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Intersection cohomology of type-A toric

varieties

Andras Szenes & Olga Trapeznikova

ABSTRACT Type-A toric varieties may be obtained as GIT quotients with respect to a torus
action with weights corresponding to roots of the group SL(k) for some k > 1. These varieties
appear in various important applications, in particular, as normal cones to strata in moduli
spaces of vector bundles. In this paper, we describe the intersection Betti numbers of these
varieties, and those of some associated projective varieties. We present an elegant combinatorial
model for these numbers, and, using the work of Hausel and Sturmfels, we show that the relevant
intersection cohomology groups are endowed with a canonical product structure.

1. INTRODUCTION

Let ay,...,a, € Hom(T,C*) be n weights of a complex torus of dimension k — 1, and
let z1,...,z, be the coordinates on C™. Considering the weights as elements of an
additive group, and using the exponential notation, we can write the corresponding
diagonal action of an element ¢ € T as

q-(x1,. . zn) = (@M 21, ¢ ).

The ring of T-invariant polynomial functions on C™ then is the ring of functions of
an affine algebraic variety, which we denote by X = X (2(,0), where 2 = [a1, ..., a,].
In our constructions, we will always assume that the sequence 2 is unimodular, i.e.
any (k — 1)-tuple of these weights is either linearly dependent, or has determinant +1
with respect to the lattice Z2( they generate. For the purposes of this introduction,
we will consider the case when n = k(k — 1), and 2 is the root system of the group
SL(k):
Q[:[Ozij:Ei—Ej| 1<Z7éj<k]

where ¢;, i = 1,...k, are the “coordinate weights” of (C*)¥ acting on CF.
A variant of this construction is obtained by fixing a weight 8 € N2[ and considering
the graded algebra

oo
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where Sjg is the linear span of the monomials in Clxzy,...,z,] of weight j#. The
corresponding variety X (2, 6) is smooth for generic 6, and projective over X (2, 0),
which means, in particular, that there is a canonical proper map

w0 X(2,0) — X(,0).

We note that for every n € Z, there is a well defined line bundle L, on X (2, 0) for
any 6, and the line bundle Ly — X (2, 6) is the polarization for the projective map
bo-

This variety appears in various contexts; in particular, it is a model for the normal
cone of the singular points of the moduli spaces of semistable bundles on curves, and
thus plays an important role in the calculation of the intersection cohomologies of
these spaces [14, 15, 5].

The quotient variety X is usually very singular, and the topological invariants
most adapted to this situation are the intersection cohomology groups IH*(X). The
central problem we address in this paper, is the calculation of the associated Poincaré
polynomial

(/2] [4/2] ‘ .
Z git' =Y dim IH*(X) - t',
=0

where d =n — k = k(k — 2).

A related problem is the study of the topology of the projective toric variety X ,
associated to A as follows. Let x : C* — C* be the tautologmal weight of the group
C*, set T = T x C*, and consider the weight data A = [a + x | a € 2] for the
group 1. Then we set X=X (Ql k), and note that the variety X is the cone over X
associated to the line bundle L, i.e. it may be obtained as the total space of L, with
the zero-section collapsed to a point.

The properties of intersection cohomology imply that IH* ()/(\' ) satisfies Poincaré
duality, and thus the corresponding Poincaré polynomial

Z hit! = Z dim TH*(X) - ¢/
=0
is palindromic.
Our notation for these polynomials is motivated by the g-and-h-polynomial calculus
of Stanley [16], of which our polynomials are examples. This, in particular, implies that

Let us describe contents of our paper. In §2 we set the basic notation and describe
the necessary concepts of the theory of toric varieties, while in §3 we give a brief
introduction to intersection cohomology. A key result, proved in is §4 (cf. also §6.1),
is that for a generic 6, the canonical map ¢y : X(A,0) — X (,0) is small (cf.
Theorems 4.5 and 6.1), and as a consequence, the intersection cohomology group
TH*(X) is isomorphic to the cohomology of the fiber H*(¢,'(0)) as an additive

group.
REMARK 1.1. After this work was finished, we became aware of the preprint [12] of

Mauri and Migliorini from a year earlier, who prove this in a more general context of
arbitrary Lawrence toric varieties (see [12, Proposition 4.17]).

The structures introduced in our combinatorial proof are used later to give a graph-
theoretic interpretation of the coefficients of the polynomial g(k,t+ 1) as follows. Let
Gy, be the set of oriented graphs with vertex set {1,2,...,k}, and for G € Gy, denote by

e(G) the number of edges of G, and by
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e outi(m) the number of outgoing edges from the vertex m in G.
We show (cf. Theorem 4.5) that

THEOREM 1.2. g(k,t + 1) = §o + g1t + Got® + - + Giajot!¥/?, where

i~ |lgeg G is acyclic and connected, with e(G) =i+ k — 1,
i = ¥ | oute(1) = 0 and outg(m) > 0 for m > 1. ‘

For calculating the polynomial g(k,t), we present the following recursion (cf. The-
orem 4.19).

THEOREM 1.3. Let p(m,t) =1+t +t2+---+t™"1 and set g(1,t) = 1. Then
gty = 3 (=)l — [T gk — 1], ).

Note that while the function g determines the function h (cf. (1)), nevertheless,
going between the two functions is nontrivial, because of the truncation involved in
their relation (cf. [16]). In §5 we show that for k£ = 3, the h-polynomial coincides with
that of the product of projective spaces (cf. Lemma 5.2), and then present an efficient
recursion for the general case (cf. Theorem 5.3), which, in a certain sense, produces

~

a resolution of TH*(X) in terms of such products:
THEOREM 1.4. Set h(1,t) = 1; then
hk,t) = plk = 1,0F — S 12iss MM a0,
i=1

(Ayeeey As)Fk
522,|X; 22

where we denote by k the set {1,2,...,k}.
We also give a graph-theoretic interpretation of the h-polynomial (cf. Theorem 5.5):
THEOREM 1.5. h(k,t + 1) = ho + hit + hot? + - - - + hat® with

BZ—‘{Gegk

G has an oriented cycle, e(G) =1+ k, and
there is a path to the vertex 1 from any other vertex. | |’

Finally, we note that our variety is an example of Lawrence toric varieties studied
by Hausel and Sturmfels [9]. They showed, in particular, that the cohomology rings of
the varieties ¢, ' (0) are identical for different regular values of §, even though these
varieties are not, in general, all isomorphic. This allows us to define a canonical ring
structure on the intersection cohomology IH*(X) (cf. Theorem 6.3).

2. PRELIMINARIES: TORIC VARIETIES

This section contains the notation and basic facts from the theory of toric varieties.
For more details, we refer the reader to [7, 17].

2.1. THE QUOTIENT CONSTRUCTION. Let g = @’;:1 Rw; be a real vector space with
a fixed ordered basis, and let

(2) Oea%gitﬁo

be an exact sequence of finite dimensional real vector spaces of dimensions n — d,n
and d, respectively. We denote by I'y = @?:1 Zw; the lattice in g, and assume that
I'y intersects a in a lattice I'y of full rank; we denote the image B(I'y) in t by I'y. The
sequence (2) restricted to the lattices is also exact, as well as the dual sequence

O—>t*—>g*i>a*—>0
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restricted to the dual lattices I'f, I'y and I';. Denoting the dual basis by {w'}, we have
g" =@ R’ and I'; = P~ Zw'.

We introduce the notation «; for the vector A(w?) € I'; and consider the sequence
A = [aq,...,a,]. Note that according to our assumptions, the elements of [ generate
I'; over Z.

The complexified torus T, = Hom(I'%,C*) acts on C™ diagonally with weights
(a1,...,a,). We will be interested in the quotients of this action in the sense of
geometric invariant theory. Let

S =Clzy,...,x,], deg(z;)=oa; €T

be the ring of polynomials graded by the semigroup Nl C I'}. For 6§ € N2, we denote
by Sy the vector space of homogeneous polynomials in S of degree §. Then 5 is a
finitely generated subalgebra of homogeneous degree zero polynomials and Sy is a
module over Sy for any 6 € N2.

We define the affine toric variety X (2(,0) as the affine GIT quotient of C" by the
torus 71, action:

X (2A,0) := C"//°T, = Spec(Sp).

For any 6 € N2, we define the toric variety X (2, 0) as the relative projective GIT
quotient of C™ by the T,-action:

X(A,0) := C"//'T, := Proj(S(s)),

where S(g) is the finitely generated Sp-algebra €, ¢Sy, which is N-graded by the
degree of t.

2.2. GALE DUALITY AND TORIC FANS. Recall that any toric variety X may be asso-
ciated to a fan X in the lattice I'y C t in such a way that each cone o € ¥ corresponds
to an affine subset of X (cf. [7, §1.4]). In this section, we describe the fan which corre-
sponds to the toric variety X (2, 0) defined above (for the result, see Proposition 2.3).

2.2.1. Chambers in the A-picture. We begin with the definition of some basic concepts
related to our weight sequence 2 = [a, ..., o).

e For a set or sequence Z of vectors in a real vector space, denote by Cone(Z)
the closed cone spanned by the elements of Z. By convention, the cone over
the empty set is the origin of the vector space.

e Denote by BInd(2() the set of basis index sets, i.e. the set of those subsets
I c {1,...,n} for which the set {a;}ics is a basis of a*. We will use the
notation ! C A for the basis associated to I € BInd(2).

e Denote by 02 the union of the boundaries of the simplicial cones spanned by
elements of 2A:

oA = J{0Cone(a!)| T € BInd(21)}.

A connected component of the open set Cone(2()~02 in a* is called a chamber,
and the set of chambers will be denoted by Ch(2).

o We will call § € I'}; generic, if it lies in one of the chambers of 2.

e For a chamber ¢ € Ch(2), we define BInd(2, ¢) to be the set of those I €
BInd(2) for which Cone(al) D «.

The sequence B = [31,. .., [y], where be 3; = B(w;) in t (cf. (2)) is called the Gale
dual of the sequence 2. This notion is involutive, i.e. the Gale dual of the sequence
B is 2.
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2.2.2. Gale duality and fans. A fan 3 on *B is a finite collection of cones of the form
o = Cone(B), I C {1,2,...,n}, satisfying some additional properties (cf. [7, §1.4]);
in particular, the union of o € ¥ is the cone Cone(*8). A fan is simplicial if all of its
cones are simplicial; further, it is unimodular if every maximal cone of ¥ is spanned
by a basis of T'y.

There is a standard construction of toric varieties ¥ — X (X) from fans in the
lattice T'y (cf. [7, §1.4]). The toric variety X (X) is a toric orbifold, i.e. has only finite
quotient singularities, if and only if 3 is simplicial. In the unimodular case, simplicial
fans give rise to smooth toric varieties.

The torus Ty = Hom(I'{,C*) is embedded in X (X) as an open subset, and its
standard action on itself extends to an action on X (X).

NOTATION 2.1. The orbits of the Ti-action on X (X) are in bijection with the cones
o € X. Given o € X, we denote by O(o) the corresponding orbit, and by V(o) the
orbit closure of O(c). Note that given 0,0’ € £, 0 C ¢’ if and only if V(¢') C V(o)
and dim(o) = codim(V (o) C X (X)).

Next, we say that the fan X, is a refinement of ¥y if for every cone o1 € ¥,
there exists a cone o9 € Yg such that o7 C 5. In this case, we can define a map
QZE 1 21 — Yo by setting 122 (01) to be the smallest cone in X5 that contains o1, and
this induces a so-called toric morphism ¢ : X (1) — X (X2).

The following lemma describes the fundamental relation between the Gale dual
configurations 2 and ‘B.

LEMMA 2.2. A linear combination ), m;o; vanishes if and only if there is a linear
functional | € t* such that I(5;) = m;.

This relationship is instrumental in the proof of the following important statement.

PROPOSITION 2.3. Let 2 be a sequence in a* and let ¢ be a chamber in Ch(2A).
(1) If I € BInd(2,¢), then its complement I =1{1,....,n} ~ I is an element of
BInd(B), i.e. the set 37 = {B;},.7 is a basis of .

(2) The set of simplicial cones Cone(B!), I € BInd(2,¢) forms a simplicial fan
X(c) on B. In particular, the interiors of these cones are disjoint and their
union is Cone(B).

(3) Let 0 € ¢, then the GIT quotient X (2, 0) is the toric variety associated to the
fan 3(c).

(4) The affine toric variety X (2A,0) is associated to the fan with a single top-
dimensional cone: the convex polyhedral cone Cone(B) spanned by B.

REMARK 2.4. Recall that for every scheme X there is a canonical morphism
’(/J X = Xy

to the affine scheme X, = Spec(H°(X,Ox)) of regular functions on X. This map
for X (2,0) is the canonical map to X (2(,0), and, in the unimodular case, this is a
resolution of singularities.

2.2.3. Polar polytopes. Finally, we note that there is a simple way to associate a fan,
and thus a toric variety, to a convex polytope.

Let P C t be a rational convex polytope, i.e. such that an integral multiple of its
vertices {v1,vg,...,un} lie in the lattice T'¢. For simplicity, first, we will assume that
Zf\; v; = 0. Then we denote by X p the fan whose cones are the cones over the proper
faces of P (here, we include the empty face). Following the notation from above, we
denote by X (Xp) the associated toric variety. If the center of mass of P is not at the

origin, then we replace the polytope P by its shifted copy P — % fil v;.
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More generally, if P is a subdivision of the boundary of P, i.e. P is a collection
of convex polytopes whose union is the boundary of P, and the intersection of two
polytopes in P is a polytope in P (cf. Figure 3), then the cones over the polytopes in
P form a fan, which we will also denote by X 5 Then X 3 is a refinement of X p, which
induces a toric morphism X (X+) — X (Xp). Note that while X (Xp) is projective,

P
the variety X (X5) is not necessarily projective.

3. INTERSECTION COHOMOLOGY

In this section, we collect a few basic facts about small morphisms and the intersection
cohomology of toric varieties, needed in our paper.

3.1. SMALL MAPS. Let Y be a connected nonsingular variety, and v : Y = Y be
a proper surjective map onto a variety Y of the same dimension. A stratification
for v is a decomposition of Y into finitely many locally closed nonsingular subsets
Y = | |;_, Sk such that ¢y =1(Sy) — Sy is a topologically locally trivial fibration. The
subsets Sy are called strata.

Denote by dj := dim()~*(yz)) the dimension of the fiber of ¢ over any point
Yk € Sg. The map v is called small, if

(3) codim(Sy) = dim(Y) — dim(Sy) > 2dj,

for every nondense stratum Sy, for the map .

Small maps play an important role in the calculation of the intersection cohomology
groups of singular varieties [8]. In general, the intersection cohomology IH*(Y") of an
irreducible complex projective d-dimensional variety Y is a module over the singular
cohomology ring H*(Y), and satisfies Poincaré duality and the Hard Lefschetz the-
orem [1, Theorem 5.4.10]. The latter means that for some element w € H?(Y) (the
class of a hyperplane section) and for 0 < k < d the multiplication by w?~* mapping
ITH*(Y) — ITH?¢7k(Y)) is an isomorphism of vector spaces. One can define then, for
0 < k < d, the primitive intersection cohomology of Y as
TH) (V) = TH*(Y) Jw IHM2(Y).

The intersection cohomology of toric varieties is intimately related to the theory
of convex polytopes [3, 16]. We will now briefly review this relation.

3.2. INTERSECTION COHOMOLOGY OF TORIC VARIETIES. Let P be a simplicial d-
dimensional polytope, and denote by f; the number of its i-dimensional faces. One
associates to P its f-polynomial

FP) =t + fot™ N fitTP o faot 4 faoa,
its h-polynomial
(4) h(P,t) = hqt® + - + hyt + ho := f(P,t — 1),
and its g-polynomial
(5)  g(Pit) = ho+ (hy — ho)t + (ho — ha)t* + -+ + (hfajo) — hpaje—1)t4?.

The following theorem calculates the dimension of the intersection cohomology
groups of a toric orbifold.

PROPOSITION 3.1. [7, §5.2] Let P be a simplicial d-dimensional rational polytope with
h-polynomial h(P,t) = Zi:o hit®, and let X(Xp) be the associated toric orbifold.
Then

(6) dimH* (X (Sp)) = hy and H* (X (Zp)) =0 for 0<k<d.
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REMARK 3.2. Note that it follows from (6) and the definition (5) that the coefficient
hi — hg—1 is the dimension of the primitive cohomology of the toric variety X (Xp) in
degree k, and thus, in particular, it is non-negative.

When the polytope P is not simplicial, the corresponding toric variety X (Xp)
will have singularities, which are not of finite quotient type. In this case, the or-
dinary cohomology group is not a purely combinatorial invariant, but depends also
on some geometric data of the polytope [13]. A better invariant to consider is the
intersection cohomology of X(Xp). Then the “generalized” h-polynomial h(P,t) =
S dimIH?*(X (X p))t* is a purely combinatorial invariant, i.e. it can be again defined
from the face lattice of the polytope P.

For a simplicial polytope P, we have H*(X(Xp)) = ITH*(X(Xp)), and hence, in
this case, the generalized h-polynomial of P coincides with the one defined in (4). Now,
following Stanley [16], we give combinatorial definitions of the h and g polynomials
for a not necessarily simplicial polytope.

Let P be a d-dimensional polytope and suppose that the A and g polynomials have
been defined for all convex polytopes of dimension less than d. We set

(7) h(P7 t) = Z g(F, t)<t - 1)d—1—dim(F)’

F<P
where the sum runs over all proper faces F' of P, including the empty face @, for
which ¢g(&,t) = h(2,t) = 1 and dim(&) = —1. The polynomial g(P,t) is defined
from the polynomial h(P,t) as in (5). Formulas (5) and (7) then inductively define
the polynomials g and h for all polytopes.

REMARK 3.3. Note that this definition agrees with definitions given in (4) and (5),
since the g-polynomial of any simplex equals 1.

The following theorem calculates the dimension of the intersection cohomology
groups of a toric variety.

THEOREM 3.4 ([6]). Let P be a d-dimensional rational polytope and let X (Xp) be the
toric variety, associated to the fan X p. Then
(i) h(Pt) = Zi:o dimIH?* (X (Zp))t* and ITH*HL(X(Zp)) = 0 for 0 <
k<d;
(i) g(P,t) = X172 dimI H2"

prim

(X(Sp))t".

Finally, we recall the following basic consequence of the decomposition theorem [1]
applied to a small resolution of singularities of affine toric varieties.

THEOREM 3.5 ([11]). Let X be a fan whose cones are the cones over the faces of a
rational convex polytope P, including an empty face and P itself. Let Y bea simplicial
refinement of ¥ such that the morphism 1 : X(i) — X(X) of the corresponding affine
toric varieties is small. Given a face F' < P, we pick a point yp in the Ti-orbit O(o)
(see Notation 2.1), where o is the cone over the face F in the fan ¥. Then

H?(y~ (yr)) = THY (X (SF)) for 0<k < [dim(X(ZF))/2].
In particular, for F' = P, we have yp = 0 and
H?(71(0)) = TH (X () = TH}5, (X (2p)).
4. THE g-POLYNOMIAL OF THE GALE DUAL TYPE-A ROOT POLYTOPE

In this section, we study certain generalized Gale dual type-A root polytopes. The
main result of this section, Theorem 4.5, calculates the g-polynomials of these poly-
topes as generating functions of the number of a certain oriented graphs, graded by
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the number of their edges. Theorem 4.19 presents a recursive formula, which is an
effective tool for the calculation of these same g-polynomials.

4.1. THE TYPE-A ROOT POLYTOPE. Denote by €1,...,er : R¥ — R the standard
coordinates on R¥. The quotient vector space
ap =R¥/R-(1,...,1)

is naturally dual to the subspace

az :{)‘151+"‘+>‘k5k|(>‘17"'7>\k) GRka )‘1++)\k :O}v
which is endowed with a full rank sublattice

T o= {her+ -+ Mkl (M, ) €25, A+ + A = 0}
For 1 <i # j < k, we define the element o;; = ¢; —¢; € 'y, , and we set

Py = {o; | 1 <i#j <k,
which is the set of roots of the Ax_1 root system.
The type-A root polytope is defined as the convex hull of the set of roots ®;, in the

vector space aj. The Gale transformation converts the set ®; of k(k — 1) root vectors
in aj into the set of k(k — 1) vectors in an appropriate (k — 1)?-dimensional space,

which we will denote by W;. The Gale dual type-A root polytope is the convex hull of
the set of vectors from Wy.

ExAMPLE 4.1. The Gale dual type-A root polytope, corresponding to the root system
As, is a three-dimensional prism shown in Figure 1.

R 1 832

FiGURE 1. The Gale dual root polytope, corresponding to the root
system As.

REMARK 4.2. The Gale dual type-A polytope is a particular case of a Lawrence poly-
tope [9].

In this paper, we will study the Gale dual root polytope, obtained from the type-A
root system with multiplicities. For this, we fix integers r;; € N for 1 <1 < j <k, set
rj; = r;; and consider the ordered sequence
(®)

(112,713, Th—1k) = [Q12, -+, 12, Q21,5+ -+, Q21, Q135+, 13, -+, Q1] € Ty,
of the root vectors o;; € ®1, where the vector «;; is repeated r;; times. Following the
notation from page 577, we set

n:|m‘:2 Z Tij and d:n—k+1

1<i<j<k
We consider the Gale dual sequence B(r12, . .., Tk—1%) and denote by II(r12, ..., Tk—1%)
the polytope obtained as the convex hull of the vectors in B(r1a, ..., 7k—_1x)- It follows

from Lemma 2.2 that, similarly to the root configuration, this dual configuration is not
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full dimensional: II(r1a,...,rg—1%) is a d — 1-dimensional polytope in a d-dimensional
vector space.

We can also deduce from Lemma 2.2 that the polytope II(rya, ..., rx_1x) does not
contain the origin in its interior; in fact, the toric variety X (A(r12,...,7k—1%),0) (cf.

page 578) is an affine cone over the singular projective toric variety X (Xri(r,,,....rp_14))
(cf. Proposition 2.3).

NoOTATION 4.3. The fan corresponding to the toric variety X (2(ri2,...,7k—1%),0)
consists of the cones over the faces of II, including IT itself; according to our convention,
we denote the cone over the face F' < II by Cone(F).

EXAMPLE 4.4. A simple calculation shows that for k = 2 the polytope II(r12) is a
product of two (112 — 1)-dimensional simplices, and thus the toric variety X ((r12),0)
is an affine cone over the product of projective spaces Pr1i2—1 x Priz—1,

4.2. SMALL MAPS AND THE COMBINATORICS OF THE ¢g-POLYNOMIAL. Before we for-
mulate the main result of this section, Theorem 4.5, we introduce some extra notation
related to graphs.

e We denote by K = Kg(r12,...,7k—1%) the directed graph with vertex set
{1,2,...,k} and with number of oriented edges from ¢ to j equal to r;;. We
will use the notation E for the edge directed from j to i.

e Denote by Gy = Gg(r12,-..,7k—1%) the graph obtained from K by deleting
all edges 11 for 1 < i < k. To emphasize the break of symmetry: we will color
the first vertex in Gy, in red, and the other vertices in black.

e A directed graph is acyclic if it has no directed cycles.

e A directed graph is naked if every edge of this graph is contained in at least
one directed cycle.

e We will say that a directed graph G is rooted at the i*" vertex if there is a
directed path in G from any vertex to the i'" vertex.

THEOREM 4.5. Let IT = I1(rya,...,rk—1x) be the Gale dual type-A root polytope defined
above, and let d =}, ;ri; —k+1. Then

g(ILt+1) = go +ton + 7o +--- + 179,

where §; counts the number of acyclic subgraphs G C Gy, with k vertices and k —1+1
edges, which are rooted at the first vertez.

EXAMPLE 4.6. For IT = II(1,1,1) from Example 4.1 we have gy = 3 and §; = 2 (cf.
Figure 2), hence g(Il,¢) =3 +2(t —1) = 1 + 2t.

FIGURE 2. Acyclic subgraphs of G3 that contain a spanning tree
rooted at the first vertex: there are 3 graphs with two edges and 2
graphs with three edges.

The strategy of the proof of Theorem 4.5 is as follows. First, we construct a toric
resolution of the singularities of the affine variety X ((r12,...,7%k-1%),0), and in-
troduce some graph-theoretic tools based on the fact that weights of the T,-action
correspond to edges of an oriented complete graph. Next, we prove that this resolution
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is small (ct. §3.1). The Decomposition Theorem (cf. Theorem 3.5) then allows us to
identify the intersection cohomology of X (2(r12,...,7k—1%),0) with the cohomology
of the fibers of this small resolution. Finally, we describe the cohomology of the fibers
using generating functions for the number of certain oriented graphs.

LEMMA 4.7 ([18, Lemma 4.12]). The simplicial cone Cone({a12,13,...,01k}) s a
chamber in Ch(A(r12, ..., Tk—1%))-

Note that ¢ = (k —1,-1,...,—1) € Cone({a12,13,...,a11}), and consider the
corresponding toric variety X (A(ri2,...,rk—1x),01). As our fan is unimodular, this
variety is smooth.

EXAMPLE 4.8. Below is the chamber complex for the root system A, and the tri-
angulation of the Gale dual root polytope II(1,1,1) (cf. Example 4.1) given by the
chamber {0412, 0413}.

a3l @23

B12

FiGURE 3. The chamber complex for the root system As and the
triangulation of the Gale dual root polytope given by the chamber

{2, a13}.

To simplify the notation, from now on, we omit the dependence on m, r12, ..., "x_1%:
throughout this chapter, we will use the notation
A= Q[(T‘lg, cee ,rk—lk);
Il .= H(Tlg, e ,?”k_lk);
X = X(Q[(Tlg, e 77’7@711@)70);
X := X(A(r12,...,75—1),01) where 6 = (k—1,—1,...,—1);
Y and ¥ for the toric fans of X and X , respectively;
Y X — X for the canonical morphism defined in Remark 2.4; clearly, ¢ is a
toric morphism compatible with the refinement of fans @y : DS 3

It is well known (cf. e.g. [10]) that the fiber of the toric morphism ¢ : X — X over
a point € X depends only on the orbit O(c) C X (cf. page 579) that contains x.
We thus note that the decomposition

X = |_| O(Cone(F)),
F<II

where F' runs over the faces of II, including the empty face and II itself, is a stratifi-
cation (cf. §3.1) for the canonical morphism ¢ : X — X.

Now we are ready to formulate our main technical result (see Remark 1.1, [12,
Proposition 4.17]).

THEOREM 4.9. The canonical morphism ¢ : X — X is small (cf. §3.1).
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4.3. PROOF OF THEOREM 4.9. Clearly, we have dim X = dim X, thus to prove that
the map ¢ is small, we need to show that for any non-empty face F' < II

(9) codim(O(Cone(F)) C X) > 2dim(¢~ ' (yr)),

where yp is a point in the orbit O(Cone(F')), which is a stratum for our stratification.
We start with the calculation of the codimension of O(Cone(F)) in X.

Associating to each element a;; € 2 the edge ij of the graph Kj, we obtain a
natural correspondence between subsequences A C 2 and subgraphs of K. Applying
Gale duality, we also obtain the correspondence between subgraphs of Ky, and subsets
of rays of the fan ¥ (and thus rays of the fan ¥ as well).

The following lemma describes the faces of the polytope II in terms of subgraphs
in Kk.

LEMMA 4.10. Under the correspondence described above, naked graphs correspond to
faces of the polytope 11.

Proof. For any subsequence A C 2, we denote by G4 the graph corresponding to .A.
By Gale duality, faces of II correspond to subsequences A C 2l that have a positive
linear combination summing up to zero:

(10) > maa=0  with mg > 0.

acA
Clearly, for any subsequence C C A that corresponds to a directed cycle G¢ of G4 we
have ) .o a = 0 and one can subtract a multiple of this sum from (10) to obtain a
proper subsequence A’ C A that also has a positive linear combination summing up
to zero.

Assume that G4 is not a naked graph; then, repeating the procedure described
above, we arrive at a nonempty subsequence of vectors A C 2 that has a positive
linear combination summing up to zero, and such that the corresponding directed
graph G ; C K}, is acyclic. Since any directed acyclic graph contains a vertex with
only out-edges, we arrive at a contradiction with (10). O

NoOTATION 4.11. We will denote the naked graph on k vertices corresponding to the
face F' < II by Gg. In particular, the naked graph Gy has no edges and Gy = K.

EXAMPLE 4.12. The naked graphs from Figure 4 correspond to the following faces of
the prism II(1,1,1) (cf. Figure 1): the two-dimensional simplex {13, 832,821}, the
square {13, 331, 832, B23}, two edges {B13, B31} and {B13, B32}, the vertex {13}

2 2

—
—

F1GURE 4. Naked graphs on 3 vertices.

LEMMA 4.13. Denote by ¢; the chamber Cone({ay2,13,...,a11}) in Ch(2A) (cf.
Lemma 4.7). Then the cones Cone(al) for I € BInd(2A,¢;) correspond to the
spanning trees in Gy, rooted at the first vertex.

Proof. First, note that the cone Cone(a?) is simplicial if and only if the vectors {a; }ier
are linearly independent; this happens if and only if the corresponding graph has no
(undirected) cycles, i.e. it is a tree.
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Next, note that ¢; = (k—1,—1,...,—1) is a point in the interior of ¢;, hence 6;
lies in the interior of Cone(al) for each I € BInd(2l,¢;). In other words, for each
I € BInd(2(,¢1), 61 can be written as a linear combination of vectors «;, i € I with
positive coefficients; this implies that the corresponding graph has at least one out-
edge from the vertices 2, 3, ..., k. Clearly, such graph cannot have an out-edge starting
at the first vertex, since this would create a cycle, hence the statement follows. O

Since the fan ¥ is simplicial, by Gale duality, we obtain the following statement.

COROLLARY 4.14. For 0 < 1 < (232, rij — k + 1), there is a bijection between the
codimension-l cones in the fan S and the connected subgraphs of Ky with k vertices

and k — 1 +1 edges, rooted at the first vertex.

For any graph G, we introduce the notation e(G) and s(G) for the number of edges
and connected components of G, correspondingly. It follows from Corollary 4.14 that

(11) codim(Cone(F)) = e(Gr) + s(Gr) —

and thus

(12) codim(O(Cone(F)) C X) = dim(Cone(F)) = 2 Z rij—e(Gr)—s(Gp)+1
1<i<j<k

Since our goal is to compare this number with the right-hand side of (9), our next
step will be to analyze the fibers of .

In general, the combinatorics of fan refinements provides one with an explicit de-
scription of the fibers of any toric morphism (cf. [10]). To prove Theorems 4.5 and 4.9
we will only need to calculate the Betti numbers of these fibers (see Theorem 4.16 for
the result).

LEMMA 4.15. Let F be a face of 11, and let Gg be the corresponding naked graph (cf.
Lemma 4.10). Denote by Gr. the set of connected subgraphs of Ky, on k vertices, which
have the same directed cycles as the naked graph G, and which are rooted at the first
vertex. Then, under the morphism ps, the cone o € ¥ maps to the cone Cone(F) € 3
if and only if o corresponds (cf. page 585) to some graph in the set Gr.

Proof. Denote by G, the subgraph of Kj, that corresponds to the cone o C 3 under
the correspondence described on page 585. Repeating the argument from the proof of
Lemma 4.13, we conclude that G, is a connected graph rooted at the first vertex.
Recall that @x(c) = Cone(F) if and only if 0 C Cone(F) and Cone(F) is the
minimal cone in ¥ that contains o. Note that the first condition is equivalent to the
fact that G, contains the naked graph G g, while the second condition requires G to
be the maximal naked graph contained in G,; thus G, should have the same directed
cycles as Gp. O

THEOREM 4.16 ([4, Corollary 4.7]). Let ¢ : X — X be as on page 584. For any
face F < 11, denote by d;(F') the number of (dim(Cone(F')) — 1)-dimensional cones

o € % such that the (relative) interior of o maps to the (relative) interior of the cone
Cone(F) € X

di(F) = |{o € 2| $x(0) = Cone(F), codim(c) — codim(Cone(F)) = }].

Then, for any point yr in O(Cone(F)) C X, the Poincaré polynomial of the fiber
0 Y(yr) has the form

Z dimH? (o™ (yp))t? = Z di(F)(t2 —1)!

120 >0
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Putting together Lemma 4.15 and equation (11), we arrive at the following inter-
pretation of the numbers d;(F) in terms of graphs.

LEMMA 4.17. The number d;(F) defined in Theorem 4.16 is equal to the number of
graphs in Gi. with e(Gp) + s(Gr) — 1 +1 edges.

In particular, it follows from Theorem 4.16 that for yr € O(Cone(F)) the dimen-
sion of the fiber o~ !(yr) is bounded from above by

gg&i{e(G)} —e(Gr) —s(Gr) +1

Hence using expression (12) for the codimension of the strata O(Cone(F)) in X, we
can conclude that to prove (9), it is enough to show that

(13) 2 Y m >2max{e( )} —e(Gr) — s(Gp) +1

1<i<j<k

for any non-empty F' < II. Note that we can think of
2 ma G)} —elG
i {6(G)) — e(Cr)
as the number of edges in the graph G C K}, such that G is obtained from the naked
graph G by adding all possible edges between the connected components of Gp.
Then, trivially, we have

2 max {e(G)} —e(Gr) <e(Kp) =2 Y 1y,
Ger 1<i<j<k

with equality if and only if G is a disjoint union of complete graphs. Hence we obtain
the inequality

2 max{e(G)} —e(Gr) — s(Gr) +1 <2 Z ri; —s(Grp)+1<2 Z Tij,
Gegy, — ' — '
1<i<j<k 1<i<j<k
with equality if and only if G is a disjoint union of complete graphs and s(Gr) = 1. In
this latter case, G is connected and complete, and thus Gg = Kj. This corresponds
to the empty face F' = @ with codim(O(Cone(&))) = 0, and this completes the proof
of Theorem 4.9.

4.4. PROOF OF THEOREM 4.5. Now we are ready to prove Theorem 4.5. Since the
map ¢ : X — X is small, it follows from Theorems 3.5 and 3.4 that the g-polynomial
g(I1,#?) is equal to the Poincaré polynomial of the fiber ¢ =1(0).

By Theorem 4.16 and Lemma 4.17, the Poincaré polynomial of the fiber ¢ ~1(0) is

equal to
im0 = S
l

where d;(II) is the number of graphs in Gj; (cf. Lemma 4.15) with e(Gn)+s(Gn) — 1+
edges; after a change of variables, we arrive at the following statement:

(14) g(IL 2 +1) = Zdl )%,

By Lemma 4.10, Gj; is the set of acyclic subgraphs G C Ky, such that G has k
vertices and contains a spanning tree rooted at the first vertex; we also have e(Grr) = 0
and s(Gn) = k.

Clearly, a graph G € G} has no edges of the form 21 for 2 < i < k, since otherwise
this edge together with a paths from ¢ to 1 would create a dlrected cycle in G; hence
any graph G € GJ; is contained in Gy, C K.
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We conclude that d;(II) is equal to the number of acyclic subgraphs G of Gy, with
k —1+1 edges and k vertices, such that G is rooted at the first vertex. Now Theorem
4.5 follows from equation (14). O

Applying the same argument and using Lemma 4.15, we obtain the following state-
ment.

COROLLARY 4.18. Let F be a face of the Gale dual type-A root polytope 11 =
I(ria,...,75—1%). Then g(F,t+1) = Zi>0 git, where §; counts the number of graphs
G € G with e(Gr) + s(Gr) — 1 + i edges and k vertices.

Now we present a recursive formula for the g-polynomial of the Gale dual type-A
root polytope.

THEOREM 4.19. Let II(r12,...,7x—11) be a Gale dual type-A root polytope and let
p(n,t) =1+t +t2+ .- +t""L. For any nonempty subset J C {2,...,k} we denote
by J = {1,...,k} ~ J its complement and by H(rl.jej) the Gale dual root polytope
corresponding to the root system AI7I—1 defined by the sequence of vectors [aij]i,jej C

A(r12, 713, - - -, Th—1k) With oy repeated r;; times. Then
g(l(r12, ..., me—1k), 1) = Z (_1)|J|719(H(Tij€j)vt) : Hp(zrij,f)-
JC{2,....k} JeJ g
J£D

Proof. First, we perform a change of variables ¢t — t+4 1 in the recursion; by Theorem
4.5, the polynomial g(II(r12,...,7k—1k),t + 1) counts the number of edges in acyclic
subgraphs of Gy with k vertices, rooted at the first vertex. Note that any such graph
has a vertex j € {2,3,...,k} that has no in-edges.

Now fix a nonempty subset J C {1,2,...,k}. We claim that

(15) gl(r 7).t +1) - Hp(Zrij,t +1) = Z (@) =kt

Jje€d  ied GEG,,

where the sum is taken over the set G;c of the connected acyclic subgraphs G C Gy
with k& vertices, rooted at the first vertex, such that the vertices 7 € J of G has no
in-edges.

Indeed, let G be a graph satisfying these conditions.

e A simple calculation shows that the polynomial p( D 7 Tij b+ 1) counts all
out-edges of G from the vertex j € J.

e We denote by G\ J the graph obtained from G by deleting all vertices labelled
by j € J and all edges attached to these vertices. Then clearly, G \ J is an
acyclic subgraph of G, with vertex set J, rooted at the first vertex.

e Thus it follows from Theorem 4.5 that the edges of G \ J are counted by the
polynomial g(I(r;;7),t 4+ 1).

e Noting that any edge of G is either an out-edge from some vertex j € J, or
is an edge of G \ J, we arrive at equation (15).

Now the recursion follows from the inclusion-exclusion principle. O

EXAMPLE 4.20. For k = 3, the recursive formula has the following simple form

g(II(712,713,723),t) = p(r12 + ra3,t) - g(Il(713),1)
+ p(riz + 123, t) - g(II(r12),t) — p(riz, t) - p(ris, t).
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5. THE h-POLYNOMIAL OF THE GALE DUAL TYPE-A ROOT POLYTOPE

As explained in Example 4.4, for k& = 2, we have X (Xyy(,,,)) = Priz—1 x Pr1i2—1 hence
by Proposition 3.1 the h-polynomial of the polytope II(ri2) is equal to the Poincaré
polynomial (with deg(t) = 2) of the product of two projective spaces:

h(Il(r12),t) = (1 4+t + 2 4+ 472712

In this section, we calculate h-polynomials of Gale dual polytopes which are associated
to the Ax_1 root system for k > 3.

5.1. k = 3 cASE. We start with the calculation of the h-polynomial of the polytope
I1(1,1,1), shown in Figure 1. This three-dimensional prism has

6 faces of dimension 0,

9 faces of dimension 1, and

2 faces of dimension 2, which are all simplicial;

there are also 3 two-dimensional nonsimplicial faces, which are squares.

Using (5), we obtain that the g-polynomial of a square equals 1 + ¢. Then it follows
from (7) that

R(I(1,1,1),8) = (t — 1) +6(t — 1)2 +9(t — 1) +2+3(t + 1) = (t + 1)°.

Note that (¢ +1)3 is the Poincaré polynomial of P! x P! x P!, and by Proposition 3.1
it is equal to the h-polynomial of the octahedron, which is combinatorially dual to
the three-dimensional cube.

This corresponds to the fact that the prism II(1,1,1) has a simplicial subdivision
ﬁ(l7 1,1) which does not add any vertices and divides every two-dimensional non-
simplicial face into two simplices by adding its diagonal (see Figure 5). The resulting
polytope ﬁ(l, 1,1) is combinatorially equivalent to the octahedron, and the map of
the corresponding projective toric varieties (cf. §2.2.3)

f . X(Zﬁ(1’171)> — X<ZH(1,1,1))

is small. More precisely, it is an isomorphism outside the three singular points of
X (%11(1,1,1)) which correspond to the cones in Xyy(;,1,1) over the nonsimplicial faces,
and the fibers over these points are isomorphic to P!.

B131 1 B3z
Ba1 B23
Bi2
FIGURE 5. Refinement, F1GURE 6. Calculation
combinatorially equiva- of the fiber over the sin-
lent to the octahedron. gular point.

We note that the compact toric variety corresponding to this refinement is not
projective.

REMARK 5.1. Note that this agrees with Theorem 4.16 applied to the map
P X(Ql(L 17 1)a (27 _L _1)) — X(Q[(l, 1a 1)70)
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As it is shown in the Figure 6, the corresponding morphism of fans @x, maps 2 three-
dimensional and 1 two-dimensional cones in Zﬁu_ 11) to the interior of the cone over
the square face of II(1,1,1). Thus by Theorem 4.16 the Poincaré polynomial of the
fiber over the singular point should have the form (> — 1) + 2, which is indeed equal

to the Poincaré polynomial of P*.

It turns out that the h-polynomial of any Gale dual polytope obtained from the
A, root system has the following elegant form, which is a special case of Theorem 5.3.

LEMMA 5.2. Let TI(r12,713,723) be a Gale dual type-A root polytope and set r; =
zj# ri;. Then the h-polynomial of I1(r12, 713, 723) s equal to the Poincaré polynomial
of the product of projective spaces P11 x Pra=1 x Prs—l .
3
h(H(Tlg, 713, ’I”23)7 t) = H(l +t+ t2 + o+ t”il).
i=1
5.2. ARBITRARY k.

THEOREM 5.3. Let (712, ..., 7k—1x) be a Gale dual type-A root polytope and let r; =
> jziTij- Given a subset A C {1,...,k}, we denote by II(rijex) the Gale dual root
polytope corresponding to the root system Aj\_1 defined by the sequence of vectors
[aijlijex C W12, . .., Tho1k) With o, repeated r;; times. Then

h(I(rig, ..., Th—1k),t) =
. ( )ORDONDY Tij) P
H(1+t+.”+tn71) B Z £\ M<Ni€Xn jEA, H h(H(Tije)\m)at)v

i=1 (A1, Ap)H{1,.. K} m=1
P22, |Am |22

where the sum is taken over the partitions A = (A1,...,Ap) of the set k = {1,...,k}
that have at least 2 parts and do not have parts of cardinality 1.

Proof. First, we perform a change of variables t — ¢ + 1 and rewrite the equation
from Theorem 5.3 in the following form

k (E DIEDY Hj) »
(16) [L(+ 17 —njt= 3 (41 ii& ) T htiryen, ).t + D).
i=1 AFE m=1
A2

We can interpret the left-hand side of (16) in terms of graphs as follows.
LEMMA 5.4. Let r; = Zj# Tij, then
k

[TE+0m =1/t =>"pit",

i=1 i>0
where P; counts the number of subgraphs of Kj, with k + i edges and k vertices, which
have an out-edge from each vertex.

Proof. Note that the i*® factor in the product counts the number of out-edges from
the i*® vertex in a subgraph of Kj,. O

Now we describe the right-hand side of (16) in terms of graphs.

THEOREM 5.5. We have the following combinatorial description of the h-polynomial
of the Gale dual type-A root polytope I(ria,...,rr_1k):

(17) h(H(7‘127---ark—1k)7t+1) = Z te(G)*k’
GEK,,
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where the sum is taken over the set K;ﬂ of subgraphs of the complete graph K which
have k vertices, at least one cycle and which are rooted at the first vertex.

Proof. Using equations (7), (11) and Corollary 4.18, we obtain that

(18) h(IX(r1a, . 1) t+1) 2 D g(F 4 1)pdmdimin-
F<I
(19) (11) Z g(F,t+ 1)te(GF)+S(GF)7k‘71
F<II
) EDODICERD SRICE
F<ILGeEG, GCK,
as claimed. O

We can thus rewrite the right-hand side of equation (16) as

(21) Z Z te(G)sz’

APk GeK
[Ai|>2 '

where the last sum is taken over the set K; of subgraphs G C K which contain
subgraphs Gy, , ..., G, satisfying the following conditions:

the set of vertices of Gy, is A; C {1,...,k};

G, contains a directed cycle;

G, is rooted at the smallest vertex v; € \;;

all edges in G between the sets of vertices A; and A; are in one direction: from
Ai to Aj, if the minimum of A\; U A; is equal to the minimum of \;.

The last condition follows from the observation that the exponent of (¢ + 1) on the
right-hand side of equation (16) is half of the number of edges in the graph Kj, between
the sets of vertices Ay,..., Ap.

In fact, to prove Theorem 5.3, we need to choose the root vertex of G, and the
direction of the edges between the sets of vertices A\; and A; in a more subtle way
(for the result, see Lemma 5.10). The following construction allows us to perform a
change of the root vertex.

CONSTRUCTION 5.6 (roots). Let G be an acyclic subgraph of Ky, which has k vertices
and is rooted at the first vertex. We change the direction of all edges in all directed
paths in G from the i*™ vertex to the first verte.

LEMMA 5.7. This construction induces a one-to-one correspondence between the
acyclic subgraphs of Ky, which have k vertices and are rooted at the first vertex and
the acyclic subgraphs of K;, with k vertices, which are rooted at the i*" vertex.

Throughout this section, we will use the following construction.

CONSTRUCTION 5.8 (cycles). Let G be a subgraph of Ky which contain at least one
directed cycle. Removing all edges from G, that are not contained in any directed cycle,
we obtain the mazimal naked subgraph Ggp C G. We say that a connected component
of G is non-trivial, if it contains at least one edge; let s be the number of non-trivial
connected components of Gg. We order the non-trivial components C; < --- < Cs in
such way that for any 1 < i < j < s the minimal vertex of C; UC; is contained in C;.

NOTATION 5.9. We will refer to these ordered non-trivial connected components of
Gr as cycles of G.
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LEMMA 5.10. The right-hand side of equation (16) can be expressed as the sum
(21), where now the last sum runs over graphs G C Ky, which contain subgraphs
Gx,,-- -, Gy, satisfying the following four conditions:
(1) the set of vertices of Gy, is i C {1,...,k};
(2) Gy, contains a directed cycle;
(3) G», is rooted at the smallest vertex in the smallest cycle of G contained in
G)\,i 5
(4) all edges in G between the sets of vertices \; and \j are given in one direction:
Jrom A; to A;, if the smallest cycle in G\, UG, is contained in G,.

Proof. First, note that any cycle C; of G contains a directed path between any two
vertices, hence all vertices of C; are contained in exactly one subgraph G, C G.

Let G, be a subgraph of G, such that its root vertex, the minimum v; of A;, is not
contained in any cycle of G; denote by C* the smallest cycle of G, which is contained
in Gy,. We proceed as described in Lemma 5.7, with the vertices of acyclic graphs
replaced by the cycles of G. More precisely, we change the direction of all paths from
the vertices of C*i to the root vertex v;; we thus obtain a graph rooted at the smallest
vertex of the smallest cycle contained in G, i.e. satisfying condition (3).

Similarly, to obtain condition (4) we consider the pairs of subgraphs G, G, of
G, such that the minimum of \; U \; is not contained in any cycle of G. We pick the
smallest cycle of Gz, which is contained in G\, U Gy, and change the direction of all
paths from the vertices of G\, to G, if needed. O

NoTATION 5.11. We introduce the notation L(16) for the set of subgraphs G C Ky,
with k vertices that contain an out-edge from each vertex, and R(16) for the set of
subgraphs G C K, satisfying conditions (1)-(4) from Lemma 5.10.

We showed in Lemmas 5.4 and 5.10 that the left-hand and the right-hand sides
of equation (16) count graphs (with fixed number of edges) from the sets L(16) and
R(16), correspondingly. Hence to prove equation (16), we need to construct a bijection
between two sets of graphs: L(16) and R(16).

We start by observing that any graph satisfying conditions (1)-(4) from Lemma
5.10 is clearly a subgraph of K with k vertices, and has an out-edge from each vertex,
and thus R(16) is a subset of L(16).

Now let G be an element of L(16). To obtain a map from L(16) to R(16), we need
to associate to G a partition (A1,...,A,) of the set {1,...,k} and find subgraphs
Gx,,--.,G), C G, satisfying conditions (1)-(4) from Lemma 5.10.

Let C1 < --- < Cs be the cycles of G. We set A\ = &, and for j > 0 we iterate the
following procedure to obtain a partition (A1,...,A,) of {1,...,k}.

o Let \; be a subset of {1,...,k}, such that the set of vertices of each cycle
C; of G is either contained in A; or does not intersect A\;. We introduce the
notation G\A; for the graph obtained from G by deleting all vertices labelled
by Ag UAL U---UA; and all edges attached to these vertices. We denote by
C?i+1 the smallest cycle of G, which is contained in G\

e Let A\j11 C {1,...,k} be the set of vertices ¢ of the graph G\, such that
C?i+1 s reachable from i, i.e. there is a directed path in G\\; from the vertex
i to a vertex in a subgraph Ci+1,

e As observed above, for any 1 < ¢ < s, the connected graph C; contains a
directed path between any two vertices, hence the set of vertices of C; is
either contained in A;y; or does not intersect A\; 1. We can thus repeat the
procedure, until we arrive at the empty graph G \ A, for some p.

We make the following observation.
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LEMMA 5.12. Let Ay, ..., A, be subsets of {1,...,k} associated to a graph G as above.
Then (M, ..., Ap) is a partition of the set {1,...,k}.

Proof. 1t follows from the construction that all vertices of non-trivial cycles of G are
contained in the union A\ U---UA,. We have to show that if the maximal naked graph
GFr C G has a trivial connected component which consists of a single vertex v, then
v is an element of A\; for some 1 < i < p.

Recall that G contains an out-edge from the vertex v, and thus there is a directed
path from v to some non-trivial cycle C; of G; then it follows from the construction
that v belongs to the same subset A\; C {1,...,k} as all vertices of Cj. U

We denote by G, the subgraph of G obtained by taking vertices from A\; C
{1,...,k} and all edges between them. Then clearly, the collection of subgraphs
Gy, ..., G\, of G satisfy conditions (1)-(4) from Lemma 5.10, and thus we obtain
a map from the set L(16) to the set R(16). It is easy to check that this map is a
bijection, and thus Theorem 5.3 follows. O

6. MULTIPLICATION

In this section, we introduce a ring structure on the intersection cohomology of the
affine toric variety X (2(r12,...,7k—1x),0) induced by the small resolution of singu-
larities.

6.1. OTHER CHAMBERS. It turns out that we could have carried out the arguments
of §4.2-§4.4 for any chamber in the chamber complex Ch(2((r12,...,7k—1k))-

PROPOSITION 6.1. Let 0 be a generic point in NU(ria,...,7x—1k). Then the morphism
of toric varieties

@Yo - X(Q[(T’lg, . ,’I’k_lk), 0) — X(Q[(T’lg, PN T’k_lk), 0)
s small.

Proof. The proof follows the logic of the proof of Theorem 4.9. We repeat the argu-
ment with only minor changes, and thus we omit the details.

Let ¢ be the chamber containing 6. As explained in the proof of Lemma 4.13, each
cone Cone(al) for a basis index set I € BInd(2(r12,...,7k_1x),¢) correspond to a
spanning tree in Kj; we introduce the notation Trees() for the set of these trees.

Let F be a face of II, and let Gp be the corresponding naked graph (cf. Lemma
4.10). Denote by G% the set of connected subgraphs of K, with k vertices that have the
same directed cycles as the naked graph G and that contain at least one tree from
Trees(6). Then (cf. Theorem 4.16 and Lemma 4.17) for any point y in O(Cone(F)) C
X the Poincaré polynomial of the fiber o' (y) is equal to

> di(F) (- 1),
1>0

where d;(F) is the number of graphs in G% with e(Gr) + s(Gr) — 1+ edges.
Repeating the dimension estimates from the proof of Theorem 4.9, we arrive at
our statement. O

6.2. A RING STRUCTURE ON THE INTERSECTION COHOMOLOGY. Applying Theorem
3.5 to the small morphism gy from Proposition 6.1, we obtain the following statement.

COROLLARY 6.2. Let 0 and @g be as in Proposition 6.1. There is an isomorphism
Yo H* (9, 1(0)) = TH* (X (A(r12, .-, Tk—1£),0))
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between the cohomology groups of the fiber @51(0) and the intersection cohomology
groups of the affine cone X (A(r12,...,75—11),0). The isomorphism 1y induces a ring
structure on the intersection cohomology of X (A(r12,...,7k—1k),0).

The cohomology rings H*(p,'(0)) were studied in [9]. In particular, it was
shown that they do not depend on the choice of the elements § € aj (cf. Theo-
rem 6.3), and thus the induced ring structure on the intersection cohomology of
X (A(r12,...,7k-1k),0) is canonical.

THEOREM 6.3 ([9, Theorem 8.3]). Let 0 be a generic point in NUA(ria,...,rk—1k)-
The cohomology Ting of the fiber (pe_l(O) is canonically isomorphic to the quotient of
Cle: —e5,1 < i < j < k] by the ideal generated by the polynomials

(22) pp(Et, ..., ek) = H (ei —gj)™,

i€D1,jED2
where D = D1 U Dy runs over all nontrivial partitions of the set {1,2,...,k}.

In the remainder of this section, we explain how these relations appear in our
graphical formalism.

We begin by describing the reducible variety ¢, '(0). We introduce the notation
Top(6) for the subset of graphs in Gfj with Y, ;7ij edges, i.e. with the maximal
possible number of edges. Using Lemma 4.10, we can reformulate Lemma 2.1.11 from
[10] in terms of graphs in the following form.

PROPOSITION 6.4. (i) The fiber of @y over a point yn € X(A(rie,...,7k—1k),0)
is a comnected reducible variety, whose irreducible components are toric varieties
parametrized by the elements in Top(0).

(ii) Let G € Top(0) and denote the sequence of its edges by Ag C A(r12, ..., rk—1k)-
Then the irreducible component of <p;1(0) associated to G is the toric variety
X(Ag,0), which has dimension 3, ;rij —k+1.

(iii) For Gi,...,Gp € Top(h), denote by G1 N --- N Gy, the graph obtained
by taking all common edges of Gi,...,Gpn. Then the irreducible components
X(Ag,,0),...,X(Ag,,,0) are glued along the toric variety X (Ag,n...nG,,,0)-

REMARK 6.5. Unlike their cohomology rings, the varieties ¢, 1(0) are not necessar-
ily isomorphic for different s. For example, let ; = (3,—1,—1,—1) and Orana =
(2,—3,2,—1) be two points in the chamber complex Ch(2(1,1,1,1,1,1)). A simple
calculation shows that g@e_ll (0) has 6 irreducible components that have Poincaré poly-

m? m )

nomials 1+ 2¢% + 2t + 5, while Py, ind (0) has 6 irreducible components, two of which
are isomorphic to P3.

To describe the ring structure on H *(cp;l(O)), we need one more ingredient: a
general statement about relations in the cohomology ring of compact toric varieties.
These are well-known; we will present them in the formalism of [17]. We will use the
notation of §2.1-§2.2.

Let 6 be a weight in I';. By the Chern-Weil construction, every polynomial on a
gives rise to a characteristic class of the toric variety X (2, 6). Thus there is a Chern-
Weil homomorphism x : Sym(a*) — H*(X(2,0)) from the polynomials on a to the
cohomology of X (2, 8). In particular, for any vector a € T, x(«) is an element of
H2(X(21,0)).

Now let 2 be a sequence which lies in an open half space of the vector space
a*, and assume that 6 is generic. Then X (2L, 0) is a projective orbifold, and for every
polynomial @ € Sym(a*), one can write explicit formulas for the intersection numbers
fx(m,e) x(Q) using the Jeffrey-Kirwan residue [2, 17]. In this paper, we will only need
to integrate some particularly simple classes, described below.
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PROPOSITION 6.6 ([17, Proposition 2.3]). Let 2 be a sequence which lies in an open

half space of a*, and let 6 be a generic point in I';,. Then, for any set of indices
Jc{l,...,n}""% we have

I x(e) =0,
x(2,0) I€7

if the complement of {cj}jcs in A does not span a*.

Now we apply this statement to our situation. Let § € I'} be generic, G € Top(6)
and Ag C A(r12,...,7k—1%) be as in Proposition 6.4. Given a nontrivial partition D =
Dy U Ds of the set {1,2,...,k}, denote by A[D] the subsequence [, &j;lic Dy, jeD, C
A(r12,. .., "k—1k), Where the element «;; € A[D] is repeated r;; times.

Clearly, the sequence Ag N ((A(r12,...,7k—1k) N A[D]) corresponds to a subgraph
of K}, which doest not contain any tree on k vertices. Then it follows from Proposition
6.6 that the product

1 x(aiy) € H'(X(Ac,6))
€Dy
JE€ED>2

is zero for any G € Top(f), hence it is equal to zero in H*(¢,'(0)). We have thus
reproduced the Hausel-Sturmfels relations given in (22).
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