)(a,b,c,d,L1,L2)))
# Q(*¥f1) denotes composition of functions in Sage
print (Q1)

print (Q1.numerator () -Q1l.denominator ())

(a”3%c73*L1 + a”2xc”4xL1 + a”2%bxc”2 + a*b*c”3 + axb”2*xc +
b~2%c”2 + b73)/(a"3%c”3*L1 + a~2*c”"4*xL1 + axc”5xL1 +
a”2xb*c”2 + axb*c”3 + axb"2*cxLl + b72%c”2 + b~3)
—a*xc”bxL1 - a*b”"2*xcxLl + a*xb”2x*c
There is one extra monomial (ab?c) in the numerator which does not occur in the
denominator and two additional monomials (ac®\; and ab?cA;) in the denominator.
However, we have
e a+2b+c+ A = a+2b+ c>min(2a + b+ 2¢, 3b)
o a+5c+ A1 = a+ b+ 3¢ (because b < A +2d — 2¢)).
Hence, the minimum is never expressed by these monomials. So, the quotient function
@ is constantly zero on the elements of the preatom with d = 0.
Now we compute the quotient () on the subset of elements in P(\) such that d = A;.
f2(a,b,c,d,L1,L2) = (a,b,c,L1,L1,L2)
Q2 = RemoveRedundantTerms (K(Q(*f2)(a,b,c,d,L1,L2)))

print (Q2)
print (Q2.numerator () -Q2.denominator ())

(a™3*c™3*L172 + a”2xc74*xL1 + a”2%b*c”2xL172 + a*b*c”3xL1 +
a*b”2%cxL172 + b72%c"2%L172 + b73*xL173)/(a"3*c"3*L172 +

a”~2*%cT4*xL1 + a”2%bkcT2xL172+ axc”5 + a*xb*c"3*%L1 +

axb"2xc*xL172 +b"2*xc"2%L172 + b~3%L173)

-a*c”b

There is an extra monomial in the denominator: ac®. However, we have a + 5¢ >
a+ 2b+ c+ 2\ (because b < 2¢ — A1)). Hence, the minimum is never expressed by
this monomial, and the tropical function @ is constantly zero when d = lam;. Finally,
we compute Q) for b = A\ + 2¢ — 2d.

f3(a,b,c,d,L1,L2) = (a,L1*c~2/d"2,c,d,L1,L2)

Q3 =RemoveRedundantTerms (K(Q(*f3) (a,b,c,d,L1,L2)))

print (Q3)
print (Q3.numerator () -X.denominator ())

(a”3%d™4 + a”2*c*xd”3 + a”"2%cxd"2xL1 + axc”2xd"2+ axc 2xd*L1 +

c™3*d*L1 + c"3%L172)/(a"3*%d"4 +a”2%c*d”3 + a"2xcxd"24L1 +

a*c”2*d"2 + axc”2*d*L1+ c73*dxL1 + axc”2xL172 + c”3*L172)

—axc”2xL172

There is one extra monomial in the denominator: ac?\?. However, we have a + 2¢ +
2A\1 = a+ 2c+ d+ A\ (because d < A1). This shows again that @ is zero when
b = A1 + 2d — 2¢. Hence it is always zero on the preatom, concluding the proof of
Proposition 4.14 in the case pat(T) = 0.
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